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Abstract. We consider the fractional Lane-Emden equation with a nonlocal Neumann condition
in a half-space. We establish the existence of non-constant solutions for the critical problem in
any dimension. On the other hand, we show that, in dimension n = 1, the subcritical problem
admits only the trivial solution. This result follows from a new Pohozaev-type identity, which we
obtain by using suitable decay estimates for the solutions.

1. Introduction

For s ∈ (0, 1) and 1 < p ≤ n+2s
n−2s , we consider the following nonlocal Neumann problem

(−∆)su = up in Rn
+,

u ≥ 0 in Rn
+,

Nsu = 0 in Rn
−,

(1.1)

where Rn
+ := {(x1, · · · , xn) ∈ Rn | xn > 0} and Rn

− := {(x1, · · · , xn) ∈ Rn | xn < 0} denote, respec-
tively, the positive and negative (open) half-spaces. Here (−∆)s denotes the fractional Laplacian

(−∆)su(x) := cn,s PV
ˆ
Rn

u(x) − u(y)
|x − y|n+2s

dy,

where cn,s is a normalization constant, and Ns is the following nonlocal normal derivative

Nsu(x) := cn,s

ˆ
Rn

+

u(x) − u(y)
|x − y|n+2s

dy for all x ∈ Rn
−,

first introduced in [7]. Observe that such a nonlocal Neumann condition is the natural one so that
problem (1.1) has a variational structure. Indeed, if u, v : Rn → R are bounded C2-functions,
then the following integration by parts formula holds true for any open subset Ω ⊂ Rn, where
Ωc = Rn \ Ω (see [7, Lemma 3.3]):

cn,s

2

¨
R2n\(Ωc)2

(u(x) − u(y))(v(x) − v(y))
|x − y|n+2s

dx dy =
ˆ

Ω
v (−∆)su dx +

ˆ
Ωc

v Nsu dx.

The aim of this paper is twofold. On one hand, we show that problem (1.1) admits at least
one non-trivial solution in the critical case p = n+2s

n−2s . On the other hand, in dimension n = 1 and
for subcritical powers 1 < p < 1+2s

1−2s , we establish a Liouville-type result, which states that any
bounded solution is necessarily identically zero. In order to present our main results in detail, let
us introduce some notation.
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For every u : Rn → R measurable, s ∈ (0, 1), and Γ ⊆ R2n, we define

E(u , Γ) =
¨

Γ

(u(x) − u(y))2

|x − y|n+2s
dxdy.

For n > 2s we set T (Rn
+) = R2n \

(
Rn

−
)2 and we define the space Hs

Rn
+

as

Hs
Rn

+
=
{

u : Rn → R measurable : u ∈ L2∗
s (Rn

+) and E(u , T (Rn
+)) < +∞

}
,

where 2∗
s = 2n

n−2s denotes the critical Sobolev exponent. We endow such a space with the norm

∥u∥Hs
Rn

+
= ∥u∥L2∗

s (Rn
+) + E

(
u , T (Rn

+)
) 1

2 .

The space Hs
Rn

+
is the natural energy space associated to problem (1.1). We can now give the notion

of weak solution for our problem.

Definition 1.1. We say that a function u ∈ Hs
Rn

+
is a weak solution to (1.1) if for any v ∈ Hs

Rn
+

one has ¨
T (Rn

+)

(u(x) − u(y))(v(x) − v(y))
|x − y|n+2s

dx dy =
ˆ
Rn

+

upv dx.

We can now state our first result.

Theorem 1.2. Let s ∈ (0, 1) and n > 2s. Then, there exists a non-constant weak solution u ∈ Hs
Rn

+
to 

(−∆)su = u
n+2s
n−2s in Rn

+,

u ≥ 0 in Rn
+,

Nsu = 0 in Rn
−.

(1.2)

In our existence result, the fractional Sobolev constant in the whole Rn and the Sobolev con-
stant for the Neumann problem in the half-space will play a central role. Let us introduce the
corresponding notation.

We define the Sobolev constant of Rn as

S(Rn) := inf
0 ̸=u∈Ds(Rn)

E(u , R2n)(´
Rn |u|2∗

s dx
) 2

2∗
s

,

where Ds(Rn) is the abstract completion of C∞
c (Rn) with respect to E(·,R2n).

It is well known that S(Rn) is achieved by multiplications, dilations, and translations of the
so-called Talenti Function

U(x) = cn,s

(
1

1 + |x|2

)n−2s
2

. (1.3)

Moreover, we introduce the Neumann Sobolev constant of Rn
+ as

SN (Rn
+) := inf

0 ̸=u∈Hs
Rn

+

E(u , T (Rn
+))(´

Rn
+

|u|2∗
s dx
) 2

2∗
s

.

It is easy to see that problem (1.2) admits a non trivial solution if the infimum in the definition
of SN (Rn

+) is a minimum. In this case any minimizer is a solution. In [16, Theorem 1.3], Musina
and Nazarov proved that SN (Rn

+) is achieved if SN (Rn
+) < S(Rn). Moreover, in [16, Theorem 4.7],
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they show that such a sufficient condition is satisfied for s sufficiently close to 1− if n ≥ 2 and s
sufficiently close to 1/2− if n = 1. In the present paper, we prove that the above strict inequality
holds true for all values of s and n, according to the following result:

Theorem 1.3. For any s ∈ (0, 1) and n > 2s we have
SN (Rn

+) < S(Rn).

The proof of such a result is based on the construction of a suitable competitor for SN (Rn
+),

which crucially uses the fractional Talenti function (1.3).
Finally, Theorem 1.2 immediately follows from Theorem 1.3 combined with [16, Theorem 1.3].
Let us move now to the subcritical regime. The following is our second main result.

Theorem 1.4. Assume n = 1, 0 < s < 1
2 and let u ∈ Hs

R+
∩ L∞(R+) be a positive weak solution

of (1.1) with
1 < p <

1 + 2s

1 − 2s
.

Then u ≡ 0.

In the classical local setting, Gidas and Spruck in [11] proved a celebrated Liouville-type result
which states that if 1 < p < n+2

n−2 , the only non-negative solution to the equation −∆u = up in Rn,
is u ≡ 0. If we consider the same local equation in the positive half-space with Neumann boundary
conditions, it is easy to see that the same result holds true. Indeed, in such a case, thanks to the
Neumann condition, we can extend evenly the solution to the whole Rn and apply the previous
result. Such Liouville-type results are not only interesting in themselves, but are also crucial tools
when one wants to prove a priori estimates for solutions to certain nonlinear equations by a blow
up argument à la Gidas-Spruck (see [12]).

In the fractional setting, an analogous Liouville-type result for the subcritical Lane-Emden equa-
tion in the whole Rn has been established in [2, 13]. When considering the problem in a half-space
(or in more general subsets of Rn), the only available results consider Dirichlet boundary conditions.
In particular, it has been proven in [3, 9] that, if 1 < p < n+2s

n−2s , any non-negative solution to{
(−∆)su = up in Rn

+
u = 0 in Rn

−

identically vanishes. This result has been improved in [10, 18] by allowing any power 1 < p <
n+2s−1
n−2s−1 . The proof of such results is based on the method of moving planes.

Regarding similar Liouville-type theorems for problem (1.1), the situation is much more delicate,
due to the non-local nature of the non-local Neumann condition. Indeed, in this case, it is not
possible to reflect a solution of (1.1) into a solution of (−∆)su = up in the full space and arguments
based on the method of moving-planes seem not suitable for such a situation.

Our proof of Theorem 1.4 is based on a new Pohozaev identity, in dimension n = 1, which we
state here below.

Theorem 1.5. Let u ∈ Hs
R+

∩ L∞(R+) be weak solution of (1.1) with n = 1, 0 < s < 1
2 and

1 < p < 1+2s
1−2s .

Then u fulfills the relation

(1 − 2s)cs

2

¨
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy = −2

ˆ +∞

0
(−∆)su(x)xu̇(x)dx.
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Usually, these kind of identities follow from multiplying the equation by x · ∇u and integrating
by parts. However, since we are working with weak solutions, this is equivalent to using x · ∇u as
a test function in the weak formulation. The problem is that, in general, if u ∈ Hs

Rn
+

then u is not
differentiable up to ∂Rn

+, furthermore it is not even clear whether x · ∇u belongs to Hs
Rn

+
. Hence,

in order to prove Theorem 1.5, we rely on an approximation argument. This argument is based
on some decay estimates of u and its gradient with respect to the distance from ∂Rn

+. The precise
result is the following:

Lemma 1.6 (see Lemma 3.2). Let s ∈ (0, 1), n > 2s, and 1 < p < n+2s
n−2s . Then, there exists a

constant C, that depends on n, s, and p, such that for every weak solution u ∈ Hs
Rn

+
∩ L∞(Rn

+) of
(1.1) it holds

u(x) + |∇u(x)|
2s

2s+p−1 ≤ C x
− 2s

p−1
n for all x ∈ Rn

+.

The proof of these decay estimates relies on the Doubling Lemma of Poláčik, Quittner, and
Souplet [17, Lemma 5.1]. If Nsu = 0, we can express u in Rn

− via an integral over Rn
+. Combining

this representation with the decay of u in the positive half-space, we obtain similar estimates in
Rn

− as well. Observe that the above Lemma holds in any dimension n but the decay estimate just
involves the last coordinate xn.

Clearly it would be very interesting to prove the Pohozaev identity in any dimension. The
underlying idea is roughly the same, but the technical difficulty relies on the fact that we do not
have a decay of u with respect to the variables x1, ..., xn−1.

The paper is organized as follows: in Section 2, we show the strict inequality SN (Rn
+) < S(Rn),

which implies the existence result in the critical case; Section 3 contains the decay estimates of
solutions and, in particular, the proof of Lemma 1.6; finally in Section 4, we prove the Pohozaev
identity and the non-existence result in the subcritical regime.

2. Existence of nontrivial solutions in the critical regime

As explained in the introduction, Theorem 1.2 follows directly from the strict inequality between
the Sobolev constants of Theorem 1.3 and [16, Theorem 1.3].

Let us prove now Theorem 1.3.

Proof of Theorem 1.3. In the sequel, c will denote a positive constant whose value may change from
line to line; subscripts indicate the parameters it depends on.

It is well known (see for instance [14]) that S(Rn) is attained by multiplications, dilations, and
translations of the so–called Talenti Function. Hence, if we define for every t > 0 the function

Ut(x) = cn,s

(
1

1 + |x − ten|2

)n−2s
2

,

where cn,s is a constant (independent of t) such that ∥Ut∥L2∗
s (Rn) = 1, we have

S(Rn) = E(Ut , R2n).
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Now we observe that ˆ
Rn

+

|Ut|
2n

n−2s dx = 1 − cn,s

ˆ
Rn

−

(
1

1 + |x − ten|2

)n

dx

= 1 − cn,s

t2n

ˆ
Rn

−

(
1

1
t2 +

∣∣x
t − en

∣∣2
)n

dx

= 1 − cn,s

tn

ˆ
Rn

−

(
1

1
t2 + |x − en|2

)n

dx. (2.1)

Thanks to the dominated convergence theorem, the integral in (2.1) converges toˆ
Rn

−

1
|x − en|2n

dx,

and hence we have ˆ
Rn

+

|Ut|
2n

n−2s = 1 − O

(
1
tn

)
as t → +∞. (2.2)

Now we observe that

E(Ut , (Rn
−)2) = cn,s

¨
(Rn

−)2

((
1

1+|x−ten|2

)n−2s
2 −

(
1

1+|y−ten|2

)n−2s
2
)2

|x − y|n+2s
dxdy

= cn,s

t3n−2s

¨
(Rn

−)2

((
1

1
t2 +| x

t −en|2

)n−2s
2

−
(

1
1

t2 +| y
t −en|2

)n−2s
2
)2

| x
t − y

t |n+2s
dxdy

= cn,s

tn−2s

¨
(Rn

−)2

((
1

1
t2 +|x−en|2

)n−2s
2

−
(

1
1

t2 +|y−en|2

)n−2s
2
)2

|x − y|n+2s
dxdy. (2.3)

We claim that the integral in (2.3) converges to

¨
(Rn

−)2

(
1

|x−en|n−2s − 1
|y−en|n−2s

)2

|x − y|n+2s
dxdy (2.4)

and that this last integral is finite. Given the claim, we have

E(Ut , (Rn
−)2) = O

(
1

tn−2s

)
and combining this estimate with (2.2) we find

SN (Rn
+) ≤

E(Ut , T (Rn
+))

∥Ut∥2
L2∗

s (Rn
+)

=
E(Ut , R2n) − E(Ut , (Rn

−)2)
∥Ut∥2

L2∗
s (Rn

+)
=

S(Rn) − O( 1
tn−2s )

1 − O( 1
tn )

< S(Rn)
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provided that t is large enough. Hence we need only to show the claim. First we prove that (2.4)
is finite; in order to do this we observe that, arguing as in [15, page 263], we have∣∣∣∣ 1

|x − en|n−2s
− 1

|y − en|n−2s

∣∣∣∣ ≤ cn,s|x − y|α max
{

1
|x − en|n−2s+α

,
1

|y − en|n−2s+α

}
(2.5)

where α can be any number in (0, 1). Now we split the integral in (2.4) as

¨
(Rn

−)2

(
1

|x−en|n−2s − 1
|y−en|n−2s

)2

|x − y|n+2s
dxdy = I1 + I2

where

I1 =
¨

(Rn
−)2∩{|x−y|> 1

2 }

(
1

|x−en|n−2s − 1
|y−en|n−2s

)2

|x − y|n+2s
dxdy,

and

I2 =
¨

(Rn
−)2∩{|x−y|≤ 1

2 }

(
1

|x−en|n−2s − 1
|y−en|n−2s

)2

|x − y|n+2s
dxdy.

In order to estimate I1 we use (2.5) with α1 < s and we get

I1 ≤ cn,s

¨
(Rn

−)2∩{|x−y|> 1
2 }

max
{

1
|x−en|n−2s+α1 , 1

|y−en|n−2s+α1

}2

|x − y|n+2s−2α1
dxdy

≤ cn,s

ˆ
Rn

−

dx

|x − en|2n−4s+2α1

ˆ
{|x−y|> 1

2 }

dy

|x − y|n+2s−2α1
. (2.6)

If α1 < s the integral with respect to the variable y in (2.6) is convergent, and hence (up to
relabelling the constant)

I1 ≤ cn,s

ˆ
Rn

−

dx

|x − en|2n−4s+2α1
,

and this last integral is finite if and only if 1 + n − 4s + 2α1 > 1, which is true if we can choose
α1 > 2s − n

2 . We can find α1 that fulfills both conditions if

2s − n

2 < s ⇐⇒ 2s < n,

which is true by assumption. To estimate I2 we argue in the same way but by choosing s < α2 < 1.
In this way, we get

I2 ≤ cn,s

ˆ
Rn

−

dx

|x − en|2n−4s+2α2

ˆ
{|x−y|≤ 1

2 }

dy

|x − y|n+2s−2α2
.

Since α2 > s, the integral with respect to the variable y is convergent and hence

I2 ≤ cn,s

ˆ
Rn

−

dx

|x − en|2n−4s+2α2
,

which is again convergent since n > 2s.
Let

Ũt(x) =
(

1
1
t2 +

∣∣x
t − en

∣∣2
)n−2s

2

,
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we observe that, arguing again as in [15, page 263], we get(
Ũt(x) − Ũt(y)

)2

|x − y|n+2s
≤ cn,s

(
|x − en|2 − |y − en|2

)2α

|x − y|n+2s
max

{
1

|y − en|n−2s+2α
,

1
|x − en|n−2s+2α

}2

: = V (x, y).
Hence, in order to apply the dominated convergence theorem to (2.3) it is enough to prove that V
is in L1((Rn

−)2) and, by symmetry, it is enough to show that V belongs to L1(D), where
D = (Rn

−)2 ∩ {|y − en| < |x − en|}.

If (x, y) ∈ D we have

V (x, y) = cn,s

(
|x − en|2 − |y − en|2

)2α

|x − y|n+2s

1
|y − en|2n−4s+4α

≤ cn,s

(
|y − en||x − y| + |x − y|2

)2α

|x − y|n+2s

1
|y − en|2n−4s+4α

. (2.7)

Now we observe that¨
D∩{|x−y|< 1

2 }
V (x, y)dxdy ≤ cn,s,α

ˆ
Rn

−

dy

|y − en|2n−4s+2α

ˆ
{|x−y|< 1

2 }

dx

|x − y|n+2s−2α
.

In order to have convergence of this integral it is enough to choose α := α3 ∈ (s, 1). Splitting the
integral over D ∩ {|x − y| ≥ 1

2 } into the regions where |y − en| ≤ |x − y| and where |y − en| ≥ |x − y|
and using estimate (2.7) twice we find¨

D∩{|x−y|≥ 1
2 }

V (x, y)dxdy ≤cn,s,α4

ˆ
Rn

−

dy

|y − en|2n−4s+4α4

ˆ
{|x−y|≥ 1

2 }

dx

|x − y|n+2s−4α4

+ cn,s,α5

ˆ
Rn

−

dy

|y − en|2n−4s+2α5

ˆ
{|x−y|≥ 1

2 }

dx

|x − y|n+2s−2α5
.

(2.8)

If we choose a positive α4 ∈ (s − n
4 , s

2 ) the first two integrals in (2.8) are convergent, furthermore if
we choose a positive α5 ∈ (2s − n

2 , s) the other two integrals are also convergent (note that the two
intervals are non-empty since n > 2s). The above estimates show that V ∈ L1(D) and conclude
the proof. □

We end this section with the proof of Theorem 1.2.

Proof of Theorem 1.2. The result follows by combining Theorem 1.3 with [16, Theorem 1.3].
□

3. Decay of solutions

In this section, we will need to consider pointwise, and not just weak, solutions to problem (1.1).
For this, we recall that the fractional Laplacian (−∆)s is well defined for functions u ∈ Ls ∩ C2s+α

for some α > 0, where the space Ls is defined as

Ls :=
{

u : Rn → R :
ˆ
Rn

|u(x)|
1 + |x|n+2s

dx < ∞
}

.

The following inclusion has been essentially shown in [6, Lemma 2.3].
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Lemma 3.1. We have:
Hs

Rn
+

⊂ Ls.

Proof. We recall that if u ∈ Hs
Rn

+
, then it satisfies:

u ∈ L2∗
s (Rn

+) and
¨

R2n\(Rn
−)2

|u(x) − u(y)|2

|x − y|n+2s
dx dy < ∞. (3.1)

The proof follows the lines of [6, Lemma 2.3]. We report it here, for the reader’s convenience.
We show that condition (3.1) impliesˆ

Rn

|u(x)|2

1 + |x|n+2s
dx < ∞,

which, in particular, implies that u ∈ Ls, by using the Hölder inequality and observing that
(1 + |x|n+2s)−1 ∈ L1(Rn).

Throughout this proof we denote by C many different positive constants whose precise value is
not important for the goal of the proof and may change from line to line. Let Ω be a compact set
contained in Rn

−. We have

∞ >

ˆ
Rn

+

ˆ
Rn

|u(x) − u(y)|2

|x − y|n+2s
dx dy

≥
¨

(Rn
+)2

|u(x) − u(y)|2

|x − y|n+2s
dx dy +

ˆ
Ω

ˆ
Rn

−

|u(x) − u(y)|2

|x − y|n+2s
dx dy

≥
¨

(Rn
+)2

|u(x) − u(y)|2

|x − y|n+2s
dx dy

+ 1
2

ˆ
Ω

ˆ
Rn

−

|u(x)|2

|x − y|n+2s
dx dy −

ˆ
Ω

ˆ
Rn

−

|u(y)|2

|x − y|n+2s
dx dy,

(3.2)

where, in the last estimate we used that |a − b|2 ≥ 1
2 a2 − b2 by the Young inequality.

Since u satisfies (3.1), clearly the first term on the right-hand side is finite. Moreover, using that
for x ∈ Rn

− and y ∈ Ω one has that |x − y| ≥ ω, for some ω > 0, and the integrability of the kernel
at infinity, we have for every y ∈ Ωˆ

Rn
−

1
|x − y|n+2s

dx ≤ C

ˆ ∞

ω

τn−1−(n+2s)dτ = C

ω2s
,

where C is independent of y ∈ Ω. Hence,

ˆ
Ω

ˆ
Rn

−

|u(y)|2

|x − y|n+2s
dx dy =

ˆ
Ω

|u(y)|2
(ˆ

Rn
−

1
|x − y|n+2s

dx

)
dy

≤ C

ω2s

ˆ
Ω

|u(y)|2dy < ∞.

(3.3)

Therefore, combining (3.2) with (3.3), we deduce thatˆ
Ω

ˆ
Rn

−

|u(x)|2

|x − y|n+2s
dx dy < ∞.
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Finally, since Ω is bounded, we have that there exists some number d such that |x − y| ≤ d + |x|
for every x ∈ Rn

− and y ∈ Ω, which implies thatˆ
Ω

ˆ
Rn

−

|u(x)|2

|x − y|n+2s
dx dy ≥ |Ω|

ˆ
Rn

−

|u(x)|2

(d + |x|)n+2s
dx. (3.4)

Moreover, since u ∈ L2∗
s (Rn

+) and (d + |x|)−n−2s ∈ L1(Rn
+), by using as before the Hölder

inequality, we also have that ˆ
Rn

+

|u(x)|2

(d + |x|)n+2s
dx < ∞,

which, together with (3.4), gives the conclusion.
□

We can now prove our decay estimates.

Lemma 3.2. Let s ∈ (0, 1), n > 2s, and 1 < p < n+2s
n−2s . Assume that u ∈ Hs

Rn
+

∩ L∞(Rn
+) is a weak

positive solution to {
(−∆)su = up in Rn

+
Nsu = 0 in Rn

−.
(3.5)

Then, there exists a constant C that depends on n, s and p, such that

u(x) + |∇u(x)|
2s

2s+p−1 ≤ C x
− 2s

p−1
n for all x ∈ Rn

+.

Proof. Assume by contradiction that there exists a sequence of uk ∈ Hs
Rn

+
of solutions to (3.5), and

a sequence of points xk ∈ Rn
+ such that

Mk(xk) ≥ 2k

xk
n

where
Mk := u

p−1
2s

k + |∇uk|
p−1

2s+p−1 .

By the Doubling Lemma [17, Lemma 5.1] there exists a sequence yk ∈ Rn
+ such that

Mk(yk)yk
n ≥ 2k,

and
Mk(z) ≤ 2Mk(yk) if z ∈ Bkλk

(yk)
where λk = Mk(yk)−1; notice that Bkλk

(yk) ⊂ Rn
+. Now, for any x ∈ Rn, we define

ũk(x) = λ
2s

p−1
k uk(yk + λkx),

and we notice that ũk solves
(−∆)sũk = ũp

k in Bk(0); (3.6)
moreover

ũk(0)
p−1

2s + |∇ũk(0)|
p−1

2s+p−1 = 1 (3.7)
and

ũk(x)
p−1

2s + |∇ũk(x)|
p−1

2s+p−1 ≤ 2 if x ∈ Bk(0). (3.8)
From (3.8), the Ascoli–Arzelà Theorem and [5, Theorem 1.1 and Theorem 1.3] we have that, up
to subsequences, ũk converges in C

max{1,2s}+α
loc (Rn) to some non-negative function u ∈ C1(Rn).

Observe that we crucially use that the regularity estimates of [5, Theorem 1.1 and Theorem 1.3]
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only depend on the L∞-norm of u in Bk(0) and not in the whole Rn. Hence, passing to the limit
in (3.7) and (3.8) we find

u(0)
p−1

2s + |∇u(0)|
p−1

2s+p−1 = 1 (3.9)
and

u(x)
p−1

2s + |∇u(x)|
p−1

2s+p−1 ≤ 2 if x ∈ Rn.

We want now to pass to the limit in the equation (3.6). The proof takes inspiration from [5,
Proof of Theorem 1.8.]. Since ũk ∈ C2s+α ∩ Ls (see Lemma 3.1), we have that ũk solves equation
(3.6) pointwise and therefore (−∆)sũk converges pointwise in Rn. Hence from [8, Theorem 1.1] we
have

lim
k→∞

(−∆)sũk(x) = (−∆)su(x) − b for all x ∈ Rn,

where b ∈ [0, +∞) is defined as

b = cn,s lim
R→∞

lim
k→∞

ˆ
Bc

R

ũk(x)
|x|n+2s

dx. (3.10)

Therefore u solves
(−∆)su(x) = up(x) + b for all x ∈ Rn. (3.11)

We want to show that b = 0. If, by contradiction, b > 0 we define for any R > 0

TR(x) = cn,s

ˆ
Rn

(up(y) + b)χBR
(y)

|x − y|n−2s
dy,

that is a solution of (−∆)sTR(x) = (up(x) + b)χBR
(x) x ∈ Rn

lim
|x|→+∞

TR(x) = 0,

where χBR
denotes the characteristic function of the ball BR and 1/|x − y|n−2s is the fundamental

solution of the s-Laplacian on Rn.
Now we define uR(x) = u(x) − TR(x) and we see that(−∆)suR(x) ≥ 0 x ∈ Rn,

lim
|x|→+∞

uR(x) ≥ 0.

Hence, from the maximum principle of [4, Theorem 1] we have that uR is non–negative. From this
and the Monotone Convergence Theorem we obtain

u(x) ≥ lim
R→+∞

TR(x) ≥ cn,s

ˆ
Rn

up(y) + b

|x − y|n−2s
dy ≥ cn,s

ˆ
Rn

b

|x − y|n−2s
dy,

for any x ∈ Rn. If b > 0 the last integral on the right hand side is divergent, which is a contradiction
and hence b = 0. From (3.11) we find that u is a non–negative solution of

(−∆)su(x) = up(x) for all x ∈ Rn,

and hence, from [13, Theorem 1.8 and Remark 1.9], u must vanish everywhere, which is not possible
thanks to (3.9). □

Given a point x ∈ Rn we write x = (x′, xn) with x′ ∈ Rn−1 and xn ∈ R.
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Lemma 3.3. Let s ∈ (0, 1), n > 2s, and 1 < p < n+2s
n−2s . Assume that u ∈ Hs

Rn
+

∩ L∞(Rn
+) is a weak

positive solution to (3.5).
Then, there exists a constant C2 that depends on n, s and p, such that

|∇u(x)| ≤ C2

xn
for any x ∈ Rn

+ with 0 < xn ≤ 1.

Proof. The proof again relies on the Doubling Lemma of [17, Lemma 5.1]. Indeed assume by
contradiction the existence of a sequence yk ∈ Rn

+ with yk
n ≤ 1 such that

|∇u(yk)| ≥ 2k

yk
n

.

By the Doubling Lemma there exists a sequence xk ∈ Rn
+ with xk

n ≤ 1 such that

|∇u(xk)| ≥ 2k

xk
n

, |∇u(xk)| ≥ |∇u(yk)|

and
|∇u(z)| ≤ 2|∇u(xk)| for all z ∈ B(xk, kλk),

where λk = [|∇u(xk)|]−1. Notice that, since xk
n ∈ (0, 1], λk → 0. Now we define, for every y ∈ B(0, k)

the function
vk(y) = u(xk + λky)

and we notice that
|∇vk(y)| ≤ 2 , |∇vk(0)| = 1

and
(−∆)svk(y) = λ2s

k vp
k(y) in B(0, k).

Arguing as in the proof of Lemma 3.2 we find that vk converges in C
max{1,2s}+α
loc (Rn) to some

function v ∈ C1(Rn). Moreover the limit function solves
(−∆)sv(x) = b for all x ∈ Rn,

where b is defined analogously to (3.10) with vk in place of ũk. Arguing again as in the proof of
Lemma 3.2 we can see that b = 0, hence v is a bounded solution of

(−∆)sv(x) = 0 for all x ∈ Rn,

therefore v must be constant (see for instance [19, Proposition 2]). But this is not possible since
|∇v(0)| = lim

k→∞
|∇vk(0)| = 1.

□

The nonlocal Neumann condition Nsu = 0 in Rn
−, allows us to deduce decay estimates for u in

the negative half-space, from the ones obtained in the positive half-space.

Corollary 3.4. Let s ∈ (0, 1), n > 2s, and 1 < p < n+2s
n−2s . Assume that u ∈ Hs

Rn
+

∩ L∞(Rn
+) is a

weak positive solution to (3.5) and let

β = min
{

1,
2s

p − 1

}
.

Then, there exists a constant C1 > 0 such that
u(x) ≤ C1 min

{
1, |xn|−β

}
for any x ∈ Rn

−, (3.12)
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and
|∇u(x)| ≤ C1

min
{

1, |xn|−β
}

|xn|
for any x ∈ Rn

−. (3.13)

Proof. In the following Cn,s will denote possibly different positive constants which depend only on
n and s. First of all we notice that, if x ∈ Rn

−, thanks to some algebraic manipulation and a change
of variables, we haveˆ

Rn
+

dy

|x − y|n+2s
=
ˆ
Rn

+

dy

(|x′ − y′|2 + (xn − yn)2)
n+2s

2

=
ˆ +∞

0

dyn

|xn − yn|n+2s

ˆ
Rn−1

dy′(
| x′−y′

xn−yn
|2 + 1

)n+2s
2

=
ˆ +∞

0

dyn

|xn − yn|1+2s

ˆ
Rn−1

dz′

(|z′|2 + 1)
n+2s

2

= Cn,s|xn|−2s.

(3.14)

We recall that, since Nsu = 0, one has that

u(x) =

ˆ
Rn

+

u(y)
|x − y|n+2s

dy

ˆ
Rn

+

dy

|x − y|n+2s

, for every x ∈ Rn
−.

Hence, if u is a solution of (3.5) and x ∈ Rn
−, we have

|u(x)| ≤ Cn,s|xn|2s

ˆ
Rn

+

|u(y)|
|x − y|n+2s

dy

= Cn,s|xn|2s

(ˆ
{0<yn<1}

|u(y)|
|x − y|n+2s

dy +
ˆ

{yn≥1}

|u(y)|
|x − y|n+2s

dy

)
.

(3.15)

Since u is bounded we can estimate the first integral arguing as before; this time we obtainˆ
{0<yn<1}

|u(y)|
|x − y|n+2s

dy ≤ ∥u∥L∞

ˆ
Rn−1

dy′
ˆ 1

0

dyn

(|x′ − y′|2 + (xn − yn)2)
n+2s

2

= ∥u∥L∞

ˆ
Rn−1

dz′

(|z′|2 + 1)
n+2s

2

ˆ 1

0

1
|xn − yn|1+2s

dyn

= ∥u∥L∞Cn,s

(
1

|xn|2s
− 1

(1 + |xn|)2s

)
≤ ∥u∥L∞Cn,s

|xn|1+2s
. (3.16)
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For the second integral in (3.15) we use Lemma 3.2 to inferˆ
{yn≥1}

|u(y)|
|x − y|n+2s

dy ≤
ˆ

{yn≥1}

1

y
2s

p−1
n |x − y|n+2s

dy

=
ˆ +∞

1
y

− 2s
p−1

n dyn

ˆ
Rn−1

dy′

(|x′ − y′|2 + (xn − yn)2)
n+2s

2

= Cn,s

ˆ +∞

1

1

y
2s

p−1
n |xn − yn|1+2s

dyn. (3.17)

Performing the change of variables yn = −wxn in the last integral we find

|xn|2s

ˆ +∞

1

1

y
2s

p−1
n |xn − yn|1+2s

dyn = 1
|xn|

2s
p−1

ˆ +∞

1
|xn|

1
w

2s
p−1 |1 + w|1+2s

dw. (3.18)

In order to estimate this last integral, we fix M > 1 (here we are interested in the decay of u for
|xn| large, i.e. 1/|xn| small) and we split the integral asˆ +∞

1
|xn|

1
w

2s
p−1 |1 + w|1+2s

dz =
ˆ M

1
|xn|

1
w

2s
p−1 |1 + w|1+2s

dw +
ˆ +∞

M

1
w

2s
p−1 |1 + w|1+2s

dw

=
ˆ M

1
|xn|

1
w

2s
p−1 |1 + w|1+2s

dw + Cn,s, (3.19)

where the last equality follows since the integral on [M, +∞) is convergent. For the second integral,
we have ˆ M

1
|xn|

1
w

2s
p−1 |1 + w|1+2s

dw ≤
ˆ M

1
|xn|

dw

w
2s

p−1
≤ Cn,s

(
|xn|

2s
p−1 −1 + 1

)
.

Combining this last estimate with (3.19), (3.18) and (3.17) we find

|xn|2s

ˆ
{yn≥1}

|u(y)|
|x − y|n+2s

dy ≤ Cn,s

|xn|min{ 2s
p−1 ,1} .

This last inequality and (3.16) imply
u(x) ≤ C1|xn|−β for x ∈ Rn

−. (3.20)
From equations (3.14), (3.15) and the fact that u is bounded in Rn

+ we easily get
|u(x)| ≤ C1 if x ∈ Rn

−,

which together with (3.20), implies (3.12). For the estimate in (3.13) it is enough to observe that,
if x ∈ Rn

−,

|∇u(x)| ≤ Cn,s

(
|xn|2s−1

ˆ
Rn

+

|u(y)|
|x − y|n+2s

dy + |xn|2s

ˆ
Rn

+

|u(y)|
|x − y|n+2s+1 dy

)
and performing the very same computation as before we reach the conclusion. □
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4. Pohozaev Identity and Liouville-type result

In the following we will assume 0 < s < 1
2 and n = 1. Given u ∈ C1(R), we denote by u̇ its

derivative.
In order to prove our Pohozaev identity, we will crucially use the decay estimates established in

the previous section. Indeed, in Lemma 4.5 below, we will show that a Pohozaev identity holds true
for functions which satisfy certain decay conditions close to the origin and at ∞, and such decays
are satisfied by solutions to our problem (1.1) thanks to the results of Section 3.

In order to prove Lemma 4.5, we will first prove the same result under stronger assumptions on
the function u.

We start by establishing the result for functions that vanish both close to the origin and at ∞.

Lemma 4.1. Let u ∈ C1
c (R \ {0}). Then,

(1 − 2s)cs

2

¨
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy = −2

ˆ +∞

0
(−∆)su(x)xu̇(x)dx − 2

ˆ 0

−∞
Nsu(x)xu̇(x)dx.

Proof. First of all we notice that

(1 − 2s)cs

2

¨
T (R+)

(u(x) − u(y))2

|x − y|1+2s
= cs

2

¨
T (R+)

(u(x) − u(y))2
(

2
|x − y|1+2s

− (1 + 2s) (x − y)2

|x − y|3+2s

)
= cs

¨
T (R+)

(u(x) − u(y))2
(

1
|x − y|1+2s

− (1 + 2s) (x − y) · x

|x − y|3+2s

)
(4.1)

= cs

¨
T (R+)

(u(x) − u(y))2 ∂

∂x

(
x

|x − y|1+2s

)
,

where in (4.1) we used the symmetry of the integral. Now we split this last integral as a sum of
three parts, namely

cs

¨
T (R+)

(u(x) − u(y))2 ∂

∂x

(
x

|x − y|1+2s

)
= A + B + C

where
A = cs

ˆ +∞

0

ˆ +∞

0
(u(x) − u(y))2 ∂

∂x

(
x

|x − y|1+2s

)
dxdy,

B = cs

ˆ +∞

0

ˆ 0

−∞
(u(x) − u(y))2 ∂

∂x

(
x

|x − y|1+2s

)
dxdy,

and
C = cs

ˆ 0

−∞

ˆ +∞

0
(u(x) − u(y))2 ∂

∂x

(
x

|x − y|1+2s

)
dxdy.

For B and C we find, after integration by parts with respect to the x variable, that

B = −2cs

ˆ +∞

0

ˆ 0

−∞

(u(x) − u(y))
|x − y|1+2s

xu̇(x)dxdy (4.2)

and
C = −2cs

ˆ 0

−∞

ˆ +∞

0

(u(x) − u(y))
|x − y|1+2s

xu̇(x)dxdy. (4.3)
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For A we have

A = lim
δ→0+

cs

ˆ +∞

0

ˆ y−δ

0
(u(x) − u(y))2 ∂

∂x

(
x

|x − y|1+2s

)
dxdy

+cs

ˆ +∞

0

ˆ +∞

y+δ

(u(x) − u(y))2 ∂

∂x

(
x

|x − y|1+2s

)
dxdy.

Again using the integration by parts we findˆ +∞

0

ˆ y−δ

0
(u(x) − u(y))2 ∂

∂x

(
x

|x − y|1+2s

)
dxdy = − 2

ˆ +∞

0

ˆ y−δ

0

u(x) − u(y)
|x − y|1+2s

u̇(x)xdxdy

+
ˆ +∞

0
(u(y − δ) − u(y))2 y − δ

δ1+2s
dy, (4.4)

and ˆ +∞

0

ˆ +∞

y+δ

(u(x) − u(y))2 ∂

∂x

(
x

|x − y|1+2s

)
dxdy = − 2

ˆ +∞

0

ˆ +∞

y+δ

u(x) − u(y)
|x − y|1+ss

u̇(x)xdxdy

−
ˆ +∞

0
(u(y + δ) − u(y))2 y + δ

δ1+2δ
dy. (4.5)

Now we want to show that the sum of the single integrals in (4.4) and (4.5) goes to 0 as δ → 0.
Indeed by a change of variables we can see that this sum is equal toˆ 0

−δ

(u(y + δ) − u(y))2 y

δ1+2s
dy −

ˆ +∞

0

(u(y + δ) − u(y))2

δ2s
dy.

For the first integral we notice thatˆ 0

−δ

(u(y + δ) − u(y))2 |y|
δ1+2s

dy ≤ 2∥u∥2
L∞(R)δ

1−2s → 0

as δ → 0 since s < 1
2 . For the second integral we observe that, since the support of u is compact,

there exist 0 < a < b such that
supp(u(· + δ) − u(·)) ⊆ [a, b] (4.6)

for any δ small enough. Thereforeˆ +∞

0

(u(y + δ) − u(y))2

δ2s
dy ≤

ˆ b

a

(u(y + δ) − u(y))2

δ2s
dy ≤ δ2−2s(b − a)∥u̇∥L∞(R+) → 0 (4.7)

as δ → 0. From (4.6) and (4.7) we have

A = −2cs

ˆ +∞

0

ˆ +∞

0

u(x) − u(y)
|x − y|1+2s

u̇(x)xdxdy

and combining this last relation with (4.2) and (4.3) and recalling (4.1) we find

(1 − 2s)cs

2

¨
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy = − 2

ˆ +∞

0
(−∆)su(x)xu̇(x)dx

− 2
ˆ 0

−∞
Nsu(x)xu̇(x)dx,

which concludes the proof. □
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The following Leibniz-type rule holds true.

Lemma 4.2. Let u, v : Rn → R be two functions. Then,
(−∆)s(uv)(x) = (−∆)su(x)v(x) + u(x)(−∆)sv(x) − I(u, v,Rn)(x) (4.8)

and
Ns(uv)(x) = Nsu(x)v(x) + u(x)Nsv(x) − I(u, v,Rn

+)(x), (4.9)
where, for any E ⊆ Rn measurable, we denoted

I(u, v, E)(x) = cn,s

ˆ
E

(u(x) − u(y)) (v(x) − v(y))
|x − y|n+2s

dy.

Proof. The proof of (4.8) can be found in [1, Proposition 1.5]. With the very same computation we
also obtain (4.9). □

Remark 4.3. Let φ : R → R be a function with the following properties:
(i) φ ∈ C∞(R);

(ii) 0 ≤ φ(x) ≤ 1 for all x ∈ R;
(iii) φ(x) = 1 if x ∈ (−∞, −2] ∪ [2, ∞);
(iv) φ(x) = 0 if x ∈ [−1, 1].
(v) |φ̇(x)| ≤ 1 for all x ∈ R.

Then there exists a constant C > 0 such thatˆ
R

|φ(x) − φ(y)|
|x − y|1+2s

dy ≤ C

(1 + |x|)1+2s
for all x ∈ R.

Indeed if |x| ∈ [0, 3] we splitˆ
R

|φ(x) − φ(y)|
|x − y|1+s

dy =
ˆ

{|x−y|≥1}

|φ(x) − φ(y)|
|x − y|1+2s

dy +
ˆ

{|x−y|≤1}

|φ(x) − φ(y)|
|x − y|1+2s

dy

≤
ˆ

{|x−y|≥1}

2
|x − y|1+2s

dy +
ˆ

{|x−y|≤1}

1
|x − y|2s

dy

≤ 2
s

+ L

1 − 2s

≤ C

(1 + |x|)1+2s
if |x| ∈ [0, 3].

If |x| ≥ 3 we have φ(x) = 1 and since also φ(y) = 1 if |y| ≥ 2 we can writeˆ
R

|φ(x) − φ(y)|
|x − y|1+2s

dy =
ˆ 2

−2

|1 − φ(y)|
|x − y|1+2s

dy,

and observing that for |x| > 3 and |y| < 2, we have
|x − y| ≥ |x| − |y| ≥ |x| − 2

we conclude ˆ
R

|φ(x) − φ(y)|
|x − y|1+2s

dy ≤ 1
(|x| − 2)1+2s

ˆ 2

−2
|1 − φ(y)|dy ≤ C

(1 + |x|)1+2s
.

if |x| ∈ [3, +∞).
This implies in particular that

(−∆)sφ ∈ L1(R) ∩ L∞(R+), Nsφ ∈ L1(R) ∩ L∞(R−).
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In the following Lemma, we extend Lemma 4.1 to functions that have compact support but not
necessarily vanish around the origin. For this, we need an integrability condition on their fractional
Laplacians and nonlocal Neumann data and a suitable bound on u̇.

Lemma 4.4. Let u ∈ C1
loc(R \ {0}) ∩ L∞(R) be a function with u ≡ 0 on R \ [−K, K] for some

K > 0 and with the following properties:
(i) (−∆)su ∈ L1(0, ∞)

(ii) Nsu ∈ L1(−∞, 0).
(iii) |u̇(x)| ≤ C

x for x ∈ R \ {0}.
Then

(1 − 2s)cs

2

¨
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy = −2

ˆ +∞

0
(−∆)su(x)xu̇(x)dx − 2

ˆ 0

−∞
Nsu(x)xu̇(x)dx.

Proof. Let φ be a function as in Remark 4.3. We apply Lemma 4.1 to the function uφk where
φk(x) = φ(kx). We then obtain:

(1 − 2s)cs

2

ˆ
T (R+)

(uφk(x) − uφk(y))2

|x − y|1+2s
dxdy

= −2
ˆ +∞

0
x(−∆)s (uφk) ˙(uφk)dx − 2

ˆ 0

−∞
xNs (uφk) ˙(uφk)dx

= −2
ˆ K

1
k

x(−∆)s (uφk) ˙(uφk)dx − 2
ˆ − 1

k

−∞
xNs (uφk) ˙(uφk)dx.

We can rewrite the first integral on the right-hand side as

− 2
ˆ K

1
k

(−∆)s (uφk) x ˙(uφk)dx

= −2
ˆ K

1
k

xφk(−∆)su ˙(uφk) − 2
ˆ K

1
k

x ˙(uφk) [u(−∆)sφk − I(u, φk,R)(x)] dx.

For the first integral on the right hand side we have

−2
ˆ K

1
k

xφk(−∆)su ˙(uφk) = −2
ˆ K

1
k

xφ2
k(−∆)su · u̇ dx − 2

ˆ K

1
k

xφkφ̇k(−∆)su · u dx

= −2
ˆ K

1
k

xφ2
k(−∆)su · u̇ dx − 2

ˆ 2
k

1
k

xφkφ̇k(−∆)su · u dx.

By Lebesgue’s theorem,ˆ K

1
k

xφ2
k(−∆)su · u̇ dx →

ˆ K

0
(−∆)sux · u̇ dx =

ˆ ∞

0
(−∆)sux · u̇ dx

as k → +∞.
Moreover, since |φ̇k| ≤ Ck on [ 1

k , 2
k ] with a constant C > 0, we have∣∣∣ˆ 2

k

1
k

xφkφ̇k(−∆)su · u dx
∣∣∣ ≤
ˆ 2

k

1
k

u(−∆)su dx
∣∣∣ → 0

as k → +∞ again by Lebesgue’s theorem and since (−∆)su ∈ L1(R+) and u is bounded on R+.
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Hence ˆ K

1
k

xφk(−∆)su ˙(uφk) →
ˆ ∞

0
(−∆)sux · u̇ dx

as k → +∞.
Next we consider the integralˆ K

1
k

x ˙(uφk) [u(−∆)sφk − I(u, φk,R)(x)] dx

=
ˆ K

1
k

φkxu̇ [u(−∆)sφk − I(u, φk,R)(x)] dx +
ˆ K

1
k

φ̇kxu [u(−∆)sφk − I(u, φk,R)(x)] dx.

We now use the facts that
(−∆)sφk = k2s[(−∆)sφ](k·)

and
I(u, φk,R)(x) = k2sI(u( ·

k
), φ,R)(k·)

to see that, by a change of variables,∣∣∣ˆ K

1
k

φkxu̇ [u(−∆)sφk − I(u, φk,R)(x)] dx
∣∣∣

= k2s−2
∣∣∣ˆ kK

1
φxu̇( ·

k
)
[
u( ·

k
)(−∆)sφ − I(u( ·

k
), φ,R)(x)

]
dx
∣∣∣

≤ Ck2s−1
ˆ kK

1
φ
∣∣∣u( ·

k
)(−∆)sφ − I(u( ·

k
), φ,R)(x)

∣∣∣dx.

(4.10)

By Remark 4.3, we have thatˆ kK

1
φ
∣∣∣u( ·

k
)(−∆)sφ

∣∣∣dx ≤ C

ˆ ∞

1
φ
∣∣∣(−∆)sφ

∣∣∣dx < ∞.

Moreover, by Remark 4.3, we have∣∣∣I(u( ·
k

), φ,R)(x)
∣∣∣ ≤ 2∥u∥L∞(R)

ˆ
R

|φ(x) − φ(y)|
|x − y|1+2s

dy ≤ C

(1 + x)1+2s

for x ∈ (0, ∞) and thereforeˆ kK

1
φ
∣∣∣I(u( ·

k
), φ,R)(x)

∣∣∣dx ≤ C

ˆ ∞

1

1
(1 + x)1+2s

dx < ∞.

Since s < 1
2 , we thus conclude thatˆ K

1
k

φkxu̇ [u(−∆)sφk − I(u, φk,R)(x)] dx → 0

as k → +∞. Moreover, we have, again by a change of variables,ˆ K

1
k

φ̇kxu [u(−∆)sφk − I(u, φk,R)(x)] dx = k

ˆ 2
k

1
k

φ̇(k·)xu [u(−∆)sφk − I(u, φk,R)(x)] dx

= k2s−1
ˆ 2

1
φ̇xu( ·

k
)
[
u( ·

k
)(−∆)sφ − I(u( ·

k
), φ,R)(x)

]
dx,
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where, again thanks to Remark 4.3 and similarly as before we have that∣∣∣ˆ 2

1
φ̇xu( ·

k
)
[
u( ·

k
)(−∆)sφ − I(u( ·

k
), φ,R)(x)

]
dx
∣∣ ≤ C

ˆ 2

1

(
|(−∆)sφ| + Ĩ(φ)

)
dx
∣∣ < ∞

with
Ĩ(φ)(x) =

ˆ
R

|φ(x) − φ(y)|
|x − y|1+2s

dy.

Hence we also see that ˆ K

1
k

φ̇kxu [u(−∆)sφk − I(u, φk,R)(x)] dx → 0

and therefore ˆ K

1
k

x ˙(uφk) [u(−∆)sφk − I(u, φk,R)(x)] dx → 0

as k → +∞. Next we consider the integralˆ − 1
k

−∞
xNs (uφk) ˙(uφk)dx

=
ˆ − 1

k

−∞
xNs (uφk) u̇φkdx +

ˆ − 1
k

− 2
k

xNs (uφk) uφ̇kdx

=
ˆ − 1

k

−∞
xφk(Nsu)u̇φkdx +

ˆ − 1
k

− 2
k

x(Nsu)φkuφ̇kdx

+
ˆ − 1

k

−∞
x
(

uNsφk − I(u, φk,Rn
+)
)

u̇φkdx +
ˆ − 1

k

− 2
k

x
(

uNsφk − I(u, φk,Rn
+)
)

uφ̇kdx. (4.11)

Again, we see, by Lebesgue’s theorem, thatˆ − 1
k

−∞
xφk(Nsu)u̇φkdx →

ˆ 0

−∞
(Nsu)xu̇dx as k → +∞

and that, since |φ̇k| ≤ Ck on [− 2
k , − 1

k ] with a constant C > 0∣∣∣ˆ − 1
k

− 2
k

x(Nsu)φkuφ̇kdx
∣∣∣ ≤ C

ˆ − 1
k

− 2
k

|Nsu|dx → 0

as k → +∞, by Remark 4.3.
Now we deal with the two integrals in (4.11). For the first one, arguing as in (4.10) we find∣∣∣ˆ − 1

k

−K

φkxu̇
[
u(Nsu)φk − I(u, φk,R+)(x)

]
dx
∣∣∣

= k2s−2
∣∣∣ˆ −1

−kK

φxu̇( ·
k

)
[
u( ·

k
)(Nsφ) − I(u( ·

k
), φ,R+)(x)

]
dx
∣∣∣

≤ Ck2s−1
ˆ −1

−kK

φ
∣∣∣u( ·

k
)(Nsφ) − I(u( ·

k
), φ,R+)(x)

∣∣∣dx.
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Thanks to Remark 4.3, and using that u ∈ L∞(R) and Nsφ ∈ L1(R), we findˆ −1

−kK

φ
∣∣∣u( ·

k
)(Nsφ)

∣∣∣dx ≤ C

ˆ −1

−∞
φ
∣∣∣Nsφ

∣∣∣dx < ∞.

Again by Remark 4.3, we have∣∣∣I(u( ·
k

), φ,R+)(x)
∣∣∣ ≤ 2∥u∥L∞(R)

ˆ
R

|φ(x) − φ(y)|
|x − y|1+2s

dy ≤ C

(1 + |x|)1+2s
for x < 0

hence ˆ −1

−kK

φ
∣∣∣I(u( ·

k
), φ,R+)(x)

∣∣∣dx ≤ C

ˆ −1

−∞

1
(1 + |x|)1+2s

dx < ∞.

Since s < 1
2 the above estimates imply that the first integral in (4.11) vanishes as k → +∞.

For the second one we observe that∣∣∣∣ˆ K

1
k

φ̇kxu
[
u(Nsφk) − I(u, φk,R+)(x)

]
dx

∣∣∣∣
≤ k

ˆ 2
k

1
k

∣∣φ̇(k·)xu
[
u(Nsφk) − I(u, φk,R+)(x)

]∣∣ dx

= k2s−1
ˆ 2

1

∣∣∣φ̇xu( ·
k

)
[
u( ·

k
)Nsφ − I(u( ·

k
), φ,R+)(x)

]∣∣∣ dx

≤ C

ˆ −1

−2
|Nsφ + Ĩ(φ)|dx

that is again finite by Remark 4.3, this also implies that the second integral in (4.11) goes to 0 as
k → +∞.

It then remains to show thatˆ
T (R+)

(uφk(x) − uφk(y))2

|x − y|1+2s
dxdy →

ˆ
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy. (4.12)

To see this, we simply note thatˆ
T (R+)

((uφk)(x) − (uφk)(y))2

|x − y|1+2s
dxdy

=
ˆ

T (R+)

(
φk(x)(u(x) − u(y)) − u(y)(φk(x) − φk(y))

)2

|x − y|1+2s
dxdy

=
ˆ

T (R+)

φ2
k(x)(u(x) − u(y))2

|x − y|1+2s
dxdy +

ˆ
T (R+)

u2(y)(φk(x) − φk(y))2

|x − y|1+2s
dxdy

+
ˆ

T (R+)

2φk(x)(u(x) − u(y))u(y)(φk(x) − φk(y))
|x − y|1+2s

dxdy,

where, by monotone convergence,ˆ
T (R+)

φ2
k(x)(u(x) − u(y))2

|x − y|1+2s
dxdy →

ˆ
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy
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as k → +∞ and, by a change of variablesˆ
T (R+)

u2(y)(φk(x) − φk(y))2

|x − y|1+2s
dxdy = k2s−1

ˆ
T (R+)

u2(ky)(φ(x) − φ(y))2

|x − y|1+2s
dxdy

≤ k2s−1
ˆ
R2

u2(ky)(φ(x) − φ(y))2

|x − y|1+2s
dxdy

≤ k2s−1∥u∥L∞(R)

ˆ
R2

(φ(x) − φ(y))2

|x − y|1+2s
dxdy

≤ Ck2s−1
ˆ
R

1
(1 + |y|)1+2s

dy ≤ Ck2s−1 → 0

as k → +∞.
Finally, we also see that, by the Cauchy-Schwarz inequality,∣∣∣ˆ

T (R+)

φk(x)(u(x) − u(y))u(y)(φk(x) − φk(y))
|x − y|1+2s

dxdy
∣∣∣2

≤
(ˆ

T (R+)

φ2
k(x)(u(x) − u(y))2

|x − y|1+2s
dxdy

)(ˆ
T (R+)

u2(y)(φk(x) − φk(y))2

|x − y|1+2s
dxdy

)
→ 0

as k → +∞. Hence (4.12) follows, and the proof is finished. □

We can now establish the following

Lemma 4.5. Let s ∈ (0, 1
2 ), and let u ∈ C1

loc(R \ {0}) ∩ L∞(R+) be a function satisfying the
following assumptions for some p ∈ (1, 1+2s

1−2s ) and where β = min{1, 2s
p−1 }:

(i) (−∆)su ∈ L1(0, ∞);
(ii) Nsu ∈ L1(−∞, 0);

(iii) |u(x)| ≤ C min{1, |x|−
2s

p−1 } for x ∈ (0, +∞);

(iv) |u̇(x)| ≤ C min{1,x
− 2s

p−1 }
x for x ∈ (0, +∞);

(v) |u(x)| ≤ C min{1, |x|−β} for x ∈ (−∞, 0);
(vi) |u̇(x)| ≤ C min{1,|x|−β}

|x| for x ∈ (−∞, 0).
Then

(1 − 2s)cs

2

¨
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy = −2

ˆ +∞

0
(−∆)su(x)xu̇(x)dx − 2

ˆ 0

−∞
Nsu(x)xu̇(x)dx.

Proof. We consider the functions uφk, k ∈ N, where φk = φ( ·
k ) and the function φ is the one of

Remark 4.3. Applying Lemma 4.4 to uφk, we obtain:

(1 − 2s)cs

2

ˆ
T (R+)

(uφk(x) − uφk(y))2

|x − y|1+2s
dxdy

= −2
ˆ +∞

0
x(−∆)s (uφk) ˙(uφk)dx − 2

ˆ 0

−∞
xNs (uφk) ˙(uφk)dx

= −2
ˆ 2k

0
x(−∆)s (uφk) ˙(uφk)dx − 2

ˆ 0

−2k

xNs (uφk) ˙(uφk)dx. (4.13)
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We can rewrite the first integral on the right hand side as

− 2
ˆ 2k

0
(−∆)s (uφk) x ˙(uφk)dx

= −2
ˆ 2k

0
xφk(−∆)su ˙(uφk)dx − 2

ˆ 2k

0
x ˙(uφk) [u(−∆)sφk − I(u, φk,R)(x)] dx. (4.14)

For the first integral in (4.14) we have

−2
ˆ 2k

0
xφk(−∆)su ˙(uφk)dx = −2

ˆ 2k

0
xφ2

ku̇(−∆)su dx − 2
ˆ 2k

k

xuφkφ̇k(−∆)su dx,

where, by assumptions (i), (iv) and Lebesgue’s theorem,ˆ 2k

0
xφ2

ku̇(−∆)su dx →
ˆ ∞

0
xu̇(−∆)su dx

as k → +∞. Moreover, since |φ̇k| ≤ C
k on [k, 2k] with a constant C > 0, we have∣∣∣ˆ 2k

k

xuφkφ̇k(−∆)su dx
∣∣∣ ≤ 2C

ˆ ∞

k

|u(−∆)su| dx → 0 as k → +∞

since u ∈ L∞(R) and (−∆)su ∈ L1(0, ∞). Henceˆ 2k

0
xφk(−∆)su ˙(uφk) →

ˆ ∞

0
xu̇(−∆)su dx as k → +∞. (4.15)

Next we consider the integralˆ 2k

0
x ˙(uφk) [u(−∆)sφk − I(u, φk,R)(x)] dx (4.16)

=
ˆ 2k

0
xφku̇ [u(−∆)sφk − I(u, φk,R)(x)] dx +

ˆ 2k

0
xφ̇ku [u(−∆)sφk − I(u, φk,R)(x)] dx

We now use the fact that
(−∆)sφk = k−2s[(−∆)sφ]( ·

k
) (4.17)

to see that, by a change of variables,∣∣∣ˆ 2k

0
xφku̇u(−∆)sφk dx

∣∣∣ ≤ ∥(−∆)sφk∥L∞(0,2k)

ˆ 2k

0
x|u̇u| dx

≤ k−2s∥(−∆)sφ∥L∞(0,2)

(ˆ 1

0
x|u̇u| dx +

ˆ 2k

1
x|u̇u| dx

)
≤ Ck−2s

(ˆ 1

0
1 dx +

ˆ 2k

1
x− 4s

p−1 dx
)

≤ Ck−2s
(

1 + k1− 4s
p−1

)
= C

(
k−2s + k1−2s

(
1+ 2

p−1

))
→ 0 as k → +∞, (4.18)

where we used assumption (iii)-(iv) and that 2s
(
1 + 2

p−1
)

> 1 since p < 1+2s
1−2s in the last step.
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We also see that∣∣∣ˆ 2k

0
xφku̇I(u, φk,R)(x) dx

∣∣∣ ≤
ˆ 2k

0
min{1, x− 2s

p−1 }|I(u, φk,R)(x)|dx

≤
ˆ 1

0
|I(u, φk,R)(x)|dx +

ˆ 2k

1
x− 2s

p−1 |I(u, φk,R)(x)|dx, (4.19)

where
|I(u, φk,R)(x)| ≤ 2∥u∥L∞(R)

ˆ
R

|φ( x
k ) − φ( y

k )|
|x − y|1+2s

dy

= 2∥u∥L∞(R)k
−2s

ˆ
R

|φ( x
k ) − φ(z)|

| x
k − z|1+2s

dz

≤ Ck−2s

for x ∈ (0, 1) and therefore ˆ 1

0
|I(u, φk,R)(x)|dx → 0.

Now we estimate, for |x| ≥ 1, I(u, φk,R)(x). By assumption (iii), (v) and a change of variables,
1

cN,s
|I(u, φk,R)(x)| ≤

≤
ˆ
R

|u(x) − u(y)||φk(x) − φk(y)|
|x − y|1+2s

dy ≤ C

ˆ
R

(x−β + min{1, |y|−β})|φk(x) − φk(y)|
|x − y|1+2s

dy

= Ck−2s

ˆ
R

(|x|−β + min{1, |ky|−β})|φ( x
k ) − φ(y)|

| x
k − y|1+2s

dy

= Ck−2s

ˆ
{|y|≥ |x|

k }

|x|−β |φ( x
k ) − φ(y)|

| x
k − y|1+2s

dy + Ck−2s

ˆ
{|y|≤ |x|

k }

min{1, |ky|−β}|φ( x
k ) − φ(y)|

| x
k − y|1+2s

dy

≤ Ck−2s|x|−β

ˆ
{|y|≥ |x|

k }

|φ( x
k ) − φ(y)|

| x
k − y|1+2s

dy + Ck−2s

ˆ
{|y|≤ |x|

k }

min{1, |ky|−β}
| x

k − y|2s
dy

≤ Ck−2s|x|−β

ˆ
R

|φ( |x|
k ) − φ(y)|

| x
k − y|1+2s

dy + C

ˆ
{|y|≤ |x|

k }

min{1, |ky|−β}
|x − ky|2s

dy

≤ Ck−2s|x|−β + Ck−1
ˆ

{|z|≤|x|}

min{1, |z|−β}
|x − z|2s

dz

= Ck−2s|x|−β + Ck−1
ˆ

{|z|≤1}
|x − z|−2sdz + Ck−1

ˆ
{1≤|z|≤|x|}

|z|−β

|x − z|2s
dz

≤ Ck−2s|x|−β + Ck−1x−2s + Ck−1|x|1−2s−β

ˆ
{ 1

|x| ≤|t|≤1}

|t|−β

|1 − t|2s
dz. (4.20)

Now we distinguish between β < 1 and β = 1. If β < 1 we can estimate the integral in (4.20) asˆ
{ 1

|x| ≤|t|≤1}

|t|−β

|1 − t|2s
dz ≤ C max{1, |x|β−1}.
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Consequently we have

1
cN,s

|I(u, φk,R)(x)| ≤ Ck−2s|x|−β + Ck−1|x|−2s + Ck−1|x|1−2s−β max{1, |x|β−1}

≤ Ck−2s|x|−β + Ck−1|x|−2s
(

1 + max{1, |x|1−β}
)

≤ C
(

k−2s|x|−β + k−1
(

|x|−2s + |x|1−2s−β
))

. (4.21)

Therefore,ˆ 2k

1
x− 2s

p−1 |I(u, φk,R)(x)|dx ≤ C

ˆ 2k

1

(
k−2sx− 2s

p−1 −β + k−1
(

x−2s− 2s
p−1 + x1−2s− 2s

p−1 −β
)

dx

≤ C
(

k−2s+1− 2s
p−1 −β + k−2s + k−2s− 2s

p−1 + k−1
)

→ 0

as k → +∞, using again the 2s
(
1 + 2

p−1
)

> 1 since p < 1+2s
1−2s .

Now we deal with the case β = 1, starting from (4.20) we reach
1

cN,s
|I(u, φk,R)(x)| ≤ Ck−2s|x|−1 + Ck−1|x|−2s + Ck−1|x|−2s

ˆ
{ 1

|x| ≤|t|≤1}

|t|−1

|1 − t|2s
dz,

this time, integral on the right-hand side can be estimated asˆ
{ 1

x ≤|t|≤1}

|t|−1

|1 − t|2s
dt ≤ C max{1, log |x|}

and hence we find
1

cN,s
|I(u, φk,R)(x)| ≤ Ck−2sx−1 + Ck−1x−2s + Ck−1x−2s max{1, log(|x|)}

≤ C(k−2sx−1 + k−1x−2s max{1, log(|x|)}). (4.22)
Hence, we obtainˆ 2k

1
x− 2s

p−1 |I(u, φk,R)(x)|dx ≤ C

(ˆ 2k

1
k−2sx− 2s

p−1 −1 + k−1x− 2s
p−1 −2s max{1, log(|x|)}

)
.

≤ C(k−2s− 2s
p−1 + k−2s + k− 2s

p−1 −2s log(k) + k−1) → 0
as k → +∞.

Inserting these estimates in (4.19) yields thatˆ 2k

0
xφku̇I(u, φk,R)(x) dx → 0 as k → +∞. (4.23)

Combining (4.18) and (4.23), we have proved thatˆ 2k

0
xφku̇ [u(−∆)sφk − I(u, φk,R)(x)] dx → 0 as k → +∞. (4.24)

Next, to estimate the integralˆ 2k

0
xφ̇ku [u(−∆)sφk − I(u, φk,R)(x)] dx =

ˆ 2k

k

xφ̇ku [u(−∆)sφk − I(u, φk,R)(x)] dx
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we use again (4.17) to see that∣∣∣ˆ 2k

k

xφ̇ku2(−∆)sφk dx
∣∣∣ ≤ ∥(−∆)sφk∥L∞(0,2k)

ˆ 2k

k

x|φ̇ku2| dx

≤ k−1−2s∥(−∆)sφ∥L∞(0,2)∥φ̇∥L∞(0,2)

(ˆ 2k

k

xu2dx
)

≤ Ck−1−2s
(ˆ 2k

k

x1− 4s
p−1 dx

)
≤ Ck1−2s

(
1+ 2

p−1

)
→ 0 as k → +∞,

where we used again the fact that 2s
(
1 + 2

p−1
)

> 1 since p < 1+2s
1−2s . We also see that, if β > 1, by

using (4.21), ∣∣∣ˆ 2k

k

xφ̇kuI(u, φk,R)(x)
∣∣∣ ≤ Ck−1

ˆ 2k

k

x1− 2s
p−1 |I(u, φk,R)(x)| dx

≤ Ck−1
ˆ 2k

k

x1− 2s
p−1

(
k−2sx−β + k−1x−2s + k−1x1−2s−β

)
dx

= Ck−1−2s

ˆ 2k

k

x1− 2s
p−1 −βdx + Ck−1−2s + k−2

ˆ 2k

k

x2−2s− 2s
p−1 −β dx

≤ Ck−1−2s + Ck1−2s− 2s
p−1 −β → 0 as k → +∞,

recalling that, in this case, β = 2s
p−1 and p < 1+2s

1−2s . If β = 1, we can argue in a similar way and use
(4.22) to obtain∣∣∣ˆ 2k

k

xφ̇kuI(u, φk,R)(x)
∣∣∣ ≤ Ck−1

ˆ 2k

k

x1− 2s
p−1 |I(u, φk,R)(x)| dx

≤ Ck−1
ˆ 2k

k

x1− 2s
p−1 (k−2sx−1 + Ck−1x−2s log(|x|))dx

≤ C(k− 2s
p−1 + k−2s−1 log(k)) → 0 as k → +∞.

Combining these two estimates, we find thatˆ 2k

0
x ˙(uφk) [u(−∆)sφk − I(u, φk,R)(x)] dx → 0 as k → +∞, (4.25)

both if β = 1 or β ∈ (0, 1).
From (4.14), (4.15), (4.16), (4.24), and (4.25), we deduce that

−2
ˆ 2k

0
(−∆)s (uφk) x ˙(uφk)dx → −2

ˆ ∞

0
xu̇(−∆)su dx as k → +∞. (4.26)
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Next we consider the second integral in (4.13) given byˆ 0

−2k

xNs (uφk) ˙(uφk)dx (4.27)

=
ˆ 0

−2k

xNs (uφk) u̇φkdx +
ˆ −k

−2k

xNs (uφk) uφ̇kdx

=
ˆ 0

−2k

xu̇φ2
k(Nsu)dx +

ˆ −k

−2k

xu(Nsu)φkφ̇kdx

+
ˆ 0

−2k

x
(

uNsφk − I(u, φk,R+)
)

u̇φkdx +
ˆ −k

−2k

x
(

uNsφk − I(u, φk,R+)
)

uφ̇kdx.

Again, we see, by Lebesgue’s theorem, using the facts that Nsu ∈ L1(−∞, 0) and that x 7→ xu̇ is
bounded on (−∞, 0) by assumption, we have thatˆ 0

−2k

xu̇φ2
k(Nsu)dx →

ˆ 0

−∞
(Nsu)xu̇dx as k → +∞. (4.28)

Moreover, since
|u| ≤ C, |φk| ≤ C and |φ̇k| ≤ C

k
on [−2k, −k]

with a constant C > 0, we have∣∣∣ˆ −k

−2k

x(Nsu)φkuφ̇kdx
∣∣∣ ≤ C

ˆ −k

−2k

|Nsu|dx → 0 (4.29)

as k → +∞.
Now we wish to show that the last two integral in (4.27) vanish as k → +∞. We observe that

Nsφk = k−2s[Nsφ]( ·
k

)

and thanks to assumption (v) we estimate∣∣∣ˆ −k

−2k

x (uNsφk) uφ̇kdx
∣∣∣ ≤ Ck−β

ˆ −k

−2k

|uNsφk|dx

= Ck−1−β

ˆ −k

−2k

|u[Nsφ]( ·
k

)|dx

= Ck−1−β−2s

ˆ −1

−2
|u(k·)Nsφ|dx

≤ Ck−1−β−2s∥u∥L∞(R)∥Nsφ∥L1(R−) → 0 as k → +∞,

since u is bounded and, by Remark 4.3, Nsφ ∈ L1(R−). For the other term of the second integral
in the last line of (4.27) we have, again by assumption (v)∣∣∣∣ ˆ −k

−2k

xuφ̇kI(u, φk,R+)dx

∣∣∣∣ ≤ C

ˆ −k

−2k

min{1, |x|−β}|I(u, φk,R+)|dx (4.30)

= C

ˆ −k

−2k

|x|−β |I(u, φk,R+)|dx
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if k is big enough. By the estimate of (4.21) we find, if β < 1 and for x ≤ −1,
|I(u, φk,R+)(x)| ≤ C(k−2s|x|−β + k−1(|x|−2s + |x|1−2s−β))

that combined with (4.30) implies∣∣∣∣ˆ −k

−2k

xuφ̇kI(u, φk,R+)dx

∣∣∣∣ ≤ C

ˆ −k

−2k

k−2s|x|−2β + k−1|x|−2s−β + k−1|x|1−2s−2βdx

≤ C
(
k1−2s−2β + k−2s−β

)
that vanishes as k → +∞ provided that p < 1+2s

1−2s . The case β = 1 can be treated similarly using
(4.22) instead of (4.21). Consequently,ˆ −k

−2k

x
(

uNsφk − I(u, φk,R+)
)

uφ̇kdx → 0 as k → +∞. (4.31)

Moreover, we have∣∣∣ˆ 0

−2k

x
(

uNsφk − I(u, φk,R+)
)

u̇φkdx
∣∣∣

≤ C

ˆ 0

−2k

min{1, |x|−β}
∣∣∣uNsφk − I(u, φk,R+)

∣∣∣ dx

≤ Ck−2s

ˆ 0

−2k

min{1, |x|−β}|u[Nsφ]( ·
k

)| dx + C

ˆ 0

−2k

min{1, |x|−β}|I(u, φk,R+)|dx

≤ Ck−2s∥Nsφ∥L∞(−∞,0)

ˆ 0

−2k

min{1, |x|−2β} dx + C

ˆ 0

−2k

min{1, |x|−β}|I(u, φk,R+)|dx,

where
k−2s∥Nsφ∥L∞(−∞,0)

ˆ 0

−2k

min{1, |x|−2β} dx ≤ Ck−2s
(

1 + k1−2β
)

= C
(

k−2s + k1−2s−2β
)

→ 0,

using again that 2s
(
1 + 2

p−1
)

> 1 since p < 1+2s
1−2s and that Nsφ ∈ L∞(−∞, 0) by Remark 4.3.

We also see thatˆ 0

−2k

min{1, |x|−β}|I(u, φk,R+)|dx ≤
ˆ 0

−1
|I(u, φk,R)|dx +

ˆ −1

−2k

|x|−β |I(u, φk,R+)|dx,

where for x ∈ (−1, 0) we have

|I(u, φk,R+)(x)| ≤ 2∥u∥L∞(R)

ˆ
R+

|φ( x
k ) − φ( y

k )|
|x − y|1+2s

dy

= 2∥u∥L∞(R)k
−2s

ˆ
R+

|φ( x
k ) − φ(z)|

| x
k − z|1+2s

dz

≤ Ck−2s

and therefore ˆ 0

−1
|I(u, φk,R)(x)|dx → 0.
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By equation (4.21), we have if β ∈ (0, 1)ˆ −1

−2k

|x|−β |I(u, φk,R)(x)|dx ≤ C

ˆ −1

−2k

(
k−2s|x|−2β + k−1

(
|x|−2s−β + |x|1−2s−2β

))
dx

≤ C
(

k−2s+1−2β + k−2s + k−2s−β + k−1
)

→ 0 as k → +∞,

using again the 2s
(
1 + 2

p−1
)

> 1 since p < 1+2s
1−2s . Again if β = 1, with the very same computations

and using (4.22) instead of (4.21), we see also thatˆ −1

−2k

|x|−1|I(u, φk,R)(x)|dx → 0 as k → +∞.

From the estimates above, we infer thatˆ 2k

0
xφku̇I(u, φk,R)(x) dx → 0 as k → +∞. (4.32)

Combining (4.27), (4.28), (4.29), (4.31) and (4.32), we conclude thatˆ 0

−2k

xNs (uφk) ˙(uφk)dx →
ˆ 0

−∞
xu̇Nsudx as k → +∞. (4.33)

In view of (4.13), (4.26) and (4.33), it remains to show thatˆ
T (R+)

(uφk(x) − uφk(y))2

|x − y|1+2s
dxdy →

ˆ
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy. (4.34)

To see this, we simply note thatˆ
T (R+)

((uφk)(x) − (uφk)(y))2

|x − y|1+2s
dxdy

=
ˆ

T (R+)

(
φk(x)(u(x) − u(y)) − u(y)(φk(x) − φk(y))

)2

|x − y|1+2s
dxdy

=
ˆ

T (R+)

φ2
k(x)(u(x) − u(y))2

|x − y|1+2s
dxdy +

ˆ
T (R+)

u2(y)(φk(x) − φk(y))2

|x − y|1+2s
dxdy

+
ˆ

T (R+)

2φk(x)(u(x) − u(y))u(y)(φk(x) − φk(y))
|x − y|1+2s

dxdy,

where, by monotone convergence,ˆ
T (R+)

φ2
k(x)(u(x) − u(y))2

|x − y|1+2s
dxdy →

ˆ
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy

as k → +∞.
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Moreover, by a change of variables and using Remark 4.3, we haveˆ
T (R+)

u2(y)(φk(x) − φk(y))2

|x − y|1+2s
dxdy = k1−2s

ˆ
T (R+)

u2(ky)(φ(x) − φ(y))2

|x − y|1+2s
dxdy

≤ k1−2s

ˆ
R2

u2(ky)(φ(x) − φ(y))2

|x − y|1+2s
dxdy

≤ Ck1−2s

ˆ
R

u2(ky)
(1 + |y|)1+2s

dy

≤ Ck1−2s

ˆ
R

min{1, |ky|−2β}
(1 + |y|)1+2s

dy

= Ck1−2s
(ˆ

{|y|≤ 1
k }

dy

(1 + |y|)1+2s
+
ˆ

{|y|> 1
k }

|ky|−2βdy

(1 + |y|)1+2s

)
= C

(
k−2s + k1−2s−2β

ˆ
{|y|> 1

k }

|y|−2β

(1 + |y|)1+2s
dy
)

≤ C
(

k−2s + k1−2s−2β(1 + k2β−1)
)

→ 0 as k → +∞,

recalling that β = min{1, 2s
p−1 } and 1 < p < 1+2s

1−2s .

Finally, we also see that, by the Cauchy-Schwarz inequality,∣∣∣ˆ
T (R+)

φk(x)(u(x) − u(y))u(y)(φk(x) − φk(y))
|x − y|1+2s

dxdy
∣∣∣2

≤
(ˆ

T (R+)

φ2
k(x)(u(x) − u(y))2

|x − y|1+2s
dxdy

)(ˆ
T (R+)

u2(y)(φk(x) − φk(y))2

|x − y|1+2s
dxdy

)
→ 0

as k → +∞. Hence (4.34) follows, and the proof is finished. □

From the previous result we immediately obtain our Pohozaev identity.

Proof of Theorem 1.5. The proof just follows by combining the decay estimates of Section 3 and
Lemma 4.5. □

Finally, we can give the proof of our Liouville-type result.

Proof of Theorem 1.4. By Corollary 3.4, u satisfies the assumptions of Lemma 4.5. Consequently,

(1 − 2s)
ˆ +∞

0
up+1 dx = (1 − 2s)cs

2

¨
T (R+)

(u(x) − u(y))2

|x − y|1+2s
dxdy

= −2
ˆ +∞

0
(−∆)su(x)xu̇(x)dx = −2

ˆ +∞

0
xupu̇ dx

= − 2
p + 1

ˆ +∞

0
x∂x[up+1] dx = 2

p + 1

ˆ +∞

0
up+1 dx.

Suppose by contradiction that u ̸≡ 0, it follows that (1 − 2s) = 2
p+1 , hence

p = 2
1 − 2s

− 1 = 1 + 2s

1 − 2s
,

contrary to the assumption. The proof is thus finished. □
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