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ABSTRACT. We give a short proof of global regularity for the critical dissipative SQG equation in
two dimensions. The argument is based on a pointwise representation of the Leibniz commutator
for the half-Laplacian, recently obtained by the author with Luca Gennaioli, which simplifies
and unifies the nonlinear estimates used in previous maximum principle proofs.

1. INTRODUCTION

In this work, we give a short proof of global regularity for the critical dissipative surface
quasi-geostrophic (SQG) equation

0l +u-VO+ A0 =0,

u = RJ‘Q = (—RQQ, Rle), (1.1)
6(-,0) = by,
on the two-dimensional periodic domain T? = [—n,7]?. Here A = (—A)'/2 and Ry, Ry are the

Riesz transforms, with the convention R; = OjA_l on nonzero Fourier modes and R; = 0 on
the zero mode, so that R;A = 0;.

The surface quasi-geostrophic (SQG) equation was introduced in [CMT94] and, to date, its
regularity theory has been developed through several methods. Global regularity for arbitrary
smooth initial data was proved independently in [KNVO07] by a very elegant argument involving
a preserved modulus of continuity, and in [CV10] through a De Giorgi type iteration. The result
in [CV10] was also re-proved using elementary techniques [KN09]. Later, global regularity was
also recovered by nonlinear methods. Our proof is closer to the nonlinear maximum principle
approach [CV12] and follows, more specifically, the finite difference strategy of [CTV15], where
one first propagates a small Hélder exponent by studying finite differences and then uses this
estimate to control the gradient.

The novelty of our argument is that the nonlinear estimates required for the maximum
principle proof are derived from the same pointwise Leibniz formula recently proved by the
author with Luca Gennaioli in [CG26], which is, in turn, based on the Caffarelli-Silvestre
extension [CS07]. This observation replaces the separate ad hoc singular kernel decompositions
used in earlier proofs and leads to a particularly short proof of global regularity. Precisely, we
give a new proof of the following classical theorem.

Theorem 1.1. For every 0y € C*(T?), (1.1) has a unique solution § € C*(T? x [0,00)), and

sup V@)oo < C (1100l Loe, Vo] )-
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1.1. Main idea and proof outline. Let P, = e~* be the Poisson semigroup on T2 and let
F(z,z) = P,f(x) be the Caffarelli-Silvestre extension of f, which is the harmonic extension
to T? x [0,+00) in this case. Here we identify the periodic domain T? with the closed
Riemannian manifold endowed with its standard flat metric. Under this identification, the
fractional Laplacian obtained by periodizing the fractional Laplacian on R? coincides with the
spectral fractional Laplacian on T?; see [RS16]. Then, by [CG26, Theorem 1.2] the Leibniz
commutator

Dlf)i= 1A~ S AIfP? (12)
can be written as

I[f](x) = /0 T P(VFC o)) (@) da, (1.3)

where V = (Vz,0;). The commutator I'[f] and its nonnegative singular integral representation
are very classical; the new ingredient from [CG26] is the exact extension representation (1.3).
Expressing the Leibniz commutator in this way easily yields two key consequences: for every
R,z>0

|f(z) = Poarf ()|
4R ’

The first estimate provides the (pointwise) nonlinear coercivity of the dissipation, while the
second one controls the high-frequency part of the Riesz transform. With these estimates, we
recover both the finite difference and gradient estimates needed for the argument (see Corollary
2.2).

In [CTV15], see also [CZV16], these types of estimates are obtained from the singular-integral
representations of A and the Riesz transforms by splitting the kernels at a suitable scale. Here
these kernel computations are replaced by the exact extension identity above. Thus both the
coercivity of the dissipation and the control of the drift follow from (1.3).

From here, the proof of Theorem 1.1 is then quite straightforward. For h € R?, we consider
the normalized finite differences

Lf](z) >

and  [R(f = P.f)(@)| S VTG, (14)

O(xz + h,t) —0(x,t)
|| ’

v(z, h,t) =

so that a uniform bound on sup, j, [v] is equivalent to a bound on [f]ca. Computing the equation
for v? we see that it contains a “bad” term involving the velocity increment 7,u. Combining
the two consequences of the extension formula (1.4), and choosing a > 0 sufficiently small in
terms of ||fg|| o<, we absorb this term into the one involving I'[75,6] which has a sign. We obtain
a closed maximum principle for v2, which propagates the C* seminorm of the initial datum.

Lastly, we differentiate (1.1). The same extension estimates, now applied to V6, show that
the nonlinear dissipation dominates the stretching term whenever |V6)| is large. Then, a suitable
maximum principle argument yields a uniform Lipschitz bound, and a standard continuation
criterion in time concludes.

2. CONSEQUENCES OF THE LEIBNIZ COMMUTATOR FORMULA

The next lemma is the main consequence of the extension formula (1.3).

Lemma 2.1. Let f € O°(T?;R¥), F(x,z) = P,f(x) be its (componentwise) extension, and T'[f]
be the Leibniz commutator (1.2) summed over the components of f. Then, for every R,z > 0
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and every x € T2,

F[f](ac) > |f(x) _ZLP;{Rf(x)P? (2.1)

[R(f = Pf)(@)| £ VATLf](2). (2.2)

Proof. With a little abuse of notation, we drop the dependence on the point « € T2, which is
fixed throughout the proof. By the semigroup property

VF(2s) = P,VF(s).

Indeed, this is immediate for spatial derivatives, while for the vertical derivative
(0,F)(2s) = —AF(2s) = —P;AF(s) = Ps(0,F)(s).
Hence, Jensen’s inequality gives
IVE(2s)|? = |P,VE(s)? < Py([VF(s)]?).
Consequently, (1.3) and Cauchy—Schwarz in the vertical variable imply
M= [ P(RF@R) Gz [ FRER
0 0
R 2R 2
1 — F(2
> / |0, F(22)|* dz = / |05 F(s)|* ds > M,
0 2 Jo 4R

which proves (2.1).
For the Riesz part, using that R;A = 0; we can write

Ri(f —F(z)) = —R; /OZ OsF (s)ds = /OZ R;AF(s)ds = /OZ 0;F(s)ds.

Then, the same semigroup and Jensen estimate described above, now applied to horizontal
derivatives, yields

z z/2
R(f — F(2))]2 < z/o V()2 ds < 22/0 PV E(s)[?) ds < 2T,

which gives (2.2). O

For finite differences, we identify functions on T? with their 27-periodic extensions to R? and,
for h € R?, we write

ho(z) = 0(x + h) — 0(x).

The estimates collected in the following corollary are already contained, in essentially
equivalent form, in the nonlinear lower bounds in [CV12, Eq. (3.41) and Remark 3.5], [CTV15,
Eq. (4.16), (4.25), and (5.16)], and [CZV16, Lemmas 3.1 and 3.3]. Here we give a short unified
derivation from our pointwise identity (1.3).

Corollary 2.2. Let § € C*(T?) be non-constant. Letu = R0 and T be the Leibniz commutator
(1.2). Then, for h € R?\ {0},

- b

Llmpf](z) 2 Wa

(2.3)

|Thu(z)| < /20 [mb)(z) + HHHL;’M, Vz>0. (2.4)
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Moreover, if 0 < o < 1 then
Vo()
6

r[vo(z) = o S— (2.5)
[0 6"
|Vu(z)| Sa V20V (z) + [0]caz®t, Vz>0. (2.6)

Proof. By (2.1) applied to f = 7,0 we have
o [m0(z) — Por(mi0)(x)[”

Mlnfl(a) > o
Since P,(1,0) = 71, P,0, the estimate in (A.4) gives
0| oo |h
Por(mf) ()| < 1V Pontl] = < 1L,

Let A = |m30(x)|. If A = 0, there is nothing to prove. Otherwise, choose R = C||0||p~|h|/A,
where C' > 0 is a sufficiently large universal constant. Then |Pog(7,6)(z)| < A/2, and hence
A? A3
Lmf)(z) 2 = = o

R Cll0]|z ||
which is (2.3).

Next, we split

THU = 'R,J'(Th@ — PzThe) + ThRJ'PZQ.

The first term can be bounded by (2.2), while the second term is at most C|h|||VRP,0| e, so
the estimate in (A.4) proves (2.4).

For the gradient estimate we argue similarly. If g := |V60(z)| = 0 the lower bound is trivial.
Otherwise, we have [f]ca > 0 and by (A.5)

|ParVO(x)| < Culf]ca R

Choose R = (Cy[0)ce/g)"/ =), where C, > 0 is sufficiently large so that |P,rVe(z)| < g/2.
Then (2.1) proves (2.5). Finally,

Vu=R*VH =RV — P,V6) + VR P.0;
use (2.2) and (A.5) to obtain (2.6). O

3. PROOF OF THEOREM 1.1

3.1. The finite difference maximum principle. We now use the two estimates from
Corollary 2.2 to obtain a uniform Holder bound in time for 6. All estimates below are first
made on the maximal interval of existence of a smooth solution [0, Tinax), and the bounds are
independent of the endpoint Ti,.x. We study the finite difference

O(x,t
v(z, h,t) = Thwgﬁ), zeT? heR?\{0}.
Let a € (0,1) to be chosen later. By the maximum principle (see [CC04, Theorem 4.1])
sup ||0(t)|| = M = ||6o]| - (3.1)
t€[0,Tmax)

If 6y is constant there is nothing to prove, hence we assume M > 0 and [fp]ce > 0 throughout
the proof. Subtracting the equation at  + h and z yields

Ly(mh0) := (0 + u(z) - Vg + mpu(z) - Vi + Ay) 70 = 0.
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Since the weight || 2% is independent of = and t, we have

_ |h|2a (at|7_h9‘2+u Vom0 + Au|af] )—i—Thu' <W +Vh(’h2a)’7'h9|2>
= |2th}§§ (&:m@—i—u Vemht + Thu - vh7'h‘9) WQO‘A 2 O + mhu - Va(|h[72) |0
= |2]”Z—’];ZLh(Th9) - WQQCVF[TW] + 7 - Vi ([R]72) )

2
=~ e )+ 7 )P,

where we have used that Lj(7,0) = 0 in the last line.
By the elementary fact that, for A, B > 0,

1
inf (vAz+ B) =3 <AB)3 ;
2>0 z 4

optimizing the right-hand side of (2.4) gives

Do\»—A

mnu| S (T[rf]M]R])3.

Moreover, by (2.3) we also have
2
mh0* S (Clmm0] M |h)®.

Hence, we can estimate

2a 2 @ lp2 INEYY
|Thu Vh(|h| )HT 9| W . ( [The]M|h|)3 3 = COOéM |h‘20{ .
Choosing o = min {%0, m} gives
Lno? < ——2 Tlrpf] + ———T|mp] = ———T|r40] < 0
Y = b2 h b2 hY1 = || 20 h71 =%

For every T' < Tiax fixed, we apply Lemma A.1 on [0, 7] with
w =12, b = u, c = Tpu.
Indeed, smoothness gives

sup  v2(x, h,t) = O(|h|*72%) = 0 as h — 0,
z€T2,t€[0,T)

Thus v? extends continuously to h = 0 by setting v?(z,0,t) = 0. Moreover, (3.1) gives
2

M
sup  v3(z, h,t) < e — 0 as |h| — oo,
2€T2,t€[0,T] b2

Hence Lemma A.1 and letting T 1 Tax yield

sup  v*(x,h,t) < sup  v3(z,h,0), vVt e [0, Tax)-
2€T2 hcR2 z€T2,hcR?

Since 6 is 27-periodic, the quantity
0(x
o [2002)
zeT2 0 |N
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is the usual C*(T?) seminorm. Indeed, for any h € R?, one may replace h by a shortest
representative h — 2wk, k € Z?, without changing the increment and only decreasing the
denominator. Conversely, every pair of points in T? admits such a shortest representative,
so the two suprema agree. Hence

sup  [0(t)]ce < K := [fp]ce < 0.
t€[0,Timax)

3.2. From Hdélder control to a gradient bound. Differentiating the SQG equation, taking
the scalar product with V0, and using the definition of I' componentwise, gives

1
O +u-V+ N)|VO? = —0;u;0,00;0 — T[VO] < |Vu||VO]* —T[V0)]. (3.2)
By the elementary fact that, for A, B >0 and « € (0, 1),

B
inf <\/Az+ —

2>0 21

l1—«a 1
> = (A3 2 B32a
optimizing the right-hand side of (2.6) gives
V| o T[VO)35 K75,
Moreover, by (2.5) we also have
2(1—a) 2
|VO? <, T[Vh] 322 K32a,

Hence, by the last two estimates and Young’s inequality with exponents

_ 3 — 2« B 3 — 2«
p - 3(1 o 06)7 q - a 9
we have
9 31l—a) 3 1 3
[Vul[VO]" Sa VO] 3720 K3m2e < ST[VO] + Co ke

Using this estimate in (3.2) gives

1 1
5@+ u- V4 A)|VO]P < TV + CoKe.
We claim that the right-hand side is < 0 whenever

V6| > CK =,

where C' > 0 is a sufficiently large constant that depends only on «. Indeed, if this is the case,
by (2.5) again

3—2a
—a

V|1 3—2a
AL et = S TN <
Kra

[V

for C sufficiently large.
Thus there is a constant C, > 0 such that

Oy +u-V+A)VO2<0  wherever V| > CoKa. (3.3)

Now we can conclude by an application of the maximum principle. Define w := |V|?, fix
A > max {HVGOH%OO,C’O%KQ/O‘} and set ®(r) = (r — A)3. This is a convex function with ® > 0,
®(0) =0, and ®(w(+,0)) = 0 since A > w(-,0). Since &’ is supported in the region where (3.3)
holds, by (3.3) and the Cérdoba-Cérdoba inequality (see [CC03,CC04] or [CG26, Theorem 1.5])

(O +u-V+A)P(w) =2 (w)(0 +u-V+Aw— (¢ (w)Aw — A®(w)) < 0.
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Then, the maximum principle implies ®(w) = 0. Letting
AL wac {9603, C2K%/ |

gives

sup ||[VO(t)|| e < max{HVHOHLoo,C'aKl/“} < 0.
tG[O,Tmax)

Moreover, since K < diam(T?)'~¢||Vp||z~ and a has been chosen depending only on M =
|60l Lo, the uniform bound for ||Vé(t)| e depends only on |0z and ||[Vép]|ro-.

3.3. Conclusion. Let [0,Tihax) be the maximal interval of existence of the classical solution.
The preceding argument gives the uniform estimate

sup  [[VO(#)][zee < C(I[00]l Lo, [[Vollzo)-

tG[O,Tmax)

The continuation criterion for periodic critical SQG (see, for example, the few lines after [CTV 15,
Proposition 4.2]) therefore allows the solution to be continued past any finite Tjhax. Hence
Tiax = +00, and Theorem 1.1 follows.

APPENDIX A.

The following argument is classical and, for example, essentially contained at the end of the
proof of Theorem 4.3 in [CTV15]. In that work the periodicity of the increment is used to reduce
the displacement variable to a compact set. We record here the corresponding statement on R?,
with two limiting conditions to prevent a maximum from escaping through h =0 or |h| = occ.

Lemma A.1. Let T > 0 and
b,c:T? x (R*\ {0}) x [0,T] — R?
be continuous. Suppose that
w: T? x R? x [0,T] — [0, 00)
is continuous, and that on U := T? x (R?\ {0}) x (0,7 it is smooth. Assume

(O +b-Vat+c Vp+ A )w<0 in U, (A.1)
and that
lim sup  w(x,h,t) =0, lim sup  w(x,h,t) =0. (A.2)
|h|=0 2e12 tefo,1) |hl=00 2eT2 tef0,1]
Then
sup  w(x,h,t) <  sup w(z,h,0), 0<t<T. (A.3)
2E€T2, heR2 2E€T2, heR2
Proof. Let
My:= sup w(z,h,0).
z€T2, heR2

Suppose that (A.3) fails at some time Ty € (0,7, that is

sup  w(x,h,Ty) > My,
z€T?, heR?

and define w. := w — t. By (A.2), the maximum of w. on T? x R? x [0, Tp] is attained at a
point (2, ha, t), and for € sufficiently small its value is still larger than Mj; hence h, # 0 and
t, > 0. At this maximum point

Azwe >0, Vewe =0, Vywe =0, Oywe > 0,

where at t, = Tj the last inequality is understood as a left derivative.
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Putting together the preceding inequalities, we obtain
(Or+b- Va4 c: Vi + Ag)we(zy, hs, ) > 0.
On the other hand, (A.1) gives everywhere with A # 0 and ¢t > 0
(at+b-Vx+c'Vh+Ax)wE < —-e<0,
contradiction. 0
We shall also need the following standard Poisson kernel bounds.
Lemma A.2. Let f € C*(T?). For all z > 0 and o € (0,1) we have
IVP. Sl + [VRP. fllz < C27Y| ]l 1oe, (A4)
IVP.fllze + [[VRP.fl|lze < Caz® [ f)ca- (A.5)

Proof. The Euclidean Poisson kernel in dimension two is given by
1 z
2w (22 4 [y[2)R

and the periodic Poisson kernel on T? is its periodization

P.(y) = > p-(y+ 27k). (A.6)
keZ?

p=(y)

Just scaling of the Euclidean kernel and periodization gives, for m > 1,

IV Pyl L1ty Sm 27", (A.7)
LWy Sz 0<as<t. (A8)

Indeed, using (A.6) and that |y| < |y + 27k| for y € T? and k € Z?, the left-hand sides are
respectively bounded by

/!Vmpz(y)\dy and /Iylalv’"pz(y)!dy,
R2 R2

and the asserted bounds follow by scaling with the change of variables y = z£. Thus, (A.7) and
(A.8) imply
VTP, fllzee Sm 27" (| f Il e, (A.9)
IV P, fllLe Sma 2% " [flce. (A.10)
Taking m = 1 gives the required bounds for VP, f.
For the Riesz-transform terms, since R;A = 0; and R; vanishes on constants, we have

VRjPZf:—VRj/ GsPsdeZVRj/ APsfds:/ VO;P.f ds.

Therefore, using (A.9) with m = 2 gives

VRP.f e < [1flli~ / 52 ds = 2| |l

while (A.10) gives

IVRP S|l < [flce / 2 ds = Coz® [ f] e,

z

which completes the proof. O
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AT usage statement. The author used OpenAl’s GPT-5.6 Sol in developing and proofreading
this work. The author verified each step independently and rewrote it in the form presented
here. The author assumes full responsibility for the correctness of the work. Access to the model
was provided through OpenAl’'s ChatGPT for Academic Researchers program.
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