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ABSTRACT. Let (Mn, g0) be a closed smooth Riemannian manifold, with n ⩾ 3. We prove
short–time existence and uniqueness for the “critical” Ricci–Bourguignon flow

∂tg = −2Ricg +
Rg

n− 1
g .

Up to a constant rescaling of time, this is the Schouten flow, since the right–hand side of the equa-
tion is −2(n− 2) times the Schouten tensor. At the critical parameter, however, the principal
symbol of the linearization of the operator that we obtain after the usual “DeTurck modifi-
cation” still has a zero eigenvalue. We resolve this degeneracy by adjoining an independent
scalar unknown r, intended to represent the scalar curvature, and considering an “extended”
system consisting of a strictly parabolic equation for the metric coupled to a transport–reaction
equation for r with a curvature–square forcing. The extended system belongs to the class
of nonlinear composite parabolic–hyperbolic systems studied by Vol’pert and Khudyaev [8].
Then, a standard compact–manifold adaptation of their theorem yields a unique smooth so-
lution of the extended system. Finally, the difference Rg − r satisfies a homogeneous linear
parabolic equation, so the scalar–curvature constraint “propagates” and the original critical
Ricci–Bourguignon flow is recovered. This settles the short–time existence and uniqueness
problem at the critical “Schouten” value ρ = 1/(2(n− 1)), which was left open by the previous
Ricci–Bourguignon theory in [3].
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1. INTRODUCTION

For any real parameter ρ, we consider the following Ricci–Bourguignon flow

∂tg = −2
(︁
Ricg −ρRgg

)︁
, (1.1)

whose study was proposed by J.–P. Bourguignon [2, Question 3.24]. For ρ < 1
2(n−1) , short–time

existence and uniqueness on closed manifolds were proved in [3] by means of the DeTurck
trick [4], as for the Ricci flow. At the critical value

ρc =
1

2(n− 1)
,
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the principal symbol has one further zero eigenvalue in addition to the eigenvalues coming
from the diffeomorphism invariance. Consequently, after the usual DeTurck modification
is introduced, a scalar zero eigenvalue still remains and the resulting system is not strictly
parabolic. This borderline case was therefore left open in [3]. The purpose of this paper is to
settle it.

The critical equation is given by

∂tg = −2Ricg +αRgg with α =
1

n− 1
(1.2)

and if

Ag =
1

n− 2

(︃
Ricg −

Rg

2(n− 1)
g

)︃
denotes the Schouten tensor (see, for instance, [1]), then the right–hand side of equation (1.2)
equals −2(n − 2)Ag. Therefore, after the linear time change τ = (n − 2)t, equation (1.2)
becomes the Schouten flow

∂τg = −2Ag

(notice that in dimension three no time rescaling is needed).
Our main result is the following.

Theorem 1.1. Let Mn be a closed smooth manifold, n ⩾ 3, and let g0 be a smooth Riemannian metric
on M . There exist T > 0 and a unique

g ∈ C∞(M × [0, T ))

satisfying

∂tg = −2Ricg +
Rg

n− 1
g and g(0) = g0 . (1.3)

The central observation behind the proof is the scalar–curvature evolution. Along the
general Ricci–Bourguignon flow, equation (1.1), one has

∂tRg =
(︁
1− 2(n− 1)ρ

)︁
∆gRg + 2|Ricg |2g − 2ρR2

g

(see [3], or directly from the scalar curvature variation formula). Hence, at the critical value,
one has

∂tRg = 2|Ricg |2g − αR2
g . (1.4)

The idea is then to introduce an independent scalar unknown r, intended to represent
Rg, and, after fixing the diffeomorphism invariance by the DeTurck trick, to couple the
metric equation with the corresponding DeTurck–modified scalar–curvature evolution. This
produces a coupled parabolic–transport system. The resulting local existence problem falls
within the class of nonlinear composite systems studied by Vol’pert and Khudyaev, see [8,
Theorem 1, pp. 520–521]. As their theorem is formulated for vector–valued functions on
Rn, we record below only the compact–manifold special case needed here. A closely related
device was used by Råde [6] for the Yang–Mills heat flow: the curvature was treated as an
independent unknown in a coupled system and was subsequently recovered by propagation
of the corresponding constraint. The specific parabolic–transport structure arising here
appears, however, to be new.

The proof is organized as follows. In Section 2 we introduce the extended DeTurck system
and prove its smooth local existence and uniqueness by means of the theorem of Vol’pert
and Khudyaev. In Section 3 we prove that the constraint r = Rg “propagates”, recover the
original flow and conclude the proof of Theorem 1.1.
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2. THE EXTENDED DETURCK SYSTEM

From now on we set g = g0. For every Riemannian metric g, we define the DeTurck vector
field relative to g by

W k(g) = gij
(︁
Γk
ij(g)− Γk

ij(g)
)︁

and following the line of the DeTurck trick, we add the term LW (g)g to the flow equation (1.3),
which then becomes

∂tg = −2Ricg +αRgg + LW (g)g .

If φs denotes the local flow generated by W (g), then Rφ∗
sg = φ∗

sRg and since

d

ds

⃓⃓⃓⃓
s=0

φ∗
sg = LW (g)g ,

differentiating the previous identity at s = 0, we get

DRg[LW (g)g] = LW (g)Rg =W i(g)∂iRg =W (g)(Rg) .

Since the scalar–curvature variation formula is linear in the metric variation, the additional
term LW (g)g in the metric equation contributes exactly W (g)(Rg) to the scalar–curvature
evolution. Hence, equation (1.4) becomes

∂tRg = 2|Ricg |2g − αR2
g +W (g)(Rg) .

Then, we introduce an independent scalar unknown function r, intended to represent Rg,
and we analyze the following extended system:⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂tg = −2Ricg +αrg + LW (g)g

∂tr = 2|Ricg |2g − αr2 +W (g)(r)

g(0)= g0

r(0)= r0

(2.1)

Here r0 ∈ C∞(M) is, for the moment, arbitrary. The choice r0 = Rg0 will be imposed only
after the extended system has been solved. The first equation of system (2.1) is a strictly
parabolic quasilinear equation for the metric once r is regarded as an independent variable.

Lemma 2.1 (Principal part of the metric equation). With respect to the background connection ∇,
there holds

−2Ricg +LW (g)g = gij∇i∇jg +Q(g, g−1,∇g,Riemg) ,

where Q depends smoothly on g and g−1 and contains at most one background derivative of g.

Proof. The difference of connections

T k
ij = Γk

ij(g)− Γk
ij(g)

is a tensor and satisfies
T k
ij =

1

2
gkℓ

(︁
∇igjℓ +∇jgiℓ −∇ℓgij

)︁
.

Thus, T is linear in ∇g, with coefficients depending smoothly on g−1. The difference formula
for the Ricci tensors is

(Ricg)ij = (Ricg)ij +∇kT
k
ij −∇jT

k
ik + T k

kℓT
ℓ
ij − T k

jℓT
ℓ
ik .
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It follows from the preceding expression for T that the only second–order derivatives of g in
Ricg occur in the terms ∇T . The non–elliptic second–order terms are precisely canceled by
the corresponding second–order terms in LW (g)g, and the remaining second–order term is
gij∇i∇jg. This is the usual Ricci–DeTurck identity; see, for example, [4, 7]. □

Consequently, writing u = g − g, system (2.1) takes the analytic form{︄
∂tu = gij∇i∇ju+Q(g, g−1,∇g,Riemg) + αrg

∂tr = 2|Ricg |2g − αr2 +W i(g)∇ir
(2.2)

(observing that W (g)(r) =W i(g)∂ir =W i(g)∇ir). Thus, the metric equation is second–order
parabolic, whereas the scalar equation is first–order in r and depends nonlinearly on the
second derivatives of the metric through the curvature term.

We now want to apply the following special case of the local existence theorem of Vol’pert
and Khudyaev [8, Theorem 1], adapted to closed manifolds.

Lemma 2.2 (Vol’pert–Khudyaev on a closed manifold). Let (M, g) be a closed smooth Riemannian
manifold and letE →M be a smooth finite–rank vector bundle endowed with a connection ∇. Consider{︄

∂tU = aij(x, U)∇i∇jU +H(x,U,∇U, V )

∂tV = bi(x, U,∇U)∇iV +K(x, U,∇U,∇2
U, V )

(2.3)

where U is a section of E, V is scalar and all the coefficients are smooth and defined for all values of
their arguments. Suppose that aij = aji and, for some λ > 0,

aij(x, U)ξiξj ⩾ λ|ξ|2g (2.4)

for every x ∈ M , U ∈ Ex and ξ ∈ T ∗
xM . Then, any smooth initial data admit a unique smooth

solution on M × [0, T ) for some T > 0.

Proof. In local coordinates and a local frame of E, system (2.3) is a special case of [8, The-
orem 1]. The matrices multiplying the time derivatives are the identity, the characteristic
matrices of the scalar first–order equation are 1 × 1 and hence automatically symmetric,
and condition (2.4) gives the required parabolicity. The passage from Rn to M is obtained
using a finite trivializing atlas and a partition of unity, regularizing the local components by
convolution with a fixed even smooth Friedrichs kernel. Derivatives of the cutoffs, transition
functions and connection coefficients produce only lower–order terms, so the estimates and
uniqueness argument carry over. Smoothness of the coefficients and initial data gives the
remaining boundedness, local Lipschitz and Sobolev assumptions. For s > n/2 + 3, the
approximations converge strongly in C([0, T ];Hs−1) ↪→ C([0, T ];C2), which permits passage
to the nonlinear dependence of the scalar equation on ∇2

U . A standard bootstrap argument
using the higher–order estimates yields smoothness for smooth initial data. □

Proposition 2.3. Let g0 be a smooth Riemannian metric on the closed manifold M and let r0 ∈
C∞(M). Then there exist T > 0 and a unique smooth solution (g, r) of system (2.1) on M × [0, T )
with initial data (g0, r0).

Proof. We set

E = Sym2 T ∗M, U = g − g, V = r.
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As long as g = g + U is positive definite, system (2.2) has the form of (2.3) with

aij = gij , H = Q(g, g−1,∇g,Riemg) + αV g,

bi =W i(g), K = 2|Ricg |2g − αV 2.

Since Ricg is affine in ∇2
U , the function K is generally quadratic in ∇2

U , as allowed in
Lemma 2.2. Choose δ > 0 such that

|U |g < 2δ =⇒ g/2 ⩽ g + U ⩽ 2g . (2.5)

Let χ : E → [0, 1] be a smooth function, equal to one when |U |g ⩽ δ, and with support
compactly contained in {|U |g < 2δ}. The products of χ with gij , H , W i and K extend
smoothly by zero outside the positive–metric region. Setting

ˆ︁aij = χgij + (1− χ)gij , ˆ︁H = χH,ˆ︁bi = χW i, ˆ︁K = χK,

these coefficients are smooth for all values of their arguments and condition (2.5) gives

ˆ︁aijξiξj ⩾ 1

2
|ξ|2g .

Therefore Lemma 2.2, applied to{︄
∂tU = ˆ︁aij∇i∇jU + ˆ︁H
∂tV = ˆ︁bi∇iV + ˆ︁K

with initial data U(0) = 0 and V (0) = r0, gives a unique smooth solution for a short time.
After decreasing T , we have |U |g < δ/2 on M × [0, T ), hence χ = 1 and this solution satisfies
system (2.1).

If (g′, r′) is another solution with the same initial data, we set U ′ = g′ − g and V ′ = r′.
The pair (U ′, V ′) solves the cutoff system above as long as |U ′|g < δ. Since |U |g < δ/2, the
equality of the two solutions prevents |U ′|g from reaching δ. Thus (g′, r′) = (g, r) throughout
the common interval of existence. This proves uniqueness. □

3. PROPAGATION OF THE CONSTRAINT AND RECOVERY OF THE ORIGINAL FLOW

We now assume r0 = Rg0 . We first show that the extended solution preserves the identity
r = Rg, so that the metric equation reduces to the critical Ricci–Bourguignon flow equation
with the DeTurck modification. We then recover the original geometric flow and conclude the
proof of Theorem 1.1.

Proposition 3.1. Let (g, r) be the smooth solution of system (2.1) with r(0) = Rg0 . Then,

r(t) = Rg(t)

for every t ∈ [0, T ).

Proof. For a metric variation v = ∂tg, the scalar–curvature variation formula (see, e.g., [1]) is

∂tRg = −∆g(trg v) + divg divg v − gikgjℓvij(Ricg)kℓ .

Setting
v0 = −2Ricg +αrg ,
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the contracted Bianchi identity gives

trg v0 = −2Rg +
n

n− 1
r and divg v0 = − dRg +

1

n− 1
dr .

Therefore, recalling that α = 1/(n− 1), we have

−∆g(trg v0) + divg divg v0 = 2∆gRg −
n

n− 1
∆gr −∆gRg +

1

n− 1
∆gr = ∆g(Rg − r) .

Setting v = v0 + LW (g)g, we then obtain

∂tRg =∆g(Rg − r)− gikgjℓ(v0)ij(Ricg)kℓ +W (g)(Rg)

=∆g(Rg − r) + 2|Ricg |2g − αrRg +W (g)(Rg) ,

since the variation of the scalar curvature in the direction LW (g)g is LW (g)Rg =W (g)(Rg) and
there holds

−gikgjℓ(v0)ij(Ricg)kℓ = 2|Ricg |2g − αrRg .

Subtracting the second equation in system (2.1) and setting

z = Rg − r

gives the homogeneous linear PDE

∂tz = ∆gz +W (g)(z)− αrz with z(0) = 0 .

Then, by the standard parabolic maximum principle, we conclude that z is identically zero on
M × [0, T ), which proves the proposition. □

It follows that the first equation in system (2.1) reduces to the critical Ricci–Bourguignon
flow equation with the DeTurck modification:

∂tg = −2Ricg +αRgg + LW (g)g . (3.1)

Let g(t) be the solution of equation (3.1) on [0, T ) and set Xt = −W (g(t)). Since M is
closed and Xt is smooth, its time–dependent flow is defined on the whole interval [0, T );
equivalently, solve the ordinary differential equation

∂tΦt = −W (g(t)) ◦ Φt with Φ0 = IdM ,

then, every Φt is a diffeomorphism. Define˜︁g(t) = Φ∗
t g(t) ,

then,
∂t˜︁g = Φ∗

t

(︁
∂tg + LXtg

)︁
= Φ∗

t

(︁
∂tg − LW (g)g

)︁
= −2Ric˜︁g +αR˜︁g˜︁g

(where in the last equality we used the identities RicΦ∗
t g

= Φ∗
t Ricg and RΦ∗

t g
= Φ∗

tRg);
moreover, ˜︁g(0) = g0. This proves the existence part of Theorem 1.1.

We then prove uniqueness: let ˆ︁g(t) be a smooth solution of equation (1.3) with ˆ︁g(0) = g0.
Let ψ be the solution of the harmonic map flow

∂tψ = τˆ︁g(t),g(ψ) with ψ(0) = IdM , (3.2)

where τˆ︁g(t),g(ψ) denotes the tension field of the map ψ : (M, ˆ︁g(t)) → (M, g) (see, for instance, [5,
7]). In local coordinates, equation (3.2) reads

(∂tψ)
m = ˆ︁gij(︁∂i∂jψm − ˆ︁Γk

ij∂kψ
m + Γ

m
ℓs∂iψ

ℓ∂jψ
s
)︁
,
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which is clearly a strictly parabolic system for ψ, hence it has a unique smooth short–time
solution, as in the standard DeTurck uniqueness argument [4, 5, 7].
Since ψ(0) = IdM , after possibly reducing the interval, the map ψ(t) remains a diffeomor-
phism, thus, setting

φ = ψ−1 and g = φ∗ˆ︁g ,
the transformation rule for the tension field τ under diffeomorphisms of the domain gives

τˆ︁g,g(ψ) = τg,g(IdM ) ◦ ψ = −W (g) ◦ ψ , (3.3)

because

τg,g(IdM )k = gij
(︁
Γ
k
ij − Γk

ij(g)
)︁
= −W k(g) .

Hence, equation (3.2) implies
∂tψ = −W (g) ◦ ψ , (3.4)

then, differentiating ψ ◦ φ = IdM and using equation (3.4), we obtain

∂tφ = dφ
(︁
W (g)

)︁
.

Indeed,
(∂tφ) ◦ φ−1 = φ∗W (g), φ∗Lφ∗W (g)ˆ︁g = LW (g)g.

Consequently, the time–dependent pullback formula, together with the identities

Ricφ∗ˆ︁g = φ∗Ricˆ︁g and Rφ∗ˆ︁g = φ∗Rˆ︁g ,
yields

∂tg = φ∗(∂tˆ︁g) + LW (g)g = −2Ricg +αRgg + LW (g)g .

Hence, g satisfies equation (3.1), and therefore (g,Rg) solves system (2.1).
Now let ˆ︁g1 and ˆ︁g2 be two solutions of equation (1.3) with the same initial metric, and

perform the preceding construction for each of them. On a common short interval, the
corresponding extended pairs agree by Proposition 2.3; denote their common metric by g. By
equation (3.3), the two maps satisfy the same ordinary differential equation

∂tψi = −W (g) ◦ ψi with ψi(0) = IdM ,

hence, the ODE uniqueness theorem gives ψ1 = ψ2, and since ˆ︁gi = ψ∗
i g, we conclude thatˆ︁g1 = ˆ︁g2 on this short interval.

To extend the conclusion to the whole common interval of existence, suppose that the two
solutions agree up to some time t0. Restart the preceding harmonic map heat construction at
t0, taking their common metric ˆ︁g1(t0) = ˆ︁g2(t0) as the new background metric and the identity
as initial map. The same local argument extends equality beyond t0. A standard open–closed
continuation argument therefore proves uniqueness on the whole common interval and
completes the proof of Theorem 1.1.

Corollary 3.2 (Three–dimensional Schouten flow). Let (M3, g0) be a closed smooth Riemannian
three–manifold. There exists a unique smooth short–time solution of

∂tg = −2Ag = −2

(︃
Ricg −

1

4
Rgg

)︃
with g(0) = g0 .
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