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Abstract. The dissipative dynamics of a pair of wedge disclinations
with opposite Frank angles confined to a circular domain is investigated
under the assumption of radially symmetric motion. Two distinct dy-
namical regimes are identified: a diverging-disclination regime and an
annihilating-dipole regime. The stationary points associated with both
regimes are determined and fully characterized in terms of their stability,
and quantitative estimates for the characteristic evolution times in their
vicinity are derived. In the annihilating-dipole regime, it is shown that,
after a suitable time rescaling, the resulting law of motion for the dipole
coincides with that of an edge dislocation.
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1. Introduction

Dislocations and disclinations (both referred to as defects in this paper,
with some abuse of terminology) were introduced by Vito Volterra as proto-
typical singularities arising from the violation of geometric compatibility in
elastic bodies, in planar elasticity [38]. In continuum elasticity, disclinations
correspond to violations of rotational symmetry and are characterized by their
Frank angle, measuring the angular mismatch, and store large, although finite,
elastic energies on bounded domains. Their associated stresses and strains are
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singular, yet square-integrable. Dislocations, on the other hand, are genuine
topological singularities carrying a topological charge, and are characterized
by the nano-scale Burgers vector. In the classical continuum description,
they possess singular energies due to non-integrable stresses and strains.
From a mathematical viewpoint, dislocations share important similarities
with Ginzburg–Landau vortices and with point charges in two-dimensional
Coulomb gases, since all involve long-range logarithmic interactions between
topological or effective charges [4, 32].

Because of their distinct energetic and topological nature, the modeling of
systems containing both dislocations and disclinations remains challenging.
Indeed, dislocations have infinite elastic energy in the continuum limit, while
disclinations have finite but size-dependent energy, which complicates the
superposition of their respective fields. Nevertheless, Volterra’s construction
shows that both dislocations and disclinations arise naturally as equilibrium
configurations in planar linear elasticity under incompatible kinematics. Thus,
they represent fundamental defect structures, both theoretically predicted
and experimentally observed [6, 18, 21, 25, 26, 27, 31, 35].

A key structural link between these defects was identified by Eshelby, who
observed that the elastic field of an edge dislocation can be represented, at
the level of kinematics, as that of a dipole of wedge disclinations, provided
a precise relation holds between Burgers vector, Frank angle, and dipole
geometry [20]. This observation reveals that dislocations can be viewed as
a singular limiting configuration of disclination dipoles. Building on this
idea, a variational framework coupling dislocations and disclinations was
developed in [14] within linearized elasticity, formulated in terms of the Airy
stress function. In particular, it was shown that an edge dislocation can be
obtained as the variational limit of a shrinking dipole of wedge disclinations,
both at the level of minimizers and minimal energies in static regimes.

When investigating the effects that the presence of these defects has on
the material properties, it is fundamental to study their motion, as it has
been proved that dislocation motion is linked to plasticity and hardening
phenomena [29, 30, 34]. While dislocation dynamics has been extensively
studied in both inertial and dissipative settings (see, e.g., [7, 8, 19, 33]), com-
paratively little is known about the dynamics of disclinations. Recent work
[15] introduced and analyzed a dissipative model for finite systems of wedge
disclinations, obtaining existence results together with a description of colli-
sion times and dipole interactions. However, several fundamental questions
remain open, including the analysis of disclination dipoles in their natural
scaling regime, the connection with dislocation dynamics, and the renormal-
ization of the associated time-dependent models. For related approaches and
models, see [1, 2, 3, 22, 36, 37, 39, 40, 5, 16].

In this work, we study dissipative dynamics of a pair of wedge disclinations
with opposite Frank angles. Such configurations naturally screen each other’s
elastic fields and exhibit two distinct behaviors: when the defects are suffi-
ciently close, they attract and may annihilate, whereas for larger separations
they drift toward the boundary and are eventually expelled. Previous work
[15] considered mainly symmetric configurations in circular domains. Here we
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extend the analysis to asymmetric settings and investigate the fine structure
of the dynamics.

After introducing the variational model based on the Airy stress function
(Section 2) and a dissipative gradient-flow structure (Section 3), we study the
evolution of a pair of disclinations under radial motion from general initial
configurations (Section 4). We identify two regimes depending on the initial
separation: a diverging regime and a converging regime. In the diverging
regime, the defects migrate toward the boundary and behave as isolated discli-
nations (Section 4.1). In the converging regime (Section 4.2), corresponding
to a disclination dipole, the dynamics exhibits a strong separation of time
scales: the midpoint evolves slowly, while the inter-defect distance evolves
rapidly. Exploiting this behavior, we derive a reduced effective dynamics,
and show that it coincides, in the sense of Eshelby’s dipole construction,
with the dynamics of an edge dislocation located at the center of the dipole
(Section 5). Finally, we complement the analytical results with numerical
simulations and phase diagrams computed in MATLAB (Section 6).

2. Mechanical model

Let BR = BR(0) ⊂ R2 be the open disk of radius R > 0 centered at the
origin; we interpret it as the cross-section of an infinite cylinder containing
line defects parallel to its axis. Introducing the Young’s modulus E > 0, the
Poisson’s ratio ν ∈ (−1, 12), and the Airy stress function v ∈ H2(BR), the
linearized elastic energy is defined as

G(v;BR) :=
1

2

1 + ν

E

∫
BR

(
|∇2v|2 − ν (∆v)2

)
dx.

The two isolated disclinations in BR are modeled through a superposition of
Dirac masses supported at the defects locations y1, y2 ∈ BR; more precisely,
we introduce the disclination measure

θ := s1 δy1 + s2 δy2 ,

where the sk’s are the associated Frank angles. We combine the elastic
energy G and the measure θ into the functional introduced in [14, Formula
(2.1)]

Iθ(v;BR) :=
1

2

1 + ν

E

∫
BR

(
|∇2v|2 − ν (∆v)2

)
dx+ s1v(y

1) + s2v(y
2),

where the last two summands are the explicit expression of the duality ⟨θ, v⟩.
The corresponding Euler–Lagrange equation under traction-free boundary
conditions reads 

1− ν2

E
∆2 v = −θ in BR,

∇2 v t = 0 on ∂BR,

(1)

and it has been shown in [14, Proposition 1.10] that

∇2 v t = 0 on ∂BR if and only if v = a, ∂n v = ∂n a on ∂BR,

for some affine function a : R2 → R. Since affine functions are in the kernel
of the operators appearing in (1), without loss of generality we can choose
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a = 0, thus reducing the traction-free boundary conditions to homogeneous
boundary condition. The differential problem in (1) now reads

1− ν2

E
∆2 v = −θ in BR ,

v = ∂n v = 0 on ∂BR ,
(2)

which is the Euler–Lagrange equation associated with the minimization
problem

(3) min
{
Iθ(v;BR) : v ∈ H2

0 (BR)
}
.

In the same spirit as [15], letting v̄ be the unique solution to (3), by Clapey-
ron’s theorem, the minimal elastic energy can be expressed by

(4) G(v̄;BR) = −1

2
⟨θ, v̄⟩ = −1

2

(
s1v̄(y

1) + s2v̄(y
2)
)
=: W(y1, y2;BR).

The solution v̄ corresponds to that of the clamped disk problem (2) and it can
be expressed via the associated Green’s function, see, e.g., [28]. In particular,
the solution reads

v̄(x) =
2∑

k=1

v̄k(x),

where the functions v̄k : BR → R are defined by

v̄k(x) = −CR2sk

[
|x− yk| 2

R2
log

(
|x− yk| 2

R2

)
+

(
1− |x|2

R2

)(
1− |yk| 2

R2

)
− |x− yk| 2

R2
log

(
R4 − 2R2x · yk + |x|2|yk| 2

R4

)]
,

if x ≠ yk, and are extended by continuity to x = yk, with v̄k(yk) =

−CR2sk

(
1− |yk| 2

R2

)2
, where we introduce the constant

C :=
E

1− ν2
1

16π

collecting the mechanical parameters. The function W(·, ·;BR) : BR ×BR →
R provides the value of the minimal elastic energy at the equilibrium as a
function of the positions of the disclinations, and is particularly suited to
study their dissipative dynamics.

3. Dissipative dynamics

In this section, we derive the equations of motion for a pair of disclinations
with opposite Frank angle

(5) s1 = −s2 =: s > 0.

In this context, the total Frank angle vanishes in BR , but if the two discli-
nations get arbitrarily close, then, upon suitably rescaling by the dipole
length, the resulting system is kinematically and energetically equivalent to
an edge dislocation (see, e.g. [14, 20]). In particular, the Burgers vector of
the resulting edge dislocation has magnitude s and points in the direction
which is the π/2-rotation of that from y2 to y1, see [14, page 88].
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With our choice of Frank angles (5), the explicit expression of the minimal
elastic energy (4) is

W(y1, y2;BR) =
1

2
CR2s2

[(
1− |y1|2

R2

)2

+

(
1− |y2|2

R2

)2

− 2

(
1− |y1|2

R2

)(
1− |y2|2

R2

)
+ 2

|y2 − y1|2

R2
log

(
R4 − 2R2y1 · y2 + |y1|2|y2|2

R2|y2 − y1|2

)]
,

(6)

and, under the assumption that disclinations evolve according to the maximal
dissipation criterion [12, 13, 15, 24], the velocity of each defect is proportional
to the steepest descent of the minimal elastic energy. This leads to the
following system of ODEs:

(7)

{
ẏk(t) = −λk∇yk W(y1, y2;BR), for t > 0,
yk(0) = yk,0 ∈ BR ,

for k = 1, 2. The parameters λk appearing above are a mobility parameters
with units [λk] = [s kg−1]. Various mobility functions are known for screw
dislocations, see, e.g., [9, 10, 11, 12]; here, we focus only on the isotropic case
and therefore we consider λ1 = λ2 = λ ∈ R.

By observing that the energy W in (6) rescales quadratically in R by
passing from B1 to BR , namely

W(Ry1, Ry2;BR) = R2W(y1, y2;B1), for y1, y2 ∈ B1 ,

following [15, Section 3.1], it is convenient to recast (7) in non-dimensional
form. By means of the rescaling

(8)
yk

R
7→ yk and Cλt 7→ t,

and by defining W (·, ·) : B1 ×B1 → R as

W (y1, y2) :=
1

CR2
W(Ry1, Ry2;BR), for y1, y2 ∈ B1,

system (7) becomes, for k = 1, 2,

(9)

{
ẏk(t) = −∇ykW (y1, y2), for t > 0,
yk(0) = yk,0 ∈ B1 .

We will focus on an arrangement of disclinations y1 = (y11, y
1
2), y

2 =
(y21, y

2
2) ∈ B1 located on a diameter, which they never abandon by symmetry

reasons. Therefore, if y1,02 = y2,02 = 0 and y1,01 > y2,01 , then it is not restrictive
to consider that y12(t) = y22(t) = 0 and y11(t) > y21(t) for every t > 0. The
ordering y11 > y21 is maintained throughout the evolution since collision of
disclinations occurs in infinite time (see, e.g., [15, Section 3.3.1], where the
study is conducted for the even more symmetric case y1,01 = −y2,01 ). Owing
to these considerations, it is convenient to introduce the new variables

h(t) =h
(
y1(t), y2(t)

)
:= |y1(t)− y2(t)| = y11(t)− y21(t),

d(t) = d
(
y1(t), y2(t)

)
:=

1

2

(
y11(t) + y21(t)

)
,
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which describe the disclination separation (dipole length, if it is very small)
and the midpoint of the pair (center of the dipole, if h is very small), respec-
tively. The relationship

(10) yk(t) = d(t) +
(−1)k+1

2
h(t), for k = 1, 2,

returns the positions of the disclinations starting from the center and the
inter-disclination distance.

The dynamics is defined for y11 ∈ (−1, 1) and y21 ∈ (−1, y11) and it cor-
responds in a one-to-one fashion, to d ∈ (−1, 1) and h ∈ (0, 2) with the
constraint that d ± 1

2h ∈ (−1, 1). Should d be negative, we could switch
signs to y11, y21 and s, and bring ourselves back to the situation where d ≥ 0.
Therefore, the dynamics for the pair (h, d) is considered in the set

R :=
{
(h, d) ∈ (0, 2)× [0, 1) : 0 < d+

h

2
< 1

}
,

and it is determined, from (9), by

(11)



ḣ = 4s2h

[
2 log

(
4h

4− 4d2 + h2

)
+

4− 4d2 − h2

4− 4d2 + h2
− 2d2

]
=: f(h, d),

ḋ =
2s2h2d (4d2 − h2)

4− 4d2 + h2
=: g(h, d),

h(0) = y1,01 − y2,01 =: h0 ∈ (0, 2),

d(0) = 1
2

(
y1,01 + y2,01

)
=: d0 ∈ [0, 1),

with the constraint that (h0, d0) ∈ R.
System (11) can more conveniently be re-written by introducing

ζ : [0,+∞) → R2 defined by t 7→ ζ(t) := (h(t), d(t)), and the vector field
Φ: R → R2 defined by Φ(h, d) := (f(h, d), g(h, d)) in R, and extended by
continuity on ∂R by

(12)

Φ(0, d) = (0, 0),

Φ
(
h, 1− h

2

)
=

(
− 2s2h (1− h)(2− h), s2h (1− h)(2− h)

)
.

Thus, the dynamics (11) can be extended to

(13)

{
ζ̇ = Φ(ζ),

ζ(0) = (h0 , d0) =: ζ0 ∈ R.

The next result ensures that the dynamics (13) is well posed for any initial
datum ζ0 ∈ R \ L, where L := ∂R ∩ {h = 0}. Notice that the case in
which ζ0 ∈ R describes a physical situation with both disclinations inside the
domain B1 ; the case in which ζ0 = (h0, 1− h0/2) for h0 ∈ (0, 2), corresponds
to the case of y11 = 1 ∈ ∂B1 and y21 ∈ (−1, 1), the disclination y1 sitting at
the boundary and the disclination y2 being alone in the domain. As we will
see, when one disclination is at the boundary, it does not affect the dynamics
of the remaining one. Yet, considering this case is necessary to establish the
well-posedness result (see Theorem 3.1 below).

The case in which ζ0 = (0, d0), for a certain d0 ∈ [0, 1] will be commented
on in Remark 3.2 below.
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Theorem 3.1. For any initial datum ζ0 ∈ R \ L, problem (13) admits a
unique solution ζ ∈ C1([0,+∞);R \ L), satisfying ζ(0) = ζ0 .

Proof. We start by observing that Φ is locally Lipschitz-continuous on R \ L.
Therefore, by standard results on ODE theory, for every choice of ζ0 ∈ R \L,
there exists a unique local solution to (13).

If ζ0 = (h0, 0), for some h0 ∈ (0, 2), then the dynamics is defined for
all t > 0 and, in this case, d(t) = 0. This corresponds to the case of
y1(t) = −y2(t) for every t > 0 and it has been thoroughly studied in [15,
Section 3.3].

If ζ0 = (h0, 1− h0/2), for some h0 ∈ (0, 2), then the dynamics corresponds
to an initial condition for which the disclination y1 starts off at the boundary
of the domain and the disclination y2 starts off in the interior of B1 . In this
situation, since

g(h, 1− h/2)

f(h, 1− h/2)
= −1

2
,

the dynamics is confined to the edge {(h, d) = (h, 1−h/2)}, so that y1 neither
moves nor influences the dynamics of y2, which, in turn, behaves as the only
defect in the domain. The resulting equation of motion for y2 =: η is

(14) η̇ = 2s2η(1− η2), η0 = 1− h0 ∈ (−1, 1),

which is well defined for all t > 0, and is the same that has been found and
studied in [15, Section 3.2].

If ζ0 ∈ intR, then the maximal solution is defined for t ∈ [0,+∞) and is
confined in intR. Indeed, if there existed a time t̃ such that ζ(t̃) ∈ {d =
0} ∪ {(h, 1− h/2)}, then uniqueness of the solution of the two previous cases
would be violated. □

Remark 3.2. We notice that Φ loses Lipschitz continuity on {h = 0}, so that
uniqueness is not guaranteed there. Yet, if ζ0 = (0, d0), then ζ(t) = (0, d0)
for every t > 0 is a constant solution, see (12); on the other hand, if ζ0 ∈ R,
then the velocity field Φ becomes infinitesimal in a right neighborhood of L,
suggesting that solutions can hit the boundary segment {h = 0} in infinite
time. As a matter of fact, we will prove this in Proposition 4.7, and this
corresponds to the two disclinations colliding. This behavior is very interesting
for us. Indeed, in [14] it has been proved that upon rescaling by (the square
of) the separation distance, a colliding dipole of disclinations is energetically
equivalent to an edge dislocation. Therefore, this suggests that when t 7→ h(t)
vanishes, the dynamics t 7→ d(t) of the center of the dipole converges, after a
suitable time rescaling, to that of an edge dislocation; see Section 5.

4. Stability of the dynamics

In this section, we study the equilibria of (13). We will identify three
isolated equilibrium points and we will single out the boundary segment L as
made of equilibrium points, and we discuss their stability and their mechanical
interpretation.

Moreover, we find that there are two regimes for the pair of disclinations,
namely one in which it breaks and the two defects move away from one another
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(ζ(+∞) = (2, 0), discussed in Section 4.1), and one in which the dipole collides
(ζ(+∞) = (0, d∞), for some d∞ ∈ (0, 1), discussed in Section 4.2).

We recall that an equilibrium point for system (13) is a point ζ∗ ∈ R such
that Φ(ζ∗) = (0, 0). Moreover, we say that an equilibrium point ζ∗ ∈ R is
locally asymptotically stable if there exists a neighborhood N of ζ∗ in R such
that for every initial condition ζ0 ∈ N , the corresponding solution ζ to (13)
satisfies that limt→+∞ ζ(t) = ζ∗ . We say that an equilibrium point ζ∗ ∈ R is
unstable if the dynamics associated with an initial condition ζ0 close to ζ∗
grows far from ζ∗ .

One way to deduce the asymptotic stability of an equilibrium point ζ∗ is to
study the linearization of (13) at ζ∗: if the Jacobian matrix JΦ(ζ∗) has (com-
plex) eigenvalues with negative real part, then ζ∗ is (locally) asymptotically
stable (see, e.g., [23]).

We now characterize the set

ZΦ :=
{
(h, d) ∈ R : Φ(h, d) = (0, 0)

}
= Zf ∩ Zg

of equilibria of (13), where

(15) Zf := A ∪ L ∪ {(2, 0)} and Zg := B ∪ L ∪ S.

In (15), A is the arc along which f̃(h, d) := f(h, d)/4s2h vanishes; B =
{(h, 0), h ∈ [0, 2]}, and S = {(h, h/2), h ∈ [0, 1]}. Thus,

ZΦ = L ∪ {E1, E2, E3},

the three isolated points being

E1 := (h∗, 0), E2 := (1, 12), E3 := (2, 0),

where h∗ ≈ 0.8 is the unique root of the function f restricted to intB, namely
of the function h 7→ f(h, 0) for h ∈ (0, 2).

Remark 4.1. The point E1 corresponds to the symmetric arrangement
y11 = −y21 ≈ 0.4, which was found in [15, Section 3.3.1] (where our h∗
corresponds to ∆eq) as the stationary configuration of a disclination pair
placed symmetrically with respect to the center of the disk.

The point E2 ∈ {(h, 1−h/2)}∩ ∂R is the configuration where the disclina-
tion y1 lies on the boundary, while the disclination y2 sits at the center of the
domain. This corresponds to the equilibrium point η = 0 for the correspond-
ing dynamics (14), which is that of an isolated disclination in B1 , see [15,
Section 3.2]. Following the same interpretation, the point E3 corresponds to
the limiting situation of both disclinations y1 and y2 being located at antipodal
points of ∂B1 . Notice that E3 corresponds to the equilibrium point η = −1
for (14). In this case, no dynamics occurs.

The following proposition characterizes the nature of the isolated equilib-
rium points Ei, i = 1, 2, 3.

Proposition 4.2 (Characterization of the stationary configurations). Let
Ei , i = 1, 2, 3, be the isolated equilibrium points of (13). Then E1 and E2

are unstable equilibria and E3 is a locally asymptotically stable equilibrium.
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Proof. By computing the Jacobian matrix of the vector field Φ and evaluating
it at the points Ei , i = 1, 2, 3, we find

JΦ(E1) =


256s2

(4 + h2∗)
2
− 8s2 0

0 − 2h4∗s
2

4 + h2∗

 ,

which is already diagonal and with negative determinant, thus E1 is unstable;
the eigenvalues of

JΦ(E2) =

(
s2 −2s2

−s2/2 s2

)
,

are 0 and 2s2, so that E2 is unstable; finally JΦ(E3) = −4s2I2×2 proves the
local asymptotic stability of E3 . □

To study the dynamics out of these equilibrium points, as well as to
investigate the stability of the set L, it is convenient to single out the
following three regions contained in intR (see Figure 1):

R1 :=
{
(h, d) ∈ R : f(h, d) < 0 and g(h, d) > 0

}
,

R2 :=
{
(h, d) ∈ R : f(h, d) < 0 and g(h, d) < 0

}
,

R3 :=
{
(h, d) ∈ R : f(h, d) > 0 and g(h, d) < 0

}
.

We notice that A = ∂R2 ∩ ∂R3 and that S = ∂R1 ∩ ∂R2 .

Figure 1. Plot of the regions Ri , i = 1, 2, 3.

We will prove that if ζ0 ∈ R3 \ {E1, E2}, then the dynamics will converge
to E3 (see Proposition 4.4), whereas, if ζ0 ∈ R1 ∪R2 \ A, then the dynamics
will converge to a point in L (see, Proposition 4.7). In other terms, the
arc A divides the dynamics of the pair in a diverging regime, characterized
by ζ(+∞) = E3, and in a converging regime, characterized, instead, by
ζ(+∞) ∈ L.
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4.1. Diverging disclinations regime. We now analyse the region where
the disclinations move toward the boundary along opposite direction. In
the (h, d) plane, this is equivalent to proving that the dynamics tends to the
equilibrium point E3 .

We start by proving a structural property of the arc A∗, with A∗ :=
A \ {E1, E2}, namely that it is the graph of a function.

Lemma 4.3. There exists a strictly increasing function dA∗ : (h∗, 1) →
(0, 1/2) such that A∗ = graph(dA∗) = {(h, d) ∈ R : h ∈ (h∗, 1), d = dA∗(h)}.

Proof. The result follows from an application of the Implicit Function The-
orem. Indeed, it is easy to verify that ∂df̃(h, d) < 0 for every (h, d) ∈ A∗.
Therefore, the condition f̃(h, d) = 0 can be inverted on A∗ and this proves
that there exists dA∗ : (h∗, 1) → (0, 1/2) such that A∗ = graph(dA∗). The
strict monotonicity of dA∗ follows from implicit differentiation:

d′A∗(h) = −∂hf̃(h, dA∗(h))

∂df̃(h, dA∗(h))
,

and an explicit verification shows that d′A∗
(h) > 0 for every h ∈ (h∗, 1). □

We are now ready to prove the main result in this section.

Proposition 4.4 (Diverging regime). For every ζ0 ∈ R3 \ {E1, E2}, the
unique solution to (13) is such that

(16) lim
t→+∞

ζ(t) = E3 .

Proof. Owing to Theorem 3.1, the dynamics (13) is well posed. By Lemma 4.3,
if ζ0 ∈ A∗ , then ζ̇(0) = Φ(ζ0) = (0, g(h0, d0)), with g(h0, d0) < 0. Thus, ζ(t)
enters the region intR3 as soon as t is positive. Once ζ(t̄) ∈ R3 for a certain
t̄ ≥ 0, then ζ(t) ∈ R3 for every t ≥ t̄. By uniqueness and by the monotonicity
of the components of Φ in R3 , (16) follows. □

Remark 4.5. Reading Proposition 4.4 for the dynamics of the two disclina-
tions yields that, for large times, they behave as two isolated defects, whose
motion is only due to the attraction to the boundary. Indeed, by considering
the leading order of (13) for ζ → E3 , i.e., h → 2 and d → 0, we have (see
(11)) 

ḣ = 4s2(2− h)

ḋ = −4s2d

h(0) = h0 , d(0) = d0

(we can assume d0 ≪ 1 without loss of generality), whose solution is

h(t) = 2− (2− h0) exp(−4s2t), and d(t) = d0 exp(−4s2t).

Recalling (10), one immediately sees that the dynamics of the defects is

yk(t) = (−1)k+1 − ((−1)k+1 − yk,0) exp(−4s2t),

which is consistent with the results in [15, Section 3.2], where an isolated
disclination tends to the boundary of the domain.
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4.2. Converging disclinations regime. Let us focus on the region where
the disclination pair tends to collapse, namely when ζ → (0, d∞) ∈ L for
some d∞ ∈ [0, 1] as t → +∞.

We start by proving the following proposition, which, in the language of
dynamical systems, states that the line L is the ω−limit set of the region
R1 ∪R2 \ A.

Proposition 4.6. For any initial datum ζ0 ∈ R1 ∪R2 \A, the corresponding
unique solution to (13) is such that ζ(+∞) ∈ L.

Proof. By Theorem 3.1, the solution to (13) is well defined for all positive
times and is confined in the region R. Since ζ0 is not in the basin of
attraction of the equilibrium point E3 (see Proposition 4.4), ζ(+∞) ̸= E3 . If
ζ(+∞) = ζ̄ ∈ R1 ∪R2 , this would mean that there exists an asymptotically
stable equilibrium in the interior of R, contradicting our previous analysis.
Therefore, it must be that ζ(+∞) ∈ L. □

In view of Proposition 4.6, we now focus on a right neighbourhood U0 ⊂ R1

(to be specified presently) of L. In U0 , since h ≈ 0, we may analyze system
(13) by considering only the leading order in h for each variable, namely

(17)


ḣ = 8s2h log

h

1− d2
=: φ(h, d) ,

ḋ = 2s2h2
d3

1− d2
=: γ(h, d) ,

h(0) = h0, d(0) = d0 ,

with ζ0 = (h0, d0) ∈ U0 . System (17) cannot be integrated explicitly, yet
existence and uniqueness of solutions to the Cauchy problem can be obtained
by an application of the standard results from ODE theory. In the regime
h ≈ 0, the asymptotic dynamics in (17) exhibits a fast-slow structure. Indeed,
γ is negligible with respect to φ as h → 0, determining that d evolves on a
slower time scale than h.

In view of the increasing monotonic behavior and the concavity of the
curve of h 7→ d(h),1 we can estimate that d∞ ∈ (d0, dmax), where

dmax := d0

(
1− h20d

2
0

4(1− d20) log(h0/(1− d20))

)
,

and corresponds to the evolution along the tangent line with slope determined
by the initial conditions, namely γ(ζ0)/φ(ζ0) (see Figure 2).

From the explicit expression of dmax the region U0 can be determined as
the one where the initial condition ζ0 satisfies:

ζ0 ∈ R1 , h0 < 1− d2max , and dmax < 1.

We are now ready to prove the main result of this section.

Proposition 4.7 (Converging regime). Under the same assumption of Propo-
sition 4.6, the unique solution to (13) is such that h ∈ L2(R+).

1As a consequence of the Implicit Function Theorem, we have that

d2(d(h))

dh2
=

d

dh

(
γ(h, d(h))

φ(h, d(h))

)
=

d3

4(1− d2) log(h/(1− d2))
+ o(h), as h → 0,

which is, to leading order in h, negative.
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Figure 2. Plot of the trajectory h 7→ d(h) (blue line), and
its tangent line (red dotted line).

Proof. As a consequence of Proposition 4.6, for every ζ0 ∈ R1 ∪ S ∪ R2

there exists a time t∗ ≥ 0 such that ζ(t∗) ∈ U0 , where we can use (17), up
to restarting the dynamics and setting t∗ = 0. In particular, due to the
monotonicity of the dynamics (in U0 , h is strictly decreasing and d is strictly
increasing), and that of φ with respect to d, we deduce that

φ(h, d0) ≤ φ(h, d) ≤ φ(h, dmax).

By comparison, it follows that hℓ(t) ≤ h(t) ≤ hu(t), for every t > 0, where hℓ
and hu are the solutions to{

ḣ = φ(h, d0),

h(0) = h0
and

{
ḣ = φ(h, dmax),

h(0) = h0

respectively, whose explicit solutions are

hℓ(t) =(1− d20) exp

(
log

h0
1− d20

· exp(8s2t)
)
,

hu(t) =(1− d2max) exp

(
log

h0
1− d2max

· exp(8s2t)
)
.

Since both log(h0/(1 − d20)) and log(h0/(1 − d2max)) are negative in U0 , it
follows that hℓ , hu ∈ L2(R+), and the thesis follows by comparison. □

5. Macroscopic time rescaling and effective dynamics

Motivated by the equivalence between an edge dislocation and a collapsing
disclination dipole, first identified at the kinematic level by Eshelby [20]
and subsequently established at the energetic level in [14], we show that the
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dynamics of the dipole center is governed by the same evolution law as that
of an edge dislocation. This extends the equivalence to the dynamical setting.

This is obtained by a suitable time rescaling, that is necessary because of
the separation of time scales in (17).

By reformulating the dynamics according to the time rescaling (18), the
collision of the dipole now occurs in finite time. This behavior is analogous,
at least heuristically, to that observed for dislocations. In Remark 5.2 we
comment that this analogy is in fact exact. We point out that the L2

integrability of h plays a crucial role here.

Theorem 5.1 (Effective dislocation dynamics). Let ζ0 ∈ U0 and let t 7→ h(t)
be the associated solution to the Cauchy problem (17). Let τ : R+ → R+ be
(the macroscopic time) defined as

(18) τ(t) :=
1

2

∫ t

0
h2(s) ds.

Then the function τ is invertible and the rescaled dynamics of d as a function
of τ , namely δ(τ) := d(σ(τ)) (σ being the inverse function of τ) satisfies

(19) log
( δ2

δ0
2

)
+

1

δ2
− 1

δ20
+ 8s2τ = 0.

Moreover, δ collides with the boundary of the domain in finite time.

Proof. The function τ defined in (18) has the following properties: τ(0) = 0,
it is strictly increasing, and

τ∞ := lim
t→+∞

τ(t) =
1

2

∫ +∞

0
h2(s) ds ∈ R+,

owing to the fact that h ∈ L2(R+) (see Proposition 4.7).
The inverse function σ is therefore defined from the interval [0, τ∞] to R+,

and allows us to define the rescaled dynamics of the centre of the dipole via
δ(τ) = d(σ(τ)). By the chain rule, the dynamics for d in (17) reads now

(20)

δ′(τ) = 4s2
δ3(τ)

1− δ2(τ)
for τ ∈ (0, τ∞],

δ(0) = δ0 := d0 .

By separation of variables, the solution to (20) is given by (19). Moreover,
since δ′(τ) > 0 for all τ , the motion occurs towards the boundary and the
time needed to reach it (δ = 1) is

τ̄ =
1

8s2

(
log δ0

2 − 1 +
1

δ0
2

)
. □

Remark 5.2. The time rescaling introduced by (18) allows us to appreciate
the dynamics of the d variable, which is much slower than that of the dipole
length h in (17). In particular, owing to the introduction of the macroscopic
time τ and by recasting the dynamics of d in (17) as in (20), we see that the
equation for δ coincides with that of a collapsing dipole of disclinations found
in [17, Section 3.2].

There, the dipole length h is treated as a small parameter that converges
to zero. Here, on the contrary, the function t 7→ h(t) is a solution to the
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dynamics. In the converging disclinations regime treated in Section 4.2, it
vanishes. This suggests the question whether these two limiting cases may
lead to the same mechanical behaviour. Theorem 5.1 proves that the two
resulting dynamics (that is [17, Section 3.2] and that in (20)) are the same.

This may be thought of as a dynamical version of Eshelby equivalence: a
moving colliding dipole of disclinations generates a moving edge dislocation.
Moreover, if this dislocation is not placed at the center of the disk (as is our
case), then it is attracted to the boundary and collides on it in finite time (see
also [24, Section 4.2] for the analogous case of a screw dislocation).

6. Numerical solutions and phase diagram

In this section, we describe some numerical experiments that we ran to
clarify the dynamics in R. Let us consider the time interval [0, T ], for some
T > 0. Given N ∈ N \ {0} and n ∈ {0, . . . , N}, we define

∆t :=
T

N
, and tn := n∆t =

n

N
T

and then introduce

hn := h(tn) and dn := d(tn),

with h0 = h0 and d0 = d0 . Therefore, the time-discrete version of system
(13) in terms of ζn = (hn, dn) reads

ζn = ζn−1 +∆tΦ(ζn−1), with ζ0 = (h0, d0),

which can be solved via the explicit Euler scheme. We implemented our own
formulation of the explicit Euler method and run it in the MATLAB R2026b
environment.

We consider different initial configurations, in order to capture the emer-
gence of the possible behaviors of a pair of disclinations arranged radially.
The results of the simulations are shown in Figure 3 and are divided into
diverging (on the top) and converging (on the bottom) regimes.

As pointed out in [15, Section 3.1], the dynamics of disclinations is the
result of the interplay of three factors: (i) the presence of the boundary, (ii) the
disclination-boundary interaction, and (iii) the pairwise interactions between
disclinations. The identification of these three different contributions provides
a useful tool for understanding the numerical simulations. In particular,
the diverging regime simulations reveal two qualitatively different scenarios.
Referring to the top row of Figure 3, in the (h1, d1) scenario, the monotonicity
and the concavity properties of the trajectories of h and d suggest that the
boundary effects dominate the evolution. On the other hand, in the (h2, d2)
scenario, the change in concavity observed in both trajectories indicates
an initial competition between the mutual disclination interaction and the
boundary contribution.

By contrast, the converging regime is characterized by three qualitatively
different scenarios. In the (h3, d3) scenario, the monotonicity and the con-
cavity properties of the trajectories of h and d indicate that the mutual
disclination interaction is dominant; while, in the (h4, d4) scenario, the mono-
tonicity and the change in concavity observed in both trajectories suggest
an initial competition between the mutual disclination interaction and the
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(a) Diverging regime

(b) Converging regime

Figure 3. Possible scenarios of the dynamics of the pair of
disclinations. On the top, the diverging regime characterized
by h → 2 and d → 0. On the bottom, the converging regime
characterized by h → 0 and d → d∞ .

boundary contribution. Finally, in the (h5, d5) scenario, the behavior of the
trajectories (in particular that of d) suggests an initial balance between the
mutual disclination interaction and the boundary contribution, which in the
end evolves as in the (h3, d3) scenario.

We conclude this section by constructing a map that associates to each
initial point ζ0 = (h0, d0) ∈ R \ L the final point ζend = (hend, dend) ∈ R \ L
determined by numerically solving (13) up to a time T > 0. The phase
diagram in Figure 4 (top picture) is constructed by choosing T = 20 and
N = 106.

We classify each initial point ζ0 in the domain in terms of its final state
ζend.

Investigation of the numerical solutions confirm the emergence of the three
main regimes analyzed: converging regime, diverging regime, and stationary
regime. In particular,
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Figure 4. On the top, the phase diagram of the disclination
dynamics. Here squares correspond to initial configurations
in the colliding dipole regime while circles indicate initial
configurations in the diverging disclination regimes. On the
bottom, the flux lines plotted with the streamslice native
Matlab function.

• The filled square represents the converging behavior: the defects
are converging to (0, dend) ∈ L for some point dend ∈ [0, 1]. Blue
squares indicate that the final position of the midpoint of the dipole
has increased compared to the initial position (dend > d0), while
green squares show that the midpoint of the dipole has decreased
(dend < d0).

• The circle represents the diverging behavior: the two defects are
far enough not to experience the presence of the other defect and
therefore, each one behaves as an isolated disclination and tends to
reach the boundary of the domain (h → 2, d → 0).

• The triangle represents the stationary points. In particular, we note
that, for the sake of completeness, we manually added the initial
configuration sample the stationary configuration E1.

Finally, we complete the phase diagram by using the Matlab native function
streamslice to draw the flux lines of the problem. Figure 4 (bottom picture)
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clearly shows that the arc A is the border between the converging and the
diverging regime.
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