TRANSPORT AND FLOW FOR HORIZONTAL SOBOLEV CONTACT VELOCITIES IN
CARNOT GROUPS
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ABSTRACT. We establish new well-posedness results for transport and flow equations driven by contact vector
fields on Carnot groups. The velocity fields are assumed to have horizontal Sobolev regularity, namely Sobolev
regularity only along the horizontal directions determined by the stratified geometry of the group. In the broader
sub-Riemannian setting, results of this type were previously known only for Heisenberg groups. Our proof relies
on the theory of renormalized solutions as originally introduced by DiPerna and Lions in the Euclidean setting.

1. INTRODUCTION

In this paper, we establish new well-posedness results for the transport equation

ou . _
(1.1) 5—(b,w>+cu:o in (0,7) x G
u(0,-) = up in G
and for the flow equation
o) b(r.p) =b(r,B(r.p))  in(0.7) x
' ®(0,p) =p in G

in the non-Euclidean setting of sub-Riemannian Carnot groups G. In addition to natural growth conditions
and a uniform control on its spatial divergence, the velocity field b = b(7, p) has the following properties:

(i) horizontal Sobolev regularity, i.e., Sobolev regularity along a (possibly small) family of directions;
(ii) a precise contact structure, compatible with the above family of directions.

The original motivation for this theory is to address the Lagrangian problem (1.2) beyond the classical
Cauchy-Lipschitz framework (see e.g. [4, Chapter 8]). In the Euclidean setting, this problem was solved
in the influential paper [15] for Sobolev velocity fields, and was later extended to the BV setting in the
breakthrough work [1]. The principle underlying the results of [1, 15] — formalized in great generality in
[2, 3] — is to obtain information at the Lagrangian level from the Eulerian viewpoint of (1.1). More precisely,
well-posedness for distributional solutions to (1.1) yields well-posedness for solutions to (1.2), for instance
in the sense of regular Lagrangian flows as introduced in [1]. This Eulerian approach has since led to many
further results under suitable regularity and structural assumptions on b (see e.g. [7, 11, 24, 27]). Purely
Lagrangian methods have also been developed (see e.g. [12, 20, 29)).

A major step toward extending the theory to non-Euclidean geometries was taken in [6], which established
analogous results for Sobolev vector fields on a broad class of metric measure spaces. Since Carnot groups
carry a natural metric measure structure, it is natural to ask whether well-posedness results in this setting
follow directly from the theory developed in [6]. As explained by L. Ambrosio and the authors in [5, Section 6],
this is not the case even for Heisenberg groups, the simplest non-abelian examples of Carnot groups. Indeed,
although Heisenberg groups satisfy the structural requirements imposed in [6], the corresponding assumptions
on the vector field are too restrictive, reducing the applicability of the theory to the trivial case of the null
vector field. This limitation was overcome in [5], where well-posedness was established for contact vector
fields with horizontal Sobolev regularity on Heisenberg groups. The present paper extends these results to
the more general setting of Carnot groups.
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A Carnot group G is a connected and simply connected Lie group whose Lie algebra g of left-invariant
vector fields admits the non-trivial stratification

g=V1@69V5, ‘/;+1:[‘/17‘/’£] fori:]-?"'as_]-u [‘/17‘/:9]:{0}
The number s of layers in the above decomposition is known as step of G. Fixing a basis of g,
(1.3) {X2}, 0 i=1,...,s, a=1,...,dimV;,

«

adapted to the above stratification, uniquely determines a left-invariant Riemannian metric (-, -) which makes
(1.3) orthonormal. Moreover, exponential coordinates identify G with R™ endowed with a typically non-
abelian group law. Under this identification, the Haar measure coincides with the Lebesgue measure. Conse-
quently, if read in exponential coordinates, the intrinsic problem (1.1) takes the form of the usual Euclidean
transport problem, so that our results are relevant from both the intrinsic and the Euclidean viewpoint.

Both the regularity and the structural assumptions that we impose on b are naturally expressed in terms
of the so-called horizontal distribution H, defined by

%p = Vl(p)v pE G.

On the one hand, our regularity assumptions involve derivatives only along horizontal directions. Since H
does not, in general, exhaust the whole tangent space, these assumptions are weaker than their Euclidean
counterparts. For instance, in the relevant case of Sobolev regularity (see e.g. [36]), one typically has

W) ¢ Wy’ (),

where Wf{’G(Q) denotes the corresponding horizontal Sobolev space. In this sense, and as already pointed out
in [5], our results improve upon [15] by requiring regularity only along horizontal directions.

On the other hand, the horizontal distribution also underlies the structural condition imposed on the
velocity field. In the smooth setting, a vector field is called contact if its flow preserves H. This natural
class arises in contact geometry (see e.g. [28, 34]), and has been studied thoroughly in the setting of Carnot
groups (see e.g. [30, 31]). Particular attention has been devoted to Heisenberg and filiform groups, especially
in connection with the theory of quasiconformal mappings (see e.g. [22, 23, 37]). Contact vector fields are
characterized by the infinitesimal condition

(1.4) b, V1], C H,, for every p € G.

As (1.4) is still meaningful under mild regularity assumptions on b, we adopt it as definition. Our main well-
posedness result, therefore, applies to (time-dependent) vector fields b having horizontal Sobolev regularity
in their spatial dependence, and satisfying (1.4) in the appropriate weak sense.

The core idea behind the well-posedness of (1.1) exploits the machinery of renormalized solutions intro-
duced in [15]: when bounded distributional solutions to (1.1) are renormalized solutions (cf. Section 6),
well-posedness follows by natural growth assumptions and uniform bounds on divb. In turn, the above
renormalization property follows by adapting the mollification argument introduced in [15]. More precisely,
mollifying (1.1) via group convolution with appropriate intrinsic kernels yields
Oue
or
The error term %, commonly known as commutator, quantifies the lack of commutativity between divergence
and convolution. The main technical step consists in proving that 4. converges to 0 in LllOC as € \(0. As we
explain below, the commutator can be decomposed into terms involving difference quotients of the components
of b, of order up to s, and suitable remainder terms. The convergence of the former is ensured by horizontal
Sobolev regularity, while the contact condition forces the latter to vanish.

(1.5)

— (b, Vug) + cu. = 6 in (0,7) x G.

The paper is organized as follows. In Section 2, we introduce the setting of Carnot groups and the tools
needed throughout the paper, in particular group mollification and horizontal Sobolev spaces.

In Section 3, we express left-invariant vector fields in terms of right-invariant ones. Namely, if X, is as in
(1.3) and (X72)" is its right-invariant counterpart, we show (see (3.2) and (3.4) for the notation) that

S—1io

. . T 1 3 B I +u—‘ T
(1.6) Xp=(X0) +2 o X Y Y elwio+ DR, ok (X5

k=1 """ |Iy|<s—io Ak (Ik) By (io,Ix)

As we shall see, this formula will be crucial for relating the structure of 4. to the contact condition (1.4).
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In Section 4, we introduce the relevant class of velocity fields. As already mentioned, a contact vector field
b with horizontal Sobolev regularity is defined by requiring that, for some 6 € [1, o0,

s dimV;

(1.7) b=> Y BiXx.  beW . (G), [bVi],CH, forae peG.

i=1 a=1
By means of (1.7), we show that the first-order Sobolev regularity of the coefficients of b improves according
to the corresponding layer (see Proposition 4.1). The contact condition in (1.7) can be equivalently formulated
owing to the family of first-order compatibility conditions

dim Vk—l

(1.8) Xph= > e(k—1,1)005 B=1,...,dimV, k=2,...,s,y=1,...,dim W,

a=1
where ¢(3, j)lﬂ are the so-called structural constants of g. We show that the improved Sobolev regularity
actually upgrades (1.8) to the higher-order system of iterated compatibility conditions

dim V; |1

(1'9) XAk 5k - Z Z (Z Ik)Bk 1A kbza llk‘

Br_1(i—|Igxl Jxg—1) o=1

(see Proposition 4.2 and Proposition 4.3). The identities in (1.9) will play an essential role in Section 6, as
they allow us to get rid of the aforementioned remainder terms arising in the commutator analysis. The
section concludes with a few structural remarks and further insights into the class of contact vector fields.

In Section 5, we investigate the asymptotic behavior of (higher-order) difference quotients for functions

with horizontal Sobolev regularity. More precisely, if f € Wf{’g and {0c}e>0 denotes the appropriate family
of intrinsic dilations of G, we prove that

f(p-oe(w)) = Byf (5c(w)) 1o

et e\0

(1.10) 0,

where P’f is the intrinsic Taylor polynomial of f of homogeneous order £. Thus, (1.10) provides an Lf-Taylor
expansion adapted to the homogeneous structure of G, thereby furnishing the second key ingredient in the
forthcoming commutator analysis.

In Section 6, we prove the main results of the paper. As stressed above, the key step is the analysis of
the commutator ¢~ in (1.5), which we carry out in Section 6.2. Using (1.6) and performing some algebraic
manipulations, one finds that 4. can be written as combination of terms involving the difference quotients of
the components of b, namely

/ b (p - 9= (w)) — Py~ 10}, (0c (w))
G

(1.11) u(p - 0 (w)) Xz 0(w), dw,

i
and remainder terms of the form

dim V;_,

(1.12) Xi’“kbiﬁk (p) — Z Z (i, Ip)2 B 1Akbl%(p) /65 (w{f > u(p - 5€(w))5*iXékQ(w) dw.

Br_1(i—4,I_1) =1

On the one hand, (1.10) and the improved Sobolev regularity provided by (1.7) imply that (1.11) converges to
0in L{ .. On the other hand, (1.9) shows that (1.12) vanishes identically. Consequently, the renormalization
property and the well-posedness of (1.1) follow essentially as in [5], under the above-mentioned growth
conditions and controllability assumptions on b. Once the Eulerian problem is settled, well-posedness for the
Lagrangian problem (1.2) is deduced by means of the general theory developed in [2, 3] (see Section 6.3).

Finally, in Appendix A we collect some additional results which may be of independent interest, including
an inductive representation formula for difference quotients and a quantitative mollification approximation
which follows at once by the results of Section 5

Acknowledgments. The authors thank Luigi Ambrosio, Enrico Le Donne, and Alessandro Ottazzi for many
stimulating and enlightening conversations.
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2. PRELIMINARIES

2.1. Main notation. We denote by N the set of nonzero natural numbers. We also write co = 4o0. If
7 € (0,00], the notation [0, 7] stays for the usual closed interval if 7 < oo or [0,00) if 7 = co. Given open
sets A,€), when A is a compact subset of ), we write A € Q. If § € [1,00], we denote its Holder conjugate
by ¢ € [1, 0], i.e., % + % = 1. If f is differentiable at a point g, we denote by df, its differential at g.

2.2. Carnot groups. A Lie algebra g is said to be stratified if it admits a stratification, i.e., there exist
nontrivial linear subspaces Vi, ..., Vs of g such that

(21) g:VI@EBV% ‘/Z-l-l:[vlv‘/;] fOfi:l,...,S—l, [‘/17‘/8]:{0}

We stress that [V;, V] denotes the linear span of vectors of the form [X,Y] with X € V; and Y € Vj. Recall
that the Jacobi identity

(2.2) (X, Y, Z]|+ [Y,[Z,X]]+ [Z,[X,Y]] =0  forevery X,Y,Z €g

holds. Setting Vi, = {0} if & > s, (2.2) implies that [V}, V] C Vi4; for every i # j. If (G,-) is a Lie group, we
denote by g its Lie algebra. Moreover, we define

Ly(q)=p-q, Ry(q)=q-p  foreveryp, qeG

to be the left and right translations, respectively. Left-invariant vector fields are complete (see [25, Theorem
9.18]). Accordingly, if Z € g and - is its integral curve starting from the identity element e, we define the
exponential map exp : g — G by

exp(2) = (1),
We say that (G,-) is a stratified Lie group if it is connected, simply connected, and its Lie algebra g is
stratified. Let g = V1 @ --- @ V; be a stratification and set n; := dim V;. Set also n := dimg = dim G. Let
{Xtix}a:L...,n- be a basis for V; for every ¢ = 1,...,s. Since the exponential map of a stratified Lie group is a

7

diffeomorphism (see [35, Theorem 3.6.2]), we can define a system of graded coordinates associated with the

-----

a=1,...n;
S s
R" 3 (21, @y, X5, oy Ty vy T, T ) > XD <ZZ$£X&) € G.
i=1 a=1
In these coordinates, the identity element is 0 and the inverse element of p € G is p~! = —p. We denote

by log : G — g the inverse of exp. We fix a system of graded coordinates and denote by X, i and z¢ (p) (or
simply z!, if there is no ambiguity), with ¢ = 1,...,s and o = 1, ..., n;, the a-th vector field of the basis of
V; and the corresponding graded coordinate of p € G. Sometimes, we will adopt the notation

p:(xl,...,xs), mi:(acil,...,:vf”)GR”i.

We equip G with the Riemannian metric (-,-) that makes the above basis orthonormal. Accordingly, the
Riemannian gradient reads as

szzi(ng)xg.

i=1 a=1

We denote by (X ZY)T the right-invariant vector field corresponding to X7, that is,
(X(’;)T (p) = (dRyp), (Xg(e)) for every p € G.

Moreover, we define the structural constants c(i, 7)) 5 € R by

Niyj
(2.3) [X;,Xg] =Y eli, )15 X0
v=1

for every ¢,j =1,...,ssuchthat i+ j <s, a=1,...,n;, B=1,...,n;. Observe that
(24) C(iuj)gﬁ = _C(jvi),ﬁya'

We endow G with a homogeneous structure (see [8]). Precisely, for any A > 0, we define the intrinsic dilations
by setting 0,2 = \'Z if Z € V; and extending it by linearity on the whole algebra g. Then, considering
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their image through the exponential map, we get a one-parameter group of dilations on G, which in graded
coordinates are expressed as follows:

oa(p) = (\t,... Azh NP2, ... N2a2

Tpyye o, AT, .,/\sts) for every A > 0, p = (xl, e ,:Bs) e G.
The horizontal distribution H is defined by

n

Hp = Vi(p) for every p € G.
We endow G with the so-called Carnot-Carathéodory distance d (see [33]): given p,q € G, set

d(p,q) = inf {/ V&, y)dr + v :]0,1] — G is absolutely continuous, horizontal, v(0) = p, v(1) = q} ,

where an absolutely continuous curve is horizontal if 4(7) € H(;) for a.e. 7. By Chow’s theorem, d is finite.
The metric space (G, d) is called a Carnot group. We indicate by B(p,r) = {q¢ € G : d(p,q) < r} the open
ball with center p € G and radius » > 0. The Carnot-Carathéodory distance is compatible with the group
and homogeneous structures:

d(w - p,w - q) = d(p,q),

for every p,q,w € G, A > 0.

The Lebesgue measure | - | is a Haar measure:
1Lp(E)| = |E],
(2.5) R, (E)| = |E| for every E C G measurable, p € G.
» =
Furthermore,
(2.6) 16,(E)| = A9|E| for every E C G measurable, A > 0,

where Q = Y7, in; is the homogeneous dimension of (G,-) (see [33]). Using arguments identical to those
in [5, Lemma 2.1] and [5, Lemma 2.2], the following simple properties hold.

Lemma 2.1. Definet: G — G by t(q) = ¢~ . Then
Xl (pot)=— ((Xé)rw> oL for every p € CHG),i=1,...,5,a=1,...,n,.
In particular, if ¢ = @ o, then Xip = — ((X1)" ¢) o
0 : _ _
Lemma 2.2. Let § € [1,00) and f € LY(G). Then él_r%HfoRq Fle) =0

We denote by X(G) the class of locally integrable vector fields in G, and we adopt the notation
s n;
(2.7) b=> Y b,X, foreverybeX(G).
i=1 a=1
Since the frame {X ZX} i=1,..,s is orthonormal and its coefficients matrix with respect to the canonical basis of

=1,...,n;
R™ has determinant equal to 1 (cf. [8, Corollary 1.3.19]), the Riemannian volume coincides with the Lebesgue
measure. Hence, we define the divergence of a vector field b € X(G) as the distribution div b such that

(divb, @) = —/ dp(b)dp  for every ¢ € C°(G).
G
Thanks to (2.5), one can prove that left and right-invariant vector fields are divergence-free.

2.3. Group convolution. We refer to [17] for more details. Given f,g € L
f * g is defined by

(f *9)p /f

provided that the integrals converge. If the domain of f and g is an arbitrary open set 2 C G, we can still
define f * g by extending them to be 0 outside €. Fix a mollifier p € C2°(G) such that

lOC(G), their group convolution

Cn

/f p-q 1 9(q) dq for every p € G,

(2.8) 0>0, op)=o(p"), /de:l and =0 in B(0,1)°
G
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and set
1
(2.9) 0:(p) = Q¢ ((2 (p)) for every € > 0, p € G.
Observe that
2.10 X" L (xiy o) (s f =1 =1 » G
(2.10) ( a) gs(p)—m(( a) g)(é(p)> oreveryi=1,...,5, a=1,...,n;, peG.

The following standard convergence properties of group mollification hold.
Proposition 2.3. Let 6 € [1,00). Let u € LY(G) and set ue = u  o. for every e > 0. Then

(i) uEL—9>u as €\, 0,
(i) \uell Loy < lullpogy for every e > 0.

2.4. Horizontal Sobolev spaces. We refer to [16, 9] for further information. Fix an open subset @ C G
anduc Li (Q). Ifi=1,...,sand a =1,...,n;, the distribution X’ u is defined by

loc
(Xlu, p) = —/ uX’ o dp for every ¢ € C2°(92).
Q
If 6 € [1,00], we define the horizontal Sobolev space W;[’G(Q) by
W;[’G(Q) = {u e L(Q) : Xlue L(Q) for every a = 1,... ,nl} .

(Q) and WQQ(Q), for £ = 2,3, ..., are defined accordingly. It is easy to see that the vector
space WfL’Q(Q), endowed with the norm

ni ni
lullyy oy = luloy + D I1Xaull ooy + -+ D2 Xy - Xayull oy -
a=1

041,...704@:1

The spaces W;{’H

Joc

is a Banach space for every 1 < 6 < oo and ¢ € N. Moreover, the following Meyers-Serrin-type approximation
result holds (see [18, Theorem A.2]).

Theorem 2.4. Let Q C G be an open set. Let £ € Ny and § € [1,00). Let u € Wft’e(Q). There exists a
sequence {up}heny € C(2) N Wﬁl’e(ﬂ) such that
0.

hli_)ngo lup — uHW;:e(Q) =

Observe that, if b is as in (2.7) and b, € W;{’?OC(Q) for every i =1,...,s and a = 1,...,n;, then

(2.11) divb = iixgbg.

i=1 a=1
3. LEFT AND RIGHT-INVARIANT VECTOR FIELDS

In this section, we express left-invariant vector fields with respect to the right-invariant frame, providing
some relevant examples. The key ingredient is the differential at the identity element e of the conjugation
map: for any p € G, set Cp := Ly o R,-1 and Ad, = (dC}),. Denote by End(g) the set of all endomorphisms
of g and define the operator adz : g — End(g) by adzX = [Z, X] for every X, Z € g. Then, it is known that
(see [21, Proposition 1.91])

(31) Adexp(Z) = eadz’

where e := S°7°  A¥/k! € End(g) for every A € End(g). We introduce a specific notation to simplify the
next computations. For all k € N, we denote a generic k-multi-index by Iy = (i1,...,iz) € {1,...,s}*, and
we set |I| == i1 + - - - + ix. Moreover, given i = 1,...,s — 1, we define the sets

.Ak(fk) = {(al,...,ak) € Nk 1< o7 < nij},
(3.2)
By (i, I1,) = {(61, B eNF1< B < ni+i1+‘..+ij} , provided that i + |Ij| < s.

We adopt the notation
) D DY

Ap(Ir)  (a1,m,05)EAL Bi(i,0k)  (B1y,8k)EBR(4,1%)
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n;
Lemma 3.1. Letig=1,...,s =1 and Bp=1,...,n4,. IfZ:Zfo)Xieg and k=1,...,8 —1ig, then
i=1 a=1

_ . . . B i t0+|1k|
o GG X X diniof e cliin i+ o X
[T |<s—t0 Ak (I) By (i0,1x)

Proof. We prove the formula by induction on k. A direct computation shows that

s—ig Mig 2 5) s—ig Mip Mig+iq
0 _ 10 11 10 21 10+1i1
adZXﬂo - { X } Z Z [XQI’XBO] Z Z Z (i1, o) 04150 O41)(31 ’
i1=1lai;=1 i1=1a1=1 B1=1

which is (3.3) with & = 1. Then, assume k& > 1 and that the thesis holds for ¥ — 1. Hence, the inductive
hypothesis and the base case ensure

(adz)" X% = [Z, [Z [Z,ng] H

. \B . . . Br-1 i () o+ I—1]
- Z Z Z C(Zl, 10)011150 T c(zkfl’ ot Zk*z)akflﬁkﬂxgl c Toyyady Xﬁk 1
[Tx—11<s—i0 Ag—1(Ik—1) Br—1(i0,k—1)
(2:3) o . ; i oI
Z Z Z c(i1, ig) al,é’o . C(ZkJoJr"‘+lk_1)§iﬁk_l$21...CCZCkX/Bi Il
[Tk |<s—io Ak (Ix) B (i0,1k)
which is the thesis. O

From now on, whenever k € N,, Ay = (aq,...,ax) € Ax(Iy) and Bxy = (B1,...,0k) = (Bk—1,0k) €
By (i, I,), we may adopt the compact notation

x{fk = xi}l :rg’jk for every (a:l, o xs) € G,
) Xi’“k = X0 X
(I, i) g = clini—ip— o — i), elipi—ig)at, | forevery [ <i,a=1,...n,
(i, Ik)Bk o c(z—zk—---—ll,ll)glm-~~C(Z_Zkv“f)g: for every |I| <i, a =1,...n,.

Theorem 3.2. Letig=1,...,5s—1and o =1,...,n4. Then

} - I o+ 1\ "
35 xh=(xp) +Z oY Y elwio+ DRl (X5T)

k=1 " |I|<s—io Ak (Ix) Bk (io,I1)
Instead, if ig = s, then Xg)o = (XEO) .
Proof. For any p € G, the identity L, = R, o C}, holds. Therefore, the left-invariance of Xé% implies

X5 (p) = (dLy), (XEo(e)) = (ARy), (Ad, X (e))
Set Z =log(p). Then,
s—ig 1

Xé%(p) (3.1) (dR,), <€adZX[ii%(e)) = Z u (dRy), ((adz)k’ Xé%(e)) )

k=0
which allows us to conclude if ig = s. If, instead, iy < s, then

S—1ig

X)L @ry), (XpE) + Y S S S o + 1D, ok ) (@Ry), (XM @)

k=1 |Ik|<s i0 Ag (I,) Bk (i0,1x)

S—1i0

- (Xé%> )+ Z Yo Y elwio+ L), @k () (Xéfu’“')r(p%

k=1 " |I|<s—io A (I) Br (io,Ix)

which is the thesis. O
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Example 3.3. The Lie algebra of the n-th Heisenberg group (see e.g. [8]) is generated by the vector fields

=0, 1 + 220 40y 2, Xé+n—8x1 —2:6;8312, X%z@xz for every a =1,...,n.
In this case, s = 2. We have ¢(1, 1)15 =0if a < fand 8 # a+n, and ¢(1,1)} ., = —4 for every
a=1,...,n. Recall that (Xf) = X1 Regarding X! and Xa+n7 we obtain
X + Z 1 1 a1a a1X1 - (X ) +C(1 1)a+na a+nX1 - (X ) +4xa+nX127

all

(:
Xolc+n - X(i-l—n + Z 1 1 oq a+n a1X1 - (X(i—l—n) +C(1 1)a a+n och - (Xolz—‘rn) _41'(11X12

a;=1
Example 3.4. The Lie algebra of the Engel group (see e.g. [8]) is generated by the vector fields
1 1

2 1,.1 1
X! =0, + 2ag+($21_”5£2>a$§, X;:axé_zlaﬁﬂxl)ag szax%—%aﬁ,, X} =0,

In this case, s = 3. The structural constants are zero except for ¢(1,1)}, = —1 and ¢(1,2)}; = —1. Recall
that (X f)r = X3. First, we compute X; and XJ in terms of the right-invariant frame:

2 2
N\ 1
X & X1 +Z Z c(ir, 1)§, 125 <X11+u) +§Z > ek, 1e(1,2)L, 7l 2k, XF

n=la;=1 a1=1az=1

1
= (X1)" + (1, 1)y 23 (XD)" +e(2, D) [121 X7 + =e(1, 1) ¢(1,2) | zh2 X

2
1
= (X1) +a (XD +23X3 - 5:4955)(?

2 2
3.5 . i )

X () 303 ity () LS S 00 .20, 0,
= (XQ) +c(1, 1)y (X12)T+; (1,1)15¢(1,2)1, (331) Xi

()t ey )

X3,
2 1

Finally,

2

a1=1

3y

x2 &

4. CONTACT VECTOR FIELDS

As stressed in the introduction, contact vector fields constitute a natural class in the setting of stratified
Lie groups. A smooth vector field b € X(G) is a contact vector field if

(4.1) b, V1], C H, for every p € G.

The interest in this class lies in the fact that contact vector fields are precisely those vector fields whose flows
both preserve the horizontal distribution and are (locally) Lipschitz continuous in the metric space (G, d).
Since we are interested in non-smooth vector fields, we notice that (4.1) is well-posed (in the weak sense)
under mild regularity assumptions on b. For instance, when the components of b have horizontal Sobolev
regularity, then [b,Z] is a well-defined vector field in X(G) for every Z € Vj. Accordingly, we say that
b € X(G) is a contact vector field with horizontal Sobolev regularity if, for some 6 € [1, o0],

(4.2) b=> Y b X.  b,eW(G), [bWi],CH, forae peG.
i=1 a=1
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The contact property in (4.2) can be written as a family of compatibility conditions. Indeed, if 5 =1,...,nq,
s ng
k X1 12k vk
[b, X5] ZZb X 6}—22(&3%))@
k=1~=1
2; s—1Mkg+1 ng ni
k yrk+1 k) vk 131\ yv1
DI STBIAEIEES W W RED TR
k=1 v=1 a=1 k=2~y=1 y=1
S Nk—1 ni
k—1 11k k 171 1
-3 3 (3t 1 )t 3 (a x
k=2~=1 y=1

In particular, (4.2) is equivalent to
ng_1

(4.3) Xéb];:z:c(k—l,l)lﬁbg_l forevery B=1,...,n1, k=2,...,8,7v=1,...,np.
a=1

By (4.3), the regularity of b improves in the following stratified way.
Proposition 4.1. Let b satisfy (4.2). Then, for everyi=1,...,s,
(4.4) b, € WJ{GIOC(G) for every a=1,...,n;.

Proof. We argue by induction on i. The case i = 1 is part of the assumption (4.2). Assume ¢ > 1 and that
(4.4) holds for every a« = 1,...,n;_1. Then, forany 8 =1,...,ny and vy =1,...,n,,
(43) x~
- (4.3 . 1,0
XEbh = (i — 1,1)1 b5 € Wi bl (G).

a=1
In particular, bg € W'}-flo .(G), and the thesis follows. O
The improved regularity provided by Proposition 4.1 allows to enlarge the class of compatibility conditions.

Proposition 4.2. Let b satisfy (4.2). Then
. "k
(4.5) XE0E =" ek — 4, §)] 5057
a=1
foreveryj=1,...,s=1,8=1,...,nj, k=j7+1,....,s andy=1,...,n4.
Proof. We argue by induction on j. The case j = 1 is true by (4.3). Assume j > 1, and assume that (4.5)

holds for j —1 and forany 3 =1,...,nj_1,k=j,...,sandy=1,...,n,. Fixd =1,...,n1, B=1,...,nj_1,
k=j+1,...,s,v=1,...,n,. By induction,

) Nk—j+1
X = 3" ek —j+1,5— 1)) gbE T
a=1
Therefore,
A Ng—j+1 45 Nk—j+1 Nk—j
X(%(Xg‘lbﬁ): S ek —j 41,5 — 1) XETT ST ST ek — 41,5 — 1) ek — 5, 1) 0.
a=1 a=1 p=1
On the other hand, by (4.3),
Nk—1
XpbE ="k —1,1), 05"
a=1
Hence, by induction,
. Ng—1 ] Ng—1 Nk—j ‘
XET(XG0E) = D7 etk = 1, )7, X5 = NS etk — 1,07k — g — D b
a=1 a=1 p=1

Combining the above equations,

Ng—j [Mk—j+1 Ng—1
[Xg,Xé_l} =" ( S etk =g etk =g+ 15—y = S elk -, — Dgelk - 1, 1)3(;) bE.

pu=1 a=1 a=1
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By the Jacobi identity (2.2), if p=1,...,np_j,
k—j 1 j—1 k—7j j—1 1| _ k—j 1 j—1
i =[x w7 o] = [ [ g

Applying (2.3) to the above three terms, we obtain

_ Mk—j+1 Ny
—3 —1 . .
|:|:X;Ij ]>Xz%:|7Xé | = Z Z _]7 Méc(k_]"i_l,]_l)ZﬁX];a
a=1 n=1
_ Nk—1 ng
4 —1
XA X3 = 0 D el — g~ sk — L1, X,
B a=1 n=1
_ nj ng
—3 —1 . .
[Xﬁ J,[Xg,Xé } :ZZC(L]—l)gﬁc(k:f],])z)\Xf;.
. A=1n=1
Since {X{“, . ,Xﬁk} is a basis for V}, we conclude that
Nk—j+1 NEg—1
> ek =g )k —j+ 1,5 -1)0,= > elk—j,j—1)osclk - :Z So ek —5.5) ]
a=1 a=1 A=1
In particular,
(4.6) [Xé,X] 1} - Z (1,5 — 1) ek — 5, §)1, bl
On the other hand,
1 yi—1] pk (23) Jpk
(4.7) xXh X ok Z 1)) X

Therefore, comparing (4.6) and (4.7) and setting

n; Ng—j
X =1 X0 = ek —g.0), 00 | X3,
= p=1
we have
([ ] ) = S eltg = iy { X3tk = 3 etk =5t | =0
A=1 pn=1

for every 6 =1,...,n1 and f =1,...,n;_1. This fact and (2.1) grant that X = 0, whence (4.5) follows. O
The forthcoming commutator estimates will require the following careful iterations of (4.5).

Proposition 4.3. Let b satisfy (4.2). Let k € Ny, i = 2, oS, | Il < i, Ap € Ap(Ig), Bk =1,...,n;. Then

i—| I |

Iy 14 i—|1
(4.8) X vl = 3 Z c(i, I) g o, bl 1!

Bi—1(i=|Ig|,Ip—1) =1

Proof. We argue by induction on k. We know that
Nj—iq

, (4.5)
(AWK _ 51 i—11
Xobs, g (i — 11,71 ) an, b

which is the thesis for £ = 1. Then, assume k£ > 1 and that the thesis holds for £ — 1, so that

Mg — i,
; i i . . \B Bk g i
Xoo oo Xoh by = Z Z (i — ik — - =g, 02) g, - (0 — ks ik)g b k
(B2, Br—1)ENFT2 pr=1
1B <niij g iy,
_ . . \B Bk g i
= Z c(z—zk—---—zg,w)ﬁf%.. C(z—zk,zk)ﬁk 1O%b/@lz k,

By 1 (=gl Ik —1)
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Differentiating along X, 2}1, we finally obtain

I 1 . . . . . e
X b, = Z c(i —ig — -+ — 1o, zz)gim TS Zk)nglak g}ll)ZBl” Uk
By —1(i—|1g|, Ip—1)
(4.5) i |1 |
.0 . . .
= Z Z (i — Iy, Zl)aal (z—zk—---—12,12)51%...c(z—zk,zk)g: 10tkbla |

Bk71(if|1k\,fk71) a=1
i—| Iy

- Z Z c(t Ik Bk 1A kbfl llk‘

B _1(i—|Ig), Ik—1) =1

which is the desired formula. OJ

Remark 4.4. We proved that a vector field b as in (4.2) satisfies (4.8). On the other hand, if

S g
b= Z Z bianu bz € LlOC(G)

i=1 a=1
and (4.8) holds, clearly b satisfies (4.2). Therefore, (4.2), (4.3), (4.5) and (4.8) are actually equivalent.

4.1. Further remarks on contact vector fields. Proposition 4.2 may suggest that the components along
the last layer uniquely determine a contact vector field. Actually, this is not true, as the next example shows.

Example 4.5. Denote by H" the n-th Heisenberg group and consider the direct product of groups H"™ x R.
Using the notation of Example 3.3 and denoting by 0, the canonical vector field on R, we have that H® x R
is a stratified Lie group of step 2, and its stratification is

Vlzspan{Xll,...,XQIn,am}, ngspan{XIQ}.

In this setting, a contact vector field b decomposes as the sum of a contact vector field on H" and a vector
field on R. In particular, the component of b along 0, is arbitrary.

Anyway, the orthogonal projection onto the center of g uniquely determines a contact vector field. Recall
that the center Z(g) of g is the subspace of vector fields Z € g such that [Z, X] = 0 for every X € g.

Proposition 4.6. Let b,b € X(G) satisfy (1.2). Assume that (b, Z(g)) = (b, Z(g)) a.e. on G. Thenb =b.

Proof. First, notice that
Z(@)=Z(@nVia &2 NV

It is clear that Z(g)NVi & ---® Z(g) N Vs C Z(g). Conversely, let X € Z(g), and decompose it uniquely
along Vi,...,Vsas X = X1+ -+ X,. Fixi=1,...,sand Y € V;. Then
S
0=[X,Y]=) [X;Y].
j=1
Noticing that ([X;,Y],[Xy,Y]) = 0 for every j,k = 1,...,s and j # k, we get [X;,Y] = 0 for every
j=1,...,s whence X € Z(g) NVi@---@® Z(g)NVs. Therefore, up to changing and rearranging the basis, we
can assume that {X{, X } is a basis for Z(g) N'V; for every i1 =1,...,s and a suitable 0 < m; < n;. By
linearity, we can suppose b =0. Hence, if b=>"7_, > ™ b X!, we have b, =0 for every i = 1,...,s and

a=1"a* o

a=1,...,m;. It suffices to prove that bk (b’f, b ) =0 for every k = 1,...,s. We prove this fact by

s Ung
reverse induction on k. Since Vi C Z(g) by definition of stratification, we have b° = 0 by assumption. Hence,

assume k < s and b**1 = 0. Fix p € G and define the vector field B = >_1% | bk (p) X% € g. Then, we deduce

. d Nk+1 N (4.5) Ng+1
k k41 (%0 1pk+1 k+1 _
ERTLED 3) SEURUNRIELED oY e peg
y=1 a=1 v=1
for every 8 = 1,...,n1, so that B € Z(g). On the other hand, we know that B = 0" ., bE (p) X with
Xk ¢ Z(g). Hence, the only possibility is B = 0. This is the thesis, since p € G was arbitrary. O

On the other hand, it is not true that all the central components are free. Although this is well-known from
the theory of Tanaka prolongation (see [34]), we include the following example for the sake of completeness.
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Example 4.7. Consider F3s, i.e., the 6-dimensional stratified Lie group of step 2 such that

Vi = span{ Xy, X2, X3}, Vo = span{Yi2, Y13, Yas}, [Xi, X;] =Y for every i,j =1,2,3, i # j.
Let b = f1 X1 + foXo + f3X3 + fi2Yi2 + fi13Y13 + fasYas € X(Fs2) be a smooth contact vector field. A direct
computation shows that, for every i = 1,2, 3,
[Xi,b] = (X f1) X1 + (Xif2) Xo + (Xif3) X3 + (Xifi2)Yiz + (X f13) Y13 + (Xifa3) Yoz + f1Ya + f2Yie + f3Yis,

where we use the convention Y;; = 0 whenever ¢ = j. By (4.1), the components of [X;, b] along Y12, Y13, Ya3
must be zero. In particular,

X1fo3 = X f13 = X3f12 =0,
which means that fi2, f13, fo3 are not arbitrary.

5. DIFFERENCE QUOTIENTS OF HORIZONTAL SOBOLEV FUNCTIONS

It is well known that Euclidean Sobolev functions are characterized by the convergence (in the suitable
weak sense) of their difference quotients. In this section, we prove the analogous result for horizontal Sobolev
functions in Carnot groups. This will be crucial for the regularization property of the next section. We stress
that we deal with difference quotients computed along intrinsic dilations, involving certain polynomials which
will turn out to be Taylor polynomials in the sense of [17, 8]. Throughout this section, 2 C G is a fixed open
set. Moreover, whenever k € N, f € C*(Q) and Z € g, we adopt the notation

ke
Z8f =7 k Zf.
First, we recall the following two results. See [35, Lemma 2.12.1] for the proof of the first one.

Lemma 5.1. Let k € N. Let f € CK(Q). Fizpe Q,t>0 and Z € g. Assume that p-exp(tZ) € Q. Then
dk:

(5.1 T - explt2)) = 2 (p - exp(12).
In particular,
dr &
(5.2) k| fo-exp(t2)) = Z°f(p).
t=0
As an immediate consequence of (5.2), observe that, by the Baker-Campbell-Hausdorff formula (cf. [35]),
for every i, =1,...,5,a=1,...,n;and B =1,...,n;,
(5.3) Xiah =1,  Xlah=0 ifa#B, Xal=0 ifj<i.

Proposition 5.2. Let k € Ny and f € C*1(Q). Fizp € Q and W = Z ZwéX& €g. Then

i=1 a=1
dk < i
(5.4) W f(p exp(6,W)) = ].@Zj‘ Z Z Z wil . wa]Xh . Xd f(p).
i1,.0005=1 a1=1 a;j=1

Zl+...+ij:k

Proof. Since  is open, there exists 7 > 0 such that p - exp(t6, W) € Q for every t € [0,1]. Set Z = o, W.
Then, thanks to (5.1), (5.2) and Taylor’s formula with Lagrange remainder,
ij(p) j ZkJrlf(p eXp(UZ))tk-H

4
J! (k+1)!

k
- exp(t2)) =Y

j=0
for a suitable o € [0,¢]. In particular, evaluating at ¢t = 1,

5 Zif(p) | ZFf(p-exp(02))
> ;! + (k+1)! '

f(p-exp(Z)) =
j=0
Hence, noticing that, for every j > 1,

i ' i
7= (6, W) = (iifiwé)(g) Z i Z pitetigh L wd XL X

i=1 a=1 i1,..00=1 a1=1 a;j=1
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we obtain
Ny .
f(p-exp(6;W)) +Z Z Z Z I wa]XZl .. Xd f(p)
i, Sij=lai=1 a;=1
1 iy Mgy
CESY] S S e X X S (- exp(od,W)).
i, Sigt1=lai=1 apy1=1
=g(r)
Therefore, since g(7) = o (Tk) as 7\, 0, the thesis follows by the uniqueness of Taylor’s polynomial. 0
Formula (5.4) motivates the following definition. Given p € Q, ¢ € G and f € C*(Q), set
k 1 Tiq )
(5.5) OIS SESED S S Z ai - ad, X3, - X3, f(p)
j=1 J: i1yeij=1 a1=1 a;=1
i1+t j=k
and
(5.6) P ZT’“

We say that Plff is the Taylor polynomial of f of order £ centered at p. Combining [8, Corollary 20.2.10] and
[8, Proposition 20.3.15],

(5.7) X3 PEF(0) =X f(p)  for every k < £, |I;| < £ and Ay € Ag(Iy).

Equivalently, Plf f is the only polynomial with homogeneous degree (cf. [17, 8]) at most ¢ such that (5.7) holds.
We can now proceed with the asymptotic analysis of the difference quotients and prove the main result of
the section. For any € > 0 and w € G, set

f(p-de(w)) — ngf (6€(w)).

(5.8) R f(p) = ;
Theorem 5.3. Let £ > 1 and 0 € [1,00). Let f € Wft’G(Q). Let A C Q be open with dist(A,0Q) > 0. Then
L%(A)
(5.9) 11\1‘1% Ry f(p) =0 for every w € G.
In addition, there exist C1 = C1(G) > 0 and Co = C3(G, ) > 0 such that, if e > 0 and w € G satisfy
(5.10) Cied(w,0) < dist(A, 09),
then
ni
(5.11) HRésfHL9 < Cyd(w,0)" Z X4, - -'XolzefHLf?(Q)
(o2 YT Oégil
Finally, if f € Wy; (), then
ni
(5.12) HRésfHLoo < Cad(w, 0) Z HXolcl "'XoltszLOO(Q)
(5] ,...704@:1

Proof. Assume first that 6 € [1,00). By the density of C*°(2) N Wfl’e(Q) in Wffze(Q) (recall Theorem 2.4), it

suffices to prove the thesis when f € C*°(Q) N Wﬁie(Q). Fix p € A. Since dist(A4, 9) > 0, there exists an
open neighborhood of 0, say U, such that the function Fj, : U — R given by

Fy(q) = f(p-q) — Pt f(q)
is well-defined. Notice that

ot

(5.13) Xél...XéjFp(O) (‘2)0 for every j =0,...,0 and a1,...,a; =1,...,n1.

Moreover, by the definition of sz fs
(5.14) Xél...XééFp(q):(Xél...Xééf) (p-q)—X(il...Xéef(p) for every aq,...ap=1,...,n1.
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By [17, Lemma 1.40], there exist constants N € Ny and C' > 0, both depending only on G, such that, for
any w € G, the following properties hold:

W=wi -Wy-... WN for some wy,...,wy € exp(V1),
(5.15) d(wj,0) < Cd(w,0) for every j=1,...,N.

Set C1 = NC. Fix w € G and € > 0 such that (5.10) holds. Define v : [0,1] — G by means of the following
construction. For every j =1,..., N, set

to =0, t; = Jj = [tjfl,tj] , W; = log w;.

J
N
Define v by setting

A, (7) = Bawn) - 0elwy1) - Boyry ) a0y):
In particular,

’HJ]' (T) =eN W]'|'y(7) )

By construction, p-+ is a horizontal, piecewise smooth curve joining «v(0) = p and (1) = p-d.(w). Moreover,
N (5.15)
(5.16) d(p-~(1),p) =d(v(1),0) < 6Zd(wi,0) < NCed(w,0) = Cied(w,0).

Therefore, by (5.10), p-v(7) € § for every 7 € [0, 1]. By the fundamental theorem of calculus, writing 79 == 1,

5.13 T d
Fy (u(w) = By (0m) = F,(000) = [ 3E (Ba(m)) dn = e S [, W) Gl i
i1=1
Fix iy =1,...,N and 7 € J;,. Since W;, € Vi, (5.13) yields (W;, F}) (0) = 0. Therefore, arguing as above,
(5.13)
(Wi, Fp) (v(71)) (Wi, ) (v(m1)) — (Wi Fp) ( —ENZ o (Wi, Wiy Fp) ((72)) dra.
=1 ’2 71

Combining the above identities,

F, (3:(w)) = (eN)? Z / /J (Wi, Wi, E) (y(72)) dra dry.

i1,ia=1 ﬁ 07’1
Iterating the above procedure ¢ times,
E, (6:(w)) = (eN)* Z / / Wi, Fy) ((1)) drg . .. dry.
i1 yenyipg=1 Ji ﬁ[O To— 1]
Hence, by (5.14) and noticing that Fj,(d.(w)) = EERE"gf(p),
RESD =N Y / o Vi WD 070 = (Wi W) )] e
i1 4eenip=1 ¢N10Te—1

In particular, Minkowski’s integral inequality (cf. [26, Corollary B.83]) implies

(517)  [|RES ] o) < N Z /(/) i Wi f) (p-7(0) = (Wiz---Wz‘lf)(p)‘edP>édT-

115,80 =1

First, (5.16) and Lemma 2.2 imply that
(5.18) Gir,...ip(T) > 0 as e \, 0 for a.e. 7 € (0,1).

For any i = 1,..., N, set W; = 37, w]X1 and denote by |wjley the Euclidean norm of (wi,...,w!"). By
[8, Example 5.1.2] and [8, Proposition 5.1. 4], there exists a constant C' = C(G) > 0 such that

(5.19) [wilew < Cd(w;,0).
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Then
ni
Wiy Wi F(@)] < (n) wiglew - [wi]en > |X], . X[ F(0)]
Jyeenrje=1
(5.19) , _ ‘ "1
< (C’m) d(w;,,0)...d(w;,,0) Z !X;{...X}lf(q)‘
Jiyeenje=1
G19) L a ! RS 1 1
< (CCm) dw,0) > |X},... X}, /().
Jiyesje=1
Therefore, (2.5) implies that
N 1
(5.20) Giroie(1) <2 (CCm1 ) d(w,0)" > |50, o X ] oy
Jlyemrje=1

By (5.17), (5.18), (5.20) and the dominated convergence theorem, (5.9) follows. Moreover, (5.11) follows as
well from (5.17) and (5.20). Eventually, assume that f € Wfioo(ﬂ). By [19],

(5.21) Xl-ll...XilkaC(Q) forevery k=1,....,0 —1and i1,...,ip =1,...,n1.
Combining (5.21) with [32, Proposition 2.4] and [32, Proposition 2.5], one argues as above to deduce that

{—
62 RLe) =T / 7 Wi\ Wi ) (1(mi1)) dris .

ie—1=1 Jiy_ N[0, 2]
Combining (5.13) and (5.16) with [107 Proposition 3.4], [32, Proposition 2.4] and [32, Proposition 2.5],
(5-23) ‘(Wig_l cee mle) ('Y(Te—l))‘ < 2eN HWU e WilfHLOO(Q)
By (5.22) and (5.23), (5.12) follows as in the previous case. O

6. WELL-POSEDNESS FOR TRANSPORT AND FLOW EQUATIONS DRIVEN BY CONTACT VELOCITIES

In this section, we prove that contact vector fields with horizontal Sobolev regularity satisfy the renor-
malization property. As a consequence, we obtain well-posedness for the transport and flow equations. We
provide only the proofs specific to our setting, as the remaining arguments follows as in Euclidean spaces and
Heisenberg groups. We refer to [15] and [5], respectively, for the corresponding proofs and further details.

6.1. Transport equation, distributional solutions, and renormalized solutions. Fix 7 € (0, 0]
Given a, 8 € [1,00], we consider (see [26]) the space L (0,7; L?(G)) of Borel functions u : (0,7) x G — R

such that
(/ -, HLﬁ(G)dT) if a e [1,00)
-

esssup [u(, D)o if a= oo
7€(0,7)

is finite. Its local version L® (O 75 Ly C(G)) is defined similarly. Moreover, when o = 3, L*(0,7; L%(G))
naturally identifies with L ((0,7) x G). The Cauchy problem for the transport equation reads

ou . _
(7) E—(bVU)—i—Cu—O in (0,7) xG
u(0,-) = ug in G,

where a velocity field b € X(G), a reaction term ¢ and an initial condition ug are given. Fix 6 € [1, co]. From
now on, we suppose that

(6.1) bell (o, 7 [LI;C(G)}") . ¢divbeL! (0, 7 Lf’;c(o)) . up e LY (G).

We emphasize that, in the first assumption above (and similarly in the analogous ones below), the inte-
grability of b is understood component-wise with respect to the fixed left-invariant basis. We say that
ue L*® (0,7 LY (G)) (ue L>®((0,7) x G) if § = 00) is a distributional solution to (7) if

loc

(Tuoe(11), ) = — / o(p) (0, p) dp + / / 0,0+ (b, V) + (¢ + divb)g] dpdr = 0
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for every ¢ € C2°([0,7) x G). The existence of solutions to (.7) is ensured by the next result, similar to [15,
Proposition I1.1].

Proposition 6.1. Let 0 € [1,00] and assume (6.1). Assume, in addition, that ug € L°(G) and

c+ 3divb € LY(0,7; L(G)) if 6 € (1, )]
c,divb € LY(0,7; L>(G)) if 0 = 1.

Then there exists a distributional solution u € L (0,7; L%(G)) to (7).

The following property (cf. [13]) allows us to handle the initial condition. See [5, Proposition 4.3] for the
proof.

Proposition 6.2. Let u € L™ (0,7; LY (G)) be a distributional solution to (7). Extendb,c,u to (—o0,7)xG
by setting

(6.2) b(r,p) = {0 < O co(t,p) = {S(T P) ¥ < 0 u(T,p) = {UO(P) if T < 0

b(7,p) otherwise, otherwise, u(t,p) otherwise.
Then
O-u— (b,Vu) +cu=0 in (—o00,7) x G
in the sense of distributions, namely (Fp (u), ) =0 for every ¢ € C°((—o00,T) x G), where

(6.3) (Foe(u / / 0,0+ (b, Vo) + (¢ + div )] dp dr.

We recall the notion of renormalized solution, introduced by DiPerna and Lions in [15]. A function
u € L>®(0,7; LY(G)) is a renormalized solution to (.7) if, for every 8 € C'(R) with 3’ bounded, the function
B(u) is a distributional solution to

P b, VB) + eut () =0 i (0,7) x G

B(u)(0,-) = B(uo) in G,
G),

namely if, for every ¢ € C° ([0,7) x

/ﬂuo ©(0,p) dp+ ﬁ —0:¢ + (b, Vo) +divb o] + cuff'(u)p dpdr = 0.

If 6 = oo, the condition that 3’ is bounded is not required. Choosing 3 to be the identity map, it is clear
that renormalized solutions are distributional solutions. The converse implication does not hold in general
(see [14]). However, if it holds for all uy and ¢ as in (6.1), we say that b enjoys the renormalization property.
We show that contact vector fields with horizontal Sobolev regularity have the renormalization property.

, n
Theorem 6.3. Let 6 € [1,00] and ug € LY(G). Assume thatb € L (0, 7 {W;{’?OC(G)} ) is a time-dependent

(G)) Then any distributional solution u € L> (0,7; LY(G)) to (7)
1s a renormalized solution. In particular, b has the renormalization property.

contact vector field and ¢ € L' (0 7 LY

loc

6.2. Regularization. The proof of Theorem 6.3 follows the mollification scheme of [15]: mollifying a distri-
butional solution to the transport equation yields a smooth (in space) solution up to an error term, known as
commutator. Here, mollification is meant with respect to the group convolution as in Section 2.3. The next
result provides an integral representation of the commutator. Its proof is analogous to [5, Proposition 4.9].

Proposition 6.4. For 6 € [1,00|, assume (6.1). Fiz a distributional solution u € L (0,7; L%(G)) to (7)
and ezxtend b, c,u to (—00,7) X G as in (6.2). For everye > 0, let ue = u* . be the spatial group mollification
of u by oc, with o. as in (2.9). Then, the distribution F, .(uc) in (6.3) is representable by integration of the
commutator ¢, i.e.,

(Fb,c(ue), ¢ / / T,p)6:(T,p) dpdr for every ¢ € C°((—o0,T) x G),
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where 6. = €} + €2 € L' (—o0, 7, L} (G)) is defined by

6. (1,p) = — ((udivb) * ¢.) (7, p) —/G TP q Z Z [ ) X4 0:(q) = bl (1p-q ) (X4) QE(Q)} dq,

i=1 a=1

E2(r,p) = / u(r,p-q ") 0e(q) [e(r,p) —c(r.p-q7")] dg
G

for a.e. (1,p) € (—00,7T) x G.

The following lemma constitutes the crucial step in the proof of Theorem 6.3: the commutator vanishes
n
in the limit, provided that the velocity field is a contact vector field. Recall that, if b € {W;[?OC(G)] is a
contact vector field, then (4.8) holds. Recall also the notation (3.2) and (3.4).

Lemma 6.5. Let 0 € [1,00]. Fizug € LY (G). Letb € L* (0,?; [W;[’GI;C(G)] n) be a time-dependent contact
vector field and ¢ € L' (O T3 Lloc(G)> Foru e L*® (0,7; LY (G)), extend b,c,u to (—o0,7) x G as in (6.2).
Then €. — 0 in L' (—o0,7; LL (G)) as e \, 0.

Proof. Every argument will be carried out for 7 fixed, so we assume without loss of generality that u, b and
¢ do not depend on 7. We only prove the local L!-convergence of €., since the proof for €2 is identical to
the corresponding case in [5, Lemma 4.10]. For p € G, one has

~61) = (wdivb) w0 ) + [ ulo )35 )Xo — ¥ (o a7 (X2 02(0)] do

=1 a=1

) ((udivb) x 02) (p) + Z Z{/ ~ ba (p- 1)] u(p- q_l) (Xév)r 0:(q) dq

i=1 a=1

+ Z k! Z Z Z (L + |Ik| AkBk 1 / bl 1) qﬁlkk (Xg:uﬂ)r 0(q) dq}

k=1 [T |<s—i Ak (Ix) By (i,1k)

CLY (wdivb) = 0.) (p) + iz{/ 5Q+(zp : 1)“ (p-a7") <(X‘i)r Q) <5§(Q)) dq

=1 a=1

+Z Z Z Z oIy + Ix])4 Ar B 1/{3%“ (P'q_l)qgkk ((Xé:”kl)rg) ((5%((1)) dq}.

k 1 ‘Ik‘<8 ZAk(Ik)Bk(Z Ik)

We perform the change of variables w = d1(g). Observe that

I, _ P S R PR 51 ik — Mkl Ik
qu—qal. Ao, =€ Weyy -+ Weyy = €7 F Wy

Since ((X%)" o) (w™) = =X} o(w) for every i = 1,...,s and @ = 1,...,n; by Lemma 2.1 and (2.8), then

— () 2 ((udivb) + 0.) +ZZ{/ =0 (00 (W) s (1)) (X o) du

el
i=1 a=1

+Z SO Y i) AkBkl/GbZO;(f)u(p.ég(w1))wi’“k<X;:|Ik|>rg(w)dw}

k=1 " |I|<s—i A (I}) Bi(i,1x)

= ((udivb) * o) +ZZ{/ EZ)) _bla(p>u(p-5€(1U))XéQ(’w> dw
i=1 a=1
=C%(p)
L > (felti+ )8, [ ) - . ) o M) o)

k=1"|Ly|<s—i Ay (Ix) By (,1x)

=D}, (p)
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First, we focus on C!,. Recalling (5.6), we have

‘ i (p-6e(w)) —
Cé(p):/(gba(p (w))

/ ZT%‘

where we agree that, when i = 1, Ppob(lx((ss(w)) =bl(p) and GL(p) = 0 for every a = 1,...,n;. We compute
the L] -limit of . Assume first # < cc. Since b is a contact vector field, b, € WQGIOC(G) by Proposition 4.1.
Recalhng (5.5) and (5.8), the dominated convergence theorem and Theorem 5.3 imply that, for every K € G,

J,

dp

/ [bm 0ew)) = B0 Oe0)) ) T;bg<w>u(p>] Xio(w) dw
G 3
< [ [Xio(w) ( /.

b (p - 0= (w)) — By~ 0, (0 (w))
i
where we also used the LP-continuity of right translations (Lemma 2.2) to replace u(p-d-(w)) with u(p) before
applying Theorem 5.3. If instead §' = oo, the argument is similar to the corresponding case in the proof of
[5, Lemma 4.10]. Hence,

u(p - 0= (w))

— Ty (w)u(p)

dp) dw — 0,
e\0

loc
lim

e\0

>3 Eiw)

i=1 a=1

ZZ/T%Z )X o(w) dw
i=1 a=1

nll

2 ZZZ Z Z ZXQI.. Z)f]b’a() ()/(;wéll. wanl o(w) dw

i=1 a=1 j= 1 i1,00t5=1 a1=1 a;=1
i1+ —H] 7
(’ 3) X 7 i
ZZ Z X, 04 (p) w, X o(w) dw
i=1 a=1 Loy =1 G
7 1 s iy N .
7 7' 7 % % 15
+Zﬁ Z Z...ZXall.. X b (p)u ()/X ( o .wofjg(w))dw}
i=27" =1 ar=1 ay=1 G
1+t =1 =0
s n; N

gz Zl XE b (p) / Xi(

a1@ alw—kz:z:XzbZ

i=1 a=1

w! X o(w) dw

o

a1 #a _
= 28: i: X0 (p </ X7, (who(w
i=1 a=1
= —ulp) Y23 Xih o)
i=1 a=1
2 —u(p) divb(p)
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It remains to analyze D (p) + G% (p). Observe that

ZZ Di(p) + Gi(p)]
i=1 a=1

s—1 n; s—1i

b, (p i1
553 3) S0 S0 DED SR EICTRERIAV MY [ LR P
i=1 a=1k=1"" |I}|<s—i Ay (I}) Bx(i,Iy) G

s mn; i—1

F D [ T e ulp o) X o)

=2 a=1 /(=1
For the first term, we get
-1 n; s—i i
- ba (p) JA—
SYS LY Y S vttt D, [ P o x5 o) e
i=la=1k=1 """ |It|<s—i A (Ix) By (i,Ix) ©

-1 n; s—1

(24) Z Z Z Z Z Z c(i+ | Ig], Ix) Bk o b (p) (p - 5.(w))o- (w,{fk) XiHIle(w) dw

51+\1k| /Bk
i=1 a=1 k=1 \Ik|<s ’LAk(Ik)Bk(ZIk)

s—1 n; s—i ¥

DD DD D VD ITEREA I /Gu<p-ae<w>>5 (1) Xt olw)

i=1 a=1/¢=1 k=1 |Ik‘ f.Ak([k)Bk(’LIk)

s 1—1 4 ni_p bz ) '
-2 1,; D3 DR IEP BLLLE W D (wly) w2 00) X olw)
=2 (=1 k= 0 ka: Bk Zlk (07
N 0w [ ,
=33 > .ZA;)BZ > Z (105 0,2 [ 6 (wlh) o 6.00) X, o) du
i= 1k =L Ap(I) Br=1Br_1(i—€,Ix_1) o=

Instead, the second one is
s mn; i—1
N3 [ T w5 (w) X olw) du
i=2 a=1¢=1"C
(, ) S T, i—1 / 1 ) ) )
IS YN Y Y [ b (uh) X @ ulp - 6-(w) Xiow) du
=2 a=10=1 k=1 |I|=t Ax(I})* ©

s 1—1

ot
ot

V4 n;
Su X Y Xk [ o (ulh) ulp- o) xS, o)

=2 L=1k=1 " |Ix|=t Ay(Iy) Br=1 ¢

=

Therefore,

] 4 1 i

= D 2 2
i=24=1 k=1 |I|=C Ap(I}) Br=1
Ni—p

i - S S e B, bp) /

O <wﬁ“k> u(p - 55(w))E*iXékg(w) dw
Bi_1(i—£,0_1) a=1 G

In conclusion,

Ll 1

;11{0% -} —h\ryn(udlvb *Qa—i—hm (ZZF’) —I—ll?ri(ZZ [Dé—l—Gé]) =udivb —udivb =0,

i=1 a=1 1 a=1

~~
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where the second equality holds due to Proposition 2.3, since udivb € LL (G). O

loc

Proof of Theorem 6.5. Owing to Lemma 6.5, the proof is just an adaptation of that of [5, Theorem 4.6]. O

6.3. Well-posedness results. As a consequence of Theorem 6.3 and Proposition 6.1, we get existence and
uniqueness of distributional solutions to (.7) under natural growth conditions. We refer to [5, Theorem 4.7]
for its proof in the Heisenberg groups case and [15, Theorem II.2] in the Euclidean one.

Theorem 6.6. Let 6 € [1,00] and ug € LY(G). Let b € L* (O, T3 {W;[OI;C((G)}”) be a time-dependent contact
vector field. Assume, in addition, that c,divb € L' (0,7; L°(G)) and that
[b|

(6-4) 1+d(p,0)

€ L' (0,7 LY(G)) + L'(0, 7 L™(G)),

where |b| is the norm of b with respect to the Riemannian metric (-,-). Then there exists a unique distribu-
tional solution u to (7) in L> (0,7; L%(G)) corresponding to the initial condition ug.

A slight adaptation of the abstract framework introduced in [1] — and subsequently formalized in [2, 3] —
allows us to leverage Eulerian well-posedness to well-posedness at Lagrangian level. Accordingly, we recall
that a map ®(7, p) is a regular Lagrangian flow associated with b € L'(0,7; X(G)) if

(a) for a.e. p € G, 7 +— ®(7,p) is an absolutely continuous integral curve of b, i.e.,

diq)(T,p) = b(r,®(r,p)) for a.e. 7 € (0,7)
-

@(0,1?) =D,

(b) there exists a constant C' € (0,00) such that ®(7,-)xL" < CL" for all 7 € [0,7).

In the above definition, £ is the Lebesgue measure and ®(7,-)xL" the push-forward measure.

n
Theorem 6.7. Assume that b € L' (0,%; [W;{IIOC(G)} ) is a time-dependent contact vector field. Assume
that divb € L' (0,7; L=(G)) and that (6.4) holds. Then there exists a regular Lagrangian flow associated
with b. Moreover, if ®1 and ®o are reqular Lagrangian flows associated with b, then

®1(-,p) = ®2(,p)  forae peG.

Remark 6.8. Stability properties, both at Eulerian and at Lagrangian level, are a direct consequence of
uniqueness as in Theorem 6.6, and follows with minor modifications as in [15, Section II] and [2, Section 5].

We refer to [5, Section 5] for a summary of further consequences in the case of Heisenberg groups, and for
several additional references. With small adjustments, these results carry over to the Carnot group setting.

APPENDIX A. FURTHER PROPERTIES OF DIFFERENCE QUOTIENTS

In this final appendix, we collect some additional properties of difference quotients. Although they are
not needed for the purposes of this paper, we believe they may be of independent interest. The first result
provides an inductive characterization of difference quotients.

Proposition A.1. Let Q C G be open. Fixp € Q andw € G. Let € > 0 be such that p-d..(w) € Q for every
7€ [0,1]. If w=exp(W) = exp(Wy + - -+ + Wy) with W; € V; for everyi=1,...,s, set

D%:Z(kﬂ)l S Wiy W, Wil

Irga|=m

Let £ > 1 and f € CY(Q). Then

0 1 S 1
Vofp) = /0 TR, (DR f)(p)dr+ Y g™t /0 TIDY f(p - 6re(w)) dr,

m=1 m=_4+1

where we agree that the second term does not appear when £ > s.
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Proof. We know from [35, Theorem 2.14.3] that, for every Z € g,

(A.1) (dexp)z =

!(adz)k.
Setting (1) = p - 6-(w) = p - exp(6;W) for every 7 € [0,¢], we have

. d
/Y(T) = (de)exp(é.,—W)(deXp)&—W <d7_(57'W>

S
= (dLp)exp(s,w)(d exp)s,w (Z T W, (&W))

i1=1
(A1) S (=1)k
£\, Z 1
B kZ:O (k+1)! Z 117" (AL exp(s.w) (ads, w)* (Wi, (6:W))
s—1 s ‘ A
i Z i Z Sirtetin g [Wik+1’ RN [WiQ, Wil] .. ](’7(7’))
k 0 ZQ,...,ik+1=1
(D
=G S il W Wy, W] ((7))
k=0 [Tiq1|<s
s—1
ol LY Y Wi Wi Wal 0 (7)
k= 0 m=1|Ix1|=m
=) "D (y(r).
m=1
Therefore,
d - m—1 nw
(A-2) I 5T<w>>=n;r Dy f(p - 0r(w))
and so
w 5.8),(5.6) 1
R fe) T S [f(p 5. ZTk ]

The second term appears in the desired formula, so we focus on the first one. We have

4
1€—m TE_IDrurJLf(p Ore(w))dr — é Z EkTI?f(w)

14

L 1
Z/O IRE (DR F)(P) dT+Z / B (DY) (p, b)) dr — Z

m=1 _

|| J\

=G

21
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Hence, it suffices to prove that G = 0. Using the convention T (DY f)(w) = (D f)(p), we get

] 14 1 {—m
5.6) 1
G(:h) g [Z/ m—1 mz 7'6 hTh(D'w Zeka ]
m=1 0
_ 1 EK_mEth krrok
et Z m—i—th ) ZgT
m=1 h=0 k=1
1 / Y4 Ek /
k—m kmk
m=1k=m k=1
1 V4 k
Zgz k[kZTk (D ) (w) = Ty £ )]
m=1

LD f(p - 87 (w))

s
k! e~ drk-1
| s min{b—Lm—1} N
s min{k—1,m—1}

DD (kf)mf“h70<k—h—1>!Tp’““<D%f><w>

k
DS (’f - 1)<m — DUk — m)ITE (DY ) (w)

1 dkfhfl
x| Dmfp-ér(w))
di h—1 0

T=

This shows that G = 0, so the proof is concluded. O

Second, the boundedness of difference quotients yields a quantitative mollification error estimate. For
simplicity, we consider global horizontal Sobolev functions, for which Theorem 5.3 holds in the following
form.

Theorem A.2. Let {>1 and 0 € [1,00). Let f € WfL’Q(G). Then
LY(G)
lim Ry.f(p) =0 for every w € G.
e\0 ’

In addition, there exists Co = Co(G,¥) > 0 such that, for every e >0 and w € G,
ni

(A.3) HRZ}EfHLe(G) < Cad(w,0)f Z HXél o 'XéffHN(G)

agy..,0p=1

Finally, if f € Wfl’oo(G), one still has
ni

(A.4) HRgngLoo < Cod(w,0)" Y HXolzl“‘XészLOO(G)'

aty...,0p=1

A simple consequence of Theorem A.2 is the following quantitative version of Proposition 2.3.

Theorem A.3. Let £ > 1 and 0 € [1,00|. Let f € Wf{’e(G). Let p € C(B(0,1)) be such that

(A.5) / odp =1, and / oPdp=0
G G
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for every non-constant polynomial P of homogeneous degree less than or equal to £ —1 and such that P(0) = 0.
Define o: as in (2.9), and set u. = u* g.. Then, there exists C3 = C3(G, ) > 0 such that, for every e > 0,

ni

lue = ullpoe) < Cset > || X4, -"XCIWUHL“’(G) '

at,...,0p=1

Proof. Fix p € G. We have

wlo) =) 7 [ b (a7) = 0] oo dg T e [ [RE ) + T (7] ela) da
Therefore,
e = ul oy < & /G (HRz;u\ e @], (G)) lo(a)] da.
A simple estimate of T%u, combined with (A.3) and (A.4), concludes the proof. O
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