A LAGRANGIAN SUPERPOSITION PRINCIPLE FOR THE CONTINUITY
EQUATION WITH REACTION

STEFANO ALMI AND GIACOMO ENRICO SODINI

ABsTRACT. We study the continuity equation with reaction d;u + div(vy) = wpu on [0, 7] x R?, driven
by Borel velocity and reaction fields v and w. We provide the first version of a Lagrangian superposition
principle for the equation in its natural generality, assuming only finite quadratic energy without
imposing boundedness conditions on the reaction term neither any form of compactness for the support
of the measure. More precisely, every solution p € C([0,T]; #. (R?)) with finite quadratic energy
is represented by a probability measure 1 on absolutely continuous curves in the geometric cone
over R%, concentrated on the solutions of the characteristic system z’ = v(z), k¥’ = w(z) k, through
the 2-homogeneous marginal h? (n) = pe. We also establish the converse implication. The proof passes
through a regularization of the triple (v, w, u) which produces fields satisfying only local bounds; the
core of the argument is therefore a representation theory under such local assumptions, whose key tool,
of independent interest, is a two-time representation formula relating ps and u: along the flow of v for
arbitrary times s, t.
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1. INTRODUCTION

The goal of the present paper is to provide a novel superposition principle for solution to a continuity
equation with reaction, removing unnecessary assumptions such as global boundedness of the reaction
term [41]| or a priori boundedness of the space domain [24|. Precisely, for a finite time horizon 7' > 0 and
Borel maps v: [0,T] x R? — R? and w: [0,T] x R? — R, we deal with solutions x € C([0, T]; .#, (R%))
to

8,5#15 + diV(UtMt) = Wit in D/((O,T) X Rd) R (11)

where .4 (R?) denotes the set of non-negative finite Borel measures on R¢ endowed with the narrow
topology. In (1.1) the velocity field v transports mass along its characteristics, while the scalar field w
dilates it, increasing it where w > 0 and diminishing it where w < 0. Equation (1.1) is the prototypical
evolution underlying the dynamical formulation of unbalanced optimal transport [18]. A dynamic
notion of distance between non-negative finite Borel measures on R? inspired by [19] was indeed
independently introduced and studied in [27,35]. A comprehensive study of unbalanced transport and
the Hellinger—Kantorovich geometry is provided in the metric setting in the seminal papers |36, 37]
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(see also [28,30,43]). We further refer to [25,31,32,40] for some applications of unbalanced optimal
transport to imaging, inverse problems, and machine learning.

Superposition principles. The Lagrangian, or probabilistic, representation of solutions to first-
order evolution equations of the form (1.1) has a long history. When the reaction term is absent,
i.e. w =0 and (1.1) reduces to the classical continuity equation Oy + div(vu) = 0, the superposition
principle [15, Theorem 8.2.1] (cf. also [44]) represents any solution as a superposition of integral curves
of v, whenever v is p-integrable with respect to the measure u, with p € (1,00). The theory has
been extended to a purely metric-measure viewpoint in [16,17,45,46], providing a link between the
superposition principle and the decomposition of normal currents in simpler ones associated with
rectifiable curves. In particular, [45] extended the probabilistic representations previously obtained
in [38,39]. We further mention recent superposition results obtained in the very general setting of
Fokker—Planck—Kolmogorov equations in [22| and in the analysis of continuity equations with singular
flux |1, 8], the latter being related to the study of bounded variation curves of probability measures.

The key feature of the superposition principle is to establish a link between the Eulerian representation
of the flow of measures solving the continuity equation and its Lagrangian description associated with
the characteristic system of ODEs. Such a connection allows to extract finer information from the
continuity equation, as proposed in |9] for transport and continuity equations featuring velocitiy fields
with low regularity (see also [10,12,13,17]).

Let us mention that the superposition principle has been further employed for the well-posedness of
mean-field particle systems in [3,6,14,20,42], as well as for the analysis and finite-particle approximation
of mean-field optimal control problems [2,4,5,7,26, 33|, where, compared to previous literature (see,
e.g., [23,34]), regularity restrictions on the control variable can be dropped.

In the presence of a reaction term, a representation on the geometric cone €[RY] over RY, where the
extra coordinate encodes the local mass and w governs its growth, was obtained by Maniglia [41] under
a globally bounded reaction term w and, in the framework of the Hellinger—-Kantorovich distance, by
Bredies, Carioni, Fanzon and Romero |24] under the additional technical assumption that the support
of u is contained in a compact subset € of R%. The use of the geometric cone, instead of the simple
product of R with [0,00), is justified by the fact that, whenever the mass coordinate is equal to 0,
the position coordinate is free, and does not need to solve an ODE, see (1.4) below. We also mention
that, as a consequence of the Benamou-Brenier formulation of the Hellinger-Kantorovich distance
in [37, Theorem 8.18], one can obtain a form of our superposition principle but only for the minimal
pair (v, w) driving the curve p and not for a general one.

Our contribution. The purpose of this work is to establish a superposition principle for (1.1) on the

whole space R? requiring no bound at all, not even a local one, on the fields v and w, which are only
assumed to be Borel. Referring to Section 2 for the basic notation, the main result of our work reads as
follows.

Theorem 1.1 (Superposition principle). Let v: [0,7] x R? — R?, w: [0,T] x R? = R be Borel maps,
and let p € C([0,T; A4 (RY)) be satisfying the following assumptions:

Opp 4 div(vp) = wp in D'((0,T) x RY), (1.2)

T
/0 /Rd [|Ut‘2 + \wt\Q] dut dt < 00. (13)

Then there exists a probability measure n € P(C([0,T]; €[RY])) such that:
(1) n is concentrated on curves y = [x.,7,] € AC*([0,T]; €[R?)) such that
al (t) = vy(4(1)) KL (t) = wy (- (t)) by () for a.e te 7’7_1((0, 00)), (1.4)

— 2.
where ky =13

(2) h%(n) = w for every t € [0,T), i.e.,

/ pdh2(n) = / o (£)) r2(8) dg(y) = / odus  for every o € Co(RY);
Rd c((o,7);eRe) Rd
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T
/ | WPt / [ o+ o) . (15)
C([0,T];¢[R4]) JO

We remark that the sole quantitative hypothesis in Theorem 1.1 is the finiteness of the quadratic
energy of the solution g itself (1.3). The extension of the results [24,41] is not a mere technicality.
As we discuss in Example 1.2 below and in Lemma 4.7, creation of mass forces w to be unbounded
from above near the region where mass appears, so that no global bounds on w can be assumed if the
equation is to be treated in its natural generality on R%. Furthermore, creation and annihilation of mass
are linked to finite-time blow-up of the first equation in (1.4), which in turn implies that the support
of iy can not be restricted to a compact subset of RY. This is a major difference with respect to [24,41],
where a priori bounds were exploited to ensure tightness and compactness in the classical approximation
method of [15, Theorem 8.2.1]. In our setting the space component x is not uniformly controlled, as it
may blow-up in finite time, even for smooth fields v and w. When this happens, however, r, must tend
(or be equal) to 0, so that + tends to the vertex of the cone €[R?. Hence, we will see in Section 5 that
compactness is restored working in €[R9].

Before proceeding with the description of the proof of Theorem 1.1, we present a simple example
concerning the representation of a curve of measures u € C([0, 7|; .#+(R)) solution to the continuity
equation with reaction (1.1) with regular fields v and w. The main feature of the following example is
that the characteristics (1.4) suffer a blow-up in finite time, justifying our analysis.

Example 1.2. Let d =1, T = 7 and set
a(t) =sgn(n/2 —t), te[0,n],

5
ve(z) =a(t)(1 + $2) ;o wi(x) = —a(t) /2 — arctan(z)

2 —t\°

mty=at) (251) L at=atanty telon]\ {r/2}
Ut = m(t)ég(t) tel0,7].

The maps v and w are Borel, v; € C®(R), w; € C®°(R) for every t € [0,7]. Since m and g are

continuous in [0, 7] \ {7/2} and, when ¢t — 7/2%, even if g(t) — oo, the weight m(t) — 0, we have
that p € C([0, w]; A4 (R)). Furthermore, it is easy to see that

(3) it holds

€l0,7], x € R,

™
/ [sup |v¢| + Lip(ve, B) + sup |w¢| 4+ Lip(wy, B) | dt < 00, B € R. (1.6)
o LB B

We show that (v, w, u) satisfies (1.1) and (1.3). Noticing that gy = pr—¢, V¢ = —Up—¢, W = —Wr—y
for every t € [r/2, 7], we can limit the rest of our analysis to the interval [0,7/2]. The flow of v starting
from 0 is

X:(0) =tan(t), te][0,7/2)
which is not globally defined. We show that (1.1) in (0,7/2) is satisfied: let ¢ € C2°((0,7/2) x R) be
fixed. We compute the derivative of the map

. 5
[0,7/2) 5 t = £(t) =p(t, g(t))m(t) = (¢, tan(t)) <7T/7r2/2 t)

which is given by

¢'(t) = (Opp(t, tan(t)) + dpp(t, tan(t))(1 + tanQ(t))) (71'/2 - t)

/2
4
- go(t,tan(t))% (”/f/; t)

— T — 5
- [atw, tan (1) + Dy, tam(1)) (1 + tan(1)) + {1 tan(e)) 5 t] < = t>

= [Orp(t, tan(t)) + O (t, tan(t))v(tan(t)) + @(t, tan(t))w(tan(t))] (TF/:/; t)
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= [Orp(t, g(1)) + Dup(t, g(£))ve(g(t)) + (¢, g(£))wi(g(t))] m(2) -
Integrating in [0, 7/2] gives the desired result. We are only left to verify (1.3) in (0,7/2): we compute

[ [t [ mtor+ ()] (225

Notice that the integrand function is continuous in [0,7/2) and it vanishes as ¢ 1 7/2. Therefore the
integral is finite.

We remark that although the flow associated to v is not everywhere defined in [0, 7] and solutions
starting at « = 0 for ¢t = 0 blow up at t = 7/2, the curve p still satisfies the superposition principle
Theorem 1.1. In this example, mass gets destroyed and created at time ¢t = 7/2 so that also the curves

v = p Lom/a) () + 0 1prjomg(t) 17 =011 1/0)(t) + it Linjom (), t € [0,7]

are solutions to the continuity equation with reaction driven by v and w, where 0 denotes the zero
measure in R.

Outline of the proof. The proof of Theorem 1.1 follows the general steps of [15, Theorem 8.2.1| (see
also [24,41]). Precisely, we regularize the triple (v, w, 1) by mollification and adding a small Gaussian
regularization to keep the mollified measures strictly positive. This produces a smooth triple (v, w®, %)
solution to (1.1) that satisfies only local bounds (cf. (4.1)), inherited from the integrability (1.3) of v, w
against p, and no global control on w® survives.

The crucial step is therefore to have at hand a representation theory valid under purely local
assumptions on v¢ and w®. The fundamental result, of independent interest, is a two-time representation
formula (see Lemma 4.5) established under such local assumptions: denoting by X¢_,, the flow of v*, by

Wi )= ([ uio, @) a)

the accumulated reaction weight, and by E%_,, the set of points whose trajectory, alive at time s,
survives up to time ¢, we prove that

(X)W ] e ) = ui

The two-time formula (1.7) is what makes it possible to work under local assumptions only, that
is, without any global bound on w. Indeed, when w® is unbounded from above, as is unavoidable
already at the level of the mollified fields, the characteristic flow of v need not be globally defined
and mass may be created or annihilated at finite times (see Example 1.2). Consequently, neither
uniqueness nor a representation anchored at the initial time t = 0 can hold in general. Formula (1.7)
circumvents this obstruction by comparing p$ and pf directly along the flow between any two times, on
the sets E_,, where the trajectories are actually defined, without ever referring to a fixed reference
time. The proof of Lemma 4.5 rests on a comparison prln(:lple for sub- and supersolutions of (1.1),
which we establish in Proposition 3.1 and Corollary 3.3. Then, in Theorem 4.1 we prove an intermediate
superposition principle under local Lipschitz assumptions (4.1) on v® and w®, where the flow X2 ,, and
the weight W¢_,, are well-defined and (1.7) can be exploited directly. The lift of ;1 to the cone is built
by selecting, along each trajectory, a reference time at its “life-midpoint”, which turns the two-time
formula into the desired marginal identity (see Theorem 1.1(2) and Theorem 4.1(2)). A tightness
argument on the cone, based on the energy bound (1.3), yields a limit measure 1 that represents the
original p. The fact that n is concentrated on genuine solutions to the characteristic system is recovered
from the weak formulation by a density argument in the test functions, thus completing the proof of
Theorem 1.1. We finally complement Theorem 1.1 with the converse implication in Proposition 5.1:
any 7 concentrated on solutions of the characteristic system produces, through h?, a solution of (1.1),
so that (1.1) and its Lagrangian formulation on the cone are fully equivalent.

B for every s,t € [0,T]. (1.7)

Perspectives. We expect the two-time representation formula and the ensuing superposition principle to
be useful in several directions: the analysis of gradient flows and evolution variational inequalities in the
(spherical) Hellinger-Kantorovich space, uniqueness and stability of measure-valued solutions to (1.1),
the study of dynamic inverse problems with unbalanced optimal-transport regularization [24,25|, and the
probabilistic representation of Markov processes with killing and branching associated with (1.1). The
superposition principle of Theorem 1.1 may be further extended to more general state spaces, replacing
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for instance R? with a separable Banach space. This may pave the way to the analysis of multi-agent
multi-label systems with reaction, in the spirit of [14,42], and to related control problems [2,26,33].

Plan of the paper. Section 2 collects the notation and the basic facts on curves and measures in
the geometric cone. Section 3 establishes the comparison principle for (1.1) under local, one-sided
assumptions on w. In Section 4 we prove the two-time representation formula (1.7) (see Lemma 4.5) and
the superposition principle under local Lipschitz bounds (Theorem 4.1). In Lemma 4.7 we further discuss
how global bounds on w imply a representation anchored at the initial time. Finally, Section 5 is devoted
to the proof of the general superposition principle Theorem 1.1 and to its converse Proposition 5.1.

2. PRELIMINARIES AND NOTATION

In the whole paper, d € N is a positive natural number and T' € (0, 00) is a finite time horizon.

Given a measure space (2,4, m) and a subset E of a Banach space (B, || - ||g), for p € [1,00), we
denote by LP(€2, m; E) the space of (equivalence classes of) p-integrable E-valued functions defined
on 2; when F = R, we omit it from the notation; when, in addition, {2 C R, it is understood that the
underlying measure is the one dimensional Lebesgue measure, and we simply write LP(€2).

Given a complete and separable metric space (X, d) and a metric space (Y, 0), we denote by C(X;Y)
(resp. Cp(X;Y), Cc(X;Y)) the space of continuous (resp. continuous and bounded, continuous with
compact support) Y-valued functions on X. When Y = R, we omit it from the notation. If X C R%, we
add the superscript oo to denote infinitely differentiable functions. The space C(X;Y") and its subsets
are always endowed with the uniform distance induced by the distance § on Y.

We denote by .#(X) (resp. .#4 (X)) the space of real valued (resp. non-negative and finite) Borel
measures on X, and by P(X) C .#4(X) the subset of probability measures on X. We endow .Z (X)
and its subspaces with the narrow topology i.e. the coarsest topology on .# (X) which makes continuous
the maps

///(X)9MH/X<pdu, ¢ € Cp(X).

The total variation of a measure u € .#(X) is denoted by |u| € 4, (X); if B C X is Borel, then M‘B
denotes the restriction of p to B; the zero measure in X is denoted by 0. For any interval J C R,
we will denote by C(J; . # (X)) (resp. C(J; #+(X))) the set of continuous functions from J to .Z(X)
(resp. #+(X)) with respect to the narrow topology.

If f: X > R™ me Ny, and B C X, then Lip(f, B) denotes the Lipschitz constant of f on B i.e.

L]p(f,B) :—Sup{|f(:p)_f(y)| 1T, Y c B7 xT 7£ y} .
d(z,y)
When m = 1, the positive part of f is f™:=f V 0, and the negative part of f is f~:=—f V0, so

that f = f+— f~.
Recall that for an interval J C R, a continuous map v € C(J; X) is called p-absolutely continuous, p €
[1,00), if there exists g € LP(.J) such that

t
d(%,%)é/g(r)dr, s<t,s,teJ.

The set of such curves is denoted by ACP(J; X) and we recall that it is a Borel subset of C(J; X). The
smallest such ¢ is the metric derivative of v and it is denoted by |7/|. We say that v € .ACfZ)C(J ; X)
if v € ACP(I; X) for every compact subinterval I C J.

For any set €2, the function 1q is the characteristic function of 2, equal to 1 on 2 and 0 outside it.
Finally, for R € (0,00), we set

Br(0) = {x eRe: |z| < R} :

2.1. Curves and measures in the geometric cone. Recall that the geometric cone over R is the
quotient

C[RY = (Rd x [0, oo))/(]Rd x {0}),
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whose points are denoted [z,7], with z € R? and » > 0. All the points with » = 0 are identified with a
single vertex 0. We endow €[R%] with the cone distance

2 . xTo— T AT
d@([fl’o,?"o], [:vl,rl]) = r8+r%—2r07‘1 coS (|:v0—x1|/\7r) = \ro—r1\2+4r07‘1 sin? <|2’> . (2.1)

For A > 0 we further define 9y : €[R? — €[RY] as 0,([z,r]) =[x, Ar].

We denote by Cr:=C([0, T]; €[R9]) the space of continuous curves from [0, T with values in €[RY]
and by AC%:= AC%*([0,T]; €[RY]) its subset of absolutely continuous curves with metric derivative
in L2([0,7]). Every v € Cr is written as v = [z(t),r(t)], where r,(t) > 0 and z,(t) € R? is
uniquely determined whenever r,(t) > 0. We endow Cr with the uniform distance induced by the cone
distance (2.1). For v € Cr we set

Oy = T;1 ((07 OO)) ) (y)= tg&% T’Y(t) ) ky = T’Qy : (2.2)

We recall the following characterization of absolutely continuous curves in the cone, see |37,
Lemma 8.1].

Lemma 2.1 (Absolutely continuous curves in the cone). A curve v € Cp belongs to AC% if and only
if 7y € AC},(04;R?) and 1, € AC*([0,T];[0,00)) with r+|2,| € L*(O,). In this case, it holds

V% (t) = 1o, (1) [|7“'7\2(t) + ri(t) \x’v|2(t)] for a.e. t €[0,T]. (2.3)
For t € [0, T] we define the map h?: .#(Cr) — .#(R?) by
[ et = ele@) 0, eea®). (2.4
R4 Cr

For any Borel map \: Cp — (0,00) we define ©y: Cp — Cp by
DA(7) =05y 07-
Finally, for every n € .+ (CT) we set
Ran=(Dx)s(A\?n) € 41 (Cr) . (2.5)

The following lemma is a simple consequence of the structure of dilations in the cone, see e.g. [29,
eq. (2.16), (2.17)].

Lemma 2.2 (Renormalization). For every n € .#. (CT), every Borel map A: Cr — (0,00), and
every t € [0, T] we have h2(Rxn) = h2(n). Moreover, for every Borel U: Cr — [0, 0] such that

UDxy) = N (NU®) (2.6)
we have [, Ud(Rxn) = [o, U dn.

We now briefly discuss a compactness criterion in Cp. We define the 2-action functional F: Cr —
[0, +00] as

T
/12 : 2
Fly) = /0 |y |“(t) dt if v € AC7, (2.7)

00 else.

Given ¢ € C(R%[1,00)) we define

T
6:0) = [ k(e m)dr, vecr. 28)

Lemma 2.3 (Compactness in the cone). Let ¢ € C(R%[1,00)). Then F and G; are lower semicontinuous.
Moreover, if  has compact sublevel sets, then for every ¢ > 0 the set

Ke={y€Clr:E(y) <1, F(v)<c, Ge(v) <c}

1s compact.
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Proof. Lower semicontinuity of F is classical, see e.g. [11, Theorem 10.2]. As for G¢, its lower semicontinu-

ity follows by Fatou’s lemma and the lower semicontinuity of the map €[RY] > [z, 7] — 72{(z) € [0, 00).
Let us show that K. is compact for ¢ > 0. Since ¥ is continuous, K. is closed and it suffices to prove
that it is relatively compact. By the Cauchy—Schwarz inequality,

t
de (e, ) < / Wl dr < Velt—s|2,  ste[0,T], v eKe, (2.9)

so that K. is uniformly equicontinuous. By the Ascoli-Arzela theorem it is then enough to check that,
for every ¢ € [0,T], the set {7; : v € K.} is relatively compact in €[R%]. We recall that, by [37, Lemma
7.1], a subset A C €[R?] is relatively compact as soon as

sup{r:[z,r] € A} <oo and {z:[z,r] € A, r >} is bounded for every § > 0. (2.10)

The first condition for {7 : 7 € K.} holds because 3(y) < 1. As for the second one, we fix § €
(0,1], t € [0,T] and we show that there exists a constant K > 0 (depending on ¢, T, ¢, d) such that,
whenever v € K, is such that r.,(t) > 6, then |z, (t)| < K. Let such a v be given; by (2.9) and (2.1)
we have 7, > 6/2 on J:=[t —g,t + <] N [0,7], where ¢ :=6%/(4c); note that |J| > £:=min {s, T} > 0.
Since k, > §2/4 on J, we get

4 4 : 4 , 4
/JC(IE»Y(S)) ds < ﬁgg(’y) < 675’ /J‘x7|2(8) ds < 62/,7”“27(8)’337 2(5)ds < 575’

where we used the definitions of 7 and G¢. By the first bound there is so € J with ((z(s0)) < 4¢/(6%0),
i.e. 7(s0) € Ky:={¢ < 4c/(6°0)}, which is compact, hence contained in some ball of radius R > 0; note
that R depends only on ¢, 7 ¢,d. By the second bound, the fact that J C O, and the Cauchy-Schwarz

inequality, /
4e\'? 2T
s (0) =0 < [ plas < () < 25T

Hence |z,(t)| < K =R+ 2@, which is the required bound. [

3. THE COMPARISON PRINCIPLE FOR THE CONTINUITY EQUATION WITH REACTION

The goal of this section is to prove the following comparison principle for the continuity equation
with reaction. We remark that the comparison principle contained in Proposition 3.1 is a slightly more
general version than the one in [41, Lemma 3.5|, since we only require a global upper bound for w.

Proposition 3.1 (Comparison for the continuity equation with reaction). Let v: [0,T] x RY —
RY, w: [0,7] x R — R be Borel maps, and let o € C([0,T]; . #(R%)) be satisfying the following
assumptions:

T

/ [sup |v¢| + Lip(vy, B) 4+ supw; + supw;” + Lip(wy, B)| dt < co, B € R, (3.1)
0 B B Rd

do + div(ve) < wo in D'((0,T) x RY), (3.2)
T

/ / (ool + wx[] o] dt < oo. (3.3)
0 Jrd

Moreover, assume that
00 <0 and sup |o¢|(B) < oo for every B € R%. (3.4)
t€[0,T]

Then o < 0 for every t € [0,T].
Before proving Proposition 3.1, we need a standard approximation lemma.

Lemma 3.2 (A technical lemma). Let u: [0,7] x RY — R™, m € Ny, be a Borel map such that

T
/ [Sup |ug| + Lip(ug, B)| dt < 0o, B € R?, (3.5)
0 B
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let R >0, and let o € C([0,T); .# (R)) be such that

sup |o¢|(Br(0)) < co. (3.6)
te[0,7)
Then there exists a sequence (u™), C C®(R x R%R™) such that
T T
Sup/ sup |uy'| dt §/ sup |ug| dt, (3.7)
neNJo - R 0 Bsr(0)
T T 2
sup/ [Lip(u?,Rd)} dt < / Lip(u¢, B2r(0)) + T _Sup lug| | dt (3.8)
neN JQ 0 BQR(O)
and
T
lim / / lue(z) — ui (x)| dlot|(z) dt = 0. (3.9)
If m =1, we also have
T T
/ sup(uj) ™ dt g/ sup u dt. (3.10)
0 R4 0 Bygr(0)

Proof. We trivially extend u to R x R? and let £ € C°(R?) be such that £ = 1 on Bg(0), 0 < ¢ <
1, supp(€) C Bag(0), Lip(¢,R?Y) < 2/R. Define k :=u¢ and observe that k = u on [0, 7] x Br(0 ) nd

. . = 2
sup [k| < sup |ug|, Lip(ks, R?) < Lip(ug, Bar(0)) + = sup |uy (3.11)
R? B:r(0) Bar(0)
for every t € [0,T]. Therefore, using also (3.5), we have
sup k.| + Lip(k.,R%) € L([0,T]). (3.12)

Now we consider standard mollifiers (g:)s>o C C°(RY) and (7:)e»0 C C°(R) and we set

// kis(x —y)oe(y)7e(s)dyds, (t,z) € R x R

Observe that u € C>®°(R x R% R™). Moreover, for every ¢t € R and £ > 0, we have
sup |ug| < (sup |k.| % 72)(1), (3.13)
Rd R4

Lip(ug, R?) < (Lip(k., R) % 72)(t) . (3.14)
Since by (3.12) we have

sup|k|>k7'€—>sup|k‘| in L'([0,T]) as € | 0,
Rd

Lip(k.,RY) x 7. — Llp(k‘.,Rd) in L'([0,T]) as € | 0,

the converse of Lebesgue dominated convergence theorem gives the existence of a subsequence (e, ),
with &, | 0 as n — oo, a full measure subset C' C [0,7], and a function h € L'([0, T]) such that

(sup |k.| * 72, )(t) + (Lip(k., RY) s 7. )(t) < h(t) for every n € N, t € C. (3.15)
Rd

We claim that there exists a full measure subset A C [0, 7] such that
Ui (x) — ke(x) for every (t,z) € Ax R% asn — co. (3.16)

Since k € LL ([0, T] x R?) by (3.12), then u®» — k in LL ([0, T] x R?) as n — oo. Therefore, up to an

unrelabeled subsequence, we can find a dense and countable subset J C R¢ such that for every x € J
the sets Ay :={t € [0,T] : u;"(x) — k() as n — oo} have full measure in [0, T]. Define

A=Cn () 4.0 {t € [0,T] : Lip(ks, R%) < oo} .
zeJ
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Observe that A C [0, 7] has full measure. Let (t,x) € A x R? and let 6 > 0 be fixed. Since J is dense
in RY, we can find y € J such that |z —y| < 6. By (3.14) and (3.15) we estimate

[0 (2) = k()] < [ (2) = u" ()| + [u5™ (9) = ke )] + [kel) — el
< 6 (Lip(u", RY) + Lip(ki, R) ) + [u" (5) — ko(y)|

<8 (h(®) + Lip(ke, RY)) + [u5" (y) = ki (y)].

Since t € A, passing to the limit as n — oo and then as § | 0 proves the claim in (3.16). Setting
u :=wu" we have that clearly (3.7) and (3.8) hold because of (3.11), (3.13), (3.14), and the fact that
mollification lowers the L' norm. To prove (3.9) we apply the dominated convergence theorem with the
measure

T
o] ;:/0 04l 0y At € 410, T x B (0).

By (3.16) and the fact that k coincides with w on Br(0) we have that |u:(x) — up(x)] — 0 as n — o0
for |o|-a.e. (t,z) € [0,T] x Br(0). We observe that by (3.13) and (3.15) it holds that for |o|-a.e. (¢,x) €
[O7T] X BR(O)
|ug(x) — uf(x)| < sup |ug| +sup |uf| < sup |ug| + h(t).
Br(0) Re Br(0)

Since the right-hand side (as a function of (¢,)) belongs to L'([0,T] x Br(0), |o|) by (3.5) and (3.6)
holds, we can apply the dominated convergence theorem and conclude. The last assertion follows
observing that

ki(x) < sup wf,  (t,x) €[0,7] x R?,
Bar(0)
the definition of u$, and the fact that mollification lowers the L! norm. [

We now proceed with the proof of Proposition 3.1.

Proof of Proposition 3.1. Fix 1 € C((0,T) x RY) with 0 < 1 < 1, and a family of smooth cutoff
functions (xr)rs0 C C°(R?) such that supp(xg) C Bgr(0), xg = 1 on Bgj(0), 0 < xp < 1

and supga |[Vxr| < 4/R. Let (v™7), € C®(R x R%GRY) and (w™F),, € C°(R x R?) be the sequences
of functions as in Lemma 3.2 for u =v,m =d, R,0 and u = w,m = 1, R, 0, respectively. We set

/ Yo(XpoE (@)) el wr XL AT 4 (¢,0) € [0,T) x RY,

n,R

where X™% is the flow associated to v™%, i.e. for every (t,z) € [0,T] x R? the map [0,T] > s

X["F(2) € R% is smooth and satisfies

t—s
XpE@) =2, LXPE(x) = omB(X]E (2) ae. s € (0,T).

t—t t—s t—s

Note that the flow exists and is smooth because of the smoothness and the global bounds on v™, see

e.g. [15, Lemma 8.1.4]. It is easy to check that {¢™%}, r C C>(]0,7] x R?) and it holds
o™t 4 (v”’R, Vgo”’R) = — w ™ in (0,T) x RY, @?’R =0in R%.
Since ™y p € C°([0,T] x R?) and ¢y p < 0in [0,7] x R?, it can be used to test (3.2) getting

0>— /[ ooy r dog (3.17)
R

T
> / / [XRatSOt <vt, xrVe "+ @?’RVXR> + wtw?’RXR] doy dt

/ / XR ¢t+ Ut_U?’vaSO?’R>+(wt w" ”R}datdt

/ / VXR, ’Ut> dUtdt
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T
> / / XRY doy dt
o JRre

T
R R
09 e e ) [ [l e ]
R

4. . r
e [ f ol dlo e
0 JBr(0)\Bg/2(0)

We proceed to estimate ||¢™%||oo and ||[V¢™||w. For every (¢,z) € [0, T] x R?, using (3.10) for w™%
we have

T T
|¢?vR(x)|§/t s (XE (2)) et (wT‘R(Xt;RT(w))ﬁdeSS/O edo WAL @) dr g (3.18)

R) u)j' dt

T
< TefoT sude(wﬁ’ +dr < Tefo SHPBZR(o) < TefOT SUPRd w?’ dt )

Regarding the gradient, for every (¢,z) € [0,T] x R?, we have by (3.8) that
T
R
Vo) < [
t

(X)) [ [FurRe) D @) dr

i wr X @) dr g

Vi (X[ (7)) Da X ()

T T s
< prmaﬁyWM“W%wm“/’mem+/mewR%wds
5,t€[0,T] t t

T
. =y dt
<T sup Lip(X["fl, R *Pmnm
s,t€[0,T)

T
-bwwm+A

By e.g. [15, Lemma 8.1.4], we have

. — 2
Lip(w, Bar(0)) + - sup |wt|] dt] :
B2r(0)

sup Lip(X{"T RY) < 5"
5,t€[0,T]

where

T T
sl ::/ (sup |v?’R| + Lip(vf’R, R%)) dt < /
0 R4 0

(1 + %) sup \vt| + Lip(vt,Bﬂ%(O))] dt,
Bar(0)

V()] < Texp

again by (3.8). Overall, for every (¢,z) € [0,T] x R, we have
T —
/ sup |wy| + (1 + %) sup |v¢| + Lip(vy, BQR(O))] dt]
0 [B2r(0) B2r(0)

T
\wwm+A

. —_— 2
Lip(ws, Bar(0)) + = sup \wt\] dt
B>r(0)

We deduce that
C:=sup|p

n,R

R, <00, Cr=sup|Ve"?|ew <00, R>0.
n

Inserting these estimates in (3.17), we obtain

T T
| [ xwidonde < @ne0) [ ] [l o - ] djo
0o Jrd 0 JBg(0)
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/ / |’Ut| d’O’t| dt
BRr(0)\Bgr/2(0)

Passing to the limit as n — oo using (3.9), we get

4C
/ / Xty doy dt < / / (v ]| it (3.19)
0 Jre R Jo JBr©)\Br: ()
By monotone convergence theorem and by (3.3), letting R — oo we obtain fOT fRd Yrdoydt < 0. By
the arbitrariness of 1 > 0 the proof is complete. |

We conclude this section with a consequence of Proposition 3.1.

Corollary 3.3. Let v: [0,7] x R? — R? w: [0,T] x R — R be Borel maps, and let p',u* €
C([0, T); A (R)) be satisfying the following assumptions:

T
/ [sup || + Lip(vs, B) 4+ supw; + supw;” + Lip(wy, B)| dt < co, B € R, (3.20)
0 B B Rd
Oppt + div(vpt) < wpt in D'((0,T) x RY), (3.21)
Ay + div(vp®) > wp? in D'((0,T) x RY), (3.22)
T .
/ / (or] + Jeoe]] dpcd dt < 00, i =1,2. (3.23)
0o Jrd

Suppose moreover that puy < p3. Then ut < u? for every t € [0,T].

Proof. Let o := u' — 2 and observe that o € C([0, T; .# (R%)). Obviously (3.1) holds; by linearity, (3.21),
and (3.22), also (3.2) holds. Since |o¢| < pj +pu? for every t € [0, T], by (3.23), also (3.3) holds. If B € R,
then
o4 (B) < py (B) + 1 (B) < pi (RY) + pf (R) < w i (R + 2 (RY)] < oo,
te
where the last inequality comes from the continuity of [0,7] > ¢ »—> ,ut (RY) = =1 dut, for i = 1,2. By
Proposition 3.1, we get that o, < 0 for every ¢ € [0, 7], that is, uf < u? for every t € [0, T). [ |

Remark 3.4 (On the global bound from above on w). We remark that the global control fOT supga w;" dt <
oo provided in assumption (3.1) is only used in the last step of the proof of Proposition 3.1. Indeed,
setting

T
A(R) ::/ sup w; dt, [p:=TeA) R>0,
0 Byr(0)
we notice that A(R) and I'g are finite for every R > 0 under the purely local version of (3.1), i.e.,
fo SUPE—5y |wt| dt < oo, and are non-decreasing in R. The chain of estimates (3.18) yields ||¢™ RH

I'r already after invoking (3.10). Every step of the proof up to (3.19) therefore goes through Verbatlm
with C replaced by I'g, as R is kept fixed and only the limit n — oo is taken. When trying to pass to
the limit as R — oo in the inequality

T ATg (T
/ / xR dop di < R/ / |vg| d|og| i,
0 JRd 0 JBRr(0)\Bg/2(0)

the conclusion of Proposition 3.1 holds as soon as

hmlnf / / |vg| d|o|dt = 0. (3.24)
Br(0)\Bgr/2(0)
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By (3.3), (3.24) holds whenever liminfp_,o I'r/R < o0, that is, if there exist K > 0 and a sequence Ry, 1
oo such that

T
/ sup w; dt <log(KRy), keN. (3.25)
0 Bag, (0)
Loosely speaking, (3.25) means that mass may be created at an unbounded rate at infinity, provided
the rate grows slowly enough with respect to the 1/R decay produced by the cutoff functions yr. One

could then obtain the conclusion of Proposition 3.1 replacing the condition fOT supga w;” dt < oo with
the weaker (3.24). Note that the same remark applies to Corollary 3.3, whose proof only consists in
applying Proposition 3.1 to o := u! — u?.

4. THE SUPERPOSITION PRINCIPLE UNDER LOCAL ASSUMPTIONS

This section is devoted to the proof of the following superposition principle featuring local boundedness
and Lipschitz continuity of the fields v and w.

Theorem 4.1 (Superposition principle under local assumptions). Let v: [0,7] x R — R?, w: [0,T] x
RY — R be Borel maps, and let u € C([0,T); 4+ (RY)) be satisfying the following assumptions:

T
/ [sup |vg| + Lip(ve, B) 4 sup |w;| + Lip(wy, B)| dt < 0o, B € R?, (4.1)
0 B B
Orp + div(vp) = wp in D'((0,T) x RY), (4.2)
T
/ / th‘Z + \wtﬂ dﬂt dt < 0o. (43)
0o Jrd

Then there ezists a probability measure n € P(Cr) such that:
(1) n is concentrated on curves y € AC3 such that

al, (t) = ve(w4 (1)), k() = we(4 (1)) By (2) fora.e. te Oy (4.4)
(2) h#(n) = w; for every t € [0, 7).

The proof of Theorem 4.1 builds upon the technical two-time representation of Lemma 4.5, reported
in Section 4.2. Section 4.1 collects some technical measurability results.
We start by introducing some auxiliary notation that will be used throughout this section. If v: [0, 7] x

R? — R? is a Borel map satisfying the local assumption
T
/ [sup |vg| + Lip(ve, B) | dt < 0o, B € RY, (4.5)
0 B

for every (t,x) € [0,T] x R?, there exists a unique maximal solution to the characteristic system
X'(r)y=v.(X(r)), X ==,

defined on a relatively open subinterval I(t,z) of [0,7] containing ¢ as relatively internal point, see
e.g. [15, Lemma 8.1.4]; we denote by X;_,,(x) its value at time r € I(t,z).
If w: [0,7] x R? = R is a scalar Borel map satisfying the local assumption

T
/ sup |wy| dt < 0o, B € R, (4.6)
0 B

for every (s,x) € [0,7] x R? and 7 € I(s,x), we define
Wisr (@) i=els orXomr @D A ¢ (0, 00).

Note that, since r — X, () is continuous in [s A 7, s V 7], it is bounded, so that [sAT,sV 7] 5> r —
wy(Xs—r(x)) is integrable by (4.6); therefore Ws_,-(x) is well defined. We record the following cocycle
rule: if b,c € I(a,z), then I(b, Xosp(z)) = I(a, ), Xp—e(Xaop(x)) = Xome(x) and

Wa—w(x) = Wa%b(x) Wbﬁc(Xa%b(x)) . (47)
In particular Wy_p(z) Wh—yo(Xasp(x)) = Wose(x) = 1.
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4.1. Measurability results. We collect in the next three lemmas some measurability results that are
used repeatedly in the sequel and are independent of the rest of the section.

Lemma 4.2 (Regularity of the flow). Let v: [0,T] x R* — R? be a Borel map satisfying (4.5) and set
D::{(s,x,T)E[O,T]dex[O,T]:TGI(s,w)}. (4.8)

Then D is relatively open in [0,T] x R? x [0,T] and the map (s,z,7) — Xssr(x) is continuous on D.
In particular:
(1) for every a,b € [0,T] the set Eyyp:={x € RY: b€ I(a,x)} is open in RY;
(2) [0,T] x RE > (s,2) = inf I(s, ) is upper semicontinuous and [0,T] x R? 3 (s,x) +— sup I (s, z)
is lower semicontinuous.

Proof. Let (so,20,70) € D and set Zy(7) = Xs,—r(x0), 7 € I(s0,20). Since sg,70 € I(s0,x0) and
I(sg,x0) is relatively open in [0, 7], both sy and 7y are relatively internal to I(sg,x¢), so that we may
fix a compact interval Jy C I(sg,xo) having sy and 7y as relatively internal points. Let

K :={Zy(r): 7 € Jo}, K, = {y e R : dist(y, K) < p} for p>0,

which are compact, and set L := f(;f Lip(vy, K1) dr < oo by (4.5). All the objects below depend on a

parameter ¢ € (0, %e_L), which for the moment we fix arbitrarily. Since sq is relatively internal to Jy
and Zj is continuous, there is d. > 0 such that

s€[0,T] and |s — so| + |[# —wo| < 6. = s€ Jpand |z — Zy(s)| <e. (4.9)
Fix a pair (s, z) satisfying the left hand side of (4.9) and set Z(7) = X, (x), 7 € I(s,z). We claim
that
Jo C I(s,x) and sup |Z(1) — Zo(7)| < eel. (4.10)
T€Jo
To prove (4.10), consider the set

G={redonI(s,z): Z([rAs,TVs]) C K},

which is nonempty, since s € G because Z(s) = z and |x — Zy(s)| < € < 1, and which is an interval,
since 7 € G implies that every point between s and 7 belongs to G. We show that G is relatively open
and closed in Jy; being nonempty, it then coincides with the interval Jy.

Fix 7 € G. Both Z and Zj solve the characteristic system Y’ = v,.(Y) on [t A s, 7V s] C I(s,z) N
I(sg,x0), where they take values in K7; hence

pVs

1Z(p) = Zo(p)| < |Z(s) = Zo(s)] +/ Lip(vr, K1) [Z(r) = Zo(r)| dr .

pPAS
Grénwall’s inequality then gives

|Z(p)—Zg(p)|§seL<%, pEITNAS,TVS], (4.11)

so that Z(p) € Ky, there; in particular Z(7) € K9, which lies in the interior of Kj. Since 7 €
I(s,x), I(s,x) is relatively open in [0,7], and Z is continuous, there is a relatively open (in Jy)
subinterval N 5 7 with N C I(s,z) and Z(N) C K;. For every 7/ € N the segment [7/ A s,7" V s
is contained in [T A 5,7V 8| U N, where Z takes values in K7; hence 7/ € G, so that G is relatively
open. If instead 7, € G and 7, — 7 € Jo, then (1 A 5,7V s) C G. Thus, Z takes values in K,
on [T As, 7V s\ {7} by (4.11), with |Z’(r)| < supg, |vr| € L([0,T]) there; therefore Z is absolutely
continuous up to 7, takes values in the compact set K /o, and, by maximality of I(s,z), is defined at 7,
so that 7 € G: hence G is relatively closed. This proves (4.10).

Since Ty is relatively internal to Jy, we may fix any relatively open (in [0, 7]) neighbourhood U of
with U C Jo. If (s,z,7) € [0,T] x R? x [0,T] satisfies |s — so| < 0./2, |x — 20| < 6./2 and 7 € U,
then (s,z) fulfills the left hand side of (4.9), and (4.10) gives 7 € Jy C I(s,z). Thus D contains the
relatively open neighbourhood {(s,z,7) : |s — so| < 0:/2, | — xo| < d:/2, 7 € U} of (s0, 0, 70), i.€. it
is relatively open.

For the continuity of the flow, fix ¥ € (0,1); we now specialize ¢ to a value 0 < ¢ < ge*L < %e*L

and, by the continuity of Zy at 79, we may replace U with Uy so that {XSOHT(.I(]) — Xsoo7o (xo)’ < g
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for every 7 € Uy. Then, for every (s,z,7) € [0,T] x R? x [0, T] with |s — so| < 8:/2, |# — 0| < 6-/2
and 7 € Uy, the second part of (4.10) gives

’Xsﬁ‘r($) - XSO*)TO (‘TO)} < 5€L + ’XSO*M'('IO) - XSQHTO (.’Eo)‘ <.

As ¥ € (0,1) and (sg,x0,70) € D are arbitrary, this proves the continuity of the flow on D.

Item (1) follows because E,_;, is the section of the open set D at (a,-,b). As for item (2),
if sup I(sg,z0) > ¢ then (sg, o, 7) € D for some T > ¢; since D is relatively open in [0, 7] x RY x [0, T7,
we can find some § > 0 such that, if (s,2) € [0,T] x R? are such that |sg — s| + |z — 20| < 6,
then (s,z,7) € D, giving in particular that sup I(s,x) > ¢ for every such (s,z). The argument for the
infimum is symmetric. |

Lemma 4.3 (Measurability of the derived objects). Let v: [0,T] x R? — R?, w: [0,T] x R? — R be
Borel maps satisfying the following assumption

T
/ [sup |v¢| + Lip(vy, B) + sup ]wtl] dt <co, BeR?,
o LB B

and let D be as in (4.8). Then, the following holds:

(1) the map (s,z,T) — Ws_-(x) is Borel on D;
(2) for every Borel map f:[0,T] x R — [0, 00] the function

[0,T] x R? 5 (s,z) —> , )fu(Xs_m(CC)) Ws_u(x) du € [0, 0]

is Borel.

Proof. We prove item (1). The map Z(s,z,r) = (r, XS_W(a:)) is continuous on D by Lemma 4.2, so
that g:==w o = is Borel on D. We extend g by 0 outside D, which is a Borel set. The function

(57 L, T, T) — gi(37 €L, T) 1{5/\T§r§sVT} (7")

is Borel and non-negative, so by Tonelli’s theorem G* (s, z,7) = f;;t/; gt (s,z,r)dr is a Borel function

defined on [0, 7] x R? x [0, T] with values in [0, 00), as we have already observed that [s A T,sV 7] 3
7 +— wp(Xsor(x)) is integrable by (4.6). Since

/T wr(Xsor(x)) dr =sgn(r — s) [GT(s,2,7) = G (s,x,7)] onD,

we deduce that W is Borel.
As for item (2), the function (s, z,u) = fu(Xsou(2)) Wsou(z) 1p(s,z,u) is Borel by Lemma 4.2
and by item (1), and it is non-negative. Thus, item (2) follows from Tonelli’s theorem. [ |

The last lemma is a general measure-theoretic fact, which we shall use to lift measurability from the
values of a curve to the curve itself.

Lemma 4.4 (Measurability of curve-valued maps). Let (), dy) be a separable metric space, let G
be a Borel subset of a metric space and let F: G — C([0,T];)) be such that g — F(g), is Borel for
every T € [0, T]. Then F is Borel.

Proof. Since (Y,dy) is separable, so is C([0,T];Y). Let D:=Qn[0,T]. For every v € C([0,T];)) the
function

g— sup dy(F(g)r,7-) = supdy(F(9)r,7-)
T7€[0,T TeD

is Borel, being a countable supremum of Borel functions. Hence, the preimage under F' of every open
ball is Borel, and so is the preimage of every open set, the latter being a countable union of open balls
by separability. |
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4.2. Key tool: Two-time representation. The following two-time representation is the key step.
Recall that X and W have been introduced at the beginning of this section and that the sets E,_,;, are
defined in Lemma 4.2.

Lemma 4.5 (Two-time representation). Let v: [0,T] x R — R?, w: [0,T] x R = R be Borel maps,
and let € C([0,T); A+ (R?)) be satisfying (4.1), (4.2), and

T
/ / [log| + Jwy|] dpg dt < oo (4.12)
0 R4
Then, for every s,t € [0,T] it holds
Kooty (Wemst sl ) = il .- (4.13)

Proof. We first collect a few facts, valid for arbitrary times. For a,b € [0, T] the set E,_.; is open, hence
Borel, by Lemma 4.2(1). Since the maximal interval is constant along each trajectory, we have that

Xosp: Euosp — Ep_yq  is a bijection with inverse Xp_, . (4.14)
Indeed, if x € E,_;, then y:= X, () satisfies I(b,y) = I(a,x) 3 a, i.e. y € Ep_,q; and symmetrically,
We recall that for every (a,z,b) € D (the latter is defined in Lemma 4.2), the map
Wanso(z) = ele vrXemr @4 ¢ (0, 00)
is well-defined thanks to (4.1).
We also observe that, for every ¢ € Cg°([0,T] x RY) and every (a,z,b) € D the map

7 = 07 (Xaosr (7)) Wassr (2)

is absolutely continuous on the closed interval with endpoints a and b, with a.e. derivative in time given
by

93;(7'7 x) = Worsr (2) | Orpr(Xasr (7)) + (Vor (Xasr (7)), vr(Xasr (7)) + 07 (Xamsr (2)) 07 (Xamsr (2))

We divide the proof of (4.13) in two claims according to the mutual position of s,t € [0, 7.
Claim 1.  For every 0 < s <t < T it holds

(Xsost)e (Wostttslp, ) < til, - (4.15)

Proof of Claim 1.  We can assume s # t; to prove (4.15), we fix s,¢ € [0,T] with s < ¢t and abbreviate

E=F,, = {z eRl:te I(s,z)} , F=FE_,= {y eRl:se I(t,y)} ,
so that, by (4.14), X,_,;: F — F is a bijection with inverse X; 5. For 7 € [s, ] set
Ar ::(Xs—n')ﬁ (Ws—>7' ,Ufs’E) .
Proving (4.15) is then equivalent to showing

At < g (4.16)

-
To prove (4.16), for n € N, set
E,={2€ E:|X,,.(2)] <n for every r € [s,t]} ,

)\:—L ::(Xs—n')ﬁ <W3—>T ,us‘En> , TE [Svt] )

M= sup ||, e,
B, (0)

wr=w, A M, 7€ 1[0,7].

We claim that v,w™, A", and p satisfy the hypotheses of Corollary 3.3 on [s,t]. Clearly v and w™ are
Borel and satisfy (3.20). Since w"™ < w and |w"| < |w|, we have that (3.22) and (3.23) are satisfied

for yu. By assumption, we also have that u € C([s, t]; .2, (R?)). Clearly (3.23) for A" is satisfied because
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of the bounds on v and w coming from (4.1) and the fact that | X, (z)| < n for every 7 € [s,t] and
every ¢ € E,.
Let us prove that \* € C([s, t]; .44 (RY)). Let ¢ € Cy(R?). For every 1y € [s,t], we have

B, fo 0= i [ oK 0 Wor 0) ], 0

= [ oK @Woan ) i, (0) = [ part,
where we have used the dominated convergence theorem with constant dominant function

T
H(PHooefO SUPE—gy |ws| dr c Ll(Rdnu'S‘En)

together with the continuity of ¢, [s,t] 5 7 — X, -(x), and [s,t] > T — Ws_-(x). Hence, \" €
C(ls, i) 4, (RY)).
To prove that A" satisfies (3.21), it is enough to notice that for every ¢ € C((s,t) x R?) we have

// 9o (T, 2 \d,us‘E )dT < 00

because of the bounds on v and w coming from (4.1) and the fact that |Xs—,(z)| < n for every 7 € [s, ]
and every x € E,, and

/R pula) X () /]R ) ANI() = /IR (X)W () s, () - /R pa(@)du 5, (1)

= /]Rd (@t(Xsﬁt(x))Ws—nf(x) - QOS(Xs—m(x))WS%S(x)) d:us‘En (l‘)

t
= s dr dug
/R d / gu(r.@) dr dp |, (@)
t
= s dug d
/S/Rdgmx) | (@) dr

t
— / / (Brp+ (Yo, vr) + wrip) AN dr
s JRA

t
— [ [ @+ (Vv +ut) drzar,
s JRd
where we have used Fubini’s theorem and the fact that w, = w? in supp(A\?) for every 7 € [s,t].
Since A\ = us} B, < s Corollary 3.3 gives that
AY < i, T € [s,t], neN.

Since E,, 1 E as n — oo, monotone convergence gives A\ T -, whence A\ < p, for every 7 € [s,t]. In
particular Ay < . Since ¢ is concentrated on X,_,¢(E) = F, this proves (4.16).

Claim 2.  For every 0 <t < s < T it holds

(Koot (Wosrt sl ) < il - (4.17)
Proof of Claim 2. We reduce to Claim 1 by reversing time. For 6 € [0, 7] set

Ug = —vr_4, Wy = —wWr—g , o = pr—p -
It is clear that (0,1, i) satisfies the assumptions of the present lemma. Now let X, I, W and E be
associated with (0,40, 1) as X, I, W and E are with (v,w, u). For every z € R? and a,b € [0, T],
b(x

X, )= X7r—asr-b(), f(a,x) ={T—-r:rel(T—ax)}, (4.18)

Ea—>b =FEr_asrb- (419)
Indeed Xp_q7—o(z) =z and

EXr_arop(2) = —vr_p(Xr_amsr—p(2)) = 0p(Xr—amsr—b(T))
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which gives the first identity; the second follows, and (4.19) is a restatement of it, because b € I(a, z) if
and only if T'— b € I(T — a,x). Consequently

Wassp(@) = ele orKamr@)dr —yy o) (4.20)
as one sees substituting p =T — r, which turns

b T—b
/ ( — wT_r) (XT_a_,T_r(x)) dr into / w, (XT_a_m(x)) dp.
a T—a
< T be given and set s’ :=T — s and t':=T —t, so that 0 < s’ < <T. Applying

Let 0 < s
1 to (0,1, f1) and to the pair s’ <t' we obtain

<
Claim 0,

t
(

(Xs’—n’)ﬁ (Ws’—>t’ /25’ EAs/—n/) < /lt’ Et,_)s/
By (4.18), (4.19) and (4.20),
Xvs’at’ = Xsot, Ws’%t’ = W, fls’ = fbs
Py = pt Ey_yp = Eyy, Ey g =Eis,
so that the inequality above is precisely (4.17).
Conclusion.  Claims 1 and 2 together state that
(Xs—t)s <W5_>t ,u,s‘EHt) < Mt‘EHs for every s,t € [0,T]. (4.21)

It remains to prove the converse; let s,t € [0, 7] be fixed. Applying (4.21) to the pair (¢, s) we have

(Kers)s (Wions el ) < sl (4.22)
Multiplying by W,_,+ both sides and applying the push forward by the map X,_,; gives
(Xs—>t)tj Ws—>t . (Xt—>s)ﬁ <Wt—>s Mt‘Et%s>:| < (Xs—nﬁ)ji (Ws—>t MS‘Esat> .
Thanks to (4.7) the left-hand side above rewrites as
[Wsﬁt o Xsz] : [Xsﬁt o Xtﬁs]ﬂ (Wtﬁs 'utlEHS) = Wi Mt‘EHS = 'ut’Et—m- .
Thus, we deduce
'Ult}Etas S (Xs—Hf)ﬁ <W8—>t MS’Esat> )
which is the converse to (4.21). |

4.3. Proof of Theorem 4.1. We are now in a position to prove Theorem 4.1. In what follows, we are
going to use the notation for curves in the cone introduced in Section 2.1, and in particular the objects
defined in (2.2).
We may assume that p does not vanish identically. Since fOT pi(R) dt < oo by the continuity of u,
the Cauchy—Schwarz inequality gives
1/2

t[éﬂm+mwmﬁgﬁgj@WWHWﬂwﬂyﬂuﬂMM&>,

so that (4.3) implies (4.12). Together with (4.1) and (4.2), this shows that (v,w,p) satisfies the
assumptions of Lemma 4.5, whose notation we keep throughout. We define

T
@:/(&@MMG%MMﬂxW%
0

m(s, ) = 2saltsp ls0) o 1o ) (5,2) € [0,T] x RY,
Si= {(s,x) €0,T] x RY : m(s, z) = 5} C [0,7] x R?,
:[0,T] xR = S, (s, z) = (m(s,2), Xy m(s.2)(2))

0@@:/ Wiu(z)du € (0,00],  (s,2) € [0,T] x R%,
I(s,x)
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We observe that © is a finite (non-zero, non-negative Borel) measure since O ([0, T|xR%) = fo (R dt €
(0, 00), by the continuity of . The map m is Borel by Lemma 4.2(2) and obV1ously Satlsﬁes m(s x) €
I(s,z) for every (s,z) € [0,T] x R?; this remark and the first part of Lemma 4.2 give the measurability
and well definition of the set S and the map W. On the other hand, the map C' is Borel by Lemma 4.3(2)
applied with f = 1. By (4.7), for every (s,z) € [0,T] x R? and r € I(s,z)

(s,z) / Woosr (@) Wy (Xsor(2)) du = Wy (z) C(r, Xsor(2)) - (4.23)
We further observe that

T
C(t,z)du(x) = /0 y Wisu(x) 15, ,, () dpy(x) du

T T
= / ,Uu( u—>t) du < / :U"M(Rd> du < oo,
0 0

by the definition of C', by Tonelli’s theorem, and by (4.13) applied to the pair (¢,u) and tested with the
constant function 1. In particular, we deduce

C(t,x) € (0,00) for p-ae xR, (4.24)
By (4.23) applied to (s,z) € [0,7] x R? and r = m(s,z) € I(s,z), we get that
C(Sa :E) = Ws—>m(s,:v) (I‘)(C © \I’)(Sv :L‘)

Rd

which implies that

C e (0,00) Uy0-a.e. (4.25)
This justifies the definition of the following non-negative, non-zero (possibly infinite) Borel measure
on [0, 7] x R?

p=C"10,0.

Since 40O is a finite measure and C' € (0,00) ¥yO-a.e., then p is o-finite. Hence, there exists a Borel
function 0: [0, 7] x R? — (0,00) such that [62dp = 1. For every (s,z) € [0,T] x RY, we define the
curve T(s,z): [0,T] — €[RY] as

T(s,2), — { [ Xoosr(2), 51427(1’)/0(5’33)] if rel(s,z), e 0,T]
0 otherwise,
and we set
£(s,7) = /1 . [or(Xacsr () + Yo (Ko (2))[2] Wasr (@) € [0,00]. (4.26)

which is a Borel function of (s,z) by Lemma 4.3(2) applied with f:=|v|? 4+ §|w|?.
Claim 1. We have

E(s,x) < oo  for p-ae. (s,x) € [0,T] x R?. (4.27)
Proof of Claim 1. We test (4.13) for the pair s, 7 € [0, T] with the non-negative Borel function |v,|? +

%‘wT‘Q' Using fir < pir we get

}ET—).S
/ (o (Xsosr(2)) + YHw: [ (Xsor (2))] Wesr(2) dps(z) < /d (v |? + w,|?] dper .
Esr R
Integrating in 7 € (0,7') and using Tonelli’s theorem, we infer from (4.3) that

E(s,x)dps(z / / [[vr|? + 2w, [?] dpr dT < 00, s€0,T]. (4.28)

In particular £ < oo ©-a.e.; moreover, exactly as in (4.23), the invariance of I and X along trajectories
and (4.7) give

R4

E(r, Xsor(2)) = Wl (z)E(s,z), rel(s,z). (4.29)
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Applying this formula to (s,z) € [0,7] x R? and r = m(s,x) € I(s,z), we get that
g(s’ l‘) = Ws—>m(s,x) ({L‘)(g o \II)(’S’ l‘)
which implies that
£ <oo ¥B-ae. (4.30)
hence the claim.

Claim 2. For p-a.e. (s,2) € [0, 7] x R? the curve T(s, z) is continuous and the map T: [0, T] xR¢ — Cr
is Borel. Consequently, n:=T;(62p) belongs to P(Cr).
Proof of Claim 2. We fix (s, x) such that (s, ) < oo, which holds for p-a.e. (s,z) € [0,T] x R? by
Claim 1. We abbreviate

J=1(s,x), a:=infJ, b:=supJ, t(7) ZZWQLQT(.Z‘), TeJ.

Since 7 +— X7 (z) and 7 — W, (z) are continuous in J and W_,(z) > 0 in J, the curve T(s,x) is
continuous at every point of J, and it is constantly equal to o in the interior of [0,7]\ J. It therefore
suffices to prove that

lim (1) =0 for every endpoint ¢ € {a,b} withc ¢ J. (4.31)
TeJ

We prove (4.31) for ¢ = b ¢ J, the argument at ¢ = a being identical.
Since 1o is locally absolutely continuous on J with /(1) = w;(Xs--(z)) w(7), we have

/ \m’|2(7-) dr = i/ ’wT(XSHT(a:))FWSHT(a:) dr < &(s,x) < 0. (4.32)
J J

As J is a bounded interval, (4.32) implies that w is absolutely continuous on J and admits a finite limit
w(b”) :=limw(r) € [0,00).
71h
TeJ

Assume by contradiction that m :=w(b~) > 0. Then there is 79 € J such that W_,,(z) = no?(r) > m?/2
for every 7 € [19,b), whence, by the definition of the flow and by definition (4.26) of &,

/b
70

By the Cauchy—Schwarz inequality, 7 — Xs_,,(z) has integrable derivative in (79,b). It is therefore
absolutely continuous in (79,b) and admits a limit z € R? as 7 1 b. Setting X, _,;(x) := 2 we obtain an
absolutely continuous map on |79, b] which satisfies the integral formulation of the characteristic system
on [1p,b], i.e. the solution is defined at time b as well. This contradicts the maximality of J = I(s, ),
since b ¢ J. Hence, it must be w(b~) = 0, which proves (4.31) and the continuity of 7 — T(s,z),
in [0, 7.

We now prove that T is Borel. Let G:={€ < oo}, which is a Borel set of full p-measure by (4.27)
and on which, by the first part of the proof, T takes values in Cr. We fix 7 € [0,7] and prove
that (s,z) — T(s,z); is Borel on G. The set G, ={(s,z) € G: 7 € I(s,z)} is Borel, being the
intersection of G with a section of the open set D of (4.8). On G\ G, we have T(s,z), = o, while on G,
it is the composition of the Borel map (cf. Lemma 4.2, Lemma 4.3(1), and the Borel measurability of 6)

(s,2) — (Xomsr (), WHE(2)/0(s,7)) € R? x [0, 00)

b b
X;ﬁT(:c)de :/ [y (Xamsr ()2 dr < 752/ (07 (X sy (2)) Wi () dr <

with the continuous projection (y,r) — [y, 7] onto €[R?]. Since €[R? is separable, Lemma 4.4 applies
and gives that T: [0,7] x R? — Cr is Borel.
Finally, 6p is a probability measure by the choice of 6.

Claim 3. We have h?(n) = u; for every t € [0, T].
Proof of Claim 3.  We fix t € [0,7] and ¢ € Cy(R%). Since two positive measures which agree on

every nonnegative p € Cy(R?) coincide, we may assume ¢ > 0, so that all the integrands below are
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nonnegative and Tonelli’s theorem applies. Using the definition of 1 and p, property (4.23), Lemma 4.5,
and Tonelli’s theorem, we get

/ pdh2(n) = / o (1)r2(2) d () (4.33)
R4 Cr

/ (Xt (2)) Wi (2)82(5,2)6%(5, ) Ly ) (1) dp(s, )
[0,T]xR?

= |:SO (Xm(s,ac)—nf (Xs—ml(s,m) (l‘) ) ) Wm(s,z)—>t (Xs—n‘n(s,x) (1'))
[0,T)xR4

CHm(s,2), Xom(s,) () Li(m(s,2).X, ymgo.my (@) (D) | AO(s, 2)

_ / X)) Wamst(2)C ™ (5,2) Ly s (1) AO(5,2)

xR
T
= / / (P s—>t s%t(x)c_l(sa Xt—>s(Xs—>t($))) d/JJs‘ES_)t (Il?) ds
0 R
[ #@C 5. X)) ], (@) s

R

— [ et ( /0 €15, X1 (o)) L1015 ) (o)

_ Wiss(x) s 2) —
—/Rdw(fv)< o O d)dw )= [ odu.

Since ¢ is arbitrary, this proves Claim 3.
Claim 4.  The measure 7 is concentrated on curves v € AC% satisfying (4.4).
Proof of Claim 4.  We fix (s, z) with £(s,z) < co and we set v:=T(s,x); on I(s,x) we have z,(7) =

Xosr(x) and (1) = 51427-(56)/(9(8, x) > 0, both locally absolutely continuous, with

1) = forlaes (], 7 (0) = qun(as (M) 1), K () = s (7)) By (1)
for a.e. 7 € I(s,x). Hence, by (2.3), we have
7 P(7) = 07205, ) [Hwr (Xosr (2) + [0 (Xomsr (@) ] Wi (2) (4.34)

for a.e. 7 € I(s,z), so that f(;[ Y|[2dr = fI(s,x) Y [2dr = 072(s,z2) E(s, ) < oo, by definition of £

n (4.26), and the fact that |3/| vanishes in [0,7] \ I(s,z). By Claim 1, we deduce that for p-
a.e. (s,x) € [0,T] x R? the curve T(s, ) belongs to AC% and satisfies (4.4). This proves the claim and
concludes the proof of Theorem 4.1.

Remark 4.6. The cross-section m and the weight C~! are only needed because trajectories may be born
or may die inside [0,T]. Assume indeed that the flow of v is globally defined, i.e. that I(0,z) = [0, 7]
for pig-a.e. x € RY, and that m = po(R?) € (0,00). Then, every trajectory is alive at time 0, and crosses
that time exactly once: the time 0 is itself a cross-section of the family of trajectories, and no reference
time has to be selected along the way. Accordingly, one may simply set

n=(T% (m o),  TOa)ri=[Xoor(@), (mWosr(@)?], 7€0,7].

Indeed 7 is a probability measure, its curves never reach the vertex, and Fy_; = E;_ = R? for
every t € [0,7T], so that (2.4) and (4.13) with s = 0 give

Lot = [ (X)) Won@)duow) = [ o, pe ).
R4 R4 R4

In the next Lemma 4.7 we show that a global bound on w together with a local one on v is enough to
guarantee that the flow is globally defined.
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Lemma 4.7. Letv: [0,T] xR? — R? w: [0,T] x RY — R be Borel maps, and let u € C([0, T); 4, (RY))
be satisfying (4.2), (4.12), and

T
/ [sup |v¢| + Lip(ve, B) + sup |wy| + Lip(wy, B)] dt < oo, BeR?. (4.35)
0 B Rd

Then for po-a.e. x € R? the flow X of v is globally defined. In particular
e = (Xoo)s (Woorepol, )+ t€[0,7). (4.36)
Proof. For every x € R?, set 7(z) :=sup I(0,z). By Lemma 4.5, we have

(Xo—t)t (WO—>t MO‘EOM) = Mt‘EHO <pe, tel0,T].

Using this inequality, we compute

/ sup [ Xooe(x) — 2] dpio(x)
R4 te[0,7(z))

7(z)
< /R d /0 v (Xoose (@) dt dpio(a)

()
= /d/ ‘Ut(XO—nt(x)”efg wr(X0—>r(x))dr€— fng(Xo_W(x)) dr q¢ dNO(x)
Re JO
S awrlloo @
< el It [T (o) Wooile) dt dpo o)
R JO
T T
= elo ”w“’"dr/ /d |0t (Xo—st(2)) [Wose(x) dpaol , (x) dt
0 R

T T
S efO [lwr[loo dr/ / ‘Q}t’ dILLt dt < 00.
0 Rd

This proves that for pp-a.e. * € RY the map [0,7(z)) > t — Xo_¢(z) is bounded; thus, by e.g. [15,
Lemma 8.1.4], it must be 7(x) = T. [ |

Remark 4.8. In view of Example 1.2, assumption (4.35) in Lemma 4.7 is essentially sharp. Indeed,
relaxing it, it is possible to have that mass is created or destroyed during the evolution, so that
uniqueness is lost, together with the representation formula (4.36).

5. PROOF OF THEOREM 1.1

The local Lipschitz bounds (4.1) were used in Section 4 only to construct the characteristic flow of v,
which is the core of the proof of Theorem 4.1. In this section we remove assumption (4.1), obtaining
the more general superposition principle of Theorem 1.1. In what follows we make use of the notation
for curves in the cone introduced in Section 2.1, and in particular the objects defined in (2.2), as well
as the functionals defined in (2.7) and (2.8).

The proof of Theorem 1.1 follows the structure of [15, Theorem 8.2.1]. Namely, we first consider a
mollification of (v, w, u) for which the assumptions of Theorem 4.1 hold and a representation is given
in the form of Theorem 4.1(1)—(2). Then, we pass to the limit in the mollification parameter ¢ — 0,
recovering a representation of p.

Proof of Theorem 1.1. We fix a mollifier ¢ € C3°(R?) with ¢ > 0, suppo C B1(0) and [z 0dz =1, we
set 0.(z) :=e"%0(z/¢) for £ € (0,1], and we denote by
g(x) ::(27r)_d/2e_|75|2/2 , e RY,

the standard Gaussian density; we write g also for the measure g£? € P(R?).
If iy = 0 for every t, it is enough to take 7 :=d5, where 7 is the constant curve equal to 0. We may
therefore assume that p does not vanish identically. We set

T
A::/ / th|2 + |fwt|2] dpy dt < oo, m = max u;(R%) € (0,00), (5.1)
o Jrd t€[0,77]
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and we let K := fOT pi(RY) dt € (0,00). The Cauchy-Schwarz inequality gives

T
/O /Rd [vel + Jwe]] dpe dt < V2AK < o0. (5.2)

We denote by © = fOT(ét ® py) dt, so that (5.2) implies v € L*([0, 7] x R4, ©;R?) and w € L'([0,T] x
R%, ©).

We) divide the proof in 5 claims. Claim 1 is devoted to the construction of suitable regularized
fields v* and w*® and a curve of measures u° approximating u. In Claim 2 we give a representation of u®
in terms of a positive bounded measure 7n° relying on Theorem 4.1. In Claim 3 we show that n* is tight,
and thus admits a limit 7° (up to a subsequence). In Claims 4 & 5 we prove that n° represents p and is
concentrated on curves v € AC3 which are solutions to (1.4).

Claim 1. For ¢ € (0,1] define the finite measures and the Borel maps

Wi = fuy % 0 T £, Vi i=(vepie) * 0c Wi i=(wepie) * 0c
- Vi - Wi
Ut e wt e
g 2

the last two quotients being quotients of densities with respect to £%. Then v¢ and w® are Borel
maps, uf € C([0, T); #(R?)), the triple (v, w®, u) satisfies (4.1), (4.2) and

T
| [ i e wiPlande < A, <€ .. (5.3
0 R4

Moreover uf — p; narrowly as € | 0, for every t € [0, 7], the family {uf : e € (0,1], ¢ € [0,7]} being
tight with u(R?) = s (RY) 4+ ¢ < m + 1.
Proof of Clatim 1. By standard properties of the convolution and by the continuity of g, the curve p®
belongs to C([0, T); #(R?)) and uf — p; narrowly as e | 0. Since suppo. C B:(0) C B;(0),

ps (RY\ Br(0)) < e (R*\ Br-1(0)) + £ g(R?\ Bg(0)), R>1,

and the family {/-’Lt}te[[)”f] is tight, being a compact subset of .#, (R?) by the narrow continuity of z on
the compact interval [0,7]. The asserted tightness follows.

The densities of uf, Vi and W are smooth in z, and (¢,z) — Vj(z) is Borel, being continuous
in # and Borel in t. The same holds for W¢, so that v* and w® are Borel, also noting that u; > 0.
To check (4.1), let R > 0 and cg = ming 5 Br(0) & > 0, and set a;:= = [ga [[ve| + |we|] dpse, which belongs
to LY([0,T]) by (5.2). On Br(0) we have u§ > ecg and

Vil + Wil < lleeloo @z, IVVE+ VW] < (Ve loo ar
IVugl < IVeelloom + ]| Velloo
so that, on Bg(0),
o+ | < 1=
ec

Her:Hoom + HQEHOO(HVIQEHOOm + 5||Vg||oo)
620%2 “

[Vog| + V| < (

Since a € L([0,T)), assumption (4.1) holds for (v, w®, u€). By linearity of the convolution and since g
does not depend on time, (4.2) holds for (v¢, w®, ). Finally, since uf > p; * 0., we have
(vtlu’t) * Oc 2

5 2d 5 |V€|2 d < |V§|2 d _ d < 2d
log |7 dpg = — —ar = (e * 02) < |vg| = dpee
R Rd i Rd Mt * Qe Rd | Mt * Oe R

where we have also used [15, Lemma 8.1.10] with p = 2, u = ¢, F = vy, and o = g.. The same
computation for w® and an integration in time give (5.3).

Claim 2. For every € € (0, 1] there exists a finite measure ° on Cr such that

0 (Cr) < M*,  hi(n°)=ui Vtel[0,T], Fdnff <A, (5.4)
Cr
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where M*:=2(K +T)/T +2T A, and such that 7° is concentrated on curves v € AC% which satisfy (1.4)
for (v¢,w®) and X(y) = 1.
Proof of Claim 2. By Claim 1 we may apply Theorem 4.1 to (v¢,w®, u€), obtaining 7 € P(Cr)

concentrated on curves of AC% satisfying (1.4) for (v%,w?), and with h?(7°) = u§ for every t € [0, T].
Thus, by (1.4) for (v¢,w*) and (5.3), we get

T
Fdiff = / / [0 |” + +wi|*] dus dt < A, (5.5)
Cr 0 R4

while the equality h?(7°) = uf gives

/CT </0Tkw(t)dt> di®(y) = /OTuif(Rd) dt=K+eT<K+T. (5.6)

Since 7, € AC([0,T7) with || < [y/[ for v € AC%, for every t € [0,T] we have

() < 2 (; /OTr?;(s) ds> +2 (/()T\r;(s)\ds>2

where we used that 7'3(30) = %fg 7‘3 ds for some sg € (0,7"). Hence, by (5.5) and (5.6),

T
§2/ ky(s)ds + 2T F(y),
T Jo

2AK +T
/ »2dif < AR+ T) +2TA=M*. (5.7)
Cr T

The curves with X(y) = 0 are constantly equal to o and give no contribution to h?(%°). We may
therefore replace 7° by its restriction to {¥ > 0}, which is a Borel set since ¥ is continuous, without
affecting the properties above. We finally set 7°:=7Rq/x7°, with the notation introduced in (2.5).
Since Dy, simply multiplies the radius of each curve by a positive constant, ° is still concentrated

on curves of AC? satisfying (1.4) for (v°,w®) and, since Y(®y/x7) = 1, on curves with ¥ = 1. By
Lemma 2.2, hZ(n°) = p§ for every t € [0,T] and, since F satisfies (2.6), Lemma 2.2 together with (5.5)
and (5.7) gives
Fdn® = Fdnf < A, nE(CT):/ Y2 dif < M*.
Cr Cr Cr

Claim 3.  There exist a sequence &, | 0 and a finite measure 7 on Cr, concentrated on {3 < 1}, such
that n°* — " narrowly as n — co.

Proof of Claim 3. By Claim 1 and [15, Remark 5.1.5] applied to the tight and bounded in mass

family {u5 : e € (0,1], t € [0, 7]}, there is ¢ € C(R%;[1,00)) with compact sublevels such that
L= sup Cdus < 00
e€(0,1],te[0,] /R

Let G¢ be as in (2.8) and let KC;. be the compact set of Lemma 2.3. We immediately see that

T
ggdnsz//qdufdthL, 56(0,1],
Cr 0 JRd

while fCT Fdn® < A by (5.4). Since 7° is concentrated on {¥ = 1} by Claim 2, Markov’s inequality

gives, for every ¢ > 0,
A+TL

1
n€<cT\Kc)§/ [F + G dif < :
Cc Cr C
As the total masses are bounded by M* by Claim 2, the family {n® }56(071] is tight and bounded, and

Prokhorov’s theorem (see e.g. [21, Theorem 8.6.2]) provides a sequence &, J 0 and a finite measure n°
with n°» — n° narrowly. Finally {3 < 1} is closed and contains the support of every n°. Hence, n° is
concentrated on {¥ < 1}.

Claim 4.  We have h2(n°) = p for every t € [0,7] and n° is concentrated on AC3 with fCT Fdnp < A.

Proof of Claim 4. Fix t € [0,7] and ¢ € Cy(R?). The function v — o(z~(t))k,(t), extended by 0
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where 7., (t) = 0, is continuous on Cr, because €[R% > [x,7] — ¢(x)r? is continuous, and it is bounded

by ||¢]leo on the set {3 < 1}, which carries every n° and n°. Hence, by Claim 3 and Claim 1,

/godht —hm/ @ dh?(n) —hm/ gpdua"—/ oduyg,
R R

which is the first assertion. The second one follows from the lower semicontinuity of F (cf. Lemma 2.3)
and Fatou’s Lemma. In particular F < oo for n’-a.e. v, i.e. v € AC% for n’-a.e. v.

Claim 5. The measure " is concentrated on curves satisfying (1.4).
Proof of Claim 5. For ¢ € C®(RY), ¢ € C3°((0,T)), Borel maps u: [0,7] x R? — R?, z: [0,T] x R —
R, and v € AC%, we set

T T
2553(7) = 0 Y’ ky o(zy) dt + /0 (0 kw( (Vo(xy), ug(zy)) + 0(27) Zt(x'y)) dt,

which is well defined and finite whenever

T
/0 Iy (8) e (2 (8))] + [z (D)) dt < o0 (5.8)

We proceed in three steps.
Step 1: the functional vanishes on solutions. Let v € AC% satisfy (5.8) and

! (t) = ue(z4(1)) KL (t) = zi(xy(t))ky(t) forae. t € O,. (5.9)
Let B,(t) =k, (t)p(x(t)), t € [0,T]. Then S, is continuous on [0,7], it vanishes on [0,7] \ O, and
on O, it is locally absolutely continuous with

B, = Kp(ay) + by (Vipler) , 2) = by ((Viplr) s wn(y)) + () 2(25) ) (5.10)

The right-hand side of (5.10) belongs to L'(O,) in view of (5.8). Since 8, vanishes on the complement
of O, and is continuous, g, € AC([0,7]) with 5:0 = 0 a.e. outside O,. Multiplying (5.10) by 1,
integrating over [0, 7], we deduce ZZ’Z('y) = 0 by an integration by parts.

Step 2: an estimate onn°. Let u € C.([0, T] x R%;RY) and z € C.([0,T] x R?); then the functional ZZ’Z

is continuous on Cr. Indeed, its integrand is of the form g(t,;) with g(t,-) continuous on €[RY]
and |g(t, [z,7])| < c(p, 9, u, 2) 72, so that the assertion follows by dominated convergence since y — ()
is continuous.

We also infer that

T
/. [ w0l )]+ o @naas ) = [ [+l ar < o,

since pfn € C([0,T]; .4 (RY)). Hence, n°r-a.e. v € Cr satisfies the integrability (5.8). Since 7" is
concentrated on solutions to (1.4) for (v, w®), for n*-a.e. v we have

255 () / Pk (0)( (i), (=05 () + () (21 = i) () ) .

Therefore, we have

T
|1zl <o [ =it o - e, (.1)
Cr 0 R4

with ¢y = [|1)]|cc max {||V¢|oo, [|¢]loc }- We estimate the right-hand side of (5.11). Since viuf = V;§
and p§ = uy * o- + g, recalling (5.1) it holds

b= o1t = [V = | (R
< / ’((Ut - Ut),ut) * Qs‘ dz +/ ‘(Utﬂt) * 0c — g (fug * Qz—:)’ dz + 6/ |u|g d
Rd Rd R4

< / o — | A + wa(e) 7+ 2o
R
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where w,, is the modulus of continuity of u. The same estimate holds for z and w®, so that

T
limsup/ ‘ZZ’Z‘ dn® < c(pﬂ/,/ / [lve — wg| + |wy — 2z¢|] dpe dt .
n Cr ’ 0 JRd

Since \Z;ff“ is continuous and non-negative, Claim 3 gives
’

T
/ ’ZZ’Z‘ dT]O < Cwﬁ/ / [lvg — we| + |wp — 2z¢]] dpee dt . (5.12)
Cr ’ 0 JRd
Step 3: conclusion. By Claim 4 and (5.2) we have that
T
/ ey [Joe(xy)| + |we(z4)]] dt < 00 for n°-a.e. 7.
0

In particular Z;’:Z is well defined n%-a.e. in C7 and

T
|Z’U w( Zg:;(’)’)‘ < %,w/o Foy [loe(zy) — we(@q)| + [wizy) — z()[] dE -

Integrating in 7" and using (5.12),

Jo 253

Since © = fOT ¢ ® py dt is a finite Borel measure on [0, 7] x R? with v € L([0,7] x RY,©; R?) and
w € LY(][0,T] x R4, ©) (as observed at the beginning of the proof) and the spaces C.([0, T] x R%; R%)
and C.([0,T] x R?) are dense in L'([0,T] x R%, ©;R?%) and in L'([0,T] x R%,0), respectively, the
right-hand side of (5.13) can be made arbitrarily small. Thus, Z;”Z(fy) = 0 for n°-a.e. 7.

/ / "Ut — Ut‘ + ’U)t — ZtH d,U,t dt . (513)

Let now S be the countable family of functions of the form y(-—¢) and (e, - — ¢) x(-—¢), with ¢,e € Q%
and y € C®(R?) a fixed function with x = 1 on B;(0), and let T C C°((0,T)) be countable and
dense in the uniform norm together with the first derivatives. Intersecting countably many sets of full
measure, we find that for n°-a.e. v € AC% it holds

T
/ e [Jor] + [we]) () dt < o0, (5.14)
0
ZZ:Z(W) =0 forevery peSandy €T. (5.15)

We fix v € AC% satisfying (5.14)(5.15). For ¢ € S, we infer that 27, (v) = 0 for every ¢ € C2°((0,7)).
Thus, the absolutely continuous function 8, = kyp(x,) has distributional derivative

B, = by ((Viplay) s () + p(a)w(z,))  aein (0,7).
Comparing with the chain rule, valid a.e. in O, by Lemma 2.1, we obtain
K p(xy) + ky (Vop(y) , 2l — vp(2y)) = Ky o(y) wi() a.e. in O, . (5.16)

Let t € O, be a point at which (5.16) holds for every ¢ € S, and let ¢ € Q% with |z, (t) — ¢| < 1.
Choosing ¢:=x(- — ¢), which equals 1 with vanishing gradient near z,(t), (5.16) gives k’(t) =
we(x~(t))k,(t). Choosing ¢ := (e, - — q) x(- — ¢), whose gradient equals e near z-(t), and exploiting the
previous identity we are left with k() (e, 2! (t) — vi(x(t))) = 0 for every e € QY. Since k. (t) > 0,
this gives 7 (t) = vi(2+(t)). Hence, v satisfies (1.4).

Conclusion. By Claims 4 and 5 the finite measure 1, is concentrated on curves of AC% satisfying (1.4)
and h?(n°) = py for every t € [0,T]. In particular n° # 0, because p does not vanish identically,
so that M :=n°(Cr) € (0,00). Applying Lemma 2.2 with the constant map A = M2 and setting
1 =R 121" we obtain a probability measure which is still concentrated on curves of AC% satisfying (1.4),
and which satisfies h?(n) = h?(n°) = u for every t € [0, T]. The identity in (1.5) immediately follows. B



26 S. ALMI AND G. E. SODINI

We conclude the section with the converse of Theorem 1.1: a measure n concentrated on solutions
to the characteristic system in the cone produces, through the map h?, a solution to the continuity
equation with reaction.

Proposition 5.1 (Converse of Theorem 1.1). Let v: [0, T] xR — R w: [0, T]x R? — R be Borel maps

and let n € M+ (Cr) be concentrated on curves v € AC3 satisfying (1.4). Set p;:=h?(n) for t € [0,T].
If

T
/ / [1 -+ [oe] + [ewe]] dpse dt < oo, (5.17)
0o Jrd
then € C([0,T); A+ (RY)) and p solves (1.2).

Proof. Finiteness and continuity of u. By = hZ(n) for every t € [0,T], together with Tonelli’s
theorem,

/Out (RY) dt = /CT/ t)dtdn(y), //thldutdt // (t)|we|(z+(2)) dtdn(y) ,

both finite by (5.17). In particular, for n-a.e. v it holds fo ~ () |we|(z+(t)) dt < o0; we fix such

a 7. Since v € AC# satisfies (1.4), the function k. is absolutely continuous on [0,7] by Lemma 2.1,
with k’( ) = wt(xy(t))k: (t) for a.e. t € Oy and k., = 0 a.e. on [0,7] \ O,. Picking so € (0,T)

with k+(so) = 7 fo s) ds, we get, for every t € [0 T]

(0 <byfon) + [ W I0)s < % [ st [kl (o) ds,

whence, taking the maximum in ¢ € [0,7] and integrating w.r.t. n,

1 T T
/ z<v>2dn<w>sf / ne(RY dt + / / ] dpy dt < oo (5.18)
Cr 0 0 Rd

Consequently p;(RY) = fC (7) < fCT ¥2dn < oo for every t € [0,T], so that u; € 4 (RY);
moreover, for ¢ € Cy(RY), the map [O,T] St Jgapdu = Jo (24(t))k,(t) dn is continuous by

dominated convergence, its integrand being continuous in ¢ and dominated by ||¢|cX? € L*(Cr, 7).
Hence p € C([0, T]; 41 (R?)).
The equation. Fix ¢ € C°((0,T) x R?) and set C¢ :=sup (|0,¢| +|V¢|+|¢]). Using Tonelli’s theorem,

/ / D [10:Ge] + [V forl + 1G] [wel] (24 () dt dg(y) < C / / 1+ Joe + Jwrl] dge dE, - (5.19)

which is finite by (5.17). In partlcular the inner integral is finite for n-a.e. .

Let v € AC2 satisfy (1.4) and fo S () [Jve| + |we]] (z4(t)) dt < oo, which by (5.19) holds for 7-
a.e. 7. Set B¢(t) = ((x4(t))ky(t), t € [0,T]. Exactly as for f, in Step 1 of Claim 5 in the proof
of Theorem 1.1, B¢ is continuous on [0, 7], vanishes on [0,7]\ O,, and on O, it is locally absolutely
continuous with, by (1.4),

BL(E) = k(1) [91Gu( (1)) + (TGl (1) , ey (1)) + Gl (1)) welas (1)) for ane. t € O
Its right-hand side belongs to Ll(OV) by the choice of ~; since 3¢ is continuous and vanishes off O,,
we get B¢ € AC([0,T]) with 62 = 0 a.e. outside O,. As ¢ has compact support in (0,T) x R,
Bc(0) = Be(T) = 0, so that

0—/ Be(t)dt = / 7 (8) [06Ge (2 (8)) + (VCe(4(2)) 5 ve( () + Gl (8)) wi (£))] dE -

Integrating w.r.t. n (possible by (5.19)) we obtain

T
o=/0 /Rd[atctﬂvct,vt>+<twt]dutdt.

Since ¢ € C2°((0,T) x R%) is arbitrary, this is precisely (1.2). [ |
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