SHARP PARTIAL REGULARITY OF HAMILTONIAN STATIONARY

AND SPECIAL LAGRANGIAN GRAPHS
ARUNIMA BHATTACHARYA, GERARD ORRIOLS, AND ANNA SKOROBOGATOVA

ABSTRACT. We prove a sharp partial regularity result for Hamiltonian stationary
Lagrangian Lipschitz submanifolds in arbitrary smooth almost Ké&hler manifolds: every
weak solution of the corresponding equation is smooth away from a relatively closed
singular set of Hausdorff dimension at most n — 5. We show that the estimate is
optimal by constructing a nonzero two-homogeneous viscosity solution
U e CHYR?)\ C*(R?)

of the phase-zero special Lagrangian equation, whose level sets on S* are the leaves
of Cartan’s isoparametric foliation. Its gradient graph is a non-flat calibrated cone,
real analytic away from the vertex. This also gives the first C>' but non-C? solution
of the special Lagrangian equation, and shows that the same dimensional estimate is
sharp in the case of special Lagrangian graphs.
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1. INTRODUCTION

Special Lagrangian submanifolds, introduced by Harvey—Lawson [HL82|, are volume-
minimizing submanifolds of a Calabi—Yau manifold and are central to the geometry
underlying mirror symmetry. A converse of this fact is that minimal Lagrangian sub-
manifolds are automatically special Lagrangian, and this leads naturally to the approach
of constructing special Lagrangians by minimizing the area among Lagrangians. Sub-
manifolds satisfying the corresponding first variation condition, known as Hamiltonian
stationary Lagrangian submanifolds, were introduced in this variational form by Oh
[Oh93]; they arise in questions of existence and stability in a fixed Hamiltonian isotopy
class and have since been studied from various viewpoints.

The regularity theory of Hamiltonian stationary submanifolds has been studied by
many over the past thirty years, yet it remains far less developed than the corresponding
theory for minimal surfaces. Already in dimension two and in the minimizing case,
non-flat conical singularities appear, as shown by Schoen—Wolfson [SWO01], and in higher
dimensions no monotonicity formula is known, and therefore a tangent cone analysis
is not available (see [Orr26]). Thus, a refined understanding of singularities seems
completely out of reach in general, and much of the recent progress has been restricted
to the graphical case [CW19; BCW23; BO25].

In this paper, we study the regularity of Hamiltonian stationary Lagrangian submani-
folds in almost Kahler manifolds which can be locally written as Lipschitz graphs. We
show that every weak solution to the corresponding fourth order equation is smooth
away from a relatively closed set of Hausdorff dimension at most n — 5. We then show
that this estimate is sharp, by constructing a five-dimensional non-flat graphical special
Lagrangian cone in C®. This therefore settles the question of the optimal dimensional
estimate of the singular set for the fully nonlinear second-order special Lagrangian
equation among C'™! functions.

1.1. Main results. Let L" be a Lagrangian submanifold in C* = R" x R" which is a
Lipschitz graph over a simply connected domain & C R". It is well known that L is
then a gradient graph:

L=1L,={(x,Du(x)):x €U} for a function u € C-'(U).
Recall that the Lagrangian angle 3 of L is defined by
Qlrr, = ePvoly,,  Q=dz A Adz,

and is given by
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where F), is the special Lagrangian operator

F.(A) = Z arctan \;(A), A € Sym(n).
j=1
Here {\;(A)} are the eigenvalues of A and the arctangent takes values in (—m/2,7/2).
The mean-curvature identity of Harvey-Lawson gives H = JV 3. Thus a prescribed
angle or phase 6y : U — (—nn/2,n7m/2) leads to the second-order Lagrangian mean
curvature equation
F,(D*u) = 6. (2)
When 6 is constant, this is the special Lagrangian equation. The Hamiltonian stationary
equation is instead the fourth-order equation

NS =0, (3)
with 8 as in (1) and g;; = §;; + Ou 6™ 9yju the induced metric.

It turns out that essentially the same framework can be set up locally for graphs in
an arbitrary almost Kahler manifold (M?",w, J, g). We will call L C M a Lagrangian
Lipschitz submanifold if L can be written, in local Darboux charts ¥ : B, C C" — M,
as the graph of the gradient of a C'! function:

O,(z) == U(x,Du(z)),  Ly:=®(B,), LNU(B)=L,NT¥B). (4)

Given such an L, one can locally assign to it a generalized Lagrangian angle (), given
by a fully nonlinear operator F(x, Du, D*u), and then the Hamiltonian stationarity
condition is equivalent to (3) with an additional divergence term for the pullback metric;
see Section 3 for details.

In either case, we are led to consider Cllo’cl weak solutions of the Hamiltonian-stationary
system in the following sense: we assume

Cl%)(} (U), b= .F(:E, Du, D*u ) VVI})CQ(Z/O (5)

with F as in (12), and
/ det g g7(9,8 — b:)9;0dx = 0 for every ¢ € C2°(U). (6)
where b is an L vector field on U determined by the geometry (b = 0 in the Calabi-Yau

case).

Our first result is the following partial regularity theorem. In contrast to previous
higher-dimensional results [CW19; BCW23; BO25], it imposes no restriction on the
phase range and requires neither convexity of the potential nor a smallness assumption
on the Hessian.

Theorem 1.1. Suppose that u € CL'(U) satisfies (5) and (6), where U C R™ is open.

loc

Then there is a relatively closed set ¥, C U such that
ue CoUN\ ) and dimy ¥, <n —5.
Moreover, for n < 4 the set X, is empty, and for n =5 it is locally finite.

As an immediate corollary, we have the following, which is merely an intrinsic re-
statement of Theorem 1.1.



4 ARUNIMA BHATTACHARYA, GERARD ORRIOLS, AND ANNA SKOROBOGATOVA

Corollary 1.2. Let (M*",w, J,g) be a smooth almost Kdihler manifold and let L be a
Hamiltonian stationary Lagrangian Lipschitz submanifold with Lagrangian angle locally
in W2, Then there exists a relatively closed set Sing(L) C L such that

L is smooth outside Sing(L) and dimy Sing(L) < n — 5.
Moreover, for n < 4, the Sing(L) is empty, and for n =5 it is locally finite.

The full regularity statement for n < 4 was proved in [BW19; Bha25] in Euclidean
space. Our contribution to the theorem above concerns the case n > 5 and its extension
to manifolds. Note that the dimension bound was previously established in [Dim23,
Theorem 3.9] in the particular case of Lipschitz special Lagrangian graphs in C".

The next natural question concerns the sharpness of the above result. If a C'! Hamil-
tonian stationary potential were non-smooth, the geometric tangent object obtained as
a blow-up at a given singularity would be a singular graphical special Lagrangian cone.
This observation leads to the following rigidity question, which has been a long-standing
open problem; see, for instance, the work of Jost—Xin [JX02] and Yuan [Yua02] as well
as Mooney—Savin [MS24, pg 2].

Question 1.3. Does there exist, in some complex dimension n > 5, a non-flat
multiplicity-one graphical special Lagrangian cone whose potential is C*'? Equiva-
lently, does there exist a two-homogeneous function U € CY(R™) that is not quadratic
(hence U ¢ C*(R™)) and solves the special Lagrangian equation?

Here, we place emphasis on the fact that the cone must be graphical. Indeed, in the
non-graphical setting, there exist a wide range of known examples of singular special
Lagrangian cones [SW99; Has04; HKO07; Ohn07; HK13], and recent works including
[Pacl3a; Pacl3b; DG26] further demonstrate that singularities of special Lagrangians
can even be prescribed at isolated points.

Our next result, perhaps unexpectedly, shows that the answer to the above question
is in fact positive.

Theorem 1.4. There exists a nonzero two-homogeneous function
U e CHYR?)\ C*(R?)
which solves the zero phase special Lagrangian equation Fy(D*U) = 0 in the viscosity

sense on all of R5. Moreover, U is real analytic on R>\ {0} and its gradient graph is a
non-flat multiplicity-one special Lagrangian cone calibrated by Re(dzy A -+ A dzs).

Note that taking products with additional euclidean factors yields examples in R™ for
every n > 5 with an (n — 5)-dimensional singular set; thus the dimensional bound in
Theorem 1.1 (and Corollary 1.2) is optimal.

In the minimal surface setting, the classical work of Barbosa [Bar79] and Fischer-
Colbrie [Fis80], addresses low-dimensional rigidity: every three-dimensional Lipschitz
minimal graph is smooth, in arbitrary codimension. Through Federer’s dimension-
reduction argument, this rigidity underlies the sharp n — 4 bound for the singular set of
area-minimizing Lipschitz graphs of arbitrary codimension; in fact, the same bound holds
more generally for Lipschitz minimal graphs (see Dimler [Dim23]). The bound is sharp
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even within the area-minimizing class, as witnessed by the calibrated Lawson—Osserman
cone [HL82]. In contrast to the second-order minimal surface system, the Hamiltonian
stationary equation (3) is fourth order, so no maximum principle is available directly
for the potential.

Moreover, Hamiltonian stationary submanifolds do not have the monotonicity of mass
ratios enjoyed by minimal submanifolds; this is already visible in complex dimension two
(see the work of Minicozzi [Min95] and Schoen-Wolfson [SWO01]), and higher-dimensional
exact examples are discussed in the work of Orriols [Orr26, Appendix B|. However, for
a graph in C”, the equation decomposes into two second-order equations. When the
Hessian of the potential is bounded, the Lagrangian angle satisfies a uniformly elliptic
divergence-form equation, and the potential solves the uniformly elliptic Lagrangian
mean curvature equation. This observation is behind the regularity results in [CW19;
BW19; Bha25] and is also the starting point here. However, to the best of our knowledge,
this double second-order structure had not been exploited on manifolds, not even in the
Calabi-Yau case.

In general dimension, the earlier regularity results for single-valued Hamiltonian
stationary graphs required additional hypotheses. Chen—Warren proved smoothness of
OY! weak solutions under a supercritical phase assumption, or a convexity assumption,
or a small Hessian bound assumption, and also proved real analyticity for C'! Hamil-
tonian stationary Lagrangian submanifolds in C* [CW19]. In a symplectic manifold,
Bhattacharya—Chen—Warren proved smoothness for a C!' Hamiltonian stationary La-
grangian submanifold; the potential in the local gradient representation is assumed to
be C? [BCW23]. In dimension two, all phase and convexity assumptions were removed
in Bhattacharya-Warren [BW19], and the same conclusion was obtained in dimen-
sions three and four by Bhattacharya [Bha25]. Below the Lipschitz graph threshold,
Bhattacharya—Ogden proved smoothness for C% Hamiltonian stationary graphs with
v > 1/3 in the supercritical range and constructed singular examples when v = 1/3
[BO25]. Bhattacharya—Skorobogatova obtained a partial regularity theorem for a wider
class of fourth order variational integrals on Hessian spaces [BS25]. These results do not
decide what happens for a general bounded-Hessian Hamiltonian stationary graph when
n >o.

There is a related distinction for the second-order equation (2). The values +(n—2)7/2
are referred to as the critical phases, since Yuan [Yua06] showed that the level sets
of the arctangent operator are convex whenever the absolute value of the phase is at
least this large. In this critical and supercritical range, i.e., |6p| > (n — 2)7, interior
Hessian estimates are known in every dimension [WY09; WY10; WY14; Lil19; Sha26];
for variable phases, one needs additional regularity assumptions on the phase [Bha21;
Bha22; Lu23; BMS26; Zho25; Din24]. In the subcritical range, i.e., [0y < (n — 2)7, this
convexity is lost, and singular non-C'™! solutions are known [NV10; WY 13; MS24]. Thus,
the C! class lies at a natural borderline: the Hessian is bounded and the equation is
uniformly elliptic along the solution, but the level set need not be convex.

We finally mention some other developments in the variational theory. Oh identified
the Hamiltonian stability operator for minimal Lagrangians [Oh90]. Schoen—Wolfson
studied area minimization among Lagrangian surfaces and the formation of isolated
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conical singularities [SWO01], and Joyce-Lee—Schoen constructed small Hamiltonian
stationary Lagrangians in compact symplectic manifolds from rigid Euclidean models
[JLS11]. Compactness under volume and total curvature bounds was proved in C" by
Chen—Warren and in compact symplectic manifolds by Chen—Ma [CW24b; CM24]. Chen—
Warren also introduced a volume-decreasing flow within a Hamiltonian isotopy class
[CW24a]. In the weak and parametrized setting, Pigati-Riviere proved regularity away
from a locally finite singular set for parametrized Hamiltonian stationary Legendrian
varifolds [PR24]; Gaia—Orriols-Riviere constructed Hamiltonian stationary surfaces with
isolated Schoen—Wolfson singularities [GOR24]; Gaia constructed branched immersions
with infinitely many such singularities accumulating at the boundary [Gai25]; and Orriols
proved an Allard-type theorem for Legendrian area-minimizing currents [Orr26]. Here,
however, we restrict throughout to (single-valued) multiplicity-one Lipschitz graphs.

1.2. Overview of the proofs.

1.2.1. Regularity results. We first use the uniform Hessian bound in the weak Hamiltonian
stationary equation to obtain a uniformly elliptic PDE in divergence form, and De
Giorgi-Nash-Moser theory gives 3 € C%*. Since 8 = F(z, Du, D*u), the potential
is then a viscosity solution of a uniformly elliptic second-order equation with Holder
right-hand side. Via version of Savin’s “small perturbation” e-regularity theorem [Sav07]
relative to a quadratic polynomial, in the inhomogeneous form proved by Fan [Fan26],
we show regularity of u whenever it is sufficiently close to a quadratic polynomial. We
may thus characterize the regular set by this closeness property; its complement is the
relatively closed set X,.

We next study the behavior of L, around a point zy € ¥,. The Holder continuity of
the angle makes Re(e~#@0)Q)) close to a calibration, and then a comparison argument
gives the almost-monotone quantity

F s <O M([Lu o By (0, Du(eo))])

for a suitable choice of C' > 0 and § > 0. It follows that every blow-up of [L,] is a
Lipschitz graphical special Lagrangian cone. Federer’s dimension-reduction argument
can then be iterated within this class of cones, giving dimy ¥, < n — 5 when combined
with the known classification of special Lagrangian cones in low dimensions.

1.2.2. Singular graphical special Lagrangian cone. The construction in Theorem 1.4 is in-
spired by the examples of Nadirashvili-Tkachev-Vladut [NTV12]; see also [NV1la;
NV11b]. We use the SO(3)-invariant Cartan cubic P on R® and look for a two-
homogeneous potential of the form

ute) = e (1) 7)

|z f?

There is an important difference from the earlier constructions. There, the equation
could be adapted to the singular solution, while here the special Lagrangian equation is
fixed in advance. The ansatz (7) reduces the equation to a singular second-order ODE
for f on [—1,1]. Regularity at the focal orbit s = 1 gives a one-parameter family of
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local real-analytic solutions, parametrized by the value A = f(1). We then look for a
value of A for which the corresponding solution satisfies f(0) = 0.

The main point is to show that these local solutions continue all the way from s =1
to s = 0. We do this by a computer-assisted shooting argument using interval arithmetic.
For two nearby values A_ and A, the resulting endpoint values f4_(0) and fa, (0)

have opposite signs. Continuous dependence on A then gives a value Ae (A_, Ay) with
f2(0) = 0. The symmetry of the reduced equation allows us to reflect this solution
across s = 0, giving a real-analytic profile on the whole interval [—1,1].

Remark 1.5. The odd-reflection step described above is specific to the phase-zero special
Lagrangian equation. The resulting profile is odd and P(—z) = —P(x), so D*u(—z) =
—D?u(z). Since F(—M) = —F(M), a constant-phase equation F(D?u) = 6, can be
preserved by this reflection only if 6, = 0 and thus this approach does not extend to
nonzero phases. It is unclear whether a shooting argument carried out directly on the
full interval [—1, 1], without using reflection, could succeed for other subcritical phases.

Organization. The paper is organized as follows. In Section 2, we record notation
and preliminary facts. In Section 3, we derive the weak generalized Lagrangian angle
equation in an almost Kahler manifold and prove Hélder continuity of the angle. In
Section 4, we use the e-regularity result of Savin [Sav07] and Fan [Fan26], re-centered
around a homogeneous quadratic polynomial, to define the singular set. In Section 5, we
derive almost-monotonicity of mass ratios for Lagrangian graphs with Holder angle and
complete the proof of Theorem 1.1 via dimension reduction. In Section 6, we construct
the five-dimensional singular cone and its higher-dimensional products.
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Note on LLM Usage. Al tools (ChatGPT-5.6 Sol and Codex) were used to assist
with the computer-assisted proof presented in Subsection 6.4 and with some tedious but
routine computations in Section 6. The accompanying code was developed through a
long sequence of interactions between the authors and these Al tools. The computations
referred to above were reworked and rewritten by the authors, who independently
checked and verified all associated code and outputs. All the text in the article was
written by the authors.

2. NOTATION AND CONVENTIONS

We write B,(x) for the Euclidean ball of radius r centered at x € R", B, = B,.(0),
and w,, = |B;|. We will write B"(z) and B*"(x) respectively to distinguish between such
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balls in R™ and R?" when it is necessary. The space of real symmetric n x n matrices
is denoted by Sym(n). For A, B € Sym(n), the notation A < B means that B — A is
positive semidefinite. Constants denoted by C' may change from line to line and depend
only on the quantities explicitly stated. We use (-, -) to denote the inner product of two
vectors, induced by a metric that will be clear from context. We will use the notation
By for a ball of radius R centered at the origin in a normed space.

Recall that the graph of a Lipschitz map G : R® — R™, denoted graph(G), has a
canonical orientation and thus induces a multiplicity-one integral current [graph(G)].
We will often work with conical currents of this type, which are of the form [graph(Dw)]
for a C’llo’c1 potential function w on R™. We will use the terminology “graphical special
Lagrangian cone with C'%! potential” for such cones.

We will refer to C™ as the standard complex vector space (R*", Jy) endowed with
its standard metric gg and symplectic form wy. When we work locally in a symplectic
manifold (M, w), we will use a Darboux chart ¥ : B, C (R*",w;) — M and identify
tensors in M with their pullback to R?".

We use M(T') for the mass of a current 7" in a Riemannian manifold (M, g), spt T for
its support, and Sing 7" for the (interior) singular set, defined as the complement of the
open set where its support is smooth with locally constant multiplicity; the latter is the
(interior) regular set Reg 7. For a relatively open set U C M, T U denotes the current
given by the restriction of 7' to U. For a.e. r > 0, we use the notation (T, |- |, r) for the
current given by the radius-r spherical slice of 7. We refer the reader to [Sim83] for
more details concerning the relevant GMT background and notation.

For closed sets F;, E C R", local Hausdorff convergence means Hausdorff convergence
of I; NBg to EN By for every R. We write H:, for the s-dimensional Hausdorff content.

An almost Kahler manifold (M?", w, J, g) is a symplectic manifold (M,w) together
with an almost complex structure J such that ¢ := w(-, J-) defines a Riemannian metric.
If J is integrable, we speak of a Kahler manifold, and if it further admits a normalized
holomorphic (n,0) form it is Calabi-Yau.

3. THE LAGRANGIAN ANGLE BEYOND CALABI-YAU MANIFOLDS

Our starting point for the regularity of Hamiltonian-stationary submanifolds is a
generalized notion of Lagrangian angle that can be defined in arbitrary almost Kéhler
manifolds, and satisfies a second-order elliptic PDE in divergence form.

3.1. Geometric setting. Let (M?" w) be a symplectic manifold. Recall that M
can be covered by Darboux charts, that is, by the images of symplectomorphisms
VU C (R*™ wy) = U C (M,w), where wy is the standard symplectic structure on R?".

For us, a Lagrangian Lipschitz submanifold is a set L. C M which can be locally
written in Darboux charts as a Lipschitz graph along a Lagrangian plane, and whose
tangent planes are Lagrangian almost everywhere. More precisely, we require that for
every q € L there exists a Darboux chart as above with ¢ € L N U, a Lagrangian plane
A C (R?",wp), a complementary n-plane Ay C R?" and a Lipschitz map F : Ay — A
such that LNU =¥ ({x + F(z) : x € Ag} NU), and such that the symplectic form w
vanishes at almost every tangent plane.
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In the presence of a compatible complex structure on (R?", wg) we have a more familiar
and convenient description:

Lemma 3.1. Let A C (R*,wy) be a Lagrangian plane and Jy a complex structure on
R?" compatible with wy. Set go := wy(+, Jo*) and Ay := JoA. Then a Lagrangian graph
along A can be written as

{z+ JoyVg4u(x): x € Ao} (8)

for some u € CYY(Ay), and conversely any set of the form (8) is a Lagrangian Lipschitz
graph. Moreover, if Ji, Jy are compatible complex structures, g, and go are the respective
metrics, and Ay := Ji1A, Ay := JoA the respective complementary planes, then the
respective potentials uy and ug differ (up to a constant) by a quadratic function.

Proof. The first part is standard: we have for all vectors x,y € Ag a.e.
0=wo(x + DF -z,y+ DF -y)
= wo(@,y) + wo(DF -, DF - y) + wo(x, DF - y) + wo(DF -z, y)
= —90(x, D(HF) - y) + go(D(JoF) - ,y),

thus JoF : Ag — Ag is the gradient of a C*! function —u with respect to go. The
converse follows similarly.

For the last part, A; and Ay are both complements of A, hence Ay can be written
as a graph over A; along A, that is, Ay = {z + Sx : x € A;} for some linear map
S: Ay — A. Now by the first part, Sz = J;V 4w for some w € CH(A1) and it follows
that w is quadratic, up to a constant. Finally, given a potential uy € CU(Ay), if
we let uy(x) = us(x) + w(zx) for x € Ay, where we extend uy from Ay to the whole
R?" by making it constant on n-planes parallel to A, its Hamiltonian vector field is
J1V g us(z) = JoVgus(x + Sx) and hence

{r+ hVyu(x):z e Ay} ={x+ bV us(z+ Sx)+ Sz v € Ay}
={y+ LVgua(y)  y € Ao},
showing that indeed w; is the corresponding potential for A;. O

This shows that a gradient graph {z + J; V4, u(x) : € Ay} with respect to one choice
of compatible complex structure J; and Lagrangian plane A; in (R?", w,) remains so
with respect to another choice of complex structure J,, provided that we change the
domain of the new graph to Ay := JsJ1Aq, and the L*> norm of the Hessian of the
potential only changes by a constant depending on J; and J,. This fact (and its local
version) will be used often throughout.

3.2. Lagrangian angle and first variation formula. On each small enough neighbor-
hood of M we can find a smooth (n,0)-form € of norm 2"/2, or equivalently, of comass
one; we will call such  a normalized (n,0)-form. Notice that we are not imposing any
holomorphicity or parallelism condition, so €€} is also of this class for any smooth
real-valued function ¢.

For any oriented Lagrangian plane A C T,M, we may use {2 to define a notion of
Lagrangian angle of A via Q|4 = e#*®Yvol,. For a Lagrangian submanifold L, this
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defines a function e : L — S'. If L is a Lipschitz graph, 3 is automatically single-valued,
and we will assume throughout that 8 € W,>?(L).

Recall that L is Hamiltonian-stationary if for any h € C°(U), the first variation of
volume of L along the Hamiltonian vector field X = JVh associated to h vanishes. If

¢ denotes the flow of X, using the definition of 5 we have:

/ e Q) = —i/ﬁe‘zﬁﬂ—l—/e_wﬁxﬂ
t=0 J ¢¢(L) L L

Tt
= —i/BvolL+/ei’B(XJdeLd(XJQ)),
L L

G| Arealou(L)

t=0

where 3 := %(ﬁt ) ¢t)) and Lx denotes the Lie derivative along X. We integrate by
=0

parts the last term on the right-hand side above and use the complex-linearity of €2,
after pointwise splitting X = X + X+ into its tangent and normal parts to L:

/Leiﬁd(X Q) =— /(—z’eiﬁ)dﬁ A(X Q)

L

:/e—iﬁ(idﬁA(XUQ)+d5A(JXﬂQ))
_ / e B (XT,dB)Q + (JXL, dB)Q)

_ / (i (XT,dB) + (JX,dB))voly,
L
using the fact that, for a vector Y tangent to L,
(dEA(Y 2)) [ =, dB3)Q — (Y 2 (dBAQ)) | = (Y,dB)QL.

For the same reason, only e"# X+ 5 dQ) = e~ (JVEh) 2 dQ survives in the e X L dQ
term above. Hence, taking the real part in the first variation formula we get

Gl At = [

Re [e P (JV"h) 5dQ] — (VFh,dB)vol, = / (Vh, 7 —dp)
dt|,_, L L

where 7 is a real 1-form of class L™ on L defined via 7(Y) voly, := Re[e ™ (JY) 2 dQ]|.
Comparing with the ordinary first variation formula yields H Jw = 7 — d3 for the mean
curvature H, and Hamiltonian stationarity is therefore equivalent to

dp(df—7) =0 (9)

in the weak sense. This formulation is independent of the unit trivialization: if Q' = (),
then 5" = S+ |, and 7/ = 7+ dp. In the Kéhler case one may write dQ2 = v A Q with
v of type (0,1), and a direct calculation gives 7 = 2Im~|,. For a parallel Calabi—Yau
volume form the 1-form 7 vanishes, recovering the classical formula A, = 0.

3.3. Holder regularity of the angle. Next we fix a Darboux chart and write L =
L, = {(x, Du(x)) : * € By} in these coordinates for a function u € C''(By, R). Writing
B =po®, and g, = ¥} g, the Lagrangian angle is given by a fully nonlinear operator
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B(z) = F(x, Du(z), D*u(z)); see Subsection 3.4 below for more details. Moreover, the
Hamiltonian stationarity condition (9) becomes

/ A () (9 — b)Ohdz =0 Whe C®(By), A= \/detg,gy,  (10)
Bs

where b is the pullback of the bounded one-form 7 via ®,. A bound for D?u and the
smooth bounded geometry of the chart imply

AEP? < AY(z)&&5 < AJEP, ||| < C.

Lemma 3.2. In the above setting, there are o € (0,1) and C' < oo, depending only on
n, the local Hessian bound, and the ambient geometry, such that

[Blo.a(By) < C(L+11BlL2(8y))-

Proof. Equation (10) is a uniformly elliptic divergence-form equation with right-hand
side the divergence of the bounded field Ab. The De Giorgi-Nash—Moser interior estimate
with L9 divergence data, for any ¢ > n, gives the above estimate; see, for example,
[GTO01, Theorem 8.24]. O

3.4. The second-order angle operator. Next we study the fully nonlinear operator
that gives the generalized Lagrangian angle of a gradient graph in Darboux coordinates
on an arbitrary almost Kéahler manifold.

Let U : B, C C* — M be a Darboux chart around a point ¢ = ¥(0,0) € M in which
a normalized (n,0)-form €2 is defined, and consider the pullback tensors gy := ¥*g¢(0),
Jo := U*J(0) and Qy := ¥*Q(0). After multiplying by a global phase, we can assume
that Jy, go, {29 and wy := ¥*w are the standard Calabi—Yau structure on C"; we will
omit the pullback by ¥ to simplify the notation, and using the compatibility of wg, J
and g, decompose

Ji J J: J:
r=dten = (G ) md a=ewn= (00 00) = (5 %)

In this setting, we define' the operator F : B, x Sym(n) — R by
F(x,p, M) := B(z, p;span{(e1, Mer), ..., (en, Men)}). (12)

Proposition 3.3. There exists r sufficiently small such that the operator F is locally
uniformly elliptic on B,, namely

Agtr N < F(x,p, M + N) — F(z,p, M) < Atr N (13)
for constants 0 < A\ < A < oo whenever (z,p) € B, and | M|, |N| < K.

Proof. We fix (z,p) € B, and compute the derivative of the Lagrangian angle of
span{vy,...,v,} at (z,p) for an arbitrary 1-parameter family of linearly independent
vectors {v;(t)}: if we write

1}@ = Z a;;Vj + Z bjiJUj (14)
j=1 i=1

!Note that there a canonical smooth choice of 3 among graphical Lagrangian planes with 3 (0;R™) = 0.
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and Q(vi(t), ..., v,(t)) = ePOw(t) with w(t) > 0, then

; . . d
% +if = () = () (0)

= (eiBIU)il [Q(Ul, R ,Un) + -+ Q(Ul, R >Un>]
= (Pw) ™ ((ary + -+ )01, .., 0) Fi(biy 4+ D) Qv . 0))
=trA+itrB,

thanks to the C-linearlity of Q, so taking imaginary parts we get 3 = tr B. We apply

this to v;(t) = (e;, M(t)e;) for M(t) a path in Sym(n). In this case, the matrices A and
B in (14) solve the system

(0) = () G ) ()2
so that A = —(Jy; + J12M)B and
B = [Jag + JouM — M Jyy — M Jys M) M. (15)
then (15) and (11) show that
Dy F(z,p, M)[N] = tr ([911 + g1oM + Mgey + MgggM]_lN) )

The eigenvalues of g11 + g1oM + M go1 + M gooM are clearly bounded from above when
| M| < K; to see that they are bounded from below (uniformly in M), observe that
after shrinking r if necessary we may assume that ||g — go|| < 71’ so that for any v € R,

g11(v,v) + g12(v, Mv) + go1 (Mo, v) + goo(Mv, Mv)
3 1 3 1 1 1
> Sl — 2 Zfol Mol + SMP 2 Lol + 1Mo > S

Thus, integrating Dy F(z,p, M)[N] along M + tN for N > 0 yields (13). O

4. e-REGULARITY AND THE SINGULAR SET

Here, we use Fan’s inhomogeneous version [Fan26, Theorem 1.7] of Savin’s “small
perturbation” e-regularity result [Sav07] (see also [BS24]), in the case of closeness to a
homogeneous quadratic polynomial. We begin by recalling some basic setup for general
viscosity solutions of second-order fully nonlinear equations.

4.1. Viscosity solutions. We use the convention of [Fan26] for an operator G(x,p, A)
that is nondecreasing in A (with respect to the partial ordering of symmetric matrices).
A viscosity subsolution of G = 0 satisfies

G (o, D(20), D*@(20)) > 0

whenever ¢ € C? touches it from above, while a viscosity supersolution satisfies the
reverse inequality whenever ¢ touches it from below. Next, we show that almost-
everywhere solutions are viscosity solutions.
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Lemma 4.1. Let G : R" x R" x Sym(n) — R be continuous and nondecreasing with
respect to its matriz variable. If v € C1! satisfies

G(z,Dv, D*v) =0 (16)
almost everywhere, then v is a viscosity solution of G = 0.
Proof. Let E be the full Lebesgue measure set on which v is twice differentiable and the
equation (16) holds. Suppose ¢ € C? touches v from above at zy and that the required
subsolution inequality fails. After replacing ¢ by ¥ = ¢ + S|z — xo|?, continuity gives
G(z, Dy (x) + ¢, D*)(x)) <0 (17)

for x in a sufficiently small neighborhood of xy and ¢ € R™ with |¢| small, while v — 1) has
a strict local maximum at zy. Jensen’s maximum lemma [CIL92, Lemma A.3] provides
a positive Lebesgue-measure set F' of nearby local maxima for small affine perturbations
of v — 4. Choosing a point y € E'N F', for some small p we therefore have

Du(y) = Dy(y) —p,  D*v(y) < D*p(y).

Combining this with the fact that y € E, the nondecreasing property of G in the third
variable, and (17), we arrive at

0= G(y, Du(y), D*v(y)) < G(y, Dy(y) — p, D*P(y)) <0,
which is a contradiction. The supersolution inequality follows identically by instead

using ¢ = ¢ — £z — x| and applying Jensen’s maximum lemma to ¢ — v. O

Applied to (12), Lemma 4.1 permits the use of fully nonlinear viscosity theory.
For a homogeneous quadratic polynomial P, define the corresponding operator and
right-hand side that are both re-centered around P:

Gp(z,p, M) := F(x,DP(z) +p, D’P + M) — F(z, DP(z), D*P) , (18)
hp(z) = f(z) — F(x, DP(z), D*P). (19)
For p > 0 and P as above, recall the Holder seminorm

[gP] e sup |gP(l'7p7M) _gP(yapaMﬂ
Ti,p T .

J— (0]
1M, p|<p |z — 9
r#y€B

Proposition 4.2. Fiz 0 < K < oo, a € (0,1), and a C*-compact family Ox.1 of
operators F that satisfy (13) with uniform constants on

ICK+1 = {(l‘,p,A) NS Ela |p| S K + ]-7 ||A|| S K+ 1} :

There are constants eg > 0, C' < oo depending only on n, K, a and the compact family,
with the following property. Suppose

u < Cl’l(Bl), HDUHLoo(Bl) + ||D2U||Loo(31) < K,
and suppose that for some F € Oky1, u satisfies

F(x, Du, D*u) = f(z) (20)
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in the wiscosity sense. Let
1

P(z) = ExTAoa:, | Aol < K.
Then w :=u — P s a viscosity solution of
Gp(x, Dw, D*w) = hp(z) in By, (21)
where Gp and hp are defined in (18)-(19). If
|w — Pllzo(my) + [hpllcoe(s,) + [GPlaai2 < <o, (22)

then u € C**(By2) and
= Pllcse(sy ) < C

Proof. The viscosity identity (21) follows directly by testing the viscosity subsolution
(respectively supersolution) inequality for u with P + ¢, where ¢ is an arbitrary C?
function that touches w from above (respectively below) at an arbitrary point. Let us
now verify the remaining hypotheses of [Fan26, Theorem 1.7]. First, we clearly have

Gp(z,0,0) = 0.

Moreover, for M, N € Sym(n) with N > 0, the local uniform ellipticity of F in turn
implies

ArN < Gp(z,p, M + N) — Gp(z,p, M) < Atr N
with constants uniform over Of.;. Observe that all arguments occurring for
M|, [IN]l, |p| < 1/2 and ||Ap|| < K remain in K, ;. Compactness in C? then gives a
uniform constant L and a common modulus of continuity w such that

’gP(fEap7M) - gP(a:?(LM)’ < L‘p_ q’?

whenever the displayed variables lie in K ;. Thus Fan’s structure condition holds with
bp = L and ¢y = 0, since the operator Gp has no zeroth-order dependence. The final
term [Gplaia1/2 in (22) is exactly the small spatial oscillation of the centered operator
required in Fan’s theorem, while the first two terms give the required smallness of the
solution w and of the right-hand side. All structural constants are uniform over &',
and over ||Ag|| < K. Fan’s theorem therefore applies to w and yields the claimed C%
estimate. 0]

4.2. The singular set. Let us now use the e-regularity result in Proposition 4.2 to
define the singular set 3, in Theorem 1.1. We will then verify the claimed dimension
estimate on it in Section 5, after first obtaining almost-monotonicity for mass ratios
in order to obtain conical blowups at singularities. Let zq € U, let py := Du(x) and
define the rescalings

Fxo,T‘(Z/?p’ A) = f(x(] + Y, Po + rp, A) ) ﬁﬂvoﬂ'(y> = B(:UO + T’y) . (23)

If a given homogeneous quadratic polynomial P satisfies

]:(xo,Po,DQP) = B(x0), (24)
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then smoothness of F and Lemma 3.2 give

[gP,'r]y;a,l/Q < CT; HhP,r”C’Uva(Bl) < C(T +r [ﬁ]co,a) y

where Gp, and hp, are formed from F,, . and f = (3, as in (18)-(19). Thus Proposi-
tion 4.2 applies at every sufficiently small scale once the rescaled potential

u(xg + ry) — u(zo) — rDu(xg) - v

Uz (Y) = (25)
is sufficiently close in L* to such a P.

Now, let Q denote the set of homogeneous quadratic polynomials, and define the
singular set of u as

Eu = {J}O : hr}}ul)nf }1>r€lfQ ||U:L’0,r — P||L°°(B1) > O} . (26)

If the liminf in (26) vanishes, one may choose a sequence of scales r; | 0 and
homogeneous quadratics P; such that

Uy . — Pl oo — 0.
g
|| zo,T ]HL (B1)

The normalization g, (0) = 0, Dug,,;(0) = 0 and the uniform Hessian bound on
Ugy,r; Over By imply that the coefficients of P; stay bounded. Passing to a subsequence,
P; — Py and g, — P uniformly on B;. Moreover, passing to the limit in the rescaled
equations (23) yields

F (0, po, D2P0) = B(wo).

Thus, P, satisfies (24) and so the above discussion guarantees that Proposition 4.2
applies to ug,,, with the quadratic Fy for all sufficiently large j.

Proposition 4.2 then implies that the complementary set U \ ,,, which we will refer to
as the regular set of u, is open and v € C%® there. Standard Schauder bootstrapping gives
smoothness when the ambient space is C". In an ambient smooth almost Kéahler manifold,
the graph is then C'* and [BCW23, Theorem 1.1] gives smoothness. Alexandrov’s
Theorem shows that ¥, has Lebesgue measure zero.

We conclude this section with the following persistence of singularities result, which
is a simple consequence of Proposition 4.2 and will come in useful later. We use the
notation C% below to denote Holder regularity with respect to the z-variable.

Lemma 4.3. Let 0 < K < o0 and a € (0,1). Let {u;} C C(By) be a sequence
of viscosity solutions to equations of the form (20) with CY operators {F;} C O i1
as defined in Proposition 4.2, and with C% right-hand sides f;. Suppose in addition
that sup; ||usl|cr1(p) < K. Assume that uj — us in C,, and that for a € (0, aq)
the quantities F;(-, Du;(-), D*u;(+)), f; converge in CO* to a limiting equation and
right-hand side, respectively. If x; € Xy, and xj — Too, then To, € Xy, .

Proof. Suppose for a contradiction that z., ¢ ¥, . Then x. lies in the regular set
By \ X, of us, so by Proposition 4.2, there exists a sufficiently small radius » > 0 and
a homogeneous quadratic polynomial P such that, after rescaling at x, by r, the three
quantities in (22) are each strictly below £q/2 on B;.
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For this fixed 7, the convergence z; — T and u; — us, in C! implies
(Uj)e;r — (Uoo)zoo,r uniformly on Bj.

The rescaled operators and right-hand sides converge uniformly as well, with the same
ellipticity and C? bounds. Hence, for all sufficiently large j, the rescaled equation at x;
satisfies (22) with the same polynomial P and with threshold £y. Proposition 4.2 may
then be applied to all such z;, in turn implying that each one is a regular point of u;,
contradicting the fact that z; € 3J,,. Thus we indeed have z, € ¥, as claimed. [

Uco
5. ALMOST-MONOTONICITY AND DIMENSION REDUCTION

In this section, we demonstrate almost-monotonicity of mass ratios of a Hamiltonian-
stationary Lagrangian graph in an almost Kahler manifold, which will in turn allow us
to obtain conical blowups.

For the rest of this section we work in a Darboux chart ¥ : B, C (R**,wy) — (M,w)
where a normalized (n,0)-form  is defined and write L = L,, as in (4). We will omit ¥
and treat g, J, w and Q as tensors on R?"; in particular w = wy = Y, da* A dp;. Here
M denotes the mass with respect to the metric g.

Proposition 5.1. Let T be the multiplicity-one integral current induced by an oriented
Hamiltonian-stationary Lagrangian Lipschitz submanifold L in a smooth almost Kdhler
manifold (M*",w, J,g), and suppose its generalized angle (3 is I/Vhlm2 Then for every
interior point p € sptT there exist constants ro(p,n),C(n),d(n) > 0 such that

M(T.B,
r— eCT&M is nondecreasing on (0,19).
/r-n
Consequently the density
M(TL.B,
O™(T,p) := lim —( -B:(p)

10 wpr™

exists and is finite.
Proof. After multiplying © by a constant phase we may assume that 5(p) = 0. Write
m(r) := M(T.B,) and Sy = (T,|-|,7);

the latter is well-defined and has finite mass for almost-every r by the slicing theory of
currents (see e.g. [Sim83]). For almost every r, let R, = 0 % S, be the cone over S,. An
application of the coarea formula with an error term from the ambient metric yields

M(R,) < %(1 + OrM(S,). (27)
The n-dimensional cycle R, —T'L B, has an (n + 1)-dimensional cone filling W, satisfying
M(W,) < Cr(m(r) + M(R,)). (28)

If 0 < a < 1 denotes the exponent from Lemma 3.2 applied in a small enough ball
around p, we have that Re Q(T'(q)) = cos(B(q)) > 1 —CB(q)* > 1 — C|q|** for all ¢ near
p. Combining this with (28), we obtain

M(R,) > (R,,Re Q)
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= (TB,,Re ) + (W,,d(ReQ))
> (1—Cr**)m(r) — Cr(m(r) + M(R,)).
Rerranging and recalling (27), for r small enough we get
“M(S,) > (1= Cr)m(r)

for 0 := min{1, 2a}. On the other hand, the coarea formula gives m/(r) > (1—Cr)M(S,)
for almost every r. We thus conclude that

d
Elog(r’"m(r)) > —Cro 1,

and the statement follows. OJ

An important consequence of the almost-monotonicity formula in Proposition 5.1 is
that rescalings of a given current induced by a Hamiltonian stationary Lagrangian graph
with C1l-potential converge subsequentially to a cone, referred to as a tangent cone.

Proposition 5.2. Let u be as in Theorem 1.1, let xog be a point in its domain, and
let T' be the multiplicity-one current [graph(Du)]. Then every sequence r; | 0 has a
subsequence for which the rescaled potentials (25) converge in C’ﬁ)’f(R"), for every k < 1,
to a function v € Cllo’cl (R™) satisfying

F (0, Du(zo), D*v) = B(x0) (29)

in the viscosity sense. Setting qo = (w9, Du(xy)), the rescalings T := (1gy,r; )41 converge
weakly without loss of mass to the cone C = [graph(Dwv)], which is calibrated by
Rele™@)Q(qo)] in (R*", g(q0), J (q0))-

Moreover, letting (Xu)zr; = Neor; (Bu), for any sequence y; € (Xy)zg,r, with y; — y,
we have that y € ¥, and (y, Dv(y)) € Sing C'.

In particular, if zg € 3, by identifying (R*", g(qo), J(qo)) with the standard C™ and
using Lemma 3.1, this procedure yields a singular special Lagrangian tangent cone which
is graphical in C" in the standard sense.

Proof. The uniform Hessian bound for the rescaled potentials gives local compactness
of blow-ups, so after passing to a subsequence, uz,,;, — v in Cllo’f for every Kk < 1. By
Lemma 3.2, the rescaled angles f3,,,, converge uniformly to 8(z¢), while the rescaled
operators converge locally to A — F (o, Du(xg), A). Classical compactness for viscosity
solutions thus yields (29).

Define in addition the rescaled graphing maps
Fi(y) == (y, gy, (y))

which are uniformly Lipschitz in j on compact subsets of R". The C}

loc convergence of
the potentials gives

Fi(y) — Fo(y) == (y, Dv(y))
locally uniformly.
Observe that for any R > 0, for j sufficiently large we have T;.Cpr = (F;)3[B%]. and
(Fx)i[B%] = CLCpg, where Cg denotes a cylinder over B C R™ C R**. The local
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uniform convergence together with a linear homotopy argument shows that 7; . B%"
converges in the flat topology, and thus weakly, to C'. B%". We will henceforth consistently
work with balls in R?" and thus omit the superscript.

It is clear that M(CLBg) < liminf; ., M(T;LBg). For the converse inequality, we
use the same argument as in the proof of Proposition 5.1, based on Lemma 3.2. Fix
e >0 and y € C°(Bgy) with x =1 on Bg, and compute

M(CLBpye) > (C, x Re[e #@)Q]) = lim (T}, x Re[e @) Q)])
Jj—oo

> liminf(1 — C(Rr;)**)M(T;.Bg) = lim inf M(T;.Bg) .
Jj—o0 j—o0
The convergence of masses follows after letting ¢ — 0. A similar argument also establishes
that C is calibrated by Re[e=*#@)Q)] with respect to the metric g(qo):

(O, Y Re[e‘iﬁ(qO)Qb > (C, X Re[e_iﬁ(qO)QD
= lim (T, x Rele~0)0))
J—00

> liminf(1 — C(Rr;)**)M(T;Bg) > M(CLBg) .

Jj—o0
As a result, C is area-minimizing and

R™M(CLBg) = lim R™"M(TjLBgr) = w,0" (T, qo),
j—00

which by the equality case in the monotonicity formula for minimal surfaces yields that
C'is a cone (see e.g. [Sim83, Chapters 4, 6 & 7] for more details).

Finally, the persistence of singularities is a consequence of Lemma 4.3 (the Holder
convergence in the hypotheses is a direct consequence of Arzela-Ascoli): if y; € (34)a,r;
and y; — y, the lemma gives directly y € 3,. The fact that (y, Dv(y)) € Sing C' follows
immediately from Allard’s Regularity Theorem and the definition of the latter. O

With the almost-monotonicity of Proposition 5.1 at hand, we will proceed to perform
Federer’s dimension reduction argument to conclude the proof of Theorem 1.1. To do
this, let us first record the following lemma, which tells us that iterated conical blowups
remain in our graphical special Lagrangian class.

Lemma 5.3. Let C = [graph(Dv)] be a graphical special Lagrangian cone in C™ with
potential v € CH(R™), and let Y = (y, Dv(y)) € SingC \ {0}. Any tangent cone Cy of
C at'Y is invariant under translations along Y and splits orthogonally as

Cy = span{Y} x Cy, (30)

where, after a unitary identification of (span{Y, JY })* with C"1, the cross-section Cj
is a non-flat multiplicity-one graphical special Lagrangian cone with C*' potential.

Proof. Up to a rotation, we may assume that spt C'is a graph over R = R" x {0} C C".

For a graph, Y # 0 implies y # 0; we may also normalize Y so that |Y'| = 1. Given any
sequence 7; | 0 producing Cly, consider the normalized potentials

v(y+r;z) —v(y) —r;Du(y) - 2

Vyr, (2) 1= ! — :

T
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. . . . . 1
The uniform Hessian bound gives, after passing to a subsequence, vy, — vy in C|;; for
every k < 1, and the corresponding graph currents converge to

Cy = [graph(Duvy)] .

Thus Cy is still a global multiplicity-one current induced by the gradient graph of
a potential vy € CH(R™). Since Y # 0, standard cone splitting gives translation
invariance along Y and the orthogonal product decomposition (30) with Cj still a
Lipschitz graph and a cone. In addition, since Cy is Lagrangian and Y is tangent to
Cy at every point in its support, the function (JY, q) is constant on spt Cy and thus
Cy is supported on (JY)*. Hence

spt Cyp C W := (span{Y, JY })*

and Cj is still Lagrangian in W. Finally, since the tangent cone Cy is calibrated by
the same form Re() as C, Cj is calibrated by +(Y 1 Re(2), which is also a special
Lagrangian calibration on W = C"!. The fact that Cy is non-flat as follows from
Allard’s Regularity Theorem, as Cy has density one almost everywhere and Y is a
singular point of C. 0

We are now in a position to conclude the proof of Theorem 1.1. Given the preservation
of graphicality from iterated blowups given by Lemma 5.3, the remaining argument is a
standard dimension reduction argument a la Federer (see for instance [Sim83, Appendix
A]), but we nevertheless repeat it here for the benefit of the reader.

Proof of Theorem 1.1. The smoothness of u away from ¥, was established in Section 4.
We first recall the low-dimensional rigidity used in the reduction: every C'! graphical
special Lagrangian cone in C" for n < 4 is a plane. This is a direct consequence of
[Yua0l, Lemma 2.1] when n < 3, and the main result of [NV13] extends it to n < 4 for
more general equations.

First of all, note that the works [BW19; Bha25] imply >, = & for n < 4 when the
ambient space is C". In a general almost Kéhler manifold, we invoke Proposition 5.2
to obtain a non-flat graphical special Lagrangian tangent cone with C™! potential at a
singular point xy € ¥, contradicting the above low-dimensional classification. We may
therefore henceforth assume that n > 5.

Now, suppose for a contradiction that dimy >, > n — 5. This in particular means
that there exists s > 0 such that

HEOTS(%,) >0,

where we work with the Hausdorff content (see Section 2) in place of Hausdorff measure
due to its upper semicontinuity under Hausdorff convergence. This in turn implies that
there exist zp € X, ¢ > 0, and radii r; | 0 such that

HITO (2, N B, (z0)) > cr;‘_5+s .

After passing to a subsequence, the closed sets (Xu)zg,r; = No,r; (Xu) converge locally in
Hausdorff distance to a closed set ¥, C R™, and the lower content bound passes to the
limit, yielding

H&_5+S(Eoo N El) Z C,
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which in particular implies that dimy; Yo, > n—>54s. Setting qo := (o, Du(xg)), we may
apply Proposition 5.2 to the rescalings T; = (1,,,)41" for the canonical multiplicity-one
integral current 7" induced by the graph of Du. This gives subsequential local weak-x
convergence of Tj to a multiplicity-one conical current C' induced by a Lipschitz graph,
which is special Lagrangian in the Hermitian space (R*", g(qo), J(qo)) isomorphic to the
standard C". In addition, ¥ C mrn 0} (Sing C'), so

dimy SingC' > n — 5+ s.

We thus deduce that there exists a point Y € SingC'\ {0}, ¢; > 0 and radii p; | 0
with

HL T (Sing C N By, (Y)) > cipf . (31)

Taking a tangent cone to C' at Y along p; and applying Lemma 5.3 yields a non-flat
multiplicity one graphical special Lagrangian tangent cone Cy = span{Y} x Cy with
the cross-section Cj remaining a non-flat multiplicity-one graphical special Lagrangian
cone in some C"!. The lower bound (31) combined with persistence of singularities for
multiplicity-one area-minimizing currents yields

HI ™ (Sing Cy N By) >0, so A ™ (Sing Con By) > 0.

Iterating this, we obtain a non-flat multiplicity-one graphical special Lagrangian cone C
in C*> with HZ_(Sing C'N B;) > 0. Thus, we can still find Y € Sing C'\ {0} and iterate
one final time to obtain a non-flat multiplicity-one graphical special Lagrangian cone C’
in C* contradicting the low-dimensional rigidity recalled at the beginning of the proof.

It remains to verify that >, is discrete when n = 5. Suppose for a contradiction that
there is a sequence of points z; € 3, accumulating to xy, and let r; := 2|x; — x|. After
passing to a subsequence,

T — To 1
2 7 Yoo s ’yoo,zév

(Eu)xoﬂy DY = ,

j

and as above, Proposition 5.2 yields a limiting conical special Lagrangian current
C = [graph(Dw)] with a singular point Y = (Yo, Dw(ys)) # 0 in R with respect to
some complex structure compatible with wy. Since Y # 0 and C' is a cone, Lemma 5.3
allows us to take a further tangent cone Cy = span{Y'} x Cj at Y with a singular
four-dimensional cross-section Cj, reaching the same contradiction. 0

6. CONSTRUCTION OF A SINGULAR GRAPHICAL SPECIAL LAGRANGIAN CONE

This section is dedicated to the proof of Theorem 1.4, that is, the construction of a
singular special Lagrangian cone which is a graph over R®. Our solution v € C*'\ C?(R?)
to the zero-phase special Lagrangian equation is built as the 2-homogeneous extension
of a function f € C*°(S*) which is constant on the leaves of Cartan’s isoparametric
foliation by hypersurfaces with three distinct principal curvatures.

Imposing this reduction leads to a second-order ODE for a function f on the interval
[—1, 1] which is singular at +1; however, an analytic solution exists around 1 for every
value of the initial condition A = f(1) provided that B = f/(1) is suitably chosen.
Thanks to the symmetry of the problem, any solution f4 on [0, 1] such that f4(0) =0
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Phase-zero shooting map ®(A) = f4(0)

0.10 A

0.05 A

fa(0)

0.00

—0.05 1 trivial zero: A=0

-0.10 1

shooting value ®(A)

A=0.669229906
o

—0.15 | (A)=0

—0.20 1

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
initial endpoint value A =f4(1)

FIGURE 1. Numerical behavior of the endpoint value f4(0) for the solution
fa to (40) with initial data f4(1) = A, f,(1) = B(A), with B(A) as in
(43) and 0 < A < +/3/2. This plot is just for illustration and not used in
the proof.

can be oddly reflected to [—1, 1], thus our goal becomes to find A € R such that
®(A) := fa(0) = 0.

Fig. 1 shows an unverified numerical plot of the behavior of ®(A) for 0 < A < v/3/2;
the case A = 0 corresponds to a plane, whereas a zero appears to be found at A ~ 0.669
and the ODE becomes ill-posed for A = 1/3/2. Further, Fig. 2 shows a numerical plot
of f.

V\?e rigorously verify these simulations in Lemma 6.4 by using validated numerics.
The strategy is to implement a shooting method with interval arithmetic, in order to
guarantee that the solution of the ODE exists on an interval [A_, A,] and changes sign;
see Proposition 6.3 below for more details. The rest of the proof, which constitutes the
body of this section, consists of algebraic manipulations and analytic arguments without
computer involvement.

6.1. Cartan’s cubic and orbit reduction. In 1939, Cartan [Car39] discovered a
foliation of S* by hypersurfaces with three distinct constant principal curvatures. These
arise as the level sets of a cubic polynomial with interesting geometric and analytical
properties, which have been used before to construct nontrivial solutions to geometric
PDEs (see for example [NTV12; FT26]). Write

T = ($17x272172‘/27z3) €R57 r= |:E|’
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Numerical plot of the solution corresponding to Ag

—— Approximate solution fa,(s)
0.6 1 Straight line Ags

0.4 1

0.2

f(s)

—0.24

—0.4

—0.61

-1.00 —0.75 ~0.50 —0.25 0.00 0.25 0.50 0.75 1.00
s

FIGURE 2. Numerical plot of the solution f on [—1,1] for the parameter
Ap from (52). A linear function is added in orange for comparison, given
that the plot looks almost linear.

and define Cartan’s isoparametric cubic

33

3
ﬂ(gf + 22 — 222 — 21:%) + T(:vng — T2 + 2212223). (32)

2
Direct differentiation yields

P(zx) = :vi’ +

IVP?=9r"  AP=0. (33)

One obtains a convenient description of P by identifying R® with the space of traceless
symmetric matrices via the map

21, V32 V32
Qz)= | V321 —x1 +V3x9 V323
\/322 \/§Z3 —I1 — \/3352

By expanding we see that
1 1
P(z) = 3 det Q(z), r? = atr(Q(ﬂﬁ)Q%

and consequently, the conjugation action Q@ — RQRT, R € SO(3), induces an orthogonal
action on R® preserving both r and P. Conversely, two traceless symmetric 3 X 3 matrices
with the same values of tr(Q?) and det @ have the same characteristic polynomial and
therefore are conjugate by a matrix which, multiplying by —1 if necessary, we may
assume that lies in SO(3). Hence the SO(3)-orbits on S* are precisely the level sets of P.
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Let s(x) := r~3P(x) be the zero-homogeneous extension of P to R®\ {0}. Restricting

again to S*, Euler’s identity and (33) give
[Vgis]? = 9(1 — s%), Agis = —18s.

Thus the level sets M; of s # £1 form an isoparametric (and in particular CMC) family
in S*. Notice that s is a smooth function on S* and its only critical points are along the
focal submanifolds M, which consist each of a real Veronese surface RP? ¢ S*.

Since every symmetric matrix can be orthogonally diagonalized, every orbit meets
the two-dimensional linear subspace 7 := {z; = 29 = 23 = 0}. Permutations of the three

diagonal entries are realized by conjugation with signed permutation matrices in SO(3),
so a fundamental Weyl chamber is represented by the arc of S* N7 = S on which

x1 = cosf, Ty = sinb, OS@S%.
Then
s = cos®f — 3cosfsin?f = cos 36, sin3f = v1 —s2 > 0.
This arc meets every orbit exactly once and s decreases monotonically from 1 to —1

along it. In particular, the range of s on S*is [~1,1].
We seek an SO(3)-invariant 2-homogeneous potential

u(z) =r?f(s(x),  u(0)=0, (34)
where f is a real-valued function on [—1, 1], smooth up to the boundary (in fact in our
construction it will be real analytic).

6.2. Hessian and determinant reduction. We now turn to analyzing the special
Lagrangian equation

Imdet(Id +iD*u) =0  on R®\ {0} (35)
for the Ansatz (34). As D?u is 0-homogeneous, we may restrict to S*. Moreover, since
the SO(3)-action is orthogonal and preserves u, the eigenvalues of D?u are constant

along each orbit, thus it suffices to compute them at a point (cosé,sin6,0,0,0) with
0 € [0,7/3]. At this point, we will use the adapted orthonormal basis

e, = (cosf,sin6,0,0,0), ep = (—sinb, cosb,0,0,0)
er =(0,0,1,0,0), es = (0,0,0,1,0), es = (0,0,0,0,1)
and note that Vs = —3sin 360 ey, as one can compute directly. We also have
Vs=VP —3Pr oz,
D*s=D’P-3(r®VP+VP®x)—3sld+ 15sz®x

on S*; using the explicit expression (32), we get

6cos30 —6sin36 0 0 0

—6sin360 —6cos 360 0 0 0

D?P = 0 0 3(cosf + /3 sin0) 0 0
0 0 0 3(cos @ — v/3sinh) 0

0 0 0 0 —6cos b
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Thus
0 3sin3¢ 0 0 0
3sin30 —9cos30 0 0 O
D?s = 0 0 w0 0|, (36)
0 0 0 s O
0 0 0 0 pus

where we have introduced
1 = 3(cos 0 +V3sinh —s), g :=3(cosf —V3sinh —s), g :=—3(2cosh + s).

Although we will not use this, we remark that diag(uy, g, pt3) = D?s|ra, = — A, - Vs =
—|Vs| diag(k1, k2, k3), where ky = cot(6 — ¢7/3), £ = 1,2, 3 are the principal curvatures
of M. Differentiating u = r?(f o s) and substituting into (36) gives
D*u=2fld +2f (2 ®Vs+Vs®zx)+ f'Vs® Vs + f' D*s

L of —3f"sin 30 | , , ,

- (_3f/ sin 36 2f 4 9(1 _ 82)f// . 9Sf,) D dlag@f + f K1, 2f + f M2, 2f + f /1’3)

Next we compute det(Id + iD?u); for that, it is useful to first obtain the elementary
symmetric functions of py, ps, pi3, which turn out to be polynomials in s:

3
Z,uj = —9s, Z,uk,uj = —27(1 — %), papiopts = 27s(1 — s%).
j=1

k<j
Introducing K := 1+ 2if, the determinant of the first 2 x 2 block of Id + iD?u is
K? 4+ (=3f'sin360)* + 9iK ((1 — s°) f" — sf'),
whereas the determinant of the 3 x 3 block along the directions tangent to M, is
3
To= (K +if' ) = K2+ K5y g — K2 g —i(f) upiaps
Jj=1 J Jj<k
= K>+ 2TK(f")*(1 — s*) — 9i(K*f's + 3(f")%s(1 — s%)).

Therefore, using sin®(30) = 1 — s2, we see that det(Id +iD?u) is a polynomial in s, f, f’
and f”:

det(Id 4 iD*u) = T [K* + 9(f")*(1 — *) + 9iK (1 — s°) /" — sf')] - (37)

Next we will proceed to impose (35), and isolate f”. With this in mind, we introduce
the following polynomial expressions on s, f and f”:

D:=Re(KT), N:=Im((K*+9(1-s*)(f)*)T), (38)
so that the imaginary part of (37) is
Imdet(Id + iD*u) = N +9((1 — s*) f” — sf') D. (39)
Thus wherever D # 0 and |s| < 1, the special Lagrangian equation (35) yields
s 9sf'—N/D

91— 52) (40)
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Explicit formulas for D(s, f,y) and N (s, f,y), where we are substituting y = f’, are
recorded in Section A. Note, in particular, that these are polynomials with integer
coefficients.

6.3. Local existence and uniqueness near s = 1. Now we verify that the ODE
(40) admits a unique solution in the analytic class locally around s = 1, for suitable
boundary data A = f(1) and B = f’(1). This local existence and uniqueness will be the
starting point for the shooting procedure which we will subsequently use to obtain a
global solution.

Since the denominator of (40) vanishes at s = 1, we must at least impose that the
numerator vanishes there too, or equivalently, that (39) is zero for s = 1, to avoid
singular behavior at this endpoint. At s = 1, we can compute explicitly K =1+ 2iA
and T = (1 + 2iA)*(1 + 2iA — 9iB), which in turn implies that (37) simplifies to

det(Id +iD*u) = (14 2iA)*(1 + 2iA — 9iB)?. (41)

Requiring this quantity to be real is in turn implied by the argument condition arg(KT)+
arg(l + 2iA — 9iB) = 0, which amounts to

3arctan(2A4) 4+ 2arctan(2A — 9B) = 0. (42)

Below we fix an interval [A_, A,] C (=v/3/2,v/3/2) (see (51)-(53)), in which we will
proceed to obtain existence of an analytic solution. In such an interval, (42) can be
solved analytically by

24+ tan (3 arctan(2A4))
= 5 ,

B = B(A) : (43)

We next verify that
D(1,A,B(A)) >0, (44)
which will ensure that the reduced equation for f” in (40) does not have further
poles at (1, A, B(A)). By the expressions for K and T found above, we have KT =
(1+2iA)3(1 + 2iA — 9iB). Thanks to (42) and |24| < v/3, the argument modulo 277
of KT is therefore

3
3arctan(2A) + arctan(24 — 9B) = 5 arctan(2A) € (—g, g) )
so (44) is indeed true.
Next, let us rewrite the ODE in the form of a Briot-Bouquet type system. Set
y(s) = f'(s), t =1 — s and use a dot for differentiation with respect to t. Equation (40)
then becomes the system

tf(l—t) = —ty,  ty(l—1) =G(t f(1 =1),y(1 - 1)), (45)

e (1—t.1.5) =91~ )yD( ~ 1. /.)
N 1—t, , Y -9 1_tyD 1_t7 Y
t, f(1—1 1—-1)):=

We will henceforth simply write (¢, f,y), suppressing the implicit fact that we are
evaluating (f,y) at 1 —t. At (¢, f,y) = (0, A, B(A)), (42) guarantees that the numerator
in (46) vanishes and the denominator does not by (44), so G = 0. To compute its

. (46)
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linearization, observe that at ¢ = 0, the identity (37) simplifies to (41), so by (39) the
numerator of G becomes

N(1, f,y) = 9yD(1, f,y) = Im [(1 + 2 f)*(1 + 2i f — 9iy)?] . (47)
Differentiating with respect to y and using that (47) vanishes at (¢, f,y) = (0, A, B(A)),
together with (38), gives

—18Re [(1 + 2iA)3(1 + 2iA — 9iB(A))]
%G(0, 4, B(4)) = 9(2 = 0)D(1, A, B(A))
___ I8ReKT
18D(1, A, B(A)) '

Note that we do not specifically require the right-hand side of (48) to be —1; any value
(which is allowed to depend on A) that yields a suitable bound on M, in Subsection 6.4.1
would suffice. This particularly clean value is merely a consequence of the symmetry of
our ansatz.

Writing Z = (f,y) and (¢, Z) = (—ty,G(t, f,y)), the Jacobian J4 := Dz®(0, A, B(A))

18

(48)

I = ( 0 0 ) .
A7 \056(0,4,B(4)) ~1)°
in particular, its eigenvalues are 0 and —1.
Our key local analytic existence result near ¢t = 0 is the following.

Lemma 6.1 (Local analytic existence). Let I € (—v/3/2,v/3/2) be a compact interval.
Then there ezists € > 0 such that for every A € I, the ODE (45) has a unique real-
analytic solution over t € [0,¢| satisfying

(f:9)le=0 = (A, B(A)).
Moreover, the solution and all of its Taylor coefficients depend real-analytically on A.
Proof. We seek a solution Z(t) = (f(t),y(t)) = (A, B(A)) + W (t) that is a perturbation
of our initial condition, where W will be determined via an analytic fixed point argument.
By (44), the map & is real analytic in a neighborhood of {(0, 4, B(A)) : A € I'}. The
system (45) turns into the following ODE for W
tW — JAW = Wy (t, W), (49)

where W4 (t, W) := &(t, (A, B(A)) + W) — J,W, with the initial conditions W 4(0,0) =0
and Dy W 4(0,0) = 0.

For p > 0, let X, be the Banach space of vector-valued power series W (t) = 3, Wjt*
defined over the t-interval [0, p], equipped with norm

Wl = [Walp".
k>1

On series ), H,t* with zero constant term, the linear operator LoW := tW — J4W
has the formal inverse

L3 (Z Hktk> = (kld — J4) " Hyt",

k>1 k>1
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which is well-defined because no positive integer is an eigenvalue of J4. Since
0¢G(0, A, B(A)) is uniformly bounded on I, we have

M := supsup ‘(k’Id — JA)_1| < 00
A€l k>1
in any matrix norm. Thus ||£;'||x,—x, < M, uniformly in A.
After complexifying the analytic functions, Cauchy estimates and the initial conditions
on W, give a constant C, independent of A € I, such that for W, W in a sufficiently
small ball within X,

Al W), < Clo+ V7).
CaC-, W) = T W), < Co+ W, + W) W = W,
Setting R = 2MCp and choosing p small enough, we deduce that the map
W LW 4(-, W)

maps the closed radius R ball of X, into itself and is a contraction there, uniformly for
A € I. Its unique fixed point is a convergent power series solving (49). Noting that
everything is real-valued (the complexification was merely for the above estimates), this
gives the claimed real-analytic solution on ¢ € [0, €], equivalently, s € [1 — ¢, 1], with
taken to be the upper threshold on p obtained above.

The same contraction works after complexifying the initial data A in small balls.
Picard iteration therefore shows that the fixed point is a holomorphic function in A;
equivalently, comparison of coefficients gives

(KId — J))Wy, = Re(Wi, ... . Wi_s A),  k>1,

and determines each coefficient W}, recursively from the preceding ones with real-analytic
dependence. Any other real-analytic solution with the same initial value belongs to
the contraction ball after decreasing p, and hence coincides with this fixed point. This
proves uniqueness and real-analytic parameter dependence. O

Remark 6.2. For future reference, if we write the local expansions

yt) =B+ bit*,  fH)=A-> bk—kltk : (50)

k>1 k>1

near (t, f,y) = (0, A, B(A)), then the order k coefficient equation has the form (k +
1)by, = Rg(bo,...,bx—1; A). This will be used shortly to find local Taylor polynomial
approximations for (f,y) near the endpoint ¢ = 0, which will be the starting point for
the shooting argument.

6.4. Global solution on [0, 1] and endpoint signs. We now explain the computer-
assisted argument to extend the local existence of Lemma 6.1 to global existence on
the s parameter interval [0, 1] and control the sign of f4,(0). The narrow initial data
interval [A_, A,] = [Ag — 1072%, Ay + 107%6] below was chosen a posteriori to obtain a
high-precision numerical approximation Ay of a zero of the shooting map A +— f4(0).
We will prove that an analytic solution exists for A € [A_, Ay] and s € [0, 1], with
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opposite signs at s = 0 when A = A, , but any initial data interval with these properties
would suffice for the global existence argument.
Define the parameters

A_ :=0.66922990609204402834133930, (51)
Ap = 0.66922990609204402834133931, (52)
Ay = 0.66922990609204402834133932. (53)

Proposition 6.3 (Global existence). For every A € [A_, Ay], the local analytic solution
from Lemma 6.1 extends uniquely to 0 < t < 1, and the solutions associated to the
endpoints satisfy

fa_(0) € [7.27084429, 7.27084453] x 107", (54)
fa,(0) € [—1.04396392, —1.04396389] x 1072, (55)

In particular, the two values have opposite signs.

The proof of Proposition 6.3 is computer-assisted, using interval arithmetic from the
Python libraries FLINT and Arb. We first describe the logic of the argument and prove
the proposition assuming that certain parameters, which we fix a priori, and certain
quantities, which depend on them, satisfy a list of constraints. The precise values of the
prescribed parameters are provided in a table in Subsection 6.4.3 below. Enclosures for
the remaining quantities are computed by the validating program, which also checks
that all constraints are satisfied. We exhibit below upper bounds for some of the most
important quantities for illustration.

Recalling that we are working with the system (45), we make the following separate
claims: the ODE is well-posed in ¢ € [0,1] for A € [A_, A;], and for A = A, its
solution at ¢ = 1 has sign F. In order to verify these claims, it is useful to treat
them simultaneously and get the best possible enclosures for (f4,y4) uniformly in

Ae[A.— A, A, + A,] in the three cases
(4,0)

(A, A,) = { (A4,0) (56)

(A_+A+ A+—A_>

2 0 2 ’

that is, treating the parameter A as an interval. Showing good enough enclosures for

(fa,ya) in successive time subintervals will, in turn, show that the solution continues to

exist for further times, and ultimately conclude that for all A € [A_, A,] it extends to
t = 1, together with the desired sign condition.

Due to the singular nature of the ODE, as in the analytic proof from above, we split
the interval [0, 1] into [0, ho] and [ho, 1] but this time for a chosen macroscopic parameter
hg. In the first interval, we propose a polynomial approximate solution to the ODE
constructed by solving recursively for the coefficients (50), and show by a fixed-point
argument that the actual solution lies in a controlled C%-neighborhood of it. On [hy, 1],
we similarly construct polynomial ansatze in small subdivisions of the time interval, and
propagate the deviation from the approximate solution by a Gronwall argument.
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6.4.1. Validation of the singular ODE on [0, hg]. We begin by computing with exact
rational arithmetic (i.e. with error zero) the polynomials pf(t), p,(t) € Q[t] which are the
truncations (resp. to a fixed degree dy+ 1 and dp) of the analytic solution constructed in

Lemma 6.1 with initial data (A., B.), where B, is a very precise rational approximation
of B(A.). Thus they satisfy

pf<0) = A07 py(()) = B. pf = —Dy,

and their coefficients are calculated recursively as explained in Remark 6.2. The precise
details of the construction of this approximate solution has no bearing on the proof; the
only property of (pf, p,) that we use is its initial condition and the fact it solves (45)
approximately, in the sense that the error

Ro(t) := tpy(t) = G(t, ps(t), py(t)) (57)

has a sufficiently small C° norm. Practically, the bound py := || Ro||co(o,ne)) can be
computed from an enclosure of R([0, ho]). In our case, Ry can be written as the quotient
of two polynomials: the denominator is comfortably far from zero, and the numerator
has all coefficients of degree < dy vanishing (up to a numerical error) by construction.
Thanks to this we get the tiny bound (60) for p.

We proceed to set up a fixed point method to compare the exact local solution of (45)
to these polynomial approximations. For |A — A.| < A,, seek a solution (f,y) of the
form

f=pr+u, Yy=0py+v, u(t)zA—Ac—/tU(T)dT. (58)
Then, thanks to (57), the equation for y is equivalent to v beir(ig a fixed point of the
mapping F : By C C°([0, ho)) — C°([0, ho|) given by
t
Fot)i= 1 [ 10070 + 0. (0, + 0)(7)) = Gy (7). (1) +2(7) = Ro()] .
with u determined by (58); note that F'v indeed extends continuously to ¢t = 0 as
Fu(0) = G(0, A,p, (0) + v(0)) + v(0). (59)

We have restricted F to a ball of fixed radius V in order to guarantee that G
is well-behaved on its input. More precisely, first notice that ||v||co < V' implies
|ul|jco < U = A, + hoV. We define

My = sup {|0;G(t, ps(t) + u,py(t) + v)| : (t,u,v) € [0, ho] x [-U, U] x [-V,V]}
and
M, = sup{layg(t,pf(t) +u, py (1) +v) + 1| : (t,u,v) € [0, ho] x [-U, U] x [—V,_]}

and compute enclosures for both (recorded below in (60)) by splitting this box into
a prescribed number Ny equal-length pieces along the t-direction and evaluating on
these boxes. In particular, G is Lipschitz on this box, and thus F' is well-defined.
In addition, a direct computation shows that F' is Lipschitz in By with constant
Lip(F) < q := hoM; + M, and the value of ¢ < 1 is also stated below in (61).
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Next we seek a fixed point in By € C°([0, hg]) for V < V as small as possible. For
v =0 we have u = A — A, and thus ||[F(0)||coqo,n) < MsA, + po, hence

I1F ()|l coqo.ne) < I[F(0)llcoqo,ne) + LiD(E) [|v]lcoqone < MpAr +po+qV =V

provided that we set V' := %’";po and this number is smaller than V; this is clear from

the bounds obtained in (62) below. The fixed point theorem now yields v € C°([0, ko))
with norm at most V' such that for the corresponding u, the pair (f,y) = (py +u, p, +v)
solves (45) with f|i—o = A and, by (59), G(0, A, y|t=0) = 0. Moreover, the only solution
Y|i=o to this equation in the V-neighborhood of B, is y|;—o = B(A).

By uniqueness of the fixed point (possibly in a shorter interval), this solution agrees
with the analytic solution constructed in Lemma 6.1. Thus, the conclusion of this stage
is that for all A such that |A— A.| < A,, the solution from Lemma 6.1 exists until ¢ = hy
and satisfies | f(ho) — fi] < Ry and |y(ho) — y1| < R, where (f1,y1) = (ps(ho), py(ho))
and Ry = max{A, + hoV,V}.

Here we record the bounds for py, My and M, produced by the validator, and the
corresponding bound for ¢, for the run on [A_, A.], since this gives the crudest bounds
among the three cases (56).

po < 5.61 x 1074, M < 4.3749, M, < 0.1477, (60)

Lip(F) < ¢ <0.1915 < 1. (61)
The bounds for V are as follows:

V < 6.93x107* for the endpoint runs, V < 5.42x107% for the interval run. (62)

6.4.2. Validation of the reqgular ODE on [ho, 1]. Next we explain how one carries out
simultaneously the verification that z(t) = (f(¢), y(t))-the solution with initial condition
A€ [A. — A, A. + A ]-extends to the t-interval [hg, 1], and the propagation of the
enclosures for z up to ¢t = 1. We divide [ho, 1] into subintervals [t;,¢;;1] of variable length

hi = tiJrl — tl = mm{tl/4,ﬁ, 1-— tz}, tl = ho s
for a prescribed h. In each subinterval, we seek a solution z of the ODE system

A =V AD), Vi fy) = (—y, M) L tefntd, (63)
with initial conditions z(t;) = (f(¢;),y(t;)) satisfying the validated bounds |f(¢;) — fi| <
R;, ly(t;)—vi| < R;. Asin the initial step, we find polynomials p = (py, p,) corresponding
to the truncation to degrees (dy + 1, d;) of the power series solution of (63) around ¢;
with initial conditions p(t;) = (fi,y;). Analogously to the initial step, these solve (63)
up to an error

Ri(t) = 5y (1) — T2

which we estimate by lower-bounding the denominator that appears, and upper-bounding
the numerator, which is a polynomial with minuscule terms of degree at most d;.

Pi = ‘|R1HCO([ti7ti+1])7
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Fix a coarse radius R and suppose that R > R,. As in the initial step, we can compute
an enclosure for

L; := max {|D.V(t,ps(t) + u, py(t) + v)| : (t,u,v) € [t;, ti1] x [-R, R]*},

(where the matrix norm is > — ¢*°) by further splitting this box in the ¢-coordinate
into IV; equal-length pieces and using interval arithmetic.
Let w(t) := |2(t) — p(t)| using the > norm on R?  and estimate

@) < [2) = p)] = V(E 2(8)) = V(E,p())| + pi < Liw(t) + pi
as long as w(t) < R. For such ¢, Grénwall’s inequality gives
d

E(B—Li(t—lﬁi)w) _ e_Li(t_ti)(w _ Liw) < e_Li(t_ti)pi < pi,

and a first exit time argument shows that w(t) < eXhi(R; + p;h;) =: Ry for t € [t;, t;1]
provided that R;;; < R, which we also verify. This is the starting point for the next
subinterval, with (fii1,¥i11) = p(tiv1)-

Since hundreds of parameters are used in the justification of this step, we will not
print them here, and just mention that the validator checks that the solution exists
for all t <1 for every A € [A_, A, ], and that the propagated bounds obtained by this
analysis yield (54) and (55). See the Git repository [BOS26] for the complete collection
of source and output files.

6.4.3. Technical parameters. The table below lists the fixed technical parameters used
in the validation and mentioned in the text above.

ho end of initial interval 0.01

dy degree of p, on the initial interval 40

V' coarse bound on the initial interval ~ 10712

Ny subdivisions on initial interval 64

h  maximum subsequence step size 0.01

dy degree of p, on subsequent steps 30

R coarse bound on subsequent steps 1010

N; subdivisions on each subsequent step 16
number of subsequent steps 103 per run, 309 total
working precision 512 bits

We refer the reader to the files stored in the Git repository [BOS26] for more details.

6.5. Shooting and odd extension. The next step towards completing the proof of
Theorem 1.4 involves performing an odd reflection across the endpoint s = 0 in order to
obtain a solution on the entire s-interval [—1,1]. Let us begin by deducing from the
previous facts the existence of a real-analytic solution shooting to zero. We henceforth
return to our original variable s, since we no longer require the reparameterization via ¢.

Lemma 6.4. There exists a real number A € (A_, A}) such that the associated real
analytic solution f3 satisfies fz(0) = 0.
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Proof. By Lemma 6.1, given the interval I = [A_, A,], there exists ¢ > 0 such that
A (fa(l—e¢), f4(1 —¢)) is continuous in I. Then by Proposition 6.3, the solutions to
each of the regular initial value problems

95]?1/4 - N(&fA?fA)/D(Squvﬁ/ﬁl)

Fits) = o
Fall=e) = fall —e),
Fal=e) = a1 —e)

admit unique solutions on [0, 1—¢], and thus their endpoint values depend continuously on
their initial data, which in turn is a continuous function of A. By uniqueness of solutions,
this is the unique solution extending f4 on [0, 1], and in particular A — ®(A) := f4(0)
is continuous. The conclusion now follows by (54) and (55). O

We now use the solution f = f; given by Lemma 6.4 to obtain a solution on [—1,1].
Observe that the system (s, f, f') is invariant under the reflection map

(Svfaf/)'—>(_57_f7f/)'

Indeed, K and T are conjugated, D is unchanged, and N changes sign. Thus, we may
define f(s) = —f(—s) for s € [~1,0], which satisfies f(0) = £(0) = 0 and f'(0) = f'(0).
Since the ODE is nonsingular at s = 0 and D > 0 throughout, uniqueness gives the
real-analytic odd extension

6.6. Conclusion of the proof. Now that we have obtained a solution of (40) on [—1, 1]
which in turn yields a real-analytic solution u of (35) away from the origin, we are in a
position to conclude the proof of Theorem 1.4.

Proof of Theorem 1.4. First notice that det(Id 4+ iD?*u) never vanishes, because the
matrix Id + ¢D?u is always invertible, as (Id — iD?*u)(Id + iD*u) = Id + (D?u)?
positive-definite. By (35), the argument of det(Id + iD?u) takes values in 7Z, hence
it is constant by continuity. Thus our argument condition (42) implies that it is zero,
namely

5
F5(D*u) =) arctan \;(D’u) =0  on R®\ {0}. (64)
j=1
Since the Hessian of v is 0-homogeneous, it is in particular bounded, hence u € Ct!,
but it is not even twice differentiable at the origin: if it were so, being 2-homogeneous it
would agree with its quadratic Taylor polynomial, but u being odd (because f and P
are so) and nonzero (because f(1) = A> 0) it cannot be a quadratic form.
Equation (64) holds almost everywhere. The operator Fj is continuous and nonde-
creasing (cf. Section 3.4), so Lemma 4.1 implies that u is a global viscosity solution. [J
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APPENDIX A. EXPLICIT FORMULAE FOR D AND N

The functions in (38) have the following explicit polynomial expressions.

and

D =16f* — 72f3sy + 108 f2s*y* — 108 f%y* — 24>
— 54 fs3y> + bdfsy® + bdfsy — 27s%y* + 27y? + 1,

N = 32f° — 144 f*sy + 288 f3s%y* — 288 f3y* — 80 f3

— 43212533 + 43225y 4 216 f%sy
+ 486 f sty — 972 fs%y* — 216 fs%y? + 486 fy* + 216 fy* + 10f
— 2435°y° + 48653y + 108s3y® — 243sy® — 108sy® — 9sy.

These identities have been obtained by expanding (38), with the aid of SymPy.
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