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Abstract

We derive the I'-limit of convolution-type and discrete energies subject to Dirichlet boundary
conditions on periodically perforated domains at the critical exponent. We assume that the length-
scale of the non-local interactions is much smaller than the side-length of the cubic perforations
and prove that a separation of scales occurs. Exploiting the analogies between the variational
frameworks of our interest, we employ a unified argument to overcome the technical difficulties
that arise from the scaling invariance of the energies. Our multiscale analysis yields a novel
observation that is not related to the non-local nature of the functionals, but rather to the analysis
at the critical exponent: we prove that the energy density of the strange term is convex, even in
the vector-valued setting.

1 Introduction

In a celebrated paper [23], Cioranescu and Murat investigated the asymptotic behaviour of Dirichlet
problems in periodically perforated domains of the form

Q5 ==\ | J Q(is,rs),
i€Z4

where (2 is a regular domain of R?, § is the period of the array of perforations and the cubic perforation
Q(i8,7s) = i0 + [, %2]? has side-length

2572
exp(—672%) ifd=2,
rs = 0
dda—z2 if d > 3;

see also the earlier paper by Marchenko and Khruslov [36]. They proved that this choice of the size of
the perforations is critical since, for fixed ¢ € H~!(Q), the family of solutions {us}s to the problems

—Aus = ¢, us € Hg(Q(;),
weakly converges to a function u € Hg(2) that solves a different limit problem, namely
—Au+Cqu=¢, u€ HQ),

where an additional zero-order term, the so-called strange term, originates from the presence of the
perforations. The constant Cy that appears in the limit equation is characterized by a capacitary
problem and, similarly to the scale 7, its nature varies in accordance with the dimension d. If d > 2,

AMS Classifications. 49J45, 47G20, 49M25, 35B27.
Keywords. Non-local energies, homogenization, perforated domains, I'-convergence, separation of scales.



the constant is given by the 2-capacity of the unit cube in R If d = 2, the same characterization
no longer holds since, by scaling invariance, the 2-capacity of every bounded subset in R? is zero
and the constant is expressed in terms of the capacities of the unit square relative to squares whose
side-lengths diverge. These relative 2-capacities exhibit a certain logarithmic decay (with respect to
the side-length of the larger square) which also occurs for the relative d-capacities of a d-dimensional
cube when d > 2, as a general consequence of the scaling invariance. Such a logarithmic behaviour is
singular as it is in contrast with the polynomial behaviour of the relative p-capacity of a d-dimensional
cube for p € (1,d) and d > 2, and for this reason we refer to p € (1,d) as a subcritical exponent and
to p = d as the critical exponent.

In [8], Ansini and Braides pursued a variational approach for the study of a non-linear vector-
valued variant of the original problem for subcritical exponents p € (1,d). They computed the I'-limit
of the functionals Fjs : LP(£; R™) — [0, +00] defined as

/f(Vu)d:v if ue WyP(Qs;R™),
Fg(u) = Q
+00

otherwise,

for f : R™*4 — [0,400) a quasiconvex p-homogeneous integrand satisfying p-growth conditions.
Conformally with the work by Cioranescu and Murat, they assumed that r5 = §4(4=P) and proved
that the I'-limit of {Fjs}s equals

/ f(Vu) dx—l—/ op(u) de, u e WyP(Q;R™),
Q Q

where ¢, : R™ — [0, +00) is given by a non-linear capacitary formula:

op(z) == min{ f(Vu)dz :u— 2z € WHP(REGR™),u =0 on Q(l)}.

Rd
This result can be regarded as a generalization of the one by Cioranescu and Murat to a non-linear
and vectorial setting since, upon assuming that f is convex and differentiable, the property of the
convergence of minima of I'-convergence implies the convergence of the solutions to the corresponding
Euler-Lagrange equations (see [14] [24]).

The analogous problem at the critical exponent p = d carries the technical complications entailed
by the scaling invariance and, for this reason, the corresponding extension of the above analysis
required a different proof provided by Sigalotti in [43]. It is shown that, under the assumption
rs = exp(—6%/1=4)) the limit energy is given by

/f(Vu) dac—l—/ pal(u) dx, uEWOLd(Q;Rm),
Q Q

where the density ¢4 : R™ — [0, 4+00) is now described by a homogenization-type formula:

wa(z) == LEIEOO(Iog Lydt min{/Q(L) f(Vu)dx :u—z € Wol’d(Q(L);Rm), u =0 on Q(l)}

and the factor (log L)9~! compensates for the logarithmic decay of the relative non-linear capacity at
the critical exponent.

In a similar vein, the aim of the present paper is to perform the variational analysis of Dirichlet
problems on periodically perforated domains at the critical exponent in a general non-local framework,
providing an extension of the results for subcritical exponents recently obtained by Alicandro, Gelli,
and Leone [5] and by the second author [31]. We propose a unified analysis that encompasses both
convolution-type functionals, for which a variational theory has been developed by Alicandro, Ansini,
Braides, Piatnitski, and Tribuzio [2], and discrete functionals within the framework investigated by
Alicandro and Cicalese [4]. Functionals considered in these two settings share many similarities,
starting from their structure of pairwise-interactions energies. Given an energy density f that satisfies
standard growth conditions of order p > 1, convolution-type energies studied in [2] are of the form




and can be regarded as a continuous counterpart of the discrete energies considered in [4] given by

v Y (P - @),
a,BeQNeZ?
[e,B]CQ2

where [a, 8] := {(1 —t)a +tB : t € [0,1]}, up to taking into account all possible interactions and not
only those involving points connected by a segment that lies in the domain. In both instances, € is
a small positive length-scale (that in the discrete case corresponds to the lattice spacing) responsible
for a non-local-to-local passage, provided that the density f satisfies suitable decay assumptions in
the first variable. As & — 0, the limit energy is given by the local functional

/fhom(Vu) dz, u € WHP(Q;R™),
Q

where fhom is expressed by an asymptotic formula having the same structure in both the continuous
and discrete case. As for convolution-type energies, such limit behaviour can be interpreted as a
‘concentration’ phenomenon since relevant pairwise interactions are close to the diagonal of the domain
of integration Q x  as e — 0 (see the seminal papers by Bourgain, Brezis, and Mironescu [I1] and
by Ponce [38] [39]), while the discrete-to-continuum passage is usually referred to as a homogenization
process. For the sake of notation, we let fiom denote the ‘homogenized’ energy density in both
circumstances.

Putting aside temporarily the difference between the admissible pairs of interaction (that, in fact,
coincide if €2 is convex), the comparable structure of convolution-type and discrete energies suggests
rewriting both functionals as the same double integral that, at the critical exponent p = d, reads as

3

[ 1wt = ulo)) dic (o) ),

upon introducing the reference measures

1

E—dﬁd (continuous case),
He = )
E da (discrete case),
aceZd

for every e > 0. With this approach, admissible configurations are p.-measurable functions; i.e., either
Lebesgue-measurable functions (continuous case) or functions defined on £Z? (discrete case) that we
identify with their piecewise-constant interpolations on the cells of the lattice. This identification
allows us to regard both continuous and discrete configurations as elements of L¢(£2;R™) and to
study their asymptotic behaviour through I'-convergence with respect to the same strong topology.
At this point, boundary conditions can be imposed p.-a.e. on the set of perforations obtaining the
constrained non-local energies

Fe 5(u) = /QXQ f(y ; x,u(y) — u(x)) dpe () dpue(y), if u(z) =0 for pe-ae. x € Q\ Qs. (1.1)

In this work we assume that the density f is d-homogeneous and satisfies d-growth conditions in
the second variable and that the vanishing parameters d,rs are ruled by ¢; i.e,

_d
0 =9., re =15, ~exp(—ds?).
Up to fixing the same kind of reference measures for every e, we prove that if the length-scale ¢ is small

compared to the side-length of a perforation r., then a separation of scales occurs and the I'-limit of
{F: 5. }e is the same that is obtained letting first ¢ — 0 and then § — 0 in (1.1); that is,

/ Jhom (V) dx+/ o(u) dz, u € Wl’d(Q;Rm), (1.2)
Q Q

3



where from is determined by the continuous or discrete setting and, accordingly, the density of the
strange term is given by the homogenization-type formula

o(z) = LEIEOO(IOg L)yt min{/Q(L) from(Vu)dz :u—z € Wolvd(Q(L);Rm)’ u =0 on Q(l)}. (1.3)

The problem of perforated domains is a classical topic. Several results have been obtained con-
cerning its many variants and employing different techniques such as the work by Dal Maso and
Garroni [25] and by Dal Maso and Murat [26] for general domains, the extension theorem by Acerbi,
Chiado Piat, Dal Maso, and Percivale [I], and the approach based on the unfolding method pursued
by Cioranescu, Damlamian, Donato, Griso, and Zaki [21] (see also [22]). Among the results obtained
over the last years in various frameworks, we mention [19] 20, [34] in the case of different boundary
conditions, [29] in the fractional setting, and [I3] [I6] in the setting of convolution-type energies. Very
recently, the problem has been treated in the context of stochastic homogenization by Scardia, Ze-
mas, and Zeppieri [42] (see also [9]) and, for fractional energies, by Deangelis, Focardi, and Zeppieri
[27] (see also the earlier paper [28]). In the fractional setting, Palatucci has thoroughly discussed
the phenomenon of capacitary screening in periodically perforated domains for Gagliardo seminorms
defined on the whole R? [37] and a description of fractional capacitary potentials has been given
in [30]. Moreover, Braides, Noselli, and Vincini have studied vectorial problems in the context of
hyperelasticity [I5]. These works, as well as many others in the literature, mainly deal with the case
of subcritical exponents (that, in a fractional setting, are characterized by the inequality p < d/s,
where s denotes the fractional order). The necessity of treating a scaling-invariant problem leads us
to carry out a delicate study, that substantially departs from the ones performed in the subcritical
cases. Our strategy is partly inspired by the works [12] [I8] where, in the scalar case, an extension to
the critical exponent for the problem of perforated domains in heterogeneous media originally studied
in [7] is obtained.

An outcome of our analysis is that the energy density ¢ in is convex, a feature that is relevant
(and non-trivial) in the vector-valued case m > 1. Besides the technical aspect, the convexity of the
strange term reflects the emergence of a multiscale microstructure since optimal configurations are
obtained distributing energy equally on every scale from r. (the side-length of the perforations) to
the much larger scale d. (the period of the perforations). This behaviour displays an analogy with
the Ginzburg-Landau model (see [10, B3] [41]). In our argument, such uniform energy distribution is
obtained through a dyadic construction around each perforation similarly to [3], where the formation
of topological singularities is studied in presence of inhomogeneities. The convexity of the energy
density ¢ is not related to the non-local nature of the problem and actually holds for the original
Dirichlet problem on perforated domains at the critical exponent. In fact, this property has not been
the starting point of our investigation; from our perspective, it is more appropriate to regard it as an
outcome of the multiscale analysis as we shall explain in a forthcoming section. We believe that this
observation, together with the flexibility of the techniques employed in the present work, may be of
use for the study of other problems concerning perforated domains at the critical exponent.

The approach that we pursue highlights the correspondence between convolution-type and discrete
settings. As already mentioned, the main difference lies in the family of pairwise interactions taken
into account: on the one hand, in the continuous case every pair of points in 2 interacts; on the other
hand, discrete energies only allow for interactions of points connected by a segment inside the domain.
At a technical level, it is reasonable to expect that the asymptotic analysis yields the same outcome
for both kinds of interaction, upon assuming that €2 has Lipschitz boundary. Indeed, short-range
interactions are favored in the passage from non-local to local and, therefore, the global geometry of
Q should not affect the limit energy. In terms of discrete energies, this means that we should be able
to consider equivalently all possible pairwise interactions; however, we stick to the above technical
constraint in order to resort to the results in [4].

To overcome this discrepancy, it is enough to rewrite the starting energies through a change of
variables: letting £ := (y — ) /e, convolution-type energies equal

l ulx +€€) —ulx dl‘ d
et / /{xen:mgeﬂ}f (& ulw + ) — u(x)) dL () AL (€)



and analogously, letting £ := (8 — «) /e, discrete energies read as

> > F(& u(a+ e€) —u(a)),

€7 {aeQneZd:[a,a+e€]CN}

in such a way that the unconstrained energies can be written as

[ st + =) — ule) duc(a) diae), (14)
R4 JQ,.. (£)
where we set
{reQ:z+e£eQ} if pe = Eidﬁd (continuous case),
Q. (&) = . . _ .
{reQ:[z,z+ef] CQ}  if p = Z Oa (discrete case).

a€ceZd

In practice, we investigate the asymptotic behaviour of energies subject to Dirichlet boundary
conditions, where the energy density f : R? x R™ — [0, +00) is assumed to be d-homogeneous and
locally Lipschitz-continuous in the second variable, coercive on short-range interactions and to satisfy
suitable decay assumptions as |[{| — +oo (see (H), (G), and (L) in Section [3). A simultaneous
treatment is made possible by the common variational structure of these frameworks that allows us
to employ a common argument for the derivation of the I'-limit drawing from the general results
contained in [2] and [4]. Nevertheless, it is worth mentioning that some useful tools such as Poincaré
and Poincaré-Wirtinger inequalities in discrete form seem to be lacking in the literature. These
constitute a substantial part of our technical analysis and they are proved in Appendix [A] using some
genuinely discrete arguments such as the construction of paths involving nearest-neighbours, uniform
estimates on their multiplicity, and the use of suitable piecewise-affine interpolations.

Finally, we note that energies are ruled by two small parameters ¢, §; hence, their asymptotic
behaviour is affected by the interplay between these scales and other significant regimes may be
investigated, such as € ~ rs. This regime has been already analyzed at the critical exponent in the
discrete case (see [44]) and at subcritical exponents for convolution-type energies (see [B]). As for the
latter, the corresponding extension to the critical exponent is not dealt with in this work; however,
we expect that this could be achieved by adapting (and possibly simplifying) some of the arguments
illustrated herein and that the limit energy is of the same form as , with a density ¢ given now
in terms of some non-linear non-local capacitary problems.

The paper is organized as follows. In Section [2| we introduce the notation and recall the notions of
capacity and I-convergence used throughout the paper. In Section[3|we present the unified continuous-
discrete framework, recall the homogenization result for the unconstrained energies (see Theorem ,
and state the main result of the paper (see Theorem . In Section [4| we recall some useful results
such as estimates for long-range interactions and Poincaré-type inequalities. Here, we also prove the
convexity of the energy density of the strange term. In Section [5| we study the asymptotics of the
capacitary-type energy densities and, finally, in Section [6] we carry out the asymptotic analysis: first,
we prove a joining lemma on varying domains and an auxiliary result that allows one to reconstruct
the strange term as the limit contribution of the energy near the perforations; then, we prove the
lower and the upper bounds for the I'-limit. The appendix contains the proofs of the Poincaré and
Poincaré-Wirtinger inequalities, with particular emphasis on the discrete setting.

2 Notation and basic definitions

In this section we introduce the main notation and recall the definitions of capacity and I'-convergence.

Notation. In what follows we let d, m € N denote two fixed positive integers corresponding to the
dimension of the reference and the target space of functions we consider, respectively. We assume that
d > 2 and let 2 denote a bounded open subset of R? with Lipschitz boundary. We let {ei,...,eq}
denote the standard orthonormal basis in R?. Given any positive integer k, we let || denote the



Euclidean norm of z € R*¥. We denote by S?~! and S™~! the unit sphere in R? and R™, respectively.
For z € R? and r > 0, we denote the open cube in R? of center = and side length r as

rory\d
= (5!
and we denote the open ball in R? of center = and radius r as B(z, 7). When the center x coincides with
0, we simply write Q(r) or B(r). Given points z,y € RY, we set [z,y] := {(1—t)a+ty : t € [0,1]}. If Ais
asubset of R%, we let A denote its closure, and set A¢ := R%\ A and disto (2, A) = inf{|y—2|« : y € A}
for all z € R%, where we let x| := max{|z;| : i € {1,...,d}}. Given t € R, we let [¢] and [t] denote
the lower and the upper integer part of ¢, respectively. Unless otherwise stated, C' will always denote
a generic strictly positive constant that may change from line to line.
Capacity. We recall the definition of p-capacity for p > 1. We refer to [32] for further details.
Given open sets U C V C R? and p > 1, we define the p-capacity of U relative to V as

Cap,(U,V) := min{/ IVolPdz:ve W)P(V):v=1on U}.
%

If U = B(r) and V = B(R) for some 0 < r < R, the explicit computation of the corresponding relative
capacity can be performed by the reduction to a 1-dimensional problem. In particular, when p = d,
it holds that
Ry 1-d

Cap,(B(r), B(R)) = H'~1 (%) (1og () ) (2.1)
This logarithmic behaviour differs from that exhibited in the case p < d, where the relative capacity
depends on the radii » and R with polynomial growth. For this reason, we address to p = d as the
critical exponent for the capacity. By (2.1), we have that Capy(B(1), B(L)) = H41(S4"!)(log L)' ~¢
and, through a comparison argument, it is possible to infer that

lim (log L) Capy(Q(1), Q(L)) = H7H(S),

so that, in particular, there exists a positive constant C' such that

& < (log 1) Cap,(Q1), QD)) < € 22)

for every L > 4.
Analogous capacitary problems can be set in a vector-valued framework. Given z € R™ and U,V
as above, we may consider the minimum problem

min{/ Vol de :v e WP (V;R™) :v =2z on U}.
1%

Due to the scaling property and rotational invariance, it is easily seen that the above minimum
coincides with

min Vol dz : v e Wi Vi;R™) :v=(1,0,...,0) on U }|2|¢
0
v
= min{/ |Vol?dz :ve Wp*(V):v=1o0n U}|z|d = Capy(U,V)|z|%
v

I'-convergence. For our purposes, it suffices to recall the definition of I'-convergence with respect
to the Le-topology. We refer to [14] and [24]. Given functionals F. : L4(;R™) — [0, +oc], £ > 0, and
F: LYQ;R™) — [0, +00], we say that F is the I-limit of {F.}. with respect to the strong topology
of L4(Q;R™) as e — 0 if, given any sequence {¢;}; converging to 0, the following hold:

(i) for every u € LA(;R™) and every {u;}; € L4(;R™) such that u; — w in L4(Q;R™) as
j — +o0, it holds
l_iLn +inf Fe,(uj) > F(u) (liminf inequality),
J o0
(ii) for every u € LI(Q;R™) there exists {v;}; C LY R™) such that v; — u in LY R™) as
j — 400 and
limsup F., (v;) < F(u) (limsup inequality).

Jj—4o00



3 Setting of the problem and the main result

In this section we introduce further notation, we describe the setting of our problem, and we state
our main result.

To make our notation more flexible for later use, in this first part we let o denote a positive
parameter. We let

1 ., )

EL (continuous case),
fo = Z O (discrete case),

a€oZ

and, given ¢ € R and A C R? a j,-measurable set, we define

1
{reA: x40 A} if po = —de (continuous case),

A, (§) = (3.1)

o
{reA:[z,x+0f] C A} if p, = Z da (discrete case).

a€oZd

In the continuous case, A, (§) = AN (A — cf). In the discrete case, A, (§) is only contained in
AN (A —o0€) and these two sets coincide if A is convex.

In the discrete case, a u,-measurable function v on A is a function defined on the restriction of
the lattice u : AN oZ% — R™. It is not restrictive to extend such a function to the whole lattice oZ%
and to identify it with its piecewise constant interpolation on the cells that intersect AN oZ?; that is,

u:RY - R™, u(z) = u(a) if x € a+[0,0)%, a € ANoZ?.

The piecewise constant identification of u is a £L%measurable function; hence, in the discrete setting,
we define

A (AR™) i= {u: R 5 R™ s u(z) = u(a) if 2 € a+[0,0)%, 0 € ANoZ} N LYA;R™).

In the continuous case, a p,-measurable function on A is simply a £L%measurable function on A. For
mere notational consistency, we then let

A (AR™) := {u: R = R™ : u is £L%measurable} N LY(A4;R™).

With these choices, we regard functions in A, (4;R™) as functions in L4(A4;R™) for every o > 0 in
both continuous and discrete case, making then possible the asymptotic analysis via I'-convergence
with respect to the strong L?-topology.

We let f:R% x R™ — [0, +00) be a function satisfying the following assumptions:

(H) f(&,-) is d-homogeneous for every & € R%: i.e., f(£,t2) = tf(£, 2) for every t > 0,6 € R?, and
z e R™,;

(G) the functions m(¢) := inf f(£,2) and M(€) := sup f(&, z) defined for every ¢ € R? satisfy:

zeSm—1 ze§m—1

(GO) there exist C' > 0 and ro > 1 such that m(§) > C for uj-a.e. £ such that |¢| < ro,
(@) [ MEO -+ duun(€) < +ocs
R
(L) there exists a positive constant C' such that

|f(€2) = f(&,2)] < CM(E)(|2|" 1 + [2/*7 )]z = #/|
for every ¢ € R? and for every z,z' € R™.
Remark 3.1. We comment on the above hypotheses:

(i) assumption (H) yields m(€)|z|¢ < f(€,2) < M(€)]z|? for every (£, 2) € R? x R™;



(ii) the constant ro in (GO) is assumed to be strictly larger than 1 to deal with the discrete case.
In such a case, the relevant values of the energy density f are attained at Z? x R™; therefore,
it is needed to require that ro > 1 in order to have a meaningful condition on the function m
defined in (G). In the continuous case, it would suffice to suppose ro > 0; we choose to assume
that rg > 1 in order to keep our argument consistent in both frameworks;

(iii) in the discrete case, assuming without loss of generality that M (0) < 400, we have that (G1) is
equivalent to

ZM )€l < +oo,

ccza

which corresponds to the hypothesis (G1) in [31], up to adapting the notation;
(iv) hypothesis (L) is satisfied if f fulfills (H), (G), and f(€,-) is convex for every ¢ € R%.

We introduce the family of unconstrained functionals and, for later convenience, we also highlight
the dependence on the domain. For fixed ¢ > 0 and A C R? a p,-measurable set, we let F, (-, A) :
LA(A;R™) — [0, +00] be defined as

Fo(u, A):

L), e e dn@ ) itwe dy am,
400

otherwise.

For the sake of notation, if A = Q we simply write F,(u) in place of F, (u, 2).

The asymptotic analysis of the above energies and the convergence of minimum problems are
obtained in [2, Theorem 6.1, Proposition 6.4] for the continuous case and in [4, Theorem 4.1, Corollary
4.6] for the discrete case. We reformulate these results in a unified statement suited to our purposes.

Theorem 3.2. Let A be a bounded open set with Lipschitz boundary and let

1
o — 7Ld o — 6a
Ho = —5 or  u >

a€oZd

for every o > 0. Let {F,(,A)}s be defined by (3.2)) with f satisfying assumptions (H) and (G).
Then, {F, (, A} T-converges with respect to the LY(A;R™)-topology as o — 0 to the functional
F(, A) : LYA;R™) — [0, +00] defined as
/ from(Vu)dr if u € WhHe(A;R™),
F(u, A)
+00 otherwise,
where from : R™*? — [0, +00) is given by the following homogenization formula
. 1.
fromO1) =t cint{ [y 2,00) — o@) din(@) () s 0 € AL @D}, (33
h=too h Q) Jam)
with

AM(QR)) 1= {u € Ay, (Q(R);R™) s u(w) = M for pi-a.c. @ € Q(h), distoo(w, Q()?) <1} (3.4)

for every M € R™*?. In particular, fuom is a d-homogeneous quasiconvex function and there exists a
positive constant C such that, for every M € R™*¢,

1
6|M|d < fhom(M) < C‘M|d (35)

Moreover, for any g : R — R™ Lipschitz continuous function and T > 0 natural, there holds
lin}J inf{F,(u,A) :u € AZZ’Q(A)} = min { / fhom(Vu(z))dx :u—g € Wol’d(A; Rm)},
o—r A

where

AZ”T’Q(A) ={uec A, (A4R™) :u(z) = g(x) for po-a.e. x € A distos(x, A°) < 0T} (3.6)



Remark 3.3. If f(&,-) is convex for every £ € R%, the asymptotic formula (3.3)) reduces to

From) = [ 6,209 dpa (€]

see [2, Theorem 6.2].

Now we define the functionals of our interest by imposing Dirichlet boundary conditions on an array
of perforations. We let € be a positive reference parameter (that shall tend to 0) and we introduce two
further positive vanishing parameters assuming that both are ruled by e: § = J. denotes the period
of the centers of the perforations, and r = r. denotes the side-length of the cubic perforations.

For the sake of simplicity we suppose that

1)
—= &N for every € > 0.
€

This hypothesis is convenient for the analysis of the discrete case as it implies that the lattice §.Z%
is coarser than Z¢, so that the perforations are centered on the support of the atomic measure . ;
however, it is not needed for the analysis in the continuous framework. For every € > 0, we define the
array of perforations as

P.:= | J Q.. r.)
i€zd
and we define the domain of our energy as

D(BR™) :={uec A, (G R™) :u(x) =0 for p--ae. z € P}
Then, we define functionals F. : L4(Q; R™) — [0, +00] as

u) = /Rd /ng(g) f&u(z +e€) —u(z)) duc(x) dpa (€)  if u € D (4 R™),

+00 otherwise.

Fi( (3.7)
Finally, we state our main result.

Theorem 3.4. Let !
pe=AY  or pe= ) da

a€eZd

for every € > 0 and let {F.}c be defined by (3.7) with f satisfying assumptions (H), (G), and (L).
Consider two families of positive parameters {r¢}c, {0} such that

limr. =limé. =0
e— e—0

and assume that

and that there exists v > 0 such that

_(~ 50T
o EXP(=(0D)TT)

e—0 Te

=1

Then, the functionals {F.}. T'-converges with respect to the L%(Q;R™)-topology as € — 0 to the
functional F : L4(;R™) — [0, +o0] defined as

Srom (Vu) dx + ’y/ o(u)dr if u e WHe(Q;R™),
Q Q

400 otherwise,

F(u) := (3.8)

where fnom s given by (3.3) and ¢ is a convex function that, for every z € R™, is given by

o(z) ;== lim (logL)d_lmin{

L—+oc0

From(V0)da : v — z € WP (Q(L); R™),v =0 on Q(l)} (3.9)
Q(L)



Remark 3.5. We choose cubic perforations since they are naturally compatible with the cubic lattices
used in the discrete setting. This choice is not restrictive since, by a comparison argument, the same
conclusion holds true if we replace the reference cube with any bounded set having nonempty interior.

Outline of the proof and convexity of the strange term. We conclude this section by
illustrating in broad terms the idea of our proof and how this led us to observe, somewhat indirectly,
the convexity of the strange term. Our argument is based on a new variant of the ‘joining lemma
on varying domains’ (see Lemma devised by Ansini and Braides in [8]. It allows one to modify
a converging family {u.}. (at a small energetic cost) by imposing constant boundary conditions
on several dyadic concentric annuli surrounding the perforations. In this way, one can isolate the
contributions to the energy arising from the perforations and the remaining region. The latter is
essentially the unconstrained energy and it contributes to the limit energy yielding the first-
order term in .

To estimate the energy due to a single perforation, that we assume to be centered at 0 for simplicity,
we perform a dyadic construction: we fix a large L € N and cover the reference cell Q(d.) by means
of concentric cubes

Q(re). Q(r-L), Q(r-L?),...,Q(r-L%) ~ Q(0.),  § ~ 'BLlre).

Thanks to an argument that allows us to consider only finite-range interactions, we decompose the
energy close to the perforation on each “frame” as follows:

S
Fe(ue,Q(02)) ~ Y Felue, Q(reLM) \ Q(r-L"1)).
h=1
By the joining lemma, we can assume that there exist constants {u2" : h € {0,...,S}} such that

Ue = ug’h close to AQ(r.L") for every h € {0,...,S},

with u2% = 0 and, taking into account such boundary conditions, we can optimize the energy on Q(d.)
to obtain

S
Fo(ue, Q(0:) 2 Y min{Fe (u, Q(r-L") \ Q(r-L" 1)) :

u = ud" close to AQ(r. L"), u = u®"~! close to dQ(r.L"1)}.

On a single frame Q(r.L")\Q(r.L"~1), we use the scaling invariance of the energy and the convergence
of minima in Theorem [3.2] to get that

min{F. (u, Q(r- L")\ Q(r-L" 1)) : u = u®" close to Q(r.L"),u = u"~* close to AQ(r.L" 1)}
= min{F, /¢ pr-1)(u, QL) \ Q1)) : u = u" close to OQ(L),u = u"~* close to AQ(1)}

~ min{/ From (V) d : u — (u®" — u®" =) € WhH(Q(L);R™),u = 0 on Q(1)} (3.10)
Q(L)

as ¢ — 0. Note that here we made use of the assumption £/r. — 0 and of a uniform-convergence
argument that allows one to keep the boundary conditions unaltered in spite of the fact that these
actually depend on e. Recalling (3.9)), we have that (3.10) is approximately

(log L)'~ p(ul — 40" 1).

€

Since S ~ % and 7 ~ eXP(—(Sg/(lfd)), we have that (log L)'~¢ ~ 62991, hence, summing
up over the frames, we have

F.(ue, Q(02)) 2 605 12@ w7,

10



Upon observing that

h=1
we can further optimize the previous sum and use the d-homogeneity of ¢ to get

S S S S
Fu(e, Q(62)) 2 0 min $4 5 () = 32y = 2} = min] ¢ S o) - g D = ).
h=1 h=1 h=1 h=1

The latter term is seen to be approximately 5?@**@2’3) as S — 400, where ¢** denotes the convex
envelope of ¢. Then, summing up over all the perforations and using that u. — u, we infer that

Rl U Quai))z Y s @)~ o
€796 10 i€Z4NSZ 10 @

as € — 0 and S — +o0.

The heuristic that yields this lower bound (that is seen to be optimal) seems to be in contrast
with the separation of scales argument leading to and, to some extent, hints that ¢ is convex.
Conscious of this fact, we directly prove that ¢ coincides with its convex envelope starting from its
very definition (see Proposition .

4 Preliminary results
In this section we collect some preliminary results that are instrumental for our analysis.

4.1 Auxiliary reference energies

Given 7y as in (GO0), for every o > 0, A C R? a pi,-measurable set, and u € A, (A;R™), we define
the reference energies

Go(u,A) = / / lu(z + &) — u(z)|? duy (z) duy (€), (4.1)
B(ro) J Apug (€)
with A, (§) as in (3.1). In the continuous case, such functionals can be rewritten as

_ d
/ / ule+08) —ule) 1y, 4
B(ro) J AN(A—a¢) g

in the discrete case, under the additional (and not restrictive) assumption ro < 2, these can be

rewritten as .
S Jule+oer) —ula)l
k=1

=1 acAnoz?
la,a+oe,]CA

From now on, we assume without loss of generality that ro € (1,2), so that the above energies account
for nearest neighborhood interactions in the discrete framework.

Concerning these auxiliary functionals, we first recall a lemma that allows us to control interactions
of any range with short-range interactions only. This result is obtained recasting the corresponding
results in the continuous case (see [2, Lemma 4.1]) and in the discrete one (see [, Lemma 3.6]).

Lemma 4.1. There ezists a positive constant C' such that for every Q open set, A C Q bounded open
set with Lipschitz boundary, T > 0, £ € B(T), and 0 > 0 such that

distoo (4, Q°) > (T + 3Vd)o, (4.2)

it holds
/A u(z + o) — u(@)|* dpg (z) < C(1+ €| Go(u, A+ QUT + 3Vd)o))

for every u € A, (;R™).

11



Proof. Assume that p, = o~9L% and let A+ (0,0)¢ == {z +tf:x € At € (0,0)}. By (4.2) and the
fact that rg < 2 we have

dist(A + (0,0)€,Q°) > dist(A + B(oT), Q%) > disteo (A + Q(aT), Q) > 3Vdo > rqo,
so that, applying [2, Lemma 4.1], we get

[ PR < o1+ 196w A+ (0,006 + B,

and the conclusion follows since A + (0,0)¢ + B(roo) C A+ Q((T + 3vd)o).
Assume now that pio = )" .74 0o and, given E C €, consider the sets

aco
E, :={x € E: dist(z, E) > 2Vdo} and RS(E):={a€ ENncZ®: [a,a+ o€ C E}.
By [, Lemma 3.6], we have
Y lulatoé) —u(@)? < ClE[*Go(u, B).
a€RS(E,)
The conclusion follows letting E = A+ Q((T + 3v/d)o). Indeed, it holds that
[z,2 4 €] C A+ B((T + Vd)o) for every x € A and £ € B(T)
and then, by , it follows
ANoZ* C RE(A+ B((T + Vd)o)) € RS ((A+ B((T +3Vd)a))s) € R5((A+ QT +3Vd)o)),),

which yields the thesis. O

Remark 4.2. The above lemma also applies with Q = R?. In particular, there exists a positive
constant C' such that for every £ € R? and ¢ > 0, it holds

[u(z + 0€) — u(2)|? dpo (z) < C(1+[€])Go(u,RY) (4.3)
Rd
for every u € A, (RGR™).

The following proposition is the rescaled version of Poincaré-Wirtinger inequality. We prove it in
a slightly more general form in the Appendix (see Proposition . In the continuous setting this can
be inferred from [2], Proposition 4.2]. In the discrete setting, we include a proof that also addresses a
possible gap in the argument of [I7, Lemma 2].

Proposition 4.3. Let 0 < ¢ < L, consider the set A := Q(L)\ Q({) or A :=Q(L), and let A’ C A be
a pio-measurable set and xo € R%. There exist positive constants oo and C depending on A such that,

having set
),
wh = ——— | udyg
(u)e to(E) Jg
or every £ pus-measurable set with i, > 0, it holds
f E bl h pe(E) >0, it hold
o d o (2o + TA)
~/zo+TA lu(x) — (“)gngrA" dpo (7) < Cm (*) Go(u,x9+TA)
for every 7 >0, 0 € (0,007), and u € A,_(xo+ TA;R™).

We conclude this subsection with the rescaled version of Poincaré inequality. In the continuous
case this is proved in [2, Proposition 4.1]; as for the discrete case, a proof can be found in the Appendix

(see Proposition |A.5)).
Proposition 4.4. Let T > 1,x9 € R?, and let A C R? be a bounded open set. There exists a positive
constant C' depending on A such that

[ et < 0(Z) Catumn 7

for every 7,0 > 0 and for every u € A,_(xo+ TA;R™) such that u(z) = 0 for py-a.e. x € xg+TA
such that disto (z, (xo + T7A)C) < oT.

12



4.2 Functionals with finite-range interactions

Now we introduce “truncated” versions of the functionals in (3.2)). For every T' > 2 and for every

z € R™ we let
fT(g Z) = {f(f,z) if |€| S T7

0 otherwise,

and, given o > 0 and A C R? ji,-measurable, we let FL (-, A) : LY(A; R™) — [0, +00] be defined as

/ / FEE ulz + o) —u(x)) dug(x) duy (€)  ifue Ap, (A;R™),
R JA,, (&)

400 otherwise.

FE(u, A) = (4.4)
Also in this case, we write FZ (u) in place of FX (u,§2) when A = Q.
Remark 4.5. Since T > 2 > ro, by (G0) and Remark [.1fi) it follows
CGy(u, A) < FE(u, A). (4.5)
As for the constrained functionals (3.7), for ¢ > 0 we define FZ : L4(; R™) — [0, +-00] as

T —u(x T 1 if u (Q; R™),
pr e { @O @) @) () e DR,
400

otherwise.

The I-limit of the functionals {FX}, in (4.4) can be computed making use of Theorem Ac-
cording to the following proposition, the corresponding energy densities, denoted by fﬁ’;m, converge
as T — +00 t0 fhom, the energy density of the T-limit of the functionals {F,}, defined by (3.2)).

Proposition 4.6. Assume T > 2 and let

. 1.
om0 =t it { [ [Ty ) o) dm) o) 0 € A QDY (@D

h—+oco

for every M € R™*4 where AN(Q(R)) is as in (B.4). Given fuom as in (3.3), it holds that
. T o
T1~1>I}rloo fhom - fhom (48)

monotonically and uniformly on compact subsets of R™*<,

Proof. The proof of the pointwise convergence in is contained in the proof of [2, Theorem 6.1]
for the continuous case and in the proof of [4, Proposition 4.2] for the discrete case (in particular, see
equation (4.9) therein). As for the uniform convergence on compact subsets of R™*?, we note that
fg;m < fhom for every T' > 2. By , this implies that there exists a positive constant C' such that

ZIMI < (M) < from(M) < CIM? (4.9)

for every T > 2 and M € R™*?, Since fg;m is a d-homogeneous quasiconvex function, as a consequence
of [I4, Remark 4.13] and (4.9)), there exists a positive constant C' such that

| from (M) = from(M")| < C(IM|4=1 + M4 1) M — M| (4.10)
for every T > 2 and M, M’ € R™*4, The claim follows by the pointwise convergence, (4.10]), and
Ascoli-Arzela Theorem. O

The main advantage in dealing with functionals that account for finite-range interactions only is
that, in broad terms, they behave quite similarly to local functionals. For the constrained energies
{F.}. defined in as well, it is possible to perform the asymptotic analysis considering first
functionals with finite-range interactions (4.6]), and then recovering the general case letting T' — +o0,
as stated in the proposition below. The proof is provided in [31, Section 5, Step 1] for the discrete
case and, for the continuous case, it is obtained by arguing as in the proof of [2, Lemma 5.1], where
the corresponding result for the unconstrained energies {F, }, is established.
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Proposition 4.7. Let {Ty}n be an increasing sequence such that Tj, — +oco as h — +oo and
let {FIn}. be defined as in , For every h € N, assume that there exists a functional F™r :
LA R™) — [0, 4+00] such that

I-lim FT» = FTn,

e—0

Then, it holds
[-lim F, = lim F™,

e—0 h—+oo

The next result accounts for the pre-compactness in the strong L%topology of sequences of func-
tions with uniformly bounded energies. We provide a more general statement for non-truncated
energies . The proof of this fact follows combining [2, Theorem 4.2] with in the continuous
case and can be inferred from the proof of [4, Corollary 3.11] in the discrete case.

Proposition 4.8. Let {¢;}; be a positive sequence such that ; — 0 as j — +oo, let {I,}; be as in
(3-2) with A=, and let u; € Ausj (Q;R™),j €N, be a sequence such that

sup (Fe; (u) + |lujl Lemm)) < +00.
J

Then, there exist a (not relabeled) subsequence u; € Ausj (;R™), 5 € N, and a function v € W3 (Q; R™)
such that u; — u in LY(Q;R™) as j — +oo.
4.3 Homogenization-type capacitary formula

We illustrate some relevant properties of the density ¢ appearing in the strange term in our main result
Theorem The following proposition, which coincides with [43 Proposition 5.1] up to replacing
spherical perforations with cubic ones, determines the asymptotics of non-linear capacities modelled
on d-homogeneous densities.

Proposition 4.9. Let g : R™*?¢ — [0, 4+-00) be a continuous d-homogeneous function and assume that
there exists a positive constant C such that, for every M € R™*? it holds

1
ZIMJ? < g(M) < ClM
Then, there exist

Y(z):= lim (log L)*~? min{/Q(L) g(Vv)de :v—z e Wyt (Q(L);R™) : v =0 on Q(l)},

L—+oc0

and a positive constant C such that, for every z € R™, it holds
L d
el < 9(z) < Clal’.

Our main observation is that the function ¢ in Proposition [4.9] is convex. To see this, we first
prove the following lemma.

Lemma 4.10. Let 1) : R™ — [0, +00) be a coercive continuous function and let ** denote its convex
envelope. For every z € R™ it holds

- NS 1o
¥ (Z)Sggloomm{sgw(zh):s;zhz}. (4.11)

Proof. Let (z) denote the right-hand side of ([.11). We only prove that ¢(z) < ¢**(z) as the
converse inequality is immediately satisfied.



By Carathéodory’s theorem (see [40, Theorem 17.1]), there exist {A1,..., Amy1} C [0,1] and
{21, ., 2Zm+1} C R™ such that

m—+1 m—+1 m+1

Z Aith(z;) = ™ (2), Z Nizi = 2, and Z A= 1.
i=1 i=1 i=1

Consider S a positive integer and let

A S A S Amt1S Ama1S
ey = ——2z1,..., ey Ay ey —————Zmi 1, 0,...,0 ).
o 05) = (g7 gT ™ P ST D51 )
- imes
[A1S] times [Am41S] times S=3 STt
We have that < )
m+
AiS
S Z:: ; SIusTs =7
d
o m+1 m—+1

Sz¢yh SZ SJw(L)\SJ) (1—§ZL)\1'SJ)1/J(0);

therefore, passing to the limit as S — 400, we obtain

m—+1
z) < Z A (2:) = ™ (2),
i=1
which is the thesis. O
Proposition 4.11. Let g and v be as in Proposition[{.9 Then, v is convex.

Proof. We prove that 1 < ¢** the other inequality being trivially satisfied. Let z € R™. By the
d-homogeneity of g, we have that 1 is d-homogeneous as well; hence, in light of Lemma we have

5 s 5 s
sk _ . : l . l _ _ . d—1 : . _
P (z) = Sgrfoomm{s Zw(zh) b3 Zzh = z} = SEIEOOS mln{z P(zp) Z zp = Z}
h=1 h=1 h=1 h=1
(4.12)
Let L, S be fixed positive integers. Consider (2§, ...,z%) such that Zle zj =z and
5 s 5
> wti) = min{ Y wn) Y =2}, (4.13)
h=1 h=1 h=1

and, for every h € {1,...,S}, consider a function v, such that v, — 2}, € Wol’d(Q(L);Rm),vh =0on
Q(1) and

min{/ g(Vu)dr :v— 2z}, € Wol’d(Q(L); R™):v =0 on Q(l)} = / g(Vup,) dx. (4.14)
Q(L) Q(L)
Now we define the function w : Q(L%) — R™ as

vy () if z € Q(L),
on (s ) + Zzl it e e QUM\ QL) he{2,...,5),

w(x) ==
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and we note that w — z € Wol’d(Q(LS);Rm) and w = 0 on Q(1). Using the d-homogeneity of g and
(4.14), we have

S

1 T
/Q(LS) pvu = ;;1 /Q(L")\Q(L"‘l) (Lh‘l)dg<wh<m)) dx
S
= hz::l /Q(L) 9(Vuy) dx
S
= min{/Q(L) g(Vo)da :v— zf € WhUQ(L):;R™) 1 v =0 on Q(1)}.
h=1

Therefore, multiplying by (log L)9~! we obtain

(log L5)41 / g(Vw) dz
QL)

S
= SN “(log L)* " mi Vo)dz v —zF € Wod(Q(L);R™) :v =0 1) ¢,
> (os) min{ [ o(V0)de 0= 5 € WIQUR™) v =0 on QD))

and passing to the limit as L — 400, we get

S

s S
P(z) < 8471 Zz/}(z;) = g1 min{ (=) : Zzh z}
h=1 h=1 h=1

in virtue of (4.13)). Recalling (4.12) and letting S — 400 we have ¥(z) < ¥**(z), which concludes the
proof. [

5 Approximating capacitary-type energy densities

In this section we introduce some auxiliary functions that, asymptotically, shall constitute our energy
density of capacitary-type.
We let T',¢, L, o be positive parameters satisfying

TeN T>2 (<1, L >4, o< 1/T,
and recalling the definitions of F7, fﬁ’;m, and from in (4.4), , and ([3.3)), respectively, we let
0l 0(2) = mf{F7 (0, Q(L)\ Q) : v € Ay, (Q(L); R™), (5.1)
v(z) = 0 for pg-a.e. x € QL+ oT),v(zx) = 2z for ps-a.e. x € Q(L — oT)},

PEE) = min [l (Vo) de o -2 € WiHQUR™),0 =0 on QU
Q(L)

' (2) = lim (log L)*"'¢L(2), (5.2)
¢(2) := lim (logL)4! min{ from(Vv)de :v—z € Wol’d(Q(L);Rm),v =0on Q(l)},
fee Q(L)

(5.3)
for every z € R™.
Remark 5.1. The following properties hold true:

(i) recalling that the energy 71 accounts for pairwise interactions with range at most o7 only, for
any function v admissible for @Z Lo we have

Tz (0, QL)\ QD) = T (v, Q(L)) = T5 (v — 2,R);
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(ii) functions ¢ and ¢ are well-defined as minimum problems since fg;m and fhom are quasiconvex
functions and coerciveness is ensured by the boundary conditions and Poincaré inequality;

(iii) taking into account (4.9) and the fact that fif and fuom are d-homogeneous, we have that ¢
and ¢ are well defined in light of Proposition [1.9] and are convex by Proposition [{.11}

(iv) by (H) and the d-homogeneity of fI. and fhom, we have that the functions <pZ Lo oF T, and
o are d-homogeneous;

(v) it holds that
T T
Ye,L,0c = Pet,cL,co

for every ¢ > 0. Note indeed that, given any function v € A, (Q(L);R™) satisfying v = 0
to-a.e. on Q€+ oT) and v = z ps-a.e. on Q(L — oT)¢, we have that

w(x) = v(%), r € RY,

is such that w € A,_(Q(cL);R™) with w = 0 py-a.e. on Q(cl + coT) and w = z fi,-a.e. on
Q(cL — coT)¢ and, by (H),

(w, Q(cL) \Q(cﬁ))
/ / ST w(e + co€) — w(x)) djieo () dyus (€)
Re J(Q(cL)\Q(ch)) o ()

— / / - (& v(a + 0€) — () dito () dpn (€) = 5T (v, QL) \ Q(0));
R J(Q(L\Q(£)) 1y ()

(vi) for £ < ¢ and L < L’ we have
T T T T T
(pf,L,U < (pé’,L,a’ (pZ,L’,U < (PZ,L,U7 and Pr < PrL-

We establish uniform bounds for the functions in (5.1)).

Lemma 5.2. Let wZLJ be as in (5.1), then there exists a positive constant C' such that
(log L)~ 1, 4 (2) < Oz (5.4)
and
|(log L)~ 7 1, o (2) = (log L)'} 1 5 ()] < O(|2|*71 + |77 1)]2 = 2] (5.5)
for every T e NNT > 2,0 <1,L >4 and 0 < 1/T, and for every z,z' € R™.
Proof. Let z € R™ and u € C'(R%R™) such that u — 2 € CH{Q(L — o(T + 1));R™) and u = 0 in

Q¢+ o(T +1)). We show that there exist a function @ admissible for the minimum problem ([5.1))
and a constant C' depending on rg and d such that

Gyt —2,RY) < C \Vu|? dz, (5.6)
Q(L—0o(T+1))

where G, (i,— z,R?) is defined as in (#.1]) with A = R?. To this end, we treat separately the continuous
and the discrete case.
If uy = 0~%L%, we let @4 = u. Recalling that in this case G (u — z,R?) corresponds to

/ / um+af)fux)’ddzd£
B(’l"g) Rd ’
and using that
-~ 1
Chs 0? wz) _ / deu(x + to€) dt, (5.7)
0
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by Jensen’s inequality and Fubini’s Theorem we obtain

GU(U—Z,Rd) :/ /
B(’I‘o) R4

1
g/ / / |Ocu(x + tof)|* dt dx d¢

B(ro) JRd JO

1
<[ e[ [ 1vu@ltaade<c | Vul* da.
B(ro) 0 JRrd Q(L—o(T+1))

If o = > ncoza Oas We define the discrete function

1 d
/ Bgu(m—ktag)dt‘ da d¢
0

Recalling that now

Gyt — 2, RY) = Z Z li(a + oey) — a(a)|?,

k=1 aecozd

we apply (5.7) with € € {e1,...,eq} and combine Jensen’s inequality with Fubini’s Theorem to obtain

Gyt — 2, RY) Z Z ‘—/ u(x + oeg) — u(x) dx

k=1 aeoZd a+[0,0)
d 1 1 d
Z Z ‘—d/ 0’/ 8e,€u(a:—|—toek)dtdx‘
k=1 aco dJ a+[0,0)4 0
d
§Z / /\ w(z + toey)|” dt da
1 a+[0,0)4
Z / / |Vu(z)|? dedt < C |Vl dz,

acozd +[0,20)4 Q(L—0(T+1))

‘ d

which proves ([5.6).
Taking into account Remark (1) and Remark , we apply (G1), ., and . to get

57 (6, Q(L)\ Q(0) = 77 (i — = RY)
<3/ M(©) [ il +0€) = i) * di () dpa (€

<0/A4 +%HWKDQM—M%§CQ@(HWWWMa

and then, by the arbitrariness of u, we conclude

(log L) 07 1.4 (2)

< C(log L)1 inf{/ |Vol|dr:v—2€ CHQL —o(T 4+ 1);R™),v =0 on Q({ + (T + 1))}
Q(L—0o(T+1))

= C(log L) 1Capy (QU+0(T+1)),Q(L —o(T +1))) ||
L—0o(T+1)\\1-¢

sc(logmd—l(log(M)) |21

L+o(T+1)
_ L—3/2\\1-d
< Cliog 1) (log (5 5%)) et < el
which proves ([5.4).
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Now, we prove (5.5)) directly addressing both cases. We first observe that, if z = 0 or 2’ = 0,
the inequality follows by (5.4). Then, we can suppose z and z’ both not null and consider the map
O : R™ — R™ defined by

() =R (), CeR™

E
|‘,:’|| 2. Note that ©(0) =0, ©(z) = 2’ and

Ed
z

where RZ' is a rotation that maps z into

()] = '|j'|<;|, © -1 <cE—

for every ¢ € R™, where we let I denote the identity matrix of R™*™, -
Fix n > 0 and let v, be (almost) optimal for (5.1)); i.e., FX (v,, Q(L)\ Q(¢)) < (1 —I—n)@ZL’U(z). We

q (5-8)

E

set v,, := © o v, and we note that v,, is admissible for the minimum problem QD%:LJ(Z/ ). Then,
Pl q(2") <0 (0, QD) \ QO))
<L+ )¢l 10 (2) + F (v, QL) \ Q(0)) = F7 (v2, Q(L) \ Q(0)). (5.9)

We set ASw(z) = w(z + 0€) — w(z). By assumption (L) and we get
76 ASva (1)) — (€ ASw. (@)
< OME)(|AG0 (@) + [AS0 (@)1 AS v () — A (2)]
— OM(E)(|O(ALw. (2|7 + |A%w. () [ )](© — I)(ALw. (1)
|2'] |z —

d—1 /
<oME[(T) 1S @I +afe @) | E AL @)

d—1 /1d—1
< e 112

= |Z|d |Z_ZIHA§"UZ(‘/L.)|d

for every x € R?. Then, we apply to get
|55 (02, QL) \ Q1) — T3 (v2, QL) \ Q1))
< [ [ 1576 50 @) - 76 Ao ) duo (0) s (€
Rd Rd

|Z|d_1 + |z/|d—1

< C(/]Rd M(€) /Rd v, (z 4+ 0€) — v.(2)|? dpe () dul(f))T|z _ |
|Z|d—1 + |Z/|d—1

< C(/}R M(E) (1+[¢]) dpua (6) ) G (02 — RSl 2

Since T' > 2 > ¢, inequality (4.5 holds, and by (G1) and Remark i) we obtain
|Z|d_1 + |Z/|d—1
2|4
|Z‘d—1 + |Z/|d—l
|2|

|95 (v, QL) \ Q(0) — 5 (v, Q(L) \ Q(6))| < CT7 (v — 2,RY)

|z — 2

< C+n)ei L ,(2)

Multiplying by (log L)?~! on both sides of (5.9) and using (5.4)) we infer

(log L)' pf 1 o (2) < (1 +m)(log L) i 1, (2)
+ (log L)*™HF7 (v2r, Q(L) \ Q(6)) — F5 (v:, Q(L) \ Q(0))]

< loe L)4—1,T Clloe L)4—1oT |29t + |2/|41
< (1 +mn)|(log L) wp 1 ,(2) + Clog L) "y 1 o (2) ———7——

!/
BG |z — 2|
< (14 )| (log L) 1 o(2) + C(12)* + )]z = /|-
Letting 7 — 0 and reversing the roles of z and 2’ we obtain (5.5]), which concludes the proof. O
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The following result illustrates the asymptotics of the energy densities introduced at the beginning
of this section.

Proposition 5.3. The following hold:
(i) let T e N,T > 2,0 <1, and L > 4, and assume that

1
Mo = Fﬁd or Mo = Z da

aEoZd
for every o € (0,1/T). We have
T
lim 2Lle g
o—0 SDL/Z
uniformly on R™ \ {0};
(i1) for every T € N,T > 2 we have
log L d—-1,,T
lim 1% )T LI
L—+oc0 )

uniformly on R™ \ {0};

(iii) we have that {oT (2)}r is an increasing sequence for every z € R™ and

lim o' =
TS ? ¥
uniformly on compact subsets of R™.
Proof. To prove (i), we first show that
. T T
;lg%) Pe,L,0 = PLje (5.10)

uniformly on compact subsets of R™. By (5.5) it is enough to prove the pointwise convergence.
Recalling (3.6)), we have that

{ve A, (QL);R™) :v(z) =0 for p,-a.e. € QU+ oT),v(x) = 2 for py-a.e. € Q(L —oT)}
={ve A, (QL);R™) :v(z) = g(x) for p,-a.e. z € Q(L)\ Q(f),distos(z, [Q(L) \ Q())]) < oT'}
= AZT9(Q(L)\ Q(0)),

where g : R? — R™ is a Lipschitz function such that

{o if € QUU+1),

9(@) = z ifzeQ(L-1)°

Then, we can rewrite ¢} ; () as

mf{F7 (v, Q(L)\ Q(V)) : v € ATTI(Q(L)\ Q(€))}
and, applying the second part of Theorem we obtain

tim () —min{ [ (Voo - g € W@\ QR
i Q(LO\Q(E)
Upon setting v = 0 in Q(¢), since fiL (0) =0, we get

. T .
lim g 1 5 (2) = mln{/Q(L)

—min{ [ (To)deiv -2 € WOQUL/OR™), 0 = 0 on QU } = (),
Q(L/%)

S (Vo)dz v —2z € Wyt (Q(L);R™),v =0 on Q(f)}
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where the second equality follows by a change of variables and the d-homogeneity of fg;m, and this

proves (5.10)).

Now, we observe that there exists a positive constant C' such that
1 _
5|Z|d < (log(L/0)* oL jg(2) < Clz|? (5.11)

for every T, ¢, L and for every z € R™. The upper bound readily follows passing to the limit in (5.4)
by (5.10). For the lower bound, it suffices to note that fL (M) > |M|¢/C by ([4.9), and the estimate

follows by (2.2)).

We conclude the proof of (z). By Remark H(iv), the function <p£ Lo/ T /¢ is 0-homogeneous for
every o € (0,1/T). Letting then ¢ := z/|z| for every z € R™ \ {0} and using the lower bound in

(5.11)), we have

‘ SOZL,U(Z)
@%/z(z)

QOZL,O'(C) _ ‘ _ ’(IDZL,O'(C) - @{/Z(C)

- 1' B ’ =0 o0

‘ < Cllog(L/0) 6P L o (Q) — &7 ,4(0)]

and the conclusion follows since the convergence in (5.10)) is uniform on S™~1.
The proof of (ii) follows the same line as the proof of (i) upon observing that we have

: d—1. T _ T
Jim (log L)*™ g, = ¢

uniformly on compact subsets of R for every T > 2. To see this, we apply (5.10]) with £ = 1 in order
to pass to the limit in (5.5) as o — 0 and get

|(log L) ¢ () — (log L) oL ()] < C(I12|"7H + /1971 |2 = #/| (5.12)

for every T > 2,L > 4, and for every 2,2’ € R™. As a consequence, {(log L) 1ot} is a family
of locally equi-lipschitz continuous functions on R™, and since the pointwise convergence follows by
Proposition [£.9] the uniform convergence on compact subsets of R™ is proved.

Finally, we prove (iii). Let 2 € R™. Recalling the definitions of ¢7 () and ¢(z) in and (5.3)),
respectively, our aim is to prove that

: : d—1_ . T o 1.d A
Tgrilw LETm(log L) mm{ o) from(Vv)dx 1 v —2z € Wy (Q(L); R™),v =0 on Q(l)}}
= lim (logL)4! min{/ Jfhom(Vv)dx :v— 2z € Wol’d(Q(L);Rm), v=0on Q(l)}
L—4o0 Q(L)

uniformly on compact subsets of R™.
We claim that there exists a positive constant C' with the property that for every n > 0 there
exists T}, > 0 such that

(log L)d_llmin{/ From (V) dz : v —z € W (Q(L); R™),v = 0 on Q(l)}
Q(L)
- min{/ F(Vo)de v —z € WEHQ(L);R™), v = 0 on Q(l)}‘ < Onl2)? (5.13)
Q(L)

for every L > 4,T > T,, and z € R™.
Let 1 > 0. By Proposition [£.6} there exists T}, such that

|fhom(M)_flz:)m(M)| <n (514)

for every M € R™*4 with |[M| = 1 and for every T > T;,. Let now ¥ be a minimizer for p¥ (2); i.e., for
min{/ fE(Vo)de v —z e Wy (Q(L); R™),v =0 on Q(l)}.
QL)
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Recalling that thom and fhom are d-homogeneous and that thom(O) = fhom(0) = 0, we use (4.9)), the
upper bound in (5.11)) with £ =1, and (5.14) to get

(log L)*1 [min{/Q(L) from(Vv)dx :v—z € Wol’d(Q(L);Rm), v=20on Q(l)} — @%(z)}

< om0y [ Sron(V0)dr— [ gl (99 ]

= (g L)d_l /Q(L)\{Vu—o} {fhom (%> - f}ﬂ,m ( ;; )} |Vﬁ|d &

<(og L)'y [ Vol ds
Q(L)

< Clog L) 'n From (VD) dz
Q

L)
= Cn(log L) ¢} (2) < Cnlz|”.

At this point we can repeat the same argument choosing ¥ minimizer for
min{/ from(Vv)dx :v—z € Wol’d(Q(L); R™),v =0 on Q(l)},
Q(L)

which proves the other inequality in order to get our claim. Finally, passing to the limit as L — +o0o

in (5.13) we get
lo(2) — " (2)] < Clz|?

for every T' > T;, and z € R™; then the conclusion follows by the arbitrariness of 7. Since, by
definition, T < T+ for every T > 2, the convergence is monotone and the proof is concluded. [

Remark 5.4. By Proposition i1), letting L — +o0 in (5.12) we get

07 (2) = " () S Ol + 2197z = 2] (5.15)
for every T > 2, and for every z,2/ € R™, and then {¢”}r are locally equi-lipschitz continuous
functions on R™.
6 Asymptotic analysis

This section is devoted to the proof of Theorem [3.4, We fix {€;};,{0;};,{r;}; positive sequences
tending to 0 as j — 400 and such that

exp(—(8%)T7)

Jim 2 =0,  lim =1 (6.1)
Jj—+oo T J—+oo ]
for some y > 0. We immediately observe that (6.1)) implies
S
. |logr;|t— . (IOg(FJj))
dim —=— =1 and Jdim ———— =1,
Jj—+o0 5]' Jj—+o0 | log Tj|
which, in turn, yields
5, \\1-d
i 8B (6.2)
j—too 54 7 )
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6.1 Auxiliary results

The main ingredient of our proof is the following ‘joining lemma on varying domains’, which is a
variant of that originally devised in [8]; see also, e.g., [44]. This is used to modify a sequence with
equi-bounded energy so that constant Dirichlet boundary conditions are imposed on several concen-
tric dyadic ‘frames’ surrounding the perforations. To make the construction more transparent and
consistent with the discrete case, we consider frames with side-lengths that are multiples of €, that
corresponds to the spacing of the cubic lattice in the discrete setting.

Lemma 6.1. Let T, k, N be fized integers such that T > 2,2 < k < N—3, and let {S;}; be a sequence
of positive integers such that

O
r2N%i < 5 (6.3)

for every j € N. Let uj € A, (5 R™),j € N, be a sequence such that u; — u in L*(;R™) for some
u € WH(Q;R™) as j — +oo and let

1
Z,(Q) = {z € 29N = Qs distoo (i35, 2%) > 5j} (6.4)
J
for every j € N. Assume that
lim =L =0 (6.5)
J—+oo Ty
and
sup TFET]_ (uj) < +o0. (6.6)
J

Then, there exists a sequence wj € A, (;R™), j € N, converging to u in LA R™) as j — +oo with

the property that for every j large enough, for every i € Z;(Q2), and for every h € {1,...,5;} there
exists k; p, € {0,...,k — 1} such that, having set

Oyt i= Q(ity, | 22V bn | )\ Q iy, [ Lokt ey ), (6.7)

J €j

ih 375 o Nh—k; J
. |29 ihles,
pJ \;4 E]' J

the following hold:

wj = u; He,-a.e. on '\ [ U C;’h], (6.8)
iGZj(Q)
he{l,...5;}
wj = u;h fie, -a.e. on Q(id;, pé’h +¢,T)\ Q(id;, p;’h —¢g;T), (6.9)

|52 (uj) = FL (wy)] <

= Q

(6.10)
for some C > 0 independent of j.
Proof. For every j e N,i € Z;(Q), he {1,...,5;}, and l € {0,...,k — 1}, consider

cit = iy, | B ) \@(ioy, | D2V ),

J J

37r;
h Nh—1
P = b;j? ijv

ih 1 d



We define the open sets C’;lhT as

CJllhT Q(i% i%QNh*lJ € —€j )\Q( {ZJ:QN’L*ZAJ@WLE],T)’

J

and cut-off functions X;? e O (C;lhT) such that

0<x""<1  onRY,
i h —,. .
X =1 on Q(idj, plf +&;T) \ Q(idy, plf; — &;T),
ih| o C d
o < S R,
|VX],1| = on

We remark that, if we assume that j is large enough, then CJ p.r and X l are well defined for every
i€ Zj(Q),h e {1,....,8;}, and | € {0,...,k — 1}. It suffices to note that, by a straightforward
computation, the inequalities

[gQNh_lJ g;—¢g;T > p;-ﬁl +&;T and pgﬁl —&;T > LgQNh_l_lJ gj+&;T

J J

are satisfied for every h,! provided that r;/e; > 4(2T + 1), which holds for j sufficiently large in light
of the assumption (6.5)). Similarly, the estimate on |Vx;7| follows by
¢ c

e
J

|VX1 h —
(L—;WWL—ZJ €5 — ejT) —(ply+¢;T)  Pi

Let then o
w;:l( x) _le( ) —i—(l—le( x))u;(x) for i ,-a.e. x € Q.

We aim at estimating CT"T( ;7, CZ h) Using Remark i), we get

h
7 ll)us

T 7w 1
5T (' //C S (o 4 2,€) — 0l () dia, (@) dp (6)

/M& (et e®) — el @) e, @) dua (). (61)
(CE)ue, (6)

By definition, we have
wh (w+e€) —wh (x) = (ub) —uj(z+e;8) () (@+e;€) = x5 (@) + (1= x5] (@) (uj (@ +e58) —us(2)),

and then, by the estimate on ij’;L, it holds that
i,h i, d ish d| & | d
Wi (@ 256) = Wil @) < Ol s+ €| Ee]+ O+ 258) — us (@]
Jil
Substituting in (6.11)) and recalling (G1), we obtain

57 (Wi, O < p B(T)Ms € o ) = (@ + £5€)| dpie, () dpa (€)
gl i Juej
e / me [ it 15 50~ (0 )
<o / Mk (©) [l =@l di )

e / M / i (2 + £56) — 3 ()| e, (&) dpn (€), (6.12)
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where in the last inequality we used that, upon assuming j large enough,

disto (C1, Q) > 53' > (T + 3Vd)e; (6.13)

VU

in light of (6.3), (6.4), and the fact that £;/9; — 0; and therefore C]’Zh + ;& C Q for every £ €
B(T),ie Z;(),he{l,...,S8;},and 1 € {0,... .k —1}.
For the sake of convenience, we introduce the sets

,
Pi=Q(i0;,4| LoNh-tt \Q(id;, = | LaNr-l=11g ), (6.14)
(10,4 22471 e ) V@ 10, 5 22V e)
and we note that, in light of -, it holds that
. (ER
pey jﬂlh) < 2+1 (6.15)
He; (Cj:l )
and that
Col + QT + 3Vd)e))
. T5 _ T
= Q(id, b{z“ ej + (T +3Va);) \Q(zaj,[ NI oy (T 4 3Vd)e,)
J
CECQ (6.16)

for every j large enough and for every ¢, h, (.
To estimate the first term in (6.12]), we apply the rescaled version of Poincaré-Wirtinger inequality
in Proposition with

o =g, T = {%2]\”’4_15@ xg = 10;,
1 i,h . A 1 i,h .
A= —————(Ej) —id;)) =Q#)\Q(1/2), A= —"——(Ci} —id;).

{QQNh—ZAJE {QQNh—l—lJE
€5 J €5 J

Note indeed that, given ¢ as in Proposition 4.3} for j large enough we have ¢; < UoL QNh=l= ljej

for every h,l by (6.9 . Upon choosing j large enough it also holds that r; oNh—l=1 < 2ph , for every
h,l; then, combining this observation with ( and (| -, we infer that

ih ih
Ltk =@l @) < [ = @ da @

J»l il
) Ei’h d )
gcw Vg oNh—1— 1J ng(uj‘,E;-’lh)
He; (Oj:l €j ’
NG b Pl d .
2 2y » T 7,
< c(gi) G, (uj, B < C(%) 7 (ug, B, (6.17)
J J

where C depends on the Poincaré-Wirtinger constant of Q(4) \ Q(1/2) and is independent of all the
involved indexes.

Now, we estimate the second term in (6.12]). By (6.13]), we are in position to apply Lemma
with
g = Ej, A= C’]2 lh,
and this, combined with (G1 , and - ), yields
M) [ a6 = (@) de, (@) i ()
Br 3

gt

<o [ M + 16 1 (©) ey o5, )
SR (6.18)
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where, also in this case, the constant C' does not depend on the involved indexes.
We substitute (6.17) and (6.18)) in (6.12) to obtain

FL(why, Oty < CFL (uy, L)),

and we deduce

|FL (uy, C7) — FL (wy, O < CFF (uy, BT, (6.19)
Since the sets C’ lh are pairwise disjoint, by construction it follows that the sets EZ‘ mutually intersect
at most four at a time when ¢, h are fixed and [ ranges in {0, .. —1}, and
k—1
i B , oIt —k— i B
U By C Q(id;, ;2N\ Q(idj, 2N TR gl /2) = B
1=0

Hence, summing over [ € {0,...,k — 1} in (6.19), we obtain

h i.h ik ih
Z|§T (uj, C3') = FL(wi), CoP)| < CFE (uy, EY"),

and therefore, there exists k; 5, € {0,...,k — 1} such that
T h T Cy h
|3’sj(u],C’;k h) Je ( Jk b ]k‘zh)l— k ( El )- (6.20)
We obtain that conditions , ., and are satisfied choosing
i,h i,h ih . ik i,h
O _C kin? U '_uj,ki,h’ p] _p]kuﬂ

and

J.ki,n

w (z) for He,-a.€. T € C;’h, i€ Zj(Q),hed{l,...,5,;},
w;j(x) = .
u;(x) otherwise.

. . " . ih = ih . ih
Indeed, is satisfied by definition and, since 7 =1 on Q(id;, p;" + ;1) \ Q(ids, p;" — &5T),
follows. Since k < N — 3 by assumption, we have that

,rijhfkfl o 5]/2 > ,rj2N(h71)+1
for every h provided that ¢;/r; < 1; hence, for j large and for fixed i € Z;(12), the sets E;’h,h €
{1,...,5,}, are pairwise disjoint. Moreover7 by assumption (6.3]), we have that E;h C Q(id;,0;) for

every j,i, h, and therefore the sets E are pairwise disjoint also when ¢ ranges in Z;(£2). Resorting

to and ( , in virtue of the assumptlon , we obtain

zh i,h
5L () = FL (wy)| < Z\ (uy, C7") = FL(wy, CFM)]|
i€Z;(Q) h=1
C i »
<O Seten,
i€2;(2) h=1

C C
< E?ETJ-(UJ‘) S5

which proves (6.10).

Finally, we prove that w; — u in L4(Q;R™). Since u; — u, we prove that u; — w; — 0. By
and the definition of w;, we have

lim w; —w;|*dr < lim —uzhdd:c
Jim [ g =yl de < i zz/m

Q)h 1

o . zhd
*jllrf Z Z /Lh | dpe,, (6.21)

i€2Z;(Q) h=1
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where, in the discrete case, the last equality follows identifying the function u; with a piecewise
constant function and using that r;/e; — +o00. Using (6.3) and ( -, we obtain

ih ~ih =ih
¢! /C g =t dpe, < C(phy, )T (g, BYY) < 61T (g, BT,

and then, summing over ¢ € Z;(Q2) and h € {1,...,5;} and substituting in (6.21)), we infer

jEToo/QMJ w;? do < C lim 8357 (uz) =0

by . This concludes the proof. O

The following lemma allows us to obtain our strange term as the sum of the contributions to the
total energy occurring near the perforations.

Lemma 6.2. Let u; € A, (;R™),j € N, be a sequence such that uj — u in L(Q;R™) as j — +o0

with w € WH4(Q;R™), and let T,k,N,{S;};, and {u; J}] be as in Lemma |6.1| for every j large
enough and for every i € Z;(). Assume that

r2N%i < % < 2N (6.22)
for every j € N, that
lim =0, (6.23)
J—r+oo ]
and
sup(FL (uy) + [lusll Lo (@mm)) < +00. (6.24)
J

Then, letting o be defined by (5.2), it holds that

hm Z 53T ( ZS /cpT(u)dx.
Q

ZEZ

Proof. To simplify the notation we set Q; == Q(id;,0;). Using (5.15) and ([6.24)), the following estimate
holds:

> 6w~ [ Tl

ZEZJ(Q)
i7Sj
- > /,«oT(uJ >—¢T<u>>dx—/ 7 () da
i€z;( Qj NUiez; o) 95
> / ) de+ Y / — " ()| da
i€Z; Q) i€ (Q

—|—/ _ o7 (u) dx
Q\Uier(sl) Qj

<C Z /1|ls —uj|de+C Z / ;i — ul|dx

i€2;(Q) i€Z;(9)

+/ _@T(u)dx =: A}+A§+A(j~
NUiez. (o) @

We have
A7 < Olluy — ull prmmy,
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which tends to 0 as j — +oo by assumption. Moreover, using (6.24) and the fact that

‘Q\ U @i|-o

i€Z; ()

as j — +0o, we infer that A% — 0 as well.
To establish the claim, it remains to prove that A; — 0 as j — 4o00. Arguing as in the last part
of the proof of Lemma we have

. 0,5 S
jEToo Z /Q luy™" — | da = hm Z / v _ wy| dpse; -
i

i€Z;() i€Z;(Q)

By Holder’s inequality we get

_ 1
Z / Z.S — uj| dpe, <<€ Z (Mej(Q;))l_é</Qi |u;‘7sj _uj|dd/‘5j)d

i€Z;(Q) i€Z;(Q) §
Sy d—1 i a
A8 ¥ ([ 1w
J i€Z;(Q) j
1
_ 1,5 d
=0t Ny (E?/i ™ —uj\ddugj) . (6.25)
i€2;(Q) @5
By the first inequality in (6.22]) we have C;’Sj C Q;, where C’;’Sj is as in ((6.7)); then, recalling that
iS5 _ 1 /
u" = —— _ujdu,
T e (0 Jop

we apply the rescaled version of Poincaré-Wirtinger inequality in Proposition with

. 1 i . 1 1,5 .
g =¢j, Tiéj, xoiléj, A= ;(ijzéj):Q(l), A/ZK(OjS 72(5]‘).
J J

Note indeed that, given o as in Proposition we have ¢; < 0(¢d; for j large enough since ¢;/6; — 0
as j — +oo in light of (6.23)). We obtain that

Ge, (uj, Q;)

d &

< 64 2

>~ J (2d _ 1)(Tj2NSj7ki*Sj71)d
< C2BNGIG (uy, Q)),

; IU’SJ (C] )

GEj (uj7 Q;)

where C depends on d and on the Poincaré-Wirtinger constant of (1) but it is independent of j and

1, and we used that

Tj2NSj—ki,sj -1 5j2—2N+2

in light of the second inequality in (6.22)) and the fact that 0 < k; 5, < N — 4. Hence, we obtain
i,8; ;
6?/ ) |’U,]» T = ’U,j|ddp,5j S C(s]dGEJ (ujan)v

with the constant C' independent of j. Substituting this inequality in (6.25)) and using the concavity

28



of the function z — 2z, [@.5) and (6.24), we conclude that

Sl [ i, <08 Y 65(G (@)

i€2;() i€2;(Q)

< CHHZQ) V(Y e, (u.Q))

and we conclude that A} —0asd; — 0. O

Finally, we recall a lemma that asserts that the asymptotic analysis can be reduced to sequences
of functions that are equi-bounded in L*°, see [5, Lemma 6.2] in the continuous case and [44, Lemma
7.2] in the discrete case.

Lemma 6.3. Let T > 2 and u; € Ao, (Q;R™),j €N, be a sequence such that

J

SQP(?ET(UJ') + llull Larmy) < +oo.
j

Then, for every > 0 and L € N, there exist a subsequence (not relabeled), a constant Ry, > L and a
1-Lipschitz function tr, : R™ — R™ such that t(2) = z if |2| < Rr, tr(2) =0 if |2| > 2R, and

lim inf 57 (7 (uj)) < liminf 37 (u;) + 1.
oo i j—+oo0 I

6.2 Proof of Theorem 3.4

For the sake of exposition, we divide the proof into three steps.

Step 1. Let 7' > 2 be a fixed natural. Let u € Wh4(Q;R™), u; — u in L4(Q;R™) and, without
loss of generality, suppose that sup; FE:C (uj) < +00. We claim that

lim ians(uj) > /Qfﬁ;m(Vu) dx —|—’y/ﬂ o" (u) d, (6.26)

j—+oo

where fil and ¢T are defined by (4.7) and (5.2), respectively.
In a first instance, we further assume that

sup || || Lo (@rm) < +00. (6.27)
J

Fix k > 2 natural and n € (0,1). Applying Proposition ii) with L = 2N¥** we have that

(log PR )d71W§N+k

T —1 as N — +o0
2

uniformly on R™ \ {0}. Recalling that 2y, (0) = ¢”(0) = 0, we deduce that there exists N* such
that
(o8 2%) 1 (2) > (1—m)g™(:) i N > N° (6.25)

for every z € R™. Then, we fix N > max{N*, k + 3}. Similarly, applying Proposition i), with
¢ =1and L =2V*t* we have

T
P12N+k o
T
PoN+k

uniformly on R™ \ {0}, and therefore there exists o* < 1/T" such that

—1 aso — 0

lonerg(2) 2 (1= n)ghunn(z)  ifo<o’ (6.29)
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for every z € R™. Since k is fixed and €;/r; — 0, we assume that 2’“€j/rj < o* for every j € N.
We apply Lemma with T, k, N fixed as above and a sequence of naturals {5;}, such that

.
TjQNS]‘ < 5-7 S ,rj2N(Sj+1) (630)

for every j € N. Note that, upon considering j large enough, condition (6.30)) is compatible with the
choice of the parameter N since d;/r; — +00 as j — +o0o. We obtain functions w; € A, (;R™),j €
N, converging to u in L¥(£2;R™) such that, for every j large enough, we have

wj = U, Me;-a.e. on '\ [ U C’;’h], (6.31)
i€2,()
he{l,...,5;}
wj = u;h fte,-a.e. on Q(id;, p;’h +¢,;T)\ Q(id;, p;’h —g;T), (6.32)

FT (uy) > 97 (w;) - & (6.33)

i k
for every i € Z;(Q2), h € {1,...,5;}, and some C > 0 independent of j.
We set -
Bi= | QU™
iGZj(Q)

and we first estimate from below the contribution to the energy of the region Q\ E;; that is, far from
the perforations that are strictly contained in 2.

Analysis far from the perforations. We define v; € Ac (©;R™),j € N, as

vj(z) ==

u;’s'j for . -a.e. x € Q(i(Sj,p;’Sj),i € Z;(Q),
w;(xz) otherwise,

and we claim that v; — u in L4(€;R™). To this end, we note that, by (6.32)) and (6.33), it holds
FL(v;) = FL (w;, Q\ Ej) < FL(u;) + C,

so that sup; F7 (v;) < 4o00. Moreover, by (6.27) and the construction of Lemma , we have

J

sup [|vj || o (;rm) < +00;
J

and then, by applying Proposition we infer that a (not relabeled) subsequence of {v;}; converges
in L7(;R™) to a certain v. Let x denote the periodic extension of the characteristic function of the

cube Q(2/3). In virtue of ([6.30)), we have

S

Ucitca(i.)

h=1

for every i € Z;(€2); hence, recalling (6.31]), we get

[

T T

uj(z) (1 - X<E)) = vj(z) (1 - X(E>> for £L¥-a.e. x € Q, (6.34)

up to identifying u; and v; with piecewise constant functions in the discrete case. Since x(-/;)
weakly*-converges to the constant (2/3)¢ in L>°(Q;R™) and since u; — u,v; — v in LY(Q;R™), we
pass to the limit in to infer that v = v £%a.e. on Q.

Using now that v; — u and resorting to Theorem we obtain

j—+oo i

liminf 57 (1, 2\ By) = liminf 57 (v;) > /Q SV da, (6.35)
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which is the desired lower bound.

Analysis near the perforations. Now we perform the asymptotic analysis on E;.
Fix i € Z;(2) and let

0 if 2 € Q(p}" +¢,7T),
ih L . i,h i,h+1 ra)
wi(z) = wj(x + ;) — u; if z € Q(p; —€j )\Q( "),
u;’hﬂ - u;h if z € Q(p; phtl _ e iT)e,

for every h € {1,...,5;—1}, where the equality is valid for p.,-a.e. € R%. To deal with the Dirichlet
boundary condition imposed on the perforation, we let

0 if x € Q(ry),
w(z) = {wi(z +id;) itz € Q) — ;7))\ Q(ry),
u;’l if v € Q(p;’1 —&,;,T)°,

where the equality is valid for p.,-a.e. x € R<. We observe that 7;27% + ¢, < r; for j large enough;
hence, it also holds

w -

J ,1

o {O for pie,-a.e. x € Q(r;27% +¢;T),
u; for pe-ae. x € Q(p;’1 —¢g;T)°.

We have

5T (wy, Qi85 py™)) > FT (w;, Q(id;, pi*) \ Q(id;, ) Z&f w;, Q(id;, p" )\ Q(id;, pi™))
= I (W%, Q) \ Qrj2 " Z w?™ Q" \ Q™)

T i,h+1 i,h
> : § — M.
Z Prinon it ‘F’p;h,p; SEACH u)

For every j large enough, it holds .
Tj2Nh_k S p;uh S T'j2Nh
for every i € Z;(Q) and h € {1,...,5;}; hence, using Remark [5.1{(vi) we infer

S;—1

T . i,5; h+1 ik
g’ugj (U)jaQ(Z(Sjypj Z SOT ONh—k p ON(h+1) ¢ ( . u; ),
h=0

where we let u;’o := 0. Upon setting

ol i= SLo~Nhtk e N, he{0,...,5; —1},

J ,
Ty
we apply Remark [5.1|v) to get
T ih+l  ihy _ T ihtl ik
Prjann povoen o (0 —ugt) = PranNtk gh (uy™ = ug™)
for every h € {0,...,S; —1}. As a consequence, we obtain
T o 08, i h+1 ish
?ej (wijWSj’Pj Z 901 2N+ aj' Uy )-

31



We note that a;? < 2kg;/rj < o* for every j € Nand h € {0,...,S; — 1}. Then, using (6.28) and
629), we get

T (w5, QU85 p™)) = (1= 1) Y e (w1 — ")

- i ht1 ih
> (1—n)*(log2V) =4 Y~ " (" —up"). (6.36)
h=0
Now, recalling that ué’o = 0, we observe that
S;—1
Z (u;,h-‘rl uz,h) — S; uz,O — SJ’
h=0

and therefore, using that the function ? is convex and d-homogeneous (see Remark iii),(iv)), we

have
Sj —1 iasj

ih ih Y - iS5
> WM ) 2 8567 (S) = 51T ). (6.37)
h=0

We substitute (6.37) in (6.36]) and recall that S;log 2" < log(d;/(2r;)) by the first inequality in (6.30]).
We obtain

. 1,55 _ %,S 6 1—-d i.S
FL (w;, Qidy, ™)) = (1= m)2(8; 1o 2Y) 6 (™) > (1 =m)? (log (52 ) ) " (u)"™).
J

Summing over ¢ € Z;({2) we get

ljlinﬁg?. (w;, E;) = hgllIolof Z wj,Q zéj,pj )
1€Z5(Q)
§:\y1—d o
271 : J T/ 1,5,
> (=it 37 (los(5h)) 05

o d T 1,55
= (L=n)liminf } 505" (u;™),

1€2;(Q)

where the last equality follows by (6.2). Since {u;}; is bounded in L*>(Q;R™) by (6.27), we apply
Lemma [6.2] and we infer

liminf 37 S (wy, Ej) > (1 - 77)2’}//QQDT(U) dx. (6.38)

Jj—+oo

Substituting ([6.35)) and (6.38)) in (6.33]), we obtain

C
hmlan (uj) / fiton (V) dz + (1 —n) 'y/ o7 (u) dx — -
Q
and we infer ([6.26)) by letting first n — 0 and then k& — +occ.
To conclude, we prove the claim removing the assumption (6.27). Let u € Wh4(Q; R™), u; — u in
L4(Q; R™) and suppose that sup 92; (u;) < +oo. By Lemma/6.3) and the lower bound we just proved
for a sequence bounded in L>(Q2;R™), up to extracting a not relabeled subsequence we have

liminf 37 (u ;) > liminf F7 S(to(uy)) —n

Jj—+o0 Jj—+oo

i
2/Qfg;m(tL(u))dx+7/Q<,OT(75L(U))d$—77a
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and then, letting L — 400, we get

hmlnffF L (ug) /fhom dx—l—’y/ ol (u)dz —n

J—+

The conclusion follows by the arbitrariness of 7.

Step 2. Let T > 2 be a fixed natural and let u € WH4(Q;R™). We prove that there exists a
sequence u; — u in L4(Q;R™) such that

hmsupF uj)g/fg;m(Vu) dm—i—’y/apT(u) dx. (6.39)
Jj—+oo Q Q

Fix Q a bounded open subset of R? with Lipschitz boundary such that Q C Q and, by Theorem.
consider a sequence u; € Ay, (€;R™), j € N, converging to u in L4(Q; R™) such that

lim 3"_ u], /fhom (Vu)d (6.40)

Jj—+o0

It is not restrictive to assume that w is bounded and then, resorting to Lemma [6.3] we may also
suppose that
SUp [|U; || oo (@,m) < +00- (6.41)
J

As in the first step, we fix k¥ > 2 natural and n € (0,1), and we use Proposition 1) with
L = 2N~F to obtain that there exists N* such that

(log 2M) 1Ty (2) < (1 +m)e™ (2) if N> N* (6.42)

for every z € R™. Then, we fix N > max{N*, k + 3}. We apply Proposition (z) with ¢ = 1 and
L = 2N~F to obtain that there exists o* < 1/T such that

lonigz) S (L Mphvs(z)  ifo <o’ (6.43)

for every z € R™, and we assume that ¢;/r; < o* for every j € N.
We apply Lemmato the sequence {;}; on Q, with T, k, N fixed as above and {S;}; a sequence
of naturals such that

P NS5 < % < 2N+ (6.44)

for every j € N. We obtain a sequence w; € .Agj(ﬁ;Rm),j € N, converging to u in Ld(ﬁ;]Rm) such
that, for every j large enough, the following hold:

w; = Uj He;-a.€. on (NZ\ [ U Cjzﬁ]’

i€Z;(Q)
he{l,...,5;}
~i,Sj aYn i,Sj
wj =, pe;-a.e. on Q(idj, p; ™" +&;T) \Q(zdj,pj —¢e;T), (6.45)
~ C
FL (wy, Q) <357 (w,Q) + - (6.46)

for every i € Z; ((NZ) and some C' > 0 independent of j.
In analogy with the first step, we let

. 1,5
E; = U Q(Z(sjvpj ’)
1€2;(9Q)

and g
Ep= | Q7))

i€Z;(Q)
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and we start by defining our recovery sequence on € \ E'j.

Analysis far from the perforations. We set

uj(z) == w;(z) for pic;-ae. o € Q\ Ej,
and observe that by (6.46]) we have
~ ~ .~ C
FL(uy, 2\ Ej) < FL(wy, Q) <FL(u;,Q) + o
Hence, by (6.40|) we obtain

~ C
limsup F7 (u;, Q\ E;) < / il (V) do + —, (6.47)
Jj—+o0 ! Q k

which is the desired upper bound.
Analysis near the perforations. Now we further modify the functions {w,}; near the perforations

that are far from dQ. Recalling the definition of Zj(ﬁ) in (6.4), upon assuming that j is large enough,
we have that

1 ~
yAde 52 C 7)),
J

hence, this amounts to modifying the functions {w;}; on all the perforations of €, including those
that intersect 02. B '
For every j € N, i € Z;(Q), and h € {0,...,S; — 2}, consider ﬁé’h € A, (R%R™) an admissible

. - T ~i,S; )
function for the minimum problem PrjaN p aN (D) o) (uj /S;) such that

—i,h - ~i,5;
g'g: (Uj ,Q(TjQN(h+1)> \ Q(,erNh)) < (1 + n)(pzﬂj_zNh’rij(h,Jrl)’Ej (uj /Sj) (648)

The case h = S; — 1 has to be treated separately taking into account that p;’sj differs from rj2NSJ'.

I Y= | . . .
In such a case, we consider v; 7T E A (R4 R™) an admissible function for the minimum problem

T (ﬂ;’sj/Sj) such that

1y 6.8
‘Prj oN(8;-1) 7p; i e,

(@™ /8;). (6.49)

Tj sE5

_,8;—1 i,Si\\ A _
FL @ QUTNQr2Y ) < (L me! e, s,

For every h € {0,...,5; — 1} we let

h _is

d
?ui for pie;-a.e. x € RY,
J

b\ . —ish ,
v (x) =0 (x — i05) +

and we note that, by the admissibility of E;’h, we have

h _is; =
_ 5.4 fte,-a.e. on Q(id;, ;2N +&;T),
U'{,h _ J
J h+1_s, .
Siu;.’sj fie;-a.e. on [Q(id;, ;2N (AFD — 2 T)]e
] :

for every h € {0,...,5; — 2} and

S, — ]-~i,S- — . o
S _ ]Sijuj 7 e,-a.e. on Q(id;, 12N = 4 .7,
i =
~i.5; s, .
wy ie;-a.e. on [Q(id;, p;™7 — e;T)]°.
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For every i € Z; (€), we set

v;-’o(x) if x € Q(id;,r;2N),
uj(z) = v (x) if z € Q(id;, 72N\ Q(id;, 7, 2NM), h e {1,...,5; — 2},
vy ) it e € Qid), p; ™)\ Q(id;, 2N D),

where the equality is valid for . -a.e. € Q(id;, p;’sj ), and we observe that
uj(z) = v0(x) =0, for pe,-a.e. x € Q(id;,r;). (6.50)

We now estimate the energy near the perforations that are far from 9. Recalling ([6.48) and

(6.49), we get
5;-2

F7 (uy, Q(idj py™)) = > FE ", Qs 2N M)\ Q(isy,r2N))
h=0
+ 97 (0757 QUidy, py ™) \ Qid;, ;2N S 7))
}jﬁT Q2N )\ Q(ry2)

+ s"T @77 Q( ™)\ Qry2Y &)

S;—2
~1i,5 ~i,85
< Z (1 + n)‘Pz;zNh,rij(thl),gj (u; ]/S ) (1 + 77)9070 N(S; —1) l Sj ey (u; ]/Sj)
h=0 ] J
S;—1
~i,5,
< (L4n) D @l ownpyovainn o, (@7 /S)), (6.51)

h=0

where the last inequality follows by Remark Vi) and by the fact that, for j large enough,

i,5; _ {3 T oNS;—kis; J NS;—k
; g5 > 152
Pi dey

for every i since k; 5, < k — 1. Upon setting

h €jo—Nh .
o} ::7;2 , jeNhe{0,...5; — 1},

Remark [5.1|(v) yields
. (@™ /5)) = @1 gw-r o1 (@™ /)
PrjoNh g oN ) —k o A\Uj J Pran—k on\U; i)

and then (6.51]) can be rewritten as

8,1

. i,S5 ~i,S;
7, Qs p57)) < (Lt 1) D @l e o (@77 /85).

h=0

As oh <e;/rj < o* for every j € Nand h € {0,...,S; — 1}, we use (6.42) and (6.43) and we employ
the d-homogeneity of ¢’ to get

FT (uj, Q(i6;, p7 ™)) < (1+1)28 05w (@)™ /5;)
< (1+m)38;(log 2V) AT (@0 /8;) = (1 + 1)*(S; log 2V) 14T ().
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By the second inequality in (6.44])), we have

5.
S; log 2V > log(—J ) —log 2V
27“]'

for every j € N; hence, taking into account that d,/r; — +oo as j — 400 and that N and 7 are fixed,
it is not restrictive to suppose that

5.
S;log2™ > (1+19) =3 10g<—g)
27"j
for every j € N. We obtain that

0.5 0. 1-d i S
FL (s, Q0 0y ™)) < (1 +m)* (og(52)) (@ ™).

Tj

Finally, we sum over i € Zj(ﬁ). By (6.41)), we are in position to apply Lemma and then, also

using (6.2)), we get

lim sup 7 (uj,Ej)zlimsup Z EFZ](UJ7Q(Z(5J,pJ )

j—+oo Jj—+oo |

lEZj(Q)
. S \\1=?% o g
< (1+m)*limsup Y (log(f)) o7 (@)
j—=4oo ~ Tj
i€Z;(9)
. ~i,8;
:(1+77)4h_13ig§ >yl @)
J i€Z;(%)
= (1+77)47/~<,0T(u) dz. (6.52)
Q

Using (6.45) and combining (6.47) and (6.52), we conclude that

lim sup 2. ,(uj) = limsup (F; (u],Q\E ) —&-?ETj(uj,Ej))

Jj—4o0 j—+oo

C
T 4 T
S/ﬁfhoqu)dH(Hn) 7/690 (e + <,

and (6.39) follows by the arbitrariness of 7,k and € and the fact that, in virtue of (6.50)), {u;}; is an
admissible sequence for {F};.

It remains to verify that u; — u in L4(€; R™). By construction, we have

j—+o Jo j—+ J |

= lim g
j—+o0

i€Z;(Q)

= lim g €] / lu; —w;|¢ dpe,
. i, Wi J €5

Jj——+oo Q(iéj,p.'SJ) J
i€2;() i

lim / luj —w;|?de = lim luj —w;|* d
i

5 luj —w;|* da

Qis;,p7")

By (6.45) we have that u; —w; = 0 pe;-a.e. on Q(id;, pj-"sj) \ Q(id;, p;’sj —¢;T) for every i € Zj(ﬁ).
Therefore, we apply a rescaled version of Poincaré inequality in Proposition [£.4] with

e ‘ 1 )
o =gj, T:pj’sf, xo = 105, A= ﬁ(Q(zd ) —1d;) = Q(1),

J
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and we obtain

lim / - —w;|?du..
j—+o0 Z Q(Z§J,pJ J €j

i€Z; Q)

<C lim Z (pj’ J)dGEj (uj - wjaQ(i(sjvp;Sj))

j—+oo 5
i€Z;(9)
<O im0 D (el QUisy ) + G, (0, Q008345 ™)

i€Z; ()
< C lim §4TT (uy, By) + T2 (w;, @) = 0

Jj—+oo

in light of (6.40), (6.46)), and (6.52). Taking into account that w; — u by Lemma we infer that
Uj — U.

Step 3. In the first two steps we proved that, for every T' > 2 natural, it holds

- lim FT /fhom Vu) der’y/ o7 (u) d, u € WhH(Q; R™).

Jj—4o0

Hence, resorting to Proposition Proposition u 4.7, and Proposition i1i), we obtain

Jj—+oo

- lim F, /fhom Vu) d;v—|—7/ o(u)dz,

which concludes the proof of Theorem

A Appendix

In this appendix we prove the Poincaré-Wirtinger and the Poincaré inequality corresponding to Propo-
sitions [£.3 and [£.4] with a particular focus on the discrete case. For the sake of completeness, we con-
sider a slightly more general setting. For every o > 0, A C R? a j,-measurable set, and p € [1, +00),
we let

A (AR™) i= {u: R 5 R™ :u(z) = u(e) if z € a+[0,0)%, 0 € ANoZ} N LP(A;R™)
in the discrete case and
A (A;R™) := {u: RY — R™ : u is L%measurable} N LP(A; R™)

in the continuous case. We consider reference energies

G (u, A) = / . / e 08) @ o) s €,

with 79 € (1,2) as in (GO) and u € A, (A;R™).

In the discrete case, the following lemma allows one to control interactions of pairs of points in
a possibly non-convex domain by means of interactions of pairs of points that are connected by a
segment that lies in the domain.

Lemma A.l. Let A C R? be a connected set which is finite union of open rectangles A = UN_, Ap,
with N > 2 and such that

Ay N Ap1 NoZE# 0 for every h € {1,...,N —1}.

There exist positive constants oy and C depending on Ay, ..., Ax such that it holds
N
> > > u(e) —u(B)P <CNPFLY " N o lu(e) —u(B)P
1<j<l<N a€c(A;\Ag)NoZ BE(A\A,;)NoZ? h=1acA,NoZd BEAL,NCLE

for every o < o9 and u : AN oZ — R™.
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Proof. We consider Q1,...,Qnx—1 open cubes with sides parallel to the coordinate axes with the
property that Qn C Ap N Apyq for every h € {1,...,N — 1},

1
(@il = =1Q@n-1] 2 gmin{[Ap N Apya|: he{1,.... N - 1}},
and
C(o) :=#(Q1NoZ) = = #(Qn-1 NoZY
for every o small enough. We label the elements of each set Q, NoZ? as {q},... ,qg(a)}.

We define surjective functions
It ApnoZ® - {1,...,C(0)},  he{l,...,N},
such that

o d
#1 () < [FE ]

for every h € {1,...,N} and k € {1,...,C(0)}, where we let [2] denote the upper integer part of x.
Upon assuming that o is sufficiently small, we can then suppose that

B IRY) < 844/ min{| A N Apa| s he {1,..., N —1}} (A:2)

for every h € {1,...,N} and k € {1,...,C(0)}.
Let 1 < j < ¢ < N and consider points « € (4; \ A¢) NoZ? and B € (A, \ A;) N oZ%. We define
the intermediate nodes that shall allow us to connect these points. We set

I,(B)

q; if k is even,
Pjtk = JI—F(’;) ke{0,....0—j5—1}.
Tk if k£ is odd,

For sake of notation, it is convenient to set

n(j0) = / if £ — j is even,
POV 041 0= is odd,

and
pPj-1 = q, Pn(je) =B
Now we distinguish two cases:
e if / — j is even, we have that p,_ = ql{i(la) and we define
A:P(O[a/B) = {Ol =Pj—-1,DPjs---Pt—1,Pt = pn(]f) = /8}7

(@)

e if / — j is odd, we have that p,_1 = ql{‘(lﬁ), then we set py := ql{il and we define

T(aa B) = {OZ =DPj—1,Pjy--- Pt Pt+1 = Pn(j,0) = B}

Finally, we connect « and (3 using the path obtained connecting through segments the points of P(«, 3)
in the established order.
If ¢ — j is even, the path associated with P(«, 8) is made up of at most £ — j 4+ 1 segments and

[ph, Phe1] € App1r forevery he{j—1,...,£—1}.

If ¢ — j is odd, the path associated with P(«, ) is made up of at most £ — j + 2 segments and

[phsphi1] C Apy1 forevery he {j—1,...,0—1}, [pes et1] C Ay

Let us consider a segment [\, n] C A for some h € {1,...,N}. We let S(A\,n) denote the set of
pairs (o, 8) € (4;\ Ag) NoZ? x (Ag\ A;)NoZ%,1 < j << N, such that A and 1 are two consecutive
points belonging to the path associated with P(a, 3).

To estimate the cardinality of S(X, ), let us assume that £— j is even and consider (a, 8) € S(A\, 7).
Upon exchanging the roles of A and 7, we have the following possibilities:

38



(i) A=a=pj_1,n=Dp;,
(11) )‘:pf—lan:ﬂ:pfa
(iii) A = pm,n = pma1 for some m € {j,... £ —2}.

In the first case « is uniquely determined and 7 € Q;, so that n = q;-“ for a certain k € {1,...,C(0)}.

Hence, we have that
Iz(ﬁ)_

G =n=p=gq
Therefore, § € I, L({k}) and, by (A.2), the number of possible pairs (a, 3) is less than or equal to
#(I, 1 ({k})) < 8|A|/ min{|Ap, N Apiq| : R €{1,...,N —1}}.

In the second case f is uniquely determined and A € Qy_1, so that A = qf_l for a certain k €
{1,...,C(0)}. Hence, we have that

Ij(a
G =A=pr1= qej_(l ),
Therefore, a € Ij_l({k}) and the number of possible pairs («, £) is less than or equal to
#(I{l({kz})) < 8|A;|/ min{|Ay N Apa| :he{l,...,N—1}}.

In the third case, since A € Q,, and 7 € Q,11, we have that A = ¢* and n = q,k,;H for some
kK €{1,...,C(0)}, and then

I I
{qfn =g, . {q,’“n = g,
’ [.( ) ’ [{ 5
qﬁ@—i—l = anH-al ) q7kn+1 = q’rrﬁi—l)'

Therefore,
{a e LY ({K}), o {a € I ({k)),
Bel; ({k)), Be I ({K)),

and the number of possible pairs (a, 8) in this case is less than or equal to
max{# (L ({k'}) x #(L;7 ({k}), #(L7 ({kD) > #(I7 ({K)}
< 64|A;|| A/ min{|Ap N Apye| : h € {1,...,N — 1}}2.

The case £ — j odd is analogous, provided that the additional segment [py_1, py] is also considered.
For this segment, upon exchanging the roles of A\ and 7, one has

I, I;
A=pi_1 = q/_(f)7 n=p= q/_(f’).

Therefore, the number of admissible pairs (¢, 8) is bounded by
#I,7 1 ({k}) x #I7 ({K'}) < 64|41/ Agl/ min{|Ap N Apya] :h e {1,...,N —1}}7,

which is the same estimate obtained for (iii) in the case ¢ — j is even. All other segments are treated
as in the even case.
Letting j, ¢ vary in {1,..., N}, we obtain that

#SAm) <264+8) Y |A;l[Agl/ min{|Ap N Appa| s he{L,..., N —1}}?
1<j<t<N
max{|Ax|: h € {l,...,N}}
min{|A, N Ap+1|:h e {1,...,N —1}}

< N2144( )2 —: N2C. (A.3)

39



By Jensen’s inequality we have

n(j,£)—1

(@) = u(B)P =| > ulpnsr) — ulpn)|
h=j—1
n(j,f)—1 n(j,f)—1
<00 -G+ 1073 Julpnin) —ulen) P < NPT ST fulpnen) — ulpn) P
h=j—1 h=j—1

Recalling that [pp, pai1] C Apqr forevery he {j—1,...,£—1} and [p,(j.0)—1,Pn(j,e)] C Ae, and using
(A.3), we sum over o and f and 1 < j < ¢ < N to get

> >, > Jule) —u(B)P

1<j<lIN a€(Aj\Ar)NoZ BE(A\A;)NoZE

N
<Nty Y S ) - G,

h=1X€A,NoZI neA,NaZd
which concludes the proof. O

Remark A.2. The constant in is far from optimal as the paths connecting pairs of points
are not constructed following the geodesics inside A. Nevertheless, we note that such a constant is
invariant under rescaling of A as it depends on the number of rectangles Ay, ..., Ay that constitute
A and on
max{|Ax|:he{l,...,N}}
min{|A, N Aps1]:he{1,...,N —1}}’

which are unaffected by homotheties of A.

The following result is a more general version of Proposition |4.3

Proposition A.3 (Poincaré-Wirtinger inequality on union of rectangles). Let A C R? be a connected
set which is finite union of open rectangles with sides parallel to the coordinate azes A = UN_, Ay such
that, if N > 2, it holds

Ay N Apir NoZE+ 0 for every h € {1,...,N —1};

let A C A be a py-measurable set and xq € R%. There exist positive constants og and C depending
on A, Aq,..., AN, N such that, having set

Ko 1 u
(U)E T /'I’O'(E)/; d/lo

for every E p,-measurable set with pu,(E) > 0, it holds

Lo (o + TA)

— Ho P dus <

(1)”Gg(u, o+ TA) (A.4)

o
for every 7 >0, o € (0,007), and u € A, (zo+ TA;R™).

Proof. Tt suffices to prove the statement in the case xyp = 0 and 7 = 1 as the general case follows by a
translation and scaling argument. Once the statement is proved in the case A’ = A, the general case
follows observing that

1

@ = @ =g | —udne] <

= ()

/ ()l — uf? ds,
AI
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so that (A.4) applied with A = A’ g =0, and 7 =1 yield

[ 1ut@) - |w%<wnpl/w — (W P dpol@) + [ Ny = @ di (o)

/ ute) = () P do )+ 220 [ |u<x>—<u>fr|wa<x>}
P/‘L"’ d € Ma(A)i P(u
/| 9o 0) < CLEED G ),

We then prove the statement further assuming that A’ = A.
In the continuous setting, the proof can be found in [2] Proposition 4.2] and, in fact, the result
holds for general bounded open sets with Lipschitz boundary. In the discrete case we have to prove

that
d
S fu@) @l <037 Y fula+oes) — u(a)l

aEANcZ4 k=1 aecR¥ (A)
where )
(Wa=7r——mr >, ue)
#(A noZ ) ac€ANcZd
and Re(A) :={a € ANoZ%: [a,a+ oex] C A} for every k € {1,...,d}.
‘We have
1 P
_ P _ _
> fu@) = @al = 3 fule) - gra X ul)
acANoZ4 acANcZ4 BeEANGZA
1 P
= Y Ngamas 2 (ul@)—u®)
a€ANo Zd‘ #(A NoZ ) BeANoZd ‘
< — p. .
o £ X me-wr @9

aeAmaZd BeANGZ

Suppose N = 1; i.e., A is a rectangle with sides parallel to the coordinate axes and, without loss of
generality, further assume that it is centered at the origin. Slightly adapting [4, Lemma 3.6], we get

Yoo > ke —u@P< Y Y luatot) —ula))

acAneZd BEANaZd £€2ANZY qeRS(A)
d
<C P> DD Jula+oer) —u(a)?
ee2Anzd k=1aeR*(A)

< O#(24 N o7 (dlam A) Z 3 Jula+ oer) — (@)

k=1 aeR:k (A)

Recalling (A.5) we infer

3 u(a)—(u)A|p<Ci((2jQ;ZZd (dlamA) Z 3 Jula + oer) — u(@)?

a€ANcZe k=1 aecR:k (A)

S

1

d+1/¢73;

< 02977 (diam A)pg E E lu(a + oeg) — u(a)?,
k=1 aeRck (A)

where we used that # (24, NoZ4) < 29H14(A N oZ?) for o sufficiently small.



If N > 2, by Lemma we have
> > | (B)FF < (1+ NPT Z > 2 [ue@)—u@r
a€ANcZd BEANTZA h=1a€cA,NoZd BEAL,NCZ

and then, arguing as in (A.6) for fixed h € {1,..., N}, we get

Yoo Y lule)—u@)P

a€ANcZ Be ANGZ2

N . d
d Ap\P
< C(L+ONP S #( 2AhﬂaZd)<w> 3 lu(a + oer) — ula)P
h=1 7 k=1 aeR* (An)
1 oy (diam ANP
< ON(1+CNPYY4(2AN0Z )(7) 3 lu(a + oer) — u(a)P.
7 k=1aecR:F (A)
Therefore, recalling (A.5)), we conclude
1
> lu(@) = (w)al? < ON(1+ CONPH)2 (diam AP — 3 lu(ar + oe) — u(a)|?,
acANoZd 7 k=1 aeRZk(A)

for o sufficiently small. This proves the thesis for the case A’ = A in the discrete setting and concludes
the proof. O

Remark A.4. In the discrete case, the constant in inequality depends on a universal constant
coming from [4, Lemma 3.6], the scaling-invariant constant of inequality , the number of rectan-
gles that constitute A and (diam A)P. Hence, such a constant exhibits the correct behaviour under
homothety of the domain, in contrast with [I7, Lemma 2 and Lemma 3]. In particular, if we let C'(A4)
denote the constant associated with A, we have that C(1A4) = 7PC(A).

We conclude this appendix with the proof of Proposition [£.4] the rescaled version of Poincaré
inequality.

Proposition A.5 (Discrete Poincaré inequality). Let T > 1,79 € R?, and let A C R be a bounded
open set. There exists a positive constant C depending on A such that, having set

R*(E):={a € ENoZ: [a,a+ oe] C E}
for every set E such that #(ENoZ%) #0 and k € {1,...,d}, it holds
T\P d
P < (7) _ P
ae(m;mﬂd ule)” < O~ ;aeRsk >~ lu(e + oey) — u(a)|

for every 7,0 > 0 and for everyu : (vg+7A)NcZ? — R™ such that u(a) = 0 if diste (v, (o + TA)¢) < 0T

Proof. We prove the result for zp = 0 and 7 = 1 since the general case follows by a translation
and scaling argument. We argue associating to any admissible function u a piecewise-affine function
obtained by linearly interpolating the values of u on a triangulation of the lattice ¢Z¢. For the sake of
simplicity, we prove in detail the case d = 2 and we remark that the same argument can be generalized
to any dimension resorting to the Kuhn’s decomposition of a cube [35] (see for example [6]).

We identify u with its extension to the whole 0Z? that equals zero outside A N oZ?2. We set

T~ = {(v1,22) € [0,1]% 125 <1 — a1},

T‘Jr = {(zl,.’ﬂz) € [0, 1]2 L X2 2 1-— 1'1},
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and, given any admissible function u : 0Z2 — R™, we define ¢ : R? — R™ as

u(a+ oer) — u(a) u(a+ oes) — ula)

() = u(a) + . (x1 —ag) + p (xe —ag) Hfzrxeatol,
W(z) == u(la+o(er +e2)) + uatole+ 620)) —ulatoes) (r1 —ag —0)
+u(a-i—a(el+620))_u(a+061)($2_a2_0) ifoeadtolt

for every a € ¢Z?. By the boundary condition on u we infer that @ € Wol’p(A; R™). Hence the
standard Poincaré inequality holds and we have

/A i) da < C /A V()P da. (A7)

Let us set P21 := a + 0P, and P2? := a + o P, where
Py ={(z1,22) € R?2:0<a2<1,—21<z5<1 — 1},
Py ={(z1,22) € R2:0<z3<1,—z5<z,<1 — o}
One can easily show that

Oe, () = ula +oex) — u(oz)’ for every a € 0Z* k € {1,2}, and x € Pg’k,
o

and since |P2!| = |P2?| = 02, we get the following estimate

/ |[VaP < C/ |0c, U|P + |0ey0]P da
A A

=C > (/PSIHAaela|pdx+/Pg‘2mA862a|pdx)

acANcZ?

:022: Z Uz‘u(a—i-aek)—u(a) ‘P. (A.8)

k=1 aeR3k(A) 7
On the other hand, we have that

Y Flu@P= ) 02|ﬁ(a)|p§C/A|ﬁ(x)|pdm (A.9)

acANocZ? acANocZ?

for a positive constant C' independent of ¢ and u. Hence, combining (A.7)), (A.8)) and (A.9)) we obtain

Y cCh@p <oy Y o[tz

o
a€ANcZ? k=1 OtGRf;k (4)

p

)

which is the thesis. O
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