EXISTENCE AND NON-EXISTENCE RESULTS FOR A FRACTIONAL
LANE-EMDEN EQUATION WITH NONLOCAL NEUMANN CONDITIONS
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ABSTRACT. We consider the fractional Lane-Emden equation with a nonlocal Neumann condition
in a half-space. We establish the existence of non-constant solutions for the critical problem in
any dimension. On the other hand, we show that, in dimension n = 1, the subcritical problem
admits only the trivial solution. This result follows from a new Pohozaev-type identity, which we
obtain by using suitable decay estimates for the solutions.

1. INTRODUCTION

Forse€ (0,1) and 1 <p < Zf%‘;, we consider the following nonlocal Neumann problem

(—A)Su = u? in R%,

u>0 in R7, (1.1)
Nu=0 in R,
where R} := {(21,--- ,2,) € R" |z, > 0} and R” := {(x1,--- ,2,) € R" |z, < 0} denote, respec-

tively, the positive and negative (open) half-spaces. Here (—A)® denotes the fractional Laplacian
u(z) — u(y)
—A)? = PV d
( ) u(z) Cn,s an |.’L' _y|n+25 Y,

where ¢, s is a normalization constant, and N is the following nonlocal normal derivative

/ %dy for all x € R™,
Ry =y

Nou(z) := ¢y s
first introduced in [7]. Observe that such a nonlocal Neumann condition is the natural one so that
problem (1.1) has a variational structure. Indeed, if u,v : R® — R are bounded C?-functions,

then the following integration by parts formula holds true for any open subset 2 C R", where
Q¢ =R"\ Q (see [7, Lemma 3.3)):

%//R%\(Qc)z (u(x) — u(y))(v(z) —v(y)) dz dy = /QU(_A)Sudx—F/CUNsudm.

2 |z —y|nt2s

The aim of this paper is twofold. On one hand, we show that problem (1.1) admits at least
one non-trivial solution in the critical case p = % On the other hand, in dimension n = 1 and
for subcritical powers 1 < p < }fgz, we establish a Liouville-type result, which states that any
bounded solution is necessarily identically zero. In order to present our main results in detail, let

us introduce some notation.
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For every u : R™ — R measurable, s € (0,1), and ' C R2" we define
(u, T) // |x — |n+28 dxdy
For n > 2s we set T(R") = R?" \ (Rﬁ) and we define the space Hsi as

Hﬂii = {u : R" — R measurable : u € L% (R%) and E(u, T(RY)) < —l—oo},

where 27 = 2758 denotes the critical Sobolev exponent. We endow such a space with the norm

pro
1
lallzs, = lull s gy + € (w, T(RE))?
i +
The space Hg. is the natural energy space associated to problem (1.1). We can now give the notion
of weak solution for our problem.
Definition 1.1. We say that a function u € Hﬁi is a weak solution to (1.1) if for any v € Hﬁi

//T(]R ) e _|Z(y)3)/(|:(+x2)s — ) dr dy = / uPv dz.

n

one has

‘We can now state our first result.

Theorem 1.2. Let s € (0,1) and n > 2s. Then, there exists a non-constant weak solution u € Hﬁi

to n42s
(—A)su = un—2s in R,
u=>0 in R%, (1.2)
Nu=0 in R™.

In our existence result, the fractional Sobolev constant in the whole R™ and the Sobolev con-
stant for the Neumann problem in the half-space will play a central role. Let us introduce the
corresponding notation.

We define the Sobolev constant of R™ as

E(u, R?"
S(R™) := inf #7
u€D* (R™) *
OB E (f, fuid)
where D*(R") is the abstract completion of C2°(R™) with respect to £(-, R?*").

It is well known that S(R™) is achieved by multiplications, dilations, and translations of the

so-called Talenti Function

n—2s

Ux) = cns <1> T (1.3)

L+ ]
Moreover, we introduce the Neumann Sobolev constant of R} as
E(u, T(RY))
Sy (R?) := f —T
v (R) O;ﬁ&gH ( ) *

It is easy to see that problem (1.2) admits a non trivial solution if the infimum in the definition
of Sy (R%) is a minimum. In this case any minimizer is a solution. In [16, Theorem 1.3], Musina
and Nazarov proved that Sy (R”) is achieved if Syr(R”}) < S(R™). Moreover, in [16, Theorem 4.7],
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they show that such a sufficient condition is satisfied for s sufficiently close to 1~ if n > 2 and s
sufficiently close to 1/27 if n = 1. In the present paper, we prove that the above strict inequality
holds true for all values of s and n, according to the following result:

Theorem 1.3. For any s € (0,1) and n > 2s we have
Sy (RY) < S(R™).
The proof of such a result is based on the construction of a suitable competitor for Sy (R’ ),

which crucially uses the fractional Talenti function (1.3).
Finally, Theorem 1.2 immediately follows from Theorem 1.3 combined with [16, Theorem 1.3].

Let us move now to the subcritical regime. The following is our second main result.
Theorem 1.4. Assumen =1,0< s < % and let v € Hg N L>(R4) be a positive weak solution

of (1.1) with
1+2s

1—2s

l<p<
Then u = 0.

In the classical local setting, Gidas and Spruck in [11] proved a celebrated Liouville-type result
which states that if 1 <p < ng, the only non-negative solution to the equation —Au = u? in R",
is u = 0. If we consider the same local equation in the positive half-space with Neumann boundary
conditions, it is easy to see that the same result holds true. Indeed, in such a case, thanks to the
Neumann condition, we can extend evenly the solution to the whole R™ and apply the previous
result. Such Liouville-type results are not only interesting in themselves, but are also crucial tools
when one wants to prove a priori estimates for solutions to certain nonlinear equations by a blow
up argument a la Gidas-Spruck (see [12]).

In the fractional setting, an analogous Liouville-type result for the subcritical Lane-Emden equa-
tion in the whole R™ has been established in [2, 13]. When considering the problem in a half-space
(or in more general subsets of R™), the only available results consider Dirichlet boundary conditions.
In particular, it has been proven in [3, 9] that, if 1 < p < 2+2% " any non-negative solution to

n—2s’?
(=A)*u=uP inR7Y
u=~0 in R™

identically vanishes. This result has been improved in [10, 18] by allowing any power 1 < p <
%. The proof of such results is based on the method of moving planes.

Regarding similar Liouville-type theorems for problem (1.1), the situation is much more delicate,
due to the non-local nature of the non-local Neumann condition. Indeed, in this case, it is not
possible to reflect a solution of (1.1) into a solution of (—A)*u = u? in the full space and arguments
based on the method of moving-planes seem not suitable for such a situation.

Our proof of Theorem 1.4 is based on a new Pohozaev identity, in dimension n = 1, which we
state here below.

Theorem 1.5. Let u € Hg, N L*(Ry) be weak solution of (1.1) withn =1, 0 < s < L and

2
1<p< i3,

Then w fulfills the relation

o Cs @@ —u®) o [ AV il
1 23)2//“%) S dudy = 2/0 (—A)u(w)zi(z)dz.
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Usually, these kind of identities follow from multiplying the equation by z - Vu and integrating
by parts. However, since we are working with weak solutions, this is equivalent to using x - Vu as
a test function in the weak formulation. The problem is that, in general, if v € Hg, then u is not
differentiable up to R}, furthermore it is not even clear whether = - Vu belongs to H, 51. Hence,
in order to prove Theorem 1.5, we rely on an approximation argument. This argument is based
on some decay estimates of v and its gradient with respect to the distance from OR’}. The precise
result is the following:

Lemma 1.6 (see Lemma 3.2). Let s € (0,1), n > 2s, and 1 < p < 2t25 Then, there exists a

n—2s

constant C, that depends on n, s, and p, such that for every weak solution u € Hﬁi NL*RY) of
(1.1) 4t holds

2s

u(x) + \Vu(x) 2s+2;71 < C’z;pfl for all x € RTJ,L-

The proof of these decay estimates relies on the Doubling Lemma of Polacik, Quittner, and
Souplet [17, Lemma 5.1]. If Myu = 0, we can express u in R” via an integral over R’. Combining
this representation with the decay of u in the positive half-space, we obtain similar estimates in
R™ as well. Observe that the above Lemma holds in any dimension n but the decay estimate just
involves the last coordinate z,,.

Clearly it would be very interesting to prove the Pohozaev identity in any dimension. The
underlying idea is roughly the same, but the technical difficulty relies on the fact that we do not
have a decay of u with respect to the variables x1, ..., T,,_1.

The paper is organized as follows: in Section 2, we show the strict inequality Sy (R}) < S(R™),
which implies the existence result in the critical case; Section 3 contains the decay estimates of
solutions and, in particular, the proof of Lemma 1.6; finally in Section 4, we prove the Pohozaev
identity and the non-existence result in the subcritical regime.

2. EXISTENCE OF NONTRIVIAL SOLUTIONS IN THE CRITICAL REGIME

As explained in the introduction, Theorem 1.2 follows directly from the strict inequality between
the Sobolev constants of Theorem 1.3 and [16, Theorem 1.3].
Let us prove now Theorem 1.3.

Proof of Theorem 1.3. In the sequel, ¢ will denote a positive constant whose value may change from
line to line; subscripts indicate the parameters it depends on.

It is well known (see for instance [14]) that S(R™) is attained by multiplications, dilations, and
translations of the so—called Talenti Function. Hence, if we define for every ¢t > 0 the function

n—2s

1 2
Ui(x) =cps| —————= )
(@) ' <1+m—ten2>

where ¢, s is a constant (independent of ¢) such that ||Ut||L2§(Rn) =1, we have

S(R™) = £(U; , R*™).
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n 1 "
/ U,| 7% dz = 1 —cn’s/ (2> da
R rr \ 1+ [z — te,|

n,s 1 "

—1- S / (2) dz
t m & + |% - €n|
Cns n

=1 / () da. (2.1)
tn Jre \ 55 + |z — e ?

Thanks to the dominated convergence theorem, the integral in (2.1) converges to

1
Rt
Re |2 — en[?"

_2n_ 1
/ |Ut|ni25 -1-0 (t”) as t — +oo. (2.2)
n

Now we observe that

—_

and hence we have

Now we observe that

% n;2s 2
1
( T+|z—ten|? teﬂ\ ) a (1+\y—t6n|2) )
g(Ut, Rn _ // dzdy
]Rn

|z — gyt

n-2s n-2s
Gr) -~ Gwi=r)
P ST
= PBn—2s //]R" |z — [t dzdy

2

n—2s n—2s 2

P) ) 5
c (7+lx o ) - (w)
tn 29/ n ‘.T—y|"+25 d.’Edy (23)

We claim that the integral in (2.3) converges to

2
// (e ~ ) dady (2.4)
(rr)? |z — |2

and that this last integral is finite. Given the claim, we have

" 1
5(Ut ’ (Rf)Q) =0 (tn2s>
and combining this estimate with (2.2) we find

Sumn) < EU0 TRL) _ £W,, B (0, (B2)Y) _ SRY) = Ofgrty)

Ak [ - 0(%)

< S(R™)
LZ* Rn
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provided that ¢ is large enough. Hence we need only to show the claim. First we prove that (2.4)
is finite; in order to do this we observe that, arguing as in [15, page 263], we have

1 1

|z — e, |28 B ly — en|"—2°

_ o 1 1 2.5
< ¢ps|z — y|” max [z — en|P=25T0 " [y — e, [P 25T (2.5)

where a can be any number in (0, 1). Now we split the integral in (2.4) as

2
(lx_e'n1|n725 - |y_erjl'rL—25)
//(Rn )2 ’ dl’dy = [1 + 12

|z —y[n+2e

where
2
(r=ar= ~ =)
‘zfenln_ s \yfen\"_ s
I = // dxdy,
(®™)2n{Jo—y|>3) |z —y|nr2e
and

1 1

( )2

T—en n—2s —en n—2s

12 = // | | :125 ‘ dxdy
(R")2n{lz—y|<1} |z — vy

In order to estimate I; we use (2.5) with oy < s and we get

1 1

2
max — —
I <c // {|Z—€n\" ZEer Jy—enl” 2s+"1} dxdy
1 > Cn,s 25—2
(®")20{|z—y|>1} |z —y|nt2e2en

<en, / / S — 2.6
n,s - |$ _ en|2n74s+2a1 {|1—y\>%} |JC _ y|n+2572a1 ( )

If @1 < s the integral with respect to the variable y in (2.6) is convergent, and hence (up to
relabelling the constant)

I < / dx
1> Cn,s — )
R" |£C _ en‘Qn 4s+2aq

and this last integral is finite if and only if 1 + n — 4s + 2a; > 1, which is true if we can choose
aj > 2s — 5. We can find oy that fulfills both conditions if

n
2$—§<s < 25 < n,

which is true by assumption. To estimate I we argue in the same way but by choosing s < ay < 1.
In this way, we get

I, < / dx / dy
2 > Cns — Ta  Int25—2as °
R" |£L’ _ en|2n 4542 {\I*MS%} |£L' _ y|n+25 2ap

Since ay > s, the integral with respect to the variable y is convergent and hence

I < de
2 X Cnys
R Ix _ e7l‘2n—4s+2a2 !

which is again convergent since n > 2s.
Let

n—2s

B 1 =
Ut(l')_<1 = 2) 9
7+ —enl
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we observe that, arguing again as in [15, page 263], we get

(Oe(e) = Urw))” _ (|x—en|2—y—en2)2amax{ ! ! }

|z — y[rt2s = Cn,s |z — y[ntes [y — en|n— 25120 [ — ¢, [n—25%20

 =V(z,y).

Hence, in order to apply the dominated convergence theorem to (2.3) it is enough to prove that V'
is in L*((R™)?) and, by symmetry, it is enough to show that V belongs to L'(D), where

D=R)*N{ly —en| < |z —enl}-
If (x,y) € D we have

v _ (|xfen|2f|yfen|2)2a 1
((E7y) = Cn,s |:17 — y‘n+25 |y _ en|2n74s+4oz
B _ 2 2c
<. (y=ealls=yl+1o—yP) L o
’ |l’ _ y|n+23 |y _ 6n|2n74s+4a

Now we observe that

dy dx
V(z,y)dedy < cns, / / __d
//Dm{zy|<;} MY Jan |y — en|2n—ts+20 (lo—yl<dy |7 —y[rF2s—2e

In order to have convergence of this integral it is enough to choose a := a3 € (s,1). Splitting the
integral over DN {|z —y| > 3} into the regions where |y —e,,| < |z —y| and where |y — €, > |z —y|
and using estimate (2.7) twice we find

dy dz
V(z,y)dzdy <cns,a / / —
//Dr‘]{|my>%} n,8,004 n Y — en|2n—4s+4a4 {‘E*y|2%} |$ _ y‘n+25—4a4

n / dy / dx
C%S,as — — .
R® ‘y _ en‘2n 4s+2as {Im—yIZ%} ‘.’E _ y|n+2s 2as

ﬁ

(2.8)

If we choose a positive ay € (s — %, 3) the first two integrals in (2.8) are convergent, furthermore if
we choose a positive a5 € (2s — 2, s) the other two integrals are also convergent (note that the two
intervals are non-empty since n > 2s). The above estimates show that V € L'(D) and conclude
the proof. O

We end this section with the proof of Theorem 1.2.

Proof of Theorem 1.2. The result follows by combining Theorem 1.3 with [16, Theorem 1.3].
O

3. DECAY OF SOLUTIONS

In this section, we will need to consider pointwise, and not just weak, solutions to problem (1.1).
For this, we recall that the fractional Laplacian (—A)* is well defined for functions u € £, N C?5+<
for some « > 0, where the space L is defined as

Ls:=35u:R" >R de<oo .
{ J |

o T [afi2s

The following inclusion has been essentially shown in [6, Lemma 2.3].
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Lemma 3.1. We have:
Hﬁi C L.

Proof. We recall that if u € Hﬂin, then it satisfies:

_ 2
uwe L% (R%) and // u(y) —————5—dzr dy < o0. (3.1)
R27\ (R™ )2 |(E — ‘n+23

The proof follows the lines of [6, Lemma 2.3]. We report it here, for the reader’s convenience.
We show that condition (3.1) implies

2
/ @ e
R

o T [a]rF2s

which, in particular, implies that u € L, by using the Holder inequality and observing that
(1 + ‘x|n+25)—1 c Ll(Rn)

Throughout this proof we denote by C' many different positive constants whose precise value is
not important for the goal of the proof and may change from line to line. Let {2 be a compact set
contained in R™. We have

|2
oo>/n/n |m— |n+2s dx dy
‘Qd dy + )|2d d
e |a:—y\n+2$ e e
u(z) — u(y)?
//nz Iw—y\”“s e dy
// |x— |n+2s oy // |x— Ws ey,

where, in the last estimate we used that |a — b|? > Ea — b? by the Young inequality.

Since u satisfies (3.1), clearly the first term on the right-hand side is finite. Moreover, using that
for £ € R and y € Q one has that | — y| > w, for some w > 0, and the integrability of the kernel
at infinity, we have for every y € Q2

1 o C
]R:l x_yn S - w w S

where C' is independent of y € Q. Hence,

1
_ 2
A / . \x— |"+2€ dvdy= [ ) (/ o=y dw) W
C
< o [ Py <.

Therefore, combining (3.2) with (3.3), we deduce that

=

(3.2)

p— y‘n+2s dzx dy < oo.
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Finally, since Q is bounded, we have that there exists some number d such that |z —y| < d + |z]
for every z € R™ and y € 2, which implies that

=

Moreover, since u € L% (R%) and (d + |z[)™"2% € L*(R%), by using as before the Hélder
inequality, we also have that

|u(z)]?
dx dy > |Q — dx. 3.4
xdy > |Q] - (d+ |z])m+2s € (3.4)

‘n+25

Ju(a)[?
—————dr < 00,
/m @+ [])"7%

which, together with (3.4), gives the conclusion.

We can now prove our decay estimates.

Lemma 3.2. Let s € (0,1), n>2s, and 1 < p < 2225 Assume that u € H81 NL>(RY) is a weak
positive solution to

3.5
Nau=0 in R™. (3:5)

Then, there exists a constant C' that depends on n, s and p, such that
u(z) + [Vu(z)

Proof. Assume by contradiction that there exists a sequence of u; € Hﬁi of solutions to (3.5), and

{(—A)Su =uP inRY

25 -2
w41 < Cwp "™ for all z € RY.

a sequence of points 2% € R} such that

where
p—1 p—1
My, = u > + [Vuy|%=F-1.
By the Doubling Lemma [17, Lemma 5.1] there exists a sequence y* € R such that

My, (y*)yk > 2k,

and
Mk(z) < 2Mk(yk) if z € Bk)\k (yk)
where A\ = My (y*)~%; notice that By, (yx) C R”. Now, for any x € R", we define

() = AP un(y® + ),

and we notice that u; solves

(—A)sﬂk = ﬂi in Bk(O); (36)
moreover
W (0)= + |V (0)| =77 =1 (3.7)
and - -
g(x) = + |Vug(z)| =71 <2 if x € Bi(0). (3.8)

From (3.8), the Ascoli-Arzela Theorem and [5, Theorem 1.1 and Theorem 1.3] we have that, up
to subsequences, Uy, converges in Cfij{l 2S}JFQ(R’?) to some non-negative function u € C*(R").

Observe that we crucially use that the regularity estimates of [5, Theorem 1.1 and Theorem 1.3]
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only depend on the L*-norm of u in Bj(0) and not in the whole R™. Hence, passing to the limit
in (3.7) and (3.8) we find

w(0) = + |Vu(0)| =T =1 (3.9)

and
u(z) > + |Vu() T <2 ifa € R
We want now to pass to the limit in the equation (3.6). The proof takes inspiration from [5,
Proof of Theorem 1.8.]. Since @y, € C?*t* N L, (see Lemma 3.1), we have that @y, solves equation
(3.6) pointwise and therefore (—A)®uy converges pointwise in R”. Hence from [8, Theorem 1.1] we
have

lim (—A)*ug(z) = (—A)°u(x) —b for all z € R,

k—o0

where b € [0, +00) is defined as

D= o RN, [ Talnes (8.10)
Therefore u solves
(—A)°u(x) =uP(x) +b forall x € R™. (3.11)

We want to show that b = 0. If, by contradiction, b > 0 we define for any R > 0

Tala) = ., [ (DN

that is a solution of
(=A)*Tr(z) = (uP(z)+b)xpp(z) xR
lim Tgr(z) =0,

|z|—+o00
where x g, denotes the characteristic function of the ball Bg and 1/|z — y|" =2 is the fundamental
solution of the s-Laplacian on R™.
Now we define ug(x) = u(x) — Tr(z) and we see that

(=A)*ur(z) >0 zeR”,
lim wgr(x) >0.

|z|—=+o00

Hence, from the maximum principle of [4, Theorem 1] we have that up is non-negative. From this
and the Monotone Convergence Theorem we obtain

P b b
u(z) > lim Tgr(z) > cns/ Mdy > Cp s/ T Y,
R0 " e Tyl " Jrn =yl
for any x € R™. If b > 0 the last integral on the right hand side is divergent, which is a contradiction
and hence b = 0. From (3.11) we find that u is a non-negative solution of

(=A)’u(x) =uP(z) for all xz € R",

and hence, from [13, Theorem 1.8 and Remark 1.9], « must vanish everywhere, which is not possible
thanks to (3.9). O

Given a point z € R™ we write z = (2/,x,,) with 2’ € R"~! and z,, € R.
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Lemma 3.3. Let s € (0,1), n > 2s, and 1 < p < 2225 Assume that u € HRn NL>(RY) is a weak

positive solution to (3.5).
Then, there exists a constant Cy that depends on n, s and p, such that

C
[Vu(z)| < =2 for any x € R? with 0 < x, < 1.
Tn
Proof. The proof again relies on the Doubling Lemma of [17, Lemma 5.1]. Indeed assume by
contradiction the existence of a sequence y* € R? with y* <1 such that
2k
Vu(ye)| = —-

n

By the Doubling Lemma there exists a sequence z* € R? with xF <1 such that

n —

2k
k
Vu()| > T

Vu(a®)| > [Vu(y")|

and
|Vu(z)] < 2|Vu(z®)| for all z € B(zF, k),
where Ay = [|[Vu(2*)|]~1. Notice that, since 2% € (0,1], A, — 0. Now we define, for every y € B(0, k)
the function
vk(y) = u(xk + Ary)
and we notice that
Voe(m) <2, [Vo(0)] =1
and
(=) vk(y) = APvp(y)  in B(O,k).

Arguing as in the proof of Lemma 3.2 we find that vy converges in Clrgjx{l 25HO‘(R”) to some
function v € C1(R™). Moreover the limit function solves

(=A)’v(z) =b forall x € R™,

where b is defined analogously to (3.10) with vy in place of u;. Arguing again as in the proof of
Lemma 3.2 we can see that b = 0, hence v is a bounded solution of

(=A)v(z) =0 for all z € R",
therefore v must be constant (see for instance [19, Proposition 2]). But this is not possible since
|[Vo(0)| = lim |[Vug(0)] = 1.
k—r 00
O

The nonlocal Neumann condition N,u = 0 in R”, allows us to deduce decay estimates for u in
the negative half-space, from the ones obtained in the positive half-space.

Corollary 3.4. Let s € (0,1), n > 2s, and 1 < p < 222 Assume that u € Hg N L>*(R%) is a

weak positive solution to (3.5) and let

2
ﬁ:min{l,s}.
p—1

Then, there exists a constant C1 > 0 such that
u(z) < Cpmin {1, |xn|7ﬁ} for any x € R™, (3.12)
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and
for any x € R™. (3.13)
Proof. In the following C,, ; will denote possibly different positive constants which depend only on

n and s. First of all we notice that, if z € R™, thanks to some algebraic manipulation and a change
of variables, we have

/ dy _/ dy
. +2 - n+2s
my [T 0™ Try (o y 2 ()T

+oo /
_ dyn dy
- _ n+2s n42s
0 |mn yn‘ Rn—1 ( o’ —y’ 3z

T 1) (3.14)
+oo dyn dz’'
N /0 |Tn — yn |28 /Rn—l (172 + 1)
_ n,s|$n|_25~

We recall that, since Nyu = 0, one has that

u
/ (y7)1+29dy
R? |z -y ’

Jo
Ry |z — gyt

Hence, if u is a solution of (3.5) and = € R™, we have

)] < Colanf? [ gy
R

—ynt2
n |z =yt

lu(y)| u(y)|
_ Cn7s|xn|23</ S )| Wl
{0<yn<1} T —y|"+2e (yn>1} |7 — Y| T2

Since u is bounded we can estimate the first integral arguing as before; this time we obtain

|u(y)| ’ ! dyn
/ |Qf — ‘n+25 dy S Hu”Loo B dy , /12 9 n+2s
o<v<n) 0= xS0 (o ()T
dz' /1 1
= ||u|| o — = dy
i /Rn_l (172 + 1) L

1 1
= [|[U ooCnS —
lrllze-Co. (| <1+|zn>25)

[l £o C,s
|2 | 25

u(zx) =

for every z € R".

(3.15)

(3.16)
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For the second integral in (3.15) we use Lemma 3.2 to infer

u(y 1
{ynz1} 1T 7Y {yn21} 77 |3 — y|nt2s

oo a4 d /
:/ Yn pildyn/ Y nt2s
1 Bt (fa! = g2 (@ — 9a)?)

+oo 1
=Chs / Ay (3.17)
1 yﬁ_l |xn - yn|1+2S

Performing the change of variables y,, = —wx,, in the last integral we find
+o0 1 1 +o0 1
|xn|25/ — dyn, = —— / —— —-dw. (3.18)
1 Yi T g — yp |28 || 21 e w1 |1 4 w|1+2s

In order to estimate this last integral, we fix M > 1 (here we are interested in the decay of u for
|z, | large, i.e. 1/|z,| small) and we split the integral as

+o0o 1 M 1 +oo 1
1 wm‘1+w‘1+2s 1 wpfl|1_|_w|1+2s M wﬁ|1+w|1+23

lzn [zn]

M 1
= / —dw + C’n,87 (3']‘9)

o w1+ ]
Tn

where the last equality follows since the integral on [M, +00) is convergent. For the second integral,

we have o o
1 d s
/ ——————dw < / 'L;i < On,s(|$n|%71 + 1)-
2 wrT |1 4wl 2 2wt
Combining this last estimate with (3.19), (3.18) and (3.17) we find
|u(y) Ch,s
|z |25/ dy < ——.
" Jasy lw =yt |$n\m‘“{pﬁ71}

This last inequality and (3.16) imply
u(z) < Cylz,| P for z € R™. (3.20)
From equations (3.14), (3.15) and the fact that u is bounded in R? we easily get
lu(z)] < Ci ifzeRT,

which together with (3.20), implies (3.12). For the estimate in (3.13) it is enough to observe that,
if x € R?,

Vu(z SC’ns(wn%_l/ Mdy—l—xn%/ u(y)|dy)
Vo)) < O (el [t bl [ s

y e

and performing the very same computation as before we reach the conclusion. O
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4. POHOZAEV IDENTITY AND LIOUVILLE-TYPE RESULT

In the following we will assume 0 < s < % and n = 1. Given u € C*(R), we denote by 1 its
derivative.

In order to prove our Pohozaev identity, we will crucially use the decay estimates established in
the previous section. Indeed, in Lemma 4.5 below, we will show that a Pohozaev identity holds true
for functions which satisfy certain decay conditions close to the origin and at oo, and such decays
are satisfied by solutions to our problem (1.1) thanks to the results of Section 3.

In order to prove Lemma 4.5, we will first prove the same result under stronger assumptions on
the function wu.

We start by establishing the result for functions that vanish both close to the origin and at co.

Lemma 4.1. Letu € Cl(R\ {0}). Then,

cs //T(R+) o= |1J(FQZ) drdy = /()+Oo(—A)Su(:v)xu(w)dx — 2/_00()/\/81;(;5)3;@(35)6[%.

Proof. First of all we notice that

-2y //T(R+> |z —;I?“S =3 // ®+) —u(y))* <|x—i|1+29 -1+ 2s)|x(x—_ygz‘22$)
= ¢y //T(Rﬂ(u(m) - u(y))? (W—;P”S (1+2s )|(—yzj+2xs)

(4.1)
=[] e w5 (i)

where in (4.1) we used the symmetry of the integral. Now we split this last integral as a sum of

three parts, namely
c// (u(z) — u ))28<m>—A+B+C
* M@ S |z —ylt+2s )

e[ w0 s () o
e /0+°° [m(u(x) —u(y))Q% (W) dady,

—ef OOO | ) =t (s ) .

For B and C we find, after integration by parts with respect to the x variable, that

B =-2¢ " )) xu(x)dx
- 25/ / my‘ms (2)dedy (4.2)

— 2, / / A x_|1“+23) a(z)dady. (4.3)

where

and

and
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. +oo  py—9d . x
A= 515&05/0 /o (u(z) — u(y)) e (|a:—y|1+25> dxdy

+oo +oo ) a T d d
+ S - P T 1.1 0. .
o | / RERT) ax(m_yms) vdy

Again using the integration by parts we find

/OJFOO /Oy_é(u(:c) - u(y))Q(% (w;l%)dmdy =-2 /;oo /Oy_é Wﬂ(m)xdmdy

+o0 _
[l =5 — ) Sy, (@)

For A we have

and

/O+OO /y:o(u(:c) - u(y))Q(% (wgycll%)dxdy =— 2/0+oo /y:o Wu(x)xdxdy

+oo
[ ) - u) Yy @5)

Now we want to show that the sum of the single integrals in (4.4) and (4.5) goes to 0 as § — 0.
Indeed by a change of variables we can see that this sum is equal to

0 “+o0 2
y (uy +6) — u(y))
[ty +8) = ) sy - [ )y,
For the first integral we notice that

0
Y —2s
[ty ) = ) 5y < 2l a8 0

as § — 0 since s < % For the second integral we observe that, since the support of u is compact,
there exist 0 < a < b such that

supp(u(- +0) —u(-)) C [a, b] (4.6)
for any d small enough. Therefore

+oo —u 2 b u —u 2
[l o [FREOZ M gy < - il 20 (00)
0 a

as 0 — 0. From (4.6) and (4.7) we have
+oo +oo )
A= 205/ / \x - y|1+2 u(x)xdrdy

and combining this last relation with (4.2) and (4.3) and recalling (4.1) we find

(1—2s) G //T(R+) |5r:—y|“(‘21) dzdy = /+Oo(—A)Su(m)x1l(x)dm

- 2/_0OO Nsu(x)zi(z)de

which concludes the proof. O
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The following Leibniz-type rule holds true.

Lemma 4.2. Let u,v: R™ — R be two functions. Then,
(=A)*(u)(z) = (=A) u(@)v(z) + u(z)(=A)*v(z) — I(u, v, R")(x) (4.8)
and
N(uv)(x) = Nou(z)v(z) + u(z)Ngv(z) — I(u, v, R} ) (x), (4.9)

where, for any E C R™ measurable, we denoted

I(u,v, E)(z) = cp S/E (u(z) — u(y)) (v(z) - v(y))dy'

’ |z — y[rt2e

Proof. The proof of (4.8) can be found in [1, Proposition 1.5]. With the very same computation we
also obtain (4.9). O

Remark 4.3. Let ¢ : R — R be a function with the following properties:
(i) p € C=(R);
(ii) 0 < p(z) <1 forall z € R;
(13i) p(x) =1if z € (—o0, —2] U [2,00);
(v) p(z)=0if x € [-1,1].
(v) |p(x)] <1 forall z € R.
Then there exists a constant C > 0 such that
lp(z) — ¢(y)| y
N R P
Indeed if |z| € [0, 3] we split
lp(z) *w(y)ldy:/ lp(z) *@(y)ldy+/ lp(z) *so(y)ldy
{lz—y|>1} {lz—y|<1}

w oyl o — g7 o —yF

for all z € R.

2 1
< — syt — 5 Y
{la—yi>1} |7 =¥l {la—yl<1} |2 = Y|
2 L
s 1-—2s

< ¢
T (L xR
If |z| > 3 we have ¢(x) = 1 and since also p(y) = 1 if |y| > 2 we can write

|o(@) — el /2 11— ()l

 Je—yltt2e VT e =y

if |z| € [0, 3].

and observing that for |z| > 3 and |y| < 2, we have
[z =yl = |2] = [yl = [z] -2
we conclude

lp(2) — ()| 1 /2 C
dy < 1—- dy < —————-.
e e el P R (e

if |z| € [3,+00).
This implies in particular that

(—A)*p € LMR)NL®(Ry), Nop € L'(R) N L¥(R_).
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In the following Lemma, we extend Lemma 4.1 to functions that have compact support but not
necessarily vanish around the origin. For this, we need an integrability condition on their fractional
Laplacians and nonlocal Neumann data and a suitable bound on .

Lemma 4.4. Let v € CL_(R\ {0}) N L>®(R) be a function with u =0 on R\ [-K, K] for some
K > 0 and with the following properties:
(i) (—A)*u € L(0,00)
(i1) Nyu € LY(—00,0).
(ii1) |u(z)| < € for z € R\ {0}.
Then

- sc—s (u(x)—u(y))zx = — +ch Su(x)zuw(x)dx — ' w(z)zu(z)dr
1 2)2//%) ety = =2 [ Cayu@eiie =2 [ Naueit)d.

Proof. Let ¢ be a function as in Remark 4.3. We apply Lemma 4.1 to the function uyy where
vr(x) = p(kx). We then obtain:

Cs (upr(z) — upr(y))®
1-—2s —/ dxd
( ) B TRY) |:c _ y|1+23 Yy

0

“+ o0 . .
= —2/0 z(—A)® (upr) (upr)dx — 2/ N (upr) (uwpr)dz

— 00
1

K . % .
— _2/l z(=A)* (ugpy) (u%)daz—2/7 z N (upr) (upy)da.

We can rewrite the first integral on the right-hand side as

K .
9 / (—A)* (up) 2(upr)da

- / rpk(—A) u(upy) — 2 / w(upr) fu(—A) ok — I(u, 4, R) (2)] da.

For the first integral on the right hand side we have

K ) K K
—2/ xop(—A) u(upr) = —2/ TR (—A)Su - i dr — 2/ 2opPK(—A) u - udx

k k k

K k

= 72/ x(pi(fA)su~adxf2/ 2opPK(—A) u - ude.
1 1
® ®

By Lebesgue’s theorem,

K K -
/ o (—A)u - i de — / (—=A)uz - o dr = / (=A)*uz - o da
% 0 0
as k — +oo.
Moreover, since |¢x| < Ck on |1, 2] with a constant C > 0, we have

‘L x@k‘ﬂk(—A)Su.udx’ S/l w(—A)u dx‘ =0

as k — +oo again by Lebesgue’s theorem and since (—A)*u € L*(R*) and u is bounded on RT.
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Hence

/1K ron(— A u(upr) — /OOO(_A)SM i d

k
as k — +oo0.
Next we consider the integral

K .
L w(ugpr) [u(—A)* o — I(u, 4, R)()] da

K K
= A orxt [u(—=A) o — I(u, or, R)(z)] dz +/; orru [u(—=A) i — I(u, o, R)(z)] dz.

We now use the facts that
(—A)°pr = E*[(=A)°¢] (k)

and

I(ua Pk R) (.’L‘) = kzs[(u(g)’ ¥, R)(k)

to see that, by a change of variables,

‘/;K oz [u(—A) o — I(u, op, R)(2)] da:‘

—e| [ i) [l AV — 1) R)@)] daf (4.10)

kK
<ot [ gu@-are - 1) e R)@)ds
By Remark 4.3, we have that
kK )
| elupi-are
1
Moreover, by Remark 4.3, we have

[1u(2). 0. R)@)| < 2lull ey

dr < oo.

dz < C/loo o|(-a)¢

lp(z) — o(y) C
dy <
R |x_y|1+2s y* (1+$)1+2$

for x € (0,00) and therefore

/leSD’I(u(];;)’%R)(x)‘dx < C/loo de < oo0.

Since s < %, we thus conclude that

K
L orxt [u(—A) o — I(u, or, R)(z)] dz — 0

as k — +o0o. Moreover, we have, again by a change of variables,
2

k

K
/1 preu [u(~A) ok — I(u, i, R)(@)] de = / (ke [u(— A op — T(u, o1, R) (2)] da

S| oul2) WA~ 1), 0. BYw)] de.
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where, again thanks to Remark 4.3 and similarly as before we have that

/ ) [u(H) (=AY~ (o). B)w)] d| < € / (12l + 1)) o] < o
with

o) = [ A=y,

Hence we also see that

K
/1 orru [u(—A) ¢ — I(u, g, R)(x)] dz — 0

k
and therefore

K
| atu) (-2 = Iwou RY@) dz 0
®
as k — +o0o. Next we consider the integral

/__ *Ns (uwor) (ugak)dx

o

==

1

ES
k

— /—; N (upr) uprpdr + / N (upr) uprde

— 00 —

= =

-%
:/ xcpk(J\/'Su)uapkdx—i—/ r(Nsu)pruprde

_2
k
1

1
-% %
+ / x(u/\/sgok — I(u, wk,RZ‘r))ug@kdm +/ x(u/\fscpk — I(u, cpk,RT}F)>u<,bkd$. (4.11)

oo

o

Again, we see, by Lebesgue’s theorem, that

o0

1 0
/ ' o (Nsu)iprdr — / (Nsu)zidx as k — 400

and that, since |¢y| < Ck on [-2, —1] with a constant C > 0

—% —%
‘/ :z:(./\/;u)cpkugbkdx‘ < C'/ [Nsuldz — 0
2 2
% %
as k — +o00, by Remark 4.3.
Now we deal with the two integrals in (4.11). For the first one, arguing as in (4.10) we find

‘/_—i erat [uNsu)pr — I(u, o, RT)(2)] d;c‘

K

:kQS—z‘/__l pri( ) [u(2) (Nag) = T(u(), 9. BY)(2)] da

kK k

<o [ )W) ~ 1), R o)
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Thanks to Remark 4.3, and using that u € L>°(R) and Nsp € L'(R), we find

/__1 w‘u(;)(/\/ss@)‘dar < C/_: w‘/\fstp‘dm < 00.

kK
Again by Remark 4.3, we have

(@) — oW, %

A A R E

[1u(2). 0. RN)@)]| < 2lull e

hence )

—1
. 1
I(u(=), ,R+x‘dx<0/ ——————dx < 0.
[l erioli<e [ e
Since s < ; the above estimates imply that the first integral in (4.11) vanishes as k — +oc.
For the second one we observe that

‘ /l orau [uNspr) — I(u, o, RT) ()] da

< k/z (k) zu [uNsor) — I(u, o, RY) ()] | da

1

k

S wu(o) [N — Tl 0B @)

-1
<C / Wap + T(@)]dc
-2

that is again finite by Remark 4.3, this also implies that the second integral in (4.11) goes to 0 as
k — 4o0.
It then remains to show that

/ (upr(z) — upr(y))
T(R+)

|1._y|1+28

(u(z) — u(y))

2 2
. 4.12
dxdy — o — g dxdy (4.12)

T(Rt)
To see this, we simply note that

[ e awr,,
T(R+) |z — y|t+2s

| (e(@)(u(z) — u(w)) ~ ulw)oee) ~ o))’
= dxdy
T(R+)

ERPEE

Pz (u(z) — uly))” x u?(y) (er(x) — or(y))? T
/T(R+) |z — y[i+2s d dy+/T(R+) o — g dxdy

25 (x) (u(z) — u(y)u(y)(pr() — ex(Y))
+ /T(R+) |z — y[i+2s dxdy,

where, by monotone convergence,

/ i () (u(z) — u(y))?
T(R+)

(u(x) — uly))? |
2 — gl /

ERPEE

dxdy —
T(Rt)
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as k — +oo and, by a change of variables

/ W) er() = oeW)® ) s / w(ky)le@) — W), o
T(R+) T(RT)

o~y o =y TF2

< k2s—1/ UQ(ky)(QD(l”) - (p(y))zdxdy
R?

o =y

25-1 (p(x) — o(y))?
<k |l oo (r) /2 Wd:rdy

1
< k2571 dy < k2571
<o [ gy S Ok 0

as k — +o0.
Finally, we also see that, by the Cauchy-Schwarz inequality,

/ ) = () = ) g,
T(R+)

o — o]+

< (/T(Rﬂ or (@) (u(z) — u(y))2dxdy) (/T(Rﬂ u?(y)(pr(z) — (pk(y))dedy)

|z — y[iT2s |z — y[+2s
—0
as k — 4o00. Hence (4.12) follows, and the proof is finished. O
We can now establish the following

Lemma 4.5. Let s € (0,1), and let w € CL (R \ {0}) N L=(Ry) be a function satisfying the

following assumptions for some p € (1, }"‘g;) , p2f1 }:
(i) (=A)*u & L}(0, 50);
(ii) Nsu € L*(—00,0);
(#91) Ju(z)] < Cmin{l, |x\ = =1} for z € (0,+00);
(iv) Ju(z)] < Cm for x € (0,4+00);
(v) |u(z)| < C’mm{l |:’CB\ BY for x € (—o0,0);
(vi) Ji(w)] < C2REEEL for o € (—o00,0).
Then
e [ Q@) —u)? e |
(1—2s) 5 //T(R+) PiECT dxdy = 2/0 (—A)’u(z)zu(x)dx 2[mNsu(x)xu(x)dx.

Proof. We consider the functions ugyg, k € N, where ¢, = () and the function ¢ is the one of
Remark 4.3. Applying Lemma 4.4 to upy, we obtain:

Cs (upr(2) — upr(y))?
1-—2s —/ dxdy
( " T(R+) |z — |2

0

“+oo . .
2/0 ¥ (upr) (upy)dz — 2/ TN (upr) (upk)dx

— 00

2%k . 0 _
2/0 2(—A)® (upy) (upr)dz — 2/ N (upr) (uwpr)dz. (4.13)

—2k
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We can rewrite the first integral on the right hand side as
2k )
2 [ (-a) (wen) aup)ds
0

2%k _ 2%
= —2/ xR (—A)*u(upg)dx — 2/ z(upg) [u(=A)’ i — I(u, o, R)(z)] dz.  (4.14)
0 0

For the first integral in (4.14) we have
2k

2k 2k
—2/ xR (—A)u(upg)de = —2/ rpiiu(—A)*u dr — 2/ ruprPr(—A)u de,
0 0 k

where, by assumptions (i), (iv) and Lebesgue’s theorem,

2k
/ TR (— udm—)/ x0(—A)’u dx
0

as k — 4o00. Moreover, since || S £ on [k, 2k] with a constant C' > 0, we have
‘/:kxucpkgak udx‘<20/ A)u|ldx — 0 as k — +oo
since u € L°°(R) and (—A)*u € L'(0,00). Hence
/21@ zop(—A) u(upy) — /OO xu(—A)u dx as k — +o0. (4.15)
Next we consider thg integral ’

2%
/0 w(ugr) [u(—A)* o — I(u, o4, R)(2)] do (4.16)

2k 2k
- / v [u(—~A) o — I(u, o R) ()] di + / rpp [u(~A) o — I(u, o, R) ()] de

We now use the fact that

() = K2 [(-A) () (117)
to see that, by a change of variables,
2k 2%k
‘/ roptuu(—A) oy, da:‘ < ||(_A)sg0k;||Loo(072k)/ x|uu| dz
0 0
1 2%k
<A plimon (| alinlde+ [ aiulds)
1 2k

< ck*%(/ ldaz—i—/ 27 do)

0 1
< Ok~ (14 k777)
=o(kr 20 E)) S0 ask o oo, (4.18)

1+2s

where we used assumption (iii)-(iv) and that 2s(1 + —) > 1 since p < 7757 in the last step.
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We also see that

2%k 2k
‘/ zopul (u, pr, R)(x d.%" < min{1, x_%}ﬁ(u,wk,R)(xﬂdaz
0

2k
/ 1 (u, o, R )|d:c+/ 2T I (u, o, R) (@) |dz, (4.19)
1

where 0(2) — o1
At
[ (u, o, R)(2)] < 2[|ullz ) Wd
= 2|ull )k T e

S Ck—Qs
for x € (0,1) and therefore
1
[ (u, x, R)(2)|dx — 0.
0
Now we estimate, for |z| > 1, I(u, gk, R)(z). By assumption (iii), (v) and a change of variables,

(u, o1, R) ()| <
|u(z Yller(@) — er(y)l (=7 + min{1, [y|~7}) |k () — or(y)|
/ |m, |T+2s dy < C/R |z — y[i+2s dy

_ e / (i1~ + min{1, Iyl ~*Dle(3) — o)l
R

7=y

—Blp(E) — in{1 -8 zy _
{ly1> 1 {lyl<y

|% _ y|1+2$ |% _y|1+25
zy _ ind1. |ky|—8
SC]C_QSL%“_ﬂ/ |90(k) ;’;(25”(1 +Ck_23/ min{1, | y2|5 }dy
(ui=ty 15—l fyi<izly 15—l
lz| ~ 8
1
< oprapr [ B el min1L lky| 7}
|5 —y|tt2e (yi<lely |z —kyl?
< Ck™>e[ P + Ok / mindh 17,
(el<ley |7 — 2]
—B
= Ck™%|z| % + Ck 1 |z — 2|7 %dz + Ck™! L%
{J21<1} (<lzl<ely 1 — 2
t|—8
< Ck™%|2| P + Ck™ a2 4 Ck Yot =%F ™" (4.20)

(L<i<ay Lt
Now we distinguish between 8 < 1 and 8 = 1. If 8 < 1 we can estimate the integral in (4.20) as

t]=°

A1
(fr<i<ty (1=t de < Cmax{l, |27
E
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Consequently we have

1

CN,s

|1 (u, o, R)(x)] < Ck_25\x|_5 + CE |72 + Ck_1|x|1_2s_'8 max{1, |x|’8_1}
< Ok~ |28 + Ck‘l\x|‘28<1 + max{1, |x|1—ﬁ})

< C(k‘25|x\_5 + k‘l(\x|_25 + |x\1—28-ﬂ)). (4.21)

Therefore,
2%k

2k
/ zTP [ (u, o, R) (2)|dz < C’/ (k*%x_z%l_ﬁ + k! (33_25_% + xl_%_%_ﬁ)dx
1 1
< C(k‘%“‘%‘ﬁ + kT2 TR 4 k*l) =0
as k — 400, using again the 25(1 + %) > 1 since p < }f%i
Now we deal with the case = 1, starting from (4.20) we reach

1 !
I (u, op, R)(z)| < Ck™2|z|" 4+ Ck x| 725 + Ck~ Y| 728 %dz,
CN,s {y<iasny L -t
this time, integral on the right-hand side can be estimated as
t —1
/ L2dt < C'max{1,log |z|}
tazpi<ay 11—t
and hence we find
1
T (u, op, R)(x)| < Ck™ 227! + Ck~ 1272 + Ck~ 'z ™?* max{1,log(|z|)}
< C(k %2 '+ k1o max{1,log(|z|)}). (4.22)

Hence, we obtain
2k 2k
__2s_ —2g —-25__ 1 1 — 25 _ 954
/ x P1|I(u,<pk,R)(x)|dx§C(/ AT A A max{l,log(x|)}>.
1 1

<Ol 5T + k2 +k 1 2log(k)+ k1) =0

as k — +oo.
Inserting these estimates in (4.19) yields that

2k
/ zortl (u, i, R)(z)dx — 0 as k — 4o0. (4.23)
0
Combining (4.18) and (4.23), we have proved that
2k
/ xRt [u(—A) o — I(u, pr, R)(z)] de — 0 as k — +oo0. (4.24)
0

Next, to estimate the integral
2k

2k
| stulut-ay o~ I o R @) ds = [ apralu(-8)% o~ o B)@) do
0 k
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we use again (4.17) to see that
2k

2k
[ w2 pnda] < 1A aullimoan [ ol da
k k

2k
L (SN P E P

—1-2s 2 1— A=
< Ck (/ T p1 dx)
k

< C’kl_Zs(H_%) -0 as k — +oo,

where we used again the fact that 28(1 + p%l) > 1 since p < if%i We also see that, if 3 > 1, by
using (4.21),

2k 2k
\ / xgbkul(u,gok,R)(x)’ < k! / 21T I (u, on, R)(2)| do
k k

2k
< Ck_l/ P (k_%x_ﬂ + ke 4 k_lxl_%_ﬂ) dx
k
2k ”e 2k .
= Ck—l—%'/ e TPy CETI% 4 k‘Q/ 1Py
k k

<Ok 1725 4 Ok~ 4 as k — +oo,

2s
p—1

and p < %f%i

recalling that, in this case, § = If B =1, we can argue in a similar way and use

(4.22) to obtain
2k

2k
[ soutonR@)| < 06 [ 0P o R)@)| do
k k

2k
<Ck! / 2 TR (k2 4 Ok 2 log(|x]))da
k
< C(k™%T + k2 log(k)) — 0 as k — +oo.
Combining these two estimates, we find that
2k
/ x(upg) [u(=A)or — I(u, ox, R)(z)] dz — 0 as k — 4o0, (4.25)
0

both if =1 or 8 € (0,1).
From (4.14), (4.15), (4.16), (4.24), and (4.25), we deduce that

2k 00
—2/0 (=A)* (upr) 33(U<;0k)dx — —2/0 xu(—A)’u dx as k — +oo. (4.26)
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Next we consider the second integral in (4.13) given by

0 .
/ N (upr) (upy)dx (4.27)
2k
0 —k
= / N (upr) uprdr + / N5 (upy) uppdr
92k —2k

0 —k

:/ xagpi(/\fsu)daj—F/ ru(Nsu)prprde
_ 2k —2k

—k

0
+/ x(uNsm—I(uawk,RH)Wkder/

-T<UNS<P19 — I(u, pr, R+))usbkdx-
2k —2k

Again, we see, by Lebesgue’s theorem, using the facts that Nyu € L!'(—o00,0) and that x — xu is
bounded on (—o00,0) by assumption, we have that

0 0
/ zipi (Nou)de — / (Nsu)zudz — as k — +oo. (4.28)
—2k —00
Moreover, since
C
lul <€, Jerl <€ and - ou] < o n [—2k, —k]
with a constant C' > 0, we have
’ Nu)cpkugakd:r‘ < C’/ |Nsuldz — 0 (4.29)
—2k

as k — +oo.
Now we wish to show that the last two integral in (4.27) vanish as k — +00. We observe that

Nagi = k™ el (7)

and thanks to assumption (v) we estimate

—k
‘/ (uNspx ugokdx‘ < Ck~ ﬂ/ |uNs ok |dz
2%k

_k .
_ 18 /,% [ulNeg]()lda

—1
:Ck-l—ﬂ-%/ lu(k- )N p|da

—2
< Ck7175726‘”u||Lco(R)||NSCPHL1(]R7) —0 ask— +00,

since u is bounded and, by Remark 4.3, N o € L*(R™). For the other term of the second integral
in the last line of (4.27) we have, again by assumption (v)

—k —k
/ xuprl (u, pp, Ry )dz| < C/ min{1, |z|~?}|I(u, or, Ry )|dx (4.30)
—2k

—2k

—k
e / 2|1 (u, o, RY)|de
—2k
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if k is big enough. By the estimate of (4.21) we find, if 8 < 1 and for z < —1,
[T (u, o, RT) ()] < Ok~ |a| 7 + k71 (j2] 72 + |21 7277))
that combined with (4.30) implies

’/ rugrl (u, o, RT)dx

< C/ k,—23|$|—2[3+k—1|$|—2s—5 +I{3_1|l“1_23_2ﬂd$

SC(kl 2s— 2,8+k—2s—5)

that vanishes as k& — 400 provided that p < 1+25 . The case 8 = 1 can be treated similarly using
(4.22) instead of (4.21). Consequently,

—k
/ x(u}\fscpk — I(u, gpk,RJr))ugbkd:r —0 as k — +o0. (4.31)
—2k

Moreover, we have

0
‘/ :c(u]\/sgak — I(u, gpk,R+))ucpkdx’
—2k
0
< C’/ min{l,\x|_ﬂ}’u./\fscpk—I(u,g@k,RJr)’dx
—2k
0 ) 0
scw%/ mmumrﬂMM@@Mm+c/ min{1, 2]~} I(u, gp, Ry )|dz
_2k —2k

0 0
< Ok > | Wigl ooy [ min{Lla] 2} de+ € [ min{L, ol #}I(u, g, Ry dr,
—2k —2k
where

0
F PNl e [ min{ ] ¥y de < Ok (14 51)
—2k

_ C(k—zs n k1—25—2ﬂ) 0,

using again that 28(1 + %) > 1 since p < %'_"3‘; and that AVsp € L>(—o00,0) by Remark 4.3.
We also see that

0 0 —1
/ mmuwﬁmmwﬂmms/|mW%mm+/ 2| P11 (u, or, Ry da,
2k -1 —2k

where for x € (—1,0) we have

o R < 2y [

(%) — (I,

Ry |z -yt
- o(5) = #(2)]
= 2||u|| L~ (®)k 28/ = dz
(R) B, |E—z[lt2s

S Ck}_QS

and therefore

0
/ |7 (u, pr, R)(x)|dx — 0.

-1
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By equation (4.21), we have if § € (0,1)

—1
/ 2]~ (1, oy, R) ()| < c/ (k22 4 k(2] 27 4 229 )
—2k

gC@f%H”ﬁ+kds+k4“5+k4>%O as k — +oo,

1+2s

using again the 25(1 + —) > 1 since p <
and using (4.22) instead of (4.21), we see also that

1
/ lz| 7 I (u, o, R)(x)|dz — 0 as k — 4o0.
2k

From the estimates above, we infer that
2k
/ xRl (u, pr, R)(z)dx — 0 as k — 4o0.
0
Combining (4.27), (4.28), (4.29), (4.31) and (4.32), we conclude that

0 0
/ N (upr) (wor)dz — / zuNsudz as k — +oo0.

—2k
In view of (4.13), (4.26) and (4.33), it remains to show that

/ (upp(z) — U@k(y))z
(R)

(o) () ~uw)? ,

|Z‘ _ ‘1+2S

dxdy —
T(R+)

To see this, we simply note that

JARCEAGE (o)),
T(R+)

|z — y| 2

dxdy

_/ (s @) — uw)) — ulw)(ea(x) ~ x)))
T(R+)

o=y

u®(y) (e () — i(y))?

2 o 2
/ @k(r)(u(m)HZ(y)) dudy +/ v
T(R+) |z — vy T(R+) |z — vy

b 2esleate) WONOle) = ) o,
T(R+) ’

1+2s
|z — |12
where, by monotone convergence,

/ i () (u(z) — u(y))?
T(R+)

(u(z) = u(y)’
o =y g o

|.Z‘ _ ‘1+25

dxdy —
T(R+)

as k — +oo.

Again if § = 1, with the very same computations

(4.32)

(4.33)

(4.34)
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Moreover, by a change of variables and using Remark 4.3, we have

2W)(orle) — W)y e [ W R)(0() — ow)?
/T(R+) |z — y|i+2s dxdy =k /;(Rﬂ FEE=r dxdy

< pio2s /]R 2 U2(ky|)m(9i(z)1:2f(y))2dxdy

2 k )
<Ck1*25/7“ k) g
= w (1+ [y
min{1, |ky| ="}
r (+ )

o dy |ky| P dy
=Ck' ™% / 7+/
( foi<ty YD Jhys <1+|yl>”25)

—28
=C k_—Qs +k1—25—2ﬁ/ |y| dy
( flyl>1y L+ ly[)+2 )

< C(k;‘Qs 4 EIm2s28(1 4 k%—l)) S0 ask— too,

S Ck172s

recalling that 8 = min{1, p2_51} and 1 <p < ﬁgi

Finally, we also see that, by the Cauchy-Schwarz inequality,

| / ) (1) — WU (x) — 20l0) 1
T(R+) e =yl

- (/T(R+) P (@) (u(x) —u(y))dedy) (/T(Rﬂ u?(y) (ox () _Wk(y))dedy> o

- o — y|t+2e |z — y|t+2e
as k — 4o00. Hence (4.34) follows, and the proof is finished. O
From the previous result we immediately obtain our Pohozaev identity.

Proof of Theorem 1.5. The proof just follows by combining the decay estimates of Section 3 and
Lemma 4.5. 0

Finally, we can give the proof of our Liouville-type result.

Proof of Theorem 1.4. By Corollary 3.4, u satisfies the assumptions of Lemma 4.5. Consequently,

o [ g (19 (u(2) — u(w))?
(1 2)/0 dz = (1 2)2ﬂ(m+)| ~—dzdy

r— oyt

_ —2/0+OO(—A)Su(:1c):W(:c)d:E _ —2/0+Oo vaPide

2 [T 2 [T
= 20, [P de = —— wPt de.
p+1Jg p+1 /g
Suppose by contradiction that u # 0, it follows that (1 — 2s) = %, hence
2 _1+2s
Per s T T T 12

contrary to the assumption. The proof is thus finished. ([
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