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Abstract. We establish new well-posedness results for transport and flow equations driven by contact vector
fields on Carnot groups. The velocity fields are assumed to have horizontal Sobolev regularity, namely Sobolev
regularity only along the horizontal directions determined by the stratified geometry of the group. In the broader
sub-Riemannian setting, results of this type were previously known only for Heisenberg groups. Our proof relies
on the theory of renormalized solutions as originally introduced by DiPerna and Lions in the Euclidean setting.

1. Introduction

In this paper, we establish new well-posedness results for the transport equation

(1.1)


∂u

∂τ
− ⟨b,∇u⟩+ cu = 0 in (0, τ̄)×G

u(0, ·) = u0 in G

and for the flow equation

(1.2)

{
Φ̇(τ, p) = b(τ,Φ(τ, p)) in (0, τ̄)×G
Φ(0, p) = p in G

in the non-Euclidean setting of sub-Riemannian Carnot groups G. In addition to natural growth conditions
and a uniform control on its spatial divergence, the velocity field b = b(τ, p) has the following properties:

(i) horizontal Sobolev regularity, i.e., Sobolev regularity along a (possibly small) family of directions;
(ii) a precise contact structure, compatible with the above family of directions.

The original motivation for this theory is to address the Lagrangian problem (1.2) beyond the classical
Cauchy-Lipschitz framework (see e.g. [4, Chapter 8]). In the Euclidean setting, this problem was solved
in the influential paper [15] for Sobolev velocity fields, and was later extended to the BV setting in the
breakthrough work [1]. The principle underlying the results of [1, 15] – formalized in great generality in
[2, 3] – is to obtain information at the Lagrangian level from the Eulerian viewpoint of (1.1). More precisely,
well-posedness for distributional solutions to (1.1) yields well-posedness for solutions to (1.2), for instance
in the sense of regular Lagrangian flows as introduced in [1]. This Eulerian approach has since led to many
further results under suitable regularity and structural assumptions on b (see e.g. [7, 11, 24, 27]). Purely
Lagrangian methods have also been developed (see e.g. [12, 20, 29]).

A major step toward extending the theory to non-Euclidean geometries was taken in [6], which established
analogous results for Sobolev vector fields on a broad class of metric measure spaces. Since Carnot groups
carry a natural metric measure structure, it is natural to ask whether well-posedness results in this setting
follow directly from the theory developed in [6]. As explained by L. Ambrosio and the authors in [5, Section 6],
this is not the case even for Heisenberg groups, the simplest non-abelian examples of Carnot groups. Indeed,
although Heisenberg groups satisfy the structural requirements imposed in [6], the corresponding assumptions
on the vector field are too restrictive, reducing the applicability of the theory to the trivial case of the null
vector field. This limitation was overcome in [5], where well-posedness was established for contact vector
fields with horizontal Sobolev regularity on Heisenberg groups. The present paper extends these results to
the more general setting of Carnot groups.
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A Carnot group G is a connected and simply connected Lie group whose Lie algebra g of left-invariant
vector fields admits the non-trivial stratification

g = V1 ⊕ · · · ⊕ Vs, Vi+1 = [V1, Vi] for i = 1, . . . , s− 1, [V1, Vs] = {0}.
The number s of layers in the above decomposition is known as step of G. Fixing a basis of g,

(1.3)
{
Xi

α

}
i,α

, i = 1, . . . , s, α = 1, . . . ,dimVi,

adapted to the above stratification, uniquely determines a left-invariant Riemannian metric ⟨·, ·⟩ which makes
(1.3) orthonormal. Moreover, exponential coordinates identify G with Rn endowed with a typically non-
abelian group law. Under this identification, the Haar measure coincides with the Lebesgue measure. Conse-
quently, if read in exponential coordinates, the intrinsic problem (1.1) takes the form of the usual Euclidean
transport problem, so that our results are relevant from both the intrinsic and the Euclidean viewpoint.

Both the regularity and the structural assumptions that we impose on b are naturally expressed in terms
of the so-called horizontal distribution H, defined by

Hp := V1(p), p ∈ G.

On the one hand, our regularity assumptions involve derivatives only along horizontal directions. Since H
does not, in general, exhaust the whole tangent space, these assumptions are weaker than their Euclidean
counterparts. For instance, in the relevant case of Sobolev regularity (see e.g. [36]), one typically has

W ℓ,θ(Ω) ⊊ W ℓ,θ
H (Ω),

where W ℓ,θ
H (Ω) denotes the corresponding horizontal Sobolev space. In this sense, and as already pointed out

in [5], our results improve upon [15] by requiring regularity only along horizontal directions.

On the other hand, the horizontal distribution also underlies the structural condition imposed on the
velocity field. In the smooth setting, a vector field is called contact if its flow preserves H. This natural
class arises in contact geometry (see e.g. [28, 34]), and has been studied thoroughly in the setting of Carnot
groups (see e.g. [30, 31]). Particular attention has been devoted to Heisenberg and filiform groups, especially
in connection with the theory of quasiconformal mappings (see e.g. [22, 23, 37]). Contact vector fields are
characterized by the infinitesimal condition

(1.4) [b, V1]p ⊆ Hp, for every p ∈ G.

As (1.4) is still meaningful under mild regularity assumptions on b, we adopt it as definition. Our main well-
posedness result, therefore, applies to (time-dependent) vector fields b having horizontal Sobolev regularity
in their spatial dependence, and satisfying (1.4) in the appropriate weak sense.

The core idea behind the well-posedness of (1.1) exploits the machinery of renormalized solutions intro-
duced in [15]: when bounded distributional solutions to (1.1) are renormalized solutions (cf. Section 6),
well-posedness follows by natural growth assumptions and uniform bounds on divb. In turn, the above
renormalization property follows by adapting the mollification argument introduced in [15]. More precisely,
mollifying (1.1) via group convolution with appropriate intrinsic kernels yields

(1.5)
∂uε
∂τ

− ⟨b,∇uε⟩+ cuε = Cε in (0, τ̄)×G.

The error term Cε, commonly known as commutator, quantifies the lack of commutativity between divergence
and convolution. The main technical step consists in proving that Cε converges to 0 in L1

loc as ε ↘ 0. As we
explain below, the commutator can be decomposed into terms involving difference quotients of the components
of b, of order up to s, and suitable remainder terms. The convergence of the former is ensured by horizontal
Sobolev regularity, while the contact condition forces the latter to vanish.

The paper is organized as follows. In Section 2, we introduce the setting of Carnot groups and the tools
needed throughout the paper, in particular group mollification and horizontal Sobolev spaces.

In Section 3, we express left-invariant vector fields in terms of right-invariant ones. Namely, if Xi
α is as in

(1.3) and
(
Xi

α

)r
is its right-invariant counterpart, we show (see (3.2) and (3.4) for the notation) that

(1.6) Xi0
β0

=
(
Xi0

β0

)r
+

s−i0∑
k=1

1

k!

∑
|Ik|≤s−i0

∑
Ak(Ik)

∑
Bk(i0,Ik)

c(Ik, i0 + |Ik|)Bk
AkBk−1

xIkAk

(
X

i0+|Ik|
βk

)r
.

As we shall see, this formula will be crucial for relating the structure of Cε to the contact condition (1.4).
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In Section 4, we introduce the relevant class of velocity fields. As already mentioned, a contact vector field
b with horizontal Sobolev regularity is defined by requiring that, for some θ ∈ [1,∞],

(1.7) b =
s∑

i=1

dimVi∑
α=1

biαX
i
α, biα ∈ W 1,θ

H,loc(G), [b, V1]p ⊆ Hp for a.e. p ∈ G.

By means of (1.7), we show that the first-order Sobolev regularity of the coefficients of b improves according
to the corresponding layer (see Proposition 4.1). The contact condition in (1.7) can be equivalently formulated
owing to the family of first-order compatibility conditions

(1.8) X1
βb

k
γ =

dimVk−1∑
α=1

c(k − 1, 1)γαβ b
k−1
α β = 1, . . . ,dimV1, k = 2, . . . , s, γ = 1, . . . ,dimVk,

where c(i, j)γαβ are the so-called structural constants of g. We show that the improved Sobolev regularity

actually upgrades (1.8) to the higher-order system of iterated compatibility conditions

(1.9) XIk
Ak

biβk
=

∑
Bk−1(i−|Ik|,Ik−1)

dimVi−|Ik|∑
α=1

c(i, Ik)
Bk
Bk−1Ak

bi−|Ik|
α .

(see Proposition 4.2 and Proposition 4.3). The identities in (1.9) will play an essential role in Section 6, as
they allow us to get rid of the aforementioned remainder terms arising in the commutator analysis. The
section concludes with a few structural remarks and further insights into the class of contact vector fields.

In Section 5, we investigate the asymptotic behavior of (higher-order) difference quotients for functions

with horizontal Sobolev regularity. More precisely, if f ∈ W ℓ,θ
H and {δε}ε>0 denotes the appropriate family

of intrinsic dilations of G, we prove that

(1.10)
f (p · δε(w))− P ℓ

pf (δε(w))

εℓ
Lθ

−−−→
ε↘0

0,

where P ℓ
· f is the intrinsic Taylor polynomial of f of homogeneous order ℓ. Thus, (1.10) provides an Lθ-Taylor

expansion adapted to the homogeneous structure of G, thereby furnishing the second key ingredient in the
forthcoming commutator analysis.

In Section 6, we prove the main results of the paper. As stressed above, the key step is the analysis of
the commutator Cε in (1.5), which we carry out in Section 6.2. Using (1.6) and performing some algebraic
manipulations, one finds that Cε can be written as combination of terms involving the difference quotients of
the components of b, namely

(1.11)

∫
G

biα(p · δε(w))− P i−1
p biα(δε(w))

εi
u(p · δε(w))Xi

αϱ(w), dw,

and remainder terms of the form

(1.12)

XIk
Ak

biβk
(p)−

∑
Bk−1(i−ℓ,Ik−1)

dimVi−ℓ∑
α=1

c(i, Ik)
Bk
Bk−1Ak

bi−ℓ
α (p)

∫
G
δε

(
wIk
Ak

)
u(p · δε(w))ε−iXi

βk
ϱ(w) dw.

On the one hand, (1.10) and the improved Sobolev regularity provided by (1.7) imply that (1.11) converges to
0 in L1

loc. On the other hand, (1.9) shows that (1.12) vanishes identically. Consequently, the renormalization
property and the well-posedness of (1.1) follow essentially as in [5], under the above-mentioned growth
conditions and controllability assumptions on b. Once the Eulerian problem is settled, well-posedness for the
Lagrangian problem (1.2) is deduced by means of the general theory developed in [2, 3] (see Section 6.3).

Finally, in Appendix A we collect some additional results which may be of independent interest, including
an inductive representation formula for difference quotients and a quantitative mollification approximation
which follows at once by the results of Section 5.

Acknowledgments. The authors thank Luigi Ambrosio, Enrico Le Donne, and Alessandro Ottazzi for many
stimulating and enlightening conversations.
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2. Preliminaries

2.1. Main notation. We denote by N+ the set of nonzero natural numbers. We also write ∞ = +∞. If
τ̄ ∈ (0,∞], the notation [0, τ̄ ] stays for the usual closed interval if τ̄ < ∞ or [0,∞) if τ̄ = ∞. Given open
sets A,Ω, when A is a compact subset of Ω, we write A ⋐ Ω. If θ ∈ [1,∞], we denote its Hölder conjugate
by θ′ ∈ [1,∞], i.e., 1

θ + 1
θ′ = 1. If f is differentiable at a point q, we denote by dfq its differential at q.

2.2. Carnot groups. A Lie algebra g is said to be stratified if it admits a stratification, i.e., there exist
nontrivial linear subspaces V1, . . . , Vs of g such that

(2.1) g = V1 ⊕ · · · ⊕ Vs, Vi+1 = [V1, Vi] for i = 1, . . . , s− 1, [V1, Vs] = {0}.

We stress that [Vi, Vj ] denotes the linear span of vectors of the form [X,Y ] with X ∈ Vi and Y ∈ Vj . Recall
that the Jacobi identity

(2.2) [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 for every X,Y, Z ∈ g

holds. Setting Vk = {0} if k > s, (2.2) implies that [Vi, Vj ] ⊆ Vi+j for every i ̸= j. If (G, ·) is a Lie group, we
denote by g its Lie algebra. Moreover, we define

Lp(q) = p · q, Rp(q) = q · p for every p, q ∈ G

to be the left and right translations, respectively. Left-invariant vector fields are complete (see [25, Theorem
9.18]). Accordingly, if Z ∈ g and γ is its integral curve starting from the identity element e, we define the
exponential map exp : g → G by

exp(Z) := γ(1).

We say that (G, ·) is a stratified Lie group if it is connected, simply connected, and its Lie algebra g is
stratified. Let g = V1 ⊕ · · · ⊕ Vs be a stratification and set ni := dimVi. Set also n := dim g = dimG. Let{
Xi

α

}
α=1,...,ni

be a basis for Vi for every i = 1, . . . , s. Since the exponential map of a stratified Lie group is a

diffeomorphism (see [35, Theorem 3.6.2]), we can define a system of graded coordinates associated with the
basis

{
Xi

α

}
i=1,...,s
α=1,...,ni

for g:

Rn ∋
(
x11, . . . , x

1
n1
, x21, . . . , x

2
n2
, . . . , xs1, . . . , x

s
ns

)
7→ exp

(
s∑

i=1

ni∑
α=1

xiαX
i
α

)
∈ G.

In these coordinates, the identity element is 0 and the inverse element of p ∈ G is p−1 = −p. We denote
by log : G → g the inverse of exp. We fix a system of graded coordinates and denote by Xi

α and xiα(p) (or
simply xiα if there is no ambiguity), with i = 1, . . . , s and α = 1, . . . , ni, the α-th vector field of the basis of
Vi and the corresponding graded coordinate of p ∈ G. Sometimes, we will adopt the notation

p =
(
x1, . . . , xs

)
, xi =

(
xi1, . . . , x

i
ni

)
∈ Rni .

We equip G with the Riemannian metric ⟨·, ·⟩ that makes the above basis orthonormal. Accordingly, the
Riemannian gradient reads as

∇f =
s∑

i=1

ni∑
α=1

(
Xi

αf
)
Xi

α.

We denote by
(
Xi

α

)r
the right-invariant vector field corresponding to Xi

α, that is,(
Xi

α

)r
(p) = (dRp)e

(
Xi

α(e)
)

for every p ∈ G.

Moreover, we define the structural constants c(i, j)γαβ ∈ R by

(2.3)
[
Xi

α, X
j
β

]
:=

ni+j∑
γ=1

c(i, j)γαβX
i+j
γ

for every i, j = 1, . . . , s such that i+ j ≤ s, α = 1, . . . , ni, β = 1, . . . , nj . Observe that

(2.4) c(i, j)γαβ = −c(j, i)γβα.

We endow G with a homogeneous structure (see [8]). Precisely, for any λ > 0, we define the intrinsic dilations
by setting δλZ := λiZ if Z ∈ Vi and extending it by linearity on the whole algebra g. Then, considering
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their image through the exponential map, we get a one-parameter group of dilations on G, which in graded
coordinates are expressed as follows:

δλ(p) :=
(
λx11, . . . , λx

1
n1
, λ2x21, . . . , λ

2x2n2
, . . . , λsxs1, . . . , λ

sxsns

)
for every λ > 0, p =

(
x1, . . . , xs

)
∈ G.

The horizontal distribution H is defined by

Hp := V1(p) for every p ∈ G.

We endow G with the so-called Carnot-Carathéodory distance d (see [33]): given p, q ∈ G, set

d(p, q) := inf

{∫ 1

0

√
⟨γ̇, γ̇⟩ dτ : γ : [0, 1] → G is absolutely continuous, horizontal, γ(0) = p, γ(1) = q

}
,

where an absolutely continuous curve is horizontal if γ̇(τ) ∈ Hγ(τ) for a.e. τ . By Chow’s theorem, d is finite.
The metric space (G, d) is called a Carnot group. We indicate by B(p, r) := {q ∈ G : d(p, q) < r} the open
ball with center p ∈ G and radius r > 0. The Carnot-Carathéodory distance is compatible with the group
and homogeneous structures:

d(w · p, w · q) = d(p, q),

d(δλ(p), δλ(q)) = λd(p, q)
for every p, q, w ∈ G, λ > 0.

The Lebesgue measure | · | is a Haar measure:

|Lp(E)| = |E|,
|Rp(E)| = |E|

for every E ⊆ G measurable, p ∈ G.(2.5)

Furthermore,

(2.6) |δλ(E)| = λQ|E| for every E ⊆ G measurable, λ > 0,

where Q :=
∑s

i=1 ini is the homogeneous dimension of (G, ·) (see [33]). Using arguments identical to those
in [5, Lemma 2.1] and [5, Lemma 2.2], the following simple properties hold.

Lemma 2.1. Define ι : G → G by ι(q) = q−1. Then

Xi
α(φ ◦ ι) = −

((
Xi

α

)r
φ
)
◦ ι for every φ ∈ C1(G), i = 1, . . . , s, α = 1, . . . , ni.

In particular, if φ = φ ◦ ι, then Xi
αφ = −

((
Xi

α

)r
φ
)
◦ ι.

Lemma 2.2. Let θ ∈ [1,∞) and f ∈ Lθ(G). Then lim
q→0

∥f ◦Rq − f∥Lθ(G) = 0.

We denote by X(G) the class of locally integrable vector fields in G, and we adopt the notation

(2.7) b =

s∑
i=1

ni∑
α=1

biαX
i
α for every b ∈ X(G).

Since the frame
{
Xi

α

}
i=1,...,s
α=1,...,ni

is orthonormal and its coefficients matrix with respect to the canonical basis of

Rn has determinant equal to 1 (cf. [8, Corollary 1.3.19]), the Riemannian volume coincides with the Lebesgue
measure. Hence, we define the divergence of a vector field b ∈ X(G) as the distribution divb such that

⟨divb, φ⟩ := −
∫
G
dφ(b) dp for every φ ∈ C∞

c (G).

Thanks to (2.5), one can prove that left and right-invariant vector fields are divergence-free.

2.3. Group convolution. We refer to [17] for more details. Given f, g ∈ L1
loc(G), their group convolution

f ∗ g is defined by

(f ∗ g)(p) :=
∫
G
f(q)g

(
q−1 · p

)
dq

(2.5)
=

∫
G
f
(
p · q−1

)
g(q) dq for every p ∈ G,

provided that the integrals converge. If the domain of f and g is an arbitrary open set Ω ⊆ G, we can still
define f ∗ g by extending them to be 0 outside Ω. Fix a mollifier ϱ ∈ C∞

c (G) such that

(2.8) ϱ ≥ 0, ϱ(p) = ϱ
(
p−1
)
,

∫
G
ϱ dp = 1 and ϱ ≡ 0 in B(0, 1)c
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and set

(2.9) ϱε(p) =
1

εQ
ϱ
(
δ 1

ε
(p)
)

for every ε > 0, p ∈ G.

Observe that

(2.10)
(
Xi

α

)r
ϱε(p) =

1

εQ+i

((
Xi

α

)r
ϱ
)(

δ 1
ε
(p)
)

for every i = 1, . . . , s, α = 1, . . . , ni, p ∈ G.

The following standard convergence properties of group mollification hold.

Proposition 2.3. Let θ ∈ [1,∞). Let u ∈ Lθ(G) and set uε = u ∗ ϱε for every ε > 0. Then

(i) uε
Lθ

−→ u as ε ↘ 0,
(ii) ∥uε∥Lθ(G) ≤ ∥u∥Lθ(G) for every ε > 0.

2.4. Horizontal Sobolev spaces. We refer to [16, 9] for further information. Fix an open subset Ω ⊆ G
and u ∈ L1

loc(Ω). If i = 1, . . . , s and α = 1, . . . , ni, the distribution Xi
αu is defined by〈

Xi
αu, φ

〉
:= −

∫
Ω
uXi

αφdp for every φ ∈ C∞
c (Ω).

If θ ∈ [1,∞], we define the horizontal Sobolev space W 1,θ
H (Ω) by

W 1,θ
H (Ω) :=

{
u ∈ Lθ(Ω) : X1

αu ∈ Lθ(Ω) for every α = 1, . . . , n1

}
.

The spaces W 1,θ
H,loc(Ω) and W ℓ,θ

H (Ω), for ℓ = 2, 3, . . ., are defined accordingly. It is easy to see that the vector

space W ℓ,θ
H (Ω), endowed with the norm

∥u∥
W ℓ,θ

H (Ω)
:= ∥u∥Lθ(Ω) +

n1∑
α=1

∥∥X1
αu
∥∥
Lθ(Ω)

+ · · ·+
n1∑

α1,...,αℓ=1

∥∥X1
α1

. . . X1
αℓ
u
∥∥
Lθ(Ω)

,

is a Banach space for every 1 ≤ θ ≤ ∞ and ℓ ∈ N+. Moreover, the following Meyers-Serrin-type approximation
result holds (see [18, Theorem A.2]).

Theorem 2.4. Let Ω ⊆ G be an open set. Let ℓ ∈ N+ and θ ∈ [1,∞). Let u ∈ W ℓ,θ
H (Ω). There exists a

sequence {uh}h∈N ⊆ C∞(Ω) ∩W ℓ,θ
H (Ω) such that

lim
h→∞

∥uh − u∥
W ℓ,θ

H (Ω)
= 0.

Observe that, if b is as in (2.7) and biα ∈ W 1,θ
H,loc(Ω) for every i = 1, . . . , s and α = 1, . . . , ni, then

(2.11) divb =

s∑
i=1

ni∑
α=1

Xi
αb

i
α.

3. Left and right-invariant vector fields

In this section, we express left-invariant vector fields with respect to the right-invariant frame, providing
some relevant examples. The key ingredient is the differential at the identity element e of the conjugation
map: for any p ∈ G, set Cp := Lp ◦Rp−1 and Adp := (dCp)e. Denote by End(g) the set of all endomorphisms
of g and define the operator adZ : g → End(g) by adZX := [Z,X] for every X,Z ∈ g. Then, it is known that
(see [21, Proposition 1.91])

(3.1) Adexp(Z) = eadZ ,

where eA :=
∑∞

k=0A
k/k! ∈ End(g) for every A ∈ End(g). We introduce a specific notation to simplify the

next computations. For all k ∈ N+, we denote a generic k-multi-index by Ik = (i1, . . . , ik) ∈ {1, . . . , s}k, and
we set |Ik| := i1 + · · ·+ ik. Moreover, given i = 1, . . . , s− 1, we define the sets

Ak(Ik) =
{
(α1, . . . , αk) ∈ Nk : 1 ≤ αj ≤ nij

}
,

Bk(i, Ik) =
{
(β1, . . . , βk) ∈ Nk : 1 ≤ βj ≤ ni+i1+···+ij

}
, provided that i+ |Ik| ≤ s.

(3.2)

We adopt the notation ∑
Ak(Ik)

=
∑

(α1,...,αk)∈Ak

,
∑

Bk(i,Ik)

=
∑

(β1,...,βk)∈Bk(i,Ik)

.
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Lemma 3.1. Let i0 = 1, . . . , s− 1 and β0 = 1, . . . , ni0. If Z =
s∑

i=1

ni∑
α=1

xiαX
i
α ∈ g and k = 1, . . . , s− i0, then

(adZ)
k Xi0

β0
=

∑
|Ik|≤s−i0

∑
Ak(Ik)

∑
Bk(i0,Ik)

c(i1, i0)
β1

α1β0
. . . c(ik, i0 + i1 + · · ·+ ik−1)

βk
αkβk−1

xi1α1
. . . xikαk

X
i0+|Ik|
βk

.(3.3)

Proof. We prove the formula by induction on k. A direct computation shows that

adZX
i0
β0

=
[
Z,Xi0

β0

]
=

s−i0∑
i1=1

ni1∑
α1=1

xi1α1

[
Xi1

α1
, Xi0

β0

]
(2.3)
=

s−i0∑
i1=1

ni1∑
α1=1

ni0+i1∑
β1=1

c(i1, i0)
β1

α1β0
xi1α1

Xi0+i1
β1

,

which is (3.3) with k = 1. Then, assume k > 1 and that the thesis holds for k − 1. Hence, the inductive
hypothesis and the base case ensure

(adZ)
k Xi0

β0
=
[
Z,
[
Z, . . . ,

[
Z︸ ︷︷ ︸

k

, Xi0
β0

]
. . .
]]

=
∑

|Ik−1|≤s−i0

∑
Ak−1(Ik−1)

∑
Bk−1(i0,Ik−1)

c(i1, i0)
β1

α1β0
. . . c(ik−1, i0 + · · ·+ ik−2)

βk−1

αk−1βk−2
xi1α1

. . . x
ik−1
αk−1adZX

i0+|Ik−1|
βk−1

(2.3)
=

∑
|Ik|≤s−i0

∑
Ak(Ik)

∑
Bk(i0,Ik)

c(i1, i0)
β1

α1β0
. . . c(ik, i0 + · · ·+ ik−1)

βk
αkβk−1

xi1α1
. . . xikαk

X
i0+|Ik|
βk

,

which is the thesis. □

From now on, whenever k ∈ N+, Ak = (α1, . . . , αk) ∈ Ak(Ik) and Bk = (β1, . . . , βk) = (Bk−1, βk) ∈
Bk(i, Ik), we may adopt the compact notation

xIkAk
:= xi1α1

. . . xikαk
for every

(
x1, . . . , xs

)
∈ G,

XIk
Ak

:= Xi1
α1

. . . Xik
αk
,

c(Ik, i)
Bk
AkBk−1

:= c(i1, i− ik − · · · − i1)
β1
α1α . . . c(ik, i− ik)

βk
αkβk−1

for every |Ik| < i, α = 1, . . . ni,

c(i, Ik)
Bk
Bk−1Ak

:= c(i− ik − · · · − i1, i1)
β1
αα1

. . . c(i− ik, ik)
βk
βk−1αk

for every |Ik| < i, α = 1, . . . ni.

(3.4)

Theorem 3.2. Let i0 = 1, . . . , s− 1 and β0 = 1, . . . , ni0. Then

(3.5) Xi0
β0

=
(
Xi0

β0

)r
+

s−i0∑
k=1

1

k!

∑
|Ik|≤s−i0

∑
Ak(Ik)

∑
Bk(i0,Ik)

c(Ik, i0 + |Ik|)Bk
AkBk−1

xIkAk

(
X

i0+|Ik|
βk

)r
.

Instead, if i0 = s, then Xs
β0

=
(
Xs

β0

)r
.

Proof. For any p ∈ G, the identity Lp = Rp ◦ Cp holds. Therefore, the left-invariance of Xi0
β0

implies

Xi0
β0
(p) = (dLp)e

(
Xi0

β0
(e)
)
= (dRp)e

(
AdpX

i0
β0
(e)
)
.

Set Z = log(p). Then,

Xi0
β0
(p)

(3.1)
= (dRp)e

(
eadZXi0

β0
(e)
)
=

s−i0∑
k=0

1

k!
(dRp)e

(
(adZ)

k Xi0
β0
(e)
)
,

which allows us to conclude if i0 = s. If, instead, i0 < s, then

Xi0
β0
(p)

(3.3)
= (dRp)e

(
Xi0

β0
(e)
)
+

s−i0∑
k=1

1

k!

∑
|Ik|≤s−i0

∑
Ak(Ik)

∑
Bk(i0,Ik)

c(Ik, i0 + |Ik|)Bk
AkBk−1

xIkAk
(p) (dRp)e

(
X

i0+|Ik|
βk

(e)
)

=
(
Xi0

β0

)r
(p) +

s−i0∑
k=1

1

k!

∑
|Ik|≤s−i0

∑
Ak(Ik)

∑
Bk(i0,Ik)

c(Ik, i0 + |Ik|)Bk
AkBk−1

xIkAk
(p)
(
X

i0+|Ik|
βk

)r
(p),

which is the thesis. □
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Example 3.3. The Lie algebra of the n-th Heisenberg group (see e.g. [8]) is generated by the vector fields

X1
α = ∂x1

α
+ 2x1α+n∂x2

1
, X1

α+n = ∂x1
α+n

− 2x1α∂x2
1
, X2

1 = ∂x2
1

for every α = 1, . . . , n.

In this case, s = 2. We have c(1, 1)1αβ = 0 if α < β and β ̸= α + n, and c(1, 1)1α,α+n = −4 for every

α = 1, . . . , n. Recall that
(
X2

1

)r
= X2

1 . Regarding X1
α and X1

α+n, we obtain

X1
α

(3.5)
=
(
X1

α

)r
+

2n∑
α1=1

c(1, 1)1α1,αx
1
α1
X2

1 =
(
X1

α

)r
+ c(1, 1)1α+n,αx

1
α+nX

2
1 =

(
X1

α

)r
+ 4x1α+nX

2
1 ,

X1
α+n

(3.5)
=
(
X1

α+n

)r
+

2n∑
α1=1

c(1, 1)1α1,α+nx
1
α1
X2

1 =
(
X1

α+n

)r
+ c(1, 1)1α,α+nx

1
αX

2
1 =

(
X1

α+n

)r − 4x1αX
2
1 .

Example 3.4. The Lie algebra of the Engel group (see e.g. [8]) is generated by the vector fields

X1
1 = ∂x1

1
+

x12
2
∂x2

1
+

(
x21
2

− x11x
1
2

12

)
∂x3

1
, X1

2 = ∂x1
2
− x11

2
∂x2

1
+

(x11)
2

12
∂x3

1
, X2

1 = ∂x2
1
− x11

2
∂x3

1
, X3

1 = ∂x3
1
.

In this case, s = 3. The structural constants are zero except for c(1, 1)112 = −1 and c(1, 2)111 = −1. Recall
that

(
X3

1

)r
= X3

1 . First, we compute X1
1 and X1

2 in terms of the right-invariant frame:

X1
1

(3.5)
=
(
X1

1

)r
+

2∑
i1=1

2∑
α1=1

c(i1, 1)
1
α1,1x

i1
α1

(
X1+i1

1

)r
+

1

2

2∑
α1=1

2∑
α2=1

c(1, 1)1α1,1c(1, 2)
1
α2,1x

1
α1
x1α2

X3
1

=
(
X1

1

)r
+ c(1, 1)121x

1
2

(
X2

1

)r
+ c(2, 1)111x

2
1X

3
1 +

1

2
c(1, 1)121c(1, 2)

1
11x

1
2x

1
1X

3
1

=
(
X1

1

)r
+ x12

(
X2

1

)r
+ x21X

3
1 − 1

2
x11x

1
2X

3
1

=
(
X1

1

)r
+ x12

(
X2

1

)r
+

(
x21 −

x11x
1
2

2

)
X3

1 ,

X1
2

(3.5)
=
(
X1

2

)r
+

2∑
i1=1

2∑
α1=1

c(i1, 1)
1
α1,2x

i1
α1

(
X1+i1

1

)r
+

1

2

2∑
α1=1

2∑
α2=1

c(1, 1)1α1,2c(1, 2)
1
α2,1x

1
α1
x1α2

X3
1

=
(
X1

2

)r
+ c(1, 1)112x

1
1

(
X2

1

)r
+

1

2
c(1, 1)112c(1, 2)

1
11

(
x11
)2

X3
1

=
(
X1

2

)r − x11
(
X2

1

)r
+

(
x11
)2

2
X3

1 .

Finally,

X2
1

(3.5)
=
(
X2

1

)r
+

2∑
α1=1

c(1, 2)1α1,1x
1
α1
X3

1 =
(
X2

1

)r
+ c(1, 2)111x

1
1X

3
1 =

(
X2

1

)r − x11X
3
1 .

4. Contact vector fields

As stressed in the introduction, contact vector fields constitute a natural class in the setting of stratified
Lie groups. A smooth vector field b ∈ X(G) is a contact vector field if

(4.1) [b, V1]p ⊆ Hp for every p ∈ G.

The interest in this class lies in the fact that contact vector fields are precisely those vector fields whose flows
both preserve the horizontal distribution and are (locally) Lipschitz continuous in the metric space (G, d).
Since we are interested in non-smooth vector fields, we notice that (4.1) is well-posed (in the weak sense)
under mild regularity assumptions on b. For instance, when the components of b have horizontal Sobolev
regularity, then [b, Z] is a well-defined vector field in X(G) for every Z ∈ V1. Accordingly, we say that
b ∈ X(G) is a contact vector field with horizontal Sobolev regularity if, for some θ ∈ [1,∞],

(4.2) b =
s∑

i=1

ni∑
α=1

biαX
i
α, biα ∈ W 1,θ

H,loc(G), [b, V1]p ⊆ Hp for a.e. p ∈ G.
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The contact property in (4.2) can be written as a family of compatibility conditions. Indeed, if β = 1, . . . , n1,[
b, X1

β

]
=

s∑
k=1

nk∑
α=1

bkα

[
Xk

α, X
1
β

]
−

s∑
k=1

nk∑
γ=1

(
X1

βb
k
γ

)
Xk

γ

(2.3)
=

s−1∑
k=1

nk+1∑
γ=1

nk∑
α=1

c(k, 1)γαβ b
k
αX

k+1
γ −

s∑
k=2

nk∑
γ=1

(
X1

βb
k
γ

)
Xk

γ −
n1∑
γ=1

(
X1

βb
1
γ

)
X1

γ

=

s∑
k=2

nk∑
γ=1

(nk−1∑
α=1

c(k − 1, 1)γαβ b
k−1
α −X1

βb
k
γ

)
Xk

γ −
n1∑
γ=1

(
X1

βb
1
γ

)
X1

γ .

In particular, (4.2) is equivalent to

(4.3) X1
βb

k
γ =

nk−1∑
α=1

c(k − 1, 1)γαβ b
k−1
α for every β = 1, . . . , n1, k = 2, . . . , s, γ = 1, . . . , nk.

By (4.3), the regularity of b improves in the following stratified way.

Proposition 4.1. Let b satisfy (4.2). Then, for every i = 1, . . . , s,

(4.4) biα ∈ W i,θ
H,loc(G) for every α = 1, . . . , ni.

Proof. We argue by induction on i. The case i = 1 is part of the assumption (4.2). Assume i > 1 and that
(4.4) holds for every α = 1, . . . , ni−1. Then, for any β = 1, . . . , n1 and γ = 1, . . . , ni,

X1
βb

i
γ

(4.3)
=

ni−1∑
α=1

c(i− 1, 1)γαβb
i−1
α ∈ W i−1,θ

H,loc (G).

In particular, biγ ∈ W i,θ
H,loc(G), and the thesis follows. □

The improved regularity provided by Proposition 4.1 allows to enlarge the class of compatibility conditions.

Proposition 4.2. Let b satisfy (4.2). Then

(4.5) Xj
βb

k
γ =

nk−j∑
α=1

c(k − j, j)γαβb
k−j
α

for every j = 1, . . . , s− 1, β = 1, . . . , nj, k = j + 1, . . . , s and γ = 1, . . . , nk.

Proof. We argue by induction on j. The case j = 1 is true by (4.3). Assume j > 1, and assume that (4.5)
holds for j−1 and for any β = 1, . . . , nj−1, k = j, . . . , s and γ = 1, . . . , nk. Fix δ = 1, . . . , n1, β = 1, . . . , nj−1,
k = j + 1, . . . , s, γ = 1, . . . , nk. By induction,

Xj−1
β bkγ =

nk−j+1∑
α=1

c(k − j + 1, j − 1)γαβ b
k−j+1
α .

Therefore,

X1
δ

(
Xj−1

β bkγ

)
=

nk−j+1∑
α=1

c(k − j + 1, j − 1)γαβ X
1
δ b

k−j+1
α

(4.3)
=

nk−j+1∑
α=1

nk−j∑
µ=1

c(k − j + 1, j − 1)γαβ c(k − j, 1)αµδ b
k−j
µ .

On the other hand, by (4.3),

X1
δ b

k
γ =

nk−1∑
α=1

c(k − 1, 1)γαδ b
k−1
α .

Hence, by induction,

Xj−1
β

(
X1

δ b
k
γ

)
=

nk−1∑
α=1

c(k − 1, 1)γαδ X
j−1
β bk−1

α =

nk−1∑
α=1

nk−j∑
µ=1

c(k − 1, 1)γαδ c(k − j, j − 1)αµβ b
k−j
µ .

Combining the above equations,[
X1

δ , X
j−1
β

]
bkγ =

nk−j∑
µ=1

(nk−j+1∑
α=1

c(k − j, 1)αµδ c(k − j + 1, j − 1)γαβ −
nk−1∑
α=1

c(k − j, j − 1)αµβ c(k − 1, 1)γαδ

)
bk−j
µ .
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By the Jacobi identity (2.2), if µ = 1, . . . , nk−j ,[[
Xk−j

µ , X1
δ

]
, Xj−1

β

]
−
[[
Xk−j

µ , Xj−1
β

]
, X1

δ

]
=
[
Xk−j

µ ,
[
X1

δ , X
j−1
β

]]
.

Applying (2.3) to the above three terms, we obtain[[
Xk−j

µ , X1
δ

]
, Xj−1

β

]
=

nk−j+1∑
α=1

nk∑
η=1

c(k − j, 1)αµδ c(k − j + 1, j − 1)ηαβ X
k
η ,

[[
Xk−j

µ , Xj−1
β

]
, X1

δ

]
=

nk−1∑
α=1

nk∑
η=1

c(k − j, j − 1)αµβ c(k − 1, 1)ηαδ X
k
η ,

[
Xk−j

µ ,
[
X1

δ , X
j−1
β

]]
=

nj∑
λ=1

nk∑
η=1

c(1, j − 1)λδβ c(k − j, j)ηµλX
k
η .

Since
{
Xk

1 , . . . , X
k
nk

}
is a basis for Vk, we conclude that

nk−j+1∑
α=1

c(k − j, 1)αµδ c(k − j + 1, j − 1)γαβ −
nk−1∑
α=1

c(k − j, j − 1)αµβ c(k − 1, 1)γαδ =

nj∑
λ=1

c(1, j − 1)λδβ c(k − j, j)γµλ.

In particular,

(4.6)
[
X1

δ , X
j−1
β

]
bkγ =

nj∑
λ=1

nk−j∑
µ=1

c(1, j − 1)λδβ c(k − j, j)γµλ b
k−j
µ .

On the other hand,

(4.7)
[
X1

δ , X
j−1
β

]
bkγ

(2.3)
=

nj∑
λ=1

c(1, j − 1)λδβ X
j
λb

k
γ .

Therefore, comparing (4.6) and (4.7) and setting

X =

nj∑
λ=1

Xj
λb

k
γ −

nk−j∑
µ=1

c(k − j, j)γµλ b
k−j
µ

Xj
λ,

we have 〈[
X1

δ , X
j−1
β

]
, X
〉
=

nj∑
λ=1

c(1, j − 1)λδβ

Xj
λb

k
γ −

nk−j∑
µ=1

c(k − j, j)γµλ b
k−j
µ

 = 0

for every δ = 1, . . . , n1 and β = 1, . . . , nj−1. This fact and (2.1) grant that X = 0, whence (4.5) follows. □

The forthcoming commutator estimates will require the following careful iterations of (4.5).

Proposition 4.3. Let b satisfy (4.2). Let k ∈ N+, i = 2, . . . , s, |Ik| < i, Ak ∈ Ak(Ik), βk = 1, . . . , ni. Then

(4.8) XIk
Ak

biβk
=

∑
Bk−1(i−|Ik|,Ik−1)

ni−|Ik|∑
α=1

c(i, Ik)
Bk
Bk−1Ak

bi−|Ik|
α

Proof. We argue by induction on k. We know that

Xi1
α1
biβ1

(4.5)
=

ni−i1∑
α=1

c(i− i1, i1)
β1
αα1

bi−i1
α ,

which is the thesis for k = 1. Then, assume k > 1 and that the thesis holds for k − 1, so that

Xi2
α2

. . . Xik
αk
biβk

=
∑

(β2,...,βk−1)∈Nk−2

1≤βj≤ni−ij+1−···−ik

ni−i2−···−ik∑
β1=1

c(i− ik − · · · − i2, i2)
β2

β1α2
. . . c(i− ik, ik)

βk
βk−1αk

bi−i2−···−ik
β1

=
∑

Bk−1(i−|Ik|,Ik−1)

c(i− ik − · · · − i2, i2)
β2

β1α2
. . . c(i− ik, ik)

βk
βk−1αk

bi−i2−···−ik
β1

.
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Differentiating along Xi1
α1
, we finally obtain

XIk
Ak

biβk
=

∑
Bk−1(i−|Ik|,Ik−1)

c(i− ik − · · · − i2, i2)
β1

β1α2
. . . c(i− ik, ik)

βk
βk−1αk

Xi1
α1
bi−i2−···−ik
β1

(4.5)
=

∑
Bk−1(i−|Ik|,Ik−1)

ni−|Ik|∑
α=1

c(i− |Ik|, i1)β1
αα1

c(i− ik − · · · − i2, i2)
β1

β1α2
. . . c(i− ik, ik)

βk
βk−1αk

bi−|Ik|
α

=
∑

Bk−1(i−|Ik|,Ik−1)

ni−|Ik|∑
α=1

c(i, Ik)
Bk
Bk−1Ak

bi−|Ik|
α ,

which is the desired formula. □

Remark 4.4. We proved that a vector field b as in (4.2) satisfies (4.8). On the other hand, if

b =
s∑

i=1

ni∑
α=1

biαX
i
α, biα ∈ Lθ

loc(G)

and (4.8) holds, clearly b satisfies (4.2). Therefore, (4.2), (4.3), (4.5) and (4.8) are actually equivalent.

4.1. Further remarks on contact vector fields. Proposition 4.2 may suggest that the components along
the last layer uniquely determine a contact vector field. Actually, this is not true, as the next example shows.

Example 4.5. Denote by Hn the n-th Heisenberg group and consider the direct product of groups Hn × R.
Using the notation of Example 3.3 and denoting by ∂x the canonical vector field on R, we have that Hn ×R
is a stratified Lie group of step 2, and its stratification is

V1 = span
{
X1

1 , . . . , X
1
2n, ∂x

}
, V2 = span

{
X2

1

}
.

In this setting, a contact vector field b decomposes as the sum of a contact vector field on Hn and a vector
field on R. In particular, the component of b along ∂x is arbitrary.

Anyway, the orthogonal projection onto the center of g uniquely determines a contact vector field. Recall
that the center Z(g) of g is the subspace of vector fields Z ∈ g such that [Z,X] = 0 for every X ∈ g.

Proposition 4.6. Let b, b̄ ∈ X(G) satisfy (4.2). Assume that ⟨b,Z(g)⟩ =
〈
b̄,Z(g)

〉
a.e. on G. Then b = b̄.

Proof. First, notice that

Z(g) = Z(g) ∩ V1 ⊕ · · · ⊕ Z(g) ∩ Vs.

It is clear that Z(g) ∩ V1 ⊕ · · · ⊕ Z(g) ∩ Vs ⊆ Z(g). Conversely, let X ∈ Z(g), and decompose it uniquely
along V1, . . . , Vs as X = X1 + · · ·+Xs. Fix i = 1, . . . , s and Y ∈ Vi. Then

0 = [X,Y ] =

s∑
j=1

[Xj , Y ].

Noticing that ⟨[Xj , Y ], [Xk, Y ]⟩ = 0 for every j, k = 1, . . . , s and j ̸= k, we get [Xj , Y ] = 0 for every
j = 1, . . . , s, whence X ∈ Z(g)∩V1⊕· · ·⊕Z(g)∩Vs. Therefore, up to changing and rearranging the basis, we
can assume that

{
Xi

1, . . . , X
i
mi

}
is a basis for Z(g)∩ Vi for every i = 1, . . . , s and a suitable 0 ≤ mi ≤ ni. By

linearity, we can suppose b̄ = 0. Hence, if b =
∑s

i=1

∑ni
α=1 b

i
αX

i
α, we have biα = 0 for every i = 1, . . . , s and

α = 1, . . . ,mi. It suffices to prove that bk :=
(
bk1, . . . , b

k
nk

)
= 0 for every k = 1, . . . , s. We prove this fact by

reverse induction on k. Since Vs ⊆ Z(g) by definition of stratification, we have bs = 0 by assumption. Hence,
assume k < s and bk+1 = 0. Fix p ∈ G and define the vector field B =

∑nk
α=1 b

k
α(p)X

k
α ∈ g. Then, we deduce

[
B,X1

β

] (2.3)
=

nk+1∑
γ=1

nk∑
α=1

c(k, 1)γαβ b
k
α(p)X

k+1
γ

(4.5)
=

nk+1∑
γ=1

(
X1

βb
k+1
γ

)
Xk+1

γ = 0

for every β = 1, . . . , n1, so that B ∈ Z(g). On the other hand, we know that B =
∑ni

α=mi+1 b
k
α(p)X

k
α with

Xk
α /∈ Z(g). Hence, the only possibility is B = 0. This is the thesis, since p ∈ G was arbitrary. □

On the other hand, it is not true that all the central components are free. Although this is well-known from
the theory of Tanaka prolongation (see [34]), we include the following example for the sake of completeness.
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Example 4.7. Consider F32, i.e., the 6-dimensional stratified Lie group of step 2 such that

V1 = span{X1, X2, X3}, V2 = span{Y12, Y13, Y23}, [Xi, Xj ] = Yij for every i, j = 1, 2, 3, i ̸= j.

Let b = f1X1 + f2X2 + f3X3 + f12Y12 + f13Y13 + f23Y23 ∈ X(F32) be a smooth contact vector field. A direct
computation shows that, for every i = 1, 2, 3,

[Xi,b] = (Xif1)X1 + (Xif2)X2 + (Xif3)X3 + (Xif12)Y12 + (Xif13)Y13 + (Xif23)Y23 + f1Yi1 + f2Yi2 + f3Yi3,

where we use the convention Yij = 0 whenever i = j. By (4.1), the components of [Xi,b] along Y12, Y13, Y23
must be zero. In particular,

X1f23 = X2f13 = X3f12 = 0,

which means that f12, f13, f23 are not arbitrary.

5. Difference quotients of horizontal Sobolev functions

It is well known that Euclidean Sobolev functions are characterized by the convergence (in the suitable
weak sense) of their difference quotients. In this section, we prove the analogous result for horizontal Sobolev
functions in Carnot groups. This will be crucial for the regularization property of the next section. We stress
that we deal with difference quotients computed along intrinsic dilations, involving certain polynomials which
will turn out to be Taylor polynomials in the sense of [17, 8]. Throughout this section, Ω ⊆ G is a fixed open
set. Moreover, whenever k ∈ N, f ∈ Ck(Ω) and Z ∈ g, we adopt the notation

Zkf = Z . . . Z︸ ︷︷ ︸
k

f.

First, we recall the following two results. See [35, Lemma 2.12.1] for the proof of the first one.

Lemma 5.1. Let k ∈ N. Let f ∈ Ck(Ω). Fix p ∈ Ω, t > 0 and Z ∈ g. Assume that p · exp(tZ) ∈ Ω. Then

(5.1)
dk

dtk
f(p · exp(tZ)) = Zkf(p · exp(tZ)).

In particular,

(5.2)
dk

dtk

∣∣∣∣
t=0

f(p · exp(tZ)) = Zkf(p).

As an immediate consequence of (5.2), observe that, by the Baker-Campbell-Hausdorff formula (cf. [35]),
for every i, j = 1, . . . , s, α = 1, . . . , ni and β = 1, . . . , nj ,

(5.3) Xi
αx

i
α = 1, Xi

αx
i
β = 0 if α ̸= β, Xi

αx
j
β = 0 if j < i.

Proposition 5.2. Let k ∈ N+ and f ∈ Ck+1(Ω). Fix p ∈ Ω and W =

s∑
i=1

ni∑
α=1

wi
αX

i
α ∈ g. Then

(5.4)
dk

dτk

∣∣∣∣
τ=0

f(p · exp(δτW )) = k!

k∑
j=1

1

j!

s∑
i1,...,ij=1

i1+···+ij=k

ni1∑
α1=1

· · ·
nij∑
αj=1

wi1
α1

. . . w
ij
αjX

i1
α1

. . . X
ij
αjf(p).

Proof. Since Ω is open, there exists τ > 0 such that p · exp(tδτW ) ∈ Ω for every t ∈ [0, 1]. Set Z = δτW .
Then, thanks to (5.1), (5.2) and Taylor’s formula with Lagrange remainder,

f(p · exp(tZ)) =
k∑

j=0

Zjf(p)

j!
tj +

Zk+1f(p · exp(σZ))

(k + 1)!
tk+1

for a suitable σ ∈ [0, t]. In particular, evaluating at t = 1,

f(p · exp(Z)) =

k∑
j=0

Zjf(p)

j!
+

Zk+1f(p · exp(σZ))

(k + 1)!
.

Hence, noticing that, for every j ≥ 1,

Zj = (δτW )j =

(
s∑

i=1

ni∑
α=1

τ iwi
αX

i
α

)j

=

s∑
i1,...,ij=1

ni1∑
α1=1

· · ·
nij∑
αj=1

τ i1+···+ijwi1
α1

. . . w
ij
αjX

i1
α1

. . . X
ij
αj ,
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we obtain

f(p · exp(δτW )) = f(p) +
k∑

j=1

1

j!

s∑
i1,...,ij=1

ni1∑
α1=1

· · ·
nij∑
αj=1

τ i1+···+ijwi1
α1

. . . w
ij
αjX

i1
α1

. . . X
ij
αjf(p)

+
1

(k + 1)!

s∑
i1,...,ik+1=1

ni1∑
α1=1

· · ·
nik+1∑
αk+1=1

τ i1+···+ik+1wi1
α1

. . . w
ik+1
αk+1X

i1
α1

. . . X
ik+1
αk+1f(p · exp(σδτW ))

︸ ︷︷ ︸
=:g(τ)

.

Therefore, since g(τ) = o
(
τk
)
as τ ↘ 0, the thesis follows by the uniqueness of Taylor’s polynomial. □

Formula (5.4) motivates the following definition. Given p ∈ Ω, q ∈ G and f ∈ C∞(Ω), set

(5.5) T k
p f(q) :=

k∑
j=1

1

j!

s∑
i1,...,ij=1

i1+···+ij=k

ni1∑
α1=1

· · ·
nij∑
αj=1

qi1α1
. . . q

ij
αjX

i1
α1

. . . X
ij
αjf(p)

and

(5.6) P ℓ
pf(q) := f(p) +

ℓ∑
k=1

T k
p f(q).

We say that P ℓ
pf is the Taylor polynomial of f of order ℓ centered at p. Combining [8, Corollary 20.2.10] and

[8, Proposition 20.3.15],

(5.7) XIk
Ak

P ℓ
pf(0) = XIk

Ak
f(p) for every k ≤ ℓ, |Ik| ≤ ℓ and Ak ∈ Ak(Ik).

Equivalently, P ℓ
pf is the only polynomial with homogeneous degree (cf. [17, 8]) at most ℓ such that (5.7) holds.

We can now proceed with the asymptotic analysis of the difference quotients and prove the main result of
the section. For any ε > 0 and w ∈ G, set

(5.8) Rw
ℓ,εf(p) :=

f (p · δε(w))− P ℓ
pf (δε(w))

εℓ
.

Theorem 5.3. Let ℓ ≥ 1 and θ ∈ [1,∞). Let f ∈ W ℓ,θ
H (Ω). Let A ⊆ Ω be open with dist(A, ∂Ω) > 0. Then

(5.9)
Lθ(A)

lim
ε↘0

Rw
ℓ,εf(p) = 0 for every w ∈ G.

In addition, there exist C1 = C1(G) > 0 and C2 = C2(G, ℓ) > 0 such that, if ε > 0 and w ∈ G satisfy

(5.10) C1 ε d(w, 0) < dist(A, ∂Ω),

then

(5.11)
∥∥Rw

ℓ,εf
∥∥
Lθ(A)

≤ C2 d(w, 0)
ℓ

n1∑
α1,...,αℓ=1

∥∥X1
α1

. . . X1
αℓ
f
∥∥
Lθ(Ω)

.

Finally, if f ∈ W ℓ,∞
H (Ω), then

(5.12)
∥∥Rw

ℓ,εf
∥∥
L∞(A)

≤ C2 d(w, 0)
ℓ

n1∑
α1,...,αℓ=1

∥∥X1
α1

. . . X1
αℓ
f
∥∥
L∞(Ω)

.

Proof. Assume first that θ ∈ [1,∞). By the density of C∞(Ω) ∩W ℓ,θ
H (Ω) in W ℓ,θ

H (Ω) (recall Theorem 2.4), it

suffices to prove the thesis when f ∈ C∞(Ω) ∩ W ℓ,θ
H (Ω). Fix p ∈ A. Since dist(A, ∂Ω) > 0, there exists an

open neighborhood of 0, say U , such that the function Fp : U → R given by

Fp(q) := f(p · q)− P ℓ
pf(q)

is well-defined. Notice that

(5.13) X1
α1

. . . X1
αj
Fp(0)

(5.7)
= 0 for every j = 0, . . . , ℓ and α1, . . . , αj = 1, . . . , n1.

Moreover, by the definition of P ℓ
pf ,

(5.14) X1
α1

. . . X1
αℓ
Fp(q) =

(
X1

α1
. . . X1

αℓ
f
)
(p · q)−X1

α1
. . . X1

αℓ
f(p) for every α1, . . . αℓ = 1, . . . , n1.
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By [17, Lemma 1.40], there exist constants N ∈ N+ and C > 0, both depending only on G, such that, for
any w ∈ G, the following properties hold:

w = w1 · w2 · . . . · wN for some w1, . . . , wN ∈ exp(V1),

d(wj , 0) ≤ Cd(w, 0) for every j = 1, . . . , N .(5.15)

Set C1 = NC. Fix w ∈ G and ε > 0 such that (5.10) holds. Define γ : [0, 1] → G by means of the following
construction. For every j = 1, . . . , N , set

t0 = 0, tj :=
j

N
, Jj := [tj−1, tj ] , Wj := logwj .

Define γ by setting

γ|Jj (τ) := δε(w1) · . . . · δε(wj−1) · δεN(τ−tj−1)(wj).

In particular,

γ̇|Jj (τ) = εN Wj |γ(τ) .

By construction, p ·γ is a horizontal, piecewise smooth curve joining γ(0) = p and γ(1) = p · δε(w). Moreover,

(5.16) d (p · γ(τ), p) = d (γ(τ), 0) ≤ ε
N∑
i=1

d(wi, 0)
(5.15)

≤ NCεd(w, 0) = C1εd(w, 0).

Therefore, by (5.10), p ·γ(τ) ∈ Ω for every τ ∈ [0, 1]. By the fundamental theorem of calculus, writing τ0 := 1,

Fp (δε(w))
(5.13)
= Fp (γ(τ0))− Fp (γ(0)) =

∫ τ0

0

d

dτ1
(Fp(γ(τ1)) dτ1 = εN

N∑
i1=1

∫
Ji1

(Wi1Fp) (γ(τ1)) dτ1.

Fix i1 = 1, . . . , N and τ1 ∈ Ji1 . Since Wi1 ∈ V1, (5.13) yields (Wi1Fp) (0) = 0. Therefore, arguing as above,

(Wi1Fp) (γ(τ1))
(5.13)
= (Wi1Fp) (γ(τ1))− (Wi1Fp) (γ(0)) = εN

N∑
i2=1

∫
Ji2∩ [0,τ1]

(Wi2Wi1Fp) (γ(τ2)) dτ2.

Combining the above identities,

Fp (δε(w)) = (εN)2
N∑

i1,i2=1

∫
Ji1

∫
Ji2∩ [0,τ1]

(Wi2Wi1Fp) (γ(τ2)) dτ2 dτ1.

Iterating the above procedure ℓ times,

Fp (δε(w)) = (εN)ℓ
N∑

i1,...,iℓ=1

∫
Ji1

· · ·
∫
Jiℓ∩ [0,τℓ−1]

(Wiℓ . . .Wi1Fp) (γ(τℓ)) dτℓ . . . dτ1.

Hence, by (5.14) and noticing that Fp(δε(w)) = εℓRw
ℓ,εf(p),

Rw
ℓ,εf(p) = N ℓ

N∑
i1,...,iℓ=1

∫
Ji1

· · ·
∫
Jiℓ∩ [0,τℓ−1]

[
(Wiℓ . . .Wi1f) (p · γ(τℓ))− (Wiℓ . . .Wi1f) (p)

]
dτℓ . . . dτ1.

In particular, Minkowski’s integral inequality (cf. [26, Corollary B.83]) implies

(5.17)
∥∥Rw

ℓ,εf
∥∥
Lθ(A)

≤ N ℓ
N∑

i1,...,iℓ=1

∫ 1

0

(∫
A

∣∣∣ (Wiℓ . . .Wi1f) (p · γ(τ))− (Wiℓ . . .Wi1f) (p)
∣∣∣θ dp) 1

θ

︸ ︷︷ ︸
=:gi1,...,iℓ (τ)

dτ.

First, (5.16) and Lemma 2.2 imply that

(5.18) gi1,...,iℓ(τ) → 0 as ε ↘ 0 for a.e. τ ∈ (0, 1).

For any i = 1, . . . , N , set Wi =
∑n1

j=1w
j
iX

1
j and denote by |wi|eu the Euclidean norm of (w1

1, . . . , w
n1
i ). By

[8, Example 5.1.2] and [8, Proposition 5.1.4], there exists a constant C̃ = C̃(G) > 0 such that

(5.19) |wi|eu ≤ C̃d(wi, 0).
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Then

|Wiℓ . . .Wi1f(q)| ≤ (n1)
ℓ |wiℓ |eu . . . |wi1 |eu

n1∑
j1,...,jℓ=1

∣∣X1
jℓ
. . . X1

j1f(q)
∣∣

(5.19)

≤
(
C̃n1

)ℓ
d(wiℓ , 0) . . . d(wi1 , 0)

n1∑
j1,...,jℓ=1

∣∣X1
jℓ
. . . X1

j1f(q)
∣∣

(5.15)

≤
(
CC̃n1

)ℓ
d(w, 0)ℓ

n1∑
j1,...,jℓ=1

∣∣X1
jℓ
. . . X1

j1f(q)
∣∣ .

Therefore, (2.5) implies that

(5.20) gi1,...,iℓ(τ) ≤ 2
(
CC̃n1

)ℓ
d(w, 0)ℓ

n1∑
j1,...,jℓ=1

∥∥X1
jℓ
. . . X1

j1f
∥∥
Lθ(Ω)

.

By (5.17), (5.18), (5.20) and the dominated convergence theorem, (5.9) follows. Moreover, (5.11) follows as

well from (5.17) and (5.20). Eventually, assume that f ∈ W ℓ,∞
H (Ω). By [19],

(5.21) X1
i1 . . . X

1
ik
f ∈ C(Ω) for every k = 1, . . . , ℓ− 1 and i1, . . . , ik = 1, . . . , n1.

Combining (5.21) with [32, Proposition 2.4] and [32, Proposition 2.5], one argues as above to deduce that

(5.22) Rw
ℓ,ε(p) =

N ℓ−1

ε

N∑
i1,...,iℓ−1=1

∫
Ji1

· · ·
∫
Jiℓ−1

∩[0,τℓ−2]

(
Wiℓ−1

. . .Wi1Fp

)
(γ(τℓ−1)) dτℓ−1 . . . dτ1.

Combining (5.13) and (5.16) with [10, Proposition 3.4], [32, Proposition 2.4] and [32, Proposition 2.5],

(5.23)
∣∣(Wiℓ−1

. . .Wi1Fp

)
(γ(τℓ−1))

∣∣ ≤ 2εN ∥Wiℓ . . .Wi1f∥L∞(Ω) .

By (5.22) and (5.23), (5.12) follows as in the previous case. □

6. Well-posedness for transport and flow equations driven by contact velocities

In this section, we prove that contact vector fields with horizontal Sobolev regularity satisfy the renor-
malization property. As a consequence, we obtain well-posedness for the transport and flow equations. We
provide only the proofs specific to our setting, as the remaining arguments follows as in Euclidean spaces and
Heisenberg groups. We refer to [15] and [5], respectively, for the corresponding proofs and further details.

6.1. Transport equation, distributional solutions, and renormalized solutions. Fix τ̄ ∈ (0,∞].
Given α, β ∈ [1,∞], we consider (see [26]) the space Lα

(
0, τ̄ ;Lβ(G)

)
of Borel functions u : (0, τ̄) × G → R

such that

∥u∥Lα(0,τ̄ ;Lβ(G)) :=


(∫ τ̄

0
∥u(·, τ)∥αLβ(G) dτ

) 1
α

if α ∈ [1,∞)

ess sup
τ∈(0,τ̄)

∥u(·, τ)∥Lβ(G) if α = ∞

is finite. Its local version Lα
(
0, τ̄ ;Lβ

loc(G)
)

is defined similarly. Moreover, when α = β, Lα (0, τ̄ ;Lα(G))

naturally identifies with Lα ((0, τ̄)×G). The Cauchy problem for the transport equation reads

(T )


∂u

∂τ
− ⟨b,∇u⟩+ cu = 0 in (0, τ̄)×G

u(0, ·) = u0 in G,

where a velocity field b ∈ X(G), a reaction term c and an initial condition u0 are given. Fix θ ∈ [1,∞]. From
now on, we suppose that

(6.1) b ∈ L1
(
0, τ̄ ;

[
Lθ′
loc(G)

]n)
, c,divb ∈ L1

(
0, τ̄ ;Lθ′

loc(G)
)
, u0 ∈ Lθ

loc(G).

We emphasize that, in the first assumption above (and similarly in the analogous ones below), the inte-
grability of b is understood component-wise with respect to the fixed left-invariant basis. We say that
u ∈ L∞ (0, τ̄ ;Lθ

loc(G)
)
(u ∈ L∞((0, τ̄)×G) if θ = ∞) is a distributional solution to (T ) if

⟨Tu0,b,c(u), φ⟩ := −
∫
G
u0(p)φ(0, p) dp+

∫ τ̄

0

∫
G
u [−∂τφ+ ⟨b,∇φ⟩+ (c+ divb)φ] dp dτ = 0
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for every φ ∈ C∞
c ([0, τ̄)×G). The existence of solutions to (T ) is ensured by the next result, similar to [15,

Proposition II.1].

Proposition 6.1. Let θ ∈ [1,∞] and assume (6.1). Assume, in addition, that u0 ∈ Lθ(G) and{
c+ 1

θ divb ∈ L1(0, τ̄ ;L∞(G)) if θ ∈ (1,∞]

c,divb ∈ L1(0, τ̄ ;L∞(G)) if θ = 1.

Then there exists a distributional solution u ∈ L∞ (0, τ̄ ;Lθ(G)
)
to (T ).

The following property (cf. [13]) allows us to handle the initial condition. See [5, Proposition 4.3] for the
proof.

Proposition 6.2. Let u ∈ L∞ (0, τ̄ ;Lθ
loc(G)

)
be a distributional solution to (T ). Extend b, c, u to (−∞, τ̄)×G

by setting

(6.2) b(τ, p) =

{
0 if τ < 0

b(τ, p) otherwise,
c(τ, p) =

{
0 if τ < 0

c(τ, p) otherwise,
u(τ, p) =

{
u0(p) if τ < 0

u(τ, p) otherwise.

Then

∂τu− ⟨b,∇u⟩+ cu = 0 in (−∞, τ̄)×G

in the sense of distributions, namely ⟨Tb,c(u), φ⟩ = 0 for every φ ∈ C∞
c ((−∞, τ̄)×G), where

(6.3) ⟨Tb,c(u), φ⟩ :=
∫ τ̄

−∞

∫
G
u [−∂τφ+ ⟨b,∇φ⟩+ (c+ divb)φ] dp dτ.

We recall the notion of renormalized solution, introduced by DiPerna and Lions in [15]. A function
u ∈ L∞ (0, τ̄ ;Lθ(G)

)
is a renormalized solution to (T ) if, for every β ∈ C1(R) with β′ bounded, the function

β(u) is a distributional solution to
∂β(u)

∂τ
− ⟨b,∇β(u)⟩+ cuβ′(u) = 0 in (0, τ̄)×G

β(u)(0, ·) = β(u0) in G,

namely if, for every φ ∈ C∞
c ([0, τ̄)×G),

−
∫
G
β(u0)(p)φ(0, p) dp+

∫ τ̄

0

∫
G
β(u) [−∂τφ+ ⟨b,∇φ⟩+ divbφ] + cuβ′(u)φdp dτ = 0.

If θ = ∞, the condition that β′ is bounded is not required. Choosing β to be the identity map, it is clear
that renormalized solutions are distributional solutions. The converse implication does not hold in general
(see [14]). However, if it holds for all u0 and c as in (6.1), we say that b enjoys the renormalization property.
We show that contact vector fields with horizontal Sobolev regularity have the renormalization property.

Theorem 6.3. Let θ ∈ [1,∞] and u0 ∈ Lθ(G). Assume that b ∈ L1
(
0, τ̄ ;

[
W 1,θ′

H,loc(G)
]n)

is a time-dependent

contact vector field and c ∈ L1
(
0, τ̄ ;Lθ′

loc(G)
)
. Then any distributional solution u ∈ L∞ (0, τ̄ ;Lθ(G)

)
to (T )

is a renormalized solution. In particular, b has the renormalization property.

6.2. Regularization. The proof of Theorem 6.3 follows the mollification scheme of [15]: mollifying a distri-
butional solution to the transport equation yields a smooth (in space) solution up to an error term, known as
commutator. Here, mollification is meant with respect to the group convolution as in Section 2.3. The next
result provides an integral representation of the commutator. Its proof is analogous to [5, Proposition 4.9].

Proposition 6.4. For θ ∈ [1,∞], assume (6.1). Fix a distributional solution u ∈ L∞ (0, τ̄ ;Lθ(G)
)
to (T )

and extend b, c, u to (−∞, τ̄)×G as in (6.2). For every ε > 0, let uε = u∗ϱε be the spatial group mollification
of u by ϱε, with ϱε as in (2.9). Then, the distribution Tb,c(uε) in (6.3) is representable by integration of the
commutator Cε, i.e.,

⟨Tb,c(uε), φ⟩ =
∫ τ̄

−∞

∫
G
φ(τ, p)Cε(τ, p) dp dτ for every φ ∈ C∞

c ((−∞, τ̄)×G),
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where Cε = C 1
ε + C 2

ε ∈ L1
(
−∞, τ̄ , L1

loc(G)
)
is defined by

C 1
ε (τ, p) := − ((udivb) ∗ ϱε) (τ, p)−

∫
G
u
(
τ, p · q−1

) s∑
i=1

ni∑
α=1

[
biα(τ, p)X

i
αϱε(q)− biα

(
τ, p · q−1

) (
Xi

α

)r
ϱε(q)

]
dq,

C 2
ε (τ, p) :=

∫
G
u
(
τ, p · q−1

)
ϱε(q)

[
c(τ, p)− c

(
τ, p · q−1

)]
dq

for a.e. (τ, p) ∈ (−∞, τ̄)×G.

The following lemma constitutes the crucial step in the proof of Theorem 6.3: the commutator vanishes

in the limit, provided that the velocity field is a contact vector field. Recall that, if b ∈
[
W 1,θ

H,loc(G)
]n

is a

contact vector field, then (4.8) holds. Recall also the notation (3.2) and (3.4).

Lemma 6.5. Let θ ∈ [1,∞]. Fix u0 ∈ Lθ
loc(G). Let b ∈ L1

(
0, τ̄ ;

[
W 1,θ′

H,loc(G)
]n)

be a time-dependent contact

vector field and c ∈ L1
(
0, τ̄ ;Lθ′

loc(G)
)
. For u ∈ L∞ (0, τ̄ ;Lθ

loc(G)
)
, extend b, c, u to (−∞, τ̄)×G as in (6.2).

Then Cε → 0 in L1
(
−∞, τ̄ ;L1

loc(G)
)
as ε ↘ 0.

Proof. Every argument will be carried out for τ fixed, so we assume without loss of generality that u,b and
c do not depend on τ . We only prove the local L1-convergence of C 1

ε , since the proof for C 2
ε is identical to

the corresponding case in [5, Lemma 4.10]. For p ∈ G, one has

−C 1
ε (p) = ((udivb) ∗ ϱε) (p) +

∫
G
u
(
p · q−1

) s∑
i=1

ni∑
α=1

[
biα(p)X

i
αϱε(q)− biα

(
p · q−1

) (
Xi

α

)r
ϱε(q)

]
dq

(3.5)
= ((udivb) ∗ ϱε) (p) +

s∑
i=1

ni∑
α=1

{∫
G

[
biα(p)− biα

(
p · q−1

)]
u
(
p · q−1

) (
Xi

α

)r
ϱε(q) dq

+
s−i∑
k=1

1

k!

∑
|Ik|≤s−i

∑
Ak(Ik)

∑
Bk(i,Ik)

c(Ik, i+ |Ik|)Bk
AkBk−1

∫
G
biα(p)u

(
p · q−1

)
qIkAk

(
X

i+|Ik|
βk

)r
ϱε(q) dq

}
(2.10)
= ((udivb) ∗ ϱε) (p) +

s∑
i=1

ni∑
α=1

{∫
G

biα(p)− biα
(
p · q−1

)
εQ+i

u
(
p · q−1

) ((
Xi

α

)r
ϱ
)(

δ 1
ε
(q)
)
dq

+
s−i∑
k=1

1

k!

∑
|Ik|≤s−i

∑
Ak(Ik)

∑
Bk(i,Ik)

c(Ik, i+ |Ik|)Bk
AkBk−1

∫
G

biα(p)

εQ+i+|Ik|
u
(
p · q−1

)
qIkAk

((
X

i+|Ik|
βk

)r
ϱ
)(

δ 1
ε
(q)
)
dq

}
.

We perform the change of variables w = δ 1
ε
(q). Observe that

qIkAk
= qi1α1

. . . qikαk
= εi1+···+ikwi1

α1
. . . wik

αk
= ε|Ik|wIk

Ak
.

Since
((
Xi

α

)r
ϱ
) (

w−1
)
= −Xi

αϱ(w) for every i = 1, . . . , s and α = 1, . . . , ni by Lemma 2.1 and (2.8), then

−C 1
ε (p)

(2.6)
= ((udivb) ∗ ϱε) (p) +

s∑
i=1

ni∑
α=1

{∫
G

biα(p)− biα
(
p · δε

(
w−1

))
εi

u
(
p · δε

(
w−1

)) (
Xi

α

)r
ϱ(w) dw

+

s−i∑
k=1

1

k!

∑
|Ik|≤s−i

∑
Ak(Ik)

∑
Bk(i,Ik)

c(Ik, i+ |Ik|)Bk
AkBk−1

∫
G

biα(p)

εi
u
(
p · δε

(
w−1

))
wIk
Ak

(
X

i+|Ik|
βk

)r
ϱ(w) dw

}

= ((u divb) ∗ ϱε) (p) +
s∑

i=1

ni∑
α=1

{∫
G

biα(p · δε(w))− biα(p)

εi
u(p · δε(w))Xi

αϱ(w) dw︸ ︷︷ ︸
=:Ci

α(p)

−
s−i∑
k=1

1

k!

∑
|Ik|≤s−i

∑
Ak(Ik)

∑
Bk(i,Ik)

(−1)kc(Ik, i+ |Ik|)Bk
AkBk−1

∫
G

biα(p)

εi
u(p · δε(w))wIk

Ak
X

i+|Ik|
βk

ϱ(w) dw

︸ ︷︷ ︸
=:Di

α(p)

}
.
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First, we focus on Ci
α. Recalling (5.6), we have

Ci
α(p) =

∫
G

biα(p · δε(w))− P i−1
p biα(δε(w))

εi
u(p · δε(w))Xi

αϱ(w) dw︸ ︷︷ ︸
=:F i

α(p)

+

∫
G

i−1∑
ℓ=1

T ℓ
pb

i
α(δε(w))ε

−iu(p · δε(w))Xi
αϱ(w) dw︸ ︷︷ ︸

=:Gi
α(p)

,

where we agree that, when i = 1, P 0
p b

1
α(δε(w)) = b1α(p) and G1

α(p) = 0 for every α = 1, . . . , n1. We compute

the L1
loc-limit of F i

α. Assume first θ′ < ∞. Since b is a contact vector field, biα ∈ W i,θ′

H,loc(G) by Proposition 4.1.

Recalling (5.5) and (5.8), the dominated convergence theorem and Theorem 5.3 imply that, for every K ⋐ G,

∫
K

∣∣∣∣∣
∫
G

[
biα(p · δε(w))− P i−1

p biα(δε(w))

εi
u(p · δε(w))− T i

pb
i
α(w)u(p)

]
Xi

αϱ(w) dw

∣∣∣∣∣ dp
≤
∫
G

∣∣Xi
αϱ(w)

∣∣(∫
K

∣∣∣∣∣biα(p · δε(w))− P i−1
p biα(δε(w))

εi
u(p · δε(w))− T i

pb
i
α(w)u(p)

∣∣∣∣∣ dp
)

dw −−−→
ε↘0

0,

where we also used the Lθ-continuity of right translations (Lemma 2.2) to replace u(p ·δε(w)) with u(p) before
applying Theorem 5.3. If instead θ′ = ∞, the argument is similar to the corresponding case in the proof of
[5, Lemma 4.10]. Hence,

L1
loc

lim
ε↘0

s∑
i=1

ni∑
α=1

F i
α(p) =

s∑
i=1

ni∑
α=1

∫
G
T i
pb

i
α(w)u(p)X

i
αϱ(w) dw

(5.5)
=

s∑
i=1

ni∑
α=1

i∑
j=1

1

j!

s∑
i1,...,ij=1
i1+···+ij=i

ni1∑
α1=1

· · ·
nij∑
αj=1

Xi1
α1

. . . X
ij
αjb

i
α(p)u(p)

∫
G
wi1
α1

. . . w
ij
αjX

i
αϱ(w) dw

(5.3)
=

s∑
i=1

ni∑
α=1

{
ni∑

α1=1

Xi
α1
biα(p)u(p)

∫
G
wi
α1
Xi

αϱ(w) dw

+

i∑
j=2

1

j!

s∑
i1,...,ij=1
i1+···+ij=i

ni1∑
α1=1

· · ·
nij∑
αj=1

Xi1
α1

. . . X
ij
αjb

i
α(p)u(p)

∫
G
Xi

α

(
wi1
α1

. . . w
ij
αjϱ(w)

)
dw︸ ︷︷ ︸

=0

}

(5.3)
=

s∑
i=1

ni∑
α=1

ni∑
α1=1
α1 ̸=α

Xi
α1
biα(p)u(p)

∫
G
Xi

α

(
wi
α1
ϱ(w)

)
dw︸ ︷︷ ︸

=0

+
s∑

i=1

ni∑
α=1

Xi
αb

i
α(p)u(p)

∫
G
wi
αX

i
αϱ(w) dw

=

s∑
i=1

ni∑
α=1

Xi
αb

i
α(p)u(p)

(∫
G
Xi

α

(
wi
αϱ(w)

)
dw︸ ︷︷ ︸

=0

−
∫
G
ϱ(w)Xi

αw
i
α︸ ︷︷ ︸

(5.3)
= 1

dw

)

= −u(p)
s∑

i=1

ni∑
α=1

Xi
αb

i
α(p)

(2.11)
= −u(p) divb(p).
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It remains to analyze Di
α(p) +Gi

α(p). Observe that

s∑
i=1

ni∑
α=1

[
Di

α(p) +Gi
α(p)

]
= −

s−1∑
i=1

ni∑
α=1

s−i∑
k=1

1

k!

∑
|Ik|≤s−i

∑
Ak(Ik)

∑
Bk(i,Ik)

(−1)kc(Ik, i+ |Ik|)Bk
AkBk−1

∫
G

biα(p)

εi
u(p · δε(w))wIk

Ak
X

i+|Ik|
βk

ϱ(w) dw

+

s∑
i=2

ni∑
α=1

i−1∑
ℓ=1

∫
G
T ℓ
pb

i
α(δε(w))ε

−iu(p · δε(w))Xi
αϱ(w) dw.

For the first term, we get

s−1∑
i=1

ni∑
α=1

s−i∑
k=1

1

k!

∑
|Ik|≤s−i

∑
Ak(Ik)

∑
Bk(i,Ik)

(−1)kc(Ik, i+ |Ik|)Bk
AkBk−1

∫
G

biα(p)

εi
u(p · δε(w))wIk

Ak
X

i+|Ik|
βk

ϱ(w) dw

(2.4)
=

s−1∑
i=1

ni∑
α=1

s−i∑
k=1

1

k!

∑
|Ik|≤s−i

∑
Ak(Ik)

∑
Bk(i,Ik)

c(i+ |Ik|, Ik)Bk
Bk−1Ak

biα(p)

εi+|Ik|

∫
G
u(p · δε(w))δε

(
wIk
Ak

)
X

i+|Ik|
βk

ϱ(w) dw

=

s−1∑
i=1

ni∑
α=1

s−i∑
ℓ=1

ℓ∑
k=1

1

k!

∑
|Ik|=ℓ

∑
Ak(Ik)

∑
Bk(i,Ik)

c(i+ ℓ, Ik)
Bk
Bk−1Ak

biα(p)

εi+ℓ

∫
G
u(p · δε(w))δε

(
wIk
Ak

)
Xi+ℓ

βk
ϱ(w) dw

=
s∑

i=2

i−1∑
ℓ=1

ℓ∑
k=1

1

k!

∑
|Ik|=ℓ

∑
Ak(Ik)

∑
Bk(i−ℓ,Ik)

ni−ℓ∑
α=1

c(i, Ik)
Bk
Bk−1Ak

bi−ℓ
α (p)

εi

∫
G
δε

(
wIk
Ak

)
u(p · δε(w))Xi

βk
ϱ(w) dw

=

s∑
i=2

i−1∑
ℓ=1

ℓ∑
k=1

1

k!

∑
|Ik|=ℓ

∑
Ak(Ik)

ni∑
βk=1

∑
Bk−1(i−ℓ,Ik−1)

ni−ℓ∑
α=1

c(i, Ik)
Bk
Bk−1Ak

bi−ℓ
α (p)

εi

∫
G
δε

(
wIk
Ak

)
u(p · δε(w))Xi

βk
ϱ(w) dw.

Instead, the second one is

s∑
i=2

ni∑
α=1

i−1∑
ℓ=1

∫
G
T ℓ
pb

i
α(δε(w))ε

−iu(p · δε(w))Xi
αϱ(w) dw

(5.5)
=

s∑
i=2

ni∑
α=1

i−1∑
ℓ=1

ℓ∑
k=1

1

k!

∑
|Ik|=ℓ

∑
Ak(Ik)

∫
G
δε

(
wIk
Ak

)
XIk

Ak
biα(p)ε

−iu(p · δε(w))Xi
αϱ(w) dw

=

s∑
i=2

i−1∑
ℓ=1

ℓ∑
k=1

1

k!

∑
|Ik|=ℓ

∑
Ak(Ik)

ni∑
βk=1

XIk
Ak

biβk
(p)

∫
G
δε

(
wIk
Ak

)
u(p · δε(w))ε−iXi

βk
ϱ(w) dw.

Therefore,
s∑

i=1

ni∑
α=1

[
Di

α(p) +Gi
α(p)

]
=

s∑
i=2

i−1∑
ℓ=1

ℓ∑
k=1

1

k!

∑
|Ik|=ℓ

∑
Ak(Ik)

ni∑
βk=1XIk

Ak
biβk

(p)−
∑

Bk−1(i−ℓ,Ik−1)

ni−ℓ∑
α=1

c(i, Ik)
Bk
Bk−1Ak

bi−ℓ
α (p)

∫
G
δε

(
wIk
Ak

)
u(p · δε(w))ε−iXi

βk
ϱ(w) dw

(4.8)
= 0.

In conclusion,

L1
loc

lim
ε↘0

−C 1
ε =

L1
loc

lim
ε↘0

(udivb) ∗ ϱε +
L1
loc

lim
ε↘0

(
s∑

i=1

ni∑
α=1

F i
α

)
+

L1
loc

lim
ε↘0

(
s∑

i=1

ni∑
α=1

[
Di

α +Gi
α

]
︸ ︷︷ ︸

=0

)
= udivb− u divb = 0,
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where the second equality holds due to Proposition 2.3, since udivb ∈ L1
loc(G). □

Proof of Theorem 6.3. Owing to Lemma 6.5, the proof is just an adaptation of that of [5, Theorem 4.6]. □

6.3. Well-posedness results. As a consequence of Theorem 6.3 and Proposition 6.1, we get existence and
uniqueness of distributional solutions to (T ) under natural growth conditions. We refer to [5, Theorem 4.7]
for its proof in the Heisenberg groups case and [15, Theorem II.2] in the Euclidean one.

Theorem 6.6. Let θ ∈ [1,∞] and u0 ∈ Lθ(G). Let b ∈ L1
(
0, τ̄ ;

[
W 1,θ′

H,loc(G)
]n)

be a time-dependent contact

vector field. Assume, in addition, that c,divb ∈ L1 (0, τ̄ ;L∞(G)) and that

(6.4)
|b|

1 + d(p, 0)
∈ L1

(
0, τ̄ ;L1(G)

)
+ L1(0, τ̄ ;L∞(G)),

where |b| is the norm of b with respect to the Riemannian metric ⟨·, ·⟩. Then there exists a unique distribu-
tional solution u to (T ) in L∞ (0, τ̄ ;Lθ(G)

)
corresponding to the initial condition u0.

A slight adaptation of the abstract framework introduced in [1] – and subsequently formalized in [2, 3] –
allows us to leverage Eulerian well-posedness to well-posedness at Lagrangian level. Accordingly, we recall
that a map Φ(τ, p) is a regular Lagrangian flow associated with b ∈ L1(0, τ̄ ;X(G)) if

(a) for a.e. p ∈ G, τ 7→ Φ(τ, p) is an absolutely continuous integral curve of b, i.e.,
d

dτ
Φ(τ, p) = b(τ,Φ(τ, p)) for a.e. τ ∈ (0, τ̄)

Φ(0, p) = p,

(b) there exists a constant C ∈ (0,∞) such that Φ(τ, ·)#Ln ≤ CLn for all τ ∈ [0, τ̄).

In the above definition, Ln is the Lebesgue measure and Φ(τ, ·)#Ln the push-forward measure.

Theorem 6.7. Assume that b ∈ L1
(
0, τ̄ ;

[
W 1,1

H,loc(G)
]n)

is a time-dependent contact vector field. Assume

that divb ∈ L1 (0, τ̄ ;L∞(G)) and that (6.4) holds. Then there exists a regular Lagrangian flow associated
with b. Moreover, if Φ1 and Φ2 are regular Lagrangian flows associated with b, then

Φ1(·, p) = Φ2(·, p) for a.e. p ∈ G.

Remark 6.8. Stability properties, both at Eulerian and at Lagrangian level, are a direct consequence of
uniqueness as in Theorem 6.6, and follows with minor modifications as in [15, Section II] and [2, Section 5].

We refer to [5, Section 5] for a summary of further consequences in the case of Heisenberg groups, and for
several additional references. With small adjustments, these results carry over to the Carnot group setting.

Appendix A. Further properties of difference quotients

In this final appendix, we collect some additional properties of difference quotients. Although they are
not needed for the purposes of this paper, we believe they may be of independent interest. The first result
provides an inductive characterization of difference quotients.

Proposition A.1. Let Ω ⊆ G be open. Fix p ∈ Ω and w ∈ G. Let ε > 0 be such that p · δτε(w) ∈ Ω for every
τ ∈ [0, 1]. If w = exp(W ) = exp(W1 + · · ·+Ws) with Wi ∈ Vi for every i = 1, . . . , s, set

Dw
m =

s−1∑
k=0

(−1)k

(k + 1)!

∑
|Ik+1|=m

i1[Wik+1
, . . . , [Wi2 ,Wi1 ] . . . ].

Let ℓ ≥ 1 and f ∈ Cℓ(Ω). Then

Rw
ℓ,εf(p) =

ℓ∑
m=1

∫ 1

0
τ ℓ−1Rw

ℓ−m,τε(D
w
mf)(p) dτ +

s∑
m=ℓ+1

εm−ℓ

∫ 1

0
τm−1Dw

mf(p · δτε(w)) dτ,

where we agree that the second term does not appear when ℓ ≥ s.
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Proof. We know from [35, Theorem 2.14.3] that, for every Z ∈ g,

(A.1) (d exp)Z =
s−1∑
k=0

(−1)k

(k + 1)!
(adZ)

k.

Setting γ(τ) = p · δτ (w) = p · exp(δτW ) for every τ ∈ [0, ε], we have

γ̇(τ) = (dLp)exp(δτW )(d exp)δτW

(
d

dτ
δτW

)
= (dLp)exp(δτW )(d exp)δτW

(
s∑

i1=1

i1τ
i1−1Wi1(δτW )

)
(A.1)
=

s−1∑
k=0

(−1)k

(k + 1)!

s∑
i1=1

i1τ
i1−1(dLp)exp(δτW )(adδτW )k(Wi1(δτW ))

=
s−1∑
k=0

(−1)k

(k + 1)!

s∑
i1=1

i1τ
i1−1

s∑
i2,...,ik+1=1

τ i2+···+ik+1 [Wik+1
, . . . , [Wi2 ,Wi1 ] . . . ](γ(τ))

=
s−1∑
k=0

(−1)k

(k + 1)!

∑
|Ik+1|≤s

i1τ
|Ik+1|−1[Wik+1

, . . . , [Wi2 ,Wi1 ] . . . ](γ(τ))

=

s−1∑
k=0

(−1)k

(k + 1)!

s∑
m=1

∑
|Ik+1|=m

i1τ
m−1[Wik+1

, . . . , [Wi2 ,Wi1 ] . . . ](γ(τ))

=

s∑
m=1

τm−1Dw
m(γ(τ)).

Therefore,

(A.2)
d

dτ
f(p · δτ (w)) =

s∑
m=1

τm−1Dw
mf(p · δτ (w))

and so

Rw
ℓ,εf(p)

(5.8),(5.6)
=

1

εℓ

[
f(p · δε(w))− f(p)−

ℓ∑
k=1

T k
p f(δε(w))

]
(5.5)
=

1

εℓ

[∫ 1

0

d

dτ
f(p · δτε(w)) dτ −

ℓ∑
k=1

εkT k
p f(w)

]
(A.2)
=

1

εℓ

[
ℓ∑

m=1

∫ 1

0
τm−1εmDw

mf(p · δτε(w)) dτ −
ℓ∑

k=1

εkT k
p f(w)

]
︸ ︷︷ ︸

=:F

+

s∑
m=ℓ+1

εm−ℓ

∫ 1

0
τm−1Dw

mf(p · δτε(w)) dτ.

The second term appears in the desired formula, so we focus on the first one. We have

F =
ℓ∑

m=1

∫ 1

0

1

(τε)ℓ−m
τ ℓ−1Dw

mf(p · δτε(w)) dτ − 1

εℓ

ℓ∑
k=1

εkT k
p f(w)

(5.8)
=

ℓ∑
m=1

∫ 1

0
τ ℓ−1Rw

ℓ−m,τε(D
w
mf)(p) dτ +

ℓ∑
m=1

1

εℓ−m

∫ 1

0
τ ℓ−1Pℓ−m(Dw

mf)(p, δτε(w)) dτ − 1

εℓ

ℓ∑
k=1

εkT k
p f(w)︸ ︷︷ ︸

=:G

.
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Hence, it suffices to prove that G = 0. Using the convention T 0
p (D

w
mf)(w) = (Dw

mf)(p), we get

G
(5.6)
=

1

εℓ

[
ℓ∑

m=1

∫ 1

0
τm−1εm

ℓ−m∑
h=0

(τε)hT h
p (D

w
mf)(w) dτ −

ℓ∑
k=1

εkT k
p f(w)

]

=
1

εℓ

[
ℓ∑

m=1

ℓ−m∑
h=0

εm+h

m+ h
T h
p (D

w
mf)(w)−

ℓ∑
k=1

εkT k
p f(w)

]

=
1

εℓ

[
ℓ∑

m=1

ℓ∑
k=m

εk

k
T k−m
p (Dw

mf)(w)−
ℓ∑

k=1

εkT k
p f(w)

]

=
1

εℓ

ℓ∑
k=1

εk

[
1

k

k∑
m=1

T k−m
p (Dw

mf)(w)− T k
p f(w)

]
.

We claim that the term inside the parentheses is 0. Indeed, by the general Leibniz rule,

T k
p f(w)

(5.5),(5.4)
=

1

k!

dk

dτk

∣∣∣∣
τ=0

f(p · δτ (w))

(A.2)
=

1

k!

s∑
m=1

dk−1

dτk−1

∣∣∣∣
τ=0

τm−1Dw
mf(p · δτ (w))

=
1

k!

s∑
m=1

min{k−1,m−1}∑
h=0

(
k − 1

h

)
dh

dτh

∣∣∣∣
τ=0

τm−1 dk−h−1

dτk−h−1

∣∣∣∣
τ=0

Dw
mf(p · δτ (w))

(5.4)
=

1

k!

s∑
m=1

min{k−1,m−1}∑
h=0

(
k − 1

h

)
(m− 1)!

(m− 1− h)!
τm−1−h|τ=0(k − h− 1)!T k−h−1

p (Dw
mf)(w)

=
1

k!

k∑
m=1

(
k − 1

m− 1

)
(m− 1)!(k −m)!T k−m

p (Dw
mf)(w)

=
1

k

k∑
m=1

T k−m
p (Dw

mf)(w).

This shows that G = 0, so the proof is concluded. □

Second, the boundedness of difference quotients yields a quantitative mollification error estimate. For
simplicity, we consider global horizontal Sobolev functions, for which Theorem 5.3 holds in the following
form.

Theorem A.2. Let ℓ ≥ 1 and θ ∈ [1,∞). Let f ∈ W ℓ,θ
H (G). Then

Lθ(G)

lim
ε↘0

Rw
ℓ,εf(p) = 0 for every w ∈ G.

In addition, there exists C2 = C2(G, ℓ) > 0 such that, for every ε > 0 and w ∈ G,

(A.3)
∥∥Rw

ℓ,εf
∥∥
Lθ(G)

≤ C2 d(w, 0)
ℓ

n1∑
α1,...,αℓ=1

∥∥X1
α1

. . . X1
αℓ
f
∥∥
Lθ(G)

.

Finally, if f ∈ W ℓ,∞
H (G), one still has

(A.4)
∥∥Rw

ℓ,εf
∥∥
L∞(G)

≤ C2 d(w, 0)
ℓ

n1∑
α1,...,αℓ=1

∥∥X1
α1

. . . X1
αℓ
f
∥∥
L∞(G)

.

A simple consequence of Theorem A.2 is the following quantitative version of Proposition 2.3.

Theorem A.3. Let ℓ ≥ 1 and θ ∈ [1,∞]. Let f ∈ W ℓ,θ
H (G). Let ϱ ∈ C∞

c (B(0, 1)) be such that

(A.5)

∫
G
ϱ dp = 1, and

∫
G
ϱP dp = 0
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for every non-constant polynomial P of homogeneous degree less than or equal to ℓ−1 and such that P (0) = 0.
Define ϱε as in (2.9), and set uε := u ∗ ϱε. Then, there exists C3 = C3(G, ℓ) > 0 such that, for every ε > 0,

∥uε − u∥Lθ(G) ≤ C3 ε
ℓ

n1∑
α1,...,αℓ=1

∥∥X1
α1

. . . X1
αℓ
u
∥∥
Lθ(G)

.

Proof. Fix p ∈ G. We have

uε(p)− u(p)
(2.6),(A.5)

=

∫
G

[
u
(
p · δε

(
q−1
))

− u(p)
]
ϱ(q) dq

(5.8),(A.5)
= εℓ

∫
G

[
Rq−1

ℓ,ε u(p) + T ℓ
pu
(
q−1
)]

ϱ(q) dq.

Therefore,

∥uε − u∥Lθ(G) ≤ εℓ
∫
G

(∥∥∥Rq−1

ℓ,ε u
∥∥∥
Lθ(G)

+
∥∥∥T ℓ

· u
(
q−1
)∥∥∥

Lθ(G)

)
|ϱ(q)| dq.

A simple estimate of T ℓ
· u, combined with (A.3) and (A.4), concludes the proof. □
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