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Abstract. We study heat content and spectral properties of subordinated sub-Laplacians
on arbitrary Carnot groups. We consider restrictions of such operators to bounded open
sets with zero Dirichlet boundary condition and study their spectral properties. In par-
ticular, for a large class of subordinators we give explicit eigenvalue estimates in terms
of the subordinator and the eigenvalues of the sub-Laplacian. We also provide large-time
asymptotics of the heat content for the subordinated sub-Laplacian in terms of its spectral
gap. For fractional sub-Laplacians we prove short-time asymptotics for the correspond-
ing heat content and relative heat content. Our approach combines semigroup methods,
probabilistic techniques, geometric measure theory, and heat kernel estimates.
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1. Introduction

Carnot groups are Lie groups equipped with a natural sub-Riemannian structure. They
have been studied in analysis and metric geometry, e.g. [1, 11, 14, 41]. One of the main
objects of study on Carnot groups is a sub-Laplacian. The aim of this article is to study such
operators under (Bochner) subordination using both analytic and probabilistic techniques.

The main object of interest for us is the heat content for subordinated sub-Laplacians
which measures the total energy over a set. It is known that the small-time and large-time
asymptotics of the heat content behavior encode geometric and spectral properties of the
underlying space and the operator.

For a smooth Riemannian manifold (M, g), the heat content of a domain Ω ⊂M for the
Laplace-Beltrami operator ∆ is defined as

H̃Ω(t) =

∫
Ω
u(t, x)dVolg(x),

where u : [0,∞)× Ω −→ R satisfies
(∂t +∆)u(t, x) = 0 for all (t, x) ∈ [0,∞)× Ω,

u(t, x) = 0 for all (t, x) ∈ [0,∞)× ∂Ω,

u(0, x) = 1 for all x ∈ Ω.

The small-time asymptotics of the heat content for the Laplace-Beltrami operator can be
given in terms of the volume, perimeter of the set, and the mean curvature of its boundary.
More precisely, van den Berg and Gilkey in [57] proved that for an open, bounded subset
Ω with a C3 boundary in a Riemannian manifold, as t→ 0 one has

H̃Ω(t) = Volg(Ω)−
√

2t

π
σ(∂Ω) +

t

2

∫
∂Ω
hΩ(x)σ(dx) +O(t3/2),

where hΩ denotes the mean curvature of the domain at the boundary, and σ is the surface
measure on ∂Ω. As a generalization of the above result, Savo in [50] proved that for any
open bounded set Ω with C∞ boundary in a Riemannian manifold, its heat content admits
an asymptotic expansion of any order, namely, for any k ⩾ 3 there exist explicit constants
a3, . . . , ak such that

H̃Ω(t) = Volg(Ω)−
√

2t

π
σ(∂Ω) +

t

2

∫
∂Ω
hΩ(x)σ(dx) +

k∑
i=3

ait
i/2 +O(t

k+1
2 ).

While the heat content asymptotics for Laplace-Beltrami operators have been known for a
while, such results for non-local operators have been studied quite recently. If one considers
fractional Laplacians on Euclidean spaces with 0 < α < 2, then the asymptotic behavior
depends on α and one gets the perimeter or the fractional perimeter of Ω depending on
α ∈ (0, 1) or α ∈ [1, 2), see [44].

A similar behavior is observed for the fractional sub-Laplacian on Carnot groups. It has
been recently proved in [48] that heat content asymptotics for the fractional sub-Laplacian
operator defined by

(∆H)
α/2 , α ∈ (0, 2],

have the same scaling as in the Euclidean case when α ∈ [1, 2), and one recovers the
horizontal perimeter of the domain in the limit.
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One of the main goals of this article is to obtain the small-time asymptotics of the heat
content of the fractional sub-Laplacian when α ∈ (0, 1), but one needs to consider an
appropriate notion of the fractional perimeter, and also appropriate regularity condition for
the boundary of the domain intrinsic to Carnot groups.

When α = 2, the heat content asymptotics in sub-Riemannian geometry was first ob-
tained by Tyson and Wang [56] in the case of the 3-dimensional Heisenberg group. They
proved that

H̃Ω(t) = Vol(Ω)−
√

2t

π
PerH(Ω) +

t

2

∫
∂Ω
hH(x)σ(dx) +O(t3/2),

where hH(x) denotes the horizontal mean curvature at x ∈ ∂Ω, assuming that the boundary
of Ω is completely non-characteristic. This result was later established by Rizzi and Rossi
in [47] for any sub-Riemannian manifold, still assuming that ∂Ω does not contain any
characteristic points. Note that this setting is fundamentally different from Riemannian
manifolds, as there is no canonical measure analogous to the Riemannian volume and no
canonical connection analogous to the Levi-Civita connection. While for Carnot groups we
use a Haar measure, curvature notions are still a challenge for general Carnot groups.

In this article, we study properties of subordinated sub-Laplacians on a bounded open
set Ω in a Carnot group G. These operators are of particular interest because they are
non-local and are defined in a setting where the underlying geometry differs substantially
from that of Euclidean space. Consequently, identifying suitable geometric conditions under
which these operators satisfy analogues of known Euclidean results is a highly non-trivial
problem. Moreover, the analytical tools developed in [47] do not apply to such operators in
the context of heat content asymptotics. The main results of the paper can be summarized
in three parts as follows. Forthe precise assumptions we refer to later parts of the paper.

(1) Eigenvalues of subordinated sub-Laplacian. In Theorem 3.4, we establish an
eigenvalue comparison between the subordinated sub-Laplacian and the sub-Laplacian,
both subject to Dirichlet boundary conditions on Ω. In the Euclidean setting, an
analogous estimate was first obtained by Chen and Song in [18] for domains satisfying
an exterior cone condition.

We show that this comparison result extends to the setting of Carnot groups. The
upper bound (3.8) requires no regularity assumptions on the boundary of Ω. For the
lower bound (3.9), we assume that Ω satisfies an intrinsic exterior cone condition,
which provides a natural generalization of the classical exterior cone condition to the
sub-Riemannian geometry of Carnot groups. We refer to Section 5.2 for the precise
definition and further details. In particular, the eigenvalue comparison theorem applies
to every bounded domain with compact C1 boundary and no characteristic points (see
Definition 5.1).

(2) Heat content asymptotics for subordinated sub-Laplacian. We then prove
explicit large and small time asymptotics of the heat content for subordinated sub-
Laplacians.

In Theorem 3.7 we obtain the large-time asymptotic behavior of the heat content
for a class of subordinated sub-Laplacians, including fractional sub-Laplacians, without
requiring any regularity assumptions on the boundary of Ω. Our result shows that when
t → ∞, the heat content at time t scales like e−λ1,ϕt, where λ1,ϕ is the spectral gap of
the subordinated sub-Laplacian with Dirichlet boundary condition. The proof of this
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result uses a careful application of the Krein-Rutman theorem and irreducibility of the
corresponding semigroups, developed in [15] for sub-Laplacians on Carnot groups.

For α ∈ [1, 2), the small-time asymptotics of the heat content for the fractional sub-
Laplacian were proved in [48]. Theorem 3.11 complements this result by treating the
range 0 < α < 1, therefore establishing the existence of the corresponding limits for all
α ∈ (0, 2].

In the study of small-time heat content asymptotics in sub-Riemannian geometry, it
is typically assumed that the boundary of the domain is smooth and non-characteristic;
see, for instance, [47, 48, 56]. In Theorem 3.11, we instead prove the asymptotics for
domains satisfying the volume density condition. This condition is flexible enough
to include various domains with non-smooth boundaries, as well as domains whose
boundaries contain (infinitely many) characteristic points; see Examples 5.17–5.20.

(3) Relative heat content asymptotics for fractional sub-Laplacian. An explicit
small time asymptotics formula of the relative heat content for fractional sub-Laplacians
with parameter 0 < α < 2 is given in Theorem 3.13. This generalizes the results
obtained by Agrachev, Rizzi, and Rossi in [2] in the context of relative heat content
asymptotics for Carnot groups. When 1 ⩽ α < 2, we assume that Ω has a C∞ boundary
without any characteristic points. When α = 1, our results hold with no regularity
assumptions on the boundary of Ω, and for any set Ω with finite fractional horizontal
perimeter.

The proofs of our main results are based on probabilistic techniques. From the standard
theory of Markov processes, if L is the generator of a Feller process (Xt)t⩾0 on a metric
measure space (M,d, µ), the solution to the Dirichlet boundary value problem

∂tu(t, x) = Lu(t, x) for all (t, x) ∈ [0,∞)× Ω

u(t, x) = 0 for all (t, x) ∈ [0,∞)× ∂Ω

u(0, x) = 1 for all x ∈ Ω

under sufficient regularity conditions on the boundary of Ω can be represented as

u(t, x) = Px(τΩ > t),

where τΩ is the first exit time of Xt from Ω. Therefore, the heat content of Ω for the
operator L can be written as

H̃Ω(t) =

∫
Ω
Px(τΩ > t)µ(dx).(1.1)

We note that the above probabilistic representation of the heat content is well defined for
any measurable set Ω, and does not require any regularity condition on the boundary of
Ω. In this article, we adopt (1.1) as the definition of heat content. In particular, the heat
content for the subordinated sub-Laplacian can be written as

H̃ϕ
Ω(t) =

∫
Ω
Px(τΩ > t)dx, and Vol(Ω)− H̃ϕ

Ω(t) =

∫
Ω
Px(τΩ ⩽ t)dx,

where τΩ is the first exit time of the subordinated hypoelliptic Brownian motion on the
Carnot group, and ϕ is the Bernstein function associated with the subordinator. We refer
to Section 4 for detailed discussion on such processes. This shows that the asymptotic

behavior of Hϕ
Ω(t) is closely related to the asymptotic behavior of the exit probability

Px(τΩ > t).
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This probabilistic approach was also used in [48,56].
Let us briefly explain why the argument used in [48] to obtain the fractional heat content

asymptotics1 for α ∈ [1, 2] cannot be directly adapted to the case α ∈ (0, 1). First, the proof
of [48, Theorem 1.1] relies heavily on the C2-regularity of the boundary and the absence
of characteristic points, assumptions that are substantially stronger than those imposed in
Theorem 3.11. Another key ingredient in the argument of [48] is the following estimate2

proved in Lemma 4.3: for any Ω1 ⋐ Ω and every α ∈ (0, 2),∫
Ω1

Px(τΩ ⩽ t)dx = O(t) as t→ 0.

When the fractional heat content subtracted from the volume of the domain is normalized by
t1/α or t log(1/t), depending on α > 1 or α = 1, this estimate implies that the contribution
from points away from the boundary is negligible in the small-time limit. Consequently, the
asymptotic behavior is governed by the geometry of the boundary, leading to the horizontal
perimeter in the limiting expression. In contrast, for α ∈ (0, 1), Theorem 3.11 shows that
the appropriate scaling is of order t. Hence, the estimate above is no longer sufficient to
identify the precise limiting behavior, and one should also expect the effect of points away
from the boundary in the limit.

To overcome the above difficulty, we first obtain the relative heat content asymptotics
for the fractional sub-Laplacian; see Theorem 3.13. For α ∈ (0, 1), this asymptotics formula
holds for every bounded measurable set with a finite fractional horizontal perimeter. We
then show that the corresponding asymptotic relation also holds for the fractional heat
content. This step relies on the Ikeda-Watanabe theorem (see [38]) to determine the dis-
tribution of the subordinated hypoelliptic Brownian motion at the time of its exit from
the domain. Another observation that plays a central role in this part of the argument is
Proposition 9.3, where we prove that, under the volume density condition, the subordinated
hypoelliptic Brownian motion does not hit the boundary of the domain upon exiting. An
analogous property is known for certain Lévy processes on Euclidean spaces under suitable
technical assumptions on their Lévy measures; see [8, 10, 55]. However, when viewed as a
Markov process on the underlying Euclidean space, subordinated hypoelliptic Brownian mo-
tion on a Carnot group is not a Lévy process. Therefore, Proposition 9.3 enlarges the class
of jump-valued processes on Euclidean space that satisfy the boundary skipping property
during their exit time from domains.

Apart from the main results discussed above, a substantial portion of the paper is devoted
to developing suitable boundary regularity conditions for domains in Carnot groups that
are sufficient for our main results. In Section 5.2, we extend the Euclidean exterior cone
condition to the setting of Carnot groups using the intrinsic cones introduced in [26]. In
Euclidean spaces, cones are isometric under translations and rotations, which considerably
simplifies the analysis of isotropic Lévy processes3 when restricted to cones. In Carnot
groups, however, it is generally difficult to identify transformations that both preserve
the volume of intrinsic cones and leave the distribution of the subordinated hypoelliptic
Brownian motion invariant. To circumvent this difficulty, in Lemma 5.8 we establish uniform
bounds for the volumes of intrinsic cones and for the corresponding probabilities, which are
sufficient for the proofs of our main results.

1For brevity, we use this term to indicate the heat content for fractional sub-Laplacian.
2 [48, Lemma 4.3] states the estimate in a different way but has the same implication.
3A Lévy process whose distribution is invariant under isometries.
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We also introduce a volume density condition in Carnot groups as a natural extension
of its Euclidean counterpart considered in [59]. We investigate the relationship between
the intrinsic exterior cone condition and the volume density condition and establish suffi-
cient geometric conditions under which these regularity assumptions are satisfied; see, for
example, Theorem 5.11.

The rest of the paper is organized as follows. After reviewing the necessary background on
Carnot groups in Section 2, we state our main results in Section 3. In Section 4, we discuss
the probabilistic interpretation of the subordinated sub-Laplacian. Boundary regularity
conditions for domains in Carnot groups are introduced in Section 5. Finally, the proofs of
the main results are presented in Sections 7, 8, and 9.

AI disclosure: The authors used OpenAI’s ChatGPT during the preparation of this
manuscript for language editing, bibliography assistance, and preliminary mathematical
discussion. The authors independently verified all mathematical content and references and
assume full responsibility for the final manuscript.

2. Preliminaries

2.1. Carnot groups. We start by introducing the basics of Carnot groups needed for our
results.

Definition 2.1. We say that G is a Carnot group of step k if G is a connected and simply
connected Lie group whose Lie algebra g is stratified, that is, there are non-trivial linear
subspaces V1, . . . , Vk of g such that

g = V1 ⊕ · · · ⊕ Vk,

and

[V1, Vi−1] = Vi, Vi ̸= {0}, 2 ⩽ i ⩽ k,

[V1, Vk] = {0} .(2.1)

To exclude trivial cases we assume that the dimension of g is at least 3. From now on we
denote by H := V1 the space of horizontal vectors that generate the rest of the Lie algebra.

By [11, Theorem 2.2.18], each n-dimensional Carnot group G is isomorphic to some
homogeneous Carnot group (Rn, ⋆) on Rn (see [11, Definition 1.4.1] for the precise definition)
with the same Lie algebra g as that of G, and the isomorphism is given by the exponential
map

exp : g −→ G.

Therefore, G can be identified with some homogeneous Carnot group (Rn, ⋆) on Rn. We
refer to [11] for more details on this identification. This allows us to work on homogeneous
Carnot groups instead of general Carnot groups. For the sake of simplicity, we will often
use the notation xy to indicate the product of the group elements x, y ∈ G. The identity
element of G = (Rn, ⋆) is given by e = (0, . . . , 0) ∈ Rn. Since we identify any Carnot group
with a homogeneous Carnot group via the exponential map, without loss of generality we
are going to assume that x−1 = −x for any x ∈ G.
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Set mi = dim(Vi), for i = 1, . . . , k and hi = m1 + · · · + mi, so that hk = n with
h0 := 0, m := m1. We denote by Q the homogeneous dimension of G, i.e.

Q :=
k∑

i=1

idim(Vi).

For any λ > 0, the dilation δλ : G −→ G, is defined as

(2.2) δλ(ξ1, . . . , ξn) = (λξ1, . . . , λ
kξk),

where x = (ξ1, . . . , ξk) ∈ Rm1 × · · · × Rmk ≡ G.
By [11, Proposition 1.3.21], the Lebesgue measure dx on Rn is invariant with respect to

the left and the right translations on G. If A ⊂ G is Lebesgue measurable, we write Vol(A)
to denote its Lebesgue measure.

Definition 2.2. A continuous function ∥ · ∥ : G −→ [0,∞) is called a homogeneous quasi-
norm on the Carnot group G if the following conditions hold:

(1) ∥δλx∥ = λ∥x∥ for all λ > 0 and x ∈ G,
(2) ∥x∥ > 0 if and only if x ̸= 0.

The quasinorm is called symmetric if ∥x∥ = ∥x−1∥ for all x ∈ G. If ∥ · ∥ also subadditive,
that is,

∥xy∥ ⩽ ∥x∥+ ∥y∥, x, y ∈ G,

we call it a homogeneous norm.

By [11, Proposition 5.1.4] any two homogeneous quasinorms are equivalent, and from
now on we denote by ∥ · ∥ an arbitrary homogeneous norm; all the estimates that we give
are then the same up to changes in the constants. We denote by

B(x, r) = {y ∈ G : ∥x−1y∥ < r}

the open ball centered at x ∈ G with radius r > 0 and by B(r) = B(e, r).

2.2. Sub-Riemannian structure on G. For x ∈ G, we denote by Lx : G −→ G the left
translation

Lxy := xy, for y ∈ G,

and the corresponding pushforward (differential) (Lx)∗ : TG −→ TG by

(Lx)∗ : TyG −→ TxyG
v 7−→ (Lx)∗v.

Here TG denotes the tangent bundle of G and TxG the tangent space at x ∈ G.
Now we describe the sub-Riemannian structure on G. We assume that H is equipped

with an inner product ⟨·, ·⟩H which induces a norm | · |H. One may use left translation to
define a horizontal distribution D, a sub-bundle of TG, and a metric on D as follows. First,
we identify the space H ⊂ g with De ⊂ TeG. Then for any x ∈ G, we define Dx := (Lx)∗De.
Then a metric on D can be defined by translating back to H ⊂ g, that is,

⟨u, v⟩Dx := ⟨(Lx−1)∗u, (Lx−1)∗v⟩De

= ⟨(Lx−1)∗u, (Lx−1)∗v⟩H for all u, v ∈ Dx.
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Definition 2.3. Let {X1, . . . , Xm} be an orthonormal frame for D. Define the horizontal
gradient of f , denoted by ∇Hf , as the horizontal section

∇Hf :=
m∑
i=1

(Xif)Xi,

for any function f : G −→ R for which the partial derivatives Xif exist. The second-order
differential operator

(2.3) ∆H := −
m∑
i=1

X2
i

defined on C∞(G) is called a sub-Laplacian.

By [36], since the vector fields X1, . . . , Xm satisfy Hörmander’s bracket-generating condi-
tion, the operator ∆H is hypoelliptic. Moreover, its definition is independent of the choice of
a left-invariant orthonormal frame and depends only on the sub-Riemannian metric ⟨·, ·⟩H,
see [32, Theorem 3.6].

The operator ∆H is densely defined, symmetric and non-negative on L2(G, dx). Indeed,
for every f ∈ C∞

c (G),

⟨∆Hf, f⟩L2(G,dx) =
m∑
j=1

∫
G
|Xjf |2 dx ⩾ 0.

Moreover, by [54] and [21, p. 950] it is known that ∆H is essentially self-adjoint on C∞
c (G).

Hence, its Friedrichs extension coincides with its unique self-adjoint extension. With a slight
abuse of notation, we continue to denote this extension by ∆H. Consider the quadratic form
associated with ∆H given by

E(f, g) :=
m∑
j=1

∫
G
Xjf ·Xjg dx, f, g ∈ C∞

c (G).

Then its closure is a regular, strongly local Dirichlet form on L2(G, dx), see [15, p. 1902]
and the references therein. Consequently, the associated self-adjoint semigroup

Pt := e−t∆H , t ⩾ 0,

is sub-Markovian and admits consistent extensions to contraction semigroups on Lp(G, dx)
for every 1 ⩽ p ⩽ ∞. Moreover, by Hunt’s theorem (see [37, Theorem 5.1]) the heat
semigroup on a Carnot group is conservative, that is,

Pt1 = 1.

Thus, Pt is Markovian and can be applied, in particular, to bounded Borel functions on
G. The hypoellipticity of the corresponding parabolic operator implies that Pt admits a
smooth positive transition density

p : (0,∞)×G×G −→ (0,∞).

In particular, for every bounded Borel function f : G → R,

Ptf(x) =

∫
G
f(y)p(t, x, y) dy.(2.4)
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The left-invariance of ∆H, and hence of the semigroup Pt, implies that

p(t, hx, hy) = p(t, x, y)

for every t > 0 and every h, x, y ∈ G. Since Pt is self-adjoint on L2(G, dx), its transition
kernel is symmetric, that is, p(t, x, y) = p(t, y, x). Writing

p(t, x) := p(t, e, x),(2.5)

the left-invariance of the kernel gives p(t, x, y) = p(t, x−1y). Moreover, symmetry yields
p(t, x) = p(t, x−1). It follows that, for every f ∈ L2(G, dx) and, more generally, for every
bounded Borel function f ,

Ptf(x) =

∫
G
f(y)p(t, x−1y) dy =

∫
G
f(y)p(t, y−1x) dy = (f ∗ p(t, ·))(x),

where we use the convention

(f ∗ g)(x) :=
∫
G
f(y)g(y−1x) dy.

The function (t, x) 7→ p(t, x) is the fundamental solution of the heat equation(
∂

∂t
+∆H

)
u = 0,

and will be referred to as the hypoelliptic heat kernel. Finally, using the equivalence between
the norm induced by Carnot–Carathéodory distance and any homogeneous norm ∥ · ∥ on
G, it is known from [58, p. 50] that there exists a constant c ⩾ 1 such that

c−1t−
Q
2 exp

(
−c∥x∥

2

t

)
⩽ p(t, x) ⩽ ct−

Q
2 exp

(
−∥x∥2

ct

)
(2.6)

for every x ∈ G and every t > 0.

3. Main results

3.1. Subordination of the sub-Laplacian and eigenvalue comparison. Suppose that
ϕ : [0,∞) −→ [0,∞) is a Bernstein function, that is, ϕ|(0,∞) ∈ C∞(0,∞) and

(−1)n−1ϕ(n)(u) ⩾ 0 for every n ⩾ 1 and u > 0.

Every Bernstein function admits a unique Lévy–Khintchine representation

ϕ(u) = ϕ(0) + bu+

∫ ∞

0
(1− e−ur) ν(dr),(3.1)

where b ⩾ 0 and ν is a Radon measure on (0,∞) satisfying∫ ∞

0
min{1, r} ν(dr) <∞.

In particular, ϕ has a continuous extension to [0,∞). We call ϕ a complete Bernstein
function if ν admits a completely monotone density m, that is,

(−1)nm(n)(r) ⩾ 0 for all r ⩾ 0 and n = 0, 1, 2, . . .

Throughout the paper we assume that ϕ is a non-constant Bernstein function. Since ∆H is a
non-negative self-adjoint operator on L2(G, dx), for any Bernstein function (not necessarily
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complete) ϕ the Borel functional calculus (see [46, Theorem VIII.5, p. 262]) allows us to
define

∆ϕ
H := ϕ(∆H) =

∫
[0,∞)

ϕ(λ)E(dλ),(3.2)

where E denotes the spectral measure of ∆H. The domain of ∆ϕ
H is

D(∆ϕ
H) =

{
f ∈ L2(G, dx) :

∫
[0,∞)

ϕ(λ)2 dµf (λ) <∞

}
,

where

µf (B) := ⟨E(B)f, f⟩L2(G,dx)

for every Borel set B ⊂ [0,∞). The operator ∆ϕ
H is self-adjoint and non-negative on

L2(G, dx). Its associated semigroup is

P ϕ
t := e−t∆ϕ

H = e−tϕ(∆H).(3.3)

This is the semigroup obtained by subordinating the heat semigroup Pt = e−t∆H by the

Bernstein function ϕ. Accordingly, we call ∆ϕ
H the sub-Laplacian subordinated by ϕ. More

precisely, there exists a convolution semigroup (ηt)t⩾0 of sub-probability measures on [0,∞)
(i.e. ηt([0,∞)) ⩽ 1 for every t ⩾ 0) such that∫

[0,∞)
e−λs ηt(ds) = e−tϕ(λ)

and

P ϕ
t f =

∫
[0,∞)

Psf ηt(ds).

If ϕ(0) = 0, then each ηt is a probability measure and the subordinated semigroup is
conservative. We refer to Section 4.2 for details about the probabilistic interpretation of

P ϕ
t . In particular, if 0 < α < 2 and

ϕ(0) = 0 = b, ν(dr) =
α

2Γ(1− α
2 )
r−1−α

2 dr,(3.4)

then ϕ(u) = uα/2, and in this case ϕ is a complete Bernstein function. Consequently,

∆ϕ
H = ∆

α/2
H . With our sign convention, ∆

α/2
H is the non-negative fractional sub-Laplacian,

while −∆
α/2
H is the non-positive generator of the fractional heat semigroup

P ϕ
t = e−t∆

α/2
H .

3.1.1. Subordinated sub-Laplacian with Dirichlet boundary condition. Let us consider the

Dirichlet form Eϕ(·, ·) associated with the subordinated semigroup (P ϕ
t )t⩾0 defined in (3.3),

that is,

Eϕ(f, g) = ⟨(∆ϕ
H)

1/2f, (∆ϕ
H)

1/2g⟩L2(G,dx) for all f ∈ D((∆ϕ
H)

1/2).(3.5)

In this case, the domain of Dirichlet form is also given by

D(Eϕ) = D
((

∆ϕ
H

) 1
2

)
=

{
f ∈ L2(G, dx) :

∫
[0,∞)

ϕ(λ)dµf (λ) <∞

}
.
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By Lemma A.1, we have C∞
c (G) ⊂ D(Eϕ). Hence, Eϕ is a regular Dirichlet form. Moreover,

C∞
c (G) is a form core for Eϕ by Lemma A.1. For any open subset Ω ⊂ G, let (Eϕ,Ω, (Fϕ)Ω)

denote the part of the Dirichlet form on Ω, with

(Fϕ)Ω = {f ∈ D(Eϕ) : f̃ = 0 Eϕ-q.e. on G \ Ω},

where f̃ denotes a quasi-continuous version of f , and we refer to [29, p. 173] for details.
Then by [29, Theorem 4.4.3(i)], (Eϕ,Ω, (Fϕ)Ω) is a regular Dirichlet form on L2(Ω, dx).

Definition 3.1. For any open set Ω ⊂ G, the generator associated with the Dirichlet

form Eϕ,Ω, denoted by ∆ϕ,Ω
H , is called the subordinated sub-Laplcian with Dirichlet boundary

condition on Ω.

Remark 3.2. The space of smooth functions C∞
c (Ω) is a form core for Eϕ,Ω. As a result,

∆ϕ,Ω
H is given by the Friedrichs extension of (Lϕ

H, C
∞
c (Ω)), where for any f ∈ C∞

c (Ω),

Lϕ
Ωf = ∆ϕ

Hf
0
∣∣∣
Ω
,

with f0 being the zero extension of f on G. We refer to Lemma A.2 for details.

Remark 3.3. The operator ∆ϕ,Ω
H should not be confused with ϕ(∆Ω

H), where ∆Ω
H is the

sub-Laplacian with Dirichlet boundary condition on Ω. In probabilistic terms, the first
operator (up to a change of sign) is the generator of a killed subordinated Markov process
(subordinated first, then killed), whereas the latter (up to a change of sign) is the generator
of a subordinated killed (killed first, then subordinated) Markov process, see Section 4 for
details.

Motivated by the work of Chen and Song [18] relating eigenvalues of subordinated Lapla-
cian with Dirichlet boundary condition on Euclidean spaces, we relate the eigenvalues of
subordinated Dirichlet sub-Laplacian to the spectrum of the Dirichlet sub-Laplacian on
Carnot groups. Unlike in the Euclidean case, the sub-Laplacian on Carnot groups is not
elliptic, and the underlying space is not a linear space.

Some regularity assumptions on the boundary of the domain are needed to prove the
eigenvalue comparison results even in the Euclidean case. One such natural condition,
often assumed in the mathematical literature is the exterior cone condition, which assumes
that there exists a cone K ⊂ Rn centered at the origin and r0 > 0 such that for each point
p on the boundary of Ω, there is a cone Kp ⊂ Rn with the vertex at p and isometric to K,
and a ball B(p, r0) centered at p and having radius r0 that satisfy

Kp ∩B(p, r0) ⊆ Ωc.

For Carnot groups, even defining such cones involves subtleties of sub-Riemannian ge-
ometry of the group. Moreover, the class of isometric isomorphisms on Carnot groups is
quite restrictive compared to Euclidean spaces, and it is not feasible to extend the notion
of exterior cone condition from Euclidean spaces to Carnot groups. We refer to Section 5.2
for details about the cones and exterior cone conditions on Carnot groups. One of our main
results is stated below.

Theorem 3.4. Let ϕ be a Bernstein function such that∫ ∞

0
u

Q
2
−1e−tϕ(u)du <∞(3.6)

for some t > 0. Then,
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(1) ∆ϕ,Ω
H has purely point spectrum in L2(Ω, dx) and the first eigenvalue is strictly larger

than ϕ(0). Moreover, denoting the eigenvalues of ∆ϕ,Ω
H by

λ1,ϕ ⩽ λ2,ϕ ⩽ · · · ,
we have

λn,ϕ ⩽ 4ϕ(λn) for all n,(3.7)

where 0 < λ1 ⩽ λ2 ⩽ · · · denote the eigenvalues of the Dirichlet sub-Laplacian ∆Ω
H.

(2) If ϕ is a complete Bernstein function, then

λn,ϕ ⩽ ϕ(λn) for all n.(3.8)

If in addition Ω satisfies the intrinsic exterior cone condition (see Definition 5.6), then

λn,ϕ ⩾ c(Ω)ϕ(λn) for all n,(3.9)

where c(Ω) > 0 is a constant independent of n and ϕ, and depends only on Ω.

Remark 3.5. The bound (3.6) is satisfied whenever the drift coefficient b in (3.1) is strictly
positive, or ϕ(u) ≳ log u as u→ ∞. In particular, (3.6) holds for ϕ(u) = uβ for 0 < β < 1.

Remark 3.6. In the special case when ϕ(u) = uβ, 0 < β < 1, the above upper and lower
bound for the eigenvalues λn,ϕ with explicit constants can be found in [17, Corollary 1.1,
Theorem 1.3]. Moreover, the authors proved such estimates for domains Ω satisfying the
condition

sup
r>0

| {x ∈ Ω : d(x, ∂Ω) < r} |
r

<∞.(3.10)

While it is difficult to adapt the argument in [17] for arbitrary Bernstein functions ϕ, our
proof uses a probabilistic argument motivated by [18]. Our approach requires an exterior
cone condition on the boundary of the domain, which is different from (3.10). In particular,
theorem 3.4 holds for all bounded open sets with C1 boundary with no characteristic points,
see Theorem 5.11.

3.2. Heat content of fractional sub-Laplacian. Let Ω be a bounded open subset of G.

The heat content of Ω associated with the subordinated sub-Laplacian ∆ϕ
H is defined by

H̃ϕ
Ω(t) :=

∫
Ω
e−t∆ϕ,Ω

H 1Ω(x) dx =
〈
e−t∆ϕ,Ω

H 1Ω,1Ω

〉
L2(Ω,dx)

.

Here ∆ϕ,Ω
H denotes the subordinated sub-Laplacian with Dirichlet boundary condition in-

troduced in Definition 3.1. By the standard theory of strongly continuous semigroups of
linear operators, see, for instance, [22, p. 436], the function

uϕ(t) := e−t∆ϕ,Ω
H 1Ω

belongs to C([0,∞);L2(Ω, dx)) and is the unique mild solution of the abstract Cauchy
problem

(3.11)

{
∂tuϕ(t) = −∆ϕ,Ω

H uϕ(t), t > 0,

uϕ(0) = 1Ω, in L2(Ω, dx).

Moreover, for every t > 0, the function uϕ(t) belongs to D(∆ϕ,Ω
H ), and hence the above

equation holds in L2(Ω, dx) in the strong sense.
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Equivalently, if ũϕ(t, ·) denotes the extension of uϕ(t, ·) by zero to G, the corresponding
non-local Dirichlet problem can be formally written as

(3.12)


∂tũϕ(t, x) = −∆ϕ

Hũϕ(t, x), (t, x) ∈ (0,∞)× Ω,

ũϕ(t, x) = 0, (t, x) ∈ (0,∞)× (G \ Ω),
uϕ(0, x) = 1, x ∈ Ω.

The last formulation is understood in the appropriate weak or L2 sense unless additional
regularity assumptions are imposed. We are interested in understanding the large-time

and small-time behavior of H̃ϕ
Ω(t). While the large-time asymptotics would follow from the

spectral theory of the subordinated sub-Laplacian on bounded domains, the derivation of
small-time asymptotics would require some geometric conditions on the domain Ω. Our
first result states the following:

Theorem 3.7. Assume that ϕ satisfies (3.6) and Ω ⊂ G is a bounded, open, connected

subset. Then the first eigenvalue λ1,ϕ of ∆ϕ,Ω
H is simple and admits an eigenfunction fϕ

such that fϕ(x) > 0 for all x ∈ Ω, and ∥fϕ∥L2(G,dx) = 1. Moreover,

lim
t→∞

etλ1,ϕH̃ϕ
Ω(t) = ⟨fϕ,1Ω⟩2L2(Ω,dx).

For the small-time asymptotics of the heat content, we only focus on the case when
ϕ(u) = uα/2, where 0 < α < 2. In this case, the subordinated sub-Laplacian is equal to the

fractional sub-Laplacian, and we denote the corresponding heat content by H̃
(α)
Ω (t), and we

call it the fractional heat content. For the small-time asymptotic behavior of H̃
(α)
Ω (t), we

require the following notions of horizontal perimeter and fractional horizontal perimeter.

Definition 3.8 (Horizontal perimeter). For a measurable set Ω ⊂ G, its horizontal perime-
ter is defined by

PerH(Ω) = sup

{∫
Ω

d∑
i=1

Xiρi : ∥
d∑

i=1

ρ2i ∥∞ ⩽ 1, ρi ∈ C∞
c (G)

}
,

where {X1, . . . , Xd} is an orthonormal frame in V1. A measurable set Ω ⊂ G is called a
Caccioppoli set if PerH(Ω) <∞.

Definition 3.9 (Fractional horizontal perimeter). For α ∈ (0, 1), the α-fractional horizontal
perimeter of a measurable set Ω is defined as

Per
(α)
H (Ω) =

∫
Ω

∫
Ωc

1

∥x−1y∥α
dxdy,

where ∥ · ∥α is a homogeneous quasi-norm defined by

∥x∥α = (R̃α(x))
− 1

α+Q , R̃α(x) =
α

2Γ
(
1− α

2

) ∫ ∞

0
t−

α
2
−1p(t, x)dt(3.13)

with p(t, ·) being the hypoelliptic heat kernel defined in (2.5).

The homogeneous quasinorm ∥ · ∥α was originally introduced by Ferrari and Franchi [24].
This is equivalent to any homogeneous quasinorm, that is, for any homogeneous quasinorm
∥ · ∥ on G, there exists a constant c > 0 such that

c−1∥x∥ ⩽ ∥x∥α ⩽ c∥x∥,(3.14)
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see [25, Eq. (1.9)] for details. Moreover, for any u ∈ S(G), the Schwartz space on G and
α ∈ (0, 2) one has

∆
α/2
H u(x) = p.v.

∫
G

u(x)− u(y)

∥x−1y∥Q+α
α

dy.

When α ∈ [1, 2), the following small time asymptotics for the heat content of fractional
sub-Laplacian has been derived in [48], assuming that the boundary of the domain is non-
characteristic (see Definition 5.1).

Theorem 3.10 (Theorem 1.1 in [48]). Let Ω be a bounded, open subset of G. If Ω has C2

boundary with no characteristic points, then

(1) For 1 < α < 2,

lim
t→0

Vol(Ω)− H̃
(α)
Ω (t)

t
1
α

= E
[
sup
0⩽t⩽1

Yt

]
PerH(Ω),

where (Yt)t⩾0 is a one-dimensional symmetric α-stable Lévy process such that E[eiξYt ] =

e−t|ξ|α for all t ⩾ 0 and ξ ∈ R.
(2) When α = 1,

lim
t→0

Vol(Ω)− H̃
(1)
Ω (t)

t log(1/t)
=

1

π
PerH(Ω).

As explained before, the technique used in [48] to prove the above theorem does not
extend to the case when α ∈ (0, 1). In the following result, we settle the question of the
existence of limits when α ∈ (0, 1). For this, we require a different regularity condition on
the boundary, known as the volume density condition introduced in Definition 5.12. We
refer to Section 5.3 for more details.

Theorem 3.11. Let Ω ⊂ G be bounded, open set satisfying the volume density condition
(see Definition 5.12). Then for all 0 < α < 1,

lim
t→0

Vol(Ω)− H̃
(α)
Ω (t)

t
= Per

(α)
H (Ω)(3.15)

whenever Per
(α)
H (Ω) < ∞. In particular, (3.15) holds for all bounded domains with C1

boundary that does not have any characteristic points.

Remark 3.12. The volume density condition is flexible enough to include various domains
whose boundaries are non-smooth or contain characteristic points. We refer to Proposi-
tion 5.15 and Examples 5.17–5.20 for details.

3.3. Relative heat content of subordinated sub-Laplacian. For a bounded open sub-

set Ω ⊂ G, its relative heat content corresponding to the fractional sub-Laplacian ∆
α/2
H is

defined as

H
(α)
Ω (t) =

∫
Ω
vα(t, x)dx,

where vα(t, x) = e−t∆
α/2
H 1Ω(x) is the mild solution to the Cauchy problem

∂tvα(t, x) = −∆
α/2
H vα(t, x)

vα(0, x) = 1Ω(x).
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When α = 2, we denote the relative heat content by HΩ(t). The small time asymptotics of
the relative heat content for compact sub-Riemannian manifolds have been recently obtained
by Agrachev, Rizzi, and Rossi [2]. Their method applies to Carnot groups, and one has the
following asymptotic expansion

HΩ(t) = Vol(Ω)−
√
t

π
PerH(Ω) +O(t3/2)

whenever Ω has C∞ boundary with no characteristic points. In the next theorem, we
generalize the above asymptotics for the fractional relative heat content.

Theorem 3.13. Let Ω be a bounded set in G whose C∞ boundary ∂Ω does contain no
characteristic points. Then, the following holds.

(1) For 1 < α < 2,

lim
t→0

Vol(Ω)−H
(α)
Ω (t)

t
1
α

=
1

π
Γ

(
1− 1

α

)
PerH(Ω).

(2) When α = 1,

lim
t→0

Vol(Ω)−H
(α)
Ω (t)

t log(1/t)
=

1

π
PerH(Ω).

For 0 < α < 1 and for any bounded open set Ω satisfying Per
(α)
H (Ω) <∞ we have

lim
t→0

Vol(Ω)−H
(α)
Ω (t)

t
= Per

(α)
H (Ω).

Remark 3.14. When G is a Carnot group of step 2 and α = 2, Garofalo and Tralli [30]
proved the heat content asymptotics for any bounded open set with finite perimeter. By
the same technique used in the proof of the Theorem 3.13, one can prove (1) and (2) for
any bounded open set having finite perimeter provided that G is a Carnot group of step
2. It still remains an open question whether the heat content asymptotics hold (even when
α = 2) for bounded open sets of general Carnot groups without assuming any regularity
conditions on the boundary.

We also note that as an interesting consequence of [2, Theorem 1.1], one obtains the
following version of the Bourgain-Brezis-Mironescu-Dávila theorem for Carnot groups which
was originally proved by Garofalo and Tralli [30] for step-2 Carnot groups.

Corollary 3.15. Let Ω ⊂ G be a bounded domain with smooth boundary with no charac-
teristic points. Then,

lim
α↗1

(1− α) Per
(α)
H (Ω) =

1

π
PerH(Ω).

Also, for any measurable set Ω with Vol(Ω) <∞ and PerH(Ω) <∞,

lim
α↘0

Per
(α)
H (Ω) = Vol(Ω).

Remark 3.16. The normalization used here differs from the heat-Besov normalization of
Garofalo and Tralli [30]. If PH,s denotes their nonlocal horizontal perimeter, then

Per
(α)
H (Ω) =

α

4Γ(1− α/2)
PH,α/2(Ω).
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Hence, their limit formula

lim
s↗1/2

(1− 2s)PH,s(Ω) =
4√
π
PerH(Ω)

is equivalent to

lim
α↗1

(1− α) Per
(α)
H (Ω) =

1

π
PerH(Ω).

Their result applies to finite-perimeter sets in step-two Carnot groups, while ours holds
in arbitrary Carnot groups under smoothness and non-characteristic assumptions on the
boundary.

4. Probabilistic preliminaries: hypoelliptic Brownian motion and
subordination

4.1. Hypoelliptic Brownian motion. The negative of the sub-Laplacian −∆H defined
in (2.3) is the generator of a Markov process B = (Bt)t⩾0 on G. This is known as the
hypoelliptic Brownian motion on G, which satisfies the following properties analogous to
those of Brownian motion in Euclidean spaces:

(1) For any s ⩾ 0, the processes
(
B−1

s Bt+s

)
t⩾0

and (Bt)t⩾0 have the same law, and are

independent.
(2) The sample paths of B are almost surely continuous.

With the identification G ∼= Rm1 × · · · ×Rmk , the hypoelliptic Brownian motion Bt can be
realized as the solution to the following Stratonovich stochastic differential equation:

dBt =
m∑
i=1

Xi(Bt) ◦ dW (i)
t , X0 = x,

where W (1), . . . ,W (m) are m independent Brownian motions on R with Var(W
(i)
t ) = 2t for

each i = 1, . . . ,m. The heat kernel p(t, x, y) := p(t, x−1y) introduced in (2.5) coincides with
the transition density of Bt, and for any bounded measurable function f on G, the heat
semigroup (Pt)t⩾0 can be realized as

Ptf(x) = Ex [f(Bt)] for all x ∈ G, t ⩾ 0.

4.2. Subordination. Let ϕ be the Bernstein function introduced in (3.1). There exists a
convolution semigroup (ηt)t⩾0 of sub-probability measures on [0,∞) such that∫

[0,∞)
e−us ηt(ds) = e−tϕ(u) for every t, u ⩾ 0.(4.1)

Moreover,

ηt([0,∞)) = e−tϕ(0) = e−at.

In particular, if a = 0, then each ηt is a probability measure and there exists a conservative,
translation invariant, nonnegative and increasing Markov process S = (St)t⩾0 such that

ηt(ds) = P(St ∈ ds)

and

E
[
e−uSt

]
= e−tϕ(u).
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Such Markov processes are known as subordinators. If a > 0, the corresponding subordinator
is killed at rate a. We refer to [49] for the general theory of subordinators. By [49, Theo-
rem 31.5], the generator of St in C0([0,∞)) is given by

(4.2)
Aϕu(r) = −au(r) + bu′(r) +

∫ ∞

0
(u(s+ r)− u(r))ν(ds), and

C2
0 ([0,∞)) := {u ∈ C2([0,∞)) : u, u′, u′′ vanish at 0 and ∞} ⊆ D(Aϕ)

where a, b, ν are given by (3.1).
Let B = (Bt)t⩾0 be the hypoelliptic Brownian motion on G, whose transition semigroup

is

Pt = e−t∆H ,

and assume that B is independent of the subordinator. When a = 0, define the time-changed
process

Bϕ
t := BSt .(4.3)

When a > 0, the same definition is used before the lifetime of the subordinator, after
which the process is sent to a cemetery state. The transition semigroup of the subordinated
process is given by

P ϕ
t f(x) := Ex

[
f(Bϕ

t ); t < ζS
]
,

where ζS denotes the lifetime of the subordinator. By conditioning with respect to the time
change and using independence, we obtain

P ϕ
t f =

∫
[0,∞)

Psf ηt(ds).(4.4)

For f ∈ L2(G, dx), the integral in (4.4) is understood in the Bochner sense. The semigroup

(P ϕ
t )t⩾0 is a strongly continuous self-adjoint contraction semigroup on L2(G, dx). By the

Bochner-Phillips functional calculus (see [45]),

P ϕ
t = e−tϕ(∆H) = e−t∆ϕ

H ,

where ∆ϕ
H is the non-negative self-adjoint operator defined in (3.2). Thus, the infinitesimal

generator of (P ϕ
t )t⩾0 is −∆ϕ

H. From (4.4) it follows that the Haar measure satisfies∫
G
P ϕ
t f(x) dx = e−at

∫
G
f(x) dx

for every f ∈ L1(G, dx). Consequently, when a = 0, the Haar measure is invariant and the
subordinated semigroup is conservative. The process Bϕ defined by (4.3) is a possibly killed
Lévy process on G, that is,

(1) for every s ⩾ 0, the process (
(Bϕ

s )
−1Bϕ

s+t

)
t⩾0

has the same distribution as (Bϕ
t )t⩾0 and is independent of the natural filtration up to

time s, and

(2) the mapping t 7→ Bϕ
t is continuous in probability.
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We refer to [42] for a detailed account of the theory Lévy processes on Lie groups.
When the integrability condition (3.6) holds, the transition measure of Bϕ starting from

the identity admits the decomposition

P ϕ
t (e, dx) = ηt({0})δe(dx) + pϕ(t, x)dx,

where

pϕ(t, x) :=

∫
(0,∞)

p(s, x) ηt(ds).(4.5)

In particular, if ηt({0}) = 0, then pϕ(t, ·) is the transition density of Bϕ with respect to the
Haar measure.

If b = 0, then, apart from the possible killing, Bϕ is a pure-jump process. If b > 0, it also
has a diffusion component with generator −b∆H. According to [42, p. 16] (see also [4] for
matrix Lie groups), the Lévy measure Πϕ of Bϕ is characterized by

lim
t↘0

P ϕ
t f(e)

t
=

∫
G\{e}

f(x)Πϕ(dx)

for every f ∈ C∞
c (G \ {e}).

Lemma 4.1. For any Borel set A ⊂ G \ {e},

Πϕ(A) =

∫ ∞

0

(∫
A
p(s, x)dx

)
ν(ds).

Proof. By [58, Theorem IV.4.2] it is known that the function t 7→ p(t, x) is smooth for each
x ∈ G, and there exists C > 0 such that∣∣∣∣ ∂m∂tm p(t, x)

∣∣∣∣ ⩽ Ct−m−Q
2 e−

dc(x)
2

8t for all x ∈ G,(4.6)

where dc(x) is the Carnot-Carathéodory distance between the identity element e and x.
Hence for any f ∈ C∞

c (G \ {e}) the function

t 7−→ Ptf(e) =

∫
G
f(x)p(t, x)dx ∈ C∞([0,∞)),

and all derivatives of t 7→ Ptf(e) vanish at t = 0 and t = ∞. By (4.2), t 7→ Ptf(e) ∈ D(Aϕ).
As a result,

lim
t→0

P ϕ
t f(e)

t
= lim

t→0

E0[PStf(e)]− P0f(e)

t
=

∫ ∞

0
Psf(e)ν(ds).

Since ∫ ∞

0
Psf(e)ν(ds) =

∫ ∞

0

∫
G
f(x)p(s, x)dxν(ds),

we conclude that Πϕ(A) =
∫∞
0

∫
A p(s, x)ν(ds). This concludes the proof of the lemma. □

Let Ω ⊂ G be a bounded open set, and let ∆ϕ,Ω
H be the non-negative subordinated

sub-Laplacian with exterior Dirichlet condition introduced in Definition 3.1. Define

τΩ := inf{t > 0 : Bϕ
t /∈ Ω}
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and

Bϕ,Ω
t :=

{
Bϕ

t , t < τΩ,

∂, t ⩾ τΩ,

where ∂ denotes the cemetery state.
The transition semigroup of the killed process is

P ϕ,Ω
t f(x) = Ex

[
f(Bϕ

t ); t < τΩ

]
= e−t∆ϕ,Ω

H f(x).

Consequently, the infinitesimal generator of the killed process is −∆ϕ,Ω
H . In particular,

e−t∆ϕ,Ω
H 1Ω(x) = Px(τΩ > t), x ∈ Ω.

Hence, the Dirichlet heat content of Ω associated with the subordinated sub-Laplacian is

H̃ϕ
Ω(t) =

∫
Ω
Px(τΩ > t) dx.

Similarly, the relative heat content associated with the global subordinated process is

Hϕ
Ω(t) =

∫
Ω
Px(B

ϕ
t ∈ Ω) dx =

〈
P ϕ
t 1Ω,1Ω

〉
L2(G,dx)

.

From the above representations it follows that for all t ⩾ 0,

0 ⩽ H̃ϕ
Ω(t) ⩽ Hϕ

Ω(t).

4.3. Stable subordinators and fractional sub-Riemannian heat kernel. As noted
before in (3.4), for any α ∈ (0, 2), the function ϕα(u) = uα/2 is a Bernstein function. The

unique Lévy subordinator S(α) = (S
(α)
t )t⩾0 corresponding to ϕα is also a stable process,

that is, for any t > 0,

S
(α)
t

d
= t

2
αS

(α)
1 .(4.7)

Because of the above scaling property, S(α) is called a stable subordinator. Therefore, the
time-changed hypoelliptic Brownian motion

B
(α)
t := B

S
(α)
t

is a Markov process with generator given by −∆
α/2
H .

Notation 4.2. Throughout the article, we denote the Markov semigroup corresponding to

B
(α)
t by P

(α)
t , and its transition kernel by p(α)(t, x) for any t > 0 and any x ∈ G.

Definition 4.3. The transition kernel p(α)(t, ·) is called the fractional hypoelliptic heat
kernel.

We end this section with an upper bound and asymptotics for the fractional hypoelliptic
heat kernel.

Proposition 4.4. For 0 < α < 2, there exists a constant c > 0 such that for all x ∈ G and
t > 0,

p(α)(t, x) ⩽
ct

∥x∥Q+α
α

.(4.8)
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Moreover, for all x ∈ G,

lim
t→0

p(α)(t, x)

t
=

1

∥x∥Q+α
α

.(4.9)

Proof. Using the two-sided heat kernel estimate (2.6) for p(t, ·) and the equivalence of norms
in (3.14), we have the following two-sided estimate of the sub-Riemannian heat kernel:

c−1t−
Q
2 e−

∥x∥2α
ct ⩽ p(t, x) ⩽ ct−

Q
2 e−

c∥x∥2α
t .(4.10)

From [49, Proposition 28.3] it follows that S
(α)
1 is absolutely continuous, and let us denote

its density by η
(α)
1 . In particular, from [9, p. 97, Eq (5.19)] it is known that for all s > 0,

η
(α)
1 (s) ⩽ Cmin{1, s−1−α

2 }(4.11)

for some positive constant C. Using (4.10) and (4.11) along with the self-similarity in (4.7)
we obtain

p(α)(t, x) ⩽ t

∫ ∞

0
cs−

Q
2 e−

∥x∥2α
cs s−1−α

2 ds.

Evaluating the above integral, we conclude the proof of (4.8).

To prove (4.9), let Aα denote the infinitesimal generator of S
(α)
t in C0((0,∞)), the space

of all continuous functions on (0,∞) vanishing at 0 and ∞. Then by (4.2), C2
0 ((0,∞)) ⊆

D(Aα), and

Aαu(t) =
α

2Γ
(
1− α

2

) ∫ ∞

0

u(t+ s)− u(t)

s1+
α
2

ds, u ∈ C2
0 ([0,∞)).

Since for any x ∈ G, t 7→ p(t, x) ∈ C∞
0 ([0,∞)) and (4.6) holds, it follows that t 7→ p(t, x) ∈

D(Aα). Since p(0, x) = 0 for all x ∈ G, we have

lim
t→0

1

t
p(α)(t, x) = lim

t→0

1

t

∫ ∞

0
p(s, x)P(St ∈ ds)

= Aαp(·, x)(0)

=
α

2Γ
(
1− α

2

) ∫ ∞

0
p(s, x)s−1−α

2 ds

=
1

∥x∥Q+α
α

This completes the proof of the proposition. □

5. Regularity conditions on the boundary of the domain

5.1. Characteristic points. In several results we assume that the boundary of the domain
does not contain any characteristic points, which are defined formally as follows.

Definition 5.1 (Characteristic points). For an open set Ω ⊂ G with C1-boundary, a point
p ∈ ∂Ω is said to be a characteristic point if Hp ⊆ Tp(∂Ω), that is, the horizontal normal (
i.e. the horizontal projection of the Euclidean normal) at p to the boundary of Ω is zero. We
say that ∂Ω is completely non-characteristic if it does not have any characteristic points.
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The boundary of a domain can be infinitely smooth and may still contain characteristic
points. For example, the Korányi ball in the 3-dimensional Heisenberg group defined by

{(x, y, z) : (x2 + y2)2 + 16z2 ⩽ 1}

has C∞ boundary. Both the points (0, 0, 1) and (0, 0,−1) are characteristic points. In sub-
Riemannian geometry, characteristic points play a crucial role in determining smoothness
of natural functions. For instance, by [12, Theorem 1.1], when Ω has Ck boundary (k ⩾ 2)
without characteristic points, the signed distance function δ defined by

δ(x) =

{
d(x, ∂Ω) if x ∈ Ω

−d(x, ∂Ω) if x ∈ Ωc,

is also Ck in a neighborhood of ∂Ω. On the other hand, when Ω has C∞ boundary with
characteristic points, δ may not even be Lipschitz with respect to natural coordinates, see [3]
for details.

5.2. The intrinsic exterior cone condition. The following notion of intrinsic cones in
Carnot groups was introduced by Franchi and Serapioni [28]; in the Heisenberg group the
definition goes back to [27]. See also [52] for an introduction to the subject.

Definition 5.2. A subgroup K of a Carnot group is said to be homogeneous if

δλ(K) = K for every λ > 0.

Definition 5.3. Let G be a Carnot group and let H,K be two homogeneous subgroups of
G. We say that H and K are complementary if

H ∩K = {e}, and G = HK.

Assume moreover that K is a one-dimensional horizontal homogeneous subgroup. Thus

K = exp(RX)

for some nonzero X ∈ V1. Set

K+ := {exp(tX) : t ⩾ 0}.
For p ∈ G and β, ρ > 0, we define the oriented intrinsic cone associated with the decompo-
sition G = HK by

C+
p (β, ρ;H,K) := p

{
hk ∈ HK : k ∈ K+, ∥h∥ ⩽ β∥k∥, ∥k∥ < ρ

}
.

In the above definition, β, ρ are called the aperture and height of the cone respectively. It
follows from the definition that the oriented intrinsic cones have the following left-translation
property:

C+
p (β, ρ;H,K) = Lp

(
C+
e (β, ρ;H,K)

)
,

where e is the identity element, and Lp denotes the left-translation map Lp(x) = px. For the
purposes of this section, it is convenient to use a canonical complement for every horizontal
direction. Let X ∈ V1 satisfy ⟨X,X⟩H = 1, and set

WX := {Y ∈ V1 : ⟨X,Y ⟩H = 0}.
Then

g = RX ⊕WX ⊕ V2 ⊕ · · · ⊕ Vk.
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Define

hX :=WX ⊕ V2 ⊕ · · · ⊕ Vk.

Since [Vi, Vj ] ⊆ Vi+j for all 1 ⩽ i, j ⩽ k, the subspace hX is a homogeneous ideal of g. Hence

HX := exp(hX)

is a homogeneous normal subgroup of G. Setting

KX := {exp(tX) : t ∈ R}.
we note that HX and KX are homogeneous subgroups of G, and by the Baker-Campbell-
Dynkin-Hausdorff formula, they are also complementary subgroups, that is,

G = HXKX , HX ∩KX = {e}.
In particular, every g ∈ G admits a unique decomposition

g = hk, h ∈ HX , k ∈ KX ,

and the multiplication map

ΦX : HX ×KX −→ G, ΦX(h, k) = hk,

is a smooth diffeomorphism.

Definition 5.4. Let X be a unit vector in V1. For p ∈ G and β, ρ > 0, the oriented intrinsic
horizontal cone in the direction of X is defined as

C+
p (β, ρ;X) := C+

p (β, ρ;HX ,KX).

The following dilation property follows immediately from the definition.

Lemma 5.5. For every λ > 0,

δλ
(
C+
e (β, ρ;X)

)
= C+

e (β, λρ;X).

Proof. Since HX and KX are homogeneous subgroups,

δλ(hk) = δλ(h)δλ(k), δλ(h) ∈ HX , δλ(k) ∈ K+
X .

Moreover,

∥δλ(h)∥ = λ∥h∥, ∥δλ(k)∥ = λ∥k∥.
The conclusion follows directly. □

Definition 5.6. An open set Ω ⊂ G is said to satisfy the intrinsic exterior cone condition if
there exist β, ρ > 0 such that, for every p ∈ ∂Ω, there exists a unit vector Xp ∈ V1 satisfying

C+
p (β, ρ;Xp) \ {p} ⊆ G \ Ω.

Unlike Euclidean cones with fixed aperture and height, cones corresponding to different
horizontal directions need not be images of a single fixed cone under measure-preserving
graded automorphisms. Indeed, an orthogonal transformation of V1 mapping one hori-
zontal direction into another need not extend to a graded automorphism of G. We shall
nevertheless obtain uniform lower bounds for both their volumes and the integrals needed
below.

For a unit vector X ∈ V1, let dνX denote the Haar measure on HX obtained by trans-
porting the Euclidean Lebesgue measure on hX through the exponential map.
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Lemma 5.7. For every X ∈ V1 with |X|H = 1 and every f ∈ L1(G, dx),∫
G
f(g) dg =

∫
R

∫
HX

f
(
h exp(tX)

)
dνX(h) dt.

Proof. Since

g = hX ⊕ RX

is an orthogonal direct sum and |X|H = 1, the product of the Euclidean Lebesgue measure
on hX and the Lebesgue measure dt is exactly the Euclidean Lebesgue measure on g under
the linear identification

(Y, t) 7−→ Y + tX.

We now consider the map

ΘX : hX × R −→ g, ΘX(Y, t) := log
(
exp(Y ) exp(tX)

)
.

Write

Y = Y1 + · · ·+ Yk, Y1 ∈WX , Yj ∈ Vj (j ⩾ 2).

By the Baker-Campbell-Dynkin-Hausdorff formula, the component of ΘX(Y, t) in V1 is
exactly

Y1 + tX,

whereas, for every j ⩾ 2, its Vj-component has the form

Yj + Pj(Y1, . . . , Yj−1, t),

where Pj is a polynomial depending only on coordinates of strictly smaller homogeneous
degree and on t. Thus, if the coordinates are ordered according to the stratification, the
differential of ΘX is triangular with identity diagonal blocks. Consequently,

|detDΘX(Y, t)| = 1

for every (Y, t) ∈ hX × R.
Since the exponential map transports Euclidean Lebesgue measure on g to the fixed Haar

measure dg, while it transports Euclidean Lebesgue measure on hX to dνX , the change-of-
variables formula gives∫

G
f(g) dg =

∫
R

∫
hX

f
(
exp(Y ) exp(tX)

)
dY dt,

which is precisely the claimed formula. □

For later use, define

αX := ∥ exp(X)∥.

By homogeneity,

∥ exp(tX)∥ = αX |t|, t ∈ R.

Lemma 5.8. Let G = HXKX be the decomposition from Definition 5.4. Then

Vol(C+
e (β, ρ;X)) =

βQ−1ρQ

QαX
νX
(
B(e, 1) ∩HX

)
.(5.1)
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Moreover, for every c > 0,∫
C+
e (β,ρ;X)

e−c∥g∥2 dg ⩾
βQ−1

αX
νX
(
B(e, 1) ∩HX

) ∫ ρ

0
rQ−1e−c(1+β)2r2 dr.(5.2)

Proof. By Lemma 5.7, writing k = exp(tX) with t ⩾ 0, we obtain

Vol(C+
e (β, ρ;X)) =

∫ ρ/αX

0
νX
(
B(e, βαXt) ∩HX

)
dt.(5.3)

The homogeneous dimension of HX is Q− 1. Therefore

νX
(
B(e, r) ∩HX

)
= rQ−1νX

(
B(e, 1) ∩HX

)
.

Substitution into (5.3) gives

Vol(C+
e (β, ρ;X)) = βQ−1αQ−1

X νX
(
B(e, 1) ∩HX

) ∫ ρ/αX

0
tQ−1 dt

=
βQ−1ρQ

QαX
νX
(
B(e, 1) ∩HX

)
,

which proves (5.1).
To prove (5.2), let

g = h exp(tX) ∈ C+
e (β, ρ;X)

and set

r := ∥ exp(tX)∥ = αXt.

Since ∥h∥ ⩽ βr, the triangle inequality gives

∥g∥ ⩽ ∥h∥+ ∥ exp(tX)∥ ⩽ (1 + β)r.

Consequently,

e−c∥g∥2 ⩾ e−c(1+β)2r2 .

Using Lemma 5.7 once more,∫
C+
e (β,ρ;X)

e−c∥g∥2 dg ⩾
∫ ρ/αX

0
e−c(1+β)2α2

X t2νX
(
B(e, βαXt) ∩HX

)
dt

= βQ−1νX
(
B(e, 1) ∩HX

)
αQ−1
X

×
∫ ρ/αX

0
tQ−1e−c(1+β)2α2

X t2 dt.

The change of variables r = αXt yields (5.2). □

Lemma 5.9. There exist positive constants a∗, a
∗, α∗, α

∗, depending only on G, the fixed
inner product, and the homogeneous norm, such that for every X ∈ V1 with |X|H = 1,

a∗ ⩽ νX
(
B(e, 1) ∩HX

)
⩽ a∗

and

α∗ ⩽ αX ⩽ α∗.
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Proof. For

Y = Y1 + · · ·+ Ys, Yj ∈ Vj ,

define the standard homogeneous quasinorm

N0(expY ) := max
1⩽j⩽s

|Yj |1/j .

Since N0 and ∥ · ∥ are continuous, positive away from the identity, and homogeneous of
degree one, by [11, Proposition 5.1.4] there exist constants c0, C0 > 0 such that

c0N0(g) ⩽ ∥g∥ ⩽ C0N0(g) for every g ∈ G.

Let mj = dimVj be defined as before. For every unit X ∈ V1, the first layer of hX is

WX = X⊥, which has dimension m1 − 1. Since dνX is induced by the Euclidean Lebesgue
measure on

X⊥ ⊕ V2 ⊕ · · · ⊕ Vk,

there exists a constant κ > 0, independent of X, such that, for every r > 0,

νX
(
{h ∈ HX : N0(h) < r}

)
= κrQ−1.(5.4)

Indeed, in exponential coordinates the set on the left-hand side is the Cartesian product

{|Y1| < r} ⊂ X⊥, {|Yj | < rj} ⊂ Vj , j ⩾ 2.

Its Euclidean volume is therefore

κrm1−1
k∏

j=2

rjmj = κrQ−1,

where κ depends only on the dimensions of the layers. The equivalence of the two homoge-
neous quasinorms gives

{h ∈ HX : N0(h) < C−1
0 } ⊂ B(e, 1) ∩HX ⊂ {h ∈ HX : N0(h) < c−1

0 }.(5.5)

Combining (5.4) and (5.5), we obtain

κC
−(Q−1)
0 ⩽ νX

(
B(e, 1) ∩HX

)
⩽ κc

−(Q−1)
0(5.6)

for every unit X. This proves the first assertion.
Finally, the map

X 7−→ αX = ∥ exp(X)∥
is continuous and strictly positive on the Euclidean unit sphere of V1. Since this sphere is
compact, there exist α∗, α

∗ > 0 such that

α∗ ⩽ αX ⩽ α∗

for every |X| = 1. □

Combining the preceding lemmas gives the following uniform estimates.

Proposition 5.10. Let B = (Bt)t⩾0 denote the hypoelliptic Brownian motion on G starting
from the identity e, and let C+

e (β, ρ;X) be as in Definition 5.4. Then

inf
X∈V1
|X|=1

Vol(C+
e (β, ρ;X)) > 0.(5.7)
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Moreover, for every fixed t > 0,

inf
X∈V1
|X|=1

Pe

(
Bt ∈ C+

e (β, ρ;X)
)
> 0.(5.8)

Proof. By (5.1) and Lemma 5.9,

Vol(C+
e (β, ρ;X)) ⩾

βQ−1ρQ

Qα∗ a∗,

uniformly over all unit X ∈ V1. This proves (5.7).
For the second assertion, let p(t, ·) be the horizontal heat kernel of B. By the Gaussian

lower bound (2.6), there exist C1, c1 > 0 such that

p(t, x) ⩾ C1t
−Q/2 exp

(
−c1

∥x∥2

t

)
.

Hence

Pe

(
Bt ∈ C+

e (β, ρ;X)
)
⩾ C1t

−Q/2

∫
C+
e (β,ρ;X)

exp

(
−c1

∥x∥2

t

)
dx.

Applying (5.2) with c = c1/t and then Lemma 5.9, we obtain

Pe

(
Bt ∈ C+

e (β, ρ;X)
)
⩾ C1t

−Q/2β
Q−1a∗
α∗

×
∫ ρ

0
rQ−1 exp

(
−c1(1 + β)2r2

t

)
dr.

The right-hand side is strictly positive and independent of X, proving (5.8). □

We now establish the exterior cone condition for regular non-characteristic boundaries.

Theorem 5.11. Let Ω ⊂ G be a bounded domain with compact C1 boundary and no char-
acteristic points. Then Ω satisfies the intrinsic exterior cone condition introduced in Defi-
nition 5.6.

Proof. Fix p0 ∈ ∂Ω. Choose an open neighborhood U of p0 and a defining function Φ ∈
C1(U) such that

Ω ∩ U = {Φ < 0}, ∂Ω ∩ U = {Φ = 0}, U \ Ω = {Φ > 0}.
Since p0 is non-characteristic, ∇HΦ(p0) ̸= 0. Define

X(q) :=
∇HΦ(q)

|∇HΦ(q)|H
, q ∈ ∂Ω,

and we denote X := X(p0). Due to continuity of the mapping q 7→ X(q), we can find an
open boundary patch Σ ⋐ ∂Ω ∩ U such that

⟨X(q), X⟩H ⩾
1

2
for all q ∈ Σ.

Also, by the continuity of the map q 7→ |∇HΦ(q)| on ∂Ω, there exists δ > 0 such that

|∇HΦ(q)|H ⩾ δ for all q ∈ Σ.(5.9)

Therefore for all q ∈ Σ,

XΦ(q) = ⟨∇HΦ(q), X⟩H ⩾ |∇HΦ(q)|H⟨X(q), X⟩H ⩾
δ

2
,
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where with an abuse of notation, we have also used X to denote the left-invariant vector
field generated by it. We will first prove that there exists β0, ρ0 > 0 such that

C+
q (β0, ρ0;X) \ {q} ⊂ G \ Ω for all q ∈ Σ.

We note the following uniform estimate: there are constants C0 > 0 and ε0 > 0 such that

(5.10) |Φ(qh)− Φ(q)| ⩽ C0∥h∥

for every q ∈ Σ and every h ∈ HX with ∥h∥ < ε0. To see this, write h = exp(Y1 + · · ·+ Yk),
Yj ∈ Vj . Equivalence with homogeneous quasinorms gives

|Yj | ⩽ C∥h∥j , j = 1, . . . , k.

For ∥h∥ ⩽ 1, this implies |Z1 + · · · + Zs|Euc ⩽ C ′∥h∥, where | · |Euc denotes the Euclidean
norm. The multiplication map on G is smooth, so on the compact set

Σ× {h ∈ HX : ∥h∥ ⩽ ε0},

the Euclidean coordinate (via the global exponential map) distance between qh and q is
bounded by a constant multiple of ∥h∥. Estimate (5.10) now follows from the boundedness
of the total derivative DΦ on U . Let us write

αX := ∥ exp(X)∥ > 0.

By homogeneity,

(5.11) ∥ exp(sX)∥ = sαX , s > 0.

For every q ∈ Σ we have

XΦ(q) = ⟨∇HΦ(q), X⟩H ⩾
δ

2
.

Since XΦ is continuous and Σ is compact, there exists a neighborhood V ⋐ U of Σ such
that

XΦ(z) ⩾
δ

4
for every z ∈ V.

After decreasing ε0 and s0 if necessary, we may also assume that

qh exp(rX) ∈ V

whenever q ∈ Σ, ∥h∥ < ε0, and 0 ⩽ r ⩽ s0.
Choose β0 > 0 and ρ0 > 0 so that

C0β0αX <
δ

8
, ρ0 < min

{
αXs0,

ε0
β0

}
.

If g ∈ C+
q (β0, ρ0;X) \ {q}, then g = qh exp(sX) with

∥h∥ ⩽ β0αXs, s <
ρ0
αX

.
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Using (5.10), the bound XΦ ⩾ δ/4 on V and the fundamental theorem of calculus, we
obtain

Φ(g) = Φ(qh) +

∫ s

0
XΦ(qh exp(rX)) dr

⩾ −C0∥h∥+
δ

4
s

⩾

(
δ

4
− C0β0αX

)
s >

δ

8
s > 0.

Therefore,

C+
q (β0, ρ0;X) \ {q} ⊂ U \ Ω for every q ∈ Σ.

The compact boundary ∂Ω is covered by finitely many patches (Σi)1⩽i⩽N of this type,
with directions X1, . . . , XN and parameters (βi, ρi). Set

β := min
1⩽i⩽N

βi, ρ := min
1⩽i⩽N

ρi.

If p belongs to the i-th patch, then decreasing aperture and height only shrinks the cone,
and hence

C+
p (β, ρ;Xi) \ {p} ⊂ C+

p (βi, ρi;Xi) \ {p} ⊂ G \ Ω.

This proves the intrinsic exterior cone condition with uniform parameters. □

5.3. The volume density condition. This is another type of regularity condition on the
boundary, which is weaker than the intrinsic exterior cone condition.

Definition 5.12. An open set Ω ⊂ G is said to satisfy the volume density condition if there
exists c > 0 such that for all r > 0 and x ∈ ∂Ω,

Vol(Ω
c ∩ B(x, r)) ⩾ crQ,

where Q is the homogeneous dimension of G.

Remark 5.13. The volume density condition for Euclidean spaces was introduced in [59] to
study harmonic measures for symmetric stable processes.

Proposition 5.14. Suppose that Ω is an open set in G.

(1) If Ω satisfies the volume density condition then Vol(∂Ω) = 0.
(2) If Ω satisfies the intrinsic exterior cone condition and Ω has finite volume, then it also

satisfies the volume density condition. In particular, if Ω is open, bounded with C1

boundary having no characteristic points, it satisfies the volume density condition.

Proof. Assume that Vol(∂Ω) > 0. Since the Carnot-Carathéodory metric on G is vol-
ume doubling, by the Lebesgue differentiation theorem on volume doubling metric measure
spaces (see [35, Theorem 1.8]), there exists p ∈ ∂Ω such that

lim
r→0

Vol(∂Ω ∩ B(p, r))
Vol(B(p, r))

= 1.

On the other hand, due to the volume density condition, for any r > 0 and p ∈ ∂Ω,

Vol(∂Ω ∩ B(p, r)) ⩽ Vol(B(p, r))−Vol(Ω
c ∩ B(p, r)) ⩽ (1− c)Vol(B(p, r))
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for some 1− c ∈ [0, 1), which shows that

lim sup
r→0

Vol(∂Ω ∩ B(p, r))
Vol(B(p, r))

⩽ 1− c < 1.

This leads to a contradiction and hence Vol(∂Ω) = 0.
To prove the second assertion, we use the boundedness of Ω. Since Ω satisfies the intrinsic

exterior cone condition, there exists r0, β, ρ > 0 such that for each point p ∈ ∂Ω, there exists
an intrinsic cone C+

p (β, ρ;Xp) in the sense of Definition 5.4 such that

C+
p (β, ρ;Xp) \ {p} ⊂ Ω

c
.

From the definition of the intrinsic cones it follows that for all p ∈ ∂Ω,

C+
p

(
β,

r

1 + β
;Xp

)
⊂ C+

p (β, r;Xp) ∩ B(p, r).

Therefore, for all r ⩽ ρ,

(5.12)

Vol(Ω
c ∩ B(p, r)) ⩾ Vol(C+

p (β, r;Xp) ∩ B(p, r))

⩾ Vol

(
C+
p

(
β,

r

1 + β
;Xp

))
= Vol

(
C+
e (β, 1;Xp)

)( r

1 + β

)Q

where the last identity follows from Lemma 5.5 along with the left translation invariance
and the scaling property of the volume. Since infp∈∂ΩVol(C+

e (β, 1;Xp)) > 0, thanks to
Proposition 5.10, (5.12) implies that there exists a constant c1 > 0 such that for all p ∈ ∂Ω
and r ⩽ ρ,

Vol(Ω
c ∩ B(p, r)) ⩾ c1r

Q.(5.13)

On the other hand, for any p ∈ ∂Ω and r > 0,

Vol(Ω
c ∩ B(p, r)) ⩾ Vol(B(p, r))−Vol(Ω) = rQVol(B(e, 1))−Vol(Ω).

Therefore, there exists sufficiently large K > 0 such that for all r > Kρ,

Vol(Ω
c ∩ B(p, r)) ⩾

1

2
rQVol(B(e, 1)).(5.14)

Since r 7→ Vol(Ω
c ∩ B(p, r)) is an increasing function, for any r ∈ (ρ,Kρ) and p ∈ ∂Ω we

have

Vol(Ω ∩ B(p, r)) ⩾ Vol(Ω ∩ B(p, ρ)) ⩾ c1ρ
Q ⩾

c1
KQ

rQ.(5.15)

Therefore, combining (5.13), (5.14), and (5.15) we conclude that Ω satisfies the volume
density condition.

Finally, by Theorem 5.11, any bounded open set Ω with a C1 non-characteristic boundary
satisfies the intrinsic exterior cone condition, which implies the volume density condition
for Ω. □

A domain with a non-smooth boundary or with characteristic points may still satisfy the
volume density condition.
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Proposition 5.15. Let G ∼= Rm1 × Rm2 be a Carnot group of step-2 and let ∥ · ∥ be any
symmetric homogeneous quasinorm on G such that the unit ball at the identity

B(e, 1) = {x ∈ G : ∥x∥ < 1}

is convex in Euclidean sense. Then for any x ∈ G and R > 0, the metric balls B(x,R)
satisfy the volume density condition.

Remark 5.16. Our proof of the above proposition uses the central symmetry (in the Eu-
clidean sense) of metric balls in step-2 Carnot groups. This is a consequence of the fact
that the left-translation maps on step-2 Carnot groups are affine, which preserves central
symmetry. This argument fails when G is a higher step Carnot group, as the left-translation
maps become polynomial maps, see Proposition 5.24 below.

We include some examples of quasinorms on step-2 Carnot groups which satisfy the
convexity condition in Proposition 5.15. We use | · | to denote the Euclidean norm.

Example 5.17 (Non-smooth cases). Let ρ1 and ρ∞ denote the quasinorms on G defined
by

ρ1(x) =
(
|ξ1|2 + |ξ2|

) 1
2 , x = (ξ1, ξ2) ∈ Rm1 × Rm2

ρ∞(x) = max{|ξ1|, ε|ξ2|
1
2 }, x = (ξ1, ξ2) ∈ Rm1 × Rm2 .

In the above definition of ρ∞, ε is a positive constant. For a certain choice of ε, ρ∞
becomes a norm, see [26, Theorem 5.1]. It is immediate that both ρ1 and ρ∞ are symmetric,
homogeneous, and the their metric balls defined through them are convex subsets of Rm1+m2 .
Also, these metric balls do not have smooth boundaries.

Example 5.18 (Cygan-Korányi type quasinorm). Define the quasinorm ρ2 on G as

ρ2(x) =
(
|ξ1|4 + c|ξ2|2

) 1
4 , x = (ξ1, ξ2) ∈ Rm1 × Rm2 ,

where c is a positive constant. When G is an H-type group and c = 16, ρ2 is a norm and it
is known as the Cygan-Korányi norm, see [20,39]. Clearly, {x ∈ G : ρ2(x) < 1} is a convex
subset of Rm1+m2 . The next lemma identifies the characteristic points on the boundary of
metric balls with respect to ρ2.

Lemma 5.19. Let Ω = Bρ2(e,R). A point p ∈ ∂Ω is a characteristic point if and only if
p = (0, ξ2) with c|ξ2|2 = R4.

Proof. Since G has step 2, the left-invariant vector fields generated by the basis elements
{X1, . . . , Xm1} of V1 can be written as

Xi = ∂ξi1
+

1

2

m2∑
l=1

⟨Jlξ1, ei⟩∂ξl2 , i = 1, . . . ,m1,

where (Jl)
m2
l=1 are skew-symmetric matrices on Rm1 , and {e1, . . . , em1} is the canonical basis

of Rm1 . Writing

F (ξ1, ξ2) = |ξ1|4 + c|ξ2|2 −R4,

a point p = (ξ1, ξ2) is a characteristic point if XiF (p) = 0 for all i = 1, . . . ,m1. Note that

∂ξ1F (ξ1, ξ2) = 4|ξ1|2ξ1, ∂ξ2F (ξ1, ξ2) = 2cξ2.
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Therefore, a simple computation shows that

XiF (ξ1, ξ2) = 4|ξ1|2ξi1 + c

m2∑
l=1

ξl2⟨Jlξ1, ei⟩

Denoting

Jξ2 :=

m2∑
l=1

ξl2Jl

we can therefore write

XiF (ξ1, ξ2) = ⟨4|ξ1|2ξ1 + cJξ2ξ1, ei⟩, ∇HF (ξ1, ξ2) = 4|ξ1|2ξ1 + cJξ2ξ1.

Hence,

∇HF (ξ1, ξ2) = 0 ⇐⇒ ∇HF (ξ1, ξ2) = 4|ξ1|2ξ1 + cJξ2ξ1 = 0.

Since Jξ2 is skew-symmetric, the last identity implies that

⟨4|ξ1|2ξ1 + cJξ2ξ1, ξ1⟩ = 0 ⇐⇒ 4|ξ1|4 = 0,

which shows that ξ1 = 0. Hence, c|ξ2|2 = R4. This completes the proof of the lemma. □

Example 5.20 (Hebisch-Sikora norm). Hebisch and Sikora [34] proved the following result
for arbitrary homogeneous Carnot groups:

Theorem 5.21 (Theorem 2 in [34]). Let G be any homogeneous Carnot group equipped
with the dilations (δλ)λ>0. Then there exists ε0 > 0 such that for every 0 < κ < ε0,

ρ(x) := inf{t > 0 : |δ1/tx| < κ}

defines a symmetric homogeneous norm on G. In particular, the unit metric ball {x ∈ G :
ρ(x) < 1} coincides with the Euclidean ball BRn(0, κ).

From the above theorem ,it follows immediately that the unit ball centered at the identity
with respect to the norm ρ is convex. In the following we give the description of the
characteristic points on the boundary of Bρ(e,R) without a proof as it will follow from a
similar computation in the proof of Lemma 5.19.

Lemma 5.22. Let Ω = Bρ(e,R) for some R > 0. Then p = (ξ1, ξ2) ∈ ∂Ω is a characteristic
point if and only if ξ1 = 0 and |ξ2| = κR2.

As discussed before, we use the following notion of central symmetry in the Euclidean
sense.

Definition 5.23. A set K ⊂ Rn is called centrally symmetric (in the Euclidean sense) with
respect to x0 ∈ K if for any x ∈ K, its reflection around x0 also belongs to K, that is,
2x0 − x ∈ K.

Proof of Proposition 5.15. Since G is a homogeneous Carnot group of step 2, by [11, Sec-
tion 3.2], the group law can be written as

(ξ1, ξ2) ⋆ (ξ
′
1, ξ

′
2) = (ξ1 + ξ′1, ξ2 + ξ′2 +B(ξ1, ξ

′
1)),

where B : Rm1 × Rm1 −→ Rm2 is a skew-symmetric bilinear form. This shows that for
any fixed x ∈ G, the left-translation map Lx is an affine map on Rn, where n = m1 +m2.
Therefore, Lx maps convex sets to convex sets in Rn. Moreover, the dilation map δλ :
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Rn −→ Rn is also affine. Hence the convexity assumption of B(e, 1) implies that for any
x ∈ G and R > 0,

B(x,R) = Lx ◦ δR(B(e, 1))

is a convex subset of Rn.
Since ∥x∥ = ∥ − x∥ for any x ∈ G, the metric ball B(e, r) is centrally symmetric with

respect to e in the Euclidean sense for any r > 0. This means

Lx(B(e, r)) = B(x, r)

is centrally symmetric with respect to x (in the Euclidean sense) as Lx : Rn −→ Rn is an
affine map.

Consider p ∈ ∂Ω where Ω = B(x,R). Since Ω is convex, by the Hahn-Banach separating
hyperplane theorem there exists a Euclidean hyperplane H ⊂ Rn passing through p such
that it divides Rn into two half-spaces H+ and H−, and Ω ⊂ H−. Therefore, H̊+ ⊂ Ω

c
.

Since any metric ball B(p, r) is centrally symmetric with respect to p, the hyperplane H
divides B(p, r) into two parts with equal volumes. As a consequence we get

Vol(Ω
c ∩ B(p, r)) ⩾ Vol(H̊+ ∩ B(p, r)) =

1

2
Vol(B(p, r)) =

1

2
Vol(B(e, 1))rQ.

This proves the volume density condition for Ω. □

We close this section with the following result which explains why the argument of central
symmetry used above fails for Carnot groups of higher steps.

Proposition 5.24. Let G = Rn be a homogeneous Carnot group of step k, and let ∥ · ∥ be
any homogeneous norm on G. Assume that the metric balls with respect to this norm are
centrally symmetric with respect to the center of the ball. Then k ⩽ 2.

Proof. Let us assume that B(x, r) is centrally symmetric with respect to x for any x ∈ G
and r > 0. Then, for any h ∈ B(x, r), we have 2x − h ∈ B(x, r). In other words, for any
y ∈ B(e, r) and x ∈ G, we have x ⋆ y ∈ B(x, r) and therefore 2x− (x ⋆ y) ∈ B(x, r). Thus

Fx(y) := x−1 ⋆ (2x− (x ⋆ y)) = (−x) ⋆ (2x− (x ⋆ y)) ∈ B(e, r).

Let us choose x = exp(tX), y = exp(εY ), whereX,Y ∈ V1, and ε > 0 is small enough so that
y ∈ B(e, r). Using the Baker-Campbell-Dynkin-Hausdorff formula (see [19, Theorem 1.2.1])
and identifying the coordinates of G with respect to the coordinates of g via the exponential
map we get

FtX(εY ) = BCDH(−tX, 2tX − BCDH(tX, εY )),

where

BCDH(X,Y ) = X + Y +
1

2
[X,Y ] +

1

12
[X, [X,Y ]] +

1

12
[Y, [Y,X]]

− 1

24
[Y, [X, [X,Y ]]] + · · ·

A direct computation shows that the V3 component of FtX(εY ) is given by

tε2

6
[Y, [X,Y ]].
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Assume that [Y, [X,Y ]] ̸= 0. Keeping ε fixed and letting t→ ∞ then∣∣∣∣ tε26 [Y, [X,Y ]]

∣∣∣∣→ ∞,

which is a contradiction as

FtX(εY ) ∈ B(e, r) for any t > 0.

This shows that [Y, [X,Y ]] = 0 for all X,Y ∈ V1. Now replacing Y by Y + Z for arbitrary
Y,Z ∈ V1, the last identity shows

[Y, [X,Z]] + [Z, [X,Y ]] = 0 for all X,Y, Z ∈ V1.(5.16)

Let us write T = [Y, [Z,X]]. Since [X,Z] = −[Z,X], (5.16) yields

T = [Y, [Z,X]] = [Z, [X,Y ]].(5.17)

Applying the permutation (X,Y, Z) 7→ (Z, Y,X) in (5.16) yields

T = [Y, [Z,X]] = [X, [Y,Z]].(5.18)

Combining (5.17) and (5.18), and using the Jacobi identity, we conclude that 3T = 0.
Therefore,

[X, [Y,Z]] = 0 for any X,Y, Z ∈ V1.

This shows that the number of steps of G is at most 2. □

6. Finiteness of fractional horizontal perimeter

In this section we provide a sufficient condition for a set to have finite fractional horizontal
perimeter introduced in Definition 3.9.

Proposition 6.1. Let Ω be any measurable subset of G. Then for all 0 < α < 1,

Per
(α)
H (Ω) ⩽ CαVol(Ω)

1−α PerH(Ω)
α(6.1)

with

Cα =
(2Q)

α
2

(1− α)Γ(1− α
2 )
,

where Q is the homogeneous dimension of G, and m is the dimension of the first layer of

the Lie algebra g. As a result, Per
(α)
H (Ω) < ∞ for all α ∈ (0, 1) whenever Vol(Ω) < ∞ and

PerH(Ω) < ∞. In particular, when Ω is bounded with a C1 boundary, Per
(α)
H (Ω) < ∞ for

all α ∈ (0, 1).

To prove the above result, we first note the following alternative representation of the
fractional horizontal perimeter.

Lemma 6.2. For any 0 < α < 1 and a measurable set Ω ⊂ G,

Per
(α)
H (Ω) =

α

2Γ(1− α
2 )

∫ ∞

0
(Vol(Ω)−HΩ(t))t

−α
2
−1dt,

where

HΩ(t) :=

∫
Ω

∫
Ω
p(t, x, y)dxdy

is the relative heat content of Ω corresponding to the sub-Laplacian ∆H.
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Proof. Since

Vol(Ω)−HΩ(t) =

∫
Ω

∫
Ωc

p(t, x, y)dxdy =

∫
Ω

∫
Ωc

p(t, x−1y)dxdy,

the proof of the lemma follows directly from the definition of fractional horizontal perimeter
(see Definition 3.9) and Fubini’s theorem. □

Lemma 6.3. For any Caccioppoli set Ω and t > 0, we have

Vol(Ω)−HΩ(t)√
t

⩽

√
Q

2
PerH(Ω).

Proof. We start with the observation that for any Caccioppoli set Ω

Vol(Ω)−HΩ(t) = ⟨Pt1Ω,1Ωc⟩L2(G,dx) = ⟨Pt1Ω − 1Ω,1Ωc⟩L2(G,dx).

From [6, Theorem 3.1] it follows that for any Caccioppoli set Ω ⊂ G,

t−
1
2 ∥Pt1Ω − 1Ω∥L1(G,dx) ⩽

√
2QPerH(Ω),(6.2)

where Pt is the hypoelliptic heat semigroup on G. Since

⟨Pt1Ω − 1Ω,1Ωc⟩L2(G,dx) =
1

2
∥Pt1Ω − 1Ω∥L1(G,dx),

the proof of the lemma now follows from (6.2). □

Proof of Proposition 6.1. Let us write

cα =
α

2Γ
(
1− α

2

) .
By Lemma 6.2, for any δ > 0 we have

Per
(α)
H (Ω) = cα

∫ δ

0
(Vol(Ω)−HΩ(t))t

−1−α
2 dt+ cα

∫ ∞

δ
(Vol(Ω)−HΩ(t))t

−1−α
2 dt

=: I1 + I2.

By Lemma 6.3 we get

I1 ⩽ cα PerH(Ω)

∫ δ

0

√
Q

2
t−

1
2
−α

2 dt =

√
2Qcα

(1− α)
δ

1
2
−α

2 PerH(Ω).

On the other hand, since 0 ⩽ Vol(Ω) − HΩ(t) ⩽ Vol(Ω), the second integral I2 can be
bounded as follows:

I2 ⩽ cαVol(Ω)

∫ ∞

δ
t−1−α

2 dt =
1

Γ
(
1− α

2

)δ−α
2 Vol(Ω).

This shows that for any δ > 0,

Per
(α)
H (Ω) ⩽

√
2Qcα

(1− α)
δ

1
2
−α

2 PerH(Ω) +
1

Γ
(
1− α

2

)δ−α
2 Vol(Ω).

Minimizing the above upper bound with respect to δ > 0, we conclude the proof of (6.1).
When Ω is bounded with C1 boundary, it is known from [13, Equation (3.2)] that

PerH(Ω) =

∫
∂Ω

[
m∑
i=1

⟨Xi, ν⟩2
] 1

2

dHn−1,
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where ν is the Euclidean unit outward normal to the boundary, and Hn−1 is the (n − 1)-
dimensional Euclidean Hausdorff measure. Hence, PerH(Ω) < ∞, which by (6.1) implies

that Per
(α)
H (Ω) <∞. □

7. Proof of Theorem 3.4 and Theorem 3.7

We start by proving the following proposition which is the key ingredient to establish the
two-sided bounds for the eigenvalues λn,ϕ in Theorem 3.4.

Proposition 7.1. Let (Bt)t⩾0 denote the hypoelliptic Brownian motion on G. If Ω ⊂ G is
a bounded, open set satisfying the intrinsic exterior cone condition, there exists a constant
c = c(Ω) ∈ (0, 1) such that

Px(Bt ∈ Ω) ⩽ c for all x ∈ Ωc, t > 0.(7.1)

Proof. Suppose that (7.1) holds for all x ∈ ∂Ω. Let T denote the following stopping time

T = inf{t > 0 : Bt ∈ ∂Ω}.

Now for any x ∈ Ωc and t > 0, due to path continuity of (Bt)t⩾0 we note that

Px(Bt ∈ Ω) = Px(Bt ∈ Ω, T < t)

= Px(BT+(t−T ) ∈ Ω, T < t)

= Ex

[
Px(BT+(t−T ) ∈ Ω | FT )1{T<t}

]
= Ex

[
PBT

(Bt−T ∈ Ω)1{T<t}
]
,(7.2)

where the last identity follows from [7, Exercise 8.17]. Due to path continuity ofB = (Bt)t⩾0,
we also have that for any x ∈ Ωc and t > 0,

1{T<t} ⩽ 1{BT∈∂Ω} Px-almost surely.

As Py(Bt ∈ Ω) ⩽ c for all (y, t) ∈ ∂Ω × (0,∞), (7.2) implies that Px(Bt ∈ Ω) ⩽ c for all
x ∈ Ωc. Now, for any x ∈ ∂Ω, we note that Ω ⊂ B(x, r), where r = diam(Ω). Therefore for
any t ⩾ 1

Px(Bt ∈ Ω) ⩽ Px(Bt ∈ B(x, r))
= Pe(Bt ∈ B(e, r))

= Pe(B1 ∈ B(e, r/
√
t))

⩽ Pe(B1 ∈ B(e, r)) =: c1.

On the other hand, when 0 ⩽ t ⩽ 1, for any x ∈ ∂Ω, let C+
x (β, ρ;Xx) be an intrinsic

horizontal cone satisfying C+
x (β, ρ;Xx) ⊂ Ωc.

Px(Bt /∈ Ω) ⩾ Px(Bt ∈ C+
x (β, ρ;Xx)) = Pe(Bt ∈ C+

e (β, ρ;Xx)).

Using the scaling property of Brownian motion and Lemma 5.5, the last identity yields

Px(Bt /∈ Ω) ⩾ Pe(B1 ∈ δ1/
√
tC

+
e (β, ρ;Xx))

= Pe(B1 ∈ C+
e (β, ρ/

√
t;Xx))

⩾ Pe(B1 ∈ C+
e (β, ρ;Xx)) ⩾ c2,
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where the last inequality follows as 0 ⩽ t ⩽ 1 and

c2 = inf
X∈V1

⟨X,X⟩=1

Pe(B1 ∈ C+
e (β, ρ;X)) > 0

by (5.8) in Proposition 5.10. Taking c = max{c1, 1− c2}, we conclude that

Px(Bt ∈ Ω) ⩽ c < 1 for all x ∈ ∂Ω.

This completes the proof of the proposition. □

Proof of Theorem 3.4. We will prove that the semigroup P ϕ,Ω
t = e−t∆ϕ,Ω

H is compact for

some t > 0 whenever (3.6) holds. Since writing ϕ̃(u) = ϕ(u)− ϕ(0) we have

∆ϕ
H = ϕ(0) + ∆ϕ̃

H, and ∆ϕ,Ω
H = ϕ(0) + ∆ϕ̃,Ω

H ,

there is no loss of generality in assuming that ϕ(0) = 0. Recalling Hunt’s formula for killed
Markov processes, for any bounded measurable function f : G −→ R we have

P ϕ,Ω
t f(x) = P ϕ

t f(x)− Ex

[
P ϕ
t−τΩ

f(Bϕ
τΩ
); τΩ < t

]
,

where τΩ = inf{t ⩾ 0 : Bϕ
t ∈ Ωc}, and P ϕ denotes the semigroup associated with the

subordinated hypoelliptic Brownian motion Bϕ. When Bϕ
t admits a transition density with

respect to the Lebesgue measure on G for some t > 0, so does the process Bϕ,Ω killed upon
exiting Ω and the above formula reads as

pϕΩ(t, x, y) = pϕ(t, x, y)− Ex

[
pϕ(t− τΩ, B

ϕ
τΩ
, y); τΩ < t

]
,

where pϕΩ(t, ·, ·) is the density of the killed subordinated hypoelliptic Brownian motion. As

a result, 0 ⩽ pϕΩ(t, x, y) ⩽ pϕ(t, x, y) for all x, y ∈ Ω. It now remains to check that the

transition density of Bϕ
t exists and∫

Ω

∫
Ω
pϕ(t, x, y)2dxdy <∞.

Invoking (2.6) for the heat kernel bound for the sub-Laplacian on G we have

p(t, x, y) ⩽ Ct−
Q
2(7.3)

for all x, y ∈ G and t > 0. Let S = (St)t⩾0 denote the subordinator associated with ϕ.
Then, for any nonnegative measurable function f : G −→ R, using Fubini’s theorem we get

P ϕ
t f(x) =

∫ ∞

0
Psf(x)P(St ∈ ds)

=

∫
G

(∫ ∞

0
p(s, x, y)P(St ∈ ds)

)
f(y)dy.

This shows that P ϕ
t admits a transition density with respect to the Lebesgue measure

whenever

pϕ(t, x, y) :=

∫ ∞

0
p(s, x, y)P(St ∈ ds) <∞(7.4)
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for all x, y ∈ G. Due to (7.3), a sufficient condition for (7.4) to hold is E
[
S
−Q/2
t

]
<∞. We

recall the identity

S
−Q/2
t =

1

Γ (Q/2)

∫ ∞

0
rQ/2−1e−rStdr,

and therefore using Fubini’s theorem,

E
[
S
−Q/2
t

]
=

1

Γ (Q/2)

∫ ∞

0
rQ/2−1e−tϕ(r)dr,

which is finite due to (3.6). As (x, y) 7−→ p(t, x, y) is continuous, so is (x, y) 7−→ pϕ(t, x, y)
due to the dominated convergence theorem. Hence,∫

Ω

∫
Ω
pϕΩ(t, x, y)

2dxdy ⩽
∫
Ω

∫
Ω
pϕ(t, x, y)2dxdy <∞.

This shows that P ϕ,Ω
t : L2(Ω, dx) −→ L2(Ω, dx) is a compact (in fact Hilbert-Schmidt)

operator, which implies that σ(P ϕ,Ω
t ) \ {0} consists of eigenvalues, and 0 is the only accu-

mulation point in the spectrum. From [16, Theorem 2.1], we see that ∆ϕ,Ω
H has a discrete

spectrum. Since P ϕ,Ω
t is a positive operator on L2(Ω, dx) satisfying

∥P ϕ,Ω
t f∥L2(Ω,dx) ⩽ ∥f∥L2(Ω,dx) for all f ∈ L2(Ω, dx),

σ(P ϕ,Ω
t ) ⊆ [0, 1]. Therefore, by the spectral mapping theorem for semigroups, see [23, §2.6,

Equation (2.7)], we conclude that the L2(Ω, dx)-spectrum of ∆ϕ,Ω
H is a discrete subset of

[0,∞). It remains to prove that the 0 is not an eigenvalue of ∆ϕ,Ω
H , that is, the first eigenvalue

is strictly positive. Due to (3.6), we can choose t0 > 0 large enough so that

C

Γ(Q/2)

∫ ∞

0
u

Q
2
−1e−t0ϕ(u)du <

1

Vol(Ω)2
,

where C > 0 is the same constant as in (7.3). Then by identity (7.4), we have pϕ(t0, x, y) ⩽
Vol(Ω)−2 for all x, y ∈ G. Hence by [16, Proposition 2.8], we conclude that the first

eigenvalue of ∆ϕ,Ω
H is strictly positive.

For any Bernstein function ϕ satisfying (3.6), the eigenvalue estimate in (3.7) follows
directly from [18, p. 111–112].

Using [18, Theorem 3.4], for any complete Bernstein function ϕ satisfying (3.6) it follows
that λn,ϕ ⩽ ϕ(λn) for all n ⩾ 1. On the other hand, due to the uniform bound (7.1)
in Proposition 7.1, using [18, Theorem 4.4], we conclude that λn,ϕ ⩾ c(Ω)ϕ(λn) for some
constant c(Ω) independent of n and ϕ and depending only on Ω. This completes the proof
of the theorem. □

We need the following result to prove Theorem 3.7.

Lemma 7.2. Let Ω be a bounded open connected subset of G. Let pϕΩ(t, ·, ·) be the transition

density of the killed subordinated horizontal Brownian motion. Then, pϕΩ(t, x, y) > 0 for all
x, y ∈ Ω and t > 0.

Proof. Let (Xt)t⩾0 be the subordinated killed horizontal Brownian motion upon exiting Ω,
that is,

Xt = BΩ
St
,
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where (BΩ
t )t⩾0 is the horizontal Brownian motion killed upon exiting Ω, and St is the Lévy

subordinator with exponent ϕ. Then (Xt)t⩾0 is a Markov process. Let Qϕ,Ω
t denote the

corresponding semigroup. Then using the same argument given in [53, p. 581] we have

P ϕ,Ω
t f ⩾ Qϕ,Ω

t f

for all nonnegative measurable functions f . This implies that pϕΩ(t, x, y) ⩾ qϕΩ(t, x, y) for all

x, y ∈ Ω where qϕΩ(t, ·, ·) is the transition density of Qϕ
t that is given by

qϕΩ(t, x, y) =

∫ ∞

0
pΩ(s, x, y)P(St ∈ ds)

where pΩ(t, ·, ·) is the transition density of BΩ
t . Since pΩ(t, x, y) > 0 for all t > 0 and

x, y ∈ Ω, see [15, Equation 3.16], we conclude that qϕΩ(t, x, y) > 0 for all x, y ∈ Ω. This
completes the proof of the lemma. □

Proof of Theorem 3.7. Let us first prove that fϕ(x) > 0 for all x ∈ Ω. We note that by

Theorem 3.4, the spectral radius of P ϕ,Ω
t equals e−tλ1,ϕ . Now consider the convex cone

K := {f ∈ L2(Ω, dx) : f ⩾ 0 almost everywhere} ⊂ L2(Ω, dx).

Then, K is a total cone, that is, the closure of K −K is L2(Ω, dx). Since P ϕ,Ω
t is a Markov

semigroup, we have

P ϕ,Ω
t K ⊆ K.(7.5)

By the Krein-Rutman theorem (see [40]) it follows that fϕ ∈ K \ {0}. Suppose, to the
contrary that fϕ(x) = 0 for some x ∈ Ω. Then,

0 = fϕ(x) = etλ1,ϕP ϕ,Ω
t fϕ(x) = etλ1,ϕ

∫
Ω
fϕ(y)p

ϕ
Ω(t, x, y)dy.

Since fϕ ∈ K \ {0}, the set A := {x ∈ Ω : fϕ(x) > 0} has positive Lebesgue measure, and

the above identity implies that pϕΩ(t, x, y) = 0 for almost every y ∈ A. This contradicts
Lemma 7.2 and hence fϕ(x) > 0 for all x ∈ Ω.

The simplicity of the eigenvalue λ1,ϕ would follow from the irreducibility of the semigroup

P ϕ,Ω
t . By [5, Example 14.11] it is known that (P ϕ,Ω

t )t⩾0 is irreducible if and only if its
resolvent defined by

Rµf(x) :=

∫ ∞

0
e−tµP ϕ,Ω

t f(x)dt > 0(7.6)

whenever f > 0 almost everywhere. We note that (7.6) indeed holds due to Lemma 7.2.
Therefore, by [5, Proposition 14.42(c)] we conclude that e−tλ1,ϕ is a simple eigenvalue of

P ϕ,Ω
t , or equivalently, λ1,ϕ is a simple eigenvalue of ∆ϕ,Ω

H .

Since P ϕ,Ω
t : L2(Ω, dx) −→ L2(Ω, dx) is a compact, self-adjoint operator, it admits the

following spectral expansion:

P ϕ,Ω
t f =

∞∑
n=1

e−tλn,ϕ⟨f, ψn⟩L2(Ω,dx)ψn,(7.7)

where (ψn)n⩾1 is a sequence of orthonormal eigenfunctions in L2(Ω, dx) satisfying

P ϕ,Ω
t ψn = e−tλn,ϕψn
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for all t > 0 and n ⩾ 1. In particular, ψ1 = fϕ. Taking f = 1Ω in (7.7), we obtain

H̃ϕ
Ω(t) = ⟨P ϕ,Ω

t 1Ω,1Ω⟩L2(Ω,dx) =
∞∑
n=1

e−tλn,ϕ⟨ψn,1Ω⟩2L2(Ω,dx).

Using Parseval’s identity, we obtain

0 ⩽ H̃ϕ
Ω(t)− e−tλ1,ϕ⟨fϕ,1Ω⟩2L2(Ω,dx) ⩽ e−tλ2,ϕ Vol(Ω).

Since λ1,ϕ is a simple eigenvalue of P ϕ,Ω
t , we have λ2,ϕ > λ1,ϕ, and therefore,

lim
t→∞

etλ1,ϕH̃ϕ
Ω(t) = ⟨fϕ,1Ω⟩2L2(Ω,dx).

This completes the proof of the theorem. □

8. Proof of Theorem 3.13 and Corollary 3.15

From our discussion in Section 4.2 it follows that for any α ∈ (0, 2] the relative heat
content is given by

H
(α)
Ω (t) =

∫
Ω
Px(B

(α)
t ∈ Ω)dx =

∫
Ω

∫
Ω
p(α)(t, x, y)dxdy,

where p(α)(t, ·, ·) is the fractional hypoelliptic heat kernel introduced in Definition 4.3. For
simplicity of notation, we write

HΩ(t) := H
(2)
Ω (t).

We first recall the result on small time asymptotics of the relative heat content for the sub-
Laplacian on arbitrary Carnot groups, and this will be crucial in the proof of Theorem 3.13.
The next result follows directly from [2, Theorem 1.1, Remark 1.2].

Theorem 8.1 (Theorem 1.1 in [2]). Let Ω be a bounded open subset of G such that ∂Ω is
smooth and completely non-characteristic. Then,

lim
t→0

Vol(Ω)−HΩ(t)√
t

=

√
1

π
PerH(Ω).(8.1)

Remark 8.2. When G is a Carnot group of step 2, one does not require any regularity
condition on the boundary. It has been proved in [30] that for step-2 Carnot groups, (8.1)
holds for any bounded Caccioppoli set. The argument in their proof does not extend to
arbitrary Carnot groups, while Agrachev, Rizzi, and Rossi [2] proved (8.1) for arbitrary
compact sub-Riemannian manifolds equipped with a smooth volume measure, according
to [2, Remark 1.2], their method works for any Carnot group.

Proof of Theorem 3.13. Let η
(α)
t denote the density of the α/2-subordinator S

(α)
t . Using

the self-similarity in (4.7) we have

ηt(s) = t−
2
α η1(st

− 2
α ) for all s ⩾ 0.

Let us also denote

h
(α)
Ω (t) := Vol(Ω)−H

(α)
Ω (t) =

∫
Ω

∫
Ωc

p(α)(t, x, y)dxdy, hΩ(t) := h
(2)
Ω (t).
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Using Fubini’s theorem, we can write

h
(α)
Ω (t) =

∫
Ω
Px

(
B

S
(α)
t

∈ Ωc
)
dx =

∫ ∞

0
hΩ(s)η

(α)
t (s)ds.

Therefore for any t > 0 we have

t−
1
αh

(α)
Ω (t) = t−

1
α

∫ ∞

0
hΩ(s)η

(α)
t (s)ds

=

∫ ∞

0

hΩ(st
2/α)

s
1
2 t

1
α

s
1
2 η

(α)
1 (s)ds

=

∫ ∞

0
G(s, t)ds,

where

G(s, t) =
hΩ(st

2/α)

s
1
2 t

1
α

s
1
2 η

(α)
1 (s).

Now, by Theorem 8.1, we have

lim
t→0

G(s, t) =

√
1

π
PerH(Ω)s

1
2 η

(α)
1 (s).

Also, by Lemma 6.3, for all s, t > 0,

0 ⩽ G(s, t) ⩽
√
2QPerH(Ω)s

1
2 η

(α)
1 (s).

Applying the dominated convergence theorem it follows that for 1 < α < 2

lim
t→0

∫ ∞

0
G(s, t)ds =

∫ ∞

0

√
1

π
PerH(Ω)s

1
2 η

(α)
1 (s)ds

=
1

π
Γ

(
1− 1

α

)
PerH(Ω).

When α = 1, we follow an argument similar to that used in the proof of [43, Proposi-
tion 3.3] with some modifications in our setting. From [43, Lemma 3.2], for any δ > 0 one
has

lim
t→0

E
[(
S
(1/2)
1

) 1
2
, 0 < S

(1/2)
1 < δt−2

]
log(1/t)

=
1√
π
.(8.2)

Now, for any bounded Ω we write

Vol(Ω)−H
(1)
Ω (t) =

∫ ∞

0
hΩ(st

2)η
(1/2)
1 (s)ds

=

∫ δt−2

0

hΩ(st
2)

s
1
2 t

s
1
2 η

(1/2)
1 (s)ds+

∫ ∞

δt−2

hΩ(st
2)η

(1/2)
1 (s)ds

=: I1(t) + I2(t),

where δ > 0 is to be determined. Since by Theorem 8.1

lim
t→0

hΩ(t)√
t

=
1√
π
PerH(Ω),
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for any ε > 0, there exists δ > 0 such that

1√
π
PerH(Ω)− ε <

∣∣∣∣hΩ(t)√
t

∣∣∣∣ < 1√
π
PerH(Ω) + ε for all 0 < t < δ.

As a result, using (8.2) we get

lim sup
t→0

I1(t)

t log(1/t)
⩽

(
1√
π
PerH(Ω) + ε

)
lim sup

t→0

1

log(1/t)

∫ δt−2

0
s

1
2 η

(1/2)
1 (s)ds

=
1√
π

(
1√
π
PerH(Ω) + ε

)
.

Similarly, we also get

lim inf
t→0

I1(t)

t log(1/t)
⩾

1√
π

(
1√
π
PerH(Ω)− ε

)
.

As ε > 0 is arbitrary, we conclude that

lim
t→0

I1(t)

t log(1/t)
=

1

π
PerH(Ω).

On the other hand, since hΩ(t) = Vol(Ω) − HΩ(t) ⩽ Vol(Ω) for all t > 0, using (4.11) we
obtain

I2(t) ⩽ c

∫ ∞

δt−2

Vol(Ω)s−3/2ds =
2c√
δ
Vol(Ω)t

for some constant c > 0. As a result,

lim
t→0

I2(t)

t log(1/t)
= 0.

Therefore, we have

lim
t→0

Vol(Ω)−H
(α)
Ω (t)

t log(1/t)
=

1

π
PerH(Ω).

Let us now consider the case when 0 < α < 1. Consider Ω ⊂ G such that Per
(α)
H (Ω) <∞.

Since

Vol(Ω)−H
(α)
Ω (t) =

∫
Ω

∫
Ωc

p(α)(t, x−1y)dydx,

from the estimates in (4.8) and (4.9) in Proposition 4.4 along with the dominated conver-
gence theorem it follows that

lim
t→0

Vol(Ω)−H
(α)
Ω (t)

t
= lim

t→0

∫
Ω

∫
Ωc

p(α)(t, x−1y)

t
dxdy

=

∫
Ω

∫
Ωc

1

∥x−1y∥Q+α
α

dxdy

= Per
(α)
H (Ω).

This concludes the proof of the theorem. □
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Proof of Corollary 3.15. We first prove the limit when α ↗ 1. Let Ω be a bounded open
set having C∞ boundary with no characteristic points, and let us denote as before hΩ(t) =
Vol(Ω)−HΩ(t). Then by Theorem 8.1, for any ε > 0 there exists δ > 0 such that∣∣∣∣hΩ(t)√

t
− 1√

π
PerH(Ω)

∣∣∣∣ ⩽ ε for all 0 < t < δ.(8.3)

Using Lemma 6.2 we can therefore write

Per
(α)
H (Ω) = cα

∫ δ

0

hΩ(t)√
t
t−

α
2
− 1

2dt+ cα

∫ ∞

δ
hΩ(t)t

−α
2
−1dt,(8.4)

where

cα =
α

2Γ(1− α
2 )
.

Since 0 ⩽ hΩ(t) ⩽ Vol(Ω) for all t > 0, we have

lim sup
α↗1

(1− α)cα

∫ ∞

δ
hΩ(t)t

−α
2
−1dt ⩽ lim sup

α↗1

(1− α)

Γ(1− α
2 )

Vol(Ω)δ−
α
2 = 0.(8.5)

On the other hand noting that

lim
α↗1

cα =
1

2
√
π
,

(8.3) implies

(8.6)

lim sup
α↗1

(1− α)cα

∫ δ

0

hΩ(t)√
t
t−

α
2
− 1

2dt ⩽

(
1√
π
PerH(Ω) + ε

)
1√
π
,

lim inf
α↗1

(1− α)cα

∫ δ

0

hΩ(t)√
t
t−

α
2
− 1

2dt ⩾

(
1√
π
PerH(Ω)− ε

)
1√
π
.

Since ε > 0 is arbitrary, combining (8.5) and (8.6), we conclude that

lim
α↗1

(1− α) Per
(α)
H (Ω) =

1

π
PerH(Ω).

Let us now prove the limit when α↘ 0. From the heat kernel estimate in (2.6) it follows
that

p(t, x, y) ⩽ ct−
Q
2 for all x, y ∈ G, t > 0.

As a result,

HΩ(t) =

∫
Ω

∫
Ω
p(t, x, y)dxdy ⩽ ct−

Q
2 Vol(Ω)2,

which shows that

lim
t→∞

HΩ(t) = 0.

Therefore, for any ε > 0, there exists δ > 0 such that

|hΩ(t)−Vol(Ω)| ⩽ ε for all t > δ.(8.7)

We note that

lim
α↘0

cα = 0, and lim
α↘0

cα
α/2

= 1.
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Using the same decomposition as in (8.4) and invoking Lemma 6.3 for any Ω satisfying
PerH(Ω) <∞ we get

lim sup
α↘0

cα

∫ δ

0

hΩ(t)√
t
t−

α
2
− 1

2dt ⩽
√
2QPerH(Ω) lim sup

α↘0

1

2
cα(1− α) = 0.

On the other hand, using (8.7) we obtain

lim sup
α↘0

cα

∫ ∞

δ
hΩ(t)t

−α
2
−1dt ⩽ (Vol(Ω) + ε) lim sup

α↘0

cα
α/2

δ−
α
2 = Vol(Ω) + ε,

lim inf
α↘0

cα

∫ ∞

δ
hΩ(t)t

−α
2
−1dt ⩾ (Vol(Ω)− ε) lim inf

α↘0

cα
α/2

δ−
α
2 = Vol(Ω)− ε

Since ε > 0 is arbitrary, we conclude that

lim
α↘0

Per
(α)
H (Ω) = Vol(Ω).

This concludes the proof of the corollary. □

9. Proof of Theorem 3.11

An essential tool for proving (3.15) in Theorem 3.11 is the following powerful theorem
due to Ikeda and Watanabe [38].

Theorem 9.1 (Ikeda-Watanabe, 1962). Let X = (Xt)t⩾0 be a Feller process defined on a
locally compact separable metric space (M,d). Assume that there exists a positive kernel
Π(x,E), x ∈M , E ∈ B(M) such that

(1) Π(x,E) <∞ if d(x,E) > 0,
(2) for any bounded f ∈ C(M) and a bounded open set D with d(D, supp(f)) > 0,

Ptf(x)

t
is uniformly bounded in x ∈ D, t > 0,

and limt↓0
Ptf(x)

t =
∫
M f(y)Π(x, dy) for every x ∈ D,

then for any open set Ω ⊂M , E ∈ B(M) satisfying d(E,Ω) > 0, and λ > 0,

Ex

[
e−λτΩ , XτΩ ∈ E

]
=

∫
Ω
Gλ

Ω(x, dy)Π(y,E),(9.1)

where Gλ
Ω(x,E) =

∫∞
0 e−λspΩ(s, x,E)ds. Therefore, the joint distribution of (τΩ, XτΩ) on

the event {XτΩ ̸= XτΩ−} is given by

Px (τΩ ∈ ds,XτΩ ∈ dz) =

∫
Ω
pΩ(s, x, dy)Π(y, dz).

Moreover, (9.1) holds for λ = 0 if Ex[τD] <∞.

In the following lemma we identify the positive kernel Π in the case of the subordinated

hypoelliptic Brownian motion B
(α)
t = B

S
(α)
t

.

Lemma 9.2. For any 0 < α < 2, the subordinated process B(α) satisfies conditions (1)-(2)
of Theorem 9.1 with

Π(x, dy) =
1

∥x−1y∥Q+α
α

dy.
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Proof. Due to the equivalence of homogeneous metrics on G, let us fix d = dc, the Carnot-
Carathéodory metric. For any E ∈ B(G) and x ∈ G with dc(x,E) > 0, let us write
rx = dc(x,E)/2. Then, E ⊂ B(x, rx)c. Due to the equivalence between the quasinorm ∥ · ∥α
and the Carnot-Carathéodory norm dc(e, ·), we obtain∫

E

1

∥x−1y∥Q+α
α

dy ⩽
∫
B(x,rx)c

c1
dc(x, y)Q+α

dy =

∫
B(e,rx)c

c1
dc(e, y)Q+α

dy

for some constant c1 > 0. Let us write

Ak = B(e, 2k+1rx) \ B(e, 2krx).

Then, ∫
B(e,rx)c

c1
dc(e, y)Q+α

dy =
∞∑
k=0

∫
Ak

c1
dc(e, y)Q+α

dy

⩽ c1

∞∑
k=0

(2krx)
−Q−αVol(B(e, 2k+1rx))

= c1Vol(B(e, 1))
∞∑
k=0

2−kαr−α
x

=
c1Vol(B(e, 1))

1− 2−α
r−α
x .

This shows that ∫
E

1

∥x−1y∥Q+α
α

dy ⩽
c2
rαx

(9.2)

with c2 = c1Vol(B(e, 1))/(1− 2−α), and hence (1) is satisfied.
Let D be a bounded open subset of G and f be a bounded continuous function on G

with dc(D,Sf ) > 0, where Sf = supp(f). Let P (α) = P
(α)
t denote the semigroup associated

with B(α). Then for any x ∈ G,

P
(α)
t f(x) =

∫
G
f(y)p(α)(t, x, y)dy =

∫
G
f(y)p(α)(t, x−1y)dy.

Using (4.8) in Proposition 4.4, for any x ∈ D we obtain∣∣∣∣∣P (α)
t f(x)

t

∣∣∣∣∣ ⩽
∫
Sf

c3∥f∥∞
∥x−1y∥Q+α

α

dy ⩽
2αc2c3∥f∥∞
dc(x, Sf )α

⩽
2αc2c3∥f∥∞
dc(D,Sf )α

where the penultimate inequality follows from (9.2). Since dc(D,Sf ) > 0, we conclude that

P
(α)
t f(x)/t is uniformly bounded with respect to x ∈ D and t > 0. Finally, using (4.9)

in Proposition 4.4 and the dominated convergence theorem, we conclude that (2) is also
satisfied. This completes the proof of the lemma. □

In the next result we prove that under some regularity conditions on the boundary of a
domain in the Carnot group, the subordinated hypoelliptic Brownian motion generated by
the fractional sub-Laplacian operator does not hit the boundary upon exiting the domain.
This result is known for Euclidean spaces from [8], and the following result is a generalization
of this fact.
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Proposition 9.3. Assume that Ω satisfies the volume density condition defined in Defini-
tion 5.12. Then for any α ∈ (0, 2),

Px

(
B(α)

τΩ
∈ ∂Ω

)
= 0.

The proof requires several intermediate results which are stated in a few lemmas below.

Lemma 9.4. Let D ⊂ G be an open ball with respect to some left-translation invariant
homogeneous metric on G. Then for x ∈ D, Ex[τD] <∞.

Proof. Due to left-translation invariance of the subordinated process B
(α)
t = B

S
(α)
t

, without

loss of generality we can assume that D is centered at the identity element e, that is,
D = B(e, r) for some r > 0. It is easy to see that the horizontal coordinates of B(α) have
the same distribution as the subordinated Brownian motion on Rm, where m = dim(V1),
V1 being the first layer of the Lie algebra g. Since the homogeneous quasinorm defined by

N(x) = sup{|xj |1/j , j = 1, . . . , k, x = (x1, . . . , xk)}
is equivalent to any homogeneous norm on G, for any t > 0 we have

Px (τD > t) ⩽ Px1

(
τ ′cr > t

)
(9.3)

for some c > 0, where x1 ∈ Rm denotes the horizontal coordinate of x ∈ G, and

τ ′r = inf{t ⩾ 0 : |π1(B(α)
t )| > r},

where π1(B
(α)
t ) is the horizontal coordinate of B

(α)
t . In fact, τ ′r is the first exit time of the

α-stable isotropic Lévy process from a Euclidean ball of radius r centered at the origin (in
Rm). Therefore, (9.3) implies that Ex[τD] ⩽ Ex1 [τ

′
cr]. It was proved by Getoor [31] that for

any α ∈ (0, 2) and r > 0,

Ex1 [τ
′
r] = Γ(m/2)[2αΓ(1 + α/2)Γ((m+ α)/2)]−1(r2 − |x1|2)α/2+ ,

which is in particular finite for all α ∈ (0, 2). This completes the proof of the lemma. □

Lemma 9.5. Let D be any open ball in Ω such that d(D,Ωc) > 0. Then,

Px

(
B(α)

τD
∈ ∂Ω

)
= 0 for all x ∈ D.

Proof. To prove this, we again resort to Theorem 9.1. Since by Lemma 9.4 Ex[τD] <∞ for
any x ∈ D, plugging λ = 0 in (9.1) we get that for any A ⊂ B(G) with d(D,A) > 0,

Px

(
B(α)

τD
∈ A

)
=

∫
A

∫
D

G
(α)
D (x, y)

∥y−1z∥Q+α
α

dydz,(9.4)

where GD is the Green’s function defined by

G
(α)
D (x, y) =

∫ ∞

0
p
(α)
D (s, x, y)ds.

Since d(D, ∂Ω) > 0 and Vol(∂Ω) = 0 (see Lemma 5.14), by (9.4), Px

(
B

(α)
τD ∈ ∂Ω

)
= 0 for

all x ∈ D. □

Lemma 9.6. Let x ∈ Ω and Dx = B(x, rx/2) where rx = d(x, ∂Ω). Then,

inf
x∈Ω

Px

(
B(α)

τDx
∈ Ωc

)
> 0.(9.5)
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Proof. Due to the volume density condition, there exists a constant c1 > 0 such that

Vol
(
Ω
c ∩ B(x, 2rx

)
⩾ Vol

(
Ω
c ∩ B(mx, rx

)
⩾ c1r

Q
x ,

where mx is a point on the boundary nearest to x. Let us write Ω′
1 = Ω

c ∩ B(x, 2rx). By
(9.4) we have

Px

(
B(α)

τDx
∈ Ω′

1

)
=

∫
Ω′

1

∫
Dx

G
(α)
Dx

(x, y)

∥y−1z∥Q+α
α

dydz.(9.6)

Due to the scaling property of the Dirichlet fractional sub-Laplacian ∆α,Ω
H , it follows that

for all r, t > 0 and x, y ∈ Ω

p
(α)
Ω (t, x, y) = r−Qp

(α)
δ 1
r
Ω

(
t

rα
, δ 1

r
x, δ 1

r
y

)
,(9.7)

where δ is the dilation on G, which shows that the Green’s function has the following scaling
property:

G
(α)
Ω (x, y) = rα−QG

(α)
δ 1
r
Ω

(
δ 1

r
x, δ 1

r
y
)

∀x, y ∈ Ω.(9.8)

Using the left-translation invariance of B(α) we have

G
(α)
Dx

(x, y) = G
(α)
B(e,rx/2)(e, x

−1y).(9.9)

As the quasinorm ∥·∥α is equivalent to the Carnot-Carathéodory norm, we have ∥y−1z∥α ⩽
crx for some constant c independent of x. Therefore, using (9.6) and (9.8) we obtain

(9.10)

Px

(
B(α)

τDx
∈ Ωc

)
⩾ Px

(
B(α)

τDx
∈ Ω′

1

)
⩾
∫
Ω′

1

∫
B(e,rx/2)

G
(α)
B(e,rx/2)(e, y)

(crx)Q+α
dydz

=

∫
Ω′

1

∫
B(e,rx/2)

rα−Q
x

G
(α)
B(e,1/2)(e, δ1/rxy)

(crx)Q+α
dydz

= (crx)
−Q

∫
Ω′

1

∫
B(e,1/2)

G
(α)
B(e,1/2)(e, y)dydz,

where the last equality holds due to the change of variable y 7→ δ1/rxy. Since∫
B(e,1)

G
(α)
B(e,1/2)(e, y)dy = Ee[τB(e,1/2)]

and Vol(Ω′
1) ⩾ c1r

Q
x for some c1 > 0, we conclude the proof of the lemma using (9.10). □

Proof of Proposition 9.3. We follow a similar argument used in the proof of [10, Lemma A.1]
adapted to our setting. For any x ∈ Ω, let us denote Dx = B(x, rx/2) ∈ Ω with rx =
d(x, ∂Ω). Then for any x ∈ Ω we have

Px

(
B(α)

τΩ
∈ ∂Ω

)
= Px

(
B(α)

τDx
∈ ∂Ω

)
+ Px

(
B(α)

τDx
∈ Ω, B(α)

τΩ
∈ ∂Ω

)
.
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The first term is identically equal to 0 due to Lemma 9.5. For the second term, using strong
Markov property for B(α) we obtain

(9.11)

Px

(
B(α)

τDx
∈ Ω, B(α)

τΩ
∈ ∂Ω

)
= Ex

[
P
B

(α)
τDx

(
B(α)

τΩ
∈ ∂Ω

)
, B(α)

τDx
∈ Ω

]
By Lemma 9.6, there exists γ ∈ [0, 1) such that

sup
x∈Ω

Px

(
B(α)

τDx
∈ Ω

)
⩽ γ.

Therefore, (9.11) yields,

sup
x∈Ω

Px

(
B(α)

τΩ
∈ ∂Ω

)
⩽ γ sup

x∈Ω
Px

(
B(α)

τΩ
∈ ∂Ω

)
.

This shows that Px

(
B

(α)
τΩ ∈ ∂Ω

)
= 0 for all x ∈ Ω, which completes the proof of the

proposition. □

We are now ready to prove Theorem 3.11.

Proof of Theorem 3.11. We only need to prove (3.15). We adapt the technique in [33] in
the context of Lévy processes in Euclidean spaces. We note that for any x ∈ Ω,

Px(τΩ > t) = Px(B
(α)
t ∈ Ω)− Px(τΩ < t,B

(α)
t ∈ Ω).

Using the strong Markov property and [7, Exercise 8.17], we get

Px(τΩ < t,B
(α)
t ∈ Ω) = Ex

[
τΩ < t,P

B
(α)
τΩ

(B
(α)
t−τΩ

∈ Ω)

]
= Ex

[
τΩ < t,B(α)

τΩ
∈ Ω

c
,P

B
(α)
τΩ

(B
(α)
t−τΩ

∈ Ω)

]
+ Ex

[
τΩ < t,B(α)

τΩ
∈ ∂Ω,P

B
(α)
τΩ

(B
(α)
t−τΩ

∈ Ω)

]
.

Let us define

I(t) =

∫
Ω
Ex

[
τΩ < t,B(α)

τΩ
∈ Ω

c
,P

B
(α)
τΩ

(B
(α)
t−τΩ

∈ Ω)

]
dx,

II(t) =

∫
Ω
Ex

[
τΩ < t,B(α)

τΩ
∈ ∂Ω,P

B
(α)
τΩ

(B
(α)
t−τΩ

∈ Ω)

]
dx.

Then,

H̃
(α)
Ω (t) = H

(α)
Ω (t)− I(t)− II(t) for all t ⩾ 0.(9.12)

We first prove that limt→0 I(t)/t = 0. In this part, we carefully use the Ikeda-Watanabe

theorem. By Proposition 4.4 and Lemma 9.2, when B(α) is the subordinated hypoelliptic
Brownian motion on G, Π is given by

Π(x, dy) = Π(x, y)dy =
dy

∥x−1y∥Q+α
α

.
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Using Theorem 9.1 we get

I(t) =

∫
Ω

∫ t

0

∫
Ω

∫
Ω

c
Pz

(
B

(α)
t−s ∈ Ω

) p(α)Ω (s, x, y)

∥y−1z∥Q+α
α

dzdydsdx,

where p
(α)
Ω (s, x, y) is the transition density of the subordinated Brownian motion killed upon

exiting Ω. We note that

∫
Ω

∫
Ω

c

Pz

(
B

(α)
t−s ∈ Ω

)
∥y−1z∥Q+α

Q

p
(α)
Ω (s, x, y)dzdy =

∫
Ω

(∫
Ω

c

Pz(B
(α)
t−s ∈ Ω)

∥y−1z∥Q+α
α

dz

)
p
(α)
Ω (s, x, y)dy

⩽ P (α)
s (gt−s)(x),

where

gt(y) = 1Ω(y)

∫
Ω

c

Pz(B
(α)
t ∈ Ω)

∥y−1z∥Q+α
α

dz,

and PΩ is the semigroup associated with the killed subordinated process. Therefore, we
have

I(t) ⩽
∫ t

0

∫
Ω
PΩ
s (gt−s)(x)dxds.

Also note that for all t > 0,∫
Ω
gt(y)dy ⩽

∫
Ω

∫
Ωc

1

∥y−1z∥Q+α
α

dydz = Per
(α)
H (Ω) <∞.

Hence,

I(t) ⩽
∫ t

0

∫
Ω
PΩ
s (1Ω)(x)gt−s(x)dxds ⩽

∫ t

0

∫
Ω
gs(x)dxds,

which shows that

lim sup
t→0

I(t)

t
⩽ lim sup

t→0

∫
Ω
gt(x)dx ⩽

∫
Ω

∫
Ω

c

lim supt→0 Pz(B
(α)
t ∈ Ω)

∥y−1z∥Q+α
α

dzdy = 0,

where the last inequality follows from the dominated convergence theorem along with the

fact limt→0 Pz(B
(α)
t ∈ Ω) = 0 for any z ∈ Ω

c
as B(α) is right continuous.

On the other hand, due to Proposition 9.3, II(t) = 0 for all t > 0. Invoking (9.12), we
conclude the proof of (3.15).

When Ω is bounded with C1 boundary having no characteristic points, by Theorem 5.11,
Ω satisfies the intrinsic exterior cone condition defined in Definition 5.6. By Proposition 5.14
it follows that Ω also satisfies the volume density condition, and hence (3.15) holds in this
case. This completes the proof of the theorem. □

Acknowledgment. The authors thank Sasha Teplyaev for many insightful discussions
during the preparation of this work.



HEAT CONTENT AND SPECTRUM FOR SUBORDINATED SUB-LAPLACIANS 49

Appendix A. Dirichlet form associated with subordinated semigroup

Let (Eϕ,D(Eϕ)) be the Dirichlet form defined in (3.5) which corresponds to the subordi-

nated semigroup (P ϕ
t )t⩾0 defined in (3.3). Let us also recall that

−∆ϕ
H = −ϕ(∆H)

is the generator of (P ϕ
t )t⩾0 in L2(G, dx).

Lemma A.1. For any Bernstein function ϕ,

C∞
c (G) ⊂ D(∆ϕ

H) ⊂ D(Eϕ).(A.1)

Moreover, C∞
c (G) is a form core for Eϕ.

Proof. By Phillips’ subordination theorem, see for instance [51, Theorem 13.6], for any

Bernstein function ϕ, D(∆H) is a core for (∆ϕ
H,D(∆ϕ

H)). As noted before, (∆H, C
∞
c (G))

is essentially self-adjoint in L2(G, dx), that is, C∞
c (G) is a core for (∆H,D(∆H)), which

implies that

C∞
c (G) ⊂ D(∆ϕ

H).

Also, by [29, Corollary 1.3.1], D(∆ϕ
H) ⊂ D(Eϕ). This proves (A.1).

By [51, p. 16], for any Bernstein function ϕ, there exists C > 0 such that

ϕ(λ) ⩽ C(1 + λ) for all λ ⩾ 0.(A.2)

Therefore, for any f ∈ D(∆H),

∥f∥Eϕ = (∥f∥2L2(G,dx) + Eϕ(f, f))
1
2 ⩽ C(∥f∥L2(G,dx) + ∥∆Hf∥L2(G,dx)),(A.3)

for some constant C > 0. We note that the semigroup

e−t(∆ϕ
H)1/2

is also obtained by subordinating the semigroup P ϕ
t with the Bernstein function u 7→

√
u,

and therefore by Phillips’ subordination theorem, D(∆ϕ
H) is a core for ((∆

ϕ
H)

1/2,D((∆ϕ
H)

1/2)).
Since C∞

c (G) is a core for (∆H,D(∆H)) in L
2(G, dx), the above inequality in (A.3) implies

that C∞
c (G) is a form core for Eϕ. This completes the proof. □

Let Ω ⊂ G be a measurable subset. Consider the part of the Dirichlet form ((Eϕ)Ω, (Fϕ)Ω)
with

(Fϕ)Ω = {f ∈ D(Eϕ) : f̃ = 0 Eϕ-q.e. on G \ Ω},

where f̃ denote the quasi-continuous version of f , see [29, p. 69].

Lemma A.2. Let Ω be an open subset of G. Then, ((Eϕ)Ω, (Fϕ)Ω) is a regular Dirichlet
form on L2(Ω, dx). Moreover, C∞

c (Ω) is a form core for Eϕ,Ω. As a result, the generator

associated with Eϕ,Ω is the Friedrichs extension of (Lϕ
Ω, C

∞
c (Ω)) in L2(Ω, dx), where for any

f ∈ C∞
c (Ω),

Lϕ
Ωf = ∆ϕ

Ωf
0
∣∣∣
Ω
,
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with

f0(x) =

{
f(x) if x ∈ Ω

0 if x ∈ Ωc.

Proof. We first note that Eϕ is a regular Dirichlet form on L2(G, dx) as C∞
c (G) ⊂ D(Eϕ),

due to Lemma A.1. Since Ω is open, by [29, Theorem 4.4.3(i)], (Eϕ,Ω, (Fϕ)Ω) is a regular
Dirichlet form on L2(G, dx). Also by Lemma A.1, C∞

c (G) is a core for Eϕ. Moreover, it is a
special standard core for Eϕ, see [29, p. 6]. Therefore, invoking [29, Theorem 4.4.3(i)] once
again, the space of functions

CΩ := {f ∈ C∞
c (G) : supp(f) ⊂ Ω}

is a form core for Eϕ,Ω. Since CΩ = C∞
c (Ω), we conclude that the generator of Eϕ,Ω in

L2(Ω, dx) is the Friedrichs extension of (Lϕ
Ω, C

∞
c (Ω)) in L2(Ω, dx). This completes the

proof. □
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[42] Ming Liao. Lévy processes in Lie groups, volume 162 of Cambridge Tracts in Mathematics. Cambridge

University Press, Cambridge, 2004.



52 MARIA GORDINA, LIANGBING LUO, ANDREA PINAMONTI, AND ROHAN SARKAR

[43] Hyunchul Park and Renming Song. Small time asymptotics of spectral heat contents for subordinate
killed Brownian motions related to isotropic α-stable processes. Bull. Lond. Math. Soc., 51(2):371–384,
2019.

[44] Hyunchul Park and Renming Song. Spectral heat content for α-stable processes in C1,1 open sets.
Electron. J. Probab., 27:Paper No. 22, 19, 2022.

[45] R. S. Phillips. On the generation of semigroups of linear operators. Pacific J. Math., 2:343–369, 1952.
[46] Michael Reed and Barry Simon. Methods of modern mathematical physics. I. Functional analysis. Aca-

demic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, second edition, 1980.
[47] Luca Rizzi and Tommaso Rossi. Heat content asymptotics for sub-Riemannian manifolds. J. Math.

Pures Appl. (9), 148:267–307, 2021.
[48] Rohan Sarkar. Fractional heat content asymptotics for carnot groups. arXiv:2601.04088, 2026.
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