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Abstract. We give a short proof of global regularity for the critical dissipative SQG equation in
two dimensions. The argument is based on a pointwise representation of the Leibniz commutator
for the half-Laplacian, recently obtained by the author with Luca Gennaioli, which simplifies
and unifies the nonlinear estimates used in previous maximum principle proofs.

1. Introduction

In this work, we give a short proof of global regularity for the critical dissipative surface
quasi-geostrophic (SQG) equation

∂tθ + u · ∇θ + Λθ = 0,

u = R⊥θ = (−R2θ,R1θ),

θ(·, 0) = θ0,

(1.1)

on the two-dimensional periodic domain T2 = [−π, π]2. Here Λ = (−∆)1/2 and R1, R2 are the
Riesz transforms, with the convention Rj = ∂jΛ

−1 on nonzero Fourier modes and Rj = 0 on
the zero mode, so that RjΛ = ∂j .

The surface quasi-geostrophic (SQG) equation was introduced in [CMT94] and, to date, its
regularity theory has been developed through several methods. Global regularity for arbitrary
smooth initial data was proved independently in [KNV07] by a very elegant argument involving
a preserved modulus of continuity, and in [CV10] through a De Giorgi type iteration. The result
in [CV10] was also re-proved using elementary techniques [KN09]. Later, global regularity was
also recovered by nonlinear methods. Our proof is closer to the nonlinear maximum principle
approach [CV12] and follows, more specifically, the finite difference strategy of [CTV15], where
one first propagates a small Hölder exponent by studying finite differences and then uses this
estimate to control the gradient.

The novelty of our argument is that the nonlinear estimates required for the maximum
principle proof are derived from the same pointwise Leibniz formula recently proved by the
author with Luca Gennaioli in [CG26], which is, in turn, based on the Caffarelli–Silvestre
extension [CS07]. This observation replaces the separate ad hoc singular kernel decompositions
used in earlier proofs and leads to a particularly short proof of global regularity. Precisely, we
give a new proof of the following classical theorem.

Theorem 1.1. For every θ0 ∈ C∞(T2), (1.1) has a unique solution θ ∈ C∞(T2 × [0,∞)), and

sup
t≥0

∥∇θ(t)∥L∞ ≤ C
(
∥θ0∥L∞ , ∥∇θ0∥L∞

)
.
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1.1. Main idea and proof outline. Let Pz = e−zΛ be the Poisson semigroup on T2 and let
F (x, z) = Pzf(x) be the Caffarelli–Silvestre extension of f , which is the harmonic extension
to T2 × [0,+∞) in this case. Here we identify the periodic domain T2 with the closed
Riemannian manifold endowed with its standard flat metric. Under this identification, the
fractional Laplacian obtained by periodizing the fractional Laplacian on R2 coincides with the
spectral fractional Laplacian on T2; see [RS16]. Then, by [CG26, Theorem 1.2] the Leibniz
commutator

Γ[f ] := f · Λf − 1

2
Λ|f |2 (1.2)

can be written as

Γ[f ](x) =

∫ ∞

0
Pz

(
|∇̃F (·, z)|2

)
(x) dz, (1.3)

where ∇̃ = (∇x, ∂z). The commutator Γ[f ] and its nonnegative singular integral representation
are very classical; the new ingredient from [CG26] is the exact extension representation (1.3).
Expressing the Leibniz commutator in this way easily yields two key consequences: for every
R, z > 0

Γ[f ](x) ≥ |f(x)− P2Rf(x)|2

4R
, and |R(f − Pzf)(x)| ≲

√
zΓ[f ](x). (1.4)

The first estimate provides the (pointwise) nonlinear coercivity of the dissipation, while the
second one controls the high-frequency part of the Riesz transform. With these estimates, we
recover both the finite difference and gradient estimates needed for the argument (see Corollary
2.2).

In [CTV15], see also [CZV16], these types of estimates are obtained from the singular-integral
representations of Λ and the Riesz transforms by splitting the kernels at a suitable scale. Here
these kernel computations are replaced by the exact extension identity above. Thus both the
coercivity of the dissipation and the control of the drift follow from (1.3).

From here, the proof of Theorem 1.1 is then quite straightforward. For h ∈ R2, we consider
the normalized finite differences

v(x, h, t) :=
θ(x+ h, t)− θ(x, t)

|h|α
,

so that a uniform bound on supx,h |v| is equivalent to a bound on [θ]Cα . Computing the equation

for v2 we see that it contains a “bad” term involving the velocity increment τhu. Combining
the two consequences of the extension formula (1.4), and choosing α > 0 sufficiently small in
terms of ∥θ0∥L∞ , we absorb this term into the one involving Γ[τhθ] which has a sign. We obtain
a closed maximum principle for v2, which propagates the Cα seminorm of the initial datum.

Lastly, we differentiate (1.1). The same extension estimates, now applied to ∇θ, show that
the nonlinear dissipation dominates the stretching term whenever |∇θ| is large. Then, a suitable
maximum principle argument yields a uniform Lipschitz bound, and a standard continuation
criterion in time concludes.

2. Consequences of the Leibniz commutator formula

The next lemma is the main consequence of the extension formula (1.3).

Lemma 2.1. Let f ∈ C∞(T2;Rk), F (x, z) = Pzf(x) be its (componentwise) extension, and Γ[f ]
be the Leibniz commutator (1.2) summed over the components of f . Then, for every R, z > 0
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and every x ∈ T2,

Γ[f ](x) ≥ |f(x)− P2Rf(x)|2

4R
, (2.1)∣∣R(f − Pzf)(x)

∣∣ ≲ √
zΓ[f ](x). (2.2)

Proof. With a little abuse of notation, we drop the dependence on the point x ∈ T2, which is
fixed throughout the proof. By the semigroup property

∇̃F (2s) = Ps∇̃F (s).

Indeed, this is immediate for spatial derivatives, while for the vertical derivative

(∂zF )(2s) = −ΛF (2s) = −PsΛF (s) = Ps(∂zF )(s).

Hence, Jensen’s inequality gives

|∇̃F (2s)|2 = |Ps∇̃F (s)|2 ≤ Ps

(
|∇̃F (s)|2

)
.

Consequently, (1.3) and Cauchy–Schwarz in the vertical variable imply

Γ[f ] =

∫ ∞

0
Pz

(
|∇̃F (z)|2

)
dz ≥

∫ ∞

0
|∇̃F (2z)|2 dz

≥
∫ R

0
|∂zF (2z)|2 dz =

1

2

∫ 2R

0
|∂sF (s)|2 ds ≥ |f − F (2R)|2

4R
,

which proves (2.1).
For the Riesz part, using that RjΛ = ∂j we can write

Rj(f − F (z)) = −Rj

∫ z

0
∂sF (s) ds =

∫ z

0
RjΛF (s) ds =

∫ z

0
∂jF (s) ds.

Then, the same semigroup and Jensen estimate described above, now applied to horizontal
derivatives, yields

|R(f − F (z))|2 ≤ z

∫ z

0
|∇F (s)|2 ds ≤ 2z

∫ z/2

0
Ps

(
|∇F (s)|2

)
ds ≤ 2zΓ[f ],

which gives (2.2). □

For finite differences, we identify functions on T2 with their 2π-periodic extensions to R2 and,
for h ∈ R2, we write

τhθ(x) = θ(x+ h)− θ(x).

The estimates collected in the following corollary are already contained, in essentially
equivalent form, in the nonlinear lower bounds in [CV12, Eq. (3.41) and Remark 3.5], [CTV15,
Eq. (4.16), (4.25), and (5.16)], and [CZV16, Lemmas 3.1 and 3.3]. Here we give a short unified
derivation from our pointwise identity (1.3).

Corollary 2.2. Let θ ∈ C∞(T2) be non-constant. Let u = R⊥θ and Γ be the Leibniz commutator
(1.2). Then, for h ∈ R2 \ {0},

Γ[τhθ](x) ≳
|τhθ(x)|3

∥θ∥L∞ |h|
, (2.3)

|τhu(x)| ≲
√

zΓ[τhθ](x) +
∥θ∥L∞ |h|

z
, ∀ z > 0. (2.4)
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Moreover, if 0 < α < 1 then

Γ[∇θ](x) ≳α
|∇θ(x)|2+

1
1−α

[θ]
1

1−α

Cα

, (2.5)

|∇u(x)| ≲α

√
zΓ[∇θ](x) + [θ]Cαzα−1, ∀ z > 0. (2.6)

Proof. By (2.1) applied to f = τhθ we have

Γ[τhθ](x) ≥
|τhθ(x)− P2R(τhθ)(x)|2

4R
.

Since Pz(τhθ) = τhPzθ, the estimate in (A.4) gives

|P2R(τhθ)(x)| ≲ |h|∥∇P2Rθ∥L∞ ≲
∥θ∥L∞ |h|

R
.

Let A = |τhθ(x)|. If A = 0, there is nothing to prove. Otherwise, choose R = C∥θ∥L∞ |h|/A,
where C > 0 is a sufficiently large universal constant. Then |P2R(τhθ)(x)| ≤ A/2, and hence

Γ[τhθ](x) ≳
A2

R
=

A3

C∥θ∥L∞ |h|
,

which is (2.3).
Next, we split

τhu = R⊥(τhθ − Pzτhθ) + τhR⊥Pzθ.

The first term can be bounded by (2.2), while the second term is at most C|h|∥∇RPzθ∥L∞ , so
the estimate in (A.4) proves (2.4).

For the gradient estimate we argue similarly. If g := |∇θ(x)| = 0 the lower bound is trivial.
Otherwise, we have [θ]Cα > 0 and by (A.5)

|P2R∇θ(x)| ≤ Cα[θ]CαRα−1.

Choose R = (Cα[θ]Cα/g)1/(1−α), where Cα > 0 is sufficiently large so that |P2R∇θ(x)| ≤ g/2.
Then (2.1) proves (2.5). Finally,

∇u = R⊥∇θ = R⊥(∇θ − Pz∇θ) +∇R⊥Pzθ;

use (2.2) and (A.5) to obtain (2.6). □

3. Proof of Theorem 1.1

3.1. The finite difference maximum principle. We now use the two estimates from
Corollary 2.2 to obtain a uniform Hölder bound in time for θ. All estimates below are first
made on the maximal interval of existence of a smooth solution [0, Tmax), and the bounds are
independent of the endpoint Tmax. We study the finite difference

v(x, h, t) =
τhθ(x, t)

|h|α
, x ∈ T2, h ∈ R2 \ {0}.

Let α ∈ (0, 1) to be chosen later. By the maximum principle (see [CC04, Theorem 4.1])

sup
t∈[0,Tmax)

∥θ(t)∥L∞ = M := ∥θ0∥L∞ . (3.1)

If θ0 is constant there is nothing to prove, hence we assume M > 0 and [θ0]Cα > 0 throughout
the proof. Subtracting the equation at x+ h and x yields

Lh(τhθ) := (∂t + u(x) · ∇x + τhu(x) · ∇h + Λx) τhθ = 0.
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Since the weight |h|−2α is independent of x and t, we have

Lhv
2 = Lh

(
|τhθ(x, t)|2

|h|2α

)
=

1

|h|2α
(
∂t|τhθ|2 + u · ∇x|τhθ|2 + Λx|τhθ|2

)
+ τhu ·

(
∇h|τhθ|2

|h|2α
+∇h(|h|−2α)|τhθ|2

)
=

2τhθ

|h|2α
(
∂tτhθ + u · ∇xτhθ + τhu · ∇hτhθ

)
+

1

|h|2α
Λx|τhθ|2 + τhu · ∇h(|h|−2α)|τhθ|2

=
2τhθ

|h|2α
Lh(τhθ)−

2

|h|2α
Γ[τhθ] + τhu · ∇h(|h|−2α)|τhθ|2

= − 2

|h|2α
Γ[τhθ] + τhu · ∇h(|h|−2α)|τhθ|2,

where we have used that Lh(τhθ) = 0 in the last line.
By the elementary fact that, for A,B ≥ 0,

inf
z>0

(√
Az +

B

z

)
= 3

(
AB

4

) 1
3

,

optimizing the right-hand side of (2.4) gives

|τhu| ≲
(
Γ[τhθ]M |h|

) 1
3 .

Moreover, by (2.3) we also have

|τhθ|2 ≲
(
Γ[τhθ]M |h|

) 2
3 .

Hence, we can estimate

|τhu · ∇h(|h|−2α)||τhθ|2 ≲
α

|h|2α+1
·
(
Γ[τhθ]M |h|

) 1
3
+ 2

3 = C0αM
Γ[τhθ]

|h|2α
.

Choosing α = min
{

1
10 ,

1
10C0M

}
gives

Lhv
2 ≤ − 2

|h|2α
Γ[τhθ] +

1

|h|2α
Γ[τhθ] = − 1

|h|2α
Γ[τhθ] ≤ 0.

For every T < Tmax fixed, we apply Lemma A.1 on [0, T ] with

w = v2, b = u, c = τhu.

Indeed, smoothness gives

sup
x∈T2,t∈[0,T ]

v2(x, h, t) = O(|h|2−2α) → 0 as h → 0,

Thus v2 extends continuously to h = 0 by setting v2(x, 0, t) = 0. Moreover, (3.1) gives

sup
x∈T2,t∈[0,T ]

v2(x, h, t) ≤ 4M2

|h|2α
→ 0 as |h| → ∞,

Hence Lemma A.1 and letting T ↑ Tmax yield

sup
x∈T2,h∈R2

v2(x, h, t) ≤ sup
x∈T2,h∈R2

v2(x, h, 0), ∀ t ∈ [0, Tmax).

Since θ is 2π-periodic, the quantity

sup
x∈T2,h̸=0

|τhθ(x)|
|h|α
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is the usual Cα(T2) seminorm. Indeed, for any h ∈ R2, one may replace h by a shortest
representative h − 2πk, k ∈ Z2, without changing the increment and only decreasing the
denominator. Conversely, every pair of points in T2 admits such a shortest representative,
so the two suprema agree. Hence

sup
t∈[0,Tmax)

[θ(t)]Cα ≤ K := [θ0]Cα < ∞.

3.2. From Hölder control to a gradient bound. Differentiating the SQG equation, taking
the scalar product with ∇θ, and using the definition of Γ componentwise, gives

1

2
(∂t + u · ∇+ Λ)|∇θ|2 = −∂iuj∂iθ∂jθ − Γ[∇θ] ≤ |∇u||∇θ|2 − Γ[∇θ]. (3.2)

By the elementary fact that, for A,B ≥ 0 and α ∈ (0, 1),

inf
z>0

(√
Az +

B

z1−α

)
= CαA

1−α
3−2αB

1
3−2α ,

optimizing the right-hand side of (2.6) gives

|∇u| ≲α Γ[∇θ]
1−α
3−2αK

1
3−2α .

Moreover, by (2.5) we also have

|∇θ|2 ≲α Γ[∇θ]
2(1−α)
3−2α K

2
3−2α .

Hence, by the last two estimates and Young’s inequality with exponents

p =
3− 2α

3(1− α)
, q =

3− 2α

α
,

we have

|∇u||∇θ|2 ≲α Γ[∇θ]
3(1−α)
3−2α K

3
3−2α ≤ 1

2
Γ[∇θ] + CαK

3
α .

Using this estimate in (3.2) gives

1

2
(∂t + u · ∇+ Λ)|∇θ|2 ≤ −1

2
Γ[∇θ] + CαK

3
α .

We claim that the right-hand side is ≤ 0 whenever

|∇θ| ≥ CK
1
α ,

where C > 0 is a sufficiently large constant that depends only on α. Indeed, if this is the case,
by (2.5) again

Γ[∇θ] ≳α
|∇θ|

3−2α
1−α

K
1

1−α

≳α C
3−2α
1−α K

3
α ≥ 2CαK

3
α ,

for C sufficiently large.
Thus there is a constant Cα > 0 such that

(∂t + u · ∇+ Λ)|∇θ|2 ≤ 0 wherever |∇θ| ≥ CαK
1
α . (3.3)

Now we can conclude by an application of the maximum principle. Define w := |∇θ|2, fix

A > max
{
∥∇θ0∥2L∞ , C2

αK
2/α

}
and set Φ(r) = (r − A)3+. This is a convex function with Φ ≥ 0,

Φ(0) = 0, and Φ(w(·, 0)) = 0 since A > w(·, 0). Since Φ′ is supported in the region where (3.3)
holds, by (3.3) and the Córdoba-Córdoba inequality (see [CC03,CC04] or [CG26, Theorem 1.5])

(∂t + u · ∇+ Λ)Φ(w) = Φ′(w)(∂t + u · ∇+ Λ)w −
(
Φ′(w)Λw − ΛΦ(w)

)
≤ 0.
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Then, the maximum principle implies Φ(w) ≡ 0. Letting

A ↓ max
{
∥∇θ0∥2L∞ , C2

αK
2/α

}
gives

sup
t∈[0,Tmax)

∥∇θ(t)∥L∞ ≤ max
{
∥∇θ0∥L∞ , CαK

1/α
}
< ∞.

Moreover, since K ≤ diam(T2)1−α∥∇θ0∥L∞ and α has been chosen depending only on M =
∥θ0∥L∞ , the uniform bound for ∥∇θ(t)∥L∞ depends only on ∥θ0∥L∞ and ∥∇θ0∥L∞ .

3.3. Conclusion. Let [0, Tmax) be the maximal interval of existence of the classical solution.
The preceding argument gives the uniform estimate

sup
t∈[0,Tmax)

∥∇θ(t)∥L∞ ≤ C
(
∥θ0∥L∞ , ∥∇θ0∥L∞

)
.

The continuation criterion for periodic critical SQG (see, for example, the few lines after [CTV15,
Proposition 4.2]) therefore allows the solution to be continued past any finite Tmax. Hence
Tmax = +∞, and Theorem 1.1 follows.

Appendix A.

The following argument is classical and, for example, essentially contained at the end of the
proof of Theorem 4.3 in [CTV15]. In that work the periodicity of the increment is used to reduce
the displacement variable to a compact set. We record here the corresponding statement on R2,
with two limiting conditions to prevent a maximum from escaping through h = 0 or |h| = ∞.

Lemma A.1. Let T > 0 and

b, c : T2 × (R2 \ {0})× [0, T ] → R2

be continuous. Suppose that
w : T2 × R2 × [0, T ] → [0,∞)

is continuous, and that on U := T2 × (R2 \ {0})× (0, T ] it is smooth. Assume(
∂t + b · ∇x + c · ∇h + Λx

)
w ≤ 0 in U , (A.1)

and that
lim
|h|→0

sup
x∈T2,t∈[0,T ]

w(x, h, t) = 0, lim
|h|→∞

sup
x∈T2,t∈[0,T ]

w(x, h, t) = 0. (A.2)

Then
sup

x∈T2, h∈R2

w(x, h, t) ≤ sup
x∈T2, h∈R2

w(x, h, 0), 0 ≤ t ≤ T. (A.3)

Proof. Let
M0 := sup

x∈T2, h∈R2

w(x, h, 0).

Suppose that (A.3) fails at some time T0 ∈ (0, T ], that is

sup
x∈T2, h∈R2

w(x, h, T0) > M0,

and define wε := w − εt. By (A.2), the maximum of wε on T2 × R2 × [0, T0] is attained at a
point (x∗, h∗, t∗), and for ε sufficiently small its value is still larger than M0; hence h∗ ̸= 0 and
t∗ > 0. At this maximum point

Λxwε ≥ 0, ∇xwε = 0, ∇hwε = 0, ∂twε ≥ 0,

where at t∗ = T0 the last inequality is understood as a left derivative.
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Putting together the preceding inequalities, we obtain(
∂t + b · ∇x + c · ∇h + Λx

)
wε(x∗, h∗, t∗) ≥ 0.

On the other hand, (A.1) gives everywhere with h ̸= 0 and t > 0(
∂t + b · ∇x + c · ∇h + Λx

)
wε ≤ −ε < 0,

contradiction. □

We shall also need the following standard Poisson kernel bounds.

Lemma A.2. Let f ∈ C∞(T2). For all z > 0 and α ∈ (0, 1) we have

∥∇Pzf∥L∞ + ∥∇RPzf∥L∞ ≤ Cz−1∥f∥L∞ , (A.4)

∥∇Pzf∥L∞ + ∥∇RPzf∥L∞ ≤ Cαz
α−1[f ]Cα . (A.5)

Proof. The Euclidean Poisson kernel in dimension two is given by

pz(y) =
1

2π

z

(z2 + |y|2)3/2
,

and the periodic Poisson kernel on T2 is its periodization

Pz(y) =
∑
k∈Z2

pz(y + 2πk). (A.6)

Just scaling of the Euclidean kernel and periodization gives, for m ≥ 1,

∥∇mPz∥L1(T2) ≲m z−m, (A.7)∫
T2

|y|α|∇mPz(y)| dy ≲m,α zα−m, 0 < α < 1. (A.8)

Indeed, using (A.6) and that |y| ≤ |y + 2πk| for y ∈ T2 and k ∈ Z2, the left-hand sides are
respectively bounded by∫

R2

|∇mpz(y)| dy and

∫
R2

|y|α|∇mpz(y)| dy,

and the asserted bounds follow by scaling with the change of variables y = zξ. Thus, (A.7) and
(A.8) imply

∥∇mPzf∥L∞ ≲m z−m∥f∥L∞ , (A.9)

∥∇mPzf∥L∞ ≲m,α zα−m[f ]Cα . (A.10)

Taking m = 1 gives the required bounds for ∇Pzf .
For the Riesz-transform terms, since RjΛ = ∂j and Rj vanishes on constants, we have

∇RjPzf = −∇Rj

∫ ∞

z
∂sPsf ds = ∇Rj

∫ ∞

z
ΛPsf ds =

∫ ∞

z
∇∂jPsf ds.

Therefore, using (A.9) with m = 2 gives

∥∇RPzf∥L∞ ≲ ∥f∥L∞

∫ ∞

z
s−2 ds = z−1∥f∥L∞ ,

while (A.10) gives

∥∇RPzf∥L∞ ≲α [f ]Cα

∫ ∞

z
sα−2 ds = Cαz

α−1[f ]Cα ,

which completes the proof. □
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