UNIVERSAL VOLUME GROWTH BOUNDS FROM POSITIVE
INTERMEDIATE CURVATURE

GIOACCHINO ANTONELLI

ABSTRACT. Let n,m be integers such that n > 2 and 0 < m < n — 2. Let (M",g) be a
complete Riemannian manifold, and let Crm41 be the (m + 1)-intermediate curvature introduced
by Brendle-Hirsch—Johne. We prove

Ric > 0, Cmt+1>1 = VolBg(p) < C(n,m)R™,
for every p € M and every R > 0. In particular, when m = n — 2, we deduce that
Ric > 0, Scal>1 = Vol Bg(p) < C(n)R"?,
for every p € M and every R > 0.

1. INTRODUCTION
In this note we prove the following result.

Theorem 1.1. Letn > 2, and let (M™, g) be a complete connected Riemannian manifold satisfying
Ricy > 0, Scalg > 1.
There is a constant C = C(n) < oo such that
Vol, Br(p) < CR" 2 for every R > 0 and every p € M.

Theorem 1.1 is the case m = n — 2 of the more general Theorem 5.1 below, and it answers
in the affirmative a question posed by Gromov in [11, §2.A(b)]. Theorem 5.1 can be used to
bound the m-dimensional Urysohn width of (M™, g). Let k > 0 be an integer. The k-dimensional
Urysohn width of a metric space X is

UW(X) := inf supdiam(f~*(y)),
f yeP
where the infimum is taken over all continuous maps f: X — P to simplicial complexes of
dimension at most k. Gromov asked whether every complete n-dimensional Riemannian manifold
with Scal > o2 > 0 satisfies UW,,_o(M) < @; see, e.g., [11, § 2.A(c)]. The three-dimensional
case of this conjecture is known after [18, Theorem 1.1], and [19, Theorem 1.1].

Combining Theorem 5.1 with [21, Theorem 3.3] (see also [17, Theorem 1.6]) gives the following

noncollapsed form of the conjectured estimate for all the intermediate curvatures considered here.

Corollary 1.2. Letn > 2,0 < m <n—2, and vg > 0. There exists a constant C = C(n, m,vg) <
oo with the following property. If (M™, g) is a complete connected Riemannian manifold satisfying

Ricy, > 0, Bmg > 1, inf Vol, By (p) > wo,
peEM
(see Section 2.1 for the definition of Rm.g), then UW,,,(M, g) < C. In particular, since R,_o =
Scal, we obtain

Ricy > 0, Scalg > 1, 1élj\f/[ Vol Bi(p) >vg = UW,_o(M,g) < C(n,vp).
P
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It would be interesting to remove the assumption inf,cas Voly Bi(p) > vg in Corollary 1.2.

History of the problem and previous results. Recently, there have been many contributions
by different authors related to Theorem 1.1. We list some of them:

(1) Under the stronger assumption Sec > 0, Theorem 1.1 follows from Petrunin’s local upper
bound for the scalar-curvature integral [22];

(2) B. Zhu stated the linear volume growth conclusion of Theorem 1.1 in dimension three under
a uniform lower bound for the volumes of unit balls in [29, Theorem 1.8]. In n dimensions
he stated an O(R" ') estimate under the same noncollapsing assumption and an O(R"2)
estimate under a uniform injectivity-radius lower bound [29, Corollary 1.9];

(3) From this item on, in this list, assume n = 3 and the assumptions of Theorem 1.1. Munteanu—
Wang established the linear-growth estimate with a universal constant and also considered
scalar-curvature lower bounds decaying at infinity [20];

(4) Chodosh-Li—Stryker subsequently gave a different proof of the result in [20] and extended
the power-law decay range, with a constant C' depending on the manifold and basepoint [7];

(5) Wei-Xu—Zhang obtained the sharp upper bound for lim supp_,., Vol Br(p)/R [26];

(6) Y. Wang proved an effective local volume upper bound [25];

(7) Huang—Liu obtained sharp asymptotic estimates in the asymptotically nonnegative-Ricci
setting, under some decay assumptions [13].

In the Ricci-limit setting, Wang-Xie-B. Zhu-X. Zhu [24] excluded an R"~!-splitting for
noncollapsed limits of complete n-dimensional Riemannian manifolds with Ric > 0 and Scal > 1;
see their Theorem 1.1(1) and the earlier result [30]. In [24] they also proved

inf Vol B,(p) < n—2
Jnf Vol By(p) < c(n)r™™,

under Ric > 0 and Scal > 1; see [24, Theorem 1.9].

X. Zhu obtained related results in [31]. For example, he proved that asymptotic cones of
manifolds with Ric > 0, Scal > 1, and inf,cps Vol Bi(p) > 0 have essential dimension at most
n — 2; see [31, Theorem 1.6]. Note that Corollary 3.2 below allows one to remove the noncollapsed
assumption from both [31, Theorem 1.6] and [24, Theorem 1.1(1)].

We stress that, as discussed in [24, Remark 1.5], for a noncompact M satisfying the assumptions
of Theorem 1.1, we can use Theorem 1.1 to show by (M) < n — 3 (thus removing the noncollapsing
hypothesis from the inequality on b; in [31, Theorem 1.3]). The estimate on the first Betti number
also has a rigidity statement. Let (M™,g) be a noncompact Riemannian manifold as in the
assumptions of Theorem 1.1. By [1] and Theorem 1.1 applied to the universal cover of M we
get that if by (M) = n — 3, then M has at most linear volume growth (and thus exactly linear
volume growth by Calabi—Yau lower volume bound). It then follows from [12, Theorem A and
Remark 1.2(2)] that M splits off isometrically an R"3-factor. This answers the question raised
in [31, Remark 5.4] without a uniform noncollapsing assumption.

Let us also discuss the intermediate-curvature conclusion in Theorem 5.1. BiRicci curvature
(corresponding to the case m = 1 in Theorem 5.1) was introduced by Shen—Ye [23]. In [2, Theorem
3(1)] we proved linear volume growth in dimensions 3 < n < 5 under Ric > 0 and a uniformly
positive spectral biRicci condition outside a compact set; when the spectral parameter is zero, this
includes a pointwise biRicci lower bound. Zhou-Zhu [28] later extended the result to 3 <n < 7.
Note that Theorem 5.1 shows that Ric > 0 and biRic > 1 imply that M has linear volume
growth (and then bounded isoperimetric profile), thus answering the global pointwise version of
the first bullet of [2, Question 1] in the negative in every dimension n > 3. In [3, Definition 1.1]
Brendle-Hirsch—Johne introduced and studied the curvature family interpolating between Ric
and Scal used in this note.
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Theorem 1.1 is closely related to a more general problem posed by Yau [27], which asks whether
every complete noncompact n-dimensional Riemannian manifold with Ric > 0 satisfies

lim sup 1"2_”/ Scal dV < oo.
By (p)

=00

Under the additional assumption Scal > 1, a solution of Yau’s conjecture would immediately imply
the volume growth estimate in Theorem 1.1. Up to the author’s knowledge, Yau’s conjecture
remains open in every dimension n > 3.

Ideas of the proof. The proof has two main ingredients. First, in the setting of Theorem 5.1
(of which Theorem 1.1 is a particular case with m = n — 2) a ball which is quantitatively close to
splitting m + 1 Euclidean directions has radius at most the curvature scale; this is Corollary 3.2.
Moreover, if a ball is close to split only & < m directions, Proposition 4.5 finds another ball which
is close to split k + 1 directions while losing only a harmless multiplicative factor in the m-volume
ratio. Hence, starting at rank k& = 0 and iterating finitely many times proves the theorem.

The proof of Proposition 4.5 uses tools contained in the proof of Kapovitch—Wilking rescaling
theorem [15, Theorem 5.1]. The result in [14, Lemma 2.12] provides a closely related finite
formulation of [15, Theorem 5.1]; compare with our Proposition 4.4. We stress that in order
to prove Proposition 4.4 we do not need to use the full strength of [15, Theorem 5.1]; see the
paragraph before the statement of Proposition 4.4. We refer the reader to the beginning of the
proof of Proposition 4.5 for an explanation of its proof.

The Hodge obstruction and the rank-improvement mechanism described above are inspired
by the arguments in [8, 24, 31]; in particular, the Kapovitch—-Wilking rescaling theorem [15,
Theorem 5.1] is also a central input in the proof of [31, Theorem 1.6].

Moreover, at least two closely related uses of harmonic splitting maps and the Bochner formula
precede the argument of Proposition 3.1 and Corollary 3.2. In [24, Remark 3.1], the authors give
an alternative proof of [24, Theorem 1.1(1)&(2)] using harmonic splitting maps with computations
similar to the ones in Proposition 3.1. On the other hand, in [§], the authors use k-component
splitting maps to obtain integral control of the sum Ry of the lowest k£ Ricci eigenvalues on
k-symmetric balls; see [8, Lemma 3.2 and Theorem 3.4]. Moreover, in [8, Theorem 3.8(2)] the
authors prove a quantitative obstruction to an R”!-splitting under almost nonnegative Ricci
curvature, integral almost-nonnegativity of Ric,_o, and integral positivity of the truncated scalar
curvature. The new feature in the proof of Proposition 3.1 is the addition of a contribution
coming from the wedge of the one-forms % to make the intermediate curvature appear: compare
with (8).
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by GPT. On the one hand, the proof below is effective, while the original suggested strategy
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proceeded by contradiction: this emerged through discussions with Daniele Semola, to whom I
am very grateful. On the other hand, contrary to the original strategy proposed by the LLM,
the proof below is less reliant on the full proof of [15, Theorem 5.1]; see the discussion before
Proposition 4.4: this emerged through discussions with Elia Brue and Kai Xu.

After examining the original output, I observed that a modification of the original argument
proposed by the LLM gives the extension to the intermediate curvatures of Brendle-Hirsch—Johne,
as stated in Theorem 5.1. This extension, motivated by a question I previously had in a joint
work with Kai Xu, is my own contribution.

Addendum. After this manuscript was completed and circulated privately, I learned of indepen-
dent work by Jian Ge [9]. Ge proves Theorem 1.1 by a different method, based on heat-kernel
Fisher metric and Nash entropy.
2. SPLITTING MAPS AND CURVATURE ALGEBRA
2.1. Intermediate curvature. We use the convention
R(X, Y)Z = VvaZ - Vyv)(Z - V[X,Y]Za Kab = <R(€a, eb)eb, ea),
so that Scal = 23, Ku. Let r be an integer such that 1 < r < n — 1. For an r-plane

W c T,M™", choose an orthonormal basis eq,...,e,. of W and extend it to an orthonormal basis
€1y---s€ry€ril,... ey of T.M. The r-intermediate curvature of Brendle-Hirsch—Johne is
T n
1) W)=Y 3 Ka
a=1b=a+1

For 0 < m < n — 2 set, for every (m + 1)-dimensional plane W C T, M
(2) B (W) = 21 (W).
Thus C; = Ric, Cy = biRic, C,,—1 = Scal /2, and
Ro = 2Ric, R1 = 2biRic, Rp_o = Scal.
For a fixed integer m > 0 define the m-volume ratio for x € M and r > 0

(3) Enl(z,7) = W.

When Ric > 0, Bishop—Gromov comparison gives
(@) Vol Bs(x) > Vol B;r(x)

s™ T
2.2. Metric and harmonic splitting. Whenever a ball occurs as an argument of dg g, or as the
domain or target of a Gromov-Hausdorff approximation, it is understood to be the corresponding
closed metric ball. Moreover, we always intend that such comparisons are pointed with respect to
the displayed centers.

V0o < s <r, Vol By () < wyr™  Vr > 0.

Definition 2.1. Let 0 < € < 1 and let k,n be integers such that 0 < k < n. A ball B,.(z) is
(k,e)-split if there are a pointed proper length space (Z, z) and a pointed er-Gromov—Hausdorff
approximation

B.-1,(x) — B.-1,((0,2)) c RF x Z.
Note that every ball is (0, €)-split.

The following is the quantitative harmonic replacement associated with Definition 2.1. It is
due to Cheeger—Colding; see [4, 5] and [6, Lemma 1.21(2)].
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Proposition 2.2. For all integers n,k such that 1 <k <n and n > 0 there is € = e(n,k,n) > 0
with the following property. Let (M™,g) be a complete Riemannian manifold. If Ric > 0 and
B, (z) is (k,e)-split, then there are harmonic functions

uw=(ul,...,u¥): By () — RF
such that for every a =1,...,k on Ba,(x) we have
1 k
(5) VSO0 T /Bh(m) (yG . 7«2; | Hessu“|2) av <,

where G = (Vu®, Vub), and I is the identity matriz. Here |A| denotes the Hilbert-Schmidt
norm of the matriz A.

Remark 2.3. We shall also use the approximation part of the harmonic-replacement construction.
If (M]*, g;) are complete Riemannian manifolds with Ricy, > 0 and

(Ml’gl’pl) — (R vgel-ho)

in the pointed Gromov—Hausdorff sense, then the harmonic replacements u; in Proposition 2.2,
normalized by u;(p;) = 0, may be chosen so that, on every fixed ball, they are uniformly Lipschitz
and converge uniformly to the Euclidean coordinate map.

2.3. The Weitzenbock formula. Let (M™, g) be a complete n-dimensional Riemannian mani-
fold, and let 1 < p <mn — 1 be an integer. We shall use the Weitzenbock formula

(6) Ap =ds+0d= V"V +q(Rm)  on APT*M

With our curvature convention, ¢;(Rm) = Ric. The only algebraic fact needed below is the
following standard formula.

Lemma 2.4. Let $',...,3" be an orthonormal coframe in (M",g) and I C {1,...,n} with
(1| =p. If B = Noer B then

(7) <Qp(Rm /BI ﬁl ZZKab

a€l bg¢l

Consequently, the following holds. Let 0 < m < n — 2 be an integer and t =m + 1. If p,... B
is an orthonormal coframe for a t-plane W, and © = BY A --- A B, then

(8) (q:(Rm)®, ©) + > (q1(Rm)B*, B*) = 2C,(W) = K (W).
a=1

Proof. Formula (7) is in [16, equation (11)]. For completeness, the first term in (8) is >° <, Kab,
while the sum of the one-form terms is

ZRIC (BB =2 Y Ku+ > Kau.

a<b<t a<t<b

Their sum is twice (1), thus proving (8), as desired. O

3. THE QUANTITATIVE HODGE OBSTRUCTION

The next proposition is the first core ingredient of our proof.
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Proposition 3.1. Fiz an integer n > 2, an integer 0 < m < n —2, and putt = m+ 1. There are
constants n(n,m) > 0 and C(n,m) < oo with the following property. Let (M™,g) be a complete
Riemannian manifold, and let o > 0. Suppose

Ric>0, £,>0’>0

1

on Ba,.(x) C M, and suppose there are harmonic functions u', ... u' on By.(x) satisfying (5) for

some n < n(n,m). Then
9) a?r? < C(n,m).

Proof. Write ¢ = du® and G* = (0%,6%). Let I be the identity matrix. |A| denotes the
Hilbert—Schmidt norm of the matrix A. Fix a sufficiently small ny = ng(n, m) > 0. On

Q= {|G — 1] < 3n0}

the matrix G is positive definite, and we define

51 01
cle=c2 ], e:=p8'A--ABL
ﬁt 9t

Thus $', ..., 3" is orthonormal on €.

Choose a smooth function x = x(|G — I|?) which equals one when |G — I| < 19, vanishes when
|G — I| > 2no, and takes values in [0, 1]. Since

VG® = Hessu( -, Vu®) + Hess u’( -, Vu?),
the gradient bound in (5) and differentiation of A — A~Y/2 give

t t
(10) Vx> + VO + Z V5% < C(n,m,n0) Z | Hess u®|?,

a=1 a=1
on ). Note that the forms xy© and x5 extend smoothly by zero across the boundary of 2.
Let f be a smooth cutoff function supported in Ba,.(z), equal to one on B, (z), and satisfying
IVf| < C(n)/r. Set
w = fxO, w = fxp* Vi<a<t.

Integrating the identity (6) gives, for any compactly supported p-form &,
(1) [taRm)e.&) = [(ag? +16¢ - [v€P) < ) [ Ve

Equation (8) and the curvature hypothesis give the pointwise lower bound on By, (x):

(@:(Rm)@, @) + > (g1 (Rm)w?,w?) > o fx*.

a=1

Summing (11) for ¢ in the list (&, w!, ..., w?) and using (10) and (5) therefore yields

¢
02/ 2x% < C(n,m,no) <7“_2 Vol By, () +/ Z |Hessu“|2>
Bar(z) Bar(z) am1

(12) < C(n,m,n0)(1 +n)r~2Vol By, ().
It remains to bound the left-hand side of the above inequality from below. Markov’s inequality
and (5) give
Vol(Ba,(z) N {|G — I| > no}) < ng*n Vol By, (),
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whereas Bishop—Gromov gives Vol B,.(z) > 27" Vol By, (z). Choose n(n, m) additionally so small
that n(n,m) < 27" n2. Since f = x =1 on B,(x) N {|G — I| < no}, we thus deduce, using the
previous inequalities,

/f2x2 > 27" 1Vol By, (z).
Combining this with (12) proves (9), as desired. O
Combining Propositions 2.2 and 3.1 gives the following.

Corollary 3.2. For every integer n > 2 and integer 0 < m < n — 2 there are eg(n,m) > 0 and
C(n,m) < oo such that, if a complete manifold (M™, g) satisfies

Ric > 0, R > 0% >0,
and By(z) C M is (m+ 1,ep)-split, then

r < C(n,m)o ",

4. CRITICAL SCALES AND EFFECTIVE RANK IMPROVEMENT

We record a consequence of Cheeger—Colding’s almost splitting theorem [4, 5]. One can give a
simple proof by contradiction of Lemma 4.1, based on Gigli’s splitting theorem [10].

Lemma 4.1. For every integer n > 1, every integer 0 < k < n, and € > 0, there are L =
L(n,k,e) > et and 55 = 65(n, k,e) > 0 with the following property. Let (M",g) be a complete
Riemannian manifold with Ric > 0, let s > 0, and let (Z,dz,zy) be a pointed proper geodesic
space. Assume the closed ball Brs(q) is dss-close to the closed Ls-ball centered at (0, z) in R* x Z.
If zg is the midpoint of a minimizing segment v : [—Ls, Ls| — Z, then Bs(q) is (k + 1,¢)-split.

Remark 4.2. Corollary 3.2 immediately gives a diameter bound for maximal residual factors.
Namely, if 0 < m <n —2 and

(Miagiupi) — (Rm X Ku (072))’ Ricgi > 07 J?{"m,gi > 027
then
(13) diam K < C(n,m)o .

Indeed, recentering at the midpoint of a long segment in K and applying Lemma 4.1 produces
an (m + 1,ep)-split ball of comparable radius, which is bounded by Corollary 3.2. In the scalar-
curvature case this extends the corresponding diameter results of [30] and [24, Theorem 1.1].
Note that the present formulation requires no noncollapsing assumption and applies to all the
intermediate curvatures K,,. The optimal constant C(n,m) in (13) is presently unknown. The
optimal constant C' in Theorem 1.1 and Theorem 5.1, except in a few cases, is also unknown.

We state an elementary lemma. For a Lipschitz R*-valued map b defined on a ball Bsy(q) C
(M™, g), put, for s € (0,1), and d being the Riemannian distance on M

(14) Dyy(s) = sup |d(z,y) — [b(z) = b(y)]]-
x,y€Bs(q)

Lemma 4.3. The function s — Dyg(s) is locally Lipschitz on (0,1).
Proof. The function (z,y) — |d(x,y) —|b(x) — b(y)|| is Lipschitz on Bs(q) x Bs(q), with Lipschitz

constant bounded from above by 1+Lip(b). Since dy (Bs(q), By /(q)) < |s—s§'| for every s,s’ € (0, 1),
the conclusion follows. O
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The next proposition relies on ideas in the proof of the Kapovitch—Wilking rescaling theorem
[15, Theorem 5.1], and it is inspired by Jansen’s formulation [14, Lemma 2.12].

We stress that, using the full strength of [15, Theorem 5.1] (namely, the fact that the residual
factor K in there is unique), one can prove a more general version of Proposition 4.4 below. We
decided to include the weaker statement below for two reasons: first, it has the advantage that
its proof (which is inspired by [15, 14]) is essentially self-contained and only leverages basic facts
of Cheeger—Colding theory, [15, Lemma 2.1], and a classical maximal-function argument; second,
Proposition 4.4 is enough to prove our sought Proposition 4.5.

Proposition 4.4. Fix an integer n > 1, an integer 0 < k <n, and 0 < A < o0, 0 <n < 1. There
are 6. = d¢(n, k, A,m) >0, c=c(n) >0, C =C(k,n) < oo, and ¢y = co(n) with the following
property. Suppose (M™,g,p) is complete, has Ricg > 0, and

di (Bs-1(p), BE1(0)) < 6.

Then there are a set G C By,4(p) and an integer N > 1 for which the following holds. For every
1 <j <N there are q; € Bl/4(p), 0 <t; <1, pairwise disjoint E; C G, pointed proper geodesic
spaces (Y7, dyj,yj), and aj € Y; such that:

(i) G =U;,Ej and Vol(G) > ¢ Vol Bi(p);

(ii) Zé\[zl tf < C, and, for every 1 < j < N, E; C Boy,;(5);

(iii) For every 1 < j < N, dy;(y;,a;) > cotj, and

RFxY;
dar (Bay, (47, By, ((0,3))) < nt;.

2

Proof. Set c(n) :==4"""1 c.(n) :==10""", cy(n) := c«(n)/4 and fix C(k,n) > 1 large enough so
that

(15) 1—C(k,n)"1/2 > 5¢,/4,  Clk,n) > a(k,n)(2VEK(n) + 1),

where IC(n) is the constant in the first inequality of (5), and a(k,n) is chosen large enough, only
depending on k,n (in order for (20) below to hold).

The case k = 0 is elementary. In that case, the assertion is true choosing §. < 1 and: N =1,
G = E1 = Byy(p), @ = p, t1 = diam M < oo, (Y1,dy;, 1) = (M,dy,p) and a1 € M such that
d(a1,p) > diam M /2. Hence, from now on, assume k > 1.

Suppose that no §, > 0 works the choices of constants above. Taking §; — 0 we thus have a
contradicting sequence

(Mz7gz7pz) — (RkageUa 0)

for which the conclusion is false. Proposition 2.2 (see Remark 2.3) and a diagonal argument give
radii R; — oo and harmonic maps

by = (bj,...,0F) : Bp,(p;) — RF, bi(pi) = 0,

such that the following hold:

(a) For every R > 0, the maps b; have a uniform Lipschitz bound on Bg(p;) for i large enough,
and their distance distortion on Br(p;) tends to zero as i — 00;

2
(b) Let hy = Y2k, | ](ng, Vbb) — 6oy + K, | Hessb¢|2. For every fixed R > 2,

o
—_— h; dVy, — 0.
Vol Br(p:) Br(pi) I
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1 1 1/2 fi
Set a; ;=17 + (Wz(m) fB2(pi) h; dVgi) > 0, and define

1
H, .= €B ;) 1 su 7/ hzdvlgal .
{q 1/4(Pi) 0<r<1?,/4 Vol B:-(q) JB.(g) ! }

A standard maximal-function estimate and Bishop—Gromov comparison imply

Vol(By4(pi) \ Hi) L
N> = n .
Vol B, (p1) — 0, Vol(H;) > 5 47" Vol Bi(p;),

for all sufficiently large i.

For ¢ € H; define the distortion, for r € (0,3/4],

Dy, (r) == sup |di(z,y) — |bi(x) — bi(y)]]-
z,y€Br(q)

(16)

Let pi(q) be the largest real number 7 in (0,3/4] such that Dy, (r) = cor. It is readily seen

that such an r exists for ¢ large enough. Indeed, since k < m, one has liminf,_, L(T) > 1.
On the other hand, property (a) above gives, umformly for ¢ € H;, Dy, (3/4) < 3¢ /4 for all
sufficiently large 4. Lemma 4.3 therefore gives the existence of 7. Moreover, notice supyc g, pi(q) <

et dis(bil5, () — 0 as i — oc.
We next claim that for every sufficiently large i and every ¢ € H; there are a pointed proper
geodesic space (Y,dy,y) and a € Y such that

. -2 . k
(17) dy(y,0) > co,  dau(BY""D 9 (g), BYY((0,9))) <.
Indeed, if this failed, choose violating points ¢; € H; and put
Gi = pi(6:) i, ui == pi(q:) " (b — bi(a)).

By what was proved above p;(¢;) — 0. Fix R > 0. For i large enough, the definition of H; gives

(18)
1 k 5 k
_ /~, Z ‘(Vu?,Vu?) —dap| + Z | Hess;, ul|? vz | < (1+ pi(q:)?) .
Vol¥ (B (g;)) \/Br (@) \4 a1 ' '

b=1

Hence, using (18), we can apply the result in [15, Lemma 2.1] to get, after passing to subsequences,

(19) (Mmgmql,%) — (Rk X Yu (an)7erk)7
for a pointed proper geodesic space (Y,y), where prgi denotes the projection onto the R¥ factor.

Choose z; ,z; € BY () reahzlng the supremum in Dy, p,(pi(q;)). After passing to a sub-

[}
sequence, their limits are 2% = (v*,y%) in R¥ x Y. Convergence in (19), and the fact that
Dy i (pi(ai)) = cxpi(ai) give
"

[ty (27, 2%) = 07 = 0¥ || = dgaey (27, 0%) = o7 = vF | = e

Using the product formula for dgx .y, we thus deduce dy (y~,y") > c.. Hence, at least one of
y~,y" lies at distance at least c,/2 from y. Since Y is geodesic, there is therefore a point a € Y’
with dy (y,a) = ¢y = ¢ /4. This and (19) contradict the assumed failure of (17). Thus (17) holds
uniformly over H;.

We now construct the Ej’s. Apply Vitali’s covering Lemma to {Biiq)/w(bi(q)) 1q € Hl} We
thus have a countable pairwise disjoint subfamily, indexed by points ¢; ; € H;, whose five-times-
enlargements cover b;(H;). Since the functions b; are v/kK(n)-Lipschitz on By (p;), all the pairwise
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disjoint balls B, 1/10(bi(gi,;)) lie in B2 VEK ()4 ,(0). Euclidean volume comparison gives (recall
(15)), for a constant B(k,n),

(20) sz 6ig)" < Bk, ) LN (BY i 21 (0)) < Cln k).

The measurable sets F; ; := H; Nb; ! (BRIZq J)/2(1)1-(%-7]-))) cover H;. Define E;; := F;; and
E;j:= Fj; \ Ui<jF; . Notice that {E; ;}; are pairwise disjoint. We claim that
(21) Eij C Bopi(ai ) (i)

Ifx € Bij C Fyjand D = d(z,q:5) > Cpi(gi;), then D < 1/2 (vecall H; C By4(pi)) and (15)
gives

Dy, ;5,(5D/4) = D — |bi(x) — bi(¢i,j)| = D — pi(4i,j)/2 > ¢ 5D /4.

Since 5D/4 < 3/4, the latter inequality and D, . 5,(3/4) < 3c./4 (for i large enough) together
with Lemma 4.3, gives a contradiction to the definition of p;(g; ;) and proves (21). Indeed, by
the previous inequalities and Lemma 4.3, there is r € (5D/4,3/4) such that Dy, ., (r) = c.r.
Consequently, by definition of p;(g; ;), we have p;(¢; ;) > r > 5D/4 > D > Cpi(qi ;) > pi(gij), a
contradiction.

Now, let us retain finitely many {Ez]}j\f;1 and set G; := I_IévzilE@j so that Vol(G;) > Vol(H;)/2.
For each ¢; ;, denote }AQ-J = (Yij, pi(qi,j)dy; ;,vi;) where Y; ; is the pointed metric space in (17)
associated with ¢; ;; retain also the associated points a;; € }A’Z] Now, for one fixed sufficiently
large i, equations (16), (17), (20), and (21) give all three conclusions of the proposition with
G = Gi, N = Ni, q4; = 45, tj = pi(qid)? E]’ = Ei,j) Qg,j € Y;J defined above, thus resulting in a
contradiction. g

We now prove the second core ingredient of the proof.

Proposition 4.5. Fiz an integer n > 2, integers m, k such that 0 <m <n—2,0< k <m, and
fir 0 < e < 1. There are 6 = §(n,m,k,e) >0 and ¢ = c¢(n,m,k,e) > 0 such that the following
holds. Let (M™,g) be a complete Riemannian manifold. If Ric > 0 and B,(p) is (k,0)-split, then
there are ¢ € M and s > 0 such that Bs(q) is (k + 1,¢)-split and

(22) Em(q,s) > cEn(p,r).

Proof. All constants denoted by ¢, C,C’ > 0 in this proof depend only on n,m,k,c and may
change from line to line. It is enough to prove the rescaled version with » = 1. So, from now on,
let us assume r = 1. Notice
Em(p,1) = Vol Bi(p).

Assume B (p) is (k,d)-split. Let
(23) ®: Bs-1(p) — Bs-1((0,2)) CR* x Z
be the d-approximation given by Definition 2.1.

The proof is divided into two cases. If the residual factor Z has a long enough segment through
z, Lemma 4.1 directly produces an additional Euclidean direction. Otherwise Proposition 4.4
gives a collection of good cells F; in M at different scales, with bounded diameter. Since their
scales are summable, we can select one cell carrying a definite fraction of the m-volume ratio. A
segment in the space Y; associated to such a cell supplies the additional Euclidean direction. Let
us carefully perform this strategy.

Let L(n, k,¢€),ds(n, k, ) be the constants in Lemma 4.1, and let ¢y be the constant in Proposition
4.4. Choose

19§Co/(32L), Uﬁmin{l/Q,és’ﬂ/Cl}, A>Co/4—|—L’L9—|—2, d0:50/20, R0:455_1
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where C] is a large universal constant that controls restriction and recentering of a Gromov—
Hausdorff approximation, and d.(n, k, A,n) is the corresponding constant in Proposition 4.4.
Finally choose ¢ sufficiently small so that:
3dy .4 8sdo 6+ Se

24 1+ — <6, Ci6 < —, 0, < ———, (Ci6 < —.
(24) t < 0= 57 c 10 =7
Case 1: There is a long enough segment through z in Z. Suppose that some 2’ € Bp,(z) satisfies
dz(z,2") > dy. Let v : [0,dg] — Z be the unit-speed initial segment of a minimizing geodesic
from z to z’. Set p

_ 0

= y(dp/2 =

z:=9(do/2),  s0:= 7
Since Lsy = dp/4, the restriction of v to [do/4,3dp/4], reparametrized on [—Lso, Lsg], is a
minimizing segment centered at z. Choose ¢ € M corresponding to (0, z) under the approximation
(23). First Brs,((0,2)) C Bsgy/4((0,2)), so this ball lies inside the original comparison region
since 3dg/4 < 671 (see (24)). Restriction and recentering give

doH (ELSO (9), Brs,((0, 5))) < (46,

for a universal constant Cy > 0. Since C1 < d580 (see (24)), all the hypotheses of Lemma 4.1 are
satisfied, and consequently Bs,(q) is (k + 1, €)-split.
Since p and ¢ correspond respectively to (0, z) and (0, 2),
d
d(pa Q) < dZ(Zv 2) + 015 = 50 + CvlfS < C(nv m, k7€)’

and hence Bj(p) C Bc(q) for a possibly larger constant C' > max{1,sp}. Bishop—Gromov
monotonicity then gives, with ¢ := ¢(n, m, k, €)
m Vol B, (q) < sg "

53 - Cn
We thus proved that Bs,(q) is (k + 1,¢)-split and &,,(q, so) > ¢Em(p,1). Hence, the proof is
concluded in the first case.

Em(q,50) = sy~ Vol Be(q) > ¢ Vol B1(p) = cEm(p, 1).

Case 2: The residual factor Z is macroscopically small. Suppose now that every point of Bg,(2)
lies within dy of z. Since 6. ! < Ry, projection onto the Euclidean factor gives

k
dan (Bgﬁz((o,z)),Bgl(O)) < 2dy.
Hence, using (23) and the third inequality in (24)

k
dcu (ngl(p)v Bgi—l(()» < ey
where we also used C16 < 6./2, see (24). Apply Proposition 4.4, and denote its output by G
and {qj,tj,Ej,Yj,yj,aj}évzl. Since £ < m and 0 < ¢; < 1, we have Z;-V:l tr < Z;-VZI t? < C.
Consequently, for some j,
Vol(Ej;) - Vol(G)

Z SN
tr = by

> ¢ Vol By(p).

Since Ej C Boy,(g5),

Vol Bey, (g5) Vol(Ej)
25 Emlq;, Ct;) = . >c— J
( ) ( J J) (Ctj)m tj

> ¢ Vol Bi(p) = cEm(p, 1).

Let v : [0,cotj/2] — Y be the initial part of a minimizing geodesic from y; to a;, and put
y = v(cot;/4), and s := ¥t;. Thus y is the midpoint of a segment of half-length cgt;/4. Since
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Ls = Lt; < cotj/32, the central subsegment of half-length Ls satisfies the segment hypothesis of
Lemma 4.1. Moreover, by the choice of A

BLs((0,9)) € B(egjatroy; ((0,95)) € Bag, ((0,5)).

Choose ¢ € M corresponding to (0,7) in the product approximation at gj. Restriction and
recentering give

dcH (ELS(q)7§LS((O7g))) < Oty < 650t = 0ss.

Lemma 4.1 therefore shows that Bs(q) = By, (q) is (k + 1,¢)-split.
The proof is now concluded as in Case 1: we have d(q,q;) < Ct;, so Bey;(q;) C Ber,(q)-
Bishop—Gromov monotonicity and (25) yield, possibly by changing constants ¢, C,

_m Vol By (q)
Em(q,vt;) = (Ot;))" " ———L—
’ ! (9t;)"
"™ Vol Bevy;(q) - Vol Bey, (g5)
> J > z =cEnl(q;, Ct;) > cEm(p, 1),
- (C/)n t;n ZC t;n c (QJ ]) c (p )
thus concluding the proof. O

5. VOLUME BOUNDS FROM POSITIVE INTERMEDIATE CURVATURE
We can now state and prove the main result.

Theorem 5.1. Let n,m be integers such that n > 2 and 0 < m < n —2, and let 0 > 0. Let
(M™, g) be a complete connected Riemannian manifold satisfying

Ricg >0, Ry > 0>
Then there is a constant C = C(n,m) < oo such that
(26) Voly Br(p) < C(n,m)oe~ "™ R™,
for every p € M and every R > 0.

Proof. Let ep41 := e (n, m) be the constant in Corollary 3.2. For k = m,m —1,...,0, choose
recursively
ep:=0(n,m,k,ex11), ck :=c(n,m,k,ep11),

where ¢ and ¢ are the constants in Proposition 4.5.

Fix a ball Br(p) C M. Since this ball is (0, ¢)-split, successive applications of Proposition 4.5
give balls B;, (px), 0 <k < m+ 1, such that

ro = R, bo =P,

By, (px) is (k,ex)-split, and
(27) Em(Pr+1,Tk41) > kEm(pr, k) VO <k <m.
The final ball is (m + 1,ep)-split, so Corollary 3.2 and the absolute Bishop bound in (4) give

Em(Pma1; Tma1) < wprp 1 < C’(n,m)a_("_m).

Iterating (27) yields

Vol B s _ —(n—m
.RTf@ = 5m<p07r0) < (H Cr 1) gm(pm—i—hrm-i-l) < C(n7m)a ( )7
k=0
which is (26), as desired. 0

Since K,,_2 = Scal, Theorem 1.1 follows from Theorem 5.1 with m =n — 2 and o = 1.
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Remark 5.2 (Sharp exponent). The exponent m in Theorem 5.1 is sharp. The product R™ x S*~™
has Ric > 0, uniformly positive Cy,+1, and volume growth of exact order R™.

Proof of Corollary 1.2. The case m = 0 is a consequence of Bonnet—Myers theorem. We may
therefore assume 1 <m <n — 2.
By Theorem 5.1, there is A = A(n,m) such that

(28) Vol, Br(p) < AR™,

for every p € M and R > 0. Fix x € M and r > 2. In the closed annulus Bsy,(z) \ B,(z) choose
a maximal family of points py,...,py for which the open balls By ,;o(p;) are pairwise disjoint.
Bishop—Gromov comparison and the noncollapsing assumption give

VOlg Bl/10<pi) > 107" Volg Bl(pi) Z 10_%0.

All these balls lie in By, 1/19(2); hence (28) implies N < Co(n, m, vo)r™.

By maximality, the balls By/5(p;) cover the annulus. Consider the distance spheres 0B;(z)
for j € NN (r,2r). Each open 1/5-ball meets at most one of these unit-spaced spheres. Since
N < Cor™, there is j € (r,2r) for which dB;(x) is covered by at most C1(n,m,vo)r™ ! balls of
radius 1/5. Denoting by HC the Hausdorff content, we thus have

(29) HC,,(0B;(z)) < Cy(n,m,vg)r™ *.

Let €41 > 0 be the constant in [21, Theorem 3.3], and now fix r = r(n,m,v9) > 2 so large
that the right-hand side of (29) is < e, 117™. For each z, set U, = Bj(x), choosing j = j(x) as
above. Then

BT(CC) cU, C BQT(LE) C Blor(:t), HCm(aUx) < 6m+17"m.
Hence [21, Theorem 3.3] applied with parameter m + 1 gives UW,,(M, g) < r, as desired. O
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