VARIATION FORMULAS FOR MEAN CURVATURE FUNCTIONALS

SIMONE VERZELLESI

ABSTRACT. We establish first and second variation formulas for general mean curvature functionals under arbi-
trary variations in arbitrary Riemannian manifolds. We obtain corresponding formulas in the sub-Riemannian
Heisenberg group through a Riemannian approximation scheme.

1. INTRODUCTION

Let M be a Riemannian manifold and let S C M be a smooth, embedded, closed, two-sided hypersurface.
In this paper, we consider geometric functionals of the form

(11) Hy(S) = /S F(H) dS,

where H denotes the mean curvature of S and f : R — R is a smooth function. Our main purpose is to
establish first and second variation formulas of H ; under arbitrary smooth variations. We refer to Theorem 2.8
for a summary of the main outcomes in this regard.

Under additional constraints on the ambient manifold, on the class of variations or on the curvature
functional, such variation formulas are well-known and appear in several different contexts. When f = 1,
(1.1) boils down to the area functional, for which variation formulas are available in great generality [34].
Other natural choices of f specialize (1.1) to relevant curvature energies, such as the Willmore energy, the
total mean curvature and the total inverse mean curvature. Variation formulas for these and more general
curvature functionals have typically been addressed within very specific frameworks, for instance allowing
for restricted classes of variations [22, 30], or imposing additional geometric constraints on the ambient
manifold [18, 22, 30, 32]. However, to the best of our knowledge, a general formula simultaneously allowing
an arbitrary mean curvature functional, arbitrary variations, and an arbitrary ambient manifold does not
seem to be available. Our first purpose is to provide such a formula, both at first and (most importantly) at
second order.

Variation formulas are natural tools when addressing geometric variational problems. The first variation
identifies the corresponding Euler-Lagrange equation, while the second variation provides the relevant stability
information. Besides the obvious role played by such variational tools in connection with the isoperimetric
problem [3, 5, 6, 16], more general mean curvature functionals arise e.g. in connection with the establishment
of sharp geometric inequalities of Minkowski [14, 23, 26], Willmore [1, 9, 10, 11], and Heintze-Karcher [24, 27,
35, 36] type. Accordingly, general variation formulas provide a unified framework for these problems, while
allowing the resulting identities to be adapted to the specific geometry under consideration.

The derivation of the variation formulas, inspired by the approach proposed in [34] and carried out in
Section 2, is based on a direct analysis of the pointwise evolution of the relevant geometric quantities. After
introducing the basic preliminaries about hypersurfaces and variations, we establish a computational lemma
for iterated covariant derivatives, which provides the main technical tool for the subsequent calculations.
We then describe how the basic geometric quantities associated with the evolving hypersurface change along
the variation. More precisely, we derive first and second order formulas for the induced Jacobian, the unit
normal, the second fundamental form, and the mean curvature. While the corresponding first-order identities
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are well-known, their second-order counterparts, in the general setting considered here, constitute the main
computational step of the argument. These pointwise identities are then combined with the area formula
and integrated over the reference hypersurface, leading to the first and second variation formulas for (1.1).
Throughout the argument, no assumptions are imposed on the curvature of the ambient manifold, and the
variation is allowed to have both tangential and normal components.

As a second main result, we exploit the Riemannian machinery to establish corresponding sub-Riemannian
variation formulas. Namely, we focus on the sub-Riemannian Heisenberg group H", a suitable stratified
Lie group which provides the prototypical model within sub-Riemannian [2, 7] and pseudohermitian [12]
geometries. In this framework, a general mean curvature functional takes the form

(1.2) %H(S)z/gf(HH) do™,

where S is an embedded, closed hypersurface, H™ is its horizontal mean curvature and o’ is its sub-
Riemannian surface measure. We refer to Section 3 for the related definitions, and to Theorem 3.14 for
the statement of the variation formulas.

Typically, sub-Riemannian geometry is determined by a distinguished distribution of admissible directions,
the horizontal distribution H, endowed with a metric defined a priori only along such directions. Accordingly,
both intrinsic and extrinsic geometric quantities are built from such horizontal geometry. The horizontal
geometry of a hypersurface may collapse when the horizontal distribution coincides with its tangent space,
i.e. in the presence of characteristic points. Nevertheless, a sub-Riemannian structure can be a posterior:
approximated by a suitable family of Riemannian metrics whose associated geometries converge, in a suitable
sense, to the sub-Riemannian one. Our approach to the sub-Riemannian problem is indeed inspired by the
above construction. Namely, following a well-established approach [8, 13, 20, 28, 31], we approximate the
sub-Riemannian structure (H", H, (-,-)) by means of a sequence of collapsing Riemannian structures

(H”, (-, ->6), e > 0.

For each approximating metric, the Riemannian variation formulas apply directly. The sub-Riemannian
formulas are then obtained by a careful limiting argument. To this aim, we restrict to consider variations
which do not move characteristic points. This procedure requires a detailed analysis of the convergence of
the geometric quantities entering the Riemannian formulas. We therefore study both ambient objects, such
as the curvature tensors of the approximating metrics, and quantities associated with the hypersurface, in
particular those built from its second fundamental form. A notable feature of the approximation is that,
although some of these quantities may diverge individually as € — 0, the specific combinations in which they
enter the variation formulas remain convergent through appropriate cancellations. This phenomenon is well
known in the Riemannian approximation of first and second variations of area [19, 31]. Here we show that it
persists for the more involved quantities arising from the second variation of the mean curvature.

2. VARIATION FORMULAS FOR RIEMANNIAN MEAN CURVATURE FUNCTIONALS

In this section, we establish first and second variation formulas for (1.1). Much of the notation and several
results are borrowed from [34]. We refer to [17] for a general account of Riemannian geometry.

2.1. Preliminaries. Here and hereafter, M is a fixed (n + 1)-dimensional Riemannian manifold for some
n > 1, () is its Riemannian metric and V is its Levi-Civita connection. In the following, Einstein’s
summation convention is assumed. Denote by R both the (3,1) and the (4,0) Riemann tensor, namely

R(A,B)C =VAVBC - VVaAC - Vx5 C, R(A,B,C,D)=(R(A,B)C,D), A,B,C,DecIl(I'M).
If A,C eI'(T'M) are fixed, denote by C the (2, 0)-tensor field defined by
C(A,C)(B,D) =R(A,B,C,D), B,D e I'(TM).
We recall that, if A,;B,C,D € I'(T'M), then
(VaRic) (B,C) = —trace (VA R) (B, -,C, ), (VAR)(B,C,D,D) =0.
Let pe M. Let x1,...,2n4+1 be local coordinates in M near p. Write

o o\ o ., 0 o o\ O .y 9 —
R(axl7ax]> T%—kaaixl, (v%R) (81‘,&781‘]> aiqjk_(VRJaUk 8:[31’ a,Z,],k—l,,n—Fl
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Notice that

ort ot
I _ jk k 1 1 .o B

(2.1) Rijk = 0y 8;] + L i — Dl i, 5,k l=1,...,n4+1,
where Ffj are the Christoffel symbols. In particular, when z1,...,z,41 are normal coordinates centered at p,
(2.2) Ffj(p)zo for any i,5,k=1,...,n+ 1,
so that

orl, or! .
(2:3) Rijn(p) = 5o () = Gpi(p)  Foranyijikl=1,...n+1
and

ot 92Tt
2.4 VR ik ik f ik l=1,...,n+1.
(2.4) (VR () = oo ()~ () for amy o g n

2.2. Hypersurfaces. Throughout this section, S C M is a smooth, embedded, closed, two-sided hypersur-
face. Denote by N a (globally defined) unit normal to S. If A € T'(TM), denote by AT its orthogonal
projection onto T'S. Denote by A and h the shape operator and the second fundamental form, i.e.

A(A)=VaN, h(A,B)=(A(A),B), A,BeI(TS).

Denote by H the (non-averaged) mean curvature of S, and by V* the Levi-Civita connection of S. If B is a
(2,0)-tensor field on S, set

B'(A,B) = B(B,A), (Lp(A),B) = B(A,B), A B cI(TS).
For any k € N, define
B*(A,B) = <L’fB(A),B>, A, B T(TS).

If B is symmetric, then B¥ is symmetric. If p € S and e, ..., e, is an orthonormal basis of T,S, we write
n
<Bk> = Bk(ei,ej) = Z BillBl!lg .”Blk—llk—lBlk—lj7 i,j = 1,...,77,.
ij
Wyl 1=1

If A,B,C e I'(TS), the traced Codazzi equation reads as

(2.5) (div® h) (A) = AH + Ric(A,N)

We will make use of the following consequence of the traced Codazzi equation (2.5).
Lemma 2.1. Let A € I'(TM). Then

(2.6) (h, VSA) + Ric(A,N) = div® A (AT) — ATH + (A,N) (|h|* + Ric(N,N))..
Proof. Let p € S. Let Eq,...,E, be a geodesic frame of S at p. Then

h,VSA) = Z h(Ei, E)E; (A,E;) - > h(E;,E;) (A, Vg,E))
ij=1 i=t
= ) E;(h(E;,Ey) Z E; (W(Ei, E))) (A,E;) — (A,N) Y h(E;, E;) (N, Vg,E;)
'7.7'_1 i,j=1 ij=1

= ZE h(E;, AT)) — En: (VE,h) (Ei,E;) (A E;) + (A, N) |h|?
1,j=1
= de A (AT) = (div® h) (AT) + (A, N) |h].
Therefore
(h,VZA) + Ric(A,N) = div® A (AT) — (div® h) (AT) + Ric (AT, N) + (A, N) (|a*> + Ric(N, N))

"2 divS A (AT) - ATH + (A,N) (|hf? + Ric(N, N))..
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2.3. Variations. A variation is a smooth map ® : I x M — M, where I C R is any open neighborhood of
0, such that:

e p— ®(t,p) is a diffeomorphism for any ¢ € I;
e &(0,p) =p for any p € M.

We adopt the notation ®;(p) := ®(¢,p). A variation is compactly supported if ®;(p) = p outside a compact
set K(®). In the following, we tacitly assume that a variation is compactly supported. This is clearly not
restrictive when computing variations of a closed hypersurface. Nevertheless, closedness is assumed just for
the sake of simplicity: the forthcoming variation formulas would clearly hold as well provided the variation is
supported far from the boundary of the reference hypersurface. Define the time-dependent vector field X by

(2.7) X(t,q) = g (®sqs 0 @;1) (q) for any t € I and ¢ € M.
S1s=0
Define
0
X(@) =x0,9),  X(g)=5| Xtaeh Za=X+VxX)(q) foranygeM.
t=0

The vector fields X and Z are known as variational velocity field and variational acceleration field of ®. We
point out that, while the velocity depends only on the underlying differential structure, the acceleration does
depend on the metric via the connection term VxX. Fix ¢ € C*(S) and X € I'(T'S) such that

X|s = XT + ¢N.

When X7 = 0, @ is called normal variation. Set S; := ®;(S) for any t € I. If p € S is fixed, set (,(t) = ®¢(p)
for every t € I. If there is no ambiguity, we write § = (,. By definition, §(t) € S; for every ¢t € I. Moreover,

X(.8(0) = X(t.0) = 51|

Therefore, ® is the (time-dependent) flow of X'. For any t € I, denote by N (¢,-) a smooth choice of arbitrary

0

Pspe(p) = 75 Oy(p) = B(t)  forany tel.

local extensions, around Sy, of unit normals to S¢, in such a way that N(0,q) = N(q) locally around S.
Moreover, if p € S, denote by H; (P:(p)) the mean curvature of Sy at ®(p). When p € S is fixed and local
coordinates xy,...,Ty4+1 around p are given, we will write
- 0 0
X(t,q) = d'(t, , N(t,q) = c"(t

(t,q) a(q)axiq (t,q) = C(Q)axk

and
X(g)=X'0) o] . X(@)=(X) @) 5| . Nl@)=Nilg) 5
axi q 813 q 83% q

Notice that, by definition,

7002'(75’@7 N'(q) =¢(0,q).

X'q)=a'(0,0), (X)) = 5

We denote by % the covariant derivative operator, along 5, induced by V. We recall that

N o )
= fi(t) —

+a'(tB) FF(OTHBM) 5
801 T Ouy

Finally, when p € S and e € T),S are fixed, we set

(2.9) E(t) = (d®y) |p(e) for every t € I.

E is a vector field along 8, and E(t) € TS for every ¢t € I. In local coordinates around p, we write

(2.9 @méy

Bt

9| 5y

Fix p € S. Let ey,..., e, be an orthonormal basis of 7,S. The Jacobian of ®;|s at p is defined by
Jac (P¢|s) (p) == /det G(¥)



VARIATION FORMULAS FOR MEAN CURVATURE FUNCTIONALS 5

where the symmetric matrix G is defined by

(2.10) G(t)ij = (Ei(t), E;()), i,j=1,...,n.

If p € S and we fix local coordinates x1,...,Zy 41 in a neighborhood of p, say U, the continuity of ® ensures
that ®4(q) € U for any t small and any ¢ sufficiently close to p. We will tacitly assume this.

2.4. A computational lemma. The following technical lemma is the main computational tool used below.

Lemma 2.2. Let p € M. Let x1,...,2p41 be local coordinates in M near p. Let A,B,C,D € I'(TM).
Then, near p,

82C7 oCcY o or? ) oC P 9
VAVBC = A°B’ o 9 on@ay 0 00T O g 9
(2.11) AP (axaaxﬁ Iy * Oxo 77 Oxs * Oxg Oxs  Oxg 7 Ows T B8
| oB# (007 0 )
A% C'T% -~ ) + R(A, B)C.
* 0%, (8%5 83:7 N 678x5> + ( ) )
Assume in addition that x1,...,Tne1 are normal coordinates centered at p. Then, at p,

o o 02CT 9 oBP oCY 9
2.12 C=R(A.B)C+ A*BSCT—0 ~ L popf ~ ~ ~ | A~ = =
(212) VAV (A,B)C+ dxg Oxs * 0xq0xg Oxy 0xq Oxg Oy

and
(2.13)
VaVEVeD = (VR) (A, C)D + R(A,B)VeD + R (A, C) VgD + R(A,VgC)D + R(VAB,C) D
92C® 9D N aC® 92D n oC® 92DV s O0°D7 0
0ro,0rg Oxs  Oxg 0r00Ts  Oxo 01305 0x,0xg0x5
0D T3y 90 OTdy | 50D LGy , OC ary, L D" 8%,) )

A*BP
- < 01~

D" D"
Ox, Oxg Oxg oxs Oxg Oxs 0xq Oxg Oz, Oxg

821y, 0 dBP [ oC? oD 82D o\ o
A“BBCO pn on Y, A« d o pn Bn
+ ¢ O0xglxs O, * 0z, ((%vg oxs * Oxglxs +C 0xs

A°BP [ cn
e

Oxy

Proof. By a direct computation, near p,

VAVEC = AV 4 <Bﬂvaa (CV8>)

Oz 8

B8
= A°BPVY 5 (Va <078)> +AaaB V o <ma>

81@ 31[3 8:]}‘,},

aCc" 9 5 0

oB? (oCT 0 0
— AeRfB =~ Y o a yrd 2
ATBV 2 ( +C Fﬁvam(s) 4 0xq (83:5 Oz, +C FM@@Q;)

2C g or? 2!
:Aa3ﬂ<ac 0 9w 0 | nZy 0, 0CTy O Ty I 8)

02,0x3 O~ + Oxe PV 0zs Ozo Oxg Oz M@TU(;+ ‘”58733,7
L, OB <8C’7 0 s O )

0z \Oz5 0z, 91,

+A

Since

are_ 9 o ar? P
anpBry By F5 1l — A% By By I F6
e (8% 0zs aa@“”ﬂ) BN By TTeren |

0

(2.1) anp ara'y ) 0

= A 2 7T
R(A,B)C + A*B°C (8 +T7, 5,7> Doy

g
then (2.11) follows. Moreover, (2.12) follows by (2.11) and (2.2). Finally, at p,
VaAVBVeD =VaVE (VeD)

- g 2 ol 8 Y
212) wt oy o & upad(VeD)' 9 0B 9(VeD)' 9
= R(A,B)VcD + A%B7 (VcD) Oxg Oxs +A%B 0r,0rg Oy +4 O0xq dxg  Oxy
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Fix a,8,7v=1,...,n+ 1. Recall that

oD"
(VcD)? = 05 —+ c°D'Ty, .
Then, at p,
9(VeD)! _9CtoDT 5 9°D7  oC? v 30" o pnon
Ozg Oxg 0z 8x58x5 Oxp Oxg 577 Oxg
(22) 9C° 9D Lo 92D L oD oTy,
Oz Oxs 0x30xs dxg’

and moreover

0?(VeD)? 220 0%C° 9DY  90C° 9?°DY  9C® 9*DY s  0°DY

0x,0x3 - 0x,0xg Oxs + 0xg 0,075 + 0o 0xg0xs + 01,0130x5
acs o] opnary,  pcs Oy opn o'} 1)
= pn oo § D" n 0 n S N n )
+ Oxg 0xq +C Oxg Oz, o 0xq Oxg +C Oz, Oxg +C 0x,0x3
Therefore
50D o,
VaVeVeD =R(A,B)VeD + A“B°C"T——
Oxy, 8305 ax(;
3 92C® 9DY  9C® 92DY oC® 92DV s 03DV 0
+ A°B + +
0x,0xg Ox;s O0xg 0ro,0x5  Oxo 018075 0x,0xg0xs5 ) Ox,
oce Oy oDnoTy \ 9 oco Ty oDn ATy \ 9
AaBﬂ n C(S n AozB,B = pn_o°n n 06 n
* <8:1:5 0z, * Org Oxq | Oz, * Or,  Oxp * O0ro Org | Oy
1
017 B 5 0% 2 1y aIW
—|—AaBﬁc§D77 677 8 +AaaB 80 (9D S 8 .D i A aB CéDn 8 .
0x,0x3 0% Oz \ Oxg Ox5 O0xgdxs ) O Oz, 8:1:5 o,
II it
Since
(2.3) 03 dC° 0Ty O o o 5 0D ALY, O
1= A C)D + A*B D" A C D+ A*B
R(A, VBC)D+ oz dxs Oz +R(A,C)VBD + ¢ dxp Oxs 8177
T3, 0 @ 021y, 0
= A*BPCipn 1 ' A,C)D + A°BPCO D —— 1 T
¢ 0x30xq (%U7 (Ve R) (A, C)D + ¢ dx30xs Oz’
(2.3) oB”? s 8F7 0
II1 "= B D 4 A® D"
R(VaB,C)D+ 8:cac (%U(; Oy
then (2.13) follows. O

2.5. Pointwise variations. In this section we deduce the pointwise evolution of the relevant geometric
quantities. The first lemma (cf. [34, Lemma 1.13] and [34, Lemma 1.22]) describes the behavior of E.

Lemma 2.3. Letp € S. Let e € T,S. Then

(2.14) Pl gy = vx:
i
D2
(2.15) | E(t)=V.Z+R(X,e)X
dt? |,

By Lemma 2.3, we can compute the evolution of the Jacobian of ®. Lemma 2.4 is surely well-known (cf.
[34, Theorem 1.11] and [34, Theorem 1.21]). We include its proof for the sake of completeness.
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Lemma 2.4. Letp € S. Then

(2.16) 4 Jac (®¢]5) (p) = H + div® X7,
dt|,_,
2
(2.17) 5| Jac(@ds) () = (div® X)% - <VSX, (vsx)t> ~ Rie(X, X) - R(XT,N, X7, N)
t=0

+ V| =2 (V5p, XT) + 1% (X7, XT) + divS Z.

In particular, if ® is a normal variation,

d2
(2.18) 23| Jac(®is) (p) = O’ H? — p?|h|? — ¢? Ric(N,N) + \V%\Q + div® Z.
t=0
Proof. Since G(t) has full rank for every ¢ sufficiently small, Jacobi’s formula grants that, for any such ¢,
ddetG(t) _1dG(t)
— = det G(t) trace | G(t) 0 )
whence J . 4G (1)
a _ ! ~199(1)
o Jac (®4)s) (p) = 5 Jac (P¢]s) (p) trace <g(t) R
Recalling that G(0);; = 6;; for i,j = 1,...,n by construction,
d 1 d (2.14) — .S
il Jac (®4]s) (p) = 5 trace <dt ton(t)) = z; (Ve, X, e;) = div® X.

Since
div® X = div® (¢N) 4 div® XT = oH + div® X7,
(2.16) follows. Moreover, since

dg(t -1 . dg(t _
(2.19) Elt) =90 ldi)gm L
then
2 ' ; :
(2.16) ,.. g 2 1 d ! d
4 o = X) wgtrace | = 5| 90 2"\ ae| ")
i), Jac (P4]s) (p) (le ) + 5 race( (dt - g( )) >+ 5 trace | = t:Og( )
1 11
First,
1) 1 ¢ Y Y
1) -l ST (VeX,e)) + (Ve Xoe) == 3 (Ve X)) = 3 (Ve X e5) (Ve, X, e5) .
ij=1 ij=1 b=l
Moreover,
pp (A1) Z (Ve, X, Ve, X) + Z (Ve Z + R(X, e))X, e;)

i=1 i=1

Ve X, e 2+ (V.. X,N)2 +div® Z — Ric(X, X) — R(X,N, X,N
i J i
j=1 i=1

~

i (Ve, X, ;) + i (ei(p) — (A (XT) ,ei>)2 +div® Z — Ric(X, X) — R(XT,N, XT N)
=1 i=1

>

=1

7

~

Ve X, e;)% + |v5<p\2 —2h (V9p, XT) + 1 (X, XT) + div® Z - Ric(X, X) — R(X",N, X" N).

In this way, (2.17) follows. Finally, if ® is a normal variation, then X = N and X” = 0. In particular,

VSX = (V5X)' = ph, and (2.18) by (2.17).

0

Define V (t) := N (t, 5(t)). By definition, V is a vector field along 3, and in particular V(¢) is normal to S;

at B(t) for every t € I. V evolves as follows.
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Lemma 2.5. Letp € S. Letey,...,e, be an orthonormal basis of T,,S. Then

R20) V)= gl V)=t AXT);
2
221) V()= oy VO = (S| - [A XD+ 20 (X9 ) N

n

+) (- (N, VL, Z+R(X, e5) XT) +2(V50 — A (XT), 0A(ej) + Ve, XT)) ej.

j=1
Moreover, fix local coordinates x1,...,xn+1 in M near p, and set
ek 0 o2k 0
N'(¢) = =(0,q9) — N"(q) = —5(0,q) — locall dp.
(Q) ot ( . q) Oz q7 (Q) o2 ( ,q) D2 , ocally around p

Then, when q € S is close to p,

(2.22) N'(q) = V'(¢) — VxN,
(2.23) N”(q) = V”(q) —2VxN' — Vx'N — VxVxN

Proof. First, (2.20) follows by [34, Lemma 1.25]. We prove (2.21). As |V (t)| = 1, then
D

2.24 —V(),V({)) =

(2:24) (Zvo.vo)

In particular, by (2.20) and (2.24),

D2
(i
Let f € T),S. Set F(t) == (d®) [p(f). Recall that F(t) is a vector field along 3, and F'(t) € Tj(;)S;. Therefore

D? D D

= ZV@),F@#)Y—{ =
e Aaoro) (G,

d D D D
V(t),=F(t))—( — F(t
A0 ar0) = (Gl voa ,ro)

T Vg
t=0 F<t)> 2 < % t=0 F(t)>

D? D
= - <N7 @ o V(t)v %

(N, V4 (VxX + X') + R(X, f)X) + 2 (V5 — 4 (XT) , V,X)
=—(N,V;Z+R(X, ) XT) +2(Vip — A( XT), pA(f) + V; XT).

d /
V(t), N|p> =il <CZV(t),V(t)> — V)P == VS| = |A (XD + 20 (X7, V5).

t=0

d
Vi), f) = L
3 ()f> a4

D

t=0 F<t) >

(2.14),(2.15),(2.20)

In this way, (2.21) follows. Next we prove (2.22). Indeed, if g € S is close to p,

D (28) 8Ck 8 ; 6Nk 8 : k 1 8 ’
= — X — X' (q)N"(q)T; —| =N N.
o t:ON (t, Bq(t)) ot 09 5 q + X950 5 . + XN (@)T(0) 5~ q +Vx
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ks, (t))

ock 0

Ba0) 5t By
RO OIF N

>

o
i 0
+2X'(9) 5 0. 0)Th(a) 5 -

Finally, for ¢ close to p,

D2

2
o wesy =2

=0 dt?

0
to( (t.84(8) 5o

D 0

Oc
- dtm(at( Bu(0) 5

. D
dt

(ai(t, Ba(£))eF (¢, B4 (8)) Uik (Be(t))
0?%ck 0
0wt Y By,
oxXt ONk 0
i ‘J)kaq

t=0

— N'(q) + 2X'(q) o

N O
aitlaxi 9 axk q

(N (@)l (a) -
Z] q

+ X4(q) + X' (q) X' (q)

0X'
0T,

(X)) ()N ()T () ai,' L X™(g)

orl, o
Tﬂﬁm (9) %

0

+ X () X™(q)N"(q) + X (@)X (@ NN OTip (@) 5 —

q

whence (2.23) follows by (2.11). O

Next, we describe the evolution of the shape operator. The following proof relies crucially on Lemma 2.2.

Lemma 2.6. Letp € S. Let e € T,S. Then

D
(225) — -, (VE(t)N(t, -)\M) = V.V +R(X,e)N
D2
(2:26) (VE(t |M) Vo V" +R(X,VeX)N + 2R(X, )V + R (Z,e) N + (Vx R) (X, ¢)N,
t=0

where V' and V" are given respectively by (2.20) and (2.21).

Proof. Consider local normal coordinates 1, ..., o,+1 centered at p. Since E(t) € Tp(;)St, then
Y 80’“ 8 : k 1 8
VN ()] 5 =V (t)ang( , B(1)) 91 | + ()" (t, B(1)T5(B(1)) B g
Therefore
D . Ock 0 92 ck B}
z( VEoN gy ) =POFZ0A0) 5| V@55 080) 5|
i 02" 0 8ck ! 0
+a'(t, B(t)) Dbz, (t,8(1)) B ()+a (t,8(1)) ()axj (t, B()i(B()) 51|
@2 O AT E0) L] 02 ¢ s ) 2
IR G g 0r IR g
ack l ] " orl, 9
(t, B(t) ()a (L BOTHB) - o (8 BENY ()" (t B(0) 5= (B() 5= o
B
+al(t, BV ()" (¢, BT (B(E)T (B(1)) I
m (1)
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In particular, by (2.2),

D . _ONF 0 - 92ck 0
.. O°N* 0 4 Il 9
i v i Jnk J _—
+ X D) p+X DN D) S ) o

Observe that

0
al'i p

(22) D (2.14) (22) 0X' 0
2 = ()¢
axj a$l

X
dt Ve

(2.28) b'(0)

E()
t=0

p

whence (2.25) follows by

D ox? ONF 0 0?%ck 0
_ — J
dt tZO(VE@W(t s ) 0x; P’ 5 P) p+ ﬁx]f)t(o ) D |,
- 92Nk o o 8Fl o
i v i Jnk jk _—
+ X' (p)e’ D0, aQCMnLX(p)eN()alnl()(%lp
(2.12) o 2" 0

+ VeVXN — R(e, X)N

0,
8 8t( ) c%vk P
) ¢.N' + V.VxN - R(e, X)N

C2) 9,V — R(e, X)N.

We prove (2.26). By (2.27) and (2.2),

clz); _ (Ve )0 ) = bj(O)%];:(p) aik p+2b7( )882 ;t(o p) aik p
+ 2Xi(p)l}7(0)aa;g; (p 6(; ) +él 883-?9]12 (0,p) ;k +2X(p)e’ 895?;2&(0’])) 8ik .
O ) | X G e ;gp )| XX ) |
XX T )5 ) X ON ) Py 2 p
+2X( )ejaactk( )aar‘l’k( ) ({;l +2Xi(p)Xm(p)ej%Zj(p 21;%: ») ail )
N D) ]+ X0 2 e T ) ]
- XX N )2 () L .

Notice that
AR (bj O gy, +EEAOPOTL 0 5 M)
Do) 5 p*XZ( DX (p)e ai; " o]
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Therefore, by (2.2), (2.12), (2.15) and for any j =1,...,n+ 1,

(2.29)
B (0) = (VVxX) (0) + (VXY () + (R(X, €)X) (p) — X (p) X (p)e! S:I;Z ()
J 2 i i . N
= elXi(p)Xm(p)aaFaZn +elX¢(p)({f$lA§;i(p + l%‘fl ( )(?;;j (p) +el8(5§l)] (p) —XZ( )Xm( ) lgim (p)
2xJ 7 7 AV

where the last equality follows by the symmetry of V. Then, by (2.28) and (2.29),

clz)tzm(VE(t)N o) =X (p)aaxl)a(;, %]f(p) aikp laaXZ )%);j %];rj(m aikp

+ B0 T0) | + 25 0 5|

X0 (e ;gjm o +eﬂ‘aij2;<o,p> 8xkp+zxi<p>ejmf;iat<o,p>(f%
O S0 | X T ) | XX ) |
XX k) XN )W) 2.

raxipe 2, >881;Z<>§’%+2xi<p>xm<p>ej%f<p>gi’j P o,

o ort. 0 oX' , or D)
IAY 7 atk Jjk m Jnk Jk N
+ (X')'(p)e’ N*(p) o2, () oz, X™(p) oz, (p)e’ N*(p) o2, (p) 2,
. . o1 9
X (p)X™ (p)e! N* 5 (p) —
+ X" (p)X™(p)e’ N*(p) o0 P o )

A careful comparison between the above expression and (2.12) and (2.13) grants that

D2
dt?

t_o( VN () 50 ) — V,VxVxN — (Vx R) (¢, X)N — 2R(e, X)VxN — R (¢, Vx X) N

~R(V.X,X)N + 2V, VxN' — 2R(e, X)N' + V.N” + V. Vx/N — R(e, X)N.

In addition,

“2R(e, X)N' — 2R(e, X)VxN “Z” _2R(e, X)V"
and
VN 4+ 2V, VN + V.V N + V.V VxN 2 v, 17,
whence
D2
@ 0 ( VE(t)N(tv )‘ﬁ(t) ) = (VX R) (67 X)N -R (6, Z) N+ VeV” - QR(C, X)V/ - R (VeX, X) N,
and (2.26) follows. I

Lemma 2.6 allows to compute the pointwise evolution of the mean curvature at first and second-order.
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Lemma 2.7. Letp € S. Then

(2.30) jt Hy (®4(p)) = —A% — ¢ (|h* + Ric(N,N)) + X' H
t=0
& S 3\ 2 s Stnt s
(231) o5 Hi(@dp) =2 <h, (V5X) > 9 <v X, (VSV') > — (h,C(X, X)) — (V9X,C(N, X))
t=0
~ T
+ (= [95¢[* + 2 V5, XT) = 12 (XT,XT) ) H -+ div® (V")
— 2Ric(X, V') - R (X",N,V’,N) — (Vx Ric) (X, N)
— AS(Z,N) — (Z,N) (|h|*> + Ric(N,N)) + Z" H,
where
- \T n
(V) =3 (R(X, 05, N, XT) 4 2(V50 = A (XT) 0 A(ej) + Ve, XT)) ¢
j=1
In particular, if ® is a normal variation,
2
% H,; (94(p)) = div® (A (V56%)) + 20 divS A (VSp) — 20 (VSH, V) — V50" H
t=0
(2.32)

+2¢? trace (h?) — 2¢* (h,C(N,N)) — ¢? (VN Ric) (N, N)
— AS(Z,N) — (Z,N) (|h|* + Ric(N,N)) + z"H.

Proof. Formula (2.30) is well-known (cf. [34, Lemma 1.26]). We prove it for the sake of completeness. Let
e1,...,e, be any orthonormal basis of 7,,S. For j =1,...,n, let Ej(t) be as in (2.9). Define §(t) by

§( )z]—<VE(t)N ‘5 (t)>, i,jzl,...,n.
Then §(t) is symmetric, and H(®:(p)) = trace (G(t)~'§(¢)) , where G is defined in (2.10). Recalling (2.19),

d d d
) = race (-6 G060 1500+ 60 A )
Since ey, ..., e, is orthonormal, then G(0);; = d;; for i,j =1,...,n, whence
d d d
2.33 — H (P =tr —| = g ) 0 t ) ,
@3 | ) e (dtm() §<>+dtt0§<>
(2.34) d72 Hy(®(p)) = trace | 2 < d +trace d2 g(t)) §(0))
. a2 . t\®FtP)) = dt —0 dtQ -0
Y bl
d d 2
+ trace <—2 (dt t_()g(t)) <dt t §(t)>> + trace (dt2 . §(t)> :
111 v

First, by (2.33),

a Hy(®:(p)) = — Z ((i

ij=1

n

g(t>z’j) §(0)ij + %

i=1

§(t)si

dt t=0

t=0 t=0

Z hij (Ve X, e5) + (Ve, X)) + > (Ve, V' ei) — Ric(X,N) + > (V,N, V. X).
=1

3,j=1 i=1

(2.14),(2.2

Notice that, for ¢, =1,...,n,
(2.35) (Ve, X, e;) + <Ver, €i> = 2ph;; + <veiXT, 6j> + <V5].XT7 €i> = 2¢h;; + 2sym (VSXT)”
and

(2.36) (Ve, V', e5) @220 _ (Hesss (p)ij + (Ve A(XT) e5).
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Moreover,
n n n
(2.37) Y VeN, Ve X) =9 (VeN,VN) + ) (Ve N, Ve, XT) = ¢|hf* + (h,sym (VSXT))
i=1 i=1 i=1
Therefore, by (2.35), (2.36) and (2.37),

Hy(®4(p)) = =A% — ¢ (|h]* + Ric(N,N)) — (h,sym (VSXT)) + div® 4 (XT) - Ric(X”, N).
t=0

dt

Next, extend X7 to a smooth vector field with compact support in M. Denote by ¥, : M — M its flow.
Then V is a variation of S with velocity X”. By the above formula,

XTH(p) = &

c| H(Wi(p) = — (b sym (VoXT)) +div® 4 (XT) — Rie(X",N).

t=0

Therefore, (2.30) follows. Next, we prove (2.31). First we compute 1. Indeed,

. g(t)ik> <jt

(224) 2 Z hz'j ((VeiX, €k> + <VekX, €Z>) (<Ver, €k> + <VekX, ej>) .
i,5,k=1

=2y (jt t_ﬂg(tm) or
i,7,k=1 =

Next we compute II. Noticing that
(2.38) (Ve,X,N) = ¢;(p) + (Ve, XT,N) = ¢;(p) = (Ve,N,XT) = - (V',e;)  i=1,...,m,

we deduce that

M=->" (dtg g(ﬂz‘j) §(0)i;
i,j=1 t=0
=— Z hij pTe) (Ei(t), B;(t))
ij=1 t=0
d d D
= -2 hi; — —E;(t), E;(t
> b | (GEO.EO)
i,j=1
= D? = D D
—2 Y (2 momw)-2 w5 Bo.3| BO)
i,5=1 t=0 ij=1 t=0 t=0
(2.14),(2.15) - - -
= -2 Z hij <VeiZ, €j> -2 Z hij R(X, €, X, €j) -2 Z hz‘j <V8iX, Ver>
ij=1 ij=1 i,j=1

=—2(n,VZ) = 2(h,C(X,X)) =2 > hij (Ve X, ex) (Ve, X, ex) =2 > hij (Ve, X, N) (V, X, N)
i,j=1 t,y=1

B2 9 (h,v5Z) — 2 (h,C(X, X)) — 2 3" iy (Ve X, ) (Ve, X, e) — 20 (V/, V') .
i,j=1
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We compute III. To this aim,

Il = -2 Z (dt tzog(t)ij> (dt t:O§(t)m’>
(2.14),(2.2

ij=1
LB 9 3T (Ve X, e5) + (Ve X, e)) (Ve V! + R(X, )N, €) + (Ve N, V,, X))
ij=1

=2 Z (<veiX’ ej> + <Ver, 61>) <v€ivl7 ej> —2 Z hij (<v€iX7 €k> + <vekX7 ez)) <vekX7 €j>
=1 ij, k=1

—2(V*X,C(X,N)) - 2(V X,C(N,X)).
Finally, we compute IV. Indeed, by (2.15), (2.25) and (2.26),

=divi V" + Z (R(X,Ve,X)N +2R(X,e;)V' + R (Z,e;) N+ (Vx R) (X, e;)N, ;)

Iv.2

+2> (Ve V' +R(X, )N, Ve, X) + > (Ve N, V., Z +R(X,e;)X)..
i=1 i=1

~
V.3 V.4
First,

1.1 U2 (= |95 20 (V5 XT) — 2 (XT,XT) ) H +div (V)"

Moreover,
V2= (VX ;) R(X,€;,N,e;) + > (Ve, X, N)R(X,N,N, ¢;)
ij=1 i=1
— 2Ric(X, V') = 2R(X,N, V' N) — Ric(Z,N) — (Vx Ric) (X, N)

B9 (VX ¢(N, X)) - 2Ric(X, V') — R(XT,N, V', N) — Ric(Z, N) — (Vx Ric) (X, N).

In addition,

n n n
IV3=2Y (Ve V'iej) (Ve X e) 2> (Ve,V ,N) (Ve X, N) +2 > R(X,e;,N, ;) (Ve, X, ¢5)

3,j=1 i=1 ij=1
(235 > (Ve V,ei) (Ve X, e5) + 20 (V! V') +2(V X, C(X,N))
ij=1
Finally,
VA=Y hij(VeZe)+ > hyR(X e, X, ¢;) = (h, VIZ) + (h,C(X, X))
i,j=1 i,j=1
Recalling (2.34) and combining the above computations,
& Sy\2 s Syt s
| H(@(p) = 2<h, (V5 X) >—2<v X, (VSV) >— (h,C(X, X)) — (VSX,C(N, X))
t=0
+ (= [V5] + 20 (V5, XT) = 12 (X7, XT) ) H + div® (v")"
— 2Ric(X, V') - R (XT,N,V’,N) — (Vx Ric) (X,N) — (h, V9Z) — Ric(Z,N).
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Next, fix p € S and a geodesic frame Eq, ..., E, at p. Recall that

n

(V) ==>" (N, Ve,2Z)Ei + (V")T

i=1
Therefore
div® (V” ZE (N,VEg,Z) + div® (V”)
i=1
=~ 3B (N Vi, (ZN)N)) - Y B (N Vs 2" + i (77)]
=1 i=1
~\T
:_ZE (Z,N)) +ZE<A (Z7) i)+ div® (V")
i=1
- \T
= —A° <Z, N> + div® A (ZT) + div® (V”)
Moreover,

— (h,V5Z) - Ric(Z,N) & —divS A(27) + ZTH — (Z,N) (|h]? + Ric(N, N)) .
Therefore (2.31) follows. Finally, assume that ® is normal. Then X = oN, X7 =0 and V' = —V¥%p, so that
d2
dat?

H (@) =2 (V7 (eN)) 2 (V5 (6N) (V9 (V59)) ) = ¢ (. CON.N))

s 5 |2 s (om\T : s 2 :
— ¢ (V° (pN),C(N,N)) — |[V7p|" H + div® (V") 4+ 2¢Ric(N,V°p) — ¢ (VN Ric) (N,N)
— AS(Z,N) — (Z,N) (|h|* + Ric(N,N)) + Z" H.
Noticing that V* (pN) = ¢h and (VS (VSgp))t = Hess” ¢, we deduce that

2 - \T
% H, (@4(p)) = 292 trace (h%) + 2 (h, Hess® @) — 262 (h, C(N, N)) — | V5¢|” H + div® (V“)
t=0
+ 2pRic (N, VZp) — ©? (VN Ric) (N,N) — A% (Z,N) — (Z,N) (|h*> + Ric(N,N)) + Z"H.
Moreover,

2¢ <h, Hess” gp> + 2¢ Ric (N, VSQD) @8 20 divy A (ngo) —2p <VSH, V5g0> .

Finally, since

n

(f/u) _ 22 S, pA(e; > e = i(VS (go ) A(61)>6’L = Z<A (VS (cpz)) ,€i> € = A(VS (802>),

i=1 i=1
(2.32) follows. O
2.6. Variation formulas. If f : R — R is smooth in a neighborhood of {H(p) : p € S}, set
(2.39) H4(S) = / f(H)dS.
Let ® be a variation. The area formula implies that ’
(2.40) A7 (@(3)) = [ (1 (@1(9))) Jac (@1]5) (7) d.
Denote by J the Jacobi operator associated to S,
(2.41) Jp=-A—¢(h? +Ric(N,N)), e C>(9).
Recall that J is self-adjoint, namely
(2.42) /Sgojz/) s = /SwjgodS, w, € C(9).

The first and second variation formulas for (2.39) read as follows.
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Theorem 2.8. Let S C M be a smooth, embedded, closed, two-sided hypersurface. Fix a function f: R — R
which is smooth in a neighborhood of {H (p) : p € S}. Let ® be a variation. Denote by X and Z its velocity
and acceleration respectively. On S, decompose X as X|g = oN + XT. Set

2
SAS)E = 5 A @RS), PAS)E] = | A @),
t=0 t=0
Then
(243) 058l = 0.5(S)[] = /S o (= ASF/(H) = f'(H) (Jhf? + Ric(N,N)) + f(H)H ) dS,
(2.44) 83 (S)[@] = 6545(5) [(Z]s,N) — 2XTp + h (X7, XT)] + /S @ LpdsS,
where

Lo =T (f'(H)T¢) +2f (H) div® A (V) — (f (H)H + f(H)) A%
—2f"(H)(V H,A(V°p)) + (f"(H)H — 2f'(H)) (V' H,V5p)
+of (H) (2 trace (h3) —2(h,C(N,N)) — (VN Ric) (N,N))
+o (f(H)H? = (2f'(H)H + f(H)) (|b* + Ric(N,N))) .
Proof. First,

A (P4(S)) (2.40) / d

i & (o (e (@1(p))) 30 (@4]5) () ) as

= [ (@) D soc @115) 0 + 1 a1 @) G s

In particular, by (2.16) and (2.30),

54 (S)[®] = /5 (f’(H) (=A% — ¢ (|h]> + Ric(N,N)) + XTH) + f(H) (pH + div® XT) ) ds.
Notice that, being S closed,
(2.45) /S ( FHXTH + f(H) div® XT> ds = /S div® (f(H)X") dS = 0.

The divergence theorem and (2.45) imply (2.43). We prove (2.44). We reduce to deal with the case of normal
variations. Let Y € I'(T'M) be such that Y|[s = XT. Denote by ¥ the flow of —Y. Since Y|[s € I'(T'S), then
U(t,S) =S for any small t. Set ®(t,p) := (¢, U(¢,p)). Then ® is a smooth variation, and moreover

(2.46) Sy =®(t,8) = ®(t,V(t,S5)) = d(t,S) = S;
for any t sufficiently small. The area formula and (2.46) imply that
(2.47) §%5(9)[®] = 6%5(S)[D].
We compute the velocity X and the acceleration Z of ®. Fix p € M. Fix local normal coordinates z1, . . ., Tpt1
centered at p. Set q(t) = ®; *(p) and r(t) = ¥;(¢(t)). Then, since ¥ is the flow of Y,
0
X(t,p) = O(t+s,¥(t+s,r(t)))
ds s=0
n+1 n+1
8@1 8@1 8\113 0
= (t t
(2.48) Z 2 (1)) 5 (1) 5 -
n+1 ;
0P’ 0
=X(t,p) — —(t,q(t))Y (q(t .
(t,p) MZZI o, (L 2O)Y (at) 5

In particular, X = X — Y, and X\S = ¢N, whence ® is a normal variation. Moreover, as ® (t,q(t)) = p,

o LARgPY$ N
= —_— 71 W = —_— y
0 o (0,p) +@-]§:1 7% (0,p)g (O)ax,- 5 (0,p) + 4(0),



VARIATION FORMULAS FOR MEAN CURVATURE FUNCTIONALS 17

whence ¢(0) = —X(p). Therefore

n+l 2 2 &yl i j

- (2.48) 0°P - 0o & - 0P [2) CNt
X'(p) = X(p) - > e——— (0, p) Y7 Y/ = (0,p)—

(p) () 2 <5zk: dto; (0,p)Y?(p) + Dardz; (0,2)¢"(0)Y? (p) + —(0,p) 5 —(p)d"(0)

n+1 n+1 .
oX? ’ 8

— () _
= X(p) Z Ox;j ()Y 81’1 Z 8xi

3,j=1 ,k=1
=X'(p) = (V¥X) (p) + (VxY) ().

Finally,
Z=X+VgX=X'-VyX+VxY+Vx_y(X-Y)=Z-2VyX +VyY,

so that, recalling that Y|g = X7 |
(2.49) <Z\S,N> = (Z|s,N) — 2X"p + h (X7, XT) |
Then, by (2.16), (2.18), (2.30), (2.32) and (2.47),
P = [ /() (A + ¢ (W +Rie(N.N)))* ds
/ F(H d1v (A (V5¢?)) +20divS A(VIp) — 20 (VIH, V) — \v%}z H) ds
+ / f (H) 2607 trace (h%) — 242 (h, C(N, N)) — 2 (V Ric) (N, N)) ds
/f AS Z N> <Z,N> (|h]? + Ric(N, N)) +ZTH) ds
" /S 20H '(H)( ~ A% — o (| + Ric(N, N)) )
+ /Sf(H) (¢2H2 — G|h)? — P*Ric(N, N) + [VS¢|” + div® Z) ds.
First, combining (2.43) and (2.45), and recalling (2.41),

527(9)[®) = /S (f"(H)T o) T dS

V

/f d1v (VS¢2))—}V590|2H> dS+/Sf’(H)<2<pdivSA(VSgo)—2<p<VSH,VSg0>)dS

II

+ / f/(H) (24,02 trace (h*) — 2¢? (h, C(N,N)) — ¢ (Vn Ric) (N,N)) ds
S

”
+/S2¢Hf’(H)< ASp — ¢ (|h) + Ric(N,N) )

+/Sf(H) ek dS+/Sf(H) (¢2H2 — P?|h[? - Ric(N,N)) dS + 6.7(S) [<Z\S,N>} .
11

First,
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Moreover,
H:/ (—<V5f'(H),A(VS<p2)>—<f’(H)HVS<p,VSg0>)dS
S
:/9¢(2f"(ﬂ) (VSH,A(V5)) +div (f(H)HY ) ) dS
_ /Scp( —2f"(H) (VH, A(V50)) + (f/(H) + f"(H)H) (VSH, V) + f'(H)HAS p) dS.
Finally,

1 = —/Sgodivs (F(H)VSy) dS = —/Scp(f'(H) (VSH, V) + f(H)AS) dS.
In particular,
T+ 111 = /Sgo( = 2" (H) (VSH, A (V59)) + f"(H)H (VSH,V5¢) + (f(H)H — [(H)) A%%) dS.
The thesis follows combining the above computations with (2.49). O

3. VARIATION FORMULAS FOR SUB-RIEMANNIAN MEAN CURVATURE FUNCTIONALS

In this section, we apply the results of Section 2 to establish variation formulas in the sub-Riemannian
Heisenberg group H", for n > 1. Namely, we approximate it with a sequence of Riemannian manifolds
(H™, (-, -)e)e>0, and we exploit Theorem 2.8 to deduce the analogous sub-Riemannian variation formulas.

3.1. Heisenberg groups. The Heisenberg group (H",-) is R?"*! endowed with a group law that realizes it
as stratified Lie group. Its Lie algebra is generated by the (global frame of) left-invariant vector fields

0 0 0 0 0
Zi=X; = — — Zpti=Y; = — — T;— Z =T =— i =1,...,n.
7 7 837@ + Y ot’ n+i i 3,% X ot 2n+1 ot ? 5 ,
The only nontrivial commutation relations among 71, ..., Za, 41 are

(X, Y] = —2T, i=1,...,n.

Accordingly, the horizontal distribution H generated by Zi,...,Zo, is bracket-generating. A vector field
which is tangent to H at every point is called horizontal. The complex structure J : I'(TH") — I'(TH") is
the unique C°°(H")-linear map which satisfies

J(X) =Y, JY)=-X, JT)=0, i=1,...,n.
The triple (H",#,J) is a prototype of pseudohermitian manifold [12, Appendix]. The restriction to H of

the unique Riemannian metric (-, ) making Zi, ..., Za,4+1 orthonormal endows H" with the sub-Riemannian
structure (H", H, (-, -)|%) . The pseudohermitian connection V [33] is the unique metric connection for which
(3.1) VaB—VBA — [A,B] =2(J(A),B)T, A B eT(TH").

The Riemannian volume induced by (-,-) is the Haar measure of the group, i.e. the standard Lebesgue
measure. Therefore, the Riemannian divergence induced by (-, -) is the Euclidean divergence.

3.2. Hypersurfaces. Throughout this section, S C H" is an embedded, closed, two-sided hypersurface of
class C2. A point p € S is called characteristic if H, = T,S. The set of characteristic points of S is denoted
by Sp. We will always assume that S\ Sp is smooth. At non-characteristic points, the horizontal tangent
space HT'S is the smooth, (2n — 1)-dimensional distribution defined by

HT,S =H,NT,S, peS\Sp

Denote by N the Riemannian unit normal to S, and by N* its orthogonal projection onto #. Then, the
horizontal unit normal

N’H
N
is well-defined on S'\ Sp, and is the unique, up to sign, horizontal unit vector field orthogonal to HT'S. Notice
that p is a characteristic point if and only if [N*| = 0. Close to every non-characteristic point, it is always
possible to extend v to a full neighborhood in H" by setting

(3.2) v =V,

v
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where d is the signed Carnot-Carathéodory distance from S (cf. [21, 33]). Henceforth, v is always extended
as in (3.2). The fundamental function « is defined on S\ Sy as the unique smooth function such that

S=T—-avel(T9).
It is known (cf. [21, 29]) that o = T'd, and moreover
(3.3) Vo = =2aJ(v).
Denote by H'T'S the distribution defined by
H'T,S = HT,SNJ(HT,S), p €S\ So.

Then, H'TS is a (2n — 2)-dimensional sub-bundle of HT'S, and the latter can be orthogonally decomposed as
HTS = H'TS @& span J(v). Notice that, in the first Heisenberg group, H'T'S = {0}. It is easy to check that

1 ! (N, T)

= V+ 5 o = .
V1+ a2 V1+a2 N

The horizontal second fundamental form h* and the symmetric horizontal second fundamental form (cf.
21, 33]) h* are defined on S\ Sy respectively by

R (A, B) + hM (B, A)
2 9

(A, B) = (A*(A),B),  AM(A,B):= A, B cT(HTS),

where A"(A) := Vv is the horizontal shape operator. The forms h** and h* are related (cf. [21]) by
(3.4) WY A, B)=h"(A,B)+a(J(A),B), A,BeT(HTS).
The horizontal mean curvature is then defined on S\ Sy by

H™ = trace h™ = trace h™*.

Finally, the relevant sub-Riemannian surface measure o is defined (cf. [15, 25]) by

1
0-7
V1+a?
where ¢ is the Riemannian surface measure induced by (-, -). Since S is of class C2, then ¢*(Sy) = o(Sp) = 0

[4]: accordingly, Sy will be omitted in the forthcoming integrals. The tangent pseudohermitian connection
V¥ is the affine connection defined on S by

(3.5) ot =

VaB = VaAB — (VAB,v)y, A, B e T(HTS).

Let Eq,...,Eg,_1 be any local orthonormal frame of HT'S. If ¢ € C*°(S\ Sp) and A € I'(HT'S) is supported
in S\ Sp, the horizontal tangential gradient of ¢ and the horizontal tangential divergence of A are defined by

2n—1 2n—1

VS = 3" (Eip)E;, div" A=) (VR AE).
1=1 i=1

The horizontal tangential Laplacian and the modified horizontal tangential Laplacian are then defined by
AMS o = divHS vHS AMS g = AMS o 4 20 (V).
Finally, we denote by J the horizontal Jacobi operator
THho =AM — (|l~1H|2 +4J(v)a+ (2n + 2)042) , p e C™(S\ S).

Unlike A5 (cf. [15]), both A™5 and J* are self-adjoint on C2°(S'\ Sp) (cf. Proposition 3.10).
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3.3. Riemannian approximation. For any € > 0, denote by (-,-)_ the unique Riemannian metric on H"
such that (Z%,...,25,,1) = (X1,...,Xn,Y1,...,Y,,€T) is a global orthonormal frame. If A € I'(TH"),
denote by A€ ... A% A?"t1E its components with respect to the above frame. Clearly A7 = AJ€ is
independent of ¢ for j = 1,...,2n. We may write A?"*! := A?"*1 when there is no ambiguity. Since
(A,B)_ does not depend on ¢ when A,B € I'(H), we set (A,B) = (A,B)_. Denote by V° and R® the
induced Levi-Civita connection and curvature tensor respectively. We recall the following relations (cf. [31]):

V5, X; =0, SY; =0, £T =0,
Y; X,
(3.6) V.Y, = —0i,T, W= Vier=-=,
Y; X,
Vy, Xj = 04T, VirXs=—, ViVi=-—".

9 9

The Levi-Civita connection V¢ relates to the pseudohermitian connection V as follows.

Lemma 3.1. Let A,B € I'(TH"). Then

A eT B,eT
(3.7) 2B =VaB+ MJ(B) + <’€5>5J(A) + (A, J(B)T.
In particular,
1

(3.8) Ael = gJ(A).
Moreover, if A,B,C € T'(H), then
Proof. By a direct computation,

2n+1 ) 2n+1 '

aB= ) AZBYZ Yy ABNVL.Z
Ji.k=1 j.k=1

I UAB+ S ABTIVL Y, + (B,eT). Y AV T+ Y A BIVE, X,

j=1 j=1 j=1
+(B,eT). Y A™IVS.eT + (A, eT). Y BV X; + (A,eT). Y B"HVLY;
j=1 j=1 j=1
3.6 AT B,eT
SREN PR E T <’€€>5J(A) + (A, J(B))T.
]
3.4. Ambient curvatures. First, we compute the ambient curvatures of (H", (-,-).), starting from R®.
Proposition 3.2. Let ¢ > 0. Let A,B,C € I'(TH"). Then
2 1 1
R*(A,B)C = 5 (J(A),B). J(C) + 5 (J(A),C). J(B) - 5 (J(B),C). J(A)
A2n+1,5 2n+1,e B2n+1,502n+1,6 A2n+17502n+1,€
+ =2 (B,C).eT — = (A, C)eT + = A — =
In particular, if D € T'(TH"),
(3.10)
2 1 1
A2n+1,aD2n+1,e B2n+1,aD2n+1,a BQn-{—l,ach-{-l,e A2n+1,502n+1,5
6—2<B, C). — > (A,C): + — (A,D), — 5—2<B’ D)..
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Proof. Fix i,7,k =1,...,n. Then, by (3.6),

RE(Xi,Xj)Xk =0,
0; Oik 1
RE(Xs, X))V = Vi, Vi, Vi — Vi, VX, Y — Vi, x, )Yk = —%Va eT + *V‘E el = — (5ik3/} —01Y5),

1
R (X, Xj)eT = Vi, Vi, eT — Vi, Vi, eT — V[SXZ,7XJ_]5T = EV{;Q Va =0.

Moreover,
513 . 1
VerXy = -3 (0¥ +205Yk)

k
RE(XZ',Y]')XJC = V%iV%Xk — V%V%ﬁX}c — v[in,}/j]Xk = %V%iST +
5<
RE(XG, Y)Y = V5, V5, Vi = V5, Vi Vi = Vi, Ve = T V52T +

26; 1
8” VerYy = = (i X5 + 20:5Xx)

R (X, Yj)eT = Vi, Vy,eT' = Vy Vi eT — Vinyyj]eT =0.
In addition,
1 0;
RE(XZ‘,é‘T)Xk = VE VETXk ViTVi.Xk - V[EXi’ET]Xk = gviiYk = _?§5T7

RE(X,', ET)Yk = vg(ingYk - VZTV_S)(iYk - vai,sT]Yk‘ =0,

1
R*(Xy,eT)eT = V&, Vel — VgV eT — V[X ET]5T— — VaTY = ;XZ-.
Furthermore,
0, Oik 1
R(Y;, Y;) Xy = V%V%Xk — V%V%Xk — V[gyhyj]Xk = %VE el — —Va =3 (0ik X — 01 X5)
R5(Y;, Y)Yy, = 0,
1 1
R*(Y;, Y))eT = V§, §}jeT — V%;J_ Vel — V[SYZ-,Y]-FT = —EV%X]- + gV%Xi =0.
Finally,
RE(Y;, eT) Xy, = Vi, Ve Xi — Ver Ve Xy — vai,eT]Xk =0,
1 0;
RE(Y;, eT)Yy = V§, VirYs — VEr V5, Vi — Viy, Ve = —— V5, X = _ggT,
1 1
RE(Y, eT)eT = Vy,Vipel — VepVyeT — Viy, qpeT = fVETXi = E—QYZ
Therefore
2n+1 o
R°(A,B)C = >  A'BIC*R(Z;, Z;) 2
i k=1
n 2n+1 o n 2n+1 o 2n+1 '
=3 A'BIC*RI(X;, Z))Zk + > > ATBICKREY;, Z)) Z), + AP Y T BICKRA(eT, Z;) 2
i=1 j k=1 i=1 j k=1 Gik=1
n 2n+1 o n 2n+1 ' ) n 2n+1 '
=Y > ABICKRY(X;, X))Zp+ Y > ABHCFR(X,,Y)) Zp + BT N T AICKRE (X, eT) 2
ij=1 k=1 ij=1 k=1 i=1 k=1
n  2n+1 n  2n+1
+ Z Z An+lB]CkR€(}/;’X Zk+ Z Z An+2Bn+]C’€R€( % ])Zk
4,j=1 k=1 i,j=1 k=1
n 2n+1 ' n 2n+1 '
+ BN TN ATHCERE(Y;, ) 2y + APNY DN T BICHRA(eT, X;) 2,
i=1 k=1 j=1 k=1
n 2n+1

+ AN "N B CRRE (€T, Y) 2.
j=1 k=1
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By the symmetry of R,

n  2n+1 n  2n+1
RE(A,B)C= ) > ABIC'RY(X;,X;)Zc+ Y > (A'B"M — A" B') C¥R*(X,,Y)) Zk
ij=1 k=1 Q=1 k=1
I II

n 2n+1 n  2n+1
+ Z Z (AiB2n+1 o A2n+1Bi) Ck RE(XZ', ET)Zk + Z Z AnJriBnJrjck RE(Y;, Y})Zk

i=1 k=1 ij=1 k=1

II1 v

n 2n+1
+ (An—l—iBQn-i-l _ A2n+1Bn+i) Ck: Ra(Yi, €T)Zk )

=1 k=1

v

First,

1 <N . 1 <N . . 1 & L . 1 <N . 4
_ iy +iv +iv. +iv-
L= 5 Y ABICY; - 5 Y ABCY, = 5 3 AIBICTY - 5 Y ABICMY,
1,5=1 1,5=1 5,j=1 3,j=1

Moreover,

I — Z (AiBn—i-j _ An+jBi) ck RE(XZ‘, Y])Xk + Z (AiBn+j _ An+jBi) otk Ra(Xi, Y])Yk
1,5,k=1

i,5,k=1
i,j=1 i,k=1
ij=1 ik=1
1 « , , P 1 & , , o 4 2
=5 ) (AB" - A" O, — 5 3 (ATB™ — AMHBT) CMHX + 5 (J(A), B) J(O),

ij=1 ij=1
In addition,
n . . n . .
I = Z (AZBQn-‘rl o A2’n+1BZ) Ck: RE(XZ', €T>Xk + CQTH-l Z (AZBQTH-I _ A2n+1B1) RE(XZ‘, ET)(ST
ik=1 i=1
— _i - (AiBZTH-l _ A2n+1Bi) CZ&"T + ant zn: (AiBQTH-l _ A2n+1Bi) X
g2 2 !
=1 =1
BQn—i—l n o A2n+1 n o B2n+102n+1 n ) A2n+1 CQn—i—l n )
— 7 P 1 .
=-— AICIET + == 3 B0l + ———— ) A'X; =) B'X.
J=1 j=1 i=1 i=1
Furthermore,

1 n+i pn+j i 1< n+i pn+j g 1 ¢ n+j pn+i g 1IN n+i pn+j g
IV_EQMZ::lA B cxj—EQijzzle B CXi_EQg::lA B CXi—EQijzz:lA B"HCIX;,
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Finally,

n
V = Z (An+iB2n+1 _ A2n+an+i) Cerk RE(Y'Z €T)Yk
i,k=1

n
+ 2+l Z (AnJriBQnJrl _ A2n+an+i) R (1/“ ET)&T

i=1
1 & . A A 2n+1 7 . ,
- = (An+zB2n+1 _ A2n+an+z) O tieT + Z (An—HBQn—l-l _ A2n+an+z) Y;
2 2
= R
BQn+1 n ) ) 2n+1 T ) )
==Y AMHCeT + = " BT
3 —1 & i—1
1= 1=
B2nt+lc2ntl ) A2n+lo2ntl 2 )
572 z; An-l-l)/i . 872 X;BTH-Z}/Z
1= 1=

By the above computations,

[T+ 1V = 2 (J(A), B) J(C) + & (J(A),C) S B, - 5 (7(A),0) 3 Brix,
i=1 i=1

1 . n+1 1 . 7
+ 5 (J(B),C) Y _A"Xi — 5 (J(B),C) ) _AY;
i=1 i=1

2 1 1
= 5 (J(A),B)J(C) + 5 (J(A).C) J(B) - —; (J(B),C) J(A)
and
2n+1 BQn—H BZn+1c2n+1 A2n+102n+1
III+V = = (B,C)eT — =2 (A, C)eT + = — = B.
The thesis follows combining the above computations. ([l

The explicit expression of the Ricci curvature Ric® is a simple consequence of Proposition 3.2.
Proposition 3.3. Let e > 0. Let A,B,C € I'(TH"). Then

(2n+2)

. 2
(3.11) Ric*(B, C) = T2 (B, C>5 + c2

(B,eT)_(C,eT),

and
2n + 2 2n + 2

(Va Ric®) (B,C) = (J(A), B>5 (C, €T>5 + 23 (J(A), C>e (B, €T>a

23
In particular,

(3.12) (V4 Ric?) (A, A) = 0.
Proof. By definition,
2n
@ Ric(B,C) = Y (2(J(2),B). (J(C), Z). + (J(2),C). (J(B), Z). — (J(B),C).(J(Z). Z:). )
—Zi—:zB,C)g _ pPrtlegintle | (9 4 1)BIntlegntle _ gntlegintle
= —3(J(B),J(C)) + (B,C). + (2n — 1) B>t lLec?ntle
= —2(B, C) + (2n + 2)B?theg?ntle,
Therefore, since V© (-,-). =0,
& (VARIC) (B, C) = (2n + 2) (A ((B.eT). (C.=T),) — (VAB.eT), (C.cT), — (B.eT), (V4 C.<T),)
= (2n+2)((B,V4eT), (C,eT), + (B,eT), (C,VaeT), )

(3.8) 2n + 2 2n + 2
= (J(A),B)_(C,eT) +

. (J(A),C). (B.eT).

Finally, (3.12) is straightforward. O
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3.5. Extrinsic curvatures. Fix ¢ > 0. We adapt some aspects of Section 3.2 to the Riemannian structure
(H™, (-,-)c). We assign an upper index ¢ to the geometric quantities associated with S and induced by (-, -)
Accordingly,

e

1 o
3.13 N = v+ eT.
( ) V14 e2a? V14 e2a2

Therefore, T'S admits the (-, ) -orthonormal decomposition T'S = H'T'S @ span J(v) @ span S, where
Eq 1

— v+ eT.

V14 e2a? V14 e2a?

If o¢ is the Riemannian surface measure induced by (-, ), it is easy to check that

V1+e2a? |

——0.

ev1+a?

In the rest of this section, we express some Riemannian extrinsic quantities with respect to the relevant
sub-Riemannian geometric objects. We begin with the second fundamental form.

Lemma 3.4. Lete > 0. Let A,B € T'(HTS). Let C € T(H'TS). Then

(3.14) S =

(3.15) ot =

1 ~ eCa
hf(A,B) = ———h"(A,B hE(C.8°) = —
( ) ( ) ) \/m ( ’ )7 ( ) ) 1+ 820527
3.16 2
1 S
hE(J(v),S5) = - + M7 he(S¢,8°) = 570‘3'
e 1422 (1 +2a2)2
Proof. First, since
(3.17) (v,B) = (T,B)_ =0,

then

(3.13) 1 IoleY
A,B) "2 (v [————v).,B v ([—2 7). B
( ) < A(v1+€2a2y) >g+< A<v1+€2a25 ) >5
(3.17) 1
= \/ﬁ« avB). +ea <V8A€T7B>5>
(3.8),(3.9) 1
20— (h"(A,B) +a(J(A),B))
(3.4) 1 =
Y pMH(A,B).
V1+e2a? ( )
Let D € I'(T'S). Then

h*(D,S8%) = (VpN©,S°%),

(3-13)1<v£ <1y) —Eau+6T> _|_1<V5 <Ea5T> —604V+6T>
Viteta2 \ P \VIteta? )’ . Vite2a? \ P \Vite2a? )] ‘

EQ 1 1 _
V1 +€2a2D <\/1 —|—52a2) T 202 <VDV> —Eal/—I—sT>

13

cx 1 eDa cx

D
Jr\/1+62oz2 (\/1+€2a2>+1+62a2+1+52a2
1 2a2 D
< %1/,5T> —l< EDET,I/> + ea
g

<V1536T, —eav + 5T>

)

T 1+e2? 1+ £2a2 e 1+e2a?
(3.8) 1 e2a? eDa
Y D)) - % (D e
e(1 +e2a?) (D), v). e(l+¢e2a?) (J(D),v). + 1+ e2a?
1 eDa
-2 (D e
DI +

A first trivial consequence of Lemma 3.4 is the behavior of the mean curvature.
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Corollary 3.5. Letp € S\ Sy. Then

1 2Sa
3.18 H = —— gty — ‘
( ) V14 e2a? (1+52a2)%

In particular,

(3.19) A;--- A H® — Ay - ALHM locally uniformly on S\ So for any k € N, Ay,..., Ay, € T(TS).
E—r

In the next result, the approximation occurs both in the second fundamental form and in its entries.

Lemma 3.6. Let p € S\ Sy. Let f,g € C®(S\ Sy). Then

he (vs,Sf’ ve,Sg) — iLH (vﬂﬁf’ V}LSQ) + J(V)ng + J(U)gSf

(3.20) V14 e2a2 V14 e2a2
' N e2 (VHSa, SgVtsf + SFVHog) N £18aSfSg
(1 +52a2)% (1 +52a2)%

In particular, if (f€)e, (9°)c converge smoothly to f and g as in (3.19), then
(3.21) h° (Va’sfg, Va’sga) - nt (VH’Sf, VH’Sg) +J(w)fSg+ J(v)gSf locally uniformly on S\ Sp.
e—

Proof. Fix p € S\ So. Let Eqy,...,E;_1,E,41,...,Eg,—1 be a local orthonormal frame of H'T'S. Set
E, = J(v) and Eg, = S§°. In this way, Eq, ..., Eg, is a local orthonormal frame of 7'S. Then

2n
e (V9 f, V%) = Y h(Ei, E))EifEig

ij=1
2n—1 2n—1
= Y W (B, E)EifEig+ ) h*(Ei,8%) (BifS°g + EigS°f) + h*(S°,8°)5° 8%
ij=1 i=1
@.16) T (VTS 0765 g) g2 i
V1 + 202 (1+52a2)% ; (EifSg 9Sf)
EQJ(I/)Oz> e18aSfSg
1+ —= | W) [Sg+ T (v)¢Sf) + ———=
NoEry ( 11 202 (J(v)fSg+ J(v)gSf) it 52042)%
CORM (VIS NMSg) Jw) fSg + J(v)gSf N e2(VHhSa, SgVHS f + SfVHSg) N e'SaSfSg
V1+e2a? V1+e2a2 (1—1—52042)% (14_52@2)%.
In particular, (3.21) follows by (3.20). O

The next convergence result has been achieved, through a different approach, in [31].

Lemma 3.7. Let p € S\ Sy. Then

iL’H 214 ) 2) 2 22 vH,S 2 4 2
e+ Rt (e, Ne) — [P AT (ot (ot 2)a? | 22V et (S)®
1+ e (1+e2a?) (1+ 2a?)

In particular,

(3.22) |h¥]? + Ric®(N*, N°) — W2 4+ 4T (V)a + (2n + 2)a? locally uniformly on S\ So.
E—

Proof. Let Ey,...,Es,_1 be as in the proof of Lemma 3.6. First, by (3.11) and (3.13),

) 2 (2n+2)a?
RGNS N = =5+ Tz
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Moreover,

2n—1 2n—1

P = K (Eq, Ej)® + 205 (J(v),8%)2 +2 ) hE(E;, S°)% + h5(S7, 8°)°

ij=1 Z;}L
(3.16) ﬂ 3 4J(1/)0z " 2e2 (J(V)Q)Q 2nz:1
C 1+e2? &2 142 (14 52a2)2 1+ 52042 2

z#n
W12+ 4T (v)a N 2e? ‘VH’SQ‘Q et (Sa)?
g2 1+ 202 (1+ 62042)2 (1+ 62042)3.

The thesis follows combining the above computations.

Lemma 3.4 allows to compare the Laplace-Beltrami operator with AM:5 . We need the following lemma.

Lemma 3.8. Let p € S\ Sy. Then

2 2
(3.23) §:8° = —20J(v) — ———-VHSa - _ TS N
I+e‘a (1+€202)2
Proof. First,
(V5,85 N). = —hF(S°, &) (3.16) _ e2Sa
5 B 3 .
: (1+e202)2

Moreover, (V5.58%,8%)_ = 0. Finally, fix E € I'(HT'S). Then

1 —eav + €T
VEESE,E> =— (VS — | ,E
< s € v1+62a2< mVJFET(vl-i-&?QOéQ) >g

1 1
= T (Vieavser (—ea) ), + 155 (ViappersTL E),
2.2
(3.8) €« ca o
= T (Vir Bl - s (Ve B). - mm, J(v))
(3.6),(33)  2e%a’ o n iy
= e BIW) 1+gza22 B = s 2 (VY= v
=1
(3.2) e2aEa
A =y

The thesis follows by the above computations.

Proposition 3.9. Let A € T(HTS). Let f € C*°(S\ Sy). Let p e S\ So. Then

(321) v (A+fS) = AT A+ 20 (A T0) + SF ~ [H et 5

In particular, if o € C>*(S\ Sp) and p € S\ So,

(3.25) ASSp = AMS, 288y etaSaSy  e2HMaSp e2a

14 e2a2

14+e2a?  (14e202)? 1422 I

Therefore, if (¢%)s converges to @ smoothly as in (3.19), then
(3.26) T — T, locally uniformly on S\ Sp.
e—

Proof. Let Eq,...,Eq,_1 be as in the proof of Lemma 3.6. First,
2n—1

dived A 2 ST (Vg AL E) — (V555 A), 27 div™S A 120 (A, T(v)) +

=1

et (Sa)?

(1+¢e2a2)

(07

(Aa+ fSa).

e’
1+ e2a2

<E?

O
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Moreover,

2n—1

dive® (fS) =Sf+f > (VES Ei)_ + f (V5:S,8°),

2n—1 2n—1
=Sf—fa Y (Vewr.E) +f> (Ve T.E) +f <ng (”JF;QC*QS> ,Sa>

=1 =1 €

2n—1 2n—1

(3.8),(3 /
= S g \V4 E E 4+ ————S (V14202
f faz 1< B 2 v1+€2042 ( Ea)
2 faSa
:Sf—fHH“wa

To prove (3.25) it suffices to apply (3.24), noticing that

e2Sp

vE,S — v'H,S s YY
4 T + e2a?

Finally, (3.26) follows by (3.22) and (3.25). O

The above results and the divergence theorem yield the following integration-by-parts formula (cf. [15]).

Proposition 3.10. Let o € C?(S)NC>®(S\ Sp). Let A € T(HTS). If supp (pA) C S\ Sy, then
(3.27) / edivtd A do™ + 2 / oo (A, J(v / Apdo™

S
In addition, if ¢ € C*(S) N C>(S\ So) and supp(py) C S\ So, then

(3.28) /cpSz/JdaH —/apwHHadaH—/&pwdaH.
S S S

Finally, we show the convergence of the cubic curvature term appearing in (2.44).

Lemma 3.11. Let p € S\ Syo. Then

LH 1 ~2\3 ~
trace ((ha)?)) _ 3h (). J(Vl)) + 3 (trace <<hH) ) + 6h* (VH’Sa, J(v)) + 3Sa>
g2 (1+¢e2%a?)2 (14 e2a2)2
2 . 4 6
+ L (hH (VH’SOé, VH’Sa) + 2J(1/)aSa> 5 =Sa ’VH Sa} + 579 (Sa)?
(14 c2a2)2 (1 +52a2) (14 £2a2)2

Proof. Let E1,...,Eg,_1 be as in the proof of Lemma 3.6. Set hj; = h*(E;,E;) for i,j =1,...,2n. Then

2n—1 2n—1 2n—1 ) 3
trace < ) Z h‘ + 3 Z hu i, 2n ] 2n + 3h2n ,2n Z (hiQn) + (h‘gn,Qn) .
i,5,k=1 i,5=1 i=1 —

v

First,
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Moreover,
2n—1 2n—1 )
=3 Z hzg 1,21 ]2n+6hn2n Z hzn z2n+3hf1n( n2n)
1,5=1
1,JF#n 17571,
2n—1 2n—1
(3.16) 3e? =9y ( 52J(1/)a> 1 =9y
= — h*(Ei, E;)E;aEja+6 | 1+ h*(E;, J(v))E;a
(1 + 52012)g i;l ’ ’ 1+ ¢c%a? (1 + 52012)% Zz;
i,j#n i#n
3 ~ e2J 2
+ (), J()) [ 1 + %
2 (1 4 e2a2)? 1+eta
2 ~
= L‘Eh’” (V*Sa, viSa) + %h” (V*Sa, J(v)) + ;
(1+¢e%2a?)2 (1+¢e2a?)2 (1+e%2a?)
In addition,
2n—1 )
I = 3h%n,2n Z ( 7 Qn) + 3h2n,2n (hiL,Qn)
i=1
(3.16) 3et i 3 e2J(v)a\”
= 7804 Z (EZ‘CK)Z + 738 (1 + T 5 5
(1+5a2) — (14 e202)2 1+ e
4 2
ZLSO&}V’HSQ‘ —i—LSaJ( Ja + ;
(1+e2a?)2 (14 £2a2)2 (14 £2a?)
Finally,
6
v (sa).
(1+e2a2)2
The thesis follows combining the above computations.
Lemma 3.12. Letp € S\ Sy. Then
7-[
<ha’ca(Na’Na)> Sh‘ ( ( ) (Vg)) 1 . (Sa+HH042).
g2 (1+¢e2a?)2 (14 ¢e2a2)2

Sa.

Proof. Let Eq,...,Eg,_1 be as in the proof of Lemma 3.6. By (3.10) and (3.13), if B,D € I'(T'S),

3 RB2n+le p2ntle 2
329) e NYBD) = 5 v ), (v oy, - P ).
Therefore,
on
(h,CE(NE,NY), = 3 (B, B )CF (N, N¥) (B, B)
ij=1
(3.29) ihs(J( ), J(1)) (N, 1)? — E%ha(sa,sa) (5%, eT)? — S
(3.13),(3.14),(3.16),(3.18) 3R™(J(v), J(v) Sa B HM"o? 202Sa
A1 (1 N €2a2)% (1+ 52042)% (1+ 52a2)% (1+ 52042)%
3h”( (v),J(v)) Sa B H"a?
e2(1+e22)% (1+e2a2)?  (1+e2a2)2
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Theorem 3.13. Let e > 0. Let p € S\ So. Then

2 trace ((ha) ) 2 (he,C°(N°,N%))_ — (Vi Ric®) (N¢, N¥)
_ (2 trace ( ) +12n% (Vo S ,J(v)) +88a+ 6RM(J(v), J(v))a? + QHHoaQ>
1+ €2a2 2
H (THS,, THS 6e* H,S 2¢° 3
+ 75 (h (Vv V%) + 2J(V)a8a> =Sa ’V a} + —— (Sa)”.
(1+e2a?)2 (1 +52a2) (1+e2a?)2

In particular,

2 trace ((h5)3) — 2 (h*,C5(NF,NF))_ — (Vi Ric?) (N°, N)
3.30
—>2trace ht + 1207 (V5 J (1)) 4+ 8Sa + 6R7H (T (v), J(v))a? + 2H a2
o (7)) + 120 (775, 1) M), T0)

e—0
locally uniformly on S\ Sp.
Proof. Notice that

6h™(J(v), J(v) _ 6h™(J (), J(v) _ 6R*(J(v), J(v))a?
e2(1+ 52a2)% €2 (14 €2a?) (14 ¢c2a2)

3 3
2 2

The thesis follows by (3.12), Lemma 3.11 and Lemma 3.12. O

3.6. Variation formulas. We establish the relevant variation formulas for (1.2). Accordingly, we adapt
some notation of Section 2.3 to the sub-Riemannian setting. If ® is a variation and & is as in (2.7), we set

0

X(q) = X(0,q9), Z(q) = ol

X (1, q9) + (VxX) (¢) for any ¢ € H",

where in the above definition V is the pseudohermitian connection (3.1). According to the Riemannian
terminology, we call X and Z respectively variational velocity field and variational acceleration field of ®. If
a hypersurface S is fixed, we say that a variation is non-characteristic whenever SN K(®) € S\ Sp. In the
next result, we restrict ourselves to consider non-characteristic variations of closed hypersurfaces. If instead
one computes variations on non-compact hypersurfaces, it suffices to restrict the relevant functionals to K (®).

Theorem 3.14. Let S C H" be an embedded, closed, two-sided hypersurface of class C*. Let S\ Sy be
smooth. Fix a function f : R — R which is smooth in a neighborhood of {HH(p) ipeE S\So}. Let @
be a non-characteristic variation. Denote by X and Z its velocity and acceleration respectively. Define

e =(X,v+al),
Y= <Z,V+04T>72(X7QOU)<,07<VX_<PV(X7§0V),I/+O£T>720&0<X,J(V)>.

Set
2
AP = ] AP @A), RS = | AP ().
Then
(331) SHFS e = 67O = [ (T () + S ) o™

(3.32) 52H(S) (@] = 6A(S) 0] + /S oL pdo™,
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where L™ is the self-adjoint operator defined on S\ Sy by
L =T (f"(H™)T )
+2div?S (f{(HM AT (VS 0)) + Af/ (HMST(v) — (f(HMH™ + f(H™)) A5
+daf (HY) (W (V50, 1(0) = BRIW)e) — 4" () (7 (VWS HY, VS0) + Spd () H)
+ (f//(HH)HH _ 2f/(H7-L)) <VH,SHH’ VH’SQO>
+of (HY) (2 trace <<h”>3> + 1207 (V7S0, J(1)) + 88a + 6h7 (J(v), J(v))a® + 2H”a2)
o (FOHM) (HM)? = (25 (HMHY + f(H) (P + 4T (v)a + (2 + 2)a?) ).
Here J" and A™ are the horizontal Jacobi operator and the horizontal shape operator (cf. Section 3.2).
Proof. Fix € > 0. Set jf;c fS ) do®. Then

(% 15),(3.18) e2Sa V1+e2a? |
HF ( = + 3 do,
1+52a2 (1+4¢e2a2)2 ) evVl+a?
(3.5)
= / f (H"H)
S

Therefore, by (3.33) and since ® is supported on S\ Sy, we infer that
H _ 1 £ 2 H 1 2 €
(3:34) SHTUS)O) = lmm b AF(S)[A]. 0 A7HS)[] = lim e A7 (S)[@).

(3.33)

do?.
a2

Set ¢® = (X, N¥)_. Then, by (2.43),
6.5 (S)[®] = /5 (F/(F2) (-5 — & (10" + Ric*(N°, N%))) + o f(H) H?) ”\}1%5:;‘2 do.
Notice that
(X, v) ea (X, eT), B (X,v) a(X,T), B %
Vi+e2a?  Vi4e2a2  Vi+e2a?2  Vi+e2a2  V1+e2a?
Therefore, (3.25) implies that

908 = <X7 N8> =

P — o, A= SQOE — AH’SQO uniformly on S.

e—0 e—0
Then, by (3.34) and recalling (3.19) and (3.22), (3.31) follows. Next, we prove (3.32). Set
.
1 +e2a2
and denote by Z° the acceleration of ® with respect to V°. By (2.44),

XTe =X — o°N°* =X — (y + EQaT) ,

25 (S)[@] = 045 (S) [(Z]s,N°), — 2XT0% 4 he (XT, XT#)] + /S o T° (f"(H?)T* ") do®
+ /S 20° div®® (f'(H?)A® (V99¢%)) do® — /S o (f'(H*)H® + f(HF)) A" do®
_/Swfn(Ha)ha (VS HE, VoS 9) dga+/swa (F(HOYH® — 2f (7)) (VS . V5°)_do®
+ /S (%) f’(H€)<2trace ((h€)3) — 2 (hf,C5(N?, N¥)) — (V& Ric®) (Na,N‘f)) do*
+ /S (%) (f(HE) (H®)? — (2f'(H®)H® + f(HF)) (|h°|* + Ric*(N°, N¥)) ) do®.

Denote the terms on the right-hand side by I¢, ..., VIII®. First,
 (X',v+aT), (3.7) (Z,v+aT), 2(X,eT),

%X, N°© + .
izoa T N P - :

(Z°,IN°),



VARIATION FORMULAS FOR MEAN CURVATURE FUNCTIONALS

Moreover, X — v € T'(T'S), and

—oXTep = —2 <X — H% (v+ 52aT)> <\/1_fw> — —2(X—pv)p uniformly on S.
In addition,
€ Te Te € Te € (3.7) Te € 2 <XT’6’8T>E €
B (X7, XTE) = = (Ve X7 NG 1= — (Vyene X9 N = 2= (X)), NF),
Therefore
€ € 15 T.e Te\ __ <Z7 v+ aT>1 T,e € 2 <J(X)’ Ne)g T,e
(Z°,N°),_ + h® (X15, XT*) = ﬁ%vﬂ,sx N+ === (X =XT5eT),
e 4<Z7 v + aT>1 - <VXT,5XT787 N6> + 20[906 <J(X)’ Na>6
V1 4+ e2a2 € V1 + 202
j) <Za v+ OéT>1 - <VX—QOV (X - 907/) VA 04T>1 - 20“10 <X7 J(V)>
€

uniformly on S. By the first part of the proof, we conclude that
el — 5%7’[(5) |:<Z’ v+ OéT>1 -9 (X — QOV) P — <fo@y (X - QOV) ,V+ aT> — 2a<,0 <X7 J(V)>:| .
e—0 !
Moreover, by (3.26),
ll® = 5/ J(H)T*F T°" do® — / [IHM T THe do™ = / o T (f"(H™) T ™) do™.
g e—> S S
Next,
STITE = —E/ 2fI(H5)hs (VE,SSDE, VE,S()OE) dot
S
(3.21) _/ 2f,(HH)(;LH (VS V150 + 2J(I/)SDS<P> do™
e—0 S
(34 _ /S 2(f/(H")A" (Vo) , VP 50) do™ — /S4f’(HH)J(V)<pSsO do™
(:527)4328) / 2¢divH’S <f/(HH)AH (VH,SSO)) do™ + / 4g0af/(HH)hH (vH,S% J(y)) do™
IS S

- / dpJ (W) f"(HMSHM do™ + / dpf' (HMSJ(v)p,do™ — / dpaf (HHYHM™ J(1)pdo™
S S S

w

@9 / 20 divHS (f/(H?) A (V5 0)) do™ + / dgaf (HM) (W (TS0, 1(v) = BRI (v)p) do™
S S

- / 4pJ (W) f"(HMSH™ do™ + / dof (HMSJ(v)p,do’™.
S S
Moreover,
Ve — = [ (f/(HM)HM 4 f(H™)) A%Spdo™.
E— S
In addition,

v (3.2(1]2 _/ s " (HM) (BH (VHSH?, VHS0) + J(v)pSHM + SwJ(v)HH) do™.
e— S

Moreover,

cVIE m ) © (f//(H'H)H'H _ 2f/(H'H)) <VH’SHH, V,H’S§0> dO’H.

Furthermore, by (3.30),

31

~ 3 ~ ~
VIE — [ Q™) (2 trace ((h”) > +120% (VS a, J(1)) +8Sa+6hM (I (v), J(V))a2+2H”Ha2) do™.
E—r S

Finally, by (3.22),

VIE — [ 2 (f(H”) (H™)? = (2f (H™ HY + f(HM)) (Wﬂ? 4T (W)a + (2n + 2)a2) ) do™.

S
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The thesis follows combining the above computations. (|
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