
VARIATION FORMULAS FOR MEAN CURVATURE FUNCTIONALS

SIMONE VERZELLESI

Abstract. We establish first and second variation formulas for general mean curvature functionals under arbi-
trary variations in arbitrary Riemannian manifolds. We obtain corresponding formulas in the sub-Riemannian
Heisenberg group through a Riemannian approximation scheme.

1. Introduction

Let M be a Riemannian manifold and let S ⊆M be a smooth, embedded, closed, two-sided hypersurface.
In this paper, we consider geometric functionals of the form

(1.1) Hf (S) =

∫
S
f(H) dS,

where H denotes the mean curvature of S and f : R → R is a smooth function. Our main purpose is to
establish first and second variation formulas ofHf under arbitrary smooth variations. We refer to Theorem 2.8
for a summary of the main outcomes in this regard.

Under additional constraints on the ambient manifold, on the class of variations or on the curvature
functional, such variation formulas are well-known and appear in several different contexts. When f ≡ 1,
(1.1) boils down to the area functional, for which variation formulas are available in great generality [34].
Other natural choices of f specialize (1.1) to relevant curvature energies, such as the Willmore energy, the
total mean curvature and the total inverse mean curvature. Variation formulas for these and more general
curvature functionals have typically been addressed within very specific frameworks, for instance allowing
for restricted classes of variations [22, 30], or imposing additional geometric constraints on the ambient
manifold [18, 22, 30, 32]. However, to the best of our knowledge, a general formula simultaneously allowing
an arbitrary mean curvature functional, arbitrary variations, and an arbitrary ambient manifold does not
seem to be available. Our first purpose is to provide such a formula, both at first and (most importantly) at
second order.

Variation formulas are natural tools when addressing geometric variational problems. The first variation
identifies the corresponding Euler-Lagrange equation, while the second variation provides the relevant stability
information. Besides the obvious role played by such variational tools in connection with the isoperimetric
problem [3, 5, 6, 16], more general mean curvature functionals arise e.g. in connection with the establishment
of sharp geometric inequalities of Minkowski [14, 23, 26], Willmore [1, 9, 10, 11], and Heintze-Karcher [24, 27,
35, 36] type. Accordingly, general variation formulas provide a unified framework for these problems, while
allowing the resulting identities to be adapted to the specific geometry under consideration.

The derivation of the variation formulas, inspired by the approach proposed in [34] and carried out in
Section 2, is based on a direct analysis of the pointwise evolution of the relevant geometric quantities. After
introducing the basic preliminaries about hypersurfaces and variations, we establish a computational lemma
for iterated covariant derivatives, which provides the main technical tool for the subsequent calculations.
We then describe how the basic geometric quantities associated with the evolving hypersurface change along
the variation. More precisely, we derive first and second order formulas for the induced Jacobian, the unit
normal, the second fundamental form, and the mean curvature. While the corresponding first-order identities
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are well-known, their second-order counterparts, in the general setting considered here, constitute the main
computational step of the argument. These pointwise identities are then combined with the area formula
and integrated over the reference hypersurface, leading to the first and second variation formulas for (1.1).
Throughout the argument, no assumptions are imposed on the curvature of the ambient manifold, and the
variation is allowed to have both tangential and normal components.

As a second main result, we exploit the Riemannian machinery to establish corresponding sub-Riemannian
variation formulas. Namely, we focus on the sub-Riemannian Heisenberg group Hn, a suitable stratified
Lie group which provides the prototypical model within sub-Riemannian [2, 7] and pseudohermitian [12]
geometries. In this framework, a general mean curvature functional takes the form

(1.2) H H
f (S) =

∫
S
f
(
HH) dσH,

where S is an embedded, closed hypersurface, HH is its horizontal mean curvature and σH is its sub-
Riemannian surface measure. We refer to Section 3 for the related definitions, and to Theorem 3.14 for
the statement of the variation formulas.

Typically, sub-Riemannian geometry is determined by a distinguished distribution of admissible directions,
the horizontal distribution H, endowed with a metric defined a priori only along such directions. Accordingly,
both intrinsic and extrinsic geometric quantities are built from such horizontal geometry. The horizontal
geometry of a hypersurface may collapse when the horizontal distribution coincides with its tangent space,
i.e. in the presence of characteristic points. Nevertheless, a sub-Riemannian structure can be a posteriori
approximated by a suitable family of Riemannian metrics whose associated geometries converge, in a suitable
sense, to the sub-Riemannian one. Our approach to the sub-Riemannian problem is indeed inspired by the
above construction. Namely, following a well-established approach [8, 13, 20, 28, 31], we approximate the
sub-Riemannian structure (Hn,H, ⟨·, ·⟩) by means of a sequence of collapsing Riemannian structures(

Hn, ⟨·, ·⟩ε
)
, ε > 0.

For each approximating metric, the Riemannian variation formulas apply directly. The sub-Riemannian
formulas are then obtained by a careful limiting argument. To this aim, we restrict to consider variations
which do not move characteristic points. This procedure requires a detailed analysis of the convergence of
the geometric quantities entering the Riemannian formulas. We therefore study both ambient objects, such
as the curvature tensors of the approximating metrics, and quantities associated with the hypersurface, in
particular those built from its second fundamental form. A notable feature of the approximation is that,
although some of these quantities may diverge individually as ε→ 0, the specific combinations in which they
enter the variation formulas remain convergent through appropriate cancellations. This phenomenon is well
known in the Riemannian approximation of first and second variations of area [19, 31]. Here we show that it
persists for the more involved quantities arising from the second variation of the mean curvature.

2. Variation formulas for Riemannian mean curvature functionals

In this section, we establish first and second variation formulas for (1.1). Much of the notation and several
results are borrowed from [34]. We refer to [17] for a general account of Riemannian geometry.

2.1. Preliminaries. Here and hereafter, M is a fixed (n + 1)-dimensional Riemannian manifold for some
n ⩾ 1, ⟨·, ·⟩ is its Riemannian metric and ∇ is its Levi-Civita connection. In the following, Einstein’s
summation convention is assumed. Denote by R both the (3, 1) and the (4, 0) Riemann tensor, namely

R(A,B)C = ∇A∇BC−∇B∇AC−∇[A,B]C, R(A,B,C,D) = ⟨R(A,B)C,D⟩ , A,B,C,D ∈ Γ(TM).

If A,C ∈ Γ(TM) are fixed, denote by C the (2, 0)-tensor field defined by

C(A,C)(B,D) := R(A,B,C,D), B,D ∈ Γ(TM).

We recall that, if A,B,C,D ∈ Γ(TM), then

(∇ARic) (B,C) = − trace (∇AR) (B, ·,C, ·), (∇AR) (B,C,D,D) = 0.

Let p ∈M . Let x1, . . . , xn+1 be local coordinates in M near p. Write

R

(
∂

∂xi
,
∂

∂xj

)
∂

∂xk
= Rl

ijk

∂

∂xl
,

(
∇ ∂

∂xα

R
)( ∂

∂xi
,
∂

∂xj

)
∂

∂xk
= (∇R)lαijk

∂

∂xl
, α, i, j, k = 1, . . . , n+1.
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Notice that

(2.1) Rl
ijk =

∂Γl
jk

∂xi
−
∂Γl

ik

∂xj
+ Γm

jkΓ
l
im − Γm

ikΓ
l
jm, i, j, k, l = 1, . . . , n+ 1,

where Γk
ij are the Christoffel symbols. In particular, when x1, . . . , xn+1 are normal coordinates centered at p,

(2.2) Γk
ij(p) = 0 for any i, j, k = 1, . . . , n+ 1,

so that

(2.3) Rl
ijk(p) =

∂Γl
jk

∂xi
(p)−

∂Γl
ik

∂xj
(p) for any i, j, k, l = 1, . . . , n+ 1

and

(2.4) (∇R)lαijk (p) =
∂2Γl

jk

∂xα∂xi
(p)−

∂2Γl
ik

∂xα∂xj
(p) for any α, i, j, k, l = 1, . . . , n+ 1.

2.2. Hypersurfaces. Throughout this section, S ⊆ M is a smooth, embedded, closed, two-sided hypersur-
face. Denote by N a (globally defined) unit normal to S. If A ∈ Γ(TM), denote by AT its orthogonal
projection onto TS. Denote by A and h the shape operator and the second fundamental form, i.e.

A (A) = ∇AN, h(A,B) = ⟨A(A),B⟩ , A,B ∈ Γ(TS).

Denote by H the (non-averaged) mean curvature of S, and by ∇S the Levi-Civita connection of S. If B is a
(2, 0)-tensor field on S, set

Bt(A,B) := B(B,A), ⟨LB(A),B⟩ = B(A,B), A,B ∈ Γ(TS).

For any k ∈ N+, define

Bk(A,B) =
〈
Lk
B(A),B

〉
, A,B ∈ Γ(TS).

If B is symmetric, then Bk is symmetric. If p ∈ S and e1, . . . , en is an orthonormal basis of TpS, we write(
Bk
)
ij
:= Bk(ei, ej) =

n∑
l1,...,lk−1=1

Bil1Bl!l2 · · ·Blk−1lk−1
Blk−1j , i, j = 1, . . . , n.

If A,B,C ∈ Γ(TS), the traced Codazzi equation reads as(
divS h

)
(A) = AH +Ric(A,N)(2.5)

We will make use of the following consequence of the traced Codazzi equation (2.5).

Lemma 2.1. Let A ∈ Γ(TM). Then

(2.6)
〈
h,∇SA

〉
+Ric(A,N) = divS A

(
AT
)
−ATH + ⟨A,N⟩

(
|h|2 +Ric(N,N)

)
.

Proof. Let p ∈ S. Let E1, . . . ,En be a geodesic frame of S at p. Then〈
h,∇SA

〉
=

n∑
i,j=1

h(Ei,Ej)Ei ⟨A,Ej⟩ −
n∑

i,j=1

h(Ei,Ej) ⟨A,∇EiEj⟩

=

n∑
i,j=1

Ei (h(Ei,Ej) ⟨A,Ej⟩)−
n∑

i,j=1

Ei (h(Ei,Ej)) ⟨A,Ej⟩ − ⟨A,N⟩
n∑

i,j=1

h(Ei,Ej) ⟨N,∇EiEj⟩

=

n∑
i=1

Ei

(
h
(
Ei,A

T
))

−
n∑

i,j=1

(
∇S

Ei
h
)
(Ei,Ej) ⟨A,Ej⟩+ ⟨A,N⟩ |h|2

= divS A
(
AT
)
−
(
divS h

) (
AT
)
+ ⟨A,N⟩ |h|2.

Therefore〈
h,∇SA

〉
+Ric(A,N) = divS A

(
AT
)
−
(
divS h

) (
AT
)
+Ric

(
AT ,N

)
+ ⟨A,N⟩

(
|h|2 +Ric(N,N)

)
(2.5)
= divS A

(
AT
)
−ATH + ⟨A,N⟩

(
|h|2 +Ric(N,N)

)
.

□
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2.3. Variations. A variation is a smooth map Φ : I ×M → M , where I ⊆ R is any open neighborhood of
0, such that:

• p 7→ Φ(t, p) is a diffeomorphism for any t ∈ I;
• Φ(0, p) = p for any p ∈M .

We adopt the notation Φt(p) := Φ(t, p). A variation is compactly supported if Φt(p) = p outside a compact
set K(Φ). In the following, we tacitly assume that a variation is compactly supported. This is clearly not
restrictive when computing variations of a closed hypersurface. Nevertheless, closedness is assumed just for
the sake of simplicity: the forthcoming variation formulas would clearly hold as well provided the variation is
supported far from the boundary of the reference hypersurface. Define the time-dependent vector field X by

(2.7) X (t, q) =
∂

∂s

∣∣∣∣
s=0

(
Φs+t ◦ Φ−1

t

)
(q) for any t ∈ I and q ∈M .

Define

X(q) = X (0, q), X′(q) =
∂

∂t

∣∣∣∣
t=0

X (t, q), Z(q) =
(
X′ +∇XX

)
(q) for any q ∈M .

The vector fields X and Z are known as variational velocity field and variational acceleration field of Φ. We
point out that, while the velocity depends only on the underlying differential structure, the acceleration does
depend on the metric via the connection term ∇XX. Fix φ ∈ C∞(S) and XT ∈ Γ(TS) such that

X|S = XT + φN.

When XT ≡ 0, Φ is called normal variation. Set St := Φt(S) for any t ∈ I. If p ∈ S is fixed, set βp(t) := Φt(p)
for every t ∈ I. If there is no ambiguity, we write β = βp. By definition, β(t) ∈ St for every t ∈ I. Moreover,

X (t, β(t)) = X (t,Φt(p)) =
∂

∂s

∣∣∣∣
s=0

Φs+t(p) =
∂

∂s

∣∣∣∣
s=t

Φs(p) = β̇(t) for any t ∈ I.

Therefore, Φ is the (time-dependent) flow of X . For any t ∈ I, denote by N (t, ·) a smooth choice of arbitrary
local extensions, around St, of unit normals to St, in such a way that N (0, q) = N(q) locally around S.
Moreover, if p ∈ S, denote by Ht (Φt(p)) the mean curvature of St at Φt(p). When p ∈ S is fixed and local
coordinates x1, . . . , xn+1 around p are given, we will write

X (t, q) = ai(t, q)
∂

∂xi

∣∣∣∣
q

, N (t, q) = ck(t, q)
∂

∂xk

∣∣∣∣
q

and

X(q) = Xi(q)
∂

∂xi

∣∣∣∣
q

, X′(q) =
(
X ′)i (q) ∂

∂xi

∣∣∣∣
q

, N(q) = N i(q)
∂

∂xi

∣∣∣∣
q

.

Notice that, by definition,

Xi(q) = ai(0, q), (X ′)i(q) =
∂

∂t

∣∣∣∣
t=0

ai(t, q), N i(q) = ci(0, q).

We denote by D
dt the covariant derivative operator, along β, induced by ∇. We recall that

(2.8)
D

dt

(
f j(t)

∂

∂xj

∣∣∣∣
β(t)

)
= ḟ i(t)

∂

∂xj

∣∣∣∣
β(t)

+ ai(t, β(t))f j(t)Γk
ij(β(t))

∂

∂xk

∣∣∣∣
β(t)

.

Finally, when p ∈ S and e ∈ TpS are fixed, we set

(2.9) E(t) := (dΦt) |p(e) for every t ∈ I.

E is a vector field along β, and E(t) ∈ Tβ(t)St for every t ∈ I. In local coordinates around p, we write

E(t) = bj(t)
∂

∂xj

∣∣∣∣
β(t)

Fix p ∈ S. Let e1, . . . , en be an orthonormal basis of TpS. The Jacobian of Φt|S at p is defined by

Jac (Φt|S) (p) :=
√
detG(t)
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where the symmetric matrix G is defined by

(2.10) G(t)ij := ⟨Ei(t), Ej(t)⟩, i, j = 1, . . . , n.

If p ∈ S and we fix local coordinates x1, . . . , xn+1 in a neighborhood of p, say U , the continuity of Φ ensures
that Φt(q) ∈ U for any t small and any q sufficiently close to p. We will tacitly assume this.

2.4. A computational lemma. The following technical lemma is the main computational tool used below.

Lemma 2.2. Let p ∈ M . Let x1, . . . , xn+1 be local coordinates in M near p. Let A,B,C,D ∈ Γ(TM).
Then, near p,

∇A∇BC = AαBβ

(
∂2Cγ

∂xα∂xβ

∂

∂xγ
+
∂Cγ

∂xα
Γδ
βγ

∂

∂xδ
+ Cγ

∂Γδ
αγ

∂xβ

∂

∂xδ
+
∂Cγ

∂xβ
Γδ
αγ

∂

∂xδ
+ CγΓδ

αγΓ
η
βδ

∂

∂xη

)

+Aα∂B
β

∂xα

(
∂Cγ

∂xβ

∂

∂xγ
+ CγΓδ

βγ

∂

∂xδ

)
+R(A,B)C.

(2.11)

Assume in addition that x1, . . . , xn+1 are normal coordinates centered at p. Then, at p,

∇A∇BC = R(A,B)C+AαBβCγ
∂Γδ

αγ

∂xβ

∂

∂xδ
+AαBβ ∂2Cγ

∂xα∂xβ

∂

∂xγ
+Aα∂B

β

∂xα

∂Cγ

∂xβ

∂

∂xγ
(2.12)

and

∇A∇B∇CD = (∇BR) (A,C)D+R(A,B)∇CD+R(A,C)∇BD+R(A,∇BC)D+R(∇AB,C)D

+AαBβ

(
∂2Cδ

∂xα∂xβ

∂Dγ

∂xδ
+
∂Cδ

∂xβ

∂2Dγ

∂xα∂xδ
+
∂Cδ

∂xα

∂2Dγ

∂xβ∂xδ
+ Cδ ∂3Dγ

∂xα∂xβ∂xδ

)
∂

∂xγ

+AαBβ

(
Cη ∂D

δ

∂xη

∂Γγ
αδ

∂xβ
+
∂Cδ

∂xβ
Dη ∂Γ

γ
αη

∂xδ
+ Cδ ∂D

η

∂xβ

∂Γγ
αη

∂xδ
+
∂Cδ

∂xα
Dη

∂Γγ
δη

∂xβ
+ Cδ ∂D

η

∂xα

∂Γγ
δη

∂xβ

)
∂

∂xγ

+AαBβCδDη ∂
2Γγ

αη

∂xβ∂xδ

∂

∂xγ
+Aα∂B

β

∂xα

(
∂Cδ

∂xβ

∂Dγ

∂xδ
+ Cδ ∂2Dγ

∂xβ∂xδ
+ CδDη

∂Γγ
βη

∂xδ

)
∂

∂xγ
.

(2.13)

Proof. By a direct computation, near p,

∇A∇BC = Aα∇ ∂
∂xα

(
Bβ∇ ∂

∂xβ

(
Cγ ∂

∂xγ

))
= AαBβ∇ ∂

∂xα

(
∇ ∂

∂xβ

(
Cγ ∂

∂xγ

))
+Aα∂B

β

∂xα
∇ ∂

∂xβ

(
Cγ ∂

∂xγ

)
= AαBβ∇ ∂

∂xα

(
∂Cγ

∂xβ

∂

∂xγ
+ CγΓδ

βγ

∂

∂xδ

)
+Aα∂B

β

∂xα

(
∂Cγ

∂xβ

∂

∂xγ
+ CγΓδ

βγ

∂

∂xδ

)
= AαBβ

(
∂2Cγ

∂xα∂xβ

∂

∂xγ
+
∂Cγ

∂xα
Γδ
βγ

∂

∂xδ
+ Cγ

∂Γδ
βγ

∂xα

∂

∂xδ
+
∂Cγ

∂xβ
Γδ
αγ

∂

∂xδ
+ CγΓδ

βγΓ
η
αδ

∂

∂xη

)

+Aα∂B
β

∂xα

(
∂Cγ

∂xβ

∂

∂xγ
+ CγΓδ

βγ

∂

∂xδ

)
.

Since

AαBβCγ

(
∂Γδ

βγ

∂xα

∂

∂xδ
+ Γδ

βγΓ
η
αδ

∂

∂xη

)
= AαBβCγ

(
∂Γδ

βγ

∂xα
+ Γη

βγΓ
δ
αη

)
∂

∂xδ

(2.1)
= R(A,B)C+AαBβCγ

(
∂Γδ

αγ

∂xβ
+ Γη

αγΓ
δ
βη

)
∂

∂xδ
,

then (2.11) follows. Moreover, (2.12) follows by (2.11) and (2.2). Finally, at p,

∇A∇B∇CD = ∇A∇B (∇CD)

(2.12)
= R(A,B)∇CD+AαBβ (∇CD)γ

∂Γδ
αγ

∂xβ

∂

∂xδ
+AαBβ ∂

2 (∇CD)γ

∂xα∂xβ

∂

∂xγ
+Aα∂B

β

∂xα

∂ (∇CD)γ

∂xβ

∂

∂xγ
.
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Fix α, β, γ = 1, . . . , n+ 1. Recall that

(∇CD)γ = Cδ ∂D
γ

∂xδ
+ CδDηΓγ

δη.

Then, at p,

∂ (∇CD)γ

∂xβ
=
∂Cδ

∂xβ

∂Dγ

∂xδ
+ Cδ ∂2Dγ

∂xβ∂xδ
+
∂Cδ

∂xβ
DηΓγ

δη + Cδ ∂D
η

∂xβ
Γγ
δη + CδDη

∂Γγ
δη

∂xβ

(2.2)
=

∂Cδ

∂xβ

∂Dγ

∂xδ
+ Cδ ∂2Dγ

∂xβ∂xδ
+ CδDη

∂Γγ
δη

∂xβ
,

and moreover

∂2 (∇CD)γ

∂xα∂xβ

(2.2)
=

∂2Cδ

∂xα∂xβ

∂Dγ

∂xδ
+
∂Cδ

∂xβ

∂2Dγ

∂xα∂xδ
+
∂Cδ

∂xα

∂2Dγ

∂xβ∂xδ
+ Cδ ∂3Dγ

∂xα∂xβ∂xδ

+
∂Cδ

∂xβ
Dη

∂Γγ
δη

∂xα
+ Cδ ∂D

η

∂xβ

∂Γγ
δη

∂xα
+
∂Cδ

∂xα
Dη

∂Γγ
δη

∂xβ
+ Cδ ∂D

η

∂xα

∂Γγ
δη

∂xβ
+ CδDη

∂2Γγ
δη

∂xα∂xβ
.

Therefore

∇A∇B∇CD = R(A,B)∇CD+AαBβCη ∂D
γ

∂xη

∂Γδ
αγ

∂xβ

∂

∂xδ

+AαBβ

(
∂2Cδ

∂xα∂xβ

∂Dγ

∂xδ
+
∂Cδ

∂xβ

∂2Dγ

∂xα∂xδ
+
∂Cδ

∂xα

∂2Dγ

∂xβ∂xδ
+ Cδ ∂3Dγ

∂xα∂xβ∂xδ

)
∂

∂xγ

+AαBβ

(
∂Cδ

∂xβ
Dη

∂Γγ
δη

∂xα
+ Cδ ∂D

η

∂xβ

∂Γγ
δη

∂xα

)
∂

∂xγ︸ ︷︷ ︸
I

+AαBβ

(
∂Cδ

∂xα
Dη

∂Γγ
δη

∂xβ
+ Cδ ∂D

η

∂xα

∂Γγ
δη

∂xβ

)
∂

∂xγ

+AαBβCδDη
∂2Γγ

δη

∂xα∂xβ

∂

∂xγ︸ ︷︷ ︸
II

+Aα∂B
β

∂xα

(
∂Cδ

∂xβ

∂Dγ

∂xδ
+ Cδ ∂2Dγ

∂xβ∂xδ

)
∂

∂xγ
+Aα∂B

β

∂xα
CδDη

∂Γγ
δη

∂xβ

∂

∂xγ︸ ︷︷ ︸
III

.

Since

I
(2.3)
= R(A,∇BC)D+AαBβ ∂C

δ

∂xβ
Dη ∂Γ

γ
αη

∂xδ

∂

∂xγ
+R(A,C)∇BD+AαBβCδ ∂D

η

∂xβ

∂Γγ
αη

∂xδ

∂

∂xγ
,

II = AαBβCδDη
∂2Γγ

δη

∂xβ∂xα

∂

∂xγ

(2.4)
= (∇BR) (A,C)D+AαBβCδDη ∂

2Γγ
αη

∂xβ∂xδ

∂

∂xγ
,

III
(2.3)
= R(∇AB,C)D+Aα∂B

β

∂xα
CδDη

∂Γγ
βη

∂xδ

∂

∂xγ

then (2.13) follows. □

2.5. Pointwise variations. In this section we deduce the pointwise evolution of the relevant geometric
quantities. The first lemma (cf. [34, Lemma 1.13] and [34, Lemma 1.22]) describes the behavior of E.

Lemma 2.3. Let p ∈ S. Let e ∈ TpS. Then

D

dt

∣∣∣∣
t=0

E(t) = ∇eX;(2.14)

D2

dt2

∣∣∣∣
t=0

E(t) = ∇eZ+R(X, e)X.(2.15)

By Lemma 2.3, we can compute the evolution of the Jacobian of Φ. Lemma 2.4 is surely well-known (cf.
[34, Theorem 1.11] and [34, Theorem 1.21]). We include its proof for the sake of completeness.
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Lemma 2.4. Let p ∈ S. Then

d

dt

∣∣∣∣
t=0

Jac (Φt|S) (p) = φH + divS XT ,(2.16)

d2

dt2

∣∣∣∣
t=0

Jac (Φt|S) (p) =
(
divS X

)2 − 〈∇SX,
(
∇SX

)t〉− Ric(X,X)− R(XT ,N,XT ,N)(2.17)

+
∣∣∇Sφ

∣∣2 − 2h
(
∇Sφ,XT

)
+ h2

(
XT ,XT

)
+ divS Z.

In particular, if Φ is a normal variation,

d2

dt2

∣∣∣∣
t=0

Jac (Φt|S) (p) = φ2H2 − φ2|h|2 − φ2Ric(N,N) +
∣∣∇Sφ

∣∣2 + divS Z.(2.18)

Proof. Since G(t) has full rank for every t sufficiently small, Jacobi’s formula grants that, for any such t,

ddetG(t)
dt

= detG(t) trace
(
G(t)−1dG(t)

dt

)
,

whence
d

dt
Jac (Φt|S) (p) =

1

2
Jac (Φt|S) (p) trace

(
G(t)−1dG(t)

dt

)
.

Recalling that G(0)ij = δij for i, j = 1, . . . , n by construction,

d

dt

∣∣∣∣
t=0

Jac (Φt|S) (p) =
1

2
trace

(
d

dt

∣∣∣∣
t=0

G(t)
)

(2.14)
=

n∑
i=1

⟨∇eiX, ei⟩ = divS X.

Since
divS X = divS (φN) + divS XT = φH + divS XT ,

(2.16) follows. Moreover, since

(2.19)
dG(t)−1

dt
= −G(t)−1dG(t)

dt
G(t)−1,

then

d2

dt2

∣∣∣∣
t=0

Jac (Φt|S) (p)
(2.16)
=

(
divS X

)2
+

1

2
trace

(
−
(
d

dt

∣∣∣∣
t=0

G(t)
)2
)

︸ ︷︷ ︸
I

+
1

2
trace

(
d2

dt2

∣∣∣∣
t=0

G(t)
)

︸ ︷︷ ︸
II

.

First,

I =
(2.14)
= −1

2

n∑
i,j=1

(
⟨∇eiX, ej⟩+

〈
∇ejX, ei

〉)2
= −

n∑
i,j=1

⟨∇eiX, ej⟩
2 −

n∑
i,j=1

⟨∇eiX, ej⟩
〈
∇ejX, ei

〉
.

Moreover,

II
(2.14),(2.15)

=

n∑
i=1

⟨∇eiX,∇eiX⟩+
n∑

i=1

⟨∇eiZ+R(X, ei)X, ei⟩

=
n∑

i,j=1

⟨∇eiX, ej⟩
2 +

n∑
i=1

⟨∇eiX,N⟩2 + divS Z− Ric(X,X)− R(X,N,X,N)

=

n∑
i,j=1

⟨∇eiX, ej⟩
2 +

n∑
i=1

(
ei(φ)−

〈
A
(
XT
)
, ei
〉)2

+ divS Z− Ric(X,X)− R(XT ,N,XT ,N)

=

n∑
i,j=1

⟨∇eiX, ej⟩
2 +

∣∣∇Sφ
∣∣2 − 2h

(
∇Sφ,XT

)
+ h2

(
XT ,XT

)
+ divS Z− Ric(X,X)− R(XT ,N,XT ,N).

In this way, (2.17) follows. Finally, if Φ is a normal variation, then X = φN and XT = 0. In particular,

∇SX =
(
∇SX

)t
= φh, and (2.18) by (2.17). □

Define V (t) := N (t, β(t)). By definition, V is a vector field along β, and in particular V (t) is normal to St
at β(t) for every t ∈ I. V evolves as follows.
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Lemma 2.5. Let p ∈ S. Let e1, . . . , en be an orthonormal basis of TpS. Then

V ′(p) :=
D

dt

∣∣∣∣
t=0

V (t) = −∇Sφ+A
(
XT
)
;(2.20)

V ′′(p) :=
D2

dt2

∣∣∣∣
t=0

V (t) =
(
−
∣∣∇Sφ

∣∣2 − ∣∣A (XT
)∣∣2 + 2h

(
XT ,∇Sφ

))
N(2.21)

+
n∑

j=1

(
−
〈
N,∇ejZ+R(X, ej) X

T
〉
+ 2

〈
∇Sφ−A

(
XT
)
, φA(ej) +∇ej XT

〉)
ej .

Moreover, fix local coordinates x1, . . . , xn+1 in M near p, and set

N′(q) =
∂ck

∂t
(0, q)

∂

∂xk

∣∣∣∣
q

, N′′(q) =
∂2ck

∂t2
(0, q)

∂

∂xk

∣∣∣∣
q

locally around p.

Then, when q ∈ S is close to p,

N′(q) = V ′(q)−∇XN,(2.22)

N′′(q) = V ′′(q)− 2∇XN′ −∇X′N−∇X∇XN(2.23)

Proof. First, (2.20) follows by [34, Lemma 1.25]. We prove (2.21). As |V (t)| ≡ 1, then

(2.24)

〈
D

dt
V (t), V (t)

〉
≡ 0.

In particular, by (2.20) and (2.24),

〈
D2

dt2

∣∣∣∣
t=0

V (t), N|p
〉

=
d

dt

∣∣∣∣
t=0

〈
D

dt
V (t), V (t)

〉
−
∣∣V ′(p)

∣∣2 = −
∣∣∇Sφ

∣∣2 − ∣∣A (XT
)∣∣2 + 2h

(
XT ,∇Sφ

)
.

Let f ∈ TpS. Set F (t) := (dΦt) |p(f). Recall that F (t) is a vector field along β, and F (t) ∈ Tβ(t)St. Therefore

〈
D2

dt2

∣∣∣∣
t=0

V (t), f

〉
=

d

dt

∣∣∣∣
t=0

〈
D

dt
V (t), F (t)

〉
−
〈
D

dt

∣∣∣∣
t=0

V (t),
D

dt

∣∣∣∣
t=0

F (t)

〉
= − d

dt

∣∣∣∣
t=0

〈
V (t),

D

dt
F (t)

〉
−
〈
D

dt

∣∣∣∣
t=0

V (t),
D

dt

∣∣∣∣
t=0

F (t)

〉
= −

〈
N,

D2

dt2

∣∣∣∣
t=0

F (t)

〉
− 2

〈
D

dt

∣∣∣∣
t=0

V (t),
D

dt

∣∣∣∣
t=0

F (t)

〉
(2.14),(2.15),(2.20)

= −
〈
N,∇f

(
∇XX+X′)+R(X, f)X

〉
+ 2

〈
∇Sφ−A

(
XT
)
,∇fX

〉
= −

〈
N,∇fZ+R(X, f) XT

〉
+ 2

〈
∇Sφ−A

(
XT
)
, φA(f) +∇f XT

〉
.

In this way, (2.21) follows. Next we prove (2.22). Indeed, if q ∈ S is close to p,

D

dt

∣∣∣∣
t=0

N (t, βq(t))
(2.8)
=

∂ck

∂t
(0, q)

∂

∂xk

∣∣∣∣
q

+Xi(q)
∂Nk

∂xi
(q)

∂

∂xk

∣∣∣∣
q

+Xi(q)Nk(q)Γl
ik(q)

∂

∂xl

∣∣∣∣
q

= N′ +∇XN.
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Finally, for q close to p,

D2

dt2

∣∣∣∣
t=0

N (t, βq(t)) =
D2

dt2

∣∣∣∣
t=0

(
ck(t, βq(t))

∂

∂xk

∣∣∣∣
βq(t)

)

=
D

dt

∣∣∣∣
t=0

(
∂ck

∂t
(t, βq(t))

∂

∂xk

∣∣∣∣
βq(t)

+ ai(t, βq(t))
∂ck

∂xi
(t, βq(t))

∂

∂xk

∣∣∣∣
βq(t)

)

+
D

dt

∣∣∣∣
t=0

(
ai(t, βq(t))c

k(t, βq(t))Γ
l
ik(βq(t))

∂

∂xl

∣∣∣∣
βq(t)

)

= N′′(q) + 2Xi(q)
∂2ck

∂xi∂t
(0, q)

∂

∂xk

∣∣∣∣
q

+ 2Xi(q)
∂ck

∂t
(0, q)Γl

ik(q)
∂

∂xl

∣∣∣∣
q

+ (X ′)i(q)
∂Nk

∂xi
(q)

∂

∂xk

∣∣∣∣
q

+X l(q)
∂Xi

∂xl
(q)

∂Nk

∂xi
(q)

∂

∂xk

∣∣∣∣
q

+Xi(q)X l(q)
∂2Nk

∂xl∂xi
(q)

∂

∂xk

∣∣∣∣
q

+ 2Xi(q)X l(q)
∂Nk

∂xi
(q)Γm

lk(q)
∂

∂xm

∣∣∣∣
q

+
(
X ′)i (q)Nk(q)Γl

ik(q)
∂

∂xl

∣∣∣∣
q

+Xm(q)
∂Xi

∂xm
(q)Nk(q)Γl

ik(q)
∂

∂xl

∣∣∣∣
q

+Xi(q)Xm(q)Nk(q)
∂Γl

ik

∂xm
(q)

∂

∂xl

∣∣∣∣
q

+Xi(q)Xm(q)Nk(q)Γl
ik(q)Γ

s
ml

∂

∂xs

∣∣∣∣
q

,

whence (2.23) follows by (2.11). □

Next, we describe the evolution of the shape operator. The following proof relies crucially on Lemma 2.2.

Lemma 2.6. Let p ∈ S. Let e ∈ TpS. Then

D

dt

∣∣∣∣
t=0

(
∇E(t)N (t, ·)

∣∣
β(t)

)
= ∇eV

′ +R(X, e)N,(2.25)

D2

dt2

∣∣∣∣
t=0

(
∇E(t)N (t, ·)

∣∣
β(t)

)
= ∇eV

′′ +R(X,∇eX)N+ 2R(X, e)V ′ +R(Z, e)N+ (∇XR) (X, e)N,(2.26)

where V ′ and V ′′ are given respectively by (2.20) and (2.21).

Proof. Consider local normal coordinates x1, . . . , xn+1 centered at p. Since E(t) ∈ Tβ(t)St, then

∇E(t)N (t, ·)
∣∣
β(t)

= bj(t)
∂ck

∂xj
(t, β(t))

∂

∂xk

∣∣∣∣
β(t)

+ bj(t)ck(t, β(t))Γl
jk(β(t))

∂

∂xl

∣∣∣∣
β(t)

.

Therefore

D

dt

(
∇E(t)N (t, ·)

∣∣
β(t)

)
= ḃj(t)

∂ck

∂xj
(t, β(t))

∂

∂xk

∣∣∣∣
β(t)

+ bj(t)
∂2ck

∂t∂xj
(t, β(t))

∂

∂xk

∣∣∣∣
β(t)

+ ai(t, β(t))bj(t)
∂2ck

∂xi∂xj
(t, β(t))

∂

∂xk

∣∣∣∣
β(t)

+ ai(t, β(t))bj(t)
∂ck

∂xj
(t, β(t))Γl

ik(β(t))
∂

∂xl

∣∣∣∣
β(t)

+ ḃj(t)ck(t, β(t))Γl
jk(β(t))

∂

∂xl

∣∣∣∣
β(t)

+ bj(t)
∂ck

∂t
(t, β(t))Γl

jk(β(t))
∂

∂xl

∣∣∣∣
β(t)

+ ai(t, β(t))bj(t)
∂ck

∂xi
(t, β(t))Γl

jk(β(t))
∂

∂xl

∣∣∣∣
β(t)

+ ai(t, β(t))bj(t)ck(t, β(t))
∂Γl

jk

∂xi
(β(t))

∂

∂xl

∣∣∣∣
β(t)

+ ai(t, β(t))bj(t)ck(t, β(t))Γl
jk(β(t))Γ

m
il (β(t))

∂

∂xm

∣∣∣∣
β(t)

.

(2.27)
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In particular, by (2.2),

D

dt

∣∣∣∣
t=0

(
∇E(t)N (t, ·)

∣∣
β(t)

)
= ḃj(0)

∂Nk

∂xj
(p)

∂

∂xk

∣∣∣∣
p

+ ej
∂2ck

∂t∂xj
(0, p)

∂

∂xk

∣∣∣∣
p

+Xi(p)ej
∂2Nk

∂xi∂xj
(p)

∂

∂xk

∣∣∣∣
p

+Xi(p)ejNk(p)
∂Γl

jk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

.

Observe that

(2.28) ḃi(0)
∂

∂xi

∣∣∣∣
p

(2.2)
=

D

dt

∣∣∣∣
t=0

E(t)
(2.14)
= ∇eX

(2.2)
=

∂Xi

∂xj
(p)ej

∂

∂xi

∣∣∣∣
p

,

whence (2.25) follows by

D

dt

∣∣∣∣
t=0

(
∇E(t)N (t, ·)

∣∣
β(t)

)
=
∂Xi

∂xj
(p)ej

∂Nk

∂xi
(p)

∂

∂xk

∣∣∣∣
p

+ ej
∂2ck

∂xj∂t
(0, p)

∂

∂xk

∣∣∣∣
p

+Xi(p)ej
∂2Nk

∂xi∂xj
(p)

∂

∂xk

∣∣∣∣
p

+Xi(p)ejNk(p)
∂Γl

jk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

(2.12)
= ej

∂2ck

∂xj∂t
(0, p)

∂

∂xk

∣∣∣∣
p

+∇e∇XN− R(e,X)N

(2.2)
= ∇eN

′ +∇e∇XN− R(e,X)N

(2.22)
= ∇eV

′ − R(e,X)N.

We prove (2.26). By (2.27) and (2.2),

D2

dt2

∣∣∣∣
t=0

(
∇E(t)N (t, ·)

∣∣
β(t)

)
= b̈j(0)

∂Nk

∂xj
(p)

∂

∂xk

∣∣∣∣
p

+ 2ḃj(0)
∂2ck

∂xj∂t
(0, p)

∂

∂xk

∣∣∣∣
p

+ 2Xi(p)ḃj(0)
∂2Nk

∂xi∂xj
(p)

∂

∂xk

∣∣∣∣
p

+ ej
∂3ck

∂xj∂t2
(0, p)

∂

∂xk

∣∣∣∣
p

+ 2Xi(p)ej
∂3ck

∂xi∂xj∂t
(0, p)

∂

∂xk

∣∣∣∣
p

+ (X ′)i(p)ej
∂2Nk

∂xi∂xj
(p)

∂

∂xk

∣∣∣∣
p

+X l(p)
∂Xi

∂xl
(p)ej

∂2Nk

∂xi∂xj
(p)

∂

∂xk

∣∣∣∣
p

+Xi(p)X l(p)ej
∂3Nk

∂xl∂xi∂xj
(p)

∂

∂xk

∣∣∣∣
p

+Xi(p)Xm(p)ej
∂Nk

∂xj
(p)

∂Γl
ik

∂xm
(p)

∂

∂xl

∣∣∣∣
p

+ 2Xi(p)ḃj(0)Nk(p)
∂Γl

jk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

+ 2Xi(p)ej
∂ck

∂t
(0, p)

∂Γl
jk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

+ 2Xi(p)Xm(p)ej
∂Nk

∂xi
(p)

∂Γl
jk

∂xm
(p)

∂

∂xl

∣∣∣∣
p

+ (X ′)i(p)ejNk(p)
∂Γl

jk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

+Xm(p)
∂Xi

∂xm
(p)ejNk(p)

∂Γl
jk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

+Xi(p)Xm(p)ejNk(p)
∂2Γl

jk

∂xm∂xi
(p)

∂

∂xl

∣∣∣∣
p

.

Notice that

D2

dt2

∣∣∣∣
t=0

E(t)
(2.8)
=

D

dt

∣∣∣∣
t=0

(
ḃj(t)

∂

∂xj

∣∣∣∣
β(t)

+ ai(t, β(t))bj(t)Γl
ij(β(t))

∂

∂xl

∣∣∣∣
β(t)

)
(2.2)
= b̈j(0)

∂

∂xj

∣∣∣∣
p

+Xi(p)Xm(p)ej
∂Γl

ij

∂xm
(p)

∂

∂xl

∣∣∣∣
p

=

(
b̈j(0) +Xi(p)Xm(p)el

∂Γj
il

∂xm
(p)

)
∂

∂xj

∣∣∣∣
p

.
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Therefore, by (2.2), (2.12), (2.15) and for any j = 1, . . . , n+ 1,

b̈j(0) = (∇e∇XX)j (p) +
(
∇eX

′)j (p) + (R(X, e)X)j (p)−Xi(p)Xm(p)el
∂Γj

il

∂xm
(p)

= elXi(p)Xm(p)
∂Γj

lm

∂xi
+ elXi(p)

∂2Xj

∂xl∂xi
(p) + el

∂Xi

∂xl
(p)

∂Xj

∂xi
(p) + el

∂(X ′)j

∂xl
(p)−Xi(p)Xm(p)el

∂Γj
il

∂xm
(p)

= elXi(p)
∂2Xj

∂xl∂xi
(p) + el

∂Xi

∂xl
(p)

∂Xj

∂xi
(p) + el

∂(X ′)j

∂xl
(p),

(2.29)

where the last equality follows by the symmetry of ∇. Then, by (2.28) and (2.29),

D2

dt2

∣∣∣∣
t=0

(
∇E(t)N (t, ·)

∣∣
β(t)

)
= elXi(p)

∂2Xj

∂xl∂xi
(p)

∂Nk

∂xj
(p)

∂

∂xk

∣∣∣∣
p

+ el
∂Xi

∂xl
(p)

∂Xj

∂xi
(p)

∂Nk

∂xj
(p)

∂

∂xk

∣∣∣∣
p

+ el
∂(X ′)j

∂xl
(p)

∂Nk

∂xj
(p)

∂

∂xk

∣∣∣∣
p

+ 2
∂Xi

∂xj
(p)ej

∂2ck

∂xi∂t
(0, p)

∂

∂xk

∣∣∣∣
p

+ 2Xi(p)
∂Xm

∂xj
(p)ej

∂2Nk

∂xi∂xm
(p)

∂

∂xk

∣∣∣∣
p

+ ej
∂3ck

∂xj∂t2
(0, p)

∂

∂xk

∣∣∣∣
p

+ 2Xi(p)ej
∂3ck

∂xi∂xj∂t
(0, p)

∂

∂xk

∣∣∣∣
p

+ (X ′)i(p)ej
∂2Nk

∂xi∂xj
(p)

∂

∂xk

∣∣∣∣
p

+X l(p)
∂Xi

∂xl
(p)ej

∂2Nk

∂xi∂xj
(p)

∂

∂xk

∣∣∣∣
p

+Xi(p)X l(p)ej
∂3Nk

∂xl∂xi∂xj
(p)

∂

∂xk

∣∣∣∣
p

+Xi(p)Xm(p)ej
∂Nk

∂xj
(p)

∂Γl
ik

∂xm
(p)

∂

∂xl

∣∣∣∣
p

+ 2Xi(p)
∂Xm

∂xj
(p)ejNk(p)

∂Γl
mk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

+ 2Xi(p)ej
∂ck

∂t
(0, p)

∂Γl
jk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

+ 2Xi(p)Xm(p)ej
∂Nk

∂xi
(p)

∂Γl
jk

∂xm
(p)

∂

∂xl

∣∣∣∣
p

+ (X ′)i(p)ejNk(p)
∂Γl

jk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

+Xm(p)
∂Xi

∂xm
(p)ejNk(p)

∂Γl
jk

∂xi
(p)

∂

∂xl

∣∣∣∣
p

+Xi(p)Xm(p)ejNk(p)
∂2Γl

jk

∂xm∂xi
(p)

∂

∂xl

∣∣∣∣
p

.

A careful comparison between the above expression and (2.12) and (2.13) grants that

D2

dt2

∣∣∣∣
t=0

(
∇E(t)N (t, ·)

∣∣
β(t)

)
= ∇e∇X∇XN− (∇XR) (e,X)N− 2R(e,X)∇XN− R(e,∇XX)N

− R(∇eX,X)N+ 2∇e∇XN′ − 2R(e,X)N′ +∇eN
′′ +∇e∇X′N− R(e,X′)N.

In addition,

−2R(e,X)N′ − 2R(e,X)∇XN
(2.22)
= −2R(e,X)V ′

and

∇eN
′′ + 2∇e∇XN′ +∇e∇X′N+∇e∇X∇XN

(2.23)
= ∇eV

′′,

whence

D2

dt2

∣∣∣∣
t=0

(
∇E(t)N (t, ·)

∣∣
β(t)

)
= − (∇XR) (e,X)N− R(e,Z)N+∇eV

′′ − 2R(e,X)V ′ − R(∇eX,X)N,

and (2.26) follows. □

Lemma 2.6 allows to compute the pointwise evolution of the mean curvature at first and second-order.
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Lemma 2.7. Let p ∈ S. Then

d

dt

∣∣∣∣
t=0

Ht (Φt(p)) = −∆Sφ− φ
(
|h|2 +Ric(N,N)

)
+XTH(2.30)

d2

dt2

∣∣∣∣
t=0

Ht (Φt(p)) = 2
〈
h,
(
∇SX

)2〉− 2
〈
∇SX,

(
∇SV ′)t〉− ⟨h, C(X,X)⟩ −

〈
∇SX, C(N,X)

〉
(2.31)

+
(
−
∣∣∇Sφ

∣∣2 + 2h
(
∇Sφ,XT

)
− h2

(
XT ,XT

))
H + divS

(
Ṽ ′′
)T

− 2Ric(X, V ′)− R
(
XT ,N, V ′,N

)
− (∇XRic) (X,N)

−∆S ⟨Z,N⟩ − ⟨Z,N⟩
(
|h|2 +Ric(N,N)

)
+ ZTH,

where (
Ṽ ′′
)T

:=

n∑
j=1

(
R(X, ej ,N,X

T ) + 2
〈
∇Sφ−A

(
XT
)
, φA(ej) +∇ej XT

〉)
ej

In particular, if Φ is a normal variation,

d2

dt2

∣∣∣∣
t=0

Ht (Φt(p)) = divS
(
A
(
∇Sφ2

))
+ 2φdivS A

(
∇Sφ

)
− 2φ

〈
∇SH,∇Sφ

〉
−
∣∣∇Sφ

∣∣2H
+ 2φ2 trace

(
h3
)
− 2φ2 ⟨h, C(N,N)⟩ − φ2 (∇NRic) (N,N)

−∆S ⟨Z,N⟩ − ⟨Z,N⟩
(
|h|2 +Ric(N,N)

)
+ ZTH.

(2.32)

Proof. Formula (2.30) is well-known (cf. [34, Lemma 1.26]). We prove it for the sake of completeness. Let
e1, . . . , en be any orthonormal basis of TpS. For j = 1, . . . , n, let Ej(t) be as in (2.9). Define §(t) by

§(t)ij =
〈
∇Ei(t)N (t, ·)

∣∣
β(t)

, Ej(t)
〉
, i, j = 1, . . . , n.

Then §(t) is symmetric, and H(Φt(p)) = trace
(
G(t)−1§(t)

)
, where G is defined in (2.10). Recalling (2.19),

d

dt
Ht(Φt(p)) = trace

(
−G(t)−1dG(t)

dt
G(t)−1§(t) + G(t)−1d§(t)

dt

)
.

Since e1, . . . , en is orthonormal, then G(0)ij = δij for i, j = 1, . . . , n, whence

d

dt

∣∣∣∣
t=0

Ht(Φt(p)) = trace

(
−
(
d

dt

∣∣∣∣
t=0

G(t)
)
§(0) + d

dt

∣∣∣∣
t=0

§(t)
)
,(2.33)

d2

dt2

∣∣∣∣
t=0

Ht(Φt(p)) = trace

(
2

(
d

dt

∣∣∣∣
t=0

G(t)
)2

§(0)

)
︸ ︷︷ ︸

I

+trace

(
−
(
d2

dt2

∣∣∣∣
t=0

G(t)
)
§(0)

)
︸ ︷︷ ︸

II

(2.34)

+ trace

(
−2

(
d

dt

∣∣∣∣
t=0

G(t)
)(

d

dt

∣∣∣∣
t=0

§(t)
))

︸ ︷︷ ︸
III

+trace

(
d2

dt2

∣∣∣∣
t=0

§(t)
)

︸ ︷︷ ︸
IV

.

First, by (2.33),

d

dt

∣∣∣∣
t=0

Ht(Φt(p)) = −
n∑

i,j=1

(
d

dt

∣∣∣∣
t=0

G(t)ij
)
§(0)ij +

n∑
i=1

d

dt

∣∣∣∣
t=0

§(t)ii

(2.14),(2.25)
= −

n∑
i,j=1

hij
(
⟨∇eiX, ej⟩+

〈
∇ejX, ei

〉)
+

n∑
i=1

〈
∇eiV

′, ei
〉
− Ric(X,N) +

n∑
i=1

⟨∇eiN,∇eiX⟩ .

Notice that, for i, j = 1, . . . , n,

⟨∇eiX, ej⟩+
〈
∇ejX, ei

〉
= 2φhij +

〈
∇eiX

T , ej
〉
+
〈
∇ejX

T , ei
〉
= 2φhij + 2 sym

(
∇SXT

)
ij(2.35)

and

(2.36)
〈
∇eiV

′, ej
〉 (2.20)

= −
(
HessS φ

)
ij
+
〈
∇eiA

(
XT
)
, ej
〉
.
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Moreover,

n∑
i=1

⟨∇eiN,∇eiX⟩ = φ
n∑

i=1

⟨∇eiN,∇eiN⟩+
n∑

i=1

〈
∇eiN,∇eiX

T
〉
= φ|h|2 +

〈
h, sym

(
∇SXT

)〉
(2.37)

Therefore, by (2.35), (2.36) and (2.37),

d

dt

∣∣∣∣
t=0

Ht(Φt(p)) = −∆Sφ− φ
(
|h|2 +Ric(N,N)

)
−
〈
h, sym

(
∇SXT

)〉
+ divS A

(
XT
)
− Ric(XT , N).

Next, extend XT to a smooth vector field with compact support in M . Denote by Ψt : M → M its flow.
Then Ψ is a variation of S with velocity XT . By the above formula,

XTH(p) =
d

dt

∣∣∣∣
t=0

Ht(Ψt(p)) = −
〈
h, sym

(
∇SXT

)〉
+ divS A

(
XT
)
− Ric(XT ,N).

Therefore, (2.30) follows. Next, we prove (2.31). First we compute I. Indeed,

I = 2
n∑

i,j,k=1

(
d

dt

∣∣∣∣
t=0

G(t)ik
)(

d

dt

∣∣∣∣
t=0

G(t)jk
)
§(0)ij

(2.14)
= 2

n∑
i,j,k=1

hij (⟨∇eiX, ek⟩+ ⟨∇ekX, ei⟩)
(〈
∇ejX, ek

〉
+ ⟨∇ekX, ej⟩

)
.

Next we compute II. Noticing that

(2.38) ⟨∇eiX,N⟩ = ei(φ) +
〈
∇eiX

T ,N
〉
= ei(φ)−

〈
∇eiN,X

T
〉
= −

〈
V ′, ei

〉
i = 1, . . . , n,

we deduce that

II = −
n∑

i,j=1

(
d2

dt2

∣∣∣∣
t=0

G(t)ij
)
§(0)ij

= −
n∑

i,j=1

hij
d2

dt2

∣∣∣∣
t=0

⟨Ei(t), Ej(t)⟩

= −2

n∑
i,j=1

hij
d

dt

∣∣∣∣
t=0

〈
D

dt
Ei(t), Ej(t)

〉

= −2

n∑
i,j=1

hij

〈
D2

dt2

∣∣∣∣
t=0

Ei(t), Ej(t)

〉
− 2

n∑
i,j=1

hij

〈
D

dt

∣∣∣∣
t=0

Ei(t),
D

dt

∣∣∣∣
t=0

Ej(t)

〉
(2.14),(2.15)

= −2

n∑
i,j=1

hij ⟨∇eiZ, ej⟩ − 2

n∑
i,j=1

hij R(X, ei,X, ej)− 2

n∑
i,j=1

hij
〈
∇eiX,∇ejX

〉
= −2

〈
h,∇SZ

〉
− 2 ⟨h, C(X,X)⟩ − 2

n∑
i,j=1

hij ⟨∇eiX, ek⟩
〈
∇ejX, ek

〉
− 2

n∑
i,j=1

hij ⟨∇eiX,N⟩
〈
∇ejX,N

〉
(2.38)
= −2

〈
h,∇SZ

〉
− 2 ⟨h, C(X,X)⟩ − 2

n∑
i,j=1

hij ⟨∇eiX, ek⟩
〈
∇ejX, ek

〉
− 2h

(
V ′, V ′) .
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We compute III. To this aim,

III = −2

n∑
i,j=1

(
d

dt

∣∣∣∣
t=0

G(t)ij
)(

d

dt

∣∣∣∣
t=0

§(t)ij
)

(2.14),(2.25)
= −2

n∑
i,j=1

(
⟨∇eiX, ej⟩+

〈
∇ejX, ei

〉) (〈
∇eiV

′ +R(X, ei)N, ej
〉
+
〈
∇eiN,∇ejX

〉)
= −2

n∑
i,j=1

(
⟨∇eiX, ej⟩+

〈
∇ejX, ei

〉) 〈
∇eiV

′, ej
〉
− 2

n∑
i,j,k=1

hij (⟨∇eiX, ek⟩+ ⟨∇ekX, ei⟩) ⟨∇ekX, ej⟩

− 2
〈
∇SX, C(X,N)

〉
− 2

〈
∇SX, C(N,X)

〉
.

Finally, we compute IV. Indeed, by (2.15), (2.25) and (2.26),

IV =
n∑

i=1

d2

dt2

∣∣∣∣
t=0

§(t)ii

= divS V ′′︸ ︷︷ ︸
IV.1

+
n∑

i=1

〈
R(X,∇eiX)N+ 2R(X, ei)V

′ +R(Z, ei)N+ (∇XR) (X, ei)N, ei
〉

︸ ︷︷ ︸
IV.2

+ 2
n∑

i=1

〈
∇eiV

′ +R(X, ei)N,∇eiX
〉

︸ ︷︷ ︸
IV.3

+
n∑

i=1

⟨∇eiN,∇eiZ+R(X, ei)X⟩︸ ︷︷ ︸
IV.4

.

First,

IV.1
(2.21)
=

(
−
∣∣∇Sφ

∣∣2 + 2h
(
∇Sφ,XT

)
− h2

(
XT ,XT

))
H + divS

(
V ′′)T .

Moreover,

IV.2 =
n∑

i,j=1

⟨∇eiX, ej⟩R(X, ej ,N, ei) +
n∑

i=1

⟨∇eiX,N⟩R(X,N,N, ei)

− 2Ric(X, V ′)− 2R(X,N, V ′,N)− Ric(Z,N)− (∇XRic) (X,N)

(2.38)
=

〈
∇SX, C(N,X)

〉
− 2Ric(X, V ′)− R(XT ,N, V ′,N)− Ric(Z,N)− (∇XRic) (X,N).

In addition,

IV.3 = 2
n∑

i,j=1

〈
∇eiV

′, ej
〉
⟨∇eiX, ej⟩+ 2

n∑
i=1

〈
∇eiV

′,N
〉
⟨∇eiX,N⟩+ 2

n∑
i,j=1

R(X, ei,N, ej) ⟨∇eiX, ej⟩

(2.38)
= 2

n∑
i,j=1

〈
∇eiV

′, ej
〉
⟨∇eiX, ej⟩+ 2h

(
V ′, V ′)+ 2

〈
∇SX, C(X,N)

〉
Finally,

IV.4 =

n∑
i,j=1

hij ⟨∇eiZ, ej⟩+
n∑

i,j=1

hij R(X, ei,X, ej) =
〈
h,∇SZ

〉
+ ⟨h, C(X,X)⟩ .

Recalling (2.34) and combining the above computations,

d2

dt2

∣∣∣∣
t=0

Ht (Φt(p)) = 2
〈
h,
(
∇SX

)2〉− 2
〈
∇SX,

(
∇SV ′)t〉− ⟨h, C(X,X)⟩ −

〈
∇SX, C(N,X)

〉
+
(
−
∣∣∇Sφ

∣∣2 + 2h
(
∇Sφ,XT

)
− h2

(
XT ,XT

))
H + divS

(
V ′′)T

− 2Ric(X, V ′)− R
(
XT ,N, V ′,N

)
− (∇XRic) (X,N)−

〈
h,∇SZ

〉
− Ric(Z,N).
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Next, fix p ∈ S and a geodesic frame E1, . . . ,En at p. Recall that(
V ′′)T = −

n∑
i=1

⟨N,∇EiZ⟩Ei +
(
Ṽ ′′
)T

.

Therefore

divS
(
V ′′)T = −

n∑
i=1

Ei ⟨N,∇EiZ⟩+ divS
(
Ṽ ′′
)T

= −
n∑

i=1

Ei ⟨N,∇Ei (⟨Z,N⟩N)⟩ −
n∑

i=1

Ei

〈
N,∇EiZ

T
〉
+ divS

(
Ṽ ′′
)T

= −
n∑

i=1

Ei (Ei ⟨Z,N⟩) +
n∑

i=1

Ei

〈
A
(
ZT
)
,Ei

〉
+ divS

(
Ṽ ′′
)T

= −∆S ⟨Z,N⟩+ divS A
(
ZT
)
+ divS

(
Ṽ ′′
)T

.

Moreover,

−
〈
h,∇SZ

〉
− Ric(Z,N)

(2.6)
= −divS A

(
ZT
)
+ ZTH − ⟨Z,N⟩

(
|h|2 +Ric(N,N)

)
.

Therefore (2.31) follows. Finally, assume that Φ is normal. Then X = φN, XT = 0 and V ′ = −∇Sφ, so that

d2

dt2

∣∣∣∣
t=0

Ht (Φt(p)) = 2
〈
h,
(
∇S (φN)

)2〉
+ 2

〈
∇S (φN) ,

(
∇S
(
∇Sφ

))t〉− φ2 ⟨h, C(N,N)⟩

− φ
〈
∇S (φN) , C(N,N)

〉
−
∣∣∇Sφ

∣∣2H + divS
(
Ṽ ′′
)T

+ 2φRic(N,∇Sφ)− φ2 (∇NRic) (N,N)

−∆S ⟨Z,N⟩ − ⟨Z,N⟩
(
|h|2 +Ric(N,N)

)
+ ZTH.

Noticing that ∇S (φN) = φh and
(
∇S
(
∇Sφ

))t
= HessS φ, we deduce that

d2

dt2

∣∣∣∣
t=0

Ht (Φt(p)) = 2φ2 trace
(
h3
)
+ 2φ

〈
h,HessS φ

〉
− 2φ2 ⟨h, C(N,N)⟩ −

∣∣∇Sφ
∣∣2H + divS

(
Ṽ ′′
)T

+ 2φRic
(
N,∇Sφ

)
− φ2 (∇NRic) (N,N)−∆S ⟨Z,N⟩ − ⟨Z,N⟩

(
|h|2 +Ric(N,N)

)
+ ZTH.

Moreover,

2φ
〈
h,HessS φ

〉
+ 2φRic

(
N,∇Sφ

) (2.6)
= 2φdivS A

(
∇Sφ

)
− 2φ

〈
∇SH,∇Sφ

〉
.

Finally, since(
Ṽ ′′
)T

= 2
n∑

i=1

〈
∇Sφ,φA(ei)

〉
ei =

n∑
i=1

〈
∇S
(
φ2
)
, A(ei)

〉
ei =

n∑
i=1

〈
A
(
∇S
(
φ2
))
, ei
〉
ei = A

(
∇S
(
φ2
))
,

(2.32) follows. □

2.6. Variation formulas. If f : R → R is smooth in a neighborhood of {H(p) : p ∈ S}, set

(2.39) Hf (S) =

∫
S
f(H) dS.

Let Φ be a variation. The area formula implies that

(2.40) Hf (Φt(S)) =

∫
S
f (Ht (Φt(p))) Jac (Φt|S) (p) dS.

Denote by J the Jacobi operator associated to S,

(2.41) Jφ = −∆Sφ− φ
(
|h|2 +Ric(N,N)

)
, φ ∈ C∞(S).

Recall that J is self-adjoint, namely

(2.42)

∫
S
φJψ dS =

∫
S
ψJφdS, φ, ψ ∈ C∞(S).

The first and second variation formulas for (2.39) read as follows.
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Theorem 2.8. Let S ⊆M be a smooth, embedded, closed, two-sided hypersurface. Fix a function f : R → R
which is smooth in a neighborhood of {H(p) : p ∈ S}. Let Φ be a variation. Denote by X and Z its velocity
and acceleration respectively. On S, decompose X as X|S = φN+XT . Set

δHf (S)[Φ] :=
d

dt

∣∣∣∣
t=0

Hf (Φt(S)) , δ2Hf (S)[Φ] :=
d2

dt2

∣∣∣∣
t=0

Hf (Φt(S)) .

Then

δHf (S)[φ] := δHf (S)[Φ] =

∫
S
φ
(
−∆Sf ′(H)− f ′(H)

(
|h|2 +Ric(N,N)

)
+ f(H)H

)
dS,(2.43)

δ2Hf (S)[Φ] = δHf (S)
[
⟨Z|S ,N⟩ − 2XTφ+ h

(
XT ,XT

)]
+

∫
S
φLφdS,(2.44)

where

Lφ = J
(
f ′′(H)Jφ

)
+ 2f ′(H) divS A

(
∇Sφ

)
−
(
f ′(H)H + f(H)

)
∆Sφ

− 2f ′′(H)
〈
∇SH,A

(
∇Sφ

)〉
+
(
f ′′(H)H − 2f ′(H)

) 〈
∇SH,∇Sφ

〉
+ φf ′(H)

(
2 trace

(
h3
)
− 2 ⟨h, C(N,N)⟩ − (∇NRic) (N,N)

)
+ φ

(
f(H)H2 −

(
2f ′(H)H + f(H)

) (
|h|2 +Ric(N,N)

))
.

Proof. First,

dHf (Φt(S))

dt

(2.40)
=

∫
S

d

dt

(
f (Ht (Φt(p))) Jac (Φt|S) (p)

)
dS

=

∫
S

(
f ′ (Ht (Φt(p)))

dHt (Φt(p))

dt
Jac (Φt|S) (p) + f (Ht (Φt(p)))

d Jac (Φt|S) (p)
dt

)
dS.

In particular, by (2.16) and (2.30),

δHf (S)[Φ] =

∫
S

(
f ′(H)

(
−∆Sφ− φ

(
|h|2 +Ric(N,N)

)
+XTH

)
+ f(H)

(
φH + divS XT

) )
dS.

Notice that, being S closed,

(2.45)

∫
S

(
f ′(H)XTH + f(H) divS XT

)
dS =

∫
S
divS

(
f(H)XT

)
dS = 0.

The divergence theorem and (2.45) imply (2.43). We prove (2.44). We reduce to deal with the case of normal
variations. Let Y ∈ Γ(TM) be such that Y|S = XT . Denote by Ψ the flow of −Y. Since Y|S ∈ Γ(TS), then

Ψ(t, S) = S for any small t. Set Φ̃(t, p) := Φ(t,Ψ(t, p)). Then Φ̃ is a smooth variation, and moreover

(2.46) S̃t := Φ̃(t, S) = Φ(t,Ψ(t, S)) = Φ(t, S) = St

for any t sufficiently small. The area formula and (2.46) imply that

(2.47) δ2Hf (S)[Φ] = δ2Hf (S)[Φ̃].

We compute the velocity X̃ and the acceleration Z̃ of Φ̃. Fix p ∈M . Fix local normal coordinates x1, . . . , xn+1

centered at p. Set q(t) = Φ−1
t (p) and r(t) = Ψ−1

t (q(t)). Then, since Ψ is the flow of −Y,

X̃ (t, p) =
∂

∂s

∣∣∣∣
s=0

Φ(t+ s,Ψ(t+ s, r(t)))

=

n+1∑
i=1

∂Φi

∂t
(t, q(t))

∂

∂xi
+

n+1∑
i,j=1

∂Φi

∂xj
(t, q(t))

∂Ψj

∂t
(t, r(t))

∂

∂xi

= X (t, p)−
n+1∑
i,j=1

∂Φi

∂xj
(t, q(t))Y(q(t))

∂

∂xi
.

(2.48)

In particular, X̃ = X−Y, and X̃|S = φN, whence Φ̃ is a normal variation. Moreover, as Φ (t, q(t)) = p,

0 =
∂Φ

∂t
(0, p) +

n+1∑
i,j=1

∂Φi

∂zj
(0, p)q̇j(0)

∂

∂xi
=
∂Φ

∂t
(0, p) + q̇(0),
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whence q̇(0) = −X(p). Therefore

X̃′(p)
(2.48)
= X′(p)−

n+1∑
i,j,k=1

(
δik

∂2Φi

∂t∂xj
(0, p)Yj(p) +

∂2Φi

∂xk∂xj
(0, p)q̇k(0)Yj(p) +

∂Φi

∂xj
(0, p)

∂Yj

∂xk
(p)q̇k(0)

)
∂

∂xi

= X′(p)−
n+1∑
i,j=1

∂Xi

∂xj
(p)Yj(p)

∂

∂xi
+

n+1∑
i,k=1

∂Yi

∂xk
(p)Xk(p)

∂

∂xi

= X′(p)− (∇YX) (p) + (∇XY) (p).

Finally,

Z̃ = X̃′ +∇X̃X̃ = X′ −∇YX+∇XY +∇X−Y (X−Y) = Z− 2∇YX+∇YY,

so that, recalling that Y|S = XT ,

(2.49)
〈
Z̃|S ,N

〉
= ⟨Z|S ,N⟩ − 2XTφ+ h

(
XT ,XT

)
.

Then, by (2.16), (2.18), (2.30), (2.32) and (2.47),

δ2Hf (S)[Φ] =

∫
S
f ′′(H)

(
∆Sφ+ φ

(
|h|2 +Ric(N,N)

))2
dS

+

∫
S
f ′(H)

(
divS

(
A
(
∇Sφ2

))
+ 2φdivS A

(
∇Sφ

)
− 2φ

〈
∇SH,∇Sφ

〉
−
∣∣∇Sφ

∣∣2H) dS
+

∫
S
f ′(H)

(
2φ2 trace

(
h3
)
− 2φ2 ⟨h, C(N,N)⟩ − φ2 (∇NRic) (N,N)

)
dS

+

∫
S
f ′(H)

(
−∆S

〈
Z̃,N

〉
−
〈
Z̃,N

〉 (
|h|2 +Ric(N,N)

)
+ Z̃TH

)
dS

+

∫
S
2φHf ′(H)

(
−∆Sφ− φ

(
|h|2 +Ric(N,N)

) )
+

∫
S
f(H)

(
φ2H2 − φ2|h|2 − φ2Ric(N,N) +

∣∣∇Sφ
∣∣2 + divS Z̃

)
dS.

First, combining (2.43) and (2.45), and recalling (2.41),

δ2Hf (S)[Φ] =

∫
S

(
f ′′(H)Jφ

)
JφdS︸ ︷︷ ︸

I

+

∫
S
f ′(H)

(
divS

(
A
(
∇Sφ2

))
−
∣∣∇Sφ

∣∣2H) dS︸ ︷︷ ︸
II

+

∫
S
f ′(H)

(
2φdivS A

(
∇Sφ

)
− 2φ

〈
∇SH,∇Sφ

〉 )
dS

+

∫
S
f ′(H)

(
2φ2 trace

(
h3
)
− 2φ2 ⟨h, C(N,N)⟩ − φ2 (∇NRic) (N,N)

)
dS

+

∫
S
2φHf ′(H)

(
−∆Sφ− φ

(
|h|2 +Ric(N,N)

) )
+

∫
S
f(H)

∣∣∇Sφ
∣∣2 dS︸ ︷︷ ︸

III

+

∫
S
f(H)

(
φ2H2 − φ2|h|2 − φ2Ric(N,N)

)
dS + δHf (S)

[〈
Z̃|S ,N

〉]
.

First,

I
(2.42)
=

∫
S
φJ

(
f ′′(H)Jφ

)
dS.
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Moreover,

II =

∫
S

(
−
〈
∇Sf ′(H), A

(
∇Sφ2

)〉
−
〈
f ′(H)H∇Sφ,∇Sφ

〉 )
dS

=

∫
S
φ
(
− 2f ′′(H)

〈
∇SH,A

(
∇Sφ

)〉
+ divS

(
f ′(H)H∇Sφ

) )
dS

=

∫
S
φ
(
− 2f ′′(H)

〈
∇SH,A

(
∇Sφ

)〉
+
(
f ′(H) + f ′′(H)H

) 〈
∇SH,∇Sφ

〉
+ f ′(H)H∆Sφ

)
dS.

Finally,

III = −
∫
S
φdivS

(
f(H)∇Sφ

)
dS = −

∫
S
φ
(
f ′(H)

〈
∇SH,∇Sφ

〉
+ f(H)∆Sφ

)
dS.

In particular,

II + III =

∫
S
φ
(
− 2f ′′(H)

〈
∇SH,A

(
∇Sφ

)〉
+ f ′′(H)H

〈
∇SH,∇Sφ

〉
+
(
f ′(H)H − f(H)

)
∆Sφ

)
dS.

The thesis follows combining the above computations with (2.49). □

3. Variation formulas for sub-Riemannian mean curvature functionals

In this section, we apply the results of Section 2 to establish variation formulas in the sub-Riemannian
Heisenberg group Hn, for n ⩾ 1. Namely, we approximate it with a sequence of Riemannian manifolds
(Hn, ⟨·, ·⟩ε)ε>0, and we exploit Theorem 2.8 to deduce the analogous sub-Riemannian variation formulas.

3.1. Heisenberg groups. The Heisenberg group (Hn, ·) is R2n+1 endowed with a group law that realizes it
as stratified Lie group. Its Lie algebra is generated by the (global frame of) left-invariant vector fields

Zi = Xi =
∂

∂xi
+ yi

∂

∂t
, Zn+i = Yi =

∂

∂yi
− xi

∂

∂t
, Z2n+1 = T =

∂

∂t
, i = 1, . . . , n.

The only nontrivial commutation relations among Z1, . . . , Z2n+1 are

[Xi, Yi] = −2T, i = 1, . . . , n.

Accordingly, the horizontal distribution H generated by Z1, . . . , Z2n is bracket-generating. A vector field
which is tangent to H at every point is called horizontal. The complex structure J : Γ(THn) −→ Γ(THn) is
the unique C∞(Hn)-linear map which satisfies

J(Xi) = Yi, J(Yi) = −Xi, J(T ) = 0, i = 1, . . . , n.

The triple (Hn,H, J) is a prototype of pseudohermitian manifold [12, Appendix]. The restriction to H of
the unique Riemannian metric ⟨·, ·⟩ making Z1, . . . , Z2n+1 orthonormal endows Hn with the sub-Riemannian
structure (Hn,H, ⟨·, ·⟩|H) . The pseudohermitian connection ∇ [33] is the unique metric connection for which

(3.1) ∇AB−∇BA− [A,B] = 2⟨J(A),B⟩T, A,B ∈ Γ(THn).

The Riemannian volume induced by ⟨·, ·⟩ is the Haar measure of the group, i.e. the standard Lebesgue
measure. Therefore, the Riemannian divergence induced by ⟨·, ·⟩ is the Euclidean divergence.

3.2. Hypersurfaces. Throughout this section, S ⊆ Hn is an embedded, closed, two-sided hypersurface of
class C2. A point p ∈ S is called characteristic if Hp = TpS. The set of characteristic points of S is denoted
by S0. We will always assume that S \ S0 is smooth. At non-characteristic points, the horizontal tangent
space HTS is the smooth, (2n− 1)-dimensional distribution defined by

HTpS = Hp ∩ TpS, p ∈ S \ S0.
Denote by N the Riemannian unit normal to S, and by NH its orthogonal projection onto H. Then, the
horizontal unit normal

ν =
NH

|NH|
is well-defined on S \S0, and is the unique, up to sign, horizontal unit vector field orthogonal to HTS. Notice
that p is a characteristic point if and only if |NH| = 0. Close to every non-characteristic point, it is always
possible to extend ν to a full neighborhood in Hn by setting

(3.2) ν = ∇Hd,
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where d is the signed Carnot-Carathéodory distance from S (cf. [21, 33]). Henceforth, ν is always extended
as in (3.2). The fundamental function α is defined on S \ S0 as the unique smooth function such that

S := T − αν ∈ Γ(TS).

It is known (cf. [21, 29]) that α = Td, and moreover

(3.3) ∇νν = −2αJ(ν).

Denote by H′TS the distribution defined by

H′TpS = HTpS ∩ J (HTpS) , p ∈ S \ S0.

Then, H′TS is a (2n−2)-dimensional sub-bundle of HTS, and the latter can be orthogonally decomposed as
HTS = H′TS ⊕ span J(ν). Notice that, in the first Heisenberg group, H′TS = {0}. It is easy to check that

N =
1√

1 + α2
ν +

α√
1 + α2

T, α =
⟨N, T ⟩
|NH|

.

The horizontal second fundamental form hH and the symmetric horizontal second fundamental form (cf.

[21, 33]) h̃H are defined on S \ S0 respectively by

hH(A,B) :=
〈
AH(A),B

〉
, h̃H(A,B) :=

hH(A,B) + hH(B,A)

2
, A,B ∈ Γ(HTS),

where AH(A) := ∇Aν is the horizontal shape operator. The forms hH and h̃H are related (cf. [21]) by

(3.4) h̃H(A,B) = hH(A,B) + α ⟨J(A),B⟩ , A,B ∈ Γ(HTS).

The horizontal mean curvature is then defined on S \ S0 by

HH = tracehH = trace h̃H.

Finally, the relevant sub-Riemannian surface measure σH is defined (cf. [15, 25]) by

(3.5) σH :=
1√

1 + α2
σ,

where σ is the Riemannian surface measure induced by ⟨·, ·⟩. Since S is of class C2, then σH(S0) = σ(S0) = 0
[4]: accordingly, S0 will be omitted in the forthcoming integrals. The tangent pseudohermitian connection
∇S is the affine connection defined on S by

∇S
AB = ∇AB− ⟨∇AB, ν⟩ν, A,B ∈ Γ(HTS).

Let E1, . . . ,E2n−1 be any local orthonormal frame of HTS. If φ ∈ C∞(S \S0) and A ∈ Γ(HTS) is supported
in S \S0, the horizontal tangential gradient of φ and the horizontal tangential divergence of A are defined by

∇H,Sφ =
2n−1∑
i=1

(Eiφ)Ei, divH,S A :=
2n−1∑
i=1

〈
∇S

Ei
A,Ei

〉
.

The horizontal tangential Laplacian and the modified horizontal tangential Laplacian are then defined by

∆H,Sφ = divH,S ∇H,Sφ, ∆̂H,Sφ := ∆H,Sφ+ 2αJ(ν)φ.

Finally, we denote by JH the horizontal Jacobi operator

JHφ = −∆̂H,Sφ− φ
(
|h̃H|2 + 4J(ν)α+ (2n+ 2)α2

)
, φ ∈ C∞(S \ S0).

Unlike ∆H,S (cf. [15]), both ∆̂H,S and JH are self-adjoint on C∞
c (S \ S0) (cf. Proposition 3.10).
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3.3. Riemannian approximation. For any ε > 0, denote by ⟨·, ·⟩ε the unique Riemannian metric on Hn

such that (Zε
1 , . . . , Z

ε
2n+1) = (X1, . . . , Xn, Y1, . . . , Yn, εT ) is a global orthonormal frame. If A ∈ Γ(THn),

denote by A1,ε, . . . , A2n,ε, A2n+1,ε its components with respect to the above frame. Clearly Aj := Aj,ε is
independent of ε for j = 1, . . . , 2n. We may write A2n+1 := A2n+1,ε when there is no ambiguity. Since
⟨A,B⟩ε does not depend on ε when A,B ∈ Γ(H), we set ⟨A,B⟩ := ⟨A,B⟩ε . Denote by ∇ε and Rε the
induced Levi-Civita connection and curvature tensor respectively. We recall the following relations (cf. [31]):

∇ε
Xi
Xj = 0, ∇ε

Yi
Yj = 0, ∇ε

TT = 0,

∇ε
Xi
Yj = −δi,jT, ∇ε

Xi
εT =

Yi
ε
, ∇ε

Yi
εT = −Xi

ε
,(3.6)

∇ε
Yi
Xj = δi,jT, ∇ε

εTXi =
Yi
ε
, ∇ε

εTYi = −Xi

ε
.

The Levi-Civita connection ∇ε relates to the pseudohermitian connection ∇ as follows.

Lemma 3.1. Let A,B ∈ Γ(THn). Then

(3.7) ∇ε
AB = ∇AB+

⟨A, εT ⟩ε
ε

J(B) +
⟨B, εT ⟩ε

ε
J(A) + ⟨A, J(B)⟩T.

In particular,

(3.8) ∇ε
AεT =

1

ε
J(A).

Moreover, if A,B,C ∈ Γ(H), then

(3.9) ⟨∇ε
AB,C⟩ε = ⟨∇AB,C⟩ .

Proof. By a direct computation,

∇ε
AB =

2n+1∑
j,k=1

Aj,εZε
jB

k,εZε
k +

2n+1∑
j,k=1

Aj,εBk,ε∇ε
Zε
j
Zε
k

(3.6)
= ∇AB+

n∑
j=1

AjBn+j∇ε
Xj
Yj + ⟨B, εT ⟩ε

n∑
j=1

Aj∇ε
Xj
εT +

n∑
j=1

An+jBj∇ε
Yj
Xj

+ ⟨B, εT ⟩ε
n∑

j=1

An+j∇ε
Yj
εT + ⟨A, εT ⟩ε

n∑
j=1

Bj∇ε
εTXj + ⟨A, εT ⟩ε

n∑
j=1

Bn+j∇ε
εTYj

(3.6)
= ∇AB+

⟨A, εT ⟩ε
ε

J(B) +
⟨B, εT ⟩ε

ε
J(A) + ⟨A, J(B)⟩T.

□

3.4. Ambient curvatures. First, we compute the ambient curvatures of (Hn, ⟨·, ·⟩ε), starting from Rε.

Proposition 3.2. Let ε > 0. Let A,B,C ∈ Γ(THn). Then

Rε(A,B)C =
2

ε2
⟨J(A),B⟩ε J(C) +

1

ε2
⟨J(A),C⟩ε J(B)− 1

ε2
⟨J(B),C⟩ε J(A)

+
A2n+1,ε

ε2
⟨B,C⟩εεT − B2n+1,ε

ε2
⟨A,C⟩εεT +

B2n+1,εC2n+1,ε

ε2
A− A2n+1,εC2n+1,ε

ε2
B.

In particular, if D ∈ Γ(THn),

Rε(A,B,C,D) =
2

ε2
⟨J(A),B⟩ε ⟨J(C),D⟩ε +

1

ε2
⟨J(A),C⟩ε ⟨J(B),D⟩ε −

1

ε2
⟨J(B),C⟩ε ⟨J(A),D⟩ε

+
A2n+1,εD2n+1,ε

ε2
⟨B,C⟩ε −

B2n+1,εD2n+1,ε

ε2
⟨A,C⟩ε +

B2n+1,εC2n+1,ε

ε2
⟨A,D⟩ε −

A2n+1,εC2n+1,ε

ε2
⟨B,D⟩ε.

(3.10)
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Proof. Fix i, j, k = 1, . . . , n. Then, by (3.6),

Rε(Xi, Xj)Xk = 0,

Rε(Xi, Xj)Yk = ∇ε
Xi
∇ε

Xj
Yk −∇ε

Xj
∇ε

Xi
Yk −∇ε

[Xi,Xj ]
Yk = −

δjk
ε
∇ε

Xi
εT +

δik
ε
∇ε

Xj
εT =

1

ε2
(δikYj − δjkYi) ,

Rε(Xi, Xj)εT = ∇ε
Xi
∇ε

Xj
εT −∇ε

Xj
∇ε

Xi
εT −∇ε

[Xi,Xj ]
εT =

1

ε
∇ε

Xi
Yj −

1

ε
∇ε

Xj
Yi = 0.

Moreover,

Rε(Xi, Yj)Xk = ∇ε
Xi
∇ε

Yj
Xk −∇ε

Yj
∇ε

Xi
Xk −∇ε

[Xi,Yj ]
Xk =

δjk
ε
∇ε

Xi
εT +

2δij
ε

∇ε
εTXk =

1

ε2
(δjkYi + 2δijYk) ,

Rε(Xi, Yj)Yk = ∇ε
Xi
∇ε

Yj
Yk −∇ε

Yj
∇ε

Xi
Yk −∇ε

[Xi,Yj ]
Yk =

δik
ε
∇ε

Yj
εT +

2δij
ε

∇ε
εTYk = − 1

ε2
(δikXj + 2δijXk) ,

Rε(Xi, Yj)εT = ∇ε
Xi
∇ε

Yj
εT −∇ε

Yj
∇ε

Xi
εT −∇ε

[Xi,Yj ]
εT = 0.

In addition,

Rε(Xi, εT )Xk = ∇ε
Xi
∇ε

εTXk −∇ε
εT∇ε

Xi
Xk −∇ε

[Xi,εT ]Xk =
1

ε
∇ε

Xi
Yk = −δik

ε2
εT,

Rε(Xi, εT )Yk = ∇ε
Xi
∇ε

εTYk −∇ε
εT∇ε

Xi
Yk −∇ε

[Xi,εT ]Yk = 0,

Rε(Xi, εT )εT = ∇ε
Xi
∇ε

εT εT −∇ε
εT∇ε

Xi
εT −∇ε

[Xi,εT ]εT = −1

ε
∇ε

εTYi =
1

ε2
Xi.

Furthermore,

Rε(Yi, Yj)Xk = ∇ε
Yi
∇ε

Yj
Xk −∇ε

Yj
∇ε

Yi
Xk −∇ε

[Yi,Yj ]
Xk =

δjk
ε
∇ε

Yi
εT − δik

ε
∇ε

Yj
εT =

1

ε2
(δikXj − δjkXi) ,

Rε(Yi, Yj)Yk = 0,

Rε(Yi, Yj)εT = ∇ε
Yi
∇ε

Yj
εT −∇ε

Yj
∇ε

Yi
εT −∇ε

[Yi,Yj ]
εT = −1

ε
∇ε

Yi
Xj +

1

ε
∇ε

Yj
Xi = 0.

Finally,

Rε(Yi, εT )Xk = ∇ε
Yi
∇ε

εTXk −∇ε
εT∇ε

Yi
Xk −∇ε

[Yi,εT ]Xk = 0,

Rε(Yi, εT )Yk = ∇ε
Yi
∇ε

εTYk −∇ε
εT∇ε

Yi
Yk −∇ε

[Yi,εT ]Yk = −1

ε
∇ε

Yi
Xk = −δik

ε2
εT,

Rε(Yi, εT )εT = ∇ε
Yi
∇ε

εT εT −∇ε
εT∇ε

Yi
εT −∇ε

[Yi,εT ]εT =
1

ε
∇ε

εTXi =
1

ε2
Yi.

Therefore

Rε(A,B)C =

2n+1∑
i,j,k=1

AiBjCk Rε(Zi, Zj)Zk

=

n∑
i=1

2n+1∑
j,k=1

AiBjCk Rε(Xi, Zj)Zk +
n∑

i=1

2n+1∑
j,k=1

An+iBjCk Rε(Yi, Zj)Zk +A2n+1
2n+1∑
j,k=1

BjCk Rε(εT, Zj)Zk

=
n∑

i,j=1

2n+1∑
k=1

AiBjCk Rε(Xi, Xj)Zk +
n∑

i,j=1

2n+1∑
k=1

AiBn+jCk Rε(Xi, Yj)Zk +B2n+1
n∑

i=1

2n+1∑
k=1

AiCk Rε(Xi, εT )Zk

+

n∑
i,j=1

2n+1∑
k=1

An+iBjCk Rε(Yi, Xj)Zk +

n∑
i,j=1

2n+1∑
k=1

An+iBn+jCk Rε(Yi, Yj)Zk

+B2n+1
n∑

i=1

2n+1∑
k=1

An+iCk Rε(Yi, εT )Zk +A2n+1
n∑

j=1

2n+1∑
k=1

BjCk Rε(εT,Xj)Zk

+A2n+1
n∑

j=1

2n+1∑
k=1

Bn+jCk Rε(εT, Yj)Zk.
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By the symmetry of Rε,

Rε(A,B)C =

n∑
i,j=1

2n+1∑
k=1

AiBjCk Rε(Xi, Xj)Zk︸ ︷︷ ︸
I

+

n∑
i,j=1

2n+1∑
k=1

(
AiBn+j −An+jBi

)
Ck Rε(Xi, Yj)Zk︸ ︷︷ ︸

II

+
n∑

i=1

2n+1∑
k=1

(
AiB2n+1 −A2n+1Bi

)
Ck Rε(Xi, εT )Zk︸ ︷︷ ︸

III

+
n∑

i,j=1

2n+1∑
k=1

An+iBn+jCk Rε(Yi, Yj)Zk︸ ︷︷ ︸
IV

+
n∑

i=1

2n+1∑
k=1

(
An+iB2n+1 −A2n+1Bn+i

)
Ck Rε(Yi, εT )Zk︸ ︷︷ ︸

V

.

First,

I =
1

ε2

n∑
i,j=1

AiBjCn+iYj −
1

ε2

n∑
i,j=1

AiBjCn+jYi =
1

ε2

n∑
i,j=1

AjBiCn+jYi −
1

ε2

n∑
i,j=1

AiBjCn+jYi.

Moreover,

II =

n∑
i,j,k=1

(
AiBn+j −An+jBi

)
Ck Rε(Xi, Yj)Xk +

n∑
i,j,k=1

(
AiBn+j −An+jBi

)
Cn+k Rε(Xi, Yj)Yk

=
1

ε2

n∑
i,j=1

(
AiBn+j −An+jBi

)
CjYi +

2

ε2

n∑
i,k=1

(
AiBn+i −An+iBi

)
CkYk

− 1

ε2

n∑
i,j=1

(
AiBn+j −An+jBi

)
Cn+iXj −

2

ε2

n∑
i,k=1

(
AiBn+i −An+iBi

)
Cn+kXi

=
1

ε2

n∑
i,j=1

(
AiBn+j −An+jBi

)
CjYi −

1

ε2

n∑
i,j=1

(
AjBn+i −An+iBj

)
Cn+jXi +

2

ε2
⟨J(A),B⟩ J(C).

In addition,

III =

n∑
i,k=1

(
AiB2n+1 −A2n+1Bi

)
Ck Rε(Xi, εT )Xk + C2n+1

n∑
i=1

(
AiB2n+1 −A2n+1Bi

)
Rε(Xi, εT )εT

= − 1

ε2

n∑
i=1

(
AiB2n+1 −A2n+1Bi

)
CiεT +

C2n+1

ε2

n∑
i=1

(
AiB2n+1 −A2n+1Bi

)
Xi

= −B
2n+1

ε2

n∑
j=1

AjCjεT +
A2n+1

ε2

n∑
j=1

BjCjεT +
B2n+1C2n+1

ε2

n∑
i=1

AiXi −
A2n+1C2n+1

ε2

n∑
i=1

BiXi.

Furthermore,

IV =
1

ε2

n∑
i,j=1

An+iBn+jCiXj −
1

ε2

n∑
i,j=1

An+iBn+jCjXi =
1

ε2

n∑
i,j=1

An+jBn+iCjXi −
1

ε2

n∑
i,j=1

An+iBn+jCjXi,
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Finally,

V =
n∑

i,k=1

(
An+iB2n+1 −A2n+1Bn+i

)
Cn+k Rε(Yi, εT )Yk

+ C2n+1
n∑

i=1

(
An+iB2n+1 −A2n+1Bn+i

)
Rε(Yi, εT )εT

= − 1

ε2

n∑
i=1

(
An+iB2n+1 −A2n+1Bn+i

)
Cn+iεT +

C2n+1

ε2

n∑
i=1

(
An+iB2n+1 −A2n+1Bn+i

)
Yi

= −B
2n+1

ε2

n∑
i=1

An+iCn+iεT +
A2n+1

ε2

n∑
i=1

Bn+iCn+iεT

+
B2n+1C2n+1

ε2

n∑
i=1

An+iYi −
A2n+1C2n+1

ε2

n∑
i=1

Bn+iYi.

By the above computations,

I + II + IV =
2

ε2
⟨J(A),B⟩ J(C) +

1

ε2
⟨J(A),C⟩

n∑
i=1

BiYi −
1

ε2
⟨J(A),C⟩

n∑
i=1

Bn+iXi

+
1

ε2
⟨J(B),C⟩

n∑
i=1

An+iXi −
1

ε2
⟨J(B),C⟩

n∑
i=1

AiYi

=
2

ε2
⟨J(A),B⟩ J(C) +

1

ε2
⟨J(A),C⟩ J(B)− 1

ε2
⟨J(B),C⟩ J(A)

and

III + V =
A2n+1

ε2
⟨B,C⟩εT − B2n+1

ε2
⟨A,C⟩εT +

B2n+1C2n+1

ε2
A− A2n+1C2n+1

ε2
B.

The thesis follows combining the above computations. □

The explicit expression of the Ricci curvature Ricε is a simple consequence of Proposition 3.2.

Proposition 3.3. Let ε > 0. Let A,B,C ∈ Γ(THn). Then

Ricε(B,C) = − 2

ε2
⟨B,C⟩ε +

(2n+ 2)

ε2
⟨B, εT ⟩ε ⟨C, εT ⟩ε(3.11)

and

(∇ε
ARicε) (B,C) =

2n+ 2

ε3
⟨J(A),B⟩ε ⟨C, εT ⟩ε +

2n+ 2

ε3
⟨J(A),C⟩ε ⟨B, εT ⟩ε

In particular,

(3.12) (∇ε
ARicε) (A,A) = 0.

Proof. By definition,

ε2Ric(B,C) =
2n∑
i=1

(
2 ⟨J(Zi),B⟩ε ⟨J(C), Zi⟩ε + ⟨J(Zi),C⟩ε ⟨J(B), Zi⟩ε − ⟨J(B),C⟩ε ⟨J(Zi), Zi⟩ε

)
+ ⟨B,C⟩ε −B2n+1,εC2n+1,ε + (2n+ 1)B2n+1,εC2n+1,ε −B2n+1,εC2n+1,ε.

= −3 ⟨J(B), J(C)⟩+ ⟨B,C⟩ε + (2n− 1)B2n+1,εC2n+1,ε

= −2 ⟨B,C⟩+ (2n+ 2)B2n+1,εC2n+1,ε.

Therefore, since ∇ε ⟨·, ·⟩ε ≡ 0,

ε2 (∇ARicε) (B,C) = (2n+ 2)
(
A (⟨B, εT ⟩ε ⟨C, εT ⟩ε)− ⟨∇ε

AB, εT ⟩ε ⟨C, εT ⟩ε − ⟨B, εT ⟩ε ⟨∇
ε
AC, εT ⟩ε

)
= (2n+ 2)

(
⟨B,∇ε

AεT ⟩ε ⟨C, εT ⟩ε + ⟨B, εT ⟩ε ⟨C,∇
ε
AεT ⟩ε

)
(3.8)
=

2n+ 2

ε
⟨J(A),B⟩ε ⟨C, εT ⟩ε +

2n+ 2

ε
⟨J(A),C⟩ε ⟨B, εT ⟩ε .

Finally, (3.12) is straightforward. □
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3.5. Extrinsic curvatures. Fix ε > 0. We adapt some aspects of Section 3.2 to the Riemannian structure
(Hn, ⟨·, ·⟩ε). We assign an upper index ε to the geometric quantities associated with S and induced by ⟨·, ·⟩ε.
Accordingly,

(3.13) Nε =
1√

1 + ε2α2
ν +

εα√
1 + ε2α2

εT.

Therefore, TS admits the ⟨·, ·⟩ε-orthonormal decomposition TS = H′TS ⊕ span J(ν)⊕ spanSε, where

(3.14) Sε = − εα√
1 + ε2α2

ν +
1√

1 + ε2α2
εT.

If σε is the Riemannian surface measure induced by ⟨·, ·⟩ε, it is easy to check that

(3.15) σε =

√
1 + ε2α2

ε
√
1 + α2

σ1.

In the rest of this section, we express some Riemannian extrinsic quantities with respect to the relevant
sub-Riemannian geometric objects. We begin with the second fundamental form.

Lemma 3.4. Let ε > 0. Let A,B ∈ Γ(HTS). Let C ∈ Γ(H′TS). Then

(3.16)

hε(A,B) =
1√

1 + ε2α2
h̃H(A,B), hε(C,Sε) =

εCα

1 + ε2α2
,

hε(J(ν),Sε) =
1

ε
+

εJ(ν)α

1 + ε2α2
, hε(Sε,Sε) =

ε2Sα
(1 + ε2α2)

3
2

.

Proof. First, since

(3.17) ⟨ν,B⟩ = ⟨εT,B⟩ε = 0,

then

hε(A,B)
(3.13)
=

〈
∇ε

A

(
1√

1 + ε2α2
ν

)
,B

〉
ε

+

〈
∇ε

A

(
εα√

1 + ε2α2
εT

)
,B

〉
ε

(3.17)
=

1√
1 + ε2α2

(
⟨∇ε

Aν,B⟩ε + εα ⟨∇ε
AεT,B⟩ε

)
(3.8),(3.9)

=
1√

1 + ε2α2

(
hH(A,B) + α ⟨J(A),B⟩

)
(3.4)
=

1√
1 + ε2α2

h̃H(A,B).

Let D ∈ Γ(TS). Then

hε(D,Sε) = ⟨∇ε
DNε,Sε⟩ε

(3.13)
=

1√
1 + ε2α2

〈
∇ε

D

(
1√

1 + ε2α2
ν

)
,−εαν + εT

〉
ε

+
1√

1 + ε2α2

〈
∇ε

D

(
εα√

1 + ε2α2
εT

)
,−εαν + εT

〉
ε

= − εα√
1 + ε2α2

D

(
1√

1 + ε2α2

)
+

1

1 + ε2α2

〈
∇ε

Dν,−εαν + εT
〉
ε

+
εα√

1 + ε2α2
D

(
1√

1 + ε2α2

)
+

εDα

1 + ε2α2
+

εα

1 + ε2α2

〈
∇ε

DεT,−εαν + εT
〉
ε

=
1

1 + ε2α2

〈
∇ε

Dν, εT
〉
ε
− ε2α2

1 + ε2α2

〈
∇ε

DεT, ν
〉
ε
+

εDα

1 + ε2α2

(3.8)
= − 1

ε(1 + ε2α2)
⟨J(D), ν⟩ε −

ε2α2

ε(1 + ε2α2)
⟨J(D), ν⟩ε +

εDα

1 + ε2α2

=
1

ε
⟨D, J(ν)⟩+ εDα

1 + ε2α2
.

□

A first trivial consequence of Lemma 3.4 is the behavior of the mean curvature.
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Corollary 3.5. Let p ∈ S \ S0. Then

Hε =
1√

1 + ε2α2
HH +

ε2Sα
(1 + ε2α2)

3
2

.(3.18)

In particular,

(3.19) A1 · · ·AkH
ε −−−→

ε→0
A1 · · ·AkH

H locally uniformly on S \ S0 for any k ∈ N, A1, . . . ,Ak ∈ Γ(TS).

In the next result, the approximation occurs both in the second fundamental form and in its entries.

Lemma 3.6. Let p ∈ S \ S0. Let f, g ∈ C∞(S \ S0). Then

hε
(
∇ε,Sf,∇ε,Sg

)
=
h̃H
(
∇H,Sf,∇H,Sg

)
√
1 + ε2α2

+
J(ν)fSg + J(ν)gSf√

1 + ε2α2

+
ε2
〈
∇H,Sα,Sg∇H,Sf + Sf∇H,Sg

〉
(1 + ε2α2)

3
2

+
ε4SαSfSg
(1 + ε2α2)

5
2

.

(3.20)

In particular, if (f ε)ε, (g
ε)ε converge smoothly to f and g as in (3.19), then

hε
(
∇ε,Sf ε,∇ε,Sgε

)
−−−→
ε→0

h̃H
(
∇H,Sf,∇H,Sg

)
+ J(ν)f Sg + J(ν)g Sf locally uniformly on S \ S0.(3.21)

Proof. Fix p ∈ S \ S0. Let E1, . . . ,En−1,En+1, . . . ,E2n−1 be a local orthonormal frame of H′TS. Set
En = J(ν) and E2n = Sε. In this way, E1, . . . ,E2n is a local orthonormal frame of TS. Then

hε
(
∇ε,Sf,∇ε,Sg

)
=

2n∑
i,j=1

hε(Ei,Ej)EifEig

=
2n−1∑
i,j=1

hε(Ei,Ej)EifEig +
2n−1∑
i=1

hε(Ei,Sε) (EifSεg +EigSεf) + hε(Sε,Sε)SεfSεg

(3.16)
=

h̃H
(
∇H,Sf,∇H,Sg

)
√
1 + ε2α2

+
ε2

(1 + ε2α2)
3
2

2n−1∑
i=1
i ̸=n

Eiα (EifSg +EigSf)

+
1√

1 + ε2α2

(
1 +

ε2J(ν)α

1 + ε2α2

)
(J(ν)fSg + J(ν)gSf) + ε4SαSfSg

(1 + ε2α2)
5
2

=
h̃H
(
∇H,Sf,∇H,Sg

)
√
1 + ε2α2

+
J(ν)fSg + J(ν)gSf√

1 + ε2α2
+
ε2
〈
∇H,Sα,Sg∇H,Sf + Sf∇H,Sg

〉
(1 + ε2α2)

3
2

+
ε4SαSfSg
(1 + ε2α2)

5
2

.

In particular, (3.21) follows by (3.20). □

The next convergence result has been achieved, through a different approach, in [31].

Lemma 3.7. Let p ∈ S \ S0. Then

|hε|2 +Ricε(Nε,Nε) =
|h̃H|2 + 4J(ν)α+ (2n+ 2)α2

1 + ε2α2
+

2ε2
∣∣∇H,Sα

∣∣2
(1 + ε2α2)2

+
ε4 (Sα)2

(1 + ε2α2)3

In particular,

(3.22) |hε|2 +Ricε(Nε,Nε) −−−→
ε→0

|h̃H|2 + 4J(ν)α+ (2n+ 2)α2 locally uniformly on S \ S0.

Proof. Let E1, . . . ,E2n−1 be as in the proof of Lemma 3.6. First, by (3.11) and (3.13),

Ricε(Nε,Nε) = − 2

ε2
+

(2n+ 2)α2

1 + ε2α2
.
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Moreover,

|hε|2 =
2n−1∑
i,j=1

hε(Ei,Ej)
2 + 2hε(J(ν),Sε)2 + 2

2n−1∑
i=1
i ̸=n

hε(Ei,Sε)2 + hε(Sε,Sε)2

(3.16)
=

|h̃H|2

1 + ε2α2
+

2

ε2
+

4J(ν)α

1 + ε2α2
+

2ε2 (J(ν)α)2

(1 + ε2α2)2
+

2ε2

(1 + ε2α2)2

2n−1∑
i=1
i ̸=n

(Eiα)
2 +

ε4 (Sα)2

(1 + ε2α2)3

=
2

ε2
+

|h̃H|2 + 4J(ν)α

1 + ε2α2
+

2ε2
∣∣∇H,Sα

∣∣2
(1 + ε2α2)2

+
ε4 (Sα)2

(1 + ε2α2)3
.

The thesis follows combining the above computations. □

Lemma 3.4 allows to compare the Laplace-Beltrami operator with ∆̂H,S . We need the following lemma.

Lemma 3.8. Let p ∈ S \ S0. Then

(3.23) ∇ε
SεSε = −2αJ(ν)− ε2α

1 + ε2α2
∇H,Sα− ε2Sα

(1 + ε2α2)
3
2

Nε.

Proof. First,

⟨∇ε
SεSε,Nε⟩ε = −hε(Sε,Sε)

(3.16)
= − ε2Sα

(1 + ε2α2)
3
2

.

Moreover, ⟨∇ε
SεSε,Sε⟩ε = 0. Finally, fix E ∈ Γ(HTS). Then〈

∇ε
SεSε,E

〉
ε
=

1√
1 + ε2α2

〈
∇ε

−εαν+εT

(
−εαν + εT√
1 + ε2α2

)
,E

〉
ε

=
1

1 + ε2α2

〈
∇ε

−εαν+εT (−εαν) ,E
〉
ε
+

1

1 + ε2α2

〈
∇ε

−εαν+εT εT,E
〉
ε

(3.8)
=

ε2α2

1 + ε2α2
⟨∇ε

νν,E⟩ε −
εα

1 + ε2α2
⟨∇ε

εT ν,E⟩ε −
α

1 + ε2α2
⟨E, J(ν)⟩

(3.6),(3.3)
= − 2ε2α3

1 + ε2α2
⟨E, J(ν)⟩ − ε2α

1 + ε2α2

2n∑
i=1

T (νi)Ei − α

1 + ε2α2

n∑
i=1

(
νiYi − νn+iXi

)
− α

1 + ε2α2
⟨E, J(ν)⟩

(3.2)
= −2α ⟨E, J(ν)⟩ − ε2αEα

1 + ε2α2
.

The thesis follows by the above computations. □

Proposition 3.9. Let A ∈ Γ(HTS). Let f ∈ C∞(S \ S0). Let p ∈ S \ S0. Then

(3.24) divε,S (A+ fS) = divH,S A+ 2α ⟨A, J(ν)⟩+ Sf − fHHα+
ε2α

1 + ε2α2
(Aα+ fSα) .

In particular, if φ ∈ C∞(S \ S0) and p ∈ S \ S0,

(3.25) ∆ε,Sφ = ∆̂H,Sφ+
ε2SSφ
1 + ε2α2

− ε4αSαSφ
(1 + ε2α2)2

− ε2HHαSφ
1 + ε2α2

+
ε2α

1 + ε2α2
∇H,Sα.

Therefore, if (φε)ε converges to φ smoothly as in (3.19), then

(3.26) J εφε −−−→
ε→0

JHφ, locally uniformly on S \ S0.

Proof. Let E1, . . . ,E2n−1 be as in the proof of Lemma 3.6. First,

divε,S A
(3.9)
=

2n−1∑
i=1

⟨∇EiA,Ei⟩ − ⟨∇ε
SεSε,A⟩ε

(3.23)
= divH,S A+ 2α ⟨A, J(ν)⟩+ ε2α

1 + ε2α2
Aα.



VARIATION FORMULAS FOR MEAN CURVATURE FUNCTIONALS 27

Moreover,

divε,S (fS) = Sf + f
2n−1∑
i=1

〈
∇ε

Ei
S,Ei

〉
ε
+ f ⟨∇ε

SεS,Sε⟩ε

= Sf − fα
2n−1∑
i=1

〈
∇ε

Ei
ν,Ei

〉
ε
+ f

2n−1∑
i=1

〈
∇ε

Ei
T,Ei

〉
ε
+ f

〈
∇ε

Sε

(√
1 + ε2α2

ε
Sε

)
,Sε

〉
ε

(3.8),(3.9)
= Sf − fα

2n−1∑
i=1

⟨∇Eiν,Ei⟩+
f

ε2

2n−1∑
i=1

⟨J(Ei),Ei⟩+
f√

1 + ε2α2
S
(√

1 + ε2α2
)

= Sf − fHHα+
ε2fαSα
1 + ε2α2

.

To prove (3.25) it suffices to apply (3.24), noticing that

∇ε,Sφ = ∇H,Sφ+
ε2Sφ

1 + ε2α2
S.

Finally, (3.26) follows by (3.22) and (3.25). □

The above results and the divergence theorem yield the following integration-by-parts formula (cf. [15]).

Proposition 3.10. Let φ ∈ C2(S) ∩ C∞(S \ S0). Let A ∈ Γ(HTS). If supp (φA) ⊆ S \ S0, then∫
S
φdivH,S A dσH + 2

∫
S
φα ⟨A, J(ν)⟩ dσH = −

∫
S
AφdσH.(3.27)

In addition, if ψ ∈ C2(S) ∩ C∞(S \ S0) and supp(φψ) ⊆ S \ S0, then

(3.28)

∫
S
φSψ dσH =

∫
S
φψHHαdσH −

∫
S
Sφψ dσH.

Finally, we show the convergence of the cubic curvature term appearing in (2.44).

Lemma 3.11. Let p ∈ S \ S0. Then

trace
(
(hε)3

)
=

3h̃H(J(ν), J(ν))

ε2 (1 + ε2α2)
1
2

+
1

(1 + ε2α2)
3
2

(
trace

((
h̃H
)3)

+ 6h̃H
(
∇H,Sα, J(ν)

)
+ 3Sα

)
+

3ε2

(1 + ε2α2)
5
2

(
h̃H
(
∇H,Sα,∇H,Sα

)
+ 2J(ν)αSα

)
+

3ε4

(1 + ε2α2)
7
2

Sα
∣∣∇H,Sα

∣∣2 + ε6

(1 + ε2α2)
9
2

(Sα)3

Proof. Let E1, . . . ,E2n−1 be as in the proof of Lemma 3.6. Set hεij = hε(Ei,Ej) for i, j = 1, . . . , 2n. Then

trace
(
(hε)3

)
=

2n−1∑
i,j,k=1

hεijh
ε
jkh

ε
ki︸ ︷︷ ︸

I

+3
2n−1∑
i,j=1

hεijh
ε
i,2nh

ε
j,2n︸ ︷︷ ︸

II

+3hε2n,2n

2n−1∑
i=1

(
hεi,2n

)2
︸ ︷︷ ︸

III

+
(
hε2n,2n

)3︸ ︷︷ ︸
IV

.

First,

I
(3.16)
=

1

(1 + ε2α2)
3
2

trace

((
h̃H
)3)

.
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Moreover,

II = 3
2n−1∑
i,j=1
i,j ̸=n

hεijh
ε
i,2nh

ε
j,2n + 6hεn,2n

2n−1∑
i=1
i ̸=n

hεi,nh
ε
i,2n + 3hεn,n

(
hεn,2n

)2
(3.16)
=

3ε2

(1 + ε2α2)
5
2

2n−1∑
i,j=1
i,j ̸=n

h̃H(Ei,Ej)EiαEjα+ 6

(
1 +

ε2J(ν)α

1 + ε2α2

)
1

(1 + ε2α2)
3
2

2n−1∑
i=1
i ̸=n

h̃H(Ei, J(ν))Eiα

+
3

ε2 (1 + ε2α2)
1
2

h̃H(J(ν), J(ν))

(
1 +

ε2J(ν)α

1 + ε2α2

)2

=
3ε2

(1 + ε2α2)
5
2

h̃H
(
∇H,Sα,∇H,Sα

)
+

6

(1 + ε2α2)
3
2

h̃H
(
∇H,Sα, J(ν)

)
+

3

ε2 (1 + ε2α2)
1
2

h̃H(J(ν), J(ν)).

In addition,

III = 3hε2n,2n

2n−1∑
i=1
i ̸=n

(
hεi,2n

)2
+ 3hε2n,2n

(
hεn,2n

)2
(3.16)
=

3ε4

(1 + ε2α2)
7
2

Sα
2n−1∑
i=1
i ̸=n

(Eiα)
2 +

3

(1 + ε2α2)
3
2

Sα
(
1 +

ε2J(ν)α

1 + ε2α2

)2

=
3ε4

(1 + ε2α2)
7
2

Sα
∣∣∇H,Sα

∣∣2 + 6ε2

(1 + ε2α2)
5
2

SαJ(ν)α+
3

(1 + ε2α2)
3
2

Sα.

Finally,

IV
(3.16)
=

ε6

(1 + ε2α2)
9
2

(Sα)3 .

The thesis follows combining the above computations. □

Lemma 3.12. Let p ∈ S \ S0. Then

⟨hε, Cε(Nε,Nε)⟩ε =
3h̃H(J(ν), J(ν))

ε2 (1 + ε2α2)
3
2

− 1

(1 + ε2α2)
3
2

(
Sα+HHα2

)
.

Proof. Let E1, . . . ,E2n−1 be as in the proof of Lemma 3.6. By (3.10) and (3.13), if B,D ∈ Γ(TS),

Cε(Nε,Nε)(B,D) =
3

ε2
⟨Nε, J(B)⟩ε ⟨N

ε, J(D)⟩ε −
B2n+1,εD2n+1,ε

ε2
− α2

1 + ε2α2
⟨B,D⟩ε.(3.29)

Therefore,

⟨hε, Cε(Nε,Nε)⟩ε =
2n∑

i,j=1

hε(Ei,Ej)Cε(Nε,Nε)(Ei,Ej)

(3.29)
=

3

ε2
hε(J(ν), J(ν)) ⟨Nε, ν⟩2ε −

1

ε2
hε(Sε,Sε) ⟨Sε, εT ⟩2ε −

α2

1 + ε2α2
Hε

(3.13),(3.14),(3.16),(3.18)
=

3h̃H(J(ν), J(ν))

ε2 (1 + ε2α2)
3
2

− Sα
(1 + ε2α2)

5
2

− HHα2

(1 + ε2α2)
3
2

−− ε2α2Sα
(1 + ε2α2)

5
2

=
3h̃H(J(ν), J(ν))

ε2 (1 + ε2α2)
3
2

− Sα
(1 + ε2α2)

3
2

− HHα2

(1 + ε2α2)
3
2

.

□
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Theorem 3.13. Let ε > 0. Let p ∈ S \ S0. Then

2 trace
(
(hε)3

)
− 2 ⟨hε, Cε(Nε,Nε)⟩ε − (∇ε

Nε Ricε) (Nε,Nε)

=
1

(1 + ε2α2)
3
2

(
2 trace

((
h̃H
)3)

+ 12h̃H
(
∇H,Sα, J(ν)

)
+ 8Sα+ 6h̃H(J(ν), J(ν))α2 + 2HHα2

)
+

6ε2

(1 + ε2α2)
5
2

(
h̃H
(
∇H,Sα,∇H,Sα

)
+ 2J(ν)αSα

)
+

6ε4

(1 + ε2α2)
7
2

Sα
∣∣∇H,Sα

∣∣2 + 2ε6

(1 + ε2α2)
9
2

(Sα)3 .

In particular,

2 trace
(
(hε)3

)
− 2 ⟨hε, Cε(Nε,Nε)⟩ε − (∇ε

Nε Ricε) (Nε,Nε)

−−−→
ε→0

2 trace

((
h̃H
)3)

+ 12h̃H
(
∇H,Sα, J(ν)

)
+ 8Sα+ 6h̃H(J(ν), J(ν))α2 + 2HHα2

(3.30)

locally uniformly on S \ S0.

Proof. Notice that

6h̃H(J(ν), J(ν))

ε2 (1 + ε2α2)
1
2

− 6h̃H(J(ν), J(ν))

ε2 (1 + ε2α2)
3
2

=
6h̃H(J(ν), J(ν))α2

(1 + ε2α2)
3
2

.

The thesis follows by (3.12), Lemma 3.11 and Lemma 3.12. □

3.6. Variation formulas. We establish the relevant variation formulas for (1.2). Accordingly, we adapt
some notation of Section 2.3 to the sub-Riemannian setting. If Φ is a variation and X is as in (2.7), we set

X(q) = X (0, q), Z(q) =
∂

∂τ

∣∣∣∣
τ=0

X (τ, q) + (∇XX) (q) for any q ∈ Hn,

where in the above definition ∇ is the pseudohermitian connection (3.1). According to the Riemannian
terminology, we call X and Z respectively variational velocity field and variational acceleration field of Φ. If
a hypersurface S is fixed, we say that a variation is non-characteristic whenever S ∩K(Φ) ⋐ S \ S0. In the
next result, we restrict ourselves to consider non-characteristic variations of closed hypersurfaces. If instead
one computes variations on non-compact hypersurfaces, it suffices to restrict the relevant functionals to K(Φ).

Theorem 3.14. Let S ⊆ Hn be an embedded, closed, two-sided hypersurface of class C2. Let S \ S0 be
smooth. Fix a function f : R → R which is smooth in a neighborhood of

{
HH(p) : p ∈ S \ S0

}
. Let Φ

be a non-characteristic variation. Denote by X and Z its velocity and acceleration respectively. Define
φ,ψ ∈ C∞

c (S \ S0) by

φ := ⟨X, ν + αT ⟩ ,

ψ := ⟨Z, ν + αT ⟩ − 2 (X− φν)φ−
〈
∇X−φν (X− φν) , ν + αT

〉
− 2αφ ⟨X, J(ν)⟩ .

Set

δH H
f (S)[Φ] :=

d

dτ

∣∣∣∣
τ=0

H H
f (Φτ (S)) , δ2H H

f (S)[Φ] :=
d2

dτ2

∣∣∣∣
τ=0

H H
f (Φτ (S)) .

Then

δH H
f (S)[φ] := δH H

f (S)[Φ] =

∫
S
φ
(
JHf ′(HH) + f(HH)HH

)
dσH,(3.31)

δ2H H
f (S)[Φ] = δH H

f (S) [ψ] +

∫
S
φLHφdσH,(3.32)
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where LH is the self-adjoint operator defined on S \ S0 by

LHφ = JH (f ′′(HH)JHφ
)

+ 2divH,S
〈
f ′(HH)AH (∇H,Sφ

))
+ 4f ′(HH)SJ(ν)φ−

(
f ′(HH)HH + f(HH)

)
∆̂H,Sφ

+ 4αf ′(HH)
(
h̃H
(
∇H,Sφ, J(ν)

)
−HHJ(ν)φ

)
− 4f ′′(HH)

(
h̃H
(
∇H,SHH,∇H,Sφ

)
+ SφJ(ν)HH

)
+
(
f ′′(HH)HH − 2f ′(HH)

) 〈
∇H,SHH,∇H,Sφ

〉
+ φf ′(HH)

(
2 trace

((
h̃H
)3)

+ 12h̃H
(
∇H,Sα, J(ν)

)
+ 8Sα+ 6h̃H(J(ν), J(ν))α2 + 2HHα2

)
+ φ

(
f(HH)

(
HH)2 − (2f ′(HH)HH + f(HH)

) (
|h̃H|2 + 4J(ν)α+ (2n+ 2)α2

))
.

Here JH and AH are the horizontal Jacobi operator and the horizontal shape operator (cf. Section 3.2).

Proof. Fix ε > 0. Set H ε
f (S) :=

∫
S f (H

ε) dσε. Then

H ε
f (S)

(3.15),(3.18)
=

∫
S
f

(
HH

√
1 + ε2α2

+
ε2Sα

(1 + ε2α2)
3
2

) √
1 + ε2α2

ε
√
1 + α2

dσ1,

H H
f (S)

(3.5)
=

∫
S
f
(
HH) 1√

1 + α2
dσ1.

(3.33)

Therefore, by (3.33) and since Φ is supported on S \ S0, we infer that

(3.34) δH H
f (S)[Φ] = lim

ε→0
εδH ε

f (S)[Φ], δ2H H
f (S)[Φ] = lim

ε→0
εδ2H ε

f (S)[Φ].

Set φε = ⟨X,Nε⟩ε. Then, by (2.43),

εδH ε
f (S)[Φ] =

∫
S

(
f ′(Hε)

(
−∆ε,Sφε − φε

(
|hε|2 +Ricε(Nε,Nε)

))
+ φεf(Hε)Hε

)√1 + ε2α2

√
1 + α2

dσ1.

Notice that

φε = ⟨X,Nε⟩ = ⟨X, ν⟩√
1 + ε2α2

+
εα ⟨X, εT ⟩ε√

1 + ε2α2
=

⟨X, ν⟩√
1 + ε2α2

+
α ⟨X, T ⟩1√
1 + ε2α2

=
φ√

1 + ε2α2
.

Therefore, (3.25) implies that

φε −−−→
ε→0

φ, ∆ε,Sφε −−−→
ε→0

∆̂H,Sφ uniformly on S.

Then, by (3.34) and recalling (3.19) and (3.22), (3.31) follows. Next, we prove (3.32). Set

XT,ε = X− φεNε = X− φ

1 + ε2α2

(
ν + ε2αT

)
,

and denote by Zε the acceleration of Φ with respect to ∇ε. By (2.44),

δ2H ε
f (S)[Φ] = δH ε

f (S)
[
⟨Z|S ,Nε⟩ε − 2XT,εφε + hε

(
XT,ε,XT,ε

)]
+

∫
S
φε J ε

(
f ′′(Hε)J εφε

)
dσε

+

∫
S
2φε divε,S

(
f ′(Hε)Aε

(
∇ε,Sφε

))
dσε −

∫
S
φε
(
f ′(Hε)Hε + f(Hε)

)
∆ε,Sφε dσε

−
∫
S
4φεf ′′(Hε)hε

(
∇ε,SHε,∇ε,Sφε

)
dσε +

∫
S
φε
(
f ′′(Hε)Hε − 2f ′(Hε)

) 〈
∇ε,SHε,∇ε,Sφε

〉
ε
dσε

+

∫
S
(φε)2 f ′(Hε)

(
2 trace

(
(hε)3

)
− 2 ⟨hε, Cε(Nε,Nε)⟩ − (∇ε

Nε Ricε) (Nε,Nε)
)
dσε

+

∫
S
(φε)2

(
f(Hε) (Hε)2 −

(
2f ′(Hε)Hε + f(Hε)

) (
|hε|2 +Ricε(Nε,Nε)

) )
dσε.

Denote the terms on the right-hand side by Iε, . . . ,VIIIε. First,

⟨Zε,Nε⟩ε =
⟨X′, ν + αT ⟩1√

1 + ε2α2
+ ⟨∇ε

XX,Nε⟩ε
(3.7)
=

⟨Z, ν + αT ⟩1√
1 + ε2α2

+
2 ⟨X, εT ⟩ε

ε
⟨J(X),Nε⟩ε .
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Moreover, X− φν ∈ Γ(TS), and

−2XT,εφε = −2

(
X− φ

1 + ε2α2

(
ν + ε2αT

))( φ√
1 + ε2α2

)
−−−→
ε→0

−2 (X− φν)φ uniformly on S.

In addition,

hε
(
XT,ε,XT,ε

)
= −

〈
∇ε

XT,εX
T,ε,Nε

〉
ε

(3.7)
= −

〈
∇XT,εXT,ε,Nε

〉
ε
−

2
〈
XT,ε, εT

〉
ε

ε
⟨J(X),Nε⟩ε .

Therefore

⟨Zε,Nε⟩ε + hε
(
XT,ε,XT,ε

)
=

⟨Z, ν + αT ⟩1√
1 + ε2α2

−
〈
∇XT,εXT,ε,Nε

〉
ε
+

2 ⟨J(X),Nε⟩ε
ε

〈
X−XT,ε, εT

〉
ε

=
⟨Z, ν + αT ⟩1√

1 + ε2α2
−
〈
∇XT,εXT,ε,Nε

〉
ε
+

2αφϵ ⟨J(X),Nε⟩ε√
1 + ε2α2

−−−→
ε→0

⟨Z, ν + αT ⟩1 −
〈
∇X−φν (X− φν) , ν + αT

〉
1
− 2αφ ⟨X, J(ν)⟩

uniformly on S. By the first part of the proof, we conclude that

εIε −−−→
ε→0

δH H
f (S)

[
⟨Z, ν + αT ⟩1 − 2 (X− φν)φ−

〈
∇X−φν (X− φν) , ν + αT

〉
1
− 2αφ ⟨X, J(ν)⟩

]
.

Moreover, by (3.26),

εIIε = ε

∫
S
f ′′(Hε)J εφε J εφε dσε −−−→

ε→0

∫
S
f ′′(HH)JHφJHφdσH =

∫
S
φJH (f ′′(HH)JHφ

)
dσH.

Next,

εIIIε = −ε
∫
S
2f ′(Hε)hε

(
∇ε,Sφε,∇ε,Sφε

)
dσε

(3.21)−−−→
ε→0

−
∫
S
2f ′(HH)

(
h̃H
(
∇H,Sφ,∇H,Sφ

)
+ 2J(ν)φSφ

)
dσH

(3.4)
= −

∫
S
2
〈
f ′(HH)AH (∇H,Sφ

)
,∇H,Sφ

〉
dσH −

∫
S
4f ′(HH)J(ν)φSφdσH

(3.27),(3.28)
=

∫
S
2φdivH,S

〈
f ′(HH)AH (∇H,Sφ

))
dσH +

∫
S
4φαf ′(HH)hH

(
∇H,Sφ, J(ν)

)
dσH

+

∫
S
4φJ(ν)φf ′′(HH)SHH dσH +

∫
S
4φf ′(HH)SJ(ν)φ, dσH −

∫
S
4φαf ′(HH)HHJ(ν)φdσH

(3.4)
=

∫
S
2φdivH,S

〈
f ′(HH)AH (∇H,Sφ

))
dσH +

∫
S
4φαf ′(HH)

(
h̃H
(
∇H,Sφ, J(ν)

)
−HHJ(ν)φ

)
dσH

+

∫
S
4φJ(ν)φf ′′(HH)SHH dσH +

∫
S
4φf ′(HH)SJ(ν)φ, dσH.

Moreover,

εIVε −−−→
ε→0

−
∫
S
φ
(
f ′(HH)HH + f(HH)

)
∆̂H,SφdσH.

In addition,

εVε (3.21)−−−→
ε→0

−
∫
S
4φf ′′(HH)

(
h̃H
(
∇H,SHH,∇H,Sφ

)
+ J(ν)φSHH + SφJ(ν)HH

)
dσH.

Moreover,

εVIε −−−→
ε→0

∫
S
φ
(
f ′′(HH)HH − 2f ′(HH)

) 〈
∇H,SHH,∇H,Sφ

〉
dσH.

Furthermore, by (3.30),

εVIIε −−−→
ε→0

∫
S
φ2f ′(HH)

(
2 trace

((
h̃H
)3)

+12h̃H
(
∇H,Sα, J(ν)

)
+8Sα+6h̃H(J(ν), J(ν))α2+2HHα2

)
dσH.

Finally, by (3.22),

εVIIIε −−−→
ε→0

∫
S
φ2
(
f(HH)

(
HH)2 − (2f ′(HH)HH + f(HH)

) (
|h̃H|2 + 4J(ν)α+ (2n+ 2)α2

))
dσH.
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The thesis follows combining the above computations. □
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