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Abstract

We investigate equilibrium configurations and dissipative dynamics of simplified
disclination—dislocation systems in planar elasticity. We consider an edge dislocation
interacting with a fixed wedge disclination in a circular domain. We derive the reduced
interaction energy, characterize the equilibrium states and their stability, and study
the associated dissipative evolution. The analysis reveals characteristic length scales
and collision times arising from the competition between the dislocation and disclina-
tion contributions. In particular, the presence of the disclination produces a nontrivial
modification of the dislocation dynamics and can hinder its motion. This behavior is
consistent with experimental observations and provides a simple mathematical descrip-
tion of the interaction between rotational and translational defects.
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1 Introduction

Defects, lattice asymmetries, vacancies, and other microstructural irregularities play a fun-
damental role in determining the mechanical behavior of crystalline solids. Among the
most important lattice incompatibilities are dislocations and disclinations, which describe
two distinct types of kinematic incompatibilities in the crystal structure. Dislocations are
translational defects characterized by the failure of closure of the translational component
of the displacement field. They are described by their Burgers vector, which measures the
lattice mismatch at the microscopic scale. Disclinations, on the other hand, are rotational
incompatibilities characterized by the failure of closure of the rotational component of the
displacement field. They are described by their Frank angle, which quantifies the rotational
mismatch induced in the crystal lattice. Although dislocations and disclinations have been
extensively studied individually, their mutual interaction remains much less understood,
despite its importance in many physical phenomena and engineering applications.

Since the pioneering work of Volterra [46], dislocations and disclinations have been stud-
ied within continuum elasticity; see, for example, [17,34,[40]. Dislocations were identified as
a fundamental mechanism underlying plastic deformation in the seminal works [36], 37 43]
and have subsequently attracted substantial mathematical interest, in particular because
of their close connection with variational models for Ginzburg-Landau vortices [7].

The interaction between dislocations and disclinations is supported by a broad range
of experimental observations. In crystal plasticity, their coupling is closely related to the
formation and evolution of kinks and kink bands [23, 26], 29], [32]. Mobile partial or effec-
tive disclinations have also been proposed as carriers of rotational plasticity during severe
deformation, including nanograin fragmentation in mechanically milled Fe and kink-band
evolution in long-period stacking ordered Mg alloys [33], [44, [45]. In shape-memory al-
loys, experiments on (-Ti martensites reveal disclination-type incompatibilities localized
at martensitic variant junctions [27, 28]. Related structures arise in graphene, where combi-
nations of disclinations generate dipoles, quadrupoles, Stone—Wales defects, flower defects,
and edge dislocations represented as disclination dipoles [6]. Their role in determining
elastic fields, energetics, grain boundaries, and other crystalline structures has been inves-
tigated in [22, [30].

Several mathematical approaches have been developed to describe systems involving
both dislocations and disclinations. A recent formulation based on Lie algebra techniques
derives coupled governing equations for translational and rotational incompatibilities within
a unified geometric setting [20]. Equilibrium configurations involving disclination dipoles
and edge dislocations in layered elastic materials have been studied in [16]. Although that
work is also formulated within linear elasticity, it concerns the interaction between a dislo-
cation and a disclination dipole; as will become clear below, the interaction of an isolated
wedge disclination with an edge dislocation leads to a different mathematical problem. An-
other important framework is the generalized disclination theory introduced in [3], which
treats Volterra-type incompatibilities within a continuum theory of distributed fields and
has been applied to disclinations, dislocations, grain boundaries, and their interactions [48§].



The dynamics of dislocations has also been studied extensively, especially under dis-
sipative evolution laws; see [2, 4, [42]. The configurational forces governing their motion,
including the Peach—Koehler force derived from the Eshelby stress tensor, were analyzed in
[12]; see also [I1] and [8, 9l 25] for related results in the case of screw dislocations. We also
recall the continuum description based on continuously distributed dislocations developed
in [I]. By contrast, the dissipative dynamics of disclinations is much less developed. A
first quantitative study for finite systems of wedge disclinations was carried out in [I5],
where characteristic collision times, interactions between disclinations of opposite charges,
and interactions with the boundary were analyzed. Mesoscale reaction—diffusion models
describing the nucleation and coupled evolution of dislocations and disclinations were pro-
posed in [38], 39]. These models include empirical terms accounting for nucleation, motion,
and mutual interaction, but do not address the interaction between an isolated Volterra
disclination and an edge dislocation through a variational description.

A basic difficulty in constructing such a model is the different energetic character of
the two incompatibilities. Within planar linear elasticity, wedge disclinations have finite,
although very large, elastic energy scaling with the square of the size of the body; see, e.g.,
[13, 41]. Edge dislocations, instead, have logarithmically divergent self-energy; see, e.g.,
[24, 34]. A systematic variational treatment of isolated dislocations and disclinations has
recently been developed in [I3], [14], where both arise from linearized elasticity with pre-
scribed translational and rotational incompatibilities and the corresponding length scales
are clarified. The different energy scalings show, however, that a direct superposition of
the two elastic fields does not by itself lead to a meaningful interaction regime.

Various regularization procedures have been proposed to handle the singular character
of these fields. These include core-radius regularizations for dislocations and disclinations
[12, 13| [14], as well as approaches based on first-gradient elasticity [31] and second strain-
gradient elasticity [19]. In the present work we follow instead the classical construction
of Eshelby [2I], in which an edge dislocation is represented as the limit of a dipole of
wedge disclinations. More precisely, the distortion generated by an edge dislocation is
approximated by two disclinations of opposite Frank angles separated by a distance h,
with the Frank angles, separation distance, and Burgers vector linked through the classical
dipole relation. This allows the two contributions to be treated within a common variational
framework and provides a consistent asymptotic description of their interaction.

Here we apply this construction to a simplified planar configuration that isolates the
main mechanisms of disclination—dislocation interaction. We consider a circular domain
containing a wedge disclination fixed at its center, while an edge dislocation is constrained
to move radially and its Burgers vector is free to rotate; see Figure [l The reduced prob-
lem therefore has two degrees of freedom, one spatial and one angular. Despite this low-
dimensional structure, the resulting energy landscape exhibits multiple equilibrium states
and nontrivial stability and dynamical behavior.

Our analysis identifies a regime, determined by a dimensionless parameter o measur-
ing the relative strength of the disclination and dislocation contributions, in which stable
equilibria occur in the interior of the domain. The interaction also generates characteristic
length scales arising from the competition between the corresponding elastic and configu-
rational contributions.

We then study the associated dissipative dynamics and identify two qualitatively differ-
ent behaviors. Some trajectories lead to collision of the edge dislocation with the boundary
in finite time, as occurs for isolated edge dislocations, whereas trajectories attracted to
stable interior equilibria approach them only asymptotically as time tends to infinity. In
particular, the presence of the disclination can drastically modify the dynamics of the dis-



location: its elastic stress field can significantly slow down, and eventually arrest, the radial
motion of the dislocation at a stable interior equilibrium.

This last result provides a direct connection with experimental observations. In de-
formation experiments on Mg-based alloys, dislocation motion has been observed to be
hindered by the stress fields generated by fixed disclinations [44]. Remarkably, this ex-
perimentally observed behavior emerges naturally from the present variational model: the
interaction with a single fixed disclination is sufficient to slow down and, in the appropriate
parameter regime, arrest the motion of an edge dislocation.
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Figure 1: A dipole of disclinations (1, s1)-(€2, s2), centered at d = (z,0) and with dipole
length h > 0, and an isolated disclination (&3, s3). The dipole director w points from o
to & and is oriented with an angle ¢ with respect to the positive z;-axis. The isolated
disclination (&3, s3) is hinged at the center of the disk (¢35 = (0,0)). The dipole can rotate
and its center slide along the z1-axis; the isolated disclination cannot move from the center.

2 Mechanical model

To model the presence of K € N isolated discinations in the unit disk B; of R?, we consider
the concentrated measure § € H~2(B;) given by the superposition of Dirac deltas

K
0=> sid, GE€B, G#&G i k#j (1)
k=1

where s;,’s are the associated Frank angles. The corresponding functional Z9: Hg(Bl) —R
is given by the sum of the mechanical energy W: HZ(B1) — [0, +00) and of the action of
the measure 0, and reads, in the formulation for the Airy potential v, see [I3], formula (0.2)],
11+v

Ie(v) =W() + (0,v) = 5 E .

[[V20($)|2 — V(Av(x))z] dz + (0, v). (2)

We use the notation H3(B;1) and H2(Bj) to denote the usual Sobolev space of functions
that are square integrable together with their first- and second-order partial derivatives



and such that their trace and that of their normal derivative on 9By vanishes, and its dual
space, respectively.

When treating an arrangement of disclinations that includes dipoles & = d + %wq,
centered in d € By of length h > 0, and oriented in the direction w, = (cos ¢,sing), we
trace the dependence on h by denoting by 8" the corresponding measure, which will contain
a contribution 8(561 — O¢n ). More precisely, if there is just one dipole in the system, we

have 6" = 3(5d+gw¢ — 6d—%w¢)’ that is, by a slight abuse of notation,

Qh(x):5<5<:1:—d—Zw@>—5<x—d+gw¢>>, (3)

where +s are the Frank angles of the disclinations at ¢7 .
By linearly rescaling the Airy potential with respect to the dipole length h, that is

v = ho (4)
for a certain function v € HZ(B1), we obtain that
7% (hv) = 227" /M (v). (5)

This is motivated by [I3, Proposition 3.5], where it was shown that, as h — 0, a dipole of
disclinations is energetically equivalent to an edge dislocation.
The Euler—Lagrange equation associated with the functional in the right-hand side of
(o) is
2 h
1 ;éy Z&2U :3——%; in,l?l,
v=0,v=0 on 0B .

(6)

If the measure 6" is atomic as in (T]), then the unique solution v € HZ(Bi) to () can be
obtained via superposition and convolution with the Green’s function (see formula in

Appendix with R = 1)

K
o) = ~((f +Ce) 0 = § Lo )

where C' = 7 Fyg 16% (see below). For a derivation of the explicit expression of v, of the
Green’s function G¢ , and of the functions GEZ , we refer the reader to Sections|A.2[and
in the Appendix, where the general derivation is carried out in the disk Bgr. Thanks to
Clapeyron’s Theorem (see, e.g., [I5, Theorem 2.2]), we can now compute the mechanical

energy at equilibrium (compare with below with R = 1)
SkSj

_Oh v> CSh O?h, where Sl}glj = e ?Zj = égh(fl}fl)a (8)

W = W) = - 1<

o\ hn/ "2

and o denotes the Hadamard (i.e., element-wise) product of matrices. Observe that the
matrix G is symmetric owing to the symmetry of the function G, i.e., Ge(z) = G4(€), see
().

From now on, we will consider a set of K = 3 disclinations, f{L ,{3 ,&€3 € By, so that the
corresponding measure is " = 3155? + 526@ + s30¢, . Here, the pair 5{‘—53 is a dipole as fi
described above, more precisely

€= (2.0 + Slospsing), =50~ pleospsing),  &=(0,0  (9)



for z € (%, 1), and our choice for the Frank angles is
s1=—8s2=:5>0, and s3 =ho >0. (10)

Remark 2.1. A key ingredient of our analysis is the identification of the appropriate scaling
regime governing the defects interaction. In view of considering the (rescaled) measure
6" /h, it is reasonable to assume that the Frank angle of the isolated wedge disclination scales
as h7, for some exponent v > 0, which crucially determines the behavior of the coupled
system in the limit as A — 0. When v = 1, as in our choice , the energetic contributions
of the limit dislocation and the disclination remain of the same order, producing a genuine
interaction regime. For 0 < v < 1, the disclination dominates the asymptotic behavior,
whereas for v > 1 the influence of the isolated disclination disappears in the limit and
the system reduces to that of an isolated dislocation. This critical scaling coincides with
the variational regime identified in [I3], where the equivalence between an edge dislocation
and a dipole of wedge disclinations was established through a suitable renormalization
procedure.

Owing to , the matrices S" and ?h in read

s?/h?  —s%/h? so/h g&(f?) ggg(f{l) 953(5?)
si=(-2m  Fme —soin| and = Caled) TuEh Gaed|. ay)
so/h —so/h o’ Gen(83)  Gen(83)  Gey(&3)

and in the expression of the mechanical energy at equilibrium W" in we can identify
the sum of three different contributions

Wh(p,z;5,0) = Wi(p, 2 8) + Wie(p, 2;5,0) + Wy(0), (12)
where
C < ~
E}ﬁ(% <3 S) = Thg Z SkSj Gg]h (él}cl) = E}Il),eﬁ(goa Z; 8) + w}ls,div(s) (13)
k=1
h2
= (C's? (222 cos p + log((l — 252+ T6(8 + h? — 822 cos(2g0))>> —2Cs?logh,
Con  —
Whi(p,z18,0) = Tzsk Ge, (1) (14)
k=1
4h h?
= % [(h2+4z2) tanh ™! (hzz—i—C(lezf) +2hzcos <log (24+IG (h? — 822 cos(2g0))> - 2)] ,

and Wy(0) = $C0? G, (&3) = Co?/2. The three summands in (I2)) represent: the contri-
bution to the energy of the disclinations in the dipole, the interaction of the disclinations in
the dipole with the isolated disclination, and the contribution to the energy of the isoleted
disclination, respectively. Note that we made explicit use of the symmetry of S"* and Eh in
the expression for Eﬁn . Also notice that the orientation ¢ of the dipole impacts both the
energy E}ﬁ of the dipole (which now is not symmetric with respect to the origin) and the
interaction energy W1, .
By the explicit expression in , we notice that
2
E s—logh—>+oo, ash — 07, (15)

h _
WD,div(S) T 1 _.28r



in accordance with [13, formula (3.9) and Theorem 4.6] and [41, formula (2.18), with
R =1 and a = h] (compare also with [I8, formula (7.17)] and [47, formula (7)] for the
relationship between the Frank angle s of the dipole and the Burgers vector b of the resulting
dislocation). Given the behavior , it is customary (see, e.g., [0, [8, 9, [12]) to disregard
the diverging term and to work with W" . defined by

XY off »
Mﬂ“(gpa Z;S,O’) = Eh(@vz;&o-) _E]hldiv(s)7 (16)

which is often referred to as the renormalized energy.
We compute the torque and force exerted on the dipole

W h(p o -
B <t (go,z,s,a)) = Vi Whal(ip, 25, 0) = (Cszw (¢, 258,0) sm@) 7 (17)

M, 2;8,0) CS(F{L—FFQ}Z—G—F:?)/h
where
h* +16(1 — 22)2 — 8h222 cos(2¢p)
h
: = —4
Wiy, 738, 0) 508 (p<8h2 + ht 4 16(1 — 22)2 — 8h222 cos(2¢)
4 4_gp2,2
~ olog <h +162* — 8hz cos.(2g0)>7
16
and
_1 [(4hzcosp h* + 162 — 8h?22 cos(2¢p)
Flh = doztanh™! <h2+422>’ F:f == ohcosy log ( 16
2sh 162* — (4 + h?)?
Fyo= (1422 4 2% cos(2
2 z < 2t 2 eos(29) + 8h? + h* + 16(1 — 22)2 — 8h222 cos(2¢)

The following commutativity result holds true.

Proposition 2.2. Let MH‘ be defined as in . Then the gradient operation commutes
with that of taking the limit as h — 0. By defining W (o, z; s, 0) = limy,_0 Mﬁ(go, 2;8,0),
we have that

Vie,2)

Weﬂ”(goa 2;8,0) = }Lg% v(tp,z)wgﬁ((pa 2;8,0)

—z(sz cos ¢ + o log z) sin (18)

=4
Cs sz(cos2g0— ﬁ +o(logz+1)cose

Proof. The continuity of w”, Flh , th , and F?? with respect to h yields that

MH(Wa z5 8, U) = lim wle}ff(907 z3 8, U)
h—0
20,2, .2 2 C , (19)
=2C's" (2" cos” o + log(1 — 2%)) + 4Csozlog z cos ¢ + 50
the differentiability of mﬂc with respect to the variables (¢, z) then implies the validity of
, as an immediate computation reveals. O

Proposition shows, in particular, that the variational structure is preserved in the
limiting model. Indeed, the equilibrium equations of the limiting system can be obtained
in two equivalent ways: either by taking the limit as A — 0 in the equilibrium equations
of the h-dependent system, or directly as the Euler—Lagrange equations associated with



the limiting effective renormalized energy Weff. Thus, equilibrium configurations of the
limiting system can be characterized as critical points of Weff, with stable equilibria cor-
responding to its local minima. A direct consequence of is that also the force f" and
torque t" pass to the limit as h — 0 and

—z(szcosy + olog z) sin
<t(%z;S,0)> ~ lim (th(go,z;s,a)> 40 < ( ¥ g2)sin
sz

flp,z;8,0) h—0 \ [, 2;8,0) cos? g — 1_122> +o(logz+1)cosgp

(20)
The equilibria for the effective configuration with the isolated disclination at the origin and

one edge dislocation at z € (0,1) are found by equating to zero both expressions in ([20]).
For future use, we compute there the Hessian matrix of W g4

v%@,z)weff“o? Z; 8, U)
—z(szcos(2p) + ocosplogz)  —(szsin(2¢) + osinp(logz + 1)) (21)
=4C's ) ) 9 o 1+ 22
—(szsin(2p) + osinp(logz+ 1))  scos”p + ~ cosp — sm

3 Equilibrium configurations and dynamics

The torque t in vanishes, for z € (0, 1), at ¢ = 0, 7, and the fact that 83,<pweﬁ(7r, 2;8,0) =
4Cs(—s2% + ozlog z) < 0 classifies the configuration with ¢ = 7 as an unstable one; thus,
from now on, we consider only ¢ = 0 (corresponding to the + — + arrangement of discli-
nations at finite h).
We notice that the torque may exhibit additional zeros: they correspond to those of
lim w™(g, 2;5,0) = —4(szcos p + o log 2) = w(y, z;5,0), (22)

h—0

which, up to a factor, is the term the parenthesis in the first line in (20)). The discussion
of these additional equilibrium points, which are unstable, is carried out in Appendix [A74]

Substituting ¢ = 0 in and , we get ¢(0,z;s,0) =0,

3
f(0,z;8,0) = —403(— lsjz2 + o(log z + 1)), (23)
and
—2(sz 4+ olog z) 0
V%ﬂo,z)weff(oa z;s,0) =4Cs 0 a 1 (22 — 3)22
z (1—22)2
By introducing « = s/o € (0,+00), the last two equations become
3
ar ' B 9 az
fz) = f(0,z,a0,0) = —4Cac <1 +logz — . 2>, (24)
and
—z(az +log 2) 0
H(2) = V{, y\W(0,2;a0,0) = 4Cac” 1 (:2-3)2 | (29
0 a2
z (1—22)2

The equilibrium points for the force f* depend on the value « of the relative strength
of dislocation and disclination and on the signs of the diagonal elements of the Hessian
matrix H?, see Table



3.1 Classification of equilibrium points

In the limiting case o« — 0, corresponding to no dislocation in the system, we have, by
continuity with respect to a, f°(z) = 0: this is acceptable, since we would be left with the
isolated disclination at the origin, which, by symmetry, is subject to no force.

For a > 0, there exists a critical value oy > 0 such that the equation f“(z) = 0 has a
unique solution z; (the pair (a1, z1) is determined imposing also the condition % f(z) =0),
see Figure RIGHT. For a > a1, no solution exists, whereas for a € (0, ) there exist
two distinct equilibrium positions. Among these two solutions, the one corresponding to
the larger value of z is always unstable, since at that point H;, < 0.

It remains to discuss the nature of the smaller of the two solutions, which follows from
the combined analysis of the signs of diagonal terms of the Hessian H®. First, note that
H$,(z) > 0 for the smaller value of z whenever a < ay. Therefore, it suffices to analyze
the sign of H{j . This leads to a second critical value & < a1 . For oo < &, one has H{} > 0,
and the smaller z solution is stable. For & < a < «g, the stationary points are unstable.
See Table[1] Notice that no stationary point can exist for z < e™!, this value corresponding
to the limit case a = 0 in the parenthesis in the expression of f¢, see .

Range of o | Stationary Points Stability Reference
Hiy, Hyy  Type (Fig.
0<a<a z€ (e1,2) +,+ stable | curves (c),(d)
z€(2,1) - unstable -
a=a z2=2z 0,+ unstable -
z=12 - unstable -
a<a<al z € (Z,21) -+ unstable -
2 € (21,2) - unstable -
o= z=2 -0 unstable curve (b)
a>ap ? curve (a)

Table 1: Classification of equilibrium points. The approximate values are oy =~ 1.853 and
z1 ~ 0.485. When o = & ~ 1.768, the function f% has two zeros, denoted by Z ~ 0.451 and
Z =~ 0.529.

Below we show how the critical value & is determined and how the above analysis is
carried out. Imposing simultaneously f*(z) = 0 and H{|(z) = 0, under the constraints on
o and z, yields the pair (2, &). We study the sign of Hf(z): from (25),

HY (2) = —4Cac?*z(az + log 2) (26)

under the constraints f%(z) = 0,0 < a < a1, and e ! < 2z < z;. Thus we are lead to
studying the sign of

logz+1

1
2

for0§a<a1,e*1§z<zl,

)

which has a root at

Z ~ 0.451, (27)

2 z

logz+1 (11— 32 1— 22
G= 082 < z > — T N 1768,
z
Observe that the function z — 1 — logz%ﬂ determines the sign of H{j(z) at the zeros
of f*. In particular, HY,(z) > 0 whenever the solutions to f*(z) = 0 satisfy z < Z. This
implies that the branch of stationary points with smaller z is stable for 0 < a < a.



The configuration («,z) = (&, Z) is unstable, since z — H(z) changes sign across
z = Z (being positive for z < Z and negative for z € (z,1)).
Finally, we notice that the point z = 1 is never a stationary point.

1 T T 0.05
—_—a=2.5
0.9} ] 0.04 —a=1.853
— =1
0.8+ 0.03 e =0, 1
07+ ]
N 0.02] @
061
0.01+
0.5 )
0 &
0.4+ 1
T T -0.01} d ,
0.3 . ! } | ‘ |
1072 107 10° 0 0.2 0.4 0.6 0.8 1
o4 4

Figure 2: LEFT. Bifurcation diagram of equilibrium points as a function of parameter «,
calculated as zeros of f“ (in logarithmic scale). RIGHT. Profiles of z — f*(z) for different
values of the parameter a.

3.1.1 Discussion

Our analysis shows that equilibrium points may only occur in the interior of the domain,
for z € (0,1), and never on the boundary. We discover a family of stable equilibrium points
determined by values of « in the range (0, &), that is when the disclination is prevalent
over the dislocation. The corresponding stable branch of equilibrium points is z € (e71, %),
also depending continuously on «. They are represented in the blue branch in Figure
Here, the value z = e~! acts as the lower bound for the branch of these stable equilibrium
points, but it is never reached, as it corresponds to the limiting case of & = 0 in the
parenthesis of . Nevertheless, this value indicates that a characteristic length scale
emerges. It is represented by an arrangement of disclination and dislocation at mechanical
equilibrium emerging from the energy minimization, and the value z = e~! indicates a
minimum separation distance between the defects.

We observed that all stable equilibrium points of the system are achieved at ¢ = 0,
corresponding to the horizontal arrangement + — + of the original system at finite h > 0,
and to the Burgers vector of the resulting dislocation pointing upwards in the limit as h — 0.
While many other equilibrium configurations may exist, even with tilted orientations and
non vertical alignment of the Burgers vector or horizontal alignment of the original 3-
disclination system (for h > 0), they are unstable.

3.2 Dynamics: radial motion and collision time estimates

By considering the driving force f® introduced in , we can study the dissipative dy-
namics of the the limit system featuring the isolated disclination &3 remaining stationary
at the center of the disk and the limit dislocation placed at z sliding along the horizontal

10



segment (0,1). This simplified one-degree-of-freedom system rules out possible rotations
as ¢ = 0 is frozen during the evolution; by restricting the motion to the radial direction,
we remove rotational modes while preserving the main mechanical features of the problem.
However this choice is not particularly restrictive as observed in [10].

The associated ODE reads

1d o 9 az?
X&z(t) = fz) = —-4Cac <1 + logz — ), (28)

where A > 0 is a scalar quantity having the meaning of the inverse of a generalized viscous
friction coefficient.

The highly nonlinear character of the ODE above makes it difficult to solve analytically.
Apart from a few illustrative cases that we discuss below, numerical solutions to for
selected values of the parameter «, parameterized by the value of the initial condition
29 = z(t = 0), are shown in Figure . These solutions have been obtained in MATLAB
environment by the explicit Euler integration method.

As a benchmark, we first consider the case of the dislocation only, whose motion is then
driven by the presence of the boundary. To do this, we go back to the expression of the
force given in , and, by setting ¢ = 0, and obtain the equation of motion

1d 23
——2(t) = 40> 29
)\ dtZ( ) S 1 _ 227 ( )
which can be solved explicitly, yielding
log 2°(t) + B —8C's*t + log 25 + L , (30)
22(t) 23

20 € (0,1) being the initial position. By solving for ¢t* such that z(t*) = 1, we find the
collision time ) .
* 2
Focusing on the scenario in which the dislocation is close to the boundary, z — 17,
since the term (1 — 22)~! — 400, the dynamics in can be approximated by

3
%%z(t) = 1Ca0) =, (32)
which is exactly the same as in . In both cases (be the dislocation alone in the system,
of be it close to the boundary), the dynamics is as if the disclination were not present. |I|
In contrast, when studying the convergence towards stable equilibrium points, the in-
teraction between the disclination and the dislocation becomes apparent. To this aim, we
consider the dynamics in a neighborhood of a point z+, € (1/e, Z) such that f*(zs) = 0.

!t is interesting to compare the collision time obtained in with that obtained for a screw dislocation
in the unit disk computed in [25] formula (67)]. By assuming that the initial position is zo = 1 — §, we can
expand to second order in § to obtain

«_ 1 (21 3
t _SCw(SQ(S +0oe ))7

which, upon taking s? = |b|> = 1, coincides with the collision time T2 from [25 formula (67)], up to the
multiplicative constant containing the mechanical parameters.
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By writing z(t) = 2o + ((t), for small ((¢), and considering the first-order expansion of the
force, we are lead to studying

(63
L9 ) = 1+ €)= 2 ) = gy (33)
Since H$(z0) > 0 owing to stability, the solution to is a damped exponential, showing
that the solution ¢ +— z(t) converges to the equilibrium point zo, as t — 4o00.

This simple linearization analysis, together with the numerical solutions shown in Fig-
ure [3| provides a complete characterization of the dynamical behavior of the system under
the simplified assumptions considered here.

First, we observe that whenever the dislocation is sufficiently close to the boundary,
located at z = 1, the boundary always attracts the dislocation with an increasing velocity.
In particular, the velocity diverges as z — 17, implying that the collision with the boundary
occurs in finite time. Consequently, the point z = 1 is not a stationary point of the
dynamical system.

A collision with the boundary may occur for any value of the parameter a. More
specifically, for a > @&, the dislocation always collides with the boundary regardless of its
initial position zgp € (0,1). In contrast, for @ < &, a stable equilibrium point emerges
at z € (e7!,2). In this regime, collision with the boundary is only possible if the initial
condition is chosen within a sufficiently small left neighborhood of z = 1, avoiding the basin
of attraction of the stable equilibrium.

The characteristic time associated with the convergence of the dislocation toward the
stable equilibrium that exists for a € (0, &) is fundamentally different from the finite-time
collision with the boundary discussed above. As demonstrated by the analysis leading
to equation , the dislocation approaches the stable equilibrium only asymptotically,
reaching it only in the limit ¢ — 4-00. This behavior contrasts sharply with the finite-time
collision observed when the dislocation moves toward the boundary.

This asymptotic convergence is a consequence of the elastic stress field generated by
the isolated disclination and appears to be consistent with the experimental observations
reported in [44]. In particular, those experiments provide evidence that the long-range elas-
tic field of a disclination can significantly hinder the motion of nearby dislocations. Within
the simplified framework of the present model, the disclination effectively acts as an obsta-
cle to dislocation motion. As a result, a stable equilibrium configuration emerges, toward
which the dislocation converges asymptotically, while remaining unable to pass through
it. A more comprehensive investigation is required to further characterize the disclination-
induced hindrance of dislocation motion in more realistic systems with additional degrees
of freedom. Such an analysis is left for future work.

4 Conclusion

In this work, we have analyzed a simplified configuration of interacting disclination-disloca-
tion systems in a circular domain. Even in this reduced setting, the model reveals nontrivial
features, including the emergence of stable equilibrium states inside the domain and charac-
teristic length scales determined by the relative strength of the disclination and dislocation
contributions. Although the analysis is restricted to a single disclination interacting with
a single dislocation under constrained motion, the reduced model captures the essential
mechanisms of the interaction and exhibits a rich energy landscape with multiple equilib-
ria and nontrivial stability properties. A systematic study of fully unconstrained systems
involving multiple dislocations, disclinations, and dipoles is left for future work.

12
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Figure 3: Solutions to for selected values of o and for different initial values zg.
Solutions are obtained via numerical discretization in MATLAB environment via Euler
explicit method, for the choice of parameters v =0, F =1, and o = 1.

We have also characterized the dissipative dynamics and derived estimates for collision
and relaxation times. Depending on the initial configuration and on the relative strength
of the defects, the dynamics shows either finite-time boundary collisions or asymptotic con-
vergence towards stable interior equilibria. The latter behavior appears to be a distinctive
feature of coupled disclination-dislocation interactions.

Finally, our analysis uses Eshelby’s representation of an edge dislocation as a disclination
dipole to derive the corresponding dynamical system. An alternative approach relies on the
extension of this kinematic equivalence to the dynamical level, when the renormalization
is performed directly on the h-dependent system rather than after passing to the limiting
model. This approach is explored in [10].
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A Useful results

We collect some general results that give context to the formulae written in Section 2]
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A.1 Energetic formulation in general disks; non-dimensional form of the
functional 7

We present here the general energetic formulation in a disk of radius R > 0. For an atomic
measure § € H2(Bpg) describing the presence of K € N disclinations,

&k € Br, §e#& if k#j (34)

|
M=
=

k=1

(si being the Frank angles), the energy functional Ié(-; Bgr): HZ(Br) — R defined for the
Airy potential o € HZ(Bg) reads
s 114w

6~ _ ~. ~ -
77(0; BR) = W(0; Bgr) + (0,0) = 2 E

[IV20(2)]* — v(Az8(2))%] dz + (0,5) (35)

(notice that this is the functional Z? in (2) when R = 1). By performing the change
of variables & = Rz (for z € Bj), defining z — v(z) = v(Rx), and exploiting the 2-
homogeneity of the mechanical energy W, we easily deduce the following chain of equalities

7B =5 g Uv%@)r?—u(m(x))ﬂdx+<é<R->,f}<R->>

(36)

W Br) + (R2(R ), 0)) = T (0, By) =

R2 (U Bl)

1
R2 ( R2

where we have defined 0(-) := R20(R-) . In particular, for the atomic measure 0z, we have
€ = R¢ (for € € By) and 0(z) = R?5ge(Rx).

Remark A.1. We stress here that the presence of both the second-order gradient in the
mechanical energy W and the linear term v — (9, ¥) destroy the scale-invariance which is
typical of two-dimensional problems depending only on the first-order gradient. This will
reflect in the evaluation of the minimal energy, see Remark below.

When treating an arrangement of disclinations that includes dipoles d+ %ww centered
at d € Bg of length h > 0, and oriented in the direction w, = (cos p,sin¢), we trace the

dependence on h by denoting by 0" the corresponding measure. In this case, the measure
0" associated with one such a dipole is

(%) = s<5d+ MGOETS

@) (37)

[N

where s is a given Frank angle. Consequently, if h = Rh and d = Rd (for d € By), we have
0" (z) = R*0%M(Rz) = R%(&RM%W)(R@ - 5R(d_%w¢)(R:L‘)). (38)
Thanks to and , if we assume the scaling as in
" =hv  and " = ho, (39)
we have the following chain of equalities

h? 2 g
= 252" /"(v: By) =

mIRQ@Rh(R')/h(U; B1)

1% (7", Br) = h22°"™" " (%; Bg) =
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A.2 Green’s function for the clamped disk problem

In this section, we recall the Green’s function for the clamped disk problem, since it will
be used to write explicitly the minimizer of the functional in H2(BR).

It is known (see, e.g., [35, Section 4] and [I5], formula (2.9)]) that the solution to the
differential problem

E
AZu=— in B
U .2 sd0; in Bp, (1)
u=0u=0 on 0Bp,
is given, for any & € Bpg, by
—CsR? G (%) if 7 # &,
C‘:~ (i) = 2 2 B (42)
&R -
C'sR? <1 EL) fz=¢,
where
E =y TP & — & - ~
= 16n(1—17) and G p(¥) == g | log g — 1=log(lg p(®)) | +Lg (2),
(43)
with , Y i
"y |z €] |z — ¢
EE,R(@ = <1 TR T Re + 2 (44)

Remark A.2. Notice that ¢, and therefore G, are scale-invariant, that is KER(Q%) = leq(x)
and aéR(:Z‘) = Gea(z) = Ge(x), if € = RE and & = Rz (x,€ € B;). Therefore, the
dependence of the Green’s function Gé, RN on the radius R is only through the factor
R2.

A.3 Explicit expression of the minimal energy
Since is the Euler-Lagrange equation of the functional for 6 = 55 , by superposition
we obtain that the minimizer of Iéh(- ; Br) for = YE Sk(sgh is
k
K

0(#) = — (0" + Gz ) () = ~CR2Y 51T (). (45)
k=1

Thanks to Clapeyron’s Theorem (see, e.g., [15, Theorem 2.2]), we can now compute the
mechanical energy at equilibrium

. 1, CR? | & S
w = W(@, BR) = — §< — 9h7@> = T <;Sk(5£~£ ’lejGéjl,R>
CR2 & CR> ] —h o
= 5 Z SkS;j G§§L (f;};) = TS oG =RW = RQW(QQ By),
k=1

where we used Remark and where v is the minimizer of Z%(-; By), for 6(-) = R20(R ),
see below . In , S and ?h are the K x K matrices whose entries are

Skj = SkS;j and ?Z] = ég? (&Is) (47)
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Remark A.3. The equality W = R2W (see (46)) involving the minimal energy on the unit
disk B; and the disk Bp of radius R recovers the usual scaling by R? of the mechanical
energy at equilibrium in a disk containing disclinations, see [41].

A.4 Additional stationary points: zeros of w in (22)

In this Appendix, we study the presence of an additional equilibrium point in the second
configurations discussed in Section [3| and its stability. By relying on the parameter o =
s/o € (0,400) that measures the mutual intensity of the dislocation and disclination,
we study the zeros of coming from those of the torque given by the vanishing of the
function w defined in . In Proposition we will prove that there exists an equilibrium
point for the configuration studied in Section [3} its instability is proved in Proposition [AZ5]

Proposition A.4. There exists a value v, € (0,4+00), whose approximate value is provided
in below, such that system has a stationary point (p**(a), 2** () for every a €
(0, ay).

Proof. The equations for the stationary points of force and torque in the limit A — 0 are

obtained from and and read

az

2
— azcos® p —cosp(l+logz) =0,
1— 22 (48)
azcosp +log z = 0.

By solving the second equation above, we find the condition

1
cosp = — 8% _, F,(2), (49)
az

which imposes the constraint that F,(z) € (—1,1), for every a > 0 and z € (0,1). An im-
mediate inspection of the function z — F,(z) reveals that the image F,((0,1)) = [0, +00).
The smoothness, strict monotonicity of F,, and the fact that F,,(0") = +ooand F,(17) =0
guarantee that there exists a unique point z*(«) such that Fi,(z*(a)) = 1 and F,(z) € (0,1)
for z € (2*(a),1). This yields that for such values of z the constraint is satisfied and
can be possibly inverted to find the corresponding value of ¢ € (0,7/2).

By substituting in the first equation in , we obtain

az log 2z

Ga(2) :

=1{_ .2 . 0. (50)
Notice that the function G4 : (0,1) — R is smooth for every o > 0, strictly increasing, and
Go(0T) = —0o0 and G (17) = +o0. Therefore, there exists a unique point z**(«) such that
Go(z(a)) = 0.

These considerations imply that system has a unique solution (p**(«a),2**(«)),
provided that
2 (a) € (2" (), 1). (51)

In this case,
(0,7/2) 3 ™ () = arccos(Fyo (2™ ())). (52)

We now investigate when condition is satisfied. We start by noting that the func-
tions a — z*(a) and a — 2**(«) are differentiable by the Implicit Function Theorem, and
we now prove that they are also monotone decreasing. This can be obtained by implicitly
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differentiating the equations F,(z*(a)) = 1 and G,(2**(«)) = 0 with respect to . We
obtain

(% 2 —9 3 1— ok 2
Doy @ G @) [ G )]
da 1 —log 2*(cv) da 202(2** ()2 + (1 — (2**())?)

<0. (53)

The crucial condition arising from is that z**(a) > 2*(«). Upon numerical evalu-
ation (see Figure [4)), we see that the ordering of z*(a) and z**(a) changes with «, so that
we are lead to study the sign of the (at least continuous) function o — 2**(a)) — z*(«). By
the Intermediate Value Theorem, there exists a value a, such that z**(aw) = 2*(ay) = 2.
The values of a,. and z, are found by imposing that F,, (zx) = 1 and G,, (2+) = 0. Recalling
and , we find that z, is the unique solution in (0,1) to 1 — 22 = —log z. Numerical
approximations provide

ze = 2" () = 27 () = 0.451 and o, &~ 1.768. (54)
The derivatives in computed with the values are

d d
az*(a) ~ —0.251 and —2" () ~ —0.450, (55)

=0 A=0lx

from which we deduce that, at least in a left neighborhood of «, condition is verified.

A numerical inspection actually yields that is verified for every a € (0, au).
Therefore, if a € (0, av), then the values (™ (), 2**(«)) given by G (z**(a))) = 0 and

by are the desired solution to . O

Proposition A.5. For every a € (0,cw), where au is provided in the proof of Proposi-
tion[A.]) the stationary point (¢**(a), 2**(cv)) is unstable.

Proof. To prove instability we will show that the Hessian matrix of the energy W ¢
computed at (™ («a),z**(«)) is indefinite. Indeed, evaluating at (™ (a), 2" («a)),
therefore keeping and into account, yields that

H (" (), 2" () =V W (9™ (@), 2 (a); a0, 0)
—a(z"*(a))?sin? o**(a)  sin**(a)(1 — log 2**(a))

= —4Cao? sin o™ (a)(1 — log 2** (a1 a(2 — a?) 2" (a)

From this we see that H{ (¢**(a), 2**(a)) = 4Ca’0?(2**(a))? sin? p**(a) > 0 and that
“(a )(1 — (£7())?)” + 20%(*(o))?
(1= (z**(a))?)?

which classifies the point (¢**(a),2**(«)) as a saddle point, and therefore an unstable
equilibrium. O

det HY(p™ (), 2** () = —16C%a*0* sin? ¢*

<0,
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