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Abstract. We study the continuity equation with reaction ∂tµ+ div(vµ) = wµ on [0, T ]× Rd, driven
by Borel velocity and reaction fields v and w. We provide the first version of a Lagrangian superposition
principle for the equation in its natural generality, assuming only finite quadratic energy without
imposing boundedness conditions on the reaction term neither any form of compactness for the support
of the measure. More precisely, every solution µ ∈ C([0, T ];M+(Rd)) with finite quadratic energy
is represented by a probability measure η on absolutely continuous curves in the geometric cone
over Rd, concentrated on the solutions of the characteristic system x′ = v(x), k′ = w(x) k, through
the 2-homogeneous marginal h2

t (η) = µt. We also establish the converse implication. The proof passes
through a regularization of the triple (v, w, µ) which produces fields satisfying only local bounds; the
core of the argument is therefore a representation theory under such local assumptions, whose key tool,
of independent interest, is a two-time representation formula relating µs and µt along the flow of v for
arbitrary times s, t.
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1. Introduction

The goal of the present paper is to provide a novel superposition principle for solution to a continuity
equation with reaction, removing unnecessary assumptions such as global boundedness of the reaction
term [41] or a priori boundedness of the space domain [24]. Precisely, for a finite time horizon T > 0 and
Borel maps v : [0, T ]× Rd → Rd and w : [0, T ]× Rd → R, we deal with solutions µ ∈ C([0, T ];M+(Rd))
to

∂tµt + div(vtµt) = wtµt in D′((0, T )× Rd
)
, (1.1)

where M+(Rd) denotes the set of non-negative finite Borel measures on Rd endowed with the narrow
topology. In (1.1) the velocity field v transports mass along its characteristics, while the scalar field w
dilates it, increasing it where w > 0 and diminishing it where w < 0. Equation (1.1) is the prototypical
evolution underlying the dynamical formulation of unbalanced optimal transport [18]. A dynamic
notion of distance between non-negative finite Borel measures on Rd inspired by [19] was indeed
independently introduced and studied in [27,35]. A comprehensive study of unbalanced transport and
the Hellinger–Kantorovich geometry is provided in the metric setting in the seminal papers [36, 37]
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(see also [28, 30, 43]). We further refer to [25, 31, 32, 40] for some applications of unbalanced optimal
transport to imaging, inverse problems, and machine learning.

Superposition principles. The Lagrangian, or probabilistic, representation of solutions to first-
order evolution equations of the form (1.1) has a long history. When the reaction term is absent,
i.e. w ≡ 0 and (1.1) reduces to the classical continuity equation ∂tµ+ div(vµ) = 0, the superposition
principle [15, Theorem 8.2.1] (cf. also [44]) represents any solution as a superposition of integral curves
of v, whenever v is p-integrable with respect to the measure µ, with p ∈ (1,∞). The theory has
been extended to a purely metric-measure viewpoint in [16, 17, 45, 46], providing a link between the
superposition principle and the decomposition of normal currents in simpler ones associated with
rectifiable curves. In particular, [45] extended the probabilistic representations previously obtained
in [38, 39]. We further mention recent superposition results obtained in the very general setting of
Fokker–Planck–Kolmogorov equations in [22] and in the analysis of continuity equations with singular
flux [1, 8], the latter being related to the study of bounded variation curves of probability measures.

The key feature of the superposition principle is to establish a link between the Eulerian representation
of the flow of measures solving the continuity equation and its Lagrangian description associated with
the characteristic system of ODEs. Such a connection allows to extract finer information from the
continuity equation, as proposed in [9] for transport and continuity equations featuring velocitiy fields
with low regularity (see also [10,12,13,17]).

Let us mention that the superposition principle has been further employed for the well-posedness of
mean-field particle systems in [3,6,14,20,42], as well as for the analysis and finite-particle approximation
of mean-field optimal control problems [2,4, 5,7, 26,33], where, compared to previous literature (see,
e.g., [23, 34]), regularity restrictions on the control variable can be dropped.

In the presence of a reaction term, a representation on the geometric cone C[Rd] over Rd, where the
extra coordinate encodes the local mass and w governs its growth, was obtained by Maniglia [41] under
a globally bounded reaction term w and, in the framework of the Hellinger–Kantorovich distance, by
Bredies, Carioni, Fanzon and Romero [24] under the additional technical assumption that the support
of µ is contained in a compact subset Ω of Rd. The use of the geometric cone, instead of the simple
product of R with [0,∞), is justified by the fact that, whenever the mass coordinate is equal to 0,
the position coordinate is free, and does not need to solve an ODE, see (1.4) below. We also mention
that, as a consequence of the Benamou-Brenier formulation of the Hellinger–Kantorovich distance
in [37, Theorem 8.18], one can obtain a form of our superposition principle but only for the minimal
pair (v, w) driving the curve µ and not for a general one.

Our contribution. The purpose of this work is to establish a superposition principle for (1.1) on the
whole space Rd requiring no bound at all, not even a local one, on the fields v and w, which are only
assumed to be Borel. Referring to Section 2 for the basic notation, the main result of our work reads as
follows.

Theorem 1.1 (Superposition principle). Let v : [0, T ]× Rd → Rd, w : [0, T ]× Rd → R be Borel maps,
and let µ ∈ C([0, T ];M+(Rd)) be satisfying the following assumptions:

∂tµ+ div(vµ) = wµ in D′((0, T )× Rd) , (1.2)∫ T

0

∫
Rd

[
|vt|2 + |wt|2

]
dµt dt <∞ . (1.3)

Then there exists a probability measure η ∈ P(C([0, T ];C[Rd])) such that:

(1) η is concentrated on curves γ = [xγ , rγ ] ∈ AC2([0, T ];C[Rd]) such that

x′γ(t) = vt(xγ(t)) , k′γ(t) = wt(xγ(t)) kγ(t) for a.e. t ∈ r−1
γ

(
(0,∞)

)
, (1.4)

where kγ = r2γ;
(2) h2t (η) = µt for every t ∈ [0, T ], i.e.,∫

Rd

φ dh2t (η) :=

∫
C([0,T ];C[Rd])

φ(xγ(t)) r
2
γ(t) dη(γ) =

∫
Rd

φ dµt for every φ ∈ Cb(Rd) ;
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(3) it holds ∫
C([0,T ];C[Rd])

∫ T

0
|γ′|2(t) dtdη(γ) =

∫ T

0

∫
Rd

[
|vt|2 + 1

4 |wt|
2
]
dµt dt . (1.5)

We remark that the sole quantitative hypothesis in Theorem 1.1 is the finiteness of the quadratic
energy of the solution µ itself (1.3). The extension of the results [24, 41] is not a mere technicality.
As we discuss in Example 1.2 below and in Lemma 4.7, creation of mass forces w to be unbounded
from above near the region where mass appears, so that no global bounds on w can be assumed if the
equation is to be treated in its natural generality on Rd. Furthermore, creation and annihilation of mass
are linked to finite-time blow-up of the first equation in (1.4), which in turn implies that the support
of µt can not be restricted to a compact subset of Rd. This is a major difference with respect to [24,41],
where a priori bounds were exploited to ensure tightness and compactness in the classical approximation
method of [15, Theorem 8.2.1]. In our setting the space component xγ is not uniformly controlled, as it
may blow-up in finite time, even for smooth fields v and w. When this happens, however, rγ must tend
(or be equal) to 0, so that γ tends to the vertex of the cone C[Rd]. Hence, we will see in Section 5 that
compactness is restored working in C[Rd].

Before proceeding with the description of the proof of Theorem 1.1, we present a simple example
concerning the representation of a curve of measures µ ∈ C([0, π];M+(R)) solution to the continuity
equation with reaction (1.1) with regular fields v and w. The main feature of the following example is
that the characteristics (1.4) suffer a blow-up in finite time, justifying our analysis.

Example 1.2. Let d = 1, T = π and set
α(t) := sgn(π/2− t) , t ∈ [0, π] ,

vt(x) :=α(t)(1 + x2) , wt(x) :=−α(t) 5

π/2− arctan(x)
t ∈ [0, π] , x ∈ R ,

m(t) :=α(t)

(
π/2− t

π/2

)5

, g(t) :=α(t) tan(t) t ∈ [0, π] \ {π/2} ,

µt :=m(t)δg(t) t ∈ [0, π] .

The maps v and w are Borel, vt ∈ C∞(R), wt ∈ C∞(R) for every t ∈ [0, π]. Since m and g are
continuous in [0, π] \ {π/2} and, when t → π/2±, even if g(t) → ∞, the weight m(t) → 0, we have
that µ ∈ C([0, π];M+(R)). Furthermore, it is easy to see that∫ π

0

[
sup
B

|vt|+ Lip(vt, B) + sup
B

|wt|+ Lip(wt, B)

]
dt <∞ , B ⋐ R . (1.6)

We show that (v, w, µ) satisfies (1.1) and (1.3). Noticing that µt = µπ−t, vt = −vπ−t, wt = −wπ−t
for every t ∈ [π/2, π], we can limit the rest of our analysis to the interval [0, π/2]. The flow of v starting
from 0 is

Xt(0) = tan(t) , t ∈ [0, π/2)

which is not globally defined. We show that (1.1) in (0, π/2) is satisfied: let φ ∈ C∞
c ((0, π/2)× R) be

fixed. We compute the derivative of the map

[0, π/2) ∋ t 7→ ξ(t) :=φ(t, g(t))m(t) = φ(t, tan(t))

(
π/2− t

π/2

)5

which is given by

ξ′(t) =
(
∂tφ(t, tan(t)) + ∂xφ(t, tan(t))(1 + tan2(t))

)(π/2− t

π/2

)5

− φ(t, tan(t))
10

π

(
π/2− t

π/2

)4

=

[
∂tφ(t, tan(t)) + ∂xφ(t, tan(t))(1 + tan2(t)) + φ(t, tan(t))

−5

π/2− t

](
π/2− t

π/2

)5

= [∂tφ(t, tan(t)) + ∂xφ(t, tan(t))vt(tan(t)) + φ(t, tan(t))wt(tan(t))]

(
π/2− t

π/2

)5
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= [∂tφ(t, g(t)) + ∂xφ(t, g(t))vt(g(t)) + φ(t, g(t))wt(g(t))]m(t) .

Integrating in [0, π/2] gives the desired result. We are only left to verify (1.3) in (0, π/2): we compute∫ π/2

0

∫
R

[
|vt|2 + |wt|2

]
dµt dt =

∫ π/2

0

[(
1 + tan2(t)

)2
+

(
5

π/2− t

)2
](

π/2− t

π/2

)5

dt .

Notice that the integrand function is continuous in [0, π/2) and it vanishes as t ↑ π/2. Therefore the
integral is finite.

We remark that although the flow associated to v is not everywhere defined in [0, π] and solutions
starting at x = 0 for t = 0 blow up at t = π/2, the curve µ still satisfies the superposition principle
Theorem 1.1. In this example, mass gets destroyed and created at time t = π/2 so that also the curves

ν1t :=µt 1[0,π/2](t) + 01[π/2,π](t) , ν2t :=01[0,π/2](t) + µt 1[π/2,π](t) , t ∈ [0, π]

are solutions to the continuity equation with reaction driven by v and w, where 0 denotes the zero
measure in R.

Outline of the proof. The proof of Theorem 1.1 follows the general steps of [15, Theorem 8.2.1] (see
also [24,41]). Precisely, we regularize the triple (v, w, µ) by mollification and adding a small Gaussian
regularization to keep the mollified measures strictly positive. This produces a smooth triple (vε, wε, µε)
solution to (1.1) that satisfies only local bounds (cf. (4.1)), inherited from the integrability (1.3) of v, w
against µ, and no global control on wε survives.

The crucial step is therefore to have at hand a representation theory valid under purely local
assumptions on vε and wε. The fundamental result, of independent interest, is a two-time representation
formula (see Lemma 4.5) established under such local assumptions: denoting by Xε

s→t the flow of vε, by

W ε
s→t(x) := exp

(∫ t

s
wεr(X

ε
s→r(x)) dr

)
the accumulated reaction weight, and by Eεs→t the set of points whose trajectory, alive at time s,
survives up to time t, we prove that

(Xε
s→t)♯

(
W ε
s→t µ

ε
s

∣∣
Eε

s→t

)
= µεt

∣∣
Eε

t→s
for every s, t ∈ [0, T ] . (1.7)

The two-time formula (1.7) is what makes it possible to work under local assumptions only, that
is, without any global bound on w. Indeed, when wε is unbounded from above, as is unavoidable
already at the level of the mollified fields, the characteristic flow of vε need not be globally defined
and mass may be created or annihilated at finite times (see Example 1.2). Consequently, neither
uniqueness nor a representation anchored at the initial time t = 0 can hold in general. Formula (1.7)
circumvents this obstruction by comparing µεs and µεt directly along the flow between any two times, on
the sets Eεs→t where the trajectories are actually defined, without ever referring to a fixed reference
time. The proof of Lemma 4.5 rests on a comparison principle for sub- and supersolutions of (1.1),
which we establish in Proposition 3.1 and Corollary 3.3. Then, in Theorem 4.1 we prove an intermediate
superposition principle under local Lipschitz assumptions (4.1) on vε and wε, where the flow Xε

s→t and
the weight W ε

s→t are well-defined and (1.7) can be exploited directly. The lift of µε to the cone is built
by selecting, along each trajectory, a reference time at its “life-midpoint”, which turns the two-time
formula into the desired marginal identity (see Theorem 1.1(2) and Theorem 4.1(2)). A tightness
argument on the cone, based on the energy bound (1.3), yields a limit measure η that represents the
original µ. The fact that η is concentrated on genuine solutions to the characteristic system is recovered
from the weak formulation by a density argument in the test functions, thus completing the proof of
Theorem 1.1. We finally complement Theorem 1.1 with the converse implication in Proposition 5.1:
any η concentrated on solutions of the characteristic system produces, through h2t , a solution of (1.1),
so that (1.1) and its Lagrangian formulation on the cone are fully equivalent.

Perspectives. We expect the two-time representation formula and the ensuing superposition principle to
be useful in several directions: the analysis of gradient flows and evolution variational inequalities in the
(spherical) Hellinger–Kantorovich space, uniqueness and stability of measure-valued solutions to (1.1),
the study of dynamic inverse problems with unbalanced optimal-transport regularization [24,25], and the
probabilistic representation of Markov processes with killing and branching associated with (1.1). The
superposition principle of Theorem 1.1 may be further extended to more general state spaces, replacing
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for instance Rd with a separable Banach space. This may pave the way to the analysis of multi-agent
multi-label systems with reaction, in the spirit of [14,42], and to related control problems [2, 26,33].

Plan of the paper. Section 2 collects the notation and the basic facts on curves and measures in
the geometric cone. Section 3 establishes the comparison principle for (1.1) under local, one-sided
assumptions on w. In Section 4 we prove the two-time representation formula (1.7) (see Lemma 4.5) and
the superposition principle under local Lipschitz bounds (Theorem 4.1). In Lemma 4.7 we further discuss
how global bounds on w imply a representation anchored at the initial time. Finally, Section 5 is devoted
to the proof of the general superposition principle Theorem 1.1 and to its converse Proposition 5.1.

2. Preliminaries and notation

In the whole paper, d ∈ N+ is a positive natural number and T ∈ (0,∞) is a finite time horizon.
Given a measure space (Ω,H,m) and a subset E of a Banach space (B, ∥ · ∥B), for p ∈ [1,∞), we

denote by Lp(Ω,m;E) the space of (equivalence classes of) p-integrable E-valued functions defined
on Ω; when E = R, we omit it from the notation; when, in addition, Ω ⊂ R, it is understood that the
underlying measure is the one dimensional Lebesgue measure, and we simply write Lp(Ω).

Given a complete and separable metric space (X, d) and a metric space (Y, δ), we denote by C(X;Y )
(resp. Cb(X;Y ), Cc(X;Y )) the space of continuous (resp. continuous and bounded, continuous with
compact support) Y -valued functions on X. When Y = R, we omit it from the notation. If X ⊂ Rd, we
add the superscript ∞ to denote infinitely differentiable functions. The space C(X;Y ) and its subsets
are always endowed with the uniform distance induced by the distance δ on Y .

We denote by M (X) (resp. M+(X)) the space of real valued (resp. non-negative and finite) Borel
measures on X, and by P(X) ⊂ M+(X) the subset of probability measures on X. We endow M (X)
and its subspaces with the narrow topology i.e. the coarsest topology on M (X) which makes continuous
the maps

M (X) ∋ µ 7→
∫
X
φ dµ , φ ∈ Cb(X) .

The total variation of a measure µ ∈ M (X) is denoted by |µ| ∈ M+(X); if B ⊂ X is Borel, then µ
∣∣
B

denotes the restriction of µ to B; the zero measure in X is denoted by 0. For any interval J ⊆ R,
we will denote by C(J ;M (X)) (resp. C(J ;M+(X))) the set of continuous functions from J to M (X)
(resp. M+(X)) with respect to the narrow topology.

If f : X → Rm, m ∈ N+, and B ⊂ X, then Lip(f,B) denotes the Lipschitz constant of f on B i.e.

Lip(f,B) := sup

{
|f(x)− f(y)|

d(x, y)
: x, y ∈ B, x ̸= y

}
.

When m = 1, the positive part of f is f+ := f ∨ 0, and the negative part of f is f− :=−f ∨ 0, so
that f = f+ − f−.

Recall that for an interval J ⊂ R, a continuous map γ ∈ C(J ;X) is called p-absolutely continuous, p ∈
[1,∞), if there exists g ∈ Lp(J) such that

d(γs, γt) ≤
∫ t

s
g(r) dr , s ≤ t, s, t ∈ J .

The set of such curves is denoted by ACp(J ;X) and we recall that it is a Borel subset of C(J ;X). The
smallest such g is the metric derivative of γ and it is denoted by |γ′|. We say that γ ∈ ACploc(J ;X)
if γ ∈ ACp(I;X) for every compact subinterval I ⊂ J .

For any set Ω, the function 1Ω is the characteristic function of Ω, equal to 1 on Ω and 0 outside it.
Finally, for R ∈ (0,∞), we set

BR(0) :=
{
x ∈ Rd : |x| < R

}
.

2.1. Curves and measures in the geometric cone. Recall that the geometric cone over Rd is the
quotient

C[Rd] :=
(
Rd × [0,∞)

)/(
Rd × {0}

)
,
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whose points are denoted [x, r], with x ∈ Rd and r ≥ 0. All the points with r = 0 are identified with a
single vertex o. We endow C[Rd] with the cone distance

dC
(
[x0, r0], [x1, r1]

)2
:= r20+r

2
1−2r0r1 cos

(
|x0−x1|∧π

)
= |r0−r1|2+4r0r1 sin

2

(
|x0 − x1| ∧ π

2

)
. (2.1)

For λ > 0 we further define dλ : C[Rd] → C[Rd] as dλ([x, r]) :=[x, λr].
We denote by CT := C([0, T ];C[Rd]) the space of continuous curves from [0, T ] with values in C[Rd]

and by AC2
T :=AC2([0, T ];C[Rd]) its subset of absolutely continuous curves with metric derivative

in L2([0, T ]). Every γ ∈ CT is written as γt = [xγ(t), rγ(t)], where rγ(t) ≥ 0 and xγ(t) ∈ Rd is
uniquely determined whenever rγ(t) > 0. We endow CT with the uniform distance induced by the cone
distance (2.1). For γ ∈ CT we set

Oγ := r−1
γ

(
(0,∞)

)
, Σ(γ) := max

t∈[0,T ]
rγ(t) , kγ := r2γ . (2.2)

We recall the following characterization of absolutely continuous curves in the cone, see [37,
Lemma 8.1].

Lemma 2.1 (Absolutely continuous curves in the cone). A curve γ ∈ CT belongs to AC2
T if and only

if xγ ∈ AC2
loc(Oγ ;Rd) and rγ ∈ AC2([0, T ]; [0,∞)) with rγ |x′γ | ∈ L2(Oγ). In this case, it holds

|γ′|2(t) = 1Oγ (t)
[
|r′γ |2(t) + r2γ(t) |x′γ |2(t)

]
for a.e. t ∈ [0, T ] . (2.3)

For t ∈ [0, T ] we define the map h2t : M+(CT ) → M+(Rd) by∫
Rd

φ dh2t (η) :=

∫
CT
φ(xγ(t)) r

2
γ(t) dη(γ) , φ ∈ Cb(Rd) . (2.4)

For any Borel map λ : CT → (0,∞) we define Dλ : CT → CT by

Dλ(γ) := dλ(γ) ◦ γ .

Finally, for every η ∈ M+

(
CT
)

we set

Rλη :=(Dλ)♯
(
λ−2η

)
∈ M+

(
CT
)
. (2.5)

The following lemma is a simple consequence of the structure of dilations in the cone, see e.g. [29,
eq. (2.16), (2.17)].

Lemma 2.2 (Renormalization). For every η ∈ M+

(
CT
)
, every Borel map λ : CT → (0,∞), and

every t ∈ [0, T ] we have h2t (Rλη) = h2t (η). Moreover, for every Borel U : CT → [0,∞] such that

U(Dλγ) = λ2(γ)U(γ) (2.6)

we have
∫
CT U d(Rλη) =

∫
CT U dη.

We now briefly discuss a compactness criterion in CT . We define the 2-action functional F : CT →
[0,+∞] as

F(γ) :=


∫ T

0
|γ′|2(t) dt if γ ∈ AC2

T ,

∞ else .
(2.7)

Given ζ ∈ C(Rd; [1,∞)) we define

Gζ(γ) :=
∫ T

0
kγ(t) ζ

(
xγ(t)

)
dt , γ ∈ CT . (2.8)

Lemma 2.3 (Compactness in the cone). Let ζ ∈ C(Rd; [1,∞)). Then F and Gζ are lower semicontinuous.
Moreover, if ζ has compact sublevel sets, then for every c > 0 the set

Kc := {γ ∈ CT : Σ(γ) ≤ 1, F(γ) ≤ c, Gζ(γ) ≤ c}
is compact.
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Proof. Lower semicontinuity of F is classical, see e.g. [11, Theorem 10.2]. As for Gζ , its lower semicontinu-
ity follows by Fatou’s lemma and the lower semicontinuity of the map C[Rd] ∋ [x, r] 7→ r2ζ(x) ∈ [0,∞).

Let us show that Kc is compact for c > 0. Since Σ is continuous, Kc is closed and it suffices to prove
that it is relatively compact. By the Cauchy–Schwarz inequality,

dC(γt, γs) ≤
∫ t

s
|γ′|(τ) dτ ≤

√
c |t− s|1/2 , s, t ∈ [0, T ] , γ ∈ Kc , (2.9)

so that Kc is uniformly equicontinuous. By the Ascoli–Arzelà theorem it is then enough to check that,
for every t ∈ [0, T ], the set {γt : γ ∈ Kc} is relatively compact in C[Rd]. We recall that, by [37, Lemma
7.1], a subset A ⊂ C[Rd] is relatively compact as soon as

sup {r : [x, r] ∈ A} <∞ and {x : [x, r] ∈ A, r ≥ δ} is bounded for every δ > 0 . (2.10)
The first condition for {γt : γ ∈ Kc} holds because Σ(γ) ≤ 1. As for the second one, we fix δ ∈
(0, 1], t ∈ [0, T ] and we show that there exists a constant K > 0 (depending on ζ, T, c, δ) such that,
whenever γ ∈ Kc is such that rγ(t) ≥ δ, then |xγ(t)| ≤ K. Let such a γ be given; by (2.9) and (2.1)
we have rγ ≥ δ/2 on J :=[t − ς, t+ ς] ∩ [0, T ], where ς := δ2/(4c); note that |J | ≥ ℓ :=min {ς, T} > 0.
Since kγ ≥ δ2/4 on J , we get∫

J
ζ
(
xγ(s)

)
ds ≤ 4

δ2
Gζ(γ) ≤

4c

δ2
,

∫
J
|x′γ |2(s) ds ≤

4

δ2

∫
J
r2γ(s)|x′γ |2(s) ds ≤

4c

δ2
,

where we used the definitions of F and Gζ . By the first bound there is s0 ∈ J with ζ(xγ(s0)) ≤ 4c/(δ2ℓ),
i.e. xγ(s0) ∈ Kδ :=

{
ζ ≤ 4c/(δ2ℓ)

}
, which is compact, hence contained in some ball of radius R > 0; note

that R depends only on ζ, T, c, δ. By the second bound, the fact that J ⊂ Oγ , and the Cauchy–Schwarz
inequality, ∣∣xγ(t)− xγ(s0)

∣∣ ≤ ∫
J
|x′γ | ds ≤ |J |1/2

(
4c

δ2

)1/2

≤ 2
√
cT

δ
.

Hence |xγ(t)| ≤ K :=R+ 2
√
cT
δ , which is the required bound. ■

3. The comparison principle for the continuity equation with reaction

The goal of this section is to prove the following comparison principle for the continuity equation
with reaction. We remark that the comparison principle contained in Proposition 3.1 is a slightly more
general version than the one in [41, Lemma 3.5], since we only require a global upper bound for w.

Proposition 3.1 (Comparison for the continuity equation with reaction). Let v : [0, T ] × Rd →
Rd, w : [0, T ] × Rd → R be Borel maps, and let σ ∈ C([0, T ];M (Rd)) be satisfying the following
assumptions:∫ T

0

[
sup
B

|vt|+ Lip(vt, B) + sup
B
w−
t + sup

Rd

w+
t + Lip(wt, B)

]
dt <∞ , B ⋐ Rd , (3.1)

∂tσ + div(vσ) ≤ wσ in D′((0, T )× Rd) , (3.2)∫ T

0

∫
Rd

[|vt|+ |wt|] d|σt| dt <∞ . (3.3)

Moreover, assume that

σ0 ≤ 0 and sup
t∈[0,T ]

|σt|(B) <∞ for every B ⋐ Rd. (3.4)

Then σt ≤ 0 for every t ∈ [0, T ].

Before proving Proposition 3.1, we need a standard approximation lemma.

Lemma 3.2 (A technical lemma). Let u : [0, T ]× Rd → Rm, m ∈ N+, be a Borel map such that∫ T

0

[
sup
B

|ut|+ Lip(ut, B)

]
dt <∞ , B ⋐ Rd , (3.5)
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let R > 0, and let σ ∈ C([0, T ];M (Rd)) be such that
sup
t∈[0,T ]

|σt|(BR(0)) <∞ . (3.6)

Then there exists a sequence (un)n ⊂ C∞(R× Rd;Rm) such that

sup
n∈N

∫ T

0
sup
Rd

|unt | dt ≤
∫ T

0
sup
B2R(0)

|ut| dt , (3.7)

sup
n∈N

∫ T

0

[
Lip(unt ,Rd)

]
dt ≤

∫ T

0

[
Lip(ut, B2R(0)) +

2

R
sup
B2R(0)

|ut|

]
dt (3.8)

and

lim
n→∞

∫ T

0

∫
BR(0)

|ut(x)− unt (x)| d|σt|(x) dt = 0 . (3.9)

If m = 1, we also have ∫ T

0
sup
Rd

(unt )
+ dt ≤

∫ T

0
sup
B2R(0)

u+t dt . (3.10)

Proof. We trivially extend u to R × Rd and let ξ ∈ C∞
c (Rd) be such that ξ ≡ 1 on BR(0), 0 ≤ ξ ≤

1, supp(ξ) ⊂ B2R(0), Lip(ξ,Rd) ≤ 2/R. Define k :=uξ and observe that k = u on [0, T ]×BR(0) and

sup
Rd

|kt| ≤ sup
B2R(0)

|ut|, Lip(kt,Rd) ≤ Lip(ut, B2R(0)) +
2

R
sup
B2R(0)

|ut| (3.11)

for every t ∈ [0, T ]. Therefore, using also (3.5), we have

sup
Rd

|k·|+ Lip(k·,Rd) ∈ L1([0, T ]) . (3.12)

Now we consider standard mollifiers (ϱε)ε>0 ⊂ C∞
c (Rd) and (τε)ε>0 ⊂ C∞

c (R) and we set

uεt (x) :=

∫
R

∫
Rd

kt−s(x− y)ϱε(y)τε(s) dy ds , (t, x) ∈ R× Rd.

Observe that uε ∈ C∞(R× Rd;Rm). Moreover, for every t ∈ R and ε > 0, we have
sup
Rd

|uεt | ≤ (sup
Rd

|k·| ∗ τε)(t) , (3.13)

Lip(uεt ,Rd) ≤ (Lip(k·,Rd) ∗ τε)(t) . (3.14)

Since by (3.12) we have

sup
Rd

|k·| ∗ τε → sup
Rd

|k·| in L1([0, T ]) as ε ↓ 0 ,

Lip(k·,Rd) ∗ τε → Lip(k·,Rd) in L1([0, T ]) as ε ↓ 0 ,

the converse of Lebesgue dominated convergence theorem gives the existence of a subsequence (εn)n
with εn ↓ 0 as n→ ∞, a full measure subset C ⊂ [0, T ], and a function h ∈ L1([0, T ]) such that

(sup
Rd

|k·| ∗ τεn)(t) + (Lip(k·,Rd) ∗ τεn)(t) ≤ h(t) for every n ∈ N, t ∈ C. (3.15)

We claim that there exists a full measure subset A ⊂ [0, T ] such that

uεnt (x) → kt(x) for every (t, x) ∈ A× Rd as n→ ∞ . (3.16)

Since k ∈ L1
loc([0, T ]×Rd) by (3.12), then uεn → k in L1

loc([0, T ]×Rd) as n→ ∞. Therefore, up to an
unrelabeled subsequence, we can find a dense and countable subset J ⊂ Rd such that for every x ∈ J
the sets Ax :={t ∈ [0, T ] : uεnt (x) → kt(x) as n→ ∞} have full measure in [0, T ]. Define

A :=C ∩
⋂
x∈J

Ax ∩
{
t ∈ [0, T ] : Lip(kt,Rd) <∞

}
.
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Observe that A ⊂ [0, T ] has full measure. Let (t, x) ∈ A× Rd and let δ > 0 be fixed. Since J is dense
in Rd, we can find y ∈ J such that |x− y| < δ. By (3.14) and (3.15) we estimate

|uεnt (x)− kt(x)| ≤ |uεnt (x)− uεnt (y)|+ |uεnt (y)− kt(y)|+ |kt(y)− kt(x)|

≤ δ
(
Lip(uεnt ,R

d) + Lip(kt,Rd)
)
+ |uεnt (y)− kt(y)|

≤ δ
(
h(t) + Lip(kt,Rd)

)
+ |uεnt (y)− kt(y)| .

Since t ∈ Ay, passing to the limit as n → ∞ and then as δ ↓ 0 proves the claim in (3.16). Setting
un :=uεn , we have that clearly (3.7) and (3.8) hold because of (3.11), (3.13), (3.14), and the fact that
mollification lowers the L1 norm. To prove (3.9) we apply the dominated convergence theorem with the
measure

|σ| :=
∫ T

0
|σt|
∣∣
BR(0)

dt ∈ M+([0, T ]×BR(0)) .

By (3.16) and the fact that k coincides with u on BR(0) we have that |ut(x)− unt (x)| → 0 as n→ ∞
for |σ|-a.e. (t, x) ∈ [0, T ]×BR(0). We observe that by (3.13) and (3.15) it holds that for |σ|-a.e. (t, x) ∈
[0, T ]×BR(0)

|ut(x)− unt (x)| ≤ sup
BR(0)

|ut|+ sup
Rd

|unt | ≤ sup
BR(0)

|ut|+ h(t) .

Since the right-hand side (as a function of (t, x)) belongs to L1([0, T ]×BR(0), |σ|) by (3.5) and (3.6)
holds, we can apply the dominated convergence theorem and conclude. The last assertion follows
observing that

kt(x) ≤ sup
B2R(0)

u+t , (t, x) ∈ [0, T ]× Rd ,

the definition of uεt , and the fact that mollification lowers the L1 norm. ■

We now proceed with the proof of Proposition 3.1.

Proof of Proposition 3.1. Fix ψ ∈ C∞
c ((0, T ) × Rd) with 0 ≤ ψ ≤ 1, and a family of smooth cutoff

functions (χR)R>0 ⊂ C∞
c (Rd) such that supp(χR) ⊂ BR(0), χR ≡ 1 on BR/2(0), 0 ≤ χR ≤ 1

and supRd |∇χR| ≤ 4/R. Let (vn,R)n ⊂ C∞(R× Rd;Rd) and (wn,R)n ⊂ C∞(R× Rd) be the sequences
of functions as in Lemma 3.2 for u = v,m = d,R, σ and u = w,m = 1, R, σ, respectively. We set

φn,Rt (x) :=−
∫ T

t
ψs(X

n,R
t→s(x))e

∫ s
t w

n,R
τ (Xn,R

t→τ (x)) dτ ds, (t, x) ∈ [0, T ]× Rd ,

where Xn,R is the flow associated to vn,R, i.e. for every (t, x) ∈ [0, T ] × Rd the map [0, T ] ∋ s 7→
Xn,R
t→s(x) ∈ Rd is smooth and satisfies

Xn,R
t→t(x) = x , d

dsX
n,R
t→s(x) = vn,Rs (Xn,R

t→s(x)) a.e. s ∈ (0, T ) .

Note that the flow exists and is smooth because of the smoothness and the global bounds on vn,R, see
e.g. [15, Lemma 8.1.4]. It is easy to check that {φn,R}n,R ⊂ C∞([0, T ]× Rd) and it holds

∂tφ
n,R + ⟨vn,R,∇φn,R⟩ = ψ − wn,Rφn,R in (0, T )× Rd, φn,RT = 0 in Rd .

Since φn,RχR ∈ C∞
c ([0, T ]× Rd) and φn,RχR ≤ 0 in [0, T ]× Rd, it can be used to test (3.2) getting

0 ≥ −
∫
Rd

φn,R0 χR dσ0 (3.17)

≥
∫ T

0

∫
Rd

[
χR∂tφ

n,R
t +

〈
vt , χR∇φn,Rt + φn,Rt ∇χR

〉
+ wtφ

n,R
t χR

]
dσt dt

=

∫ T

0

∫
Rd

χR

[
ψt +

〈
vt − vn,Rt , ∇φn,Rt

〉
+ (wt − wn,Rt )φn,Rt

]
dσt dt

+

∫ T

0

∫
Rd

φn,Rt ⟨∇χR , vt⟩ dσt dt
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≥
∫ T

0

∫
Rd

χRψt dσt dt

− (∥∇φn,R∥∞ + ∥φn,R∥∞)

∫ T

0

∫
BR(0)

[
|vt − vn,Rt |+ |wt − wn,Rt |

]
d|σt| dt

− 4

R
∥φn,R∥∞

∫ T

0

∫
BR(0)\BR/2(0)

|vt| d|σt| dt .

We proceed to estimate ∥φn,R∥∞ and ∥∇φn,R∥∞. For every (t, x) ∈ [0, T ]×Rd, using (3.10) for wn,R
we have

|φn,Rt (x)| ≤
∫ T

t
|ψs(Xn,R

t→s(x))|e
∫ s
t (w

n,R
τ (Xn,R

t→τ (x)))
+ dτ ds ≤

∫ T

0
e
∫ T
0 (wn,R

τ (Xn,R
t→τ (x)))

+ dτ ds (3.18)

≤ Te
∫ T
0 supRd (w

n,R
τ )+ dτ ≤ Te

∫ T
0 sup

B2R(0)
w+

t dt ≤ Te
∫ T
0 supRd w

+
t dt .

Regarding the gradient, for every (t, x) ∈ [0, T ]× Rd, we have by (3.8) that

|∇φn,Rt (x)| ≤
∫ T

t

∣∣∣∣∇ψs(Xn,R
t→s(x))DxX

n,R
t→s(x)

+ ψs(X
n,R
t→s(x))

∫ s

t

[
∇wn,Rτ (Xn,R

t→τ (x))DxX
n,R
t→τ (x)

]
dτ

∣∣∣∣
· e

∫ s
t w

n,R
τ (Xn,R

t→τ (x)) dτ ds

≤ sup
s,t∈[0,T ]

Lip(Xn,R
t→s,R

d)e
∫ T
0 sup

B2R(0)
|wt|dt

∫ T

t

[
∥∇ψ∥∞ +

∫ s

t
Lip(wn,Rτ ,Rd) dτ

]
ds

≤ T sup
s,t∈[0,T ]

Lip(Xn,R
t→s,R

d)e
∫ T
0 sup

B2R(0)
|wt|dt

·

[
∥∇ψ∥∞ +

∫ T

0

[
Lip(wt, B2R(0)) +

2

R
sup
B2R(0)

|wt|

]
dt

]
.

By e.g. [15, Lemma 8.1.4], we have

sup
s,t∈[0,T ]

Lip(Xn,R
t→s,R

d) ≤ eS
n,R

,

where

Sn,R :=

∫ T

0
(sup
Rd

|vn,Rt |+ Lip(vn,Rt ,Rd)) dt ≤
∫ T

0

[(
1 + 2

R

)
sup
B2R(0)

|vt|+ Lip(vt, B2R(0))

]
dt ,

again by (3.8). Overall, for every (t, x) ∈ [0, T ]× Rd, we have

|∇φn,Rt (x)| ≤ T exp

[∫ T

0

[
sup
B2R(0)

|wt|+
(
1 + 2

R

)
sup
B2R(0)

|vt|+ Lip(vt, B2R(0))

]
dt

]

·

[
∥∇ψ∥∞ +

∫ T

0

[
Lip(wt, B2R(0)) +

2

R
sup
B2R(0)

|wt|

]
dt

]
.

We deduce that
C := sup

n,R
∥φn,R∥∞ <∞ , CR := sup

n
∥∇φn,R∥∞ <∞ , R > 0 .

Inserting these estimates in (3.17), we obtain∫ T

0

∫
Rd

χRψt dσt dt ≤ (CR + C)

∫ T

0

∫
BR(0)

[
|vt − vn,Rt |+ |wt − wn,Rt |

]
d|σt| dt
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+
4C

R

∫ T

0

∫
BR(0)\BR/2(0)

|vt| d|σt| dt .

Passing to the limit as n→ ∞ using (3.9), we get∫ T

0

∫
Rd

χRψt dσt dt ≤
4C

R

∫ T

0

∫
BR(0)\BR/2(0)

|vt| d|σt| dt . (3.19)

By monotone convergence theorem and by (3.3), letting R → ∞ we obtain
∫ T
0

∫
Rd ψt dσt dt ≤ 0. By

the arbitrariness of ψ ≥ 0 the proof is complete. ■

We conclude this section with a consequence of Proposition 3.1.

Corollary 3.3. Let v : [0, T ] × Rd → Rd, w : [0, T ] × Rd → R be Borel maps, and let µ1, µ2 ∈
C([0, T ];M+(Rd)) be satisfying the following assumptions:∫ T

0

[
sup
B

|vt|+ Lip(vt, B) + sup
B
w−
t + sup

Rd

w+
t + Lip(wt, B)

]
dt <∞ , B ⋐ Rd , (3.20)

∂tµ
1 + div(vµ1) ≤ wµ1 in D′((0, T )× Rd) , (3.21)

∂tµ
2 + div(vµ2) ≥ wµ2 in D′((0, T )× Rd) , (3.22)∫ T

0

∫
Rd

[|vt|+ |wt|] dµit dt <∞ , i = 1, 2 . (3.23)

Suppose moreover that µ10 ≤ µ20. Then µ1t ≤ µ2t for every t ∈ [0, T ].

Proof. Let σ :=µ1−µ2 and observe that σ ∈ C([0, T ];M (Rd)). Obviously (3.1) holds; by linearity, (3.21),
and (3.22), also (3.2) holds. Since |σt| ≤ µ1t+µ

2
t for every t ∈ [0, T ], by (3.23), also (3.3) holds. If B ⋐ Rd,

then
|σt|(B) ≤ µ1t (B) + µ2t (B) ≤ µ1t (Rd) + µ2t (Rd) ≤ sup

t∈[0,T ]

[
µ1t (Rd) + µ2t (Rd)

]
<∞ ,

where the last inequality comes from the continuity of [0, T ] ∋ t 7→ µit(Rd) =
∫
1 dµit, for i = 1, 2. By

Proposition 3.1, we get that σt ≤ 0 for every t ∈ [0, T ], that is, µ1t ≤ µ2t for every t ∈ [0, T ]. ■

Remark 3.4 (On the global bound from above on w). We remark that the global control
∫ T
0 supRd w+

t dt <
∞ provided in assumption (3.1) is only used in the last step of the proof of Proposition 3.1. Indeed,
setting

A(R) :=

∫ T

0
sup
B2R(0)

w+
t dt , ΓR :=TeA(R) , R > 0 ,

we notice that A(R) and ΓR are finite for every R > 0 under the purely local version of (3.1), i.e.,∫ T
0 sup

B2R(0)
|wt| dt <∞, and are non-decreasing in R. The chain of estimates (3.18) yields ∥φn,R∥∞ ≤

ΓR already after invoking (3.10). Every step of the proof up to (3.19) therefore goes through verbatim
with C replaced by ΓR, as R is kept fixed and only the limit n→ ∞ is taken. When trying to pass to
the limit as R→ ∞ in the inequality∫ T

0

∫
Rd

χRψt dσt dt ≤
4ΓR
R

∫ T

0

∫
BR(0)\BR/2(0)

|vt| d|σt| dt ,

the conclusion of Proposition 3.1 holds as soon as

lim inf
R→∞

ΓR
R

∫ T

0

∫
BR(0)\BR/2(0)

|vt| d|σt| dt = 0 . (3.24)
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By (3.3), (3.24) holds whenever lim infR→∞ ΓR/R <∞, that is, if there exist K > 0 and a sequence Rk ↑
∞ such that ∫ T

0
sup

B2Rk
(0)

w+
t dt ≤ log(KRk) , k ∈ N . (3.25)

Loosely speaking, (3.25) means that mass may be created at an unbounded rate at infinity, provided
the rate grows slowly enough with respect to the 1/R decay produced by the cutoff functions χR. One
could then obtain the conclusion of Proposition 3.1 replacing the condition

∫ T
0 supRd w+

t dt <∞ with
the weaker (3.24). Note that the same remark applies to Corollary 3.3, whose proof only consists in
applying Proposition 3.1 to σ :=µ1 − µ2.

4. The superposition principle under local assumptions

This section is devoted to the proof of the following superposition principle featuring local boundedness
and Lipschitz continuity of the fields v and w.

Theorem 4.1 (Superposition principle under local assumptions). Let v : [0, T ]× Rd → Rd, w : [0, T ]×
Rd → R be Borel maps, and let µ ∈ C([0, T ];M+(Rd)) be satisfying the following assumptions:∫ T

0

[
sup
B

|vt|+ Lip(vt, B) + sup
B

|wt|+ Lip(wt, B)

]
dt <∞ , B ⋐ Rd , (4.1)

∂tµ+ div(vµ) = wµ in D′((0, T )× Rd) , (4.2)∫ T

0

∫
Rd

[
|vt|2 + |wt|2

]
dµt dt <∞ . (4.3)

Then there exists a probability measure η ∈ P(CT ) such that:
(1) η is concentrated on curves γ ∈ AC2

T such that

x′γ(t) = vt(xγ(t)) , k′γ(t) = wt(xγ(t)) kγ(t) for a.e. t ∈ Oγ ; (4.4)

(2) h2t (η) = µt for every t ∈ [0, T ].

The proof of Theorem 4.1 builds upon the technical two-time representation of Lemma 4.5, reported
in Section 4.2. Section 4.1 collects some technical measurability results.

We start by introducing some auxiliary notation that will be used throughout this section. If v : [0, T ]×
Rd → Rd is a Borel map satisfying the local assumption∫ T

0

[
sup
B

|vt|+ Lip(vt, B)

]
dt <∞ , B ⋐ Rd , (4.5)

for every (t, x) ∈ [0, T ]× Rd, there exists a unique maximal solution to the characteristic system

X ′(r) = vr(X(r)) , X(t) = x ,

defined on a relatively open subinterval I(t, x) of [0, T ] containing t as relatively internal point, see
e.g. [15, Lemma 8.1.4]; we denote by Xt→r(x) its value at time r ∈ I(t, x).

If w : [0, T ]× Rd → R is a scalar Borel map satisfying the local assumption∫ T

0
sup
B

|wt| dt <∞ , B ⋐ Rd , (4.6)

for every (s, x) ∈ [0, T ]× Rd and τ ∈ I(s, x), we define

Ws→τ (x) := e
∫ τ
s wr(Xs→r(x)) dr ∈ (0,∞) .

Note that, since r 7→ Xs→r(x) is continuous in [s ∧ τ, s ∨ τ ], it is bounded, so that [s ∧ τ, s ∨ τ ] ∋ r 7→
wr(Xs→r(x)) is integrable by (4.6); therefore Ws→τ (x) is well defined. We record the following cocycle
rule: if b, c ∈ I(a, x), then I(b,Xa→b(x)) = I(a, x), Xb→c(Xa→b(x)) = Xa→c(x) and

Wa→c(x) =Wa→b(x)Wb→c(Xa→b(x)) . (4.7)
In particular Wa→b(x)Wb→a(Xa→b(x)) =Wa→a(x) = 1.
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4.1. Measurability results. We collect in the next three lemmas some measurability results that are
used repeatedly in the sequel and are independent of the rest of the section.

Lemma 4.2 (Regularity of the flow). Let v : [0, T ]× Rd → Rd be a Borel map satisfying (4.5) and set

D :=
{
(s, x, τ) ∈ [0, T ]× Rd × [0, T ] : τ ∈ I(s, x)

}
. (4.8)

Then D is relatively open in [0, T ]× Rd × [0, T ] and the map (s, x, τ) 7→ Xs→τ (x) is continuous on D.
In particular:

(1) for every a, b ∈ [0, T ] the set Ea→b :=
{
x ∈ Rd : b ∈ I(a, x)

}
is open in Rd;

(2) [0, T ]× Rd ∋ (s, x) 7→ inf I(s, x) is upper semicontinuous and [0, T ]× Rd ∋ (s, x) 7→ sup I(s, x)
is lower semicontinuous.

Proof. Let (s0, x0, τ0) ∈ D and set Z0(τ) :=Xs0→τ (x0), τ ∈ I(s0, x0). Since s0, τ0 ∈ I(s0, x0) and
I(s0, x0) is relatively open in [0, T ], both s0 and τ0 are relatively internal to I(s0, x0), so that we may
fix a compact interval J0 ⊆ I(s0, x0) having s0 and τ0 as relatively internal points. Let

K := {Z0(τ) : τ ∈ J0} , Kρ :=
{
y ∈ Rd : dist(y,K) ≤ ρ

}
for ρ > 0 ,

which are compact, and set L :=
∫ T
0 Lip(vr,K1) dr < ∞ by (4.5). All the objects below depend on a

parameter ε ∈ (0, 12e
−L), which for the moment we fix arbitrarily. Since s0 is relatively internal to J0

and Z0 is continuous, there is δε > 0 such that

s ∈ [0, T ] and |s− s0|+ |x− x0| < δε =⇒ s ∈ J0 and
∣∣x− Z0(s)

∣∣ < ε . (4.9)

Fix a pair (s, x) satisfying the left hand side of (4.9) and set Z(τ) :=Xs→τ (x), τ ∈ I(s, x). We claim
that

J0 ⊆ I(s, x) and sup
τ∈J0

|Z(τ)− Z0(τ)| ≤ ε eL . (4.10)

To prove (4.10), consider the set

G :=
{
τ ∈ J0 ∩ I(s, x) : Z

(
[τ ∧ s, τ ∨ s]

)
⊆ K1

}
,

which is nonempty, since s ∈ G because Z(s) = x and |x− Z0(s)| < ε < 1, and which is an interval,
since τ ∈ G implies that every point between s and τ belongs to G. We show that G is relatively open
and closed in J0; being nonempty, it then coincides with the interval J0.

Fix τ ∈ G. Both Z and Z0 solve the characteristic system Y ′ = vr(Y ) on [τ ∧ s, τ ∨ s] ⊆ I(s, x) ∩
I(s0, x0), where they take values in K1; hence

|Z(ρ)− Z0(ρ)| ≤ |Z(s)− Z0(s)|+
∫ ρ∨s

ρ∧s
Lip(vr,K1) |Z(r)− Z0(r)|dr .

Grönwall’s inequality then gives

|Z(ρ)− Z0(ρ)| ≤ ε eL < 1
2 , ρ ∈ [τ ∧ s, τ ∨ s] , (4.11)

so that Z(ρ) ∈ K1/2 there; in particular Z(τ) ∈ K1/2, which lies in the interior of K1. Since τ ∈
I(s, x), I(s, x) is relatively open in [0, T ], and Z is continuous, there is a relatively open (in J0)
subinterval N ∋ τ with N ⊆ I(s, x) and Z(N) ⊆ K1. For every τ ′ ∈ N the segment [τ ′ ∧ s, τ ′ ∨ s]
is contained in [τ ∧ s, τ ∨ s] ∪ N , where Z takes values in K1; hence τ ′ ∈ G, so that G is relatively
open. If instead τn ∈ G and τn → τ ∈ J0, then (τ ∧ s, τ ∨ s) ⊆ G. Thus, Z takes values in K1/2

on [τ ∧ s, τ ∨ s] \ {τ} by (4.11), with |Z ′(r)| ≤ supK1
|vr| ∈ L1([0, T ]) there; therefore Z is absolutely

continuous up to τ , takes values in the compact set K1/2, and, by maximality of I(s, x), is defined at τ ,
so that τ ∈ G: hence G is relatively closed. This proves (4.10).

Since τ0 is relatively internal to J0, we may fix any relatively open (in [0, T ]) neighbourhood U of τ0
with U ⊆ J0. If (s, x, τ) ∈ [0, T ] × Rd × [0, T ] satisfies |s − s0| < δε/2, |x − x0| < δε/2 and τ ∈ U ,
then (s, x) fulfills the left hand side of (4.9), and (4.10) gives τ ∈ J0 ⊆ I(s, x). Thus D contains the
relatively open neighbourhood {(s, x, τ) : |s− s0| < δε/2, |x− x0| < δε/2, τ ∈ U} of (s0, x0, τ0), i.e. it
is relatively open.

For the continuity of the flow, fix ϑ ∈ (0, 1); we now specialize ε to a value 0 < ε < ϑ
2 e

−L < 1
2e

−L

and, by the continuity of Z0 at τ0, we may replace U with Uϑ so that
∣∣Xs0→τ (x0)−Xs0→τ0(x0)

∣∣ < ϑ
2
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for every τ ∈ Uϑ. Then, for every (s, x, τ) ∈ [0, T ]× Rd × [0, T ] with |s− s0| < δε/2, |x− x0| < δε/2
and τ ∈ Uϑ, the second part of (4.10) gives∣∣Xs→τ (x)−Xs0→τ0(x0)

∣∣ ≤ ε eL +
∣∣Xs0→τ (x0)−Xs0→τ0(x0)

∣∣ < ϑ .

As ϑ ∈ (0, 1) and (s0, x0, τ0) ∈ D are arbitrary, this proves the continuity of the flow on D.
Item (1) follows because Ea→b is the section of the open set D at (a, ·, b). As for item (2),

if sup I(s0, x0) > c then (s0, x0, τ) ∈ D for some τ > c; since D is relatively open in [0, T ]×Rd × [0, T ],
we can find some δ > 0 such that, if (s, x) ∈ [0, T ] × Rd are such that |s0 − s| + |x − x0| < δ,
then (s, x, τ) ∈ D, giving in particular that sup I(s, x) > c for every such (s, x). The argument for the
infimum is symmetric. ■

Lemma 4.3 (Measurability of the derived objects). Let v : [0, T ]× Rd → Rd, w : [0, T ]× Rd → R be
Borel maps satisfying the following assumption∫ T

0

[
sup
B

|vt|+ Lip(vt, B) + sup
B

|wt|
]
dt <∞ , B ⋐ Rd ,

and let D be as in (4.8). Then, the following holds:
(1) the map (s, x, τ) 7→Ws→τ (x) is Borel on D;
(2) for every Borel map f : [0, T ]× Rd → [0,∞] the function

[0, T ]× Rd ∋ (s, x) 7−→
∫
I(s,x)

fu
(
Xs→u(x)

)
Ws→u(x) du ∈ [0,∞]

is Borel.

Proof. We prove item (1). The map Ξ(s, x, r) :=
(
r,Xs→r(x)

)
is continuous on D by Lemma 4.2, so

that g :=w ◦ Ξ is Borel on D. We extend g by 0 outside D, which is a Borel set. The function

(s, x, τ, r) 7−→ g±(s, x, r) 1{s∧τ≤r≤s∨τ}(r)

is Borel and non-negative, so by Tonelli’s theorem G±(s, x, τ) :=
∫ s∨τ
s∧τ g

±(s, x, r) dr is a Borel function
defined on [0, T ]× Rd × [0, T ] with values in [0,∞), as we have already observed that [s ∧ τ, s ∨ τ ] ∋
r 7→ wr(Xs→r(x)) is integrable by (4.6). Since∫ τ

s
wr(Xs→r(x)) dr = sgn(τ − s)

[
G+(s, x, τ)−G−(s, x, τ)

]
on D ,

we deduce that W is Borel.
As for item (2), the function (s, x, u) 7→ fu(Xs→u(x))Ws→u(x) 1D(s, x, u) is Borel by Lemma 4.2

and by item (1), and it is non-negative. Thus, item (2) follows from Tonelli’s theorem. ■

The last lemma is a general measure-theoretic fact, which we shall use to lift measurability from the
values of a curve to the curve itself.

Lemma 4.4 (Measurability of curve-valued maps). Let (Y, dY) be a separable metric space, let G
be a Borel subset of a metric space and let F : G → C([0, T ];Y) be such that g 7→ F (g)τ is Borel for
every τ ∈ [0, T ]. Then F is Borel.

Proof. Since (Y, dY) is separable, so is C([0, T ];Y). Let D :=Q∩[0, T ]. For every γ ∈ C([0, T ];Y) the
function

g 7−→ sup
τ∈[0,T ]

dY
(
F (g)τ , γτ

)
= sup

τ∈D
dY
(
F (g)τ , γτ

)
is Borel, being a countable supremum of Borel functions. Hence, the preimage under F of every open
ball is Borel, and so is the preimage of every open set, the latter being a countable union of open balls
by separability. ■
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4.2. Key tool: Two-time representation. The following two-time representation is the key step.
Recall that X and W have been introduced at the beginning of this section and that the sets Ea→b are
defined in Lemma 4.2.

Lemma 4.5 (Two-time representation). Let v : [0, T ]× Rd → Rd, w : [0, T ]× Rd → R be Borel maps,
and let µ ∈ C([0, T ];M+(Rd)) be satisfying (4.1), (4.2), and∫ T

0

∫
Rd

[|vt|+ |wt|] dµt dt <∞ . (4.12)

Then, for every s, t ∈ [0, T ] it holds

(Xs→t)♯

(
Ws→t µs

∣∣
Es→t

)
= µt

∣∣
Et→s

. (4.13)

Proof. We first collect a few facts, valid for arbitrary times. For a, b ∈ [0, T ] the set Ea→b is open, hence
Borel, by Lemma 4.2(1). Since the maximal interval is constant along each trajectory, we have that

Xa→b : Ea→b → Eb→a is a bijection with inverse Xb→a . (4.14)
Indeed, if x ∈ Ea→b then y :=Xa→b(x) satisfies I(b, y) = I(a, x) ∋ a, i.e. y ∈ Eb→a; and symmetrically,
if y ∈ Eb→a then Xb→a(y) ∈ Ea→b.

We recall that for every (a, x, b) ∈ D (the latter is defined in Lemma 4.2), the map

Wa→b(x) := e
∫ b
a wr(Xa→r(x)) dr ∈ (0,∞)

is well-defined thanks to (4.1).
We also observe that, for every φ ∈ C∞

b ([0, T ]× Rd) and every (a, x, b) ∈ D the map

τ 7→ φτ (Xa→τ (x))Wa→τ (x)

is absolutely continuous on the closed interval with endpoints a and b, with a.e. derivative in time given
by

gaφ(τ, x) :=Wa→τ (x)

[
∂τφτ (Xa→τ (x)) + ⟨∇φτ (Xa→τ (x)), vτ (Xa→τ (x))⟩+ φτ (Xa→τ (x))wτ (Xa→τ (x))

]
.

We divide the proof of (4.13) in two claims according to the mutual position of s, t ∈ [0, T ].
Claim 1. For every 0 ≤ s ≤ t ≤ T it holds

(Xs→t)♯

(
Ws→tµs

∣∣
Es→t

)
≤ µt

∣∣
Et→s

. (4.15)

Proof of Claim 1. We can assume s ≠ t; to prove (4.15), we fix s, t ∈ [0, T ] with s < t and abbreviate

E :=Es→t =
{
z ∈ Rd : t ∈ I(s, z)

}
, F :=Et→s =

{
y ∈ Rd : s ∈ I(t, y)

}
,

so that, by (4.14), Xs→t : E → F is a bijection with inverse Xt→s. For τ ∈ [s, t] set

λτ :=(Xs→τ )♯
(
Ws→τ µs

∣∣
E

)
.

Proving (4.15) is then equivalent to showing

λt ≤ µt
∣∣
F
. (4.16)

To prove (4.16), for n ∈ N, set
En := {z ∈ E : |Xs→r(z)| ≤ n for every r ∈ [s, t]} ,

λnτ :=(Xs→τ )♯

(
Ws→τ µs

∣∣
En

)
, τ ∈ [s, t] ,

Mn
τ := sup

Bn(0)

|wτ | , τ ∈ [0, T ] ,

wnτ :=wτ ∧Mn
τ , τ ∈ [0, T ] .

We claim that v, wn, λn, and µ satisfy the hypotheses of Corollary 3.3 on [s, t]. Clearly v and wn are
Borel and satisfy (3.20). Since wn ≤ w and |wn| ≤ |w|, we have that (3.22) and (3.23) are satisfied
for µ. By assumption, we also have that µ ∈ C([s, t];M+(Rd)). Clearly (3.23) for λn is satisfied because
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of the bounds on v and w coming from (4.1) and the fact that |Xs→τ (x)| ≤ n for every τ ∈ [s, t] and
every x ∈ En.

Let us prove that λn ∈ C([s, t];M+(Rd)). Let φ ∈ Cb(Rd). For every τ0 ∈ [s, t], we have

lim
τ→τ0
τ∈[s,t]

∫
Rd

φ dλnτ = lim
τ→τ0
τ∈[s,t]

∫
Rd

φ(Xs→τ (x))Ws→τ (x) dµs
∣∣
En

(x)

=

∫
Rd

φ(Xs→τ0(x))Ws→τ0(x) dµs
∣∣
En

(x) =

∫
Rd

φ dλnτ0 ,

where we have used the dominated convergence theorem with constant dominant function

∥φ∥∞e
∫ T
0 sup

Bn(0)
|wr|dr ∈ L1(Rd, µs

∣∣
En

)

together with the continuity of φ, [s, t] ∋ τ 7→ Xs→τ (x), and [s, t] ∋ τ 7→ Ws→τ (x). Hence, λn ∈
C([s, t];M+(Rd)).

To prove that λn satisfies (3.21), it is enough to notice that for every φ ∈ C∞
c ((s, t)× Rd) we have∫ t

s

∫
Rd

|gsφ(τ, x)| dµs
∣∣
En

(x) dτ <∞

because of the bounds on v and w coming from (4.1) and the fact that |Xs→τ (x)| ≤ n for every τ ∈ [s, t]
and every x ∈ En, and∫
Rd

φt(x) dλ
n
t (x)−

∫
Rd

φs(x) dλ
n
s (x) =

∫
Rd

φt(Xs→t(x))Ws→t(x) dµs
∣∣
En

(x)−
∫
Rd

φs(x) dµs
∣∣
En

(x)

=

∫
Rd

(φt(Xs→t(x))Ws→t(x)− φs(Xs→s(x))Ws→s(x)) dµs
∣∣
En

(x)

=

∫
Rd

∫ t

s
gsφ(τ, x) dτ dµs

∣∣
En

(x)

=

∫ t

s

∫
Rd

gsφ(τ, x) dµs
∣∣
En

(x) dτ

=

∫ t

s

∫
Rd

(∂τφ+ ⟨∇φ, vτ ⟩+ wτφ) dλ
n
τ dτ

=

∫ t

s

∫
Rd

(∂τφ+ ⟨∇φ, vτ ⟩+ wnτ φ) dλ
n
τ dτ ,

where we have used Fubini’s theorem and the fact that wτ = wnτ in supp(λnτ ) for every τ ∈ [s, t].
Since λns = µs

∣∣
En

≤ µs, Corollary 3.3 gives that

λnτ ≤ µτ , τ ∈ [s, t] , n ∈ N .
Since En ↑ E as n→ ∞, monotone convergence gives λnτ ↑ λτ , whence λτ ≤ µτ for every τ ∈ [s, t]. In
particular λt ≤ µt. Since λt is concentrated on Xs→t(E) = F , this proves (4.16).
Claim 2. For every 0 ≤ t ≤ s ≤ T it holds

(Xs→t)♯

(
Ws→t µs

∣∣
Es→t

)
≤ µt

∣∣
Et→s

. (4.17)

Proof of Claim 2. We reduce to Claim 1 by reversing time. For θ ∈ [0, T ] set

v̂θ :=−vT−θ , ŵθ :=−wT−θ , µ̂θ :=µT−θ .

It is clear that (v̂, ŵ, µ̂) satisfies the assumptions of the present lemma. Now let X̂, Î, Ŵ and Ê be
associated with (v̂, ŵ, µ̂) as X, I, W and E are with (v, w, µ). For every x ∈ Rd and a, b ∈ [0, T ],

X̂a→b(x) = XT−a→T−b(x) , Î(a, x) = {T − r : r ∈ I(T − a, x)} , (4.18)

Êa→b = ET−a→T−b . (4.19)
Indeed XT−a→T−a(x) = x and

d
dbXT−a→T−b(x) = −vT−b

(
XT−a→T−b(x)

)
= v̂b

(
XT−a→T−b(x)

)
,



SUPERPOSITION FOR THE CONTINUITY EQUATION WITH REACTION 17

which gives the first identity; the second follows, and (4.19) is a restatement of it, because b ∈ Î(a, x) if
and only if T − b ∈ I(T − a, x). Consequently

Ŵa→b(x) = e
∫ b
a ŵr(X̂a→r(x)) dr =WT−a→T−b(x) , (4.20)

as one sees substituting ρ = T − r, which turns∫ b

a

(
− wT−r

)(
XT−a→T−r(x)

)
dr into

∫ T−b

T−a
wρ
(
XT−a→ρ(x)

)
dρ .

Let 0 ≤ t ≤ s ≤ T be given and set s′ :=T − s and t′ :=T − t, so that 0 ≤ s′ ≤ t′ ≤ T . Applying
Claim 1 to (v̂, ŵ, µ̂) and to the pair s′ ≤ t′ we obtain

(X̂s′→t′)♯

(
Ŵs′→t′ µ̂s′

∣∣
Ês′→t′

)
≤ µ̂t′

∣∣
Êt′→s′

.

By (4.18), (4.19) and (4.20),

X̂s′→t′ = Xs→t , Ŵs′→t′ =Ws→t , µ̂s′ = µs ,

µ̂t′ = µt , Ês′→t′ = Es→t , Êt′→s′ = Et→s ,

so that the inequality above is precisely (4.17).
Conclusion. Claims 1 and 2 together state that

(Xs→t)♯

(
Ws→t µs

∣∣
Es→t

)
≤ µt

∣∣
Et→s

for every s, t ∈ [0, T ] . (4.21)

It remains to prove the converse; let s, t ∈ [0, T ] be fixed. Applying (4.21) to the pair (t, s) we have

(Xt→s)♯

(
Wt→s µt

∣∣
Et→s

)
≤ µs

∣∣
Es→t

. (4.22)

Multiplying by Ws→t both sides and applying the push forward by the map Xs→t gives

(Xs→t)♯

[
Ws→t · (Xt→s)♯

(
Wt→s µt

∣∣
Et→s

)]
≤ (Xs→t)♯

(
Ws→t µs

∣∣
Es→t

)
.

Thanks to (4.7) the left-hand side above rewrites as

[Ws→t ◦Xt→s] · [Xs→t ◦Xt→s]♯

(
Wt→s µt

∣∣
Et→s

)
=Wt→t µt

∣∣
Et→s

= µt
∣∣
Et→s

.

Thus, we deduce
µt
∣∣
Et→s

≤ (Xs→t)♯

(
Ws→t µs

∣∣
Es→t

)
,

which is the converse to (4.21). ■

4.3. Proof of Theorem 4.1. We are now in a position to prove Theorem 4.1. In what follows, we are
going to use the notation for curves in the cone introduced in Section 2.1, and in particular the objects
defined in (2.2).

We may assume that µ does not vanish identically. Since
∫ T
0 µt(Rd) dt <∞ by the continuity of µ,

the Cauchy–Schwarz inequality gives∫ T

0

∫
Rd

[|vt|+ |wt|] dµt dt ≤
√
2

(∫ T

0

∫
Rd

[
|vt|2 + |wt|2

]
dµt dt

)1/2(∫ T

0
µt(Rd) dt

)1/2

,

so that (4.3) implies (4.12). Together with (4.1) and (4.2), this shows that (v, w, µ) satisfies the
assumptions of Lemma 4.5, whose notation we keep throughout. We define

Θ :=

∫ T

0
(δt ⊗ µt) dt ∈ M+([0, T ]× Rd) ,

m(s, x) := inf I(s,x)+sup I(s,x)
2 ∈ [0, T ] , (s, x) ∈ [0, T ]× Rd ,

S :=
{
(s, x) ∈ [0, T ]× Rd : m(s, x) = s

}
⊂ [0, T ]× Rd ,

Ψ: [0, T ]× Rd → S , Ψ(s, x) :=
(
m(s, x), Xs→m(s,x)(x)

)
,

C(s, x) :=

∫
I(s,x)

Ws→u(x) du ∈ (0,∞] , (s, x) ∈ [0, T ]× Rd .
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We observe that Θ is a finite (non-zero, non-negative Borel) measure since Θ([0, T ]×Rd) =
∫ T
0 µt(Rd) dt ∈

(0,∞), by the continuity of µ. The map m is Borel by Lemma 4.2(2) and obviously satisfies m(s, x) ∈
I(s, x) for every (s, x) ∈ [0, T ]×Rd; this remark and the first part of Lemma 4.2 give the measurability
and well definition of the set S and the map Ψ. On the other hand, the map C is Borel by Lemma 4.3(2)
applied with f ≡ 1. By (4.7), for every (s, x) ∈ [0, T ]× Rd and r ∈ I(s, x)

C(s, x) =

∫
I(s,x)

Ws→r(x)Wr→u(Xs→r(x)) du =Ws→r(x)C(r,Xs→r(x)) . (4.23)

We further observe that∫
Rd

C(t, x) dµt(x) =

∫ T

0

∫
Rd

Wt→u(x) 1Et→u(x) dµt(x) du

=

∫ T

0
µu
(
Eu→t

)
du ≤

∫ T

0
µu(Rd) du <∞ ,

by the definition of C, by Tonelli’s theorem, and by (4.13) applied to the pair (t, u) and tested with the
constant function 1. In particular, we deduce

C(t, x) ∈ (0,∞) for µt-a.e. x ∈ Rd . (4.24)

By (4.23) applied to (s, x) ∈ [0, T ]× Rd and r = m(s, x) ∈ I(s, x), we get that
C(s, x) =Ws→m(s,x)(x)(C ◦Ψ)(s, x)

which implies that
C ∈ (0,∞) Ψ♯Θ-a.e. (4.25)

This justifies the definition of the following non-negative, non-zero (possibly infinite) Borel measure
on [0, T ]× Rd

ρ :=C−1Ψ♯Θ .

Since Ψ♯Θ is a finite measure and C ∈ (0,∞) Ψ♯Θ-a.e., then ρ is σ-finite. Hence, there exists a Borel
function θ : [0, T ] × Rd → (0,∞) such that

∫
θ2 dρ = 1. For every (s, x) ∈ [0, T ] × Rd, we define the

curve T(s, x) : [0, T ] → C[Rd] as

T(s, x)τ :=

{[
Xs→τ (x) , W

1/2
s→τ (x)/θ(s, x)

]
if τ ∈ I(s, x) ,

o otherwise,
τ ∈ [0, T ]

and we set

E(s, x) :=
∫
I(s,x)

[∣∣vτ (Xs→τ (x))
∣∣2 + 1

4

∣∣wτ (Xs→τ (x))
∣∣2]Ws→τ (x) dτ ∈ [0,∞] , (4.26)

which is a Borel function of (s, x) by Lemma 4.3(2) applied with f := |v|2 + 1
4 |w|

2.

Claim 1. We have

E(s, x) <∞ for ρ-a.e. (s, x) ∈ [0, T ]× Rd . (4.27)

Proof of Claim 1. We test (4.13) for the pair s, τ ∈ [0, T ] with the non-negative Borel function |vτ |2 +
1
4 |wτ |

2. Using µτ
∣∣
Eτ→s

≤ µτ we get∫
Es→τ

[
|vτ |2

(
Xs→τ (x)

)
+ 1

4 |wτ |
2
(
Xs→τ (x)

)]
Ws→τ (x) dµs(x) ≤

∫
Rd

[
|vτ |2 + 1

4 |wτ |
2
]
dµτ .

Integrating in τ ∈ (0, T ) and using Tonelli’s theorem, we infer from (4.3) that∫
Rd

E(s, x) dµs(x) ≤
∫ T

0

∫
Rd

[
|vτ |2 + 1

4 |wτ |
2
]
dµτ dτ <∞ , s ∈ [0, T ] . (4.28)

In particular E <∞ Θ-a.e.; moreover, exactly as in (4.23), the invariance of I and X along trajectories
and (4.7) give

E
(
r,Xs→r(x)

)
=W−1

s→r(x) E(s, x) , r ∈ I(s, x) . (4.29)
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Applying this formula to (s, x) ∈ [0, T ]× Rd and r = m(s, x) ∈ I(s, x), we get that

E(s, x) =Ws→m(s,x)(x)(E ◦Ψ)(s, x)

which implies that
E <∞ Ψ♯Θ-a.e. (4.30)

hence the claim.

Claim 2. For ρ-a.e. (s, x) ∈ [0, T ]×Rd the curve T(s, x) is continuous and the map T : [0, T ]×Rd → CT
is Borel. Consequently, η :=T♯(θ

2ρ) belongs to P(CT ).
Proof of Claim 2. We fix (s, x) such that E(s, x) <∞, which holds for ρ-a.e. (s, x) ∈ [0, T ]× Rd by

Claim 1. We abbreviate

J := I(s, x) , a := inf J , b := supJ , w(τ) :=W 1/2
s→τ (x) , τ ∈ J .

Since τ 7→ Xs→τ (x) and τ 7→Ws→τ (x) are continuous in J and Ws→τ (x) > 0 in J , the curve T(s, x) is
continuous at every point of J , and it is constantly equal to o in the interior of [0, T ] \ J . It therefore
suffices to prove that

lim
τ→c
τ∈J

w(τ) = 0 for every endpoint c ∈ {a, b} with c /∈ J . (4.31)

We prove (4.31) for c = b /∈ J , the argument at c = a being identical.
Since w is locally absolutely continuous on J with w′(τ) = 1

2wτ (Xs→τ (x))w(τ), we have∫
J
|w′|2(τ) dτ =

1

4

∫
J

∣∣wτ (Xs→τ (x))
∣∣2Ws→τ (x) dτ ≤ E(s, x) <∞ . (4.32)

As J is a bounded interval, (4.32) implies that w is absolutely continuous on J and admits a finite limit

w(b−) := lim
τ↑b
τ∈J

w(τ) ∈ [0,∞) .

Assume by contradiction thatm :=w(b−) > 0. Then there is τ0 ∈ J such thatWs→τ (x) = w2(τ) ≥ m2/2
for every τ ∈ [τ0, b), whence, by the definition of the flow and by definition (4.26) of E ,∫ b

τ0

∣∣∣X ′
s→τ (x)

∣∣∣2 dτ =

∫ b

τ0

∣∣vτ (Xs→τ (x))
∣∣2 dτ ≤ 2

m2

∫ b

τ0

∣∣vτ (Xs→τ (x))
∣∣2Ws→τ (x) dτ ≤ 2 E(s, x)

m2
.

By the Cauchy–Schwarz inequality, τ 7→ Xs→τ (x) has integrable derivative in (τ0, b). It is therefore
absolutely continuous in (τ0, b) and admits a limit z ∈ Rd as τ ↑ b. Setting Xs→b(x) := z we obtain an
absolutely continuous map on [τ0, b] which satisfies the integral formulation of the characteristic system
on [τ0, b], i.e. the solution is defined at time b as well. This contradicts the maximality of J = I(s, x),
since b /∈ J . Hence, it must be w(b−) = 0, which proves (4.31) and the continuity of τ 7→ T(s, x)τ
in [0, T ].

We now prove that T is Borel. Let G := {E <∞}, which is a Borel set of full ρ-measure by (4.27)
and on which, by the first part of the proof, T takes values in CT . We fix τ ∈ [0, T ] and prove
that (s, x) 7→ T(s, x)τ is Borel on G. The set Gτ := {(s, x) ∈ G : τ ∈ I(s, x)} is Borel, being the
intersection of G with a section of the open set D of (4.8). On G\Gτ we have T(s, x)τ = o, while on Gτ
it is the composition of the Borel map (cf. Lemma 4.2, Lemma 4.3(1), and the Borel measurability of θ)

(s, x) 7−→
(
Xs→τ (x), W

1/2
s→τ (x)/θ(s, x)

)
∈ Rd × [0,∞)

with the continuous projection (y, r) 7→ [y, r] onto C[Rd]. Since C[Rd] is separable, Lemma 4.4 applies
and gives that T : [0, T ]× Rd → CT is Borel.

Finally, θ2ρ is a probability measure by the choice of θ.

Claim 3. We have h2t (η) = µt for every t ∈ [0, T ].

Proof of Claim 3. We fix t ∈ [0, T ] and φ ∈ Cb(Rd). Since two positive measures which agree on

every nonnegative φ ∈ Cb(Rd) coincide, we may assume φ ≥ 0, so that all the integrands below are
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nonnegative and Tonelli’s theorem applies. Using the definition of η and ρ, property (4.23), Lemma 4.5,
and Tonelli’s theorem, we get∫

Rd

φ dh2t (η) =

∫
CT
φ(xγ(t))r

2
γ(t) dη(γ) (4.33)

=

∫
[0,T ]×Rd

φ(Xs→t(x))Ws→t(x)θ
−2(s, x)θ2(s, x)1I(s,x)(t) dρ(s, x)

=

∫
[0,T ]×Rd

[
φ(Xm(s,x)→t(Xs→m(s,x)(x)))Wm(s,x)→t(Xs→m(s,x)(x))

C−1(m(s, x), Xs→m(s,x)(x))1I(m(s,x),Xs→m(s,x)(x))(t)

]
dΘ(s, x)

=

∫
[0,T ]×Rd

φ(Xs→t(x))Ws→t(x)C
−1(s, x)1I(s,x)(t) dΘ(s, x)

=

∫ T

0

∫
Rd

φ(Xs→t(x))Ws→t(x)C
−1(s,Xt→s(Xs→t(x))) dµs

∣∣
Es→t

(x) ds

=

∫ T

0

∫
Rd

φ(x)C−1(s,Xt→s(x)) dµt
∣∣
Et→s

(x) ds

=

∫
Rd

φ(x)

(∫ T

0
C−1(s,Xt→s(x)) 1I(t,x)(s) ds

)
dµt(x)

=

∫
Rd

φ(x)

(∫
I(t,x)

Wt→s(x)

C(t, x)
ds

)
dµt(x) =

∫
Rd

φ dµt .

Since φ is arbitrary, this proves Claim 3.
Claim 4. The measure η is concentrated on curves γ ∈ AC2

T satisfying (4.4).

Proof of Claim 4. We fix (s, x) with E(s, x) <∞ and we set γ :=T(s, x); on I(s, x) we have xγ(τ) =

Xs→τ (x) and rγ(τ) =W
1/2
s→τ (x)/θ(s, x) > 0, both locally absolutely continuous, with

|x′γ |(τ) =
∣∣vτ (xγ(τ))∣∣ , r′γ(τ) =

1

2
wτ (xγ(τ)) rγ(τ) , k′γ(τ) = wτ (xγ(τ)) kγ(τ)

for a.e. τ ∈ I(s, x). Hence, by (2.3), we have

|γ′|2(τ) = θ−2(s, x)
[
1
4

∣∣wτ (Xs→τ (x))
∣∣2 + ∣∣vτ (Xs→τ (x))

∣∣2]Ws→τ (x) (4.34)

for a.e. τ ∈ I(s, x), so that
∫ T
0 |γ′|2 dτ =

∫
I(s,x) |γ

′|2 dτ = θ−2(s, x) E(s, x) < ∞, by definition of E
in (4.26), and the fact that |γ′| vanishes in [0, T ] \ I(s, x). By Claim 1, we deduce that for ρ-
a.e. (s, x) ∈ [0, T ]× Rd the curve T(s, x) belongs to AC2

T and satisfies (4.4). This proves the claim and
concludes the proof of Theorem 4.1.

Remark 4.6. The cross-section m and the weight C−1 are only needed because trajectories may be born
or may die inside [0, T ]. Assume indeed that the flow of v is globally defined, i.e. that I(0, x) = [0, T ]
for µ0-a.e. x ∈ Rd, and that m :=µ0(Rd) ∈ (0,∞). Then, every trajectory is alive at time 0, and crosses
that time exactly once: the time 0 is itself a cross-section of the family of trajectories, and no reference
time has to be selected along the way. Accordingly, one may simply set

η :=(T0)♯
(
m−1µ0

)
, T0(x)τ :=

[
X0→τ (x) ,

(
mW0→τ (x)

)1/2 ]
, τ ∈ [0, T ] .

Indeed η is a probability measure, its curves never reach the vertex, and E0→t = Et→0 = Rd for
every t ∈ [0, T ], so that (2.4) and (4.13) with s = 0 give∫

Rd

φ dh2t (η) =

∫
Rd

φ
(
X0→t(x)

)
W0→t(x) dµ0(x) =

∫
Rd

φ dµt , φ ∈ Cb(Rd) .

In the next Lemma 4.7 we show that a global bound on w together with a local one on v is enough to
guarantee that the flow is globally defined.
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Lemma 4.7. Let v : [0, T ]×Rd → Rd, w : [0, T ]×Rd → R be Borel maps, and let µ ∈ C([0, T ];M+(Rd))
be satisfying (4.2), (4.12), and∫ T

0

[
sup
B

|vt|+ Lip(vt, B) + sup
Rd

|wt|+ Lip(wt, B)

]
dt <∞ , B ⋐ Rd . (4.35)

Then for µ0-a.e. x ∈ Rd the flow X of v is globally defined. In particular

µt = (X0→t)♯

(
W0→t µ0

∣∣
E0→t

)
, t ∈ [0, T ] . (4.36)

Proof. For every x ∈ Rd, set τ(x) := sup I(0, x). By Lemma 4.5, we have

(X0→t)♯

(
W0→t µ0

∣∣
E0→t

)
= µt

∣∣
Et→0

≤ µt , t ∈ [0, T ] .

Using this inequality, we compute∫
Rd

sup
t∈[0,τ(x))

|X0→t(x)− x| dµ0(x)

≤
∫
Rd

∫ τ(x)

0
|vt(X0→t(x))| dtdµ0(x)

=

∫
Rd

∫ τ(x)

0
|vt(X0→t(x))|e

∫ t
0 wr(X0→r(x)) dre−

∫ t
0 wr(X0→r(x)) dr dt dµ0(x)

≤ e
∫ T
0 ∥wr∥∞ dr

∫
Rd

∫ τ(x)

0
|vt(X0→t(x))|W0→t(x) dtdµ0(x)

= e
∫ T
0 ∥wr∥∞ dr

∫ T

0

∫
Rd

|vt(X0→t(x))|W0→t(x) dµ0
∣∣
E0→t

(x) dt

≤ e
∫ T
0 ∥wr∥∞ dr

∫ T

0

∫
Rd

|vt| dµt dt <∞ .

This proves that for µ0-a.e. x ∈ Rd, the map [0, τ(x)) ∋ t 7→ X0→t(x) is bounded; thus, by e.g. [15,
Lemma 8.1.4], it must be τ(x) = T . ■

Remark 4.8. In view of Example 1.2, assumption (4.35) in Lemma 4.7 is essentially sharp. Indeed,
relaxing it, it is possible to have that mass is created or destroyed during the evolution, so that
uniqueness is lost, together with the representation formula (4.36).

5. Proof of Theorem 1.1

The local Lipschitz bounds (4.1) were used in Section 4 only to construct the characteristic flow of v,
which is the core of the proof of Theorem 4.1. In this section we remove assumption (4.1), obtaining
the more general superposition principle of Theorem 1.1. In what follows we make use of the notation
for curves in the cone introduced in Section 2.1, and in particular the objects defined in (2.2), as well
as the functionals defined in (2.7) and (2.8).

The proof of Theorem 1.1 follows the structure of [15, Theorem 8.2.1]. Namely, we first consider a
mollification of (v, w, µ) for which the assumptions of Theorem 4.1 hold and a representation is given
in the form of Theorem 4.1(1)–(2). Then, we pass to the limit in the mollification parameter ε→ 0,
recovering a representation of µ.

Proof of Theorem 1.1. We fix a mollifier ϱ ∈ C∞
c (Rd) with ϱ ≥ 0, suppϱ ⊂ B1(0) and

∫
Rd ϱdx = 1, we

set ϱε(x) := ε−dϱ(x/ε) for ε ∈ (0, 1], and we denote by

g(x) :=(2π)−d/2e−|x|2/2 , x ∈ Rd ,
the standard Gaussian density; we write g also for the measure gLd ∈ P(Rd).

If µt = 0 for every t, it is enough to take η := δγ̄ , where γ̄ is the constant curve equal to o. We may
therefore assume that µ does not vanish identically. We set

A :=

∫ T

0

∫
Rd

[
|vt|2 + |wt|2

]
dµt dt <∞ , m̄ := max

t∈[0,T ]
µt(Rd) ∈ (0,∞) , (5.1)
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and we let K :=
∫ T
0 µt(Rd) dt ∈ (0,∞). The Cauchy–Schwarz inequality gives∫ T

0

∫
Rd

[|vt|+ |wt|] dµt dt ≤
√
2AK <∞ . (5.2)

We denote by Θ :=
∫ T
0 (δt ⊗ µt) dt, so that (5.2) implies v ∈ L1([0, T ]× Rd,Θ;Rd) and w ∈ L1([0, T ]×

Rd,Θ).
We divide the proof in 5 claims. Claim 1 is devoted to the construction of suitable regularized

fields vε and wε and a curve of measures µε approximating µ. In Claim 2 we give a representation of µε
in terms of a positive bounded measure ηε relying on Theorem 4.1. In Claim 3 we show that ηε is tight,
and thus admits a limit η0 (up to a subsequence). In Claims 4 & 5 we prove that η0 represents µ and is
concentrated on curves γ ∈ AC2

T which are solutions to (1.4).
Claim 1. For ε ∈ (0, 1] define the finite measures and the Borel maps

µεt :=µt ∗ ϱε + ε g , Vεt :=(vtµt) ∗ ϱε , Wε
t :=(wtµt) ∗ ϱε ,

vεt :=
Vεt
µεt

, wεt :=
Wε
t

µεt
,

the last two quotients being quotients of densities with respect to Ld. Then vε and wε are Borel
maps, µε ∈ C([0, T ];M+(Rd)), the triple (vε, wε, µε) satisfies (4.1), (4.2) and∫ T

0

∫
Rd

[
|vεt |2 + |wεt |2

]
dµεt dt ≤ A , ε ∈ (0, 1] . (5.3)

Moreover µεt → µt narrowly as ε ↓ 0, for every t ∈ [0, T ], the family {µεt : ε ∈ (0, 1], t ∈ [0, T ]} being
tight with µεt (Rd) = µt(Rd) + ε ≤ m̄+ 1.
Proof of Claim 1. By standard properties of the convolution and by the continuity of g, the curve µε

belongs to C([0, T ];M+(Rd)) and µεt → µt narrowly as ε ↓ 0. Since suppϱε ⊂ Bε(0) ⊂ B1(0),

µεt
(
Rd \BR(0)

)
≤ µt

(
Rd \BR−1(0)

)
+ ε g

(
Rd \BR(0)

)
, R > 1 ,

and the family {µt}t∈[0,T ] is tight, being a compact subset of M+(Rd) by the narrow continuity of µ on
the compact interval [0, T ]. The asserted tightness follows.

The densities of µεt , Vεt and Wε
t are smooth in x, and (t, x) 7→ Vεt (x) is Borel, being continuous

in x and Borel in t. The same holds for Wε, so that vε and wε are Borel, also noting that µεt > 0.
To check (4.1), let R > 0 and cR :=min

BR(0)
g > 0, and set at :=

∫
Rd [|vt|+ |wt|] dµt, which belongs

to L1([0, T ]) by (5.2). On BR(0) we have µεt ≥ εcR and
|Vεt |+ |Wε

t | ≤ ∥ϱε∥∞ at , |∇Vεt |+ |∇Wε
t | ≤ ∥∇ϱε∥∞ at ,

|∇µεt | ≤ ∥∇ϱε∥∞m̄+ ε∥∇g∥∞ ,

so that, on BR(0),

|vεt |+ |wεt | ≤
∥ϱε∥∞
εcR

at ,

|∇vεt |+ |∇wεt | ≤

(
∥∇ϱε∥∞m̄+ ∥ϱε∥∞

(
∥∇ϱε∥∞m̄+ ε∥∇g∥∞

)
ε2c2R

)
at .

Since a ∈ L1([0, T ]), assumption (4.1) holds for (vε, wε, µε). By linearity of the convolution and since εg
does not depend on time, (4.2) holds for (vε, wε, µε). Finally, since µεt ≥ µt ∗ ϱε, we have∫

Rd

|vεt |2 dµεt =
∫
Rd

|Vεt |2

µεt
dx ≤

∫
Rd

|Vεt |2

µt ∗ ϱε
dx =

∫
Rd

∣∣∣∣(vtµt) ∗ ϱεµt ∗ ϱε

∣∣∣∣2 d(µt ∗ ϱε) ≤ ∫
Rd

|vt|2 dµt ,

where we have also used [15, Lemma 8.1.10] with p = 2, µ = µt, E = vtµt, and ϱ = ϱε. The same
computation for wε and an integration in time give (5.3).
Claim 2. For every ε ∈ (0, 1] there exists a finite measure ηε on CT such that

ηε
(
CT
)
≤M∗ , h2t (η

ε) = µεt ∀ t ∈ [0, T ] ,

∫
CT

F dηε ≤ A , (5.4)
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where M∗ := 2(K+T )/T +2TA, and such that ηε is concentrated on curves γ ∈ AC2
T which satisfy (1.4)

for (vε, wε) and Σ(γ) = 1.
Proof of Claim 2. By Claim 1 we may apply Theorem 4.1 to (vε, wε, µε), obtaining η̂ε ∈ P(CT )
concentrated on curves of AC2

T satisfying (1.4) for (vε, wε), and with h2t (η̂ε) = µεt for every t ∈ [0, T ].
Thus, by (1.4) for (vε, wε) and (5.3), we get∫

CT
F dη̂ε =

∫ T

0

∫
Rd

[
|vεt |2 + 1

4 |w
ε
t |2
]
dµεt dt ≤ A , (5.5)

while the equality h2t (η̂ε) = µεt gives∫
CT

(∫ T

0
kγ(t) dt

)
dη̂ε(γ) =

∫ T

0
µεt (Rd) dt = K + εT ≤ K + T . (5.6)

Since rγ ∈ AC([0, T ]) with |r′γ | ≤ |γ′| for γ ∈ AC2
T , for every t ∈ [0, T ] we have

r2γ(t) ≤ 2

(
1

T

∫ T

0
r2γ(s) ds

)
+ 2

(∫ T

0
|r′γ(s)| ds

)2

≤ 2

T

∫ T

0
kγ(s) ds+ 2TF(γ) ,

where we used that r2γ(s0) =
1
T

∫ T
0 r2γ ds for some s0 ∈ (0, T ). Hence, by (5.5) and (5.6),∫
CT

Σ2 dη̂ε ≤ 2(K + T )

T
+ 2TA =M∗ . (5.7)

The curves with Σ(γ) = 0 are constantly equal to o and give no contribution to h2t (η̂
ε). We may

therefore replace η̂ε by its restriction to {Σ > 0}, which is a Borel set since Σ is continuous, without
affecting the properties above. We finally set ηε :=R1/Ση̂

ε, with the notation introduced in (2.5).
Since D1/Σ simply multiplies the radius of each curve by a positive constant, ηε is still concentrated
on curves of AC2

T satisfying (1.4) for (vε, wε) and, since Σ(D1/Σγ) = 1, on curves with Σ = 1. By
Lemma 2.2, h2t (ηε) = µεt for every t ∈ [0, T ] and, since F satisfies (2.6), Lemma 2.2 together with (5.5)
and (5.7) gives ∫

CT
F dηε =

∫
CT

F dη̂ε ≤ A , ηε
(
CT
)
=

∫
CT

Σ2 dη̂ε ≤M∗ .

Claim 3. There exist a sequence εn ↓ 0 and a finite measure η0 on CT , concentrated on {Σ ≤ 1}, such
that ηεn → η0 narrowly as n→ ∞.
Proof of Claim 3. By Claim 1 and [15, Remark 5.1.5] applied to the tight and bounded in mass

family {µεt : ε ∈ (0, 1], t ∈ [0, T ]}, there is ζ ∈ C(Rd; [1,∞)) with compact sublevels such that

L := sup
ε∈(0,1], t∈[0,T ]

∫
Rd

ζ dµεt <∞ .

Let Gζ be as in (2.8) and let Kc be the compact set of Lemma 2.3. We immediately see that∫
CT

Gζ dηε =
∫ T

0

∫
Rd

ζ dµεt dt ≤ TL , ε ∈ (0, 1] ,

while
∫
CT F dηε ≤ A by (5.4). Since ηε is concentrated on {Σ = 1} by Claim 2, Markov’s inequality

gives, for every c > 0,

ηε
(
CT \ Kc

)
≤ 1

c

∫
CT

[F + Gζ ] dηε ≤
A+ TL

c
,

As the total masses are bounded by M∗ by Claim 2, the family {ηε}ε∈(0,1] is tight and bounded, and
Prokhorov’s theorem (see e.g. [21, Theorem 8.6.2]) provides a sequence εn ↓ 0 and a finite measure η0
with ηεn → η0 narrowly. Finally {Σ ≤ 1} is closed and contains the support of every ηε. Hence, η0 is
concentrated on {Σ ≤ 1}.
Claim 4. We have h2t (η0) = µt for every t ∈ [0, T ] and η0 is concentrated on AC2

T with
∫
CT F dη0 ≤ A.

Proof of Claim 4. Fix t ∈ [0, T ] and φ ∈ Cb(Rd). The function γ 7→ φ(xγ(t))kγ(t), extended by 0



24 S. ALMI AND G. E. SODINI

where rγ(t) = 0, is continuous on CT , because C[Rd] ∋ [x, r] 7→ φ(x)r2 is continuous, and it is bounded
by ∥φ∥∞ on the set {Σ ≤ 1}, which carries every ηεn and η0. Hence, by Claim 3 and Claim 1,∫

Rd

φ dh2t (η
0) = lim

n

∫
Rd

φ dh2t (η
εn) = lim

n

∫
Rd

φ dµεnt =

∫
Rd

φ dµt ,

which is the first assertion. The second one follows from the lower semicontinuity of F (cf. Lemma 2.3)
and Fatou’s Lemma. In particular F <∞ for η0-a.e. γ, i.e. γ ∈ AC2

T for η0-a.e. γ.

Claim 5. The measure η0 is concentrated on curves satisfying (1.4).

Proof of Claim 5. For φ ∈ C∞
c (Rd), ψ ∈ C∞

c ((0, T )), Borel maps u : [0, T ]×Rd → Rd, z : [0, T ]×Rd →
R, and γ ∈ AC2

T , we set

Zu,z
φ,ψ(γ) :=

∫ T

0
ψ′ kγ φ(xγ) dt+

∫ T

0
ψ kγ

(
⟨∇φ(xγ) , ut(xγ)⟩+ φ(xγ) zt(xγ)

)
dt ,

which is well defined and finite whenever∫ T

0
kγ(t) [|ut(xγ(t))|+ |zt(xγ(t))|] dt <∞ . (5.8)

We proceed in three steps.
Step 1: the functional vanishes on solutions. Let γ ∈ AC2

T satisfy (5.8) and
x′γ(t) = ut(xγ(t)) , k′γ(t) = zt(xγ(t))kγ(t) for a.e. t ∈ Oγ . (5.9)

Let βφ(t) := kγ(t)φ(xγ(t)), t ∈ [0, T ]. Then βφ is continuous on [0, T ], it vanishes on [0, T ] \ Oγ , and
on Oγ it is locally absolutely continuous with

β′φ = k′γφ(xγ) + kγ
〈
∇φ(xγ) , x′γ

〉
= kγ

(
⟨∇φ(xγ) , ut(xγ)⟩+ φ(xγ)zt(xγ)

)
. (5.10)

The right-hand side of (5.10) belongs to L1(Oγ) in view of (5.8). Since βφ vanishes on the complement
of Oγ and is continuous, βφ ∈ AC([0, T ]) with β′φ = 0 a.e. outside Oγ . Multiplying (5.10) by ψ,
integrating over [0, T ], we deduce Zu,z

φ,ψ(γ) = 0 by an integration by parts.
Step 2: an estimate on η0. Let u ∈ Cc([0, T ]×Rd;Rd) and z ∈ Cc([0, T ]×Rd); then the functional Zu,z

φ,ψ

is continuous on CT . Indeed, its integrand is of the form g(t, γt) with g(t, ·) continuous on C[Rd]
and |g(t, [x, r])| ≤ c(φ,ψ, u, z) r2, so that the assertion follows by dominated convergence since γ 7→ Σ(γ)
is continuous.

We also infer that∫
CT

∫ T

0
kγ(t)[|ut(xγ(t))|+ |zt(xγ(t))|] dtdηεn(γ) =

∫ T

0

∫
Rd

[|ut|+ |zt|] dµεnt dt <∞ ,

since µεn ∈ C([0, T ];M+(Rd)). Hence, ηεn-a.e. γ ∈ CT satisfies the integrability (5.8). Since ηεn is
concentrated on solutions to (1.4) for (vεn , wεn), for ηεn-a.e. γ we have

Zu,z
φ,ψ(γ) =

∫ T

0
ψ(t)kγ(t)

(
⟨∇φ(xγ) , (ut − vεnt )(xγ)⟩+ φ(xγ) (zt − wεnt )(xγ)

)
dt .

Therefore, we have ∫
CT

∣∣Zu,z
φ,ψ

∣∣ dηεn ≤ cφ,ψ

∫ T

0

∫
Rd

[|ut − vεnt |+ |zt − wεnt |] dµεnt dt , (5.11)

with cφ,ψ := ∥ψ∥∞max {∥∇φ∥∞, ∥φ∥∞}. We estimate the right-hand side of (5.11). Since vεtµεt = Vεt
and µεt = µt ∗ ϱε + εg, recalling (5.1) it holds∫

Rd

|ut − vεt | dµεt =
∣∣Vεt − utµ

ε
t

∣∣(Rd)
≤
∫
Rd

∣∣((vt − ut)µt
)
∗ ϱε

∣∣dx+

∫
Rd

∣∣(utµt) ∗ ϱε − ut (µt ∗ ϱε)
∣∣ dx+ ε

∫
Rd

|ut|g dx

≤
∫
Rd

|vt − ut| dµt + ωu(ε) m̄+ ε∥u∥∞ ,
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where ωu is the modulus of continuity of u. The same estimate holds for z and wε, so that

lim sup
n

∫
CT

∣∣Zu,z
φ,ψ

∣∣dηεn ≤ cφ,ψ

∫ T

0

∫
Rd

[|vt − ut|+ |wt − zt|] dµt dt .

Since |Zu,z
φ,ψ| is continuous and non-negative, Claim 3 gives∫

CT

∣∣Zu,z
φ,ψ

∣∣ dη0 ≤ cφ,ψ

∫ T

0

∫
Rd

[|vt − ut|+ |wt − zt|] dµt dt . (5.12)

Step 3: conclusion. By Claim 4 and (5.2) we have that∫ T

0
kγ [|vt(xγ)|+ |wt(xγ)|] dt <∞ for η0-a.e. γ.

In particular Zv,w
φ,ψ is well defined η0-a.e. in CT and∣∣Zv,w
φ,ψ(γ)−Zu,z

φ,ψ(γ)
∣∣ ≤ cφ,ψ

∫ T

0
kγ [|vt(xγ)− ut(xγ)|+ |wt(xγ)− zt(xγ)|] dt .

Integrating in η0 and using (5.12),∫
CT

∣∣Zv,w
φ,ψ

∣∣ dη0 ≤ 2cφ,ψ

∫ T

0

∫
Rd

[|vt − ut|+ |wt − zt|] dµt dt . (5.13)

Since Θ =
∫ T
0 δt ⊗ µt dt is a finite Borel measure on [0, T ] × Rd with v ∈ L1([0, T ] × Rd,Θ;Rd) and

w ∈ L1([0, T ]× Rd,Θ) (as observed at the beginning of the proof) and the spaces Cc([0, T ]× Rd;Rd)
and Cc([0, T ] × Rd) are dense in L1([0, T ] × Rd,Θ;Rd) and in L1([0, T ] × Rd,Θ), respectively, the
right-hand side of (5.13) can be made arbitrarily small. Thus, Zv,w

φ,ψ(γ) = 0 for η0-a.e. γ.
Let now S be the countable family of functions of the form χ(·−q) and ⟨e , · − q⟩χ(·−q), with q, e ∈ Qd

and χ ∈ C∞
c (Rd) a fixed function with χ ≡ 1 on B1(0), and let T ⊂ C∞

c ((0, T )) be countable and
dense in the uniform norm together with the first derivatives. Intersecting countably many sets of full
measure, we find that for η0-a.e. γ ∈ AC2

T it holds∫ T

0
kγ [|vt|+ |wt|] (xγ) dt <∞ , (5.14)

Zv,w
φ,ψ(γ) = 0 for every φ ∈ S and ψ ∈ T . (5.15)

We fix γ ∈ AC2
T satisfying (5.14)–(5.15). For φ ∈ S, we infer that Zv,w

φ,ψ(γ) = 0 for every ψ ∈ C∞
c ((0, T )).

Thus, the absolutely continuous function βφ = kγφ(xγ) has distributional derivative

β′φ = kγ

(
⟨∇φ(xγ) , vt(xγ)⟩+ φ(xγ)wt(xγ)

)
a.e. in (0, T ) .

Comparing with the chain rule, valid a.e. in Oγ by Lemma 2.1, we obtain

k′γ φ(xγ) + kγ
〈
∇φ(xγ) , x′γ − vt(xγ)

〉
= kγ φ(xγ)wt(xγ) a.e. in Oγ . (5.16)

Let t ∈ Oγ be a point at which (5.16) holds for every φ ∈ S, and let q ∈ Qd with |xγ(t) − q| < 1.
Choosing φ :=χ(· − q), which equals 1 with vanishing gradient near xγ(t), (5.16) gives k′γ(t) =
wt(xγ(t))kγ(t). Choosing φ := ⟨e , · − q⟩χ(· − q), whose gradient equals e near xγ(t), and exploiting the
previous identity we are left with kγ(t)

〈
e , x′γ(t)− vt(xγ(t))

〉
= 0 for every e ∈ Qd. Since kγ(t) > 0,

this gives x′γ(t) = vt(xγ(t)). Hence, γ satisfies (1.4).

Conclusion. By Claims 4 and 5 the finite measure η0 is concentrated on curves of AC2
T satisfying (1.4)

and h2t (η
0) = µt for every t ∈ [0, T ]. In particular η0 ̸= 0, because µ does not vanish identically,

so that M := η0(CT ) ∈ (0,∞). Applying Lemma 2.2 with the constant map λ ≡ M1/2 and setting
η :=RM1/2η0 we obtain a probability measure which is still concentrated on curves of AC2

T satisfying (1.4),
and which satisfies h2t (η) = h2t (η

0) = µt for every t ∈ [0, T ]. The identity in (1.5) immediately follows. ■
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We conclude the section with the converse of Theorem 1.1: a measure η concentrated on solutions
to the characteristic system in the cone produces, through the map h2t , a solution to the continuity
equation with reaction.

Proposition 5.1 (Converse of Theorem 1.1). Let v : [0, T ]×Rd → Rd, w : [0, T ]×Rd → R be Borel maps
and let η ∈ M+(CT ) be concentrated on curves γ ∈ AC2

T satisfying (1.4). Set µt :=h2t (η) for t ∈ [0, T ].
If ∫ T

0

∫
Rd

[1 + |vt|+ |wt|] dµt dt <∞ , (5.17)

then µ ∈ C([0, T ];M+(Rd)) and µ solves (1.2).

Proof. Finiteness and continuity of µ. By µt :=h2t (η) for every t ∈ [0, T ], together with Tonelli’s
theorem,∫ T

0
µt(Rd) dt =

∫
CT

∫ T

0
kγ(t) dtdη(γ) ,

∫ T

0

∫
Rd

|wt| dµt dt =
∫
CT

∫ T

0
kγ(t)|wt|(xγ(t)) dtdη(γ) ,

both finite by (5.17). In particular, for η-a.e. γ it holds
∫ T
0 kγ(t)|wt|(xγ(t)) dt < ∞; we fix such

a γ. Since γ ∈ AC2
T satisfies (1.4), the function kγ is absolutely continuous on [0, T ] by Lemma 2.1,

with k′γ(t) = wt(xγ(t))kγ(t) for a.e. t ∈ Oγ and k′γ = 0 a.e. on [0, T ] \ Oγ . Picking s0 ∈ (0, T )

with kγ(s0) = 1
T

∫ T
0 kγ(s) ds, we get, for every t ∈ [0, T ],

kγ(t) ≤ kγ(s0) +

∫ T

0
|k′γ |(s) ds ≤

1

T

∫ T

0
kγ(s) ds+

∫ T

0
kγ(s)|ws|(xγ(s)) ds ,

whence, taking the maximum in t ∈ [0, T ] and integrating w.r.t. η,∫
CT

Σ(γ)2 dη(γ) ≤ 1

T

∫ T

0
µt(Rd) dt+

∫ T

0

∫
Rd

|wt| dµt dt <∞ . (5.18)

Consequently µt(Rd) =
∫
CT kγ(t) dη(γ) ≤

∫
CT Σ2 dη < ∞ for every t ∈ [0, T ], so that µt ∈ M+(Rd);

moreover, for φ ∈ Cb(Rd), the map [0, T ] ∋ t 7→
∫
Rd φdµt =

∫
CT φ(xγ(t))kγ(t) dη is continuous by

dominated convergence, its integrand being continuous in t and dominated by ∥φ∥∞Σ2 ∈ L1(CT , η).
Hence µ ∈ C([0, T ];M+(Rd)).

The equation. Fix ζ ∈ C∞
c ((0, T )×Rd) and set Cζ := sup

(
|∂tζ|+ |∇ζ|+ |ζ|

)
. Using Tonelli’s theorem,∫

CT

∫ T

0
kγ(t) [|∂tζt|+ |∇ζt| |vt|+ |ζt| |wt|] (xγ(t)) dtdη(γ) ≤ Cζ

∫ T

0

∫
Rd

[1 + |vt|+ |wt|] dµt dt , (5.19)

which is finite by (5.17). In particular the inner integral is finite for η-a.e. γ.
Let γ ∈ AC2

T satisfy (1.4) and
∫ T
0 kγ(t) [|vt|+ |wt|] (xγ(t)) dt < ∞, which by (5.19) holds for η-

a.e. γ. Set βζ(t) := ζt(xγ(t))kγ(t), t ∈ [0, T ]. Exactly as for βφ in Step 1 of Claim 5 in the proof
of Theorem 1.1, βζ is continuous on [0, T ], vanishes on [0, T ] \Oγ , and on Oγ it is locally absolutely
continuous with, by (1.4),

β′ζ(t) = kγ(t) [∂tζt(xγ(t)) + ⟨∇ζt(xγ(t)) , vt(xγ(t))⟩+ ζt(xγ(t))wt(xγ(t))] for a.e. t ∈ Oγ .

Its right-hand side belongs to L1(Oγ) by the choice of γ; since βζ is continuous and vanishes off Oγ ,
we get βζ ∈ AC([0, T ]) with β′ζ = 0 a.e. outside Oγ . As ζ has compact support in (0, T ) × Rd,
βζ(0) = βζ(T ) = 0, so that

0 =

∫ T

0
β′ζ(t) dt =

∫ T

0
kγ(t) [∂tζt(xγ(t)) + ⟨∇ζt(xγ(t)) , vt(xγ(t))⟩+ ζt(xγ(t))wt(xγ(t))] dt .

Integrating w.r.t. η (possible by (5.19)) we obtain

0 =

∫ T

0

∫
Rd

[∂tζt + ⟨∇ζt , vt⟩+ ζtwt] dµt dt .

Since ζ ∈ C∞
c ((0, T )× Rd) is arbitrary, this is precisely (1.2). ■
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