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Abstract – The Stiefel and Grassmann manifolds have been studied extensively and play a
prominent role in many applications. Their geodesic structure is well understood; in par-
ticular, minimal geodesics and the cut locus in the Grassmann manifold admit classical
descriptions. The oriented Grassmann manifold is less frequently treated explicitly. In this
note we review the relevant Stiefel and Grassmann results for Hilbert spaces, including the
infinite-dimensional case, give direct proofs adapted to our notation, and derive an explicit
minimal-geodesic criterion and a cut-locus characterization for the oriented Grassmann man-
ifold.
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1. Introduction

The interest in Stiefel and Grassmann manifolds is long standing. They provide
natural configuration spaces for orthonormal frames and linear subspaces, and they
occur in numerical linear algebra, optimization, statistics, and shape analysis. Classical
studies go back to [18,21]. A standard reference for matrix algorithms and the Rieman-
nian geometry of these manifolds is [5]; statistical aspects are treated, for example, in
[3]; and Grassmannian descriptions of shape spaces appear in [19, 22, 23].
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This also motivates a companion paper in preparation on the StiefelCurve software
library, where Gr+

(
2, !2( [0, 1])

)
is used to represent planar curves up to translation,

rotation, and scaling in shape analysis.
Interest in these topics continues to this day. Recent work includes surveys and

computational treatments of Grassmann manifolds [1], algorithms for logarithms and
geodesics on Stiefel manifolds [14, 25], and cut-locus results for the canonical metric
[20]. In contrast, this paper uses the metric induced by the ambient Hilbert space.

In this paper we review the definitions of the Stiefel manifold, the Grassmann man-
ifold, and the oriented Grassmann manifold in a possibly infinite-dimensional Hilbert
space �. We use the Riemannian metric induced by the ambient Hilbert space on the
Stiefel manifold and the corresponding quotient metrics on the Grassmannians. Other
natural metrics exist on these manifolds, but they are not considered here.

Main contribution of the paper

The main contributions of the paper concern the oriented Grassmann manifold. The
ordinary Grassmann results are recalled and reformulated mainly as preparation and
comparison, but in a form that is readily adapted to infinite-dimensional Hilbert spaces
through the use of ? × ? Gram matrices.

Using the ‘‘angle-eigenvalues’’ Lemma 3.11, Proposition 3.18 shows that a class
of Grassmann geodesics1 admits a geometric decomposition into ‘‘principal spaces’’
that depends only on the endpoints.

In Definition 3.22 we introduce an oriented variant of the singular value decompo-
sition, denoted SVD+, and the associated oriented principal angles. With these tools,
Proposition 3.20 gives a criterion for minimality, Proposition 3.23 gives an explicit
construction of a minimal geodesic in Gr+(?, �), and Theorem 4.2 gives a geometric
characterization of its cut locus. The cut locus is described by three endpoint con-
figurations: a doubly-semi-perpendicular case, a multiplicity condition on the largest
ordinary principal angle together with the orientation sign, and the case where the
two oriented planes project to the same unoriented plane. Using this characterization,
Theorem 4.6 and Corollary 4.7 compute the injectivity radius and the diameter of the
oriented Grassmannian.

To the best of our knowledge, the minimality criterion of Proposition 3.20, the con-
struction of minimal geodesics in Proposition 3.23, and the cut-locus characterization in

(1) These geodesics need not be minimal. The geodesic ODE is the same in the standard and
oriented Grassmannians.
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Theorem 4.2 are not available in the literature in this explicit endpoint/principal-angle
form. The injectivity-radius and diameter statements are then recorded as consequences
of that characterization.

Structure of the paper

In Sec. 3.1 we recall the classical geodesic formula on the Stiefel manifold and
the closed-form description of geodesics. In Sec. 3.2 we do the same for the Grass-
mann manifold; Sec. 3.2.1 discusses the geometric meaning of the decomposition, and
Sec. 3.2.2 relates the angles to the eigenvalues of the associated Gram matrices. All
formulas are rewritten in a Hilbert-space form that uses only ? × ? Gram matrices;
this avoids singular value decompositions that are less transparent when dim� = ∞.

For the Grassmann manifold, in Sec. 3.3 we present the characterization and the
known formulas for minimal geodesics and in Sec. 4.2 the classical characterization of
the cut locus. Then in Sec. 3.5 and Sec. 4.3 we derive the corresponding statements for
the oriented Grassmann manifold, where the endpoint representatives must be oriented
representatives and the ordinary singular value decomposition must be replaced by the
oriented variant SVD+ introduced in Definition 3.22. We then use the corresponding
oriented principal angles.

For the Stiefel manifold itself, the corresponding global minimality and cut-locus
problems are more subtle. Explicit systematic criteria are not available in the same
form. 2

For the reader’s convenience, this paper is mostly self-contained: we include short
proofs of most classical results used below, adapted to the definitions and conventions
of this paper.

2. Definitions

We present a short account of the main definitions and the corresponding notation.

Definition 2.1. Suppose that " is a smooth complete Riemannian manifold with-
out boundary, modeled on a Hilbert space, possibly infinite dimensional.

(2) For comparison, see the introduction of [14], which discusses the logarithm problem and
provides theoretical guarantees for a V-metric family including the embedded metric at V = 1.
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• Let % ∈ " and + ∈ )%" be fixed. Let W : R → " be the geodesic solving

∇ ¤W ¤W(C) = 0 , W(0) = % , ¤W(0) = + .

Then
exp% (+) = W(1)

defines the exponential map.

• Consider a geodesic written as W(C) = exp% (C+). A conjugate point & along the
geodesic 3 is a point & = W(A) = exp% (A+) such that 3 exp% at A+ is not invertible.
The multiplicity of the point is the dimension of the kernel of 3 exp% . 4

• The cut locus of % is the set of all points & = W(1), for some + ≠ 0, such that W
restricted to [0,1] is a minimum-length geodesic connecting % to&, while, for every
C > 1, W restricted to [0, C] is no longer a minimum-length geodesic connecting %
to W(C). 5

These definitions are classical and can be found in standard texts such as [4], [10],
or [11].

The following result is fundamental.

Theorem 2.2. 6 If a geodesic has a conjugate point of positive multiplicity in its
interior, then it is not a minimum-length geodesic between its endpoints.

Consequently, if a geodesic is minimizing up to a conjugate point & = W(A) of
positive multiplicity, then it cannot be extended past& as a minimizing geodesic; hence
& is in the cut locus of %.

Proposition 2.3. Suppose that " is finite-dimensional. Then every conjugate
point has positive multiplicity. Moreover, for every % ∈ " , the cut locus of % has the
following properties.

• The cut locus is closed.

• It is rectifiable.

• It is the union of a singular part Σ and a conjugate part:

(3) Definition 1.12.9 in [10].
(4) Note that, if dim� = ∞, then a conjugate point may have multiplicity zero.
(5) Note that % is not in the cut locus of %.
(6) Theorem 1.12.13 in [10], where this assertion holds also if � is infinite dimensional.
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– Σ is the set where the distance function

& ↦→ 3" (%,&)

is not differentiable; equivalently, it is the set of points & joined to % by at least
two distinct minimizing geodesics.

– The conjugate part consists of those points & such that exp% (+) = &, ‖+ ‖ =
3" (%,&)7, and exp% is not locally invertible at + .

(In all of the above we consider only & ≠ % and + ≠ 0.)

• If & is in the cut locus of % and they are connected by infinitely many distinct
minimizing geodesics, then & is both a singular point and a conjugate point to %.8

• The closure of Σ is the cut locus.

The classical alternative between ordinary cut points and conjugate cut points is
discussed, for instance, in [10]. The relation with the singular set of the distance function,
and the rectifiability properties of that singular set, are treated in [13].

2.1 – Stiefel and Grassmann manifolds

Let ? ≥ 1 be an integer, and let � be a vector space endowed with a scalar product.
Then

(2.1) St(?, �) =
{
(41, 42, . . . 4?) ∈ � ? : ‖48 ‖ = 1,

〈
48 , 4 9

〉
�
= 0, ∀8, 9 , 8 ≠ 9

}
is the Stiefel manifold of orthonormal ?-frames. We assume dim� ≥ ?, so that the
Stiefel manifold is nonempty. When � is a Hilbert space, St(?, �) is a smooth embed-
ded closed submanifold of � ?. With the Riemannian metric induced by the ambient
space, it has the following Hopf–Rinow-type properties: it is metrically and geodesi-
cally complete, its exponential map is globally defined, and any two points in the same
connected component can be joined by a minimizing geodesic. 9

(7) Equivalently, the geodesic B ↦→ exp% (B+), 0 ≤ B ≤ 1, is minimizing from % to &.
(8) Lemma 4.8 in [13].
(9) If ? = dim�, then St(?, �) = O(?) has two connected components, so the end points

must be in the same component. In infinite dimension the existence of minimal geodesics was
proven in [7]; see the recap in Appendix A. In infinite dimension, closed bounded subsets need not
be compact, contrary to one of the conclusions of the finite-dimensional Hopf–Rinow theorem.
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When � = R# it is customary to represent the ?-frame as an # × ? matrix (with
orthonormal columns); in this case the Riemannian scalar product of �, � ∈ R#×? is

(2.2) 〈�, �〉� ? = tr(�>�) .

If � is a generic Hilbert space, we agree that

〈�, �〉� ? = tr(�>�) =
?∑
8=1

〈�8 , �8〉� ,

where �>� denotes the ? × ? matrix with entries
〈
�8 , � 9

〉
�

.
The Stiefel manifold also carries other natural Riemannian metrics; see [5, 8, 15].

Here we use only the metric induced by the ambient Hilbert space.

The space Gr(?, �) of ?-dimensional subspaces of � is called the Grassmann
manifold; it can be identified with the quotient

Gr(?, �) = St(?, �)/O(?)

where the group O(?) of ? × ? orthogonal matrices acts by right multiplication, chang-
ing the columns of a frame in St(?, �) by an orthogonal linear combination. This action
can be defined for any space � (not just � = R# ): if {, | ∈ � ? and � ∈ R?×? then

{ = |� ⇐⇒ {8 =

?∑
9=1
| 9� 9 ,8 .

When � is a Hilbert space, the Grassmann manifold is again a smooth complete Rie-
mannian manifold.

The space Gr+(?, �) of ?-dimensional oriented subspaces of � is called the ori-
ented Grassmann manifold; we identify it with the quotient

Gr+(?, �) = St(?, �)/SO(?) .

The manifolds Gr(?, �) and Gr+(?, �) have the same geodesic properties: they
are smooth Riemannian manifolds, they are metrically and geodesically complete, their
exponential maps are globally defined, and under the standing assumption ? < dim�,
any two points can be joined by a minimizing geodesic.

Now denote the natural projection maps by

St(?, �) −→ Gr(?, �), . ↦→ [. ]Gr,

St(?, �) −→ Gr+(?, �), . ↦→ [. ]Gr+,

Gr+(?, �) −→ Gr(?, �), % ↦→ [%]Gr.

When % ∈ Gr(?, �) and % = [. ]Gr, we will say that . is a representative. When % ∈
Gr+(?, �) and % = [. ]Gr+, we will say that . is an oriented representative.
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Proposition 2.4. If ? = dim� then St(?, �) = O(?), which has two connected
components (one being SO(?)), Gr(?, �) is one point, and Gr+(?, �) is two points.

If ? + 1 ≤ dim�, then St(?, �), Gr(?, �), and Gr+(?, �) are connected. The proof

is in Appendix C, p. 46.

For the above reasons we impose this hypothesis.

Hypothesis 2.5. We will assume that � is a Hilbert space and that dim� ≥ ? + 1
in the following.

Note that all following results hold also when � is infinite dimensional.

Remark 2.6. The Stiefel and Grassmann manifolds can also be defined in differ-
ent, but equivalent, ways: see the Introduction in [1]. Note also that all the different
Riemannian metrics on St(?, �) considered in [5, 15] project to the usual Riemannian
metric on Gr(?, �) and Gr+(?, �), since they coincide on the horizontal part of the
tangent space in St(?, �).

The results in [7], recalled in Appendix A, show that the cut locus in the possibly
infinite-dimensional manifolds studied here is completely determined by the corre-
sponding finite-dimensional cut locus.

For the conjugate points, we add this result.

Theorem 2.7. Consider a geodesic W(C) in St(?, �) starting from % = W(0), and
let& = W(A). Then& is a conjugate point along the geodesic with positive multiplicity if
and only if there exists a subspace � ⊆ �, with dim � ≤ 3?, such that W(C) ∈ St(?, �)
and & is a conjugate point along the geodesic in St(?, �).

The same holds in the Grassmannian and the oriented Grassmannian.
The proof is in Appendix C, p. 47.

2.2 – Jordan angles

The principal angles 10 between two ?-dimensional subspaces %, & ⊆ R= were
introduced by Camille Jordan in his study of the relative position of subspaces under
the action of the orthogonal group.

(10) Also called Jordan angles in honor of the fundamental paper [9]
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Definition 2.8. Given orthonormal bases*,+ ∈ R=×? of % and &, the Jordan
angles

0 ≤ \1 ≤ · · · ≤ \? ≤ c

2
are defined by performing a SVD decomposition of*>+ . If

1 ≥ f1 ≥ · · · ≥ f? ≥ 0

are the singular values, then \8 = arccosf8 .
Equivalently, there exist orthonormal bases

D1, . . . , D? ∈ %, {1, . . . , {? ∈ &,

such that
〈D8 , { 9〉 = 0 (8 ≠ 9), 〈D8 , {8〉 = cos \8 .

There is also a purely geometric definition [2], which is useful when the spaces do
not have the same dimension.

Definition 2.9. Let %,& ⊂ R= be two linear subspaces, with

dim % = ?, dim& = @,

and assume, for instance, that ? ≤ @. The principal angles

0 ≤ \1 ≤ · · · ≤ \? ≤ c

2

between % and & may be defined recursively by the procedure %0 = &0 = {0} and for
8 = 1, . . . , ?

f8 = max
D∈%, ‖D‖=1

D⊥%8−1

max
{∈&, ‖{‖=1

{⊥&8−1

〈D, {〉,

〈D8 , {8〉 = f8 ,
\8 = arccosf8 ,
%8 = span{D1, . . . , D8}, &8 = span{{1, . . . , {8}.

Here D8 ∈ % and {8 ∈ & are unit vectors realizing the maxima.

If dim% = dim& = ?, this recursive construction gives orthonormal bases satisfying
the conditions in the previous definition.

The definitions above extend naturally to the case when R= is replaced by a Hilbert
space �, possibly infinite dimensional.
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The Grassmann manifold is a Riemannian symmetric space, and the Jordan angles
form a complete set of invariants for a pair of points %,& ∈ Gr(?, �) under the action
of O(�). If dim� ≥ 2?, choosing suitable orthonormal coordinates, one may write

% = span{41, . . . , 4?}

and
& = span

{
cos \1 41 + sin \1 4?+1, . . . , cos \? 4? + sin \? 42?

}
.

2.3 – ?-plane configurations

With a slight abuse of terminology, we will call a point % ∈ Gr(?, �) a ?-plane,
and a point % ∈ Gr+(?, �) an oriented ?-plane.

We introduce these convenient definitions.

Definition 2.10. Let %0, %1 ∈ Gr(?, �), %0 ≠ %1. We say that they are

(1) perpendicular if every vector in %0 is orthogonal to every vector in %1;

(2) semi-perpendicular if there exists a non-zero vector in %0 that is orthogonal to %1,
or equivalently with the roles of %0 and %1 exchanged;

(3) oblique if no non-zero vector in either ?-plane is orthogonal to the other ?-plane.

Thus perpendicular planes are also semi-perpendicular, while oblique planes are
precisely the planes that are not semi-perpendicular. Equivalently, for Stiefel represen-
tatives .0, .1,

(1) %0, %1 are perpendicular iff .>
0 .1 = 0, iff all principal angles are c/2;

(2) %0, %1 are semi-perpendicular iff det(.>
0 .1) = 0, iff at least one principal angle is

c/2;

(3) %0, %1 are oblique iff det(.>
0 .1) ≠ 0, iff no principal angle is c/2.

These conditions do not depend on the choice of representatives. The proof is in Appendix C,

p. 49.

2.4 – Tangent and normal spaces

What follows comes from Section 2.2.1 in [5] (and is valid for the generic case when
� is a Hilbert space, using the extended notations presented in the previous section).

Given . ∈ St(?, �), the tangent space

(2.3) ).St(?, �) = {+ ∈ � ? : +>. + .>+ = 0}
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and the normal space is

(2.4) #.St(?, �) = {.( : ( ∈ R?×?, (> = (}

.
For � ∈ R?×?, set

sym(�) = � + �>

2
, skew(�) = � − �>

2
.

Let / ∈ � ? and . ∈ St(?, �). The normal projection of / is

(2.5) c# (/) = . sym(.>/),

and the tangent projection is

(2.6) c) (/) = . skew(.>/) + (I − ..>)/.

Here ..> denotes the orthogonal projection of � onto the span of the columns of . ,
applied columnwise to /; I is the identity operator on �.

For Gr(?, �), we note that the vertical space associated to the right action of O(?)
on St(?, �) is

(2.7) Vert. = {. � : � ∈ R?×?, �> = −�}

.
Using the horizontal subspace at . , we may identify the tangent space of Gr(?, �)

with

(2.8) )[. ]Gr(?, �) ' {+ ∈ � ? : .>+ = 0}.

These are the directions horizontal to the right action of O(?).

3. Geodesics

3.1 – Geodesics in the Stiefel manifold

Classically, the Stiefel manifold St(?,R=) is defined as the set of all frames com-
posed of ? orthonormal vectors in R= (with 1 ≤ ? ≤ =); those frames are represented
as = × ? matrices � with orthonormal columns, that is, �>� = I where I ∈ R?×? is
the identity matrix.
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Geodesics in Stiefel manifolds St(?,R=) are known to have closed-form solutions,
as demonstrated by [5].11

Proposition 3.1 (Geodesics in St(?,R=)). Let � ⊆ R be an interval. Suppose that
St(?,R=) is endowed with the Riemannian metric (2.2), namely

〈�, �〉 = tr(�>�) .

Then a smooth path . : � → St(?,R=) is a geodesic if and only if it satisfies

(3.1) ¥. + . ( ¤.> ¤. ) = 0 .

The solution is

(3.2) (. (C)4�0C , ¤. (C)4�0C ) = (. (0), ¤. (0)) exp C
(
�0 −(0
I �0

)
where �0 = .>(0) ¤. (0), (0 = ¤.>(0) ¤. (0), and I is the ? × ? identity matrix.

Moreover

(3.3) �(C) = .>(C) ¤. (C)

is constant and equal to �0 along the geodesic;

(3.4) ((C) = ¤.>(C) ¤. (C) = 4�0C(04
−�0C ;

� is skew-symmetric and ( is symmetric; hence 4�0C is an orthogonal matrix. The proof is

in Appendix C, p. 49.

A different expression for Stiefel geodesics, covering other choices of Riemannian
metric as well, can be found in [24]; see also Theorem 2.1 in [14].

The solution in (3.2), while written for St(?,R=), extends to St(?, �), where � is
a Hilbert space. In this case, �, ( are the matrices of all scalar products

(3.5) �8, 9 =
〈
.8 , ¤. 9

〉
�

, (8, 9 =
〈 ¤.8 , ¤. 9

〉
�

of vectors in the frames (or, respectively, their derivatives).
Consequently, ‖ ¤. (C)‖St is constant along the geodesic and

‖ ¤. (C)‖St =
√

tr((C) = ‖ ¤. (0)‖St .

The length of the geodesic, from time 0 to time C, can be written in many different ways

(3.6)
∫ C

0
‖ ¤. (B)‖St dB = C‖ ¤. (0)‖St = C

√
tr(0 .

(11) [5] credits a personal communication by R. A. Lippert for the final closed-form formula
(3.2).
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3.2 – Geodesics in the Grassmann manifold

We first define this notation.

Lemma 3.2. Let C ∈ R and � ∈ R?×?. We use the notation � =
√
� only formally:

the following expressions are defined by their power series in �, and therefore do not
require that an actual square root � exists. We define the following symbols

cos(C�) =
∞∑
:=0

(−1):�:C2:

(2:)! ,

� sin(C�) =
∞∑
:=0

(−1):�:+1C2:+1

(2: + 1)! , �−1 sin(C�) =
∞∑
:=0

(−1):�:C2:+1

(2: + 1)! .

The third series is well defined even when � is not invertible. If such a matrix � =
√
�

exists and is invertible, these definitions agree with the usual matrix functions.
With these definitions, we have

m

mC
cos(C�) = − � sin(C�) ,

m

mC
� sin(C�) =�2 cos(C�) , m

mC
�−1 sin(C�) = cos(C�) .

where again these formulas do not depend on the existence of a matrix � =
√
�. The

proof is in Appendix C, p. 50.

The group O(?) of ? × ? orthogonal matrices acts by right multiplication. This
action is isometric; hence, by Noether’s theorem, there is an associated conserved
momentum along geodesics: this quantity is the matrix �(C) = .>(C) ¤. (C) defined in
equation (3.3), and it is called angular momentum.

As discussed in the introduction, the Grassmann manifold can be identified with
the quotient

St(?, �)/O(?) .

A geodesic in the Grassmann manifold can be represented by lifting it to a geodesic
in the Stiefel manifold that is horizontal with respect to the action, that is, such that
� = 0. This means that all velocities ¤.8 are orthogonal to all positions . 9 . In this case
((C) = (0 is constant, as shown by the relation (3.4), hence the geodesic equation is
simpler, so the geodesic formula (3.2) can be expressed more explicitly:
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Proposition 3.3. Let. (C) be a horizontal Stiefel geodesic representing a geodesic
in Gr(?, �). Set ( = ¤. (0)> ¤. (0) and let ' =

√
(.12 Then

(3.7) (. (C), ¤. (C)) = (. (0), ¤. (0))
(

cos(C') −' sin(C')
'−1 sin(C') cos(C')

)
which can be summarized as

(3.8) . (C) = . (0) cos(C') + ¤. (0)'−1 sin(C') ;

It can be directly verified that this is the solution to (3.1). The proof is in Appendix C, p. 50.

An alternative finite-dimensional description of the above results can be found in
Section 2.5.1 of [5], or in Proposition 3.3 of [1]. That description uses an SVD of ¤. (0),
whereas the formulation above uses only the finite ? × ? Gram matrix ( = ¤. (0)> ¤. (0).
This makes the formula more directly adapted to Hilbert spaces.

A further simplification is then possible: we may right-multiply the frames by an
orthogonal matrix, and they will still represent the same point in the Grassmann man-
ifold. By the Spectral Theorem, 13 let $ ∈ SO(?) be an orthogonal matrix such that
� = $>'$ is diagonal (and then �2 = $>($); define / (C) = . (C)$, then

/ (C) = / (0) cos(C�) + ¤/ (0)�−1 sin(C�) ;

let {1, {2, . . . , {? ∈ R≥0 be the diagonal entries of �, after reordering so that 0 ≤ {1 ≤
· · · ≤ {?.

We obtain a total decoupling of the above formula: each column evolves according
to its own velocity {8 . When {8 = 0, the column /8 (C) is constant. For each 8 for which
{8 ≠ 0, the corresponding column evolves as

(3.9) /8 (C) = /8 (0) cos(C{8) +
¤/8 (0)
{8

sin(C{8) .

Note that {8 = ‖ ¤/8 ‖� , so ¤/8 (0)/{8 is a unit vector: each /8 (C) moves on a great circle
in �, with speed {8; all circles are orthogonal.

The length of the geodesic from time 0 to time C is

(3.10) C

√√
?∑
8=1

{2
8
= C

√
tr(() = C‖ ¤/ ‖ = C‖ ¤. ‖ ,

(12) Here ' denotes the unique symmetric positive semidefinite square root of (.
(13) Usually the Spectral Theorem is stated as ‘‘there exists an$ ∈ O(?)’’ but, up to changing

the sign of one column, it is equivalent to this formulation.
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in accordance with the previous relation (3.6).
Moreover, for any two times C, g, the matrix / (C)>/ (g) is diagonal, with diagonal

entries cos((C − g){8). In particular / (0)>/ (C) has the values cos(C{8) on the diagonal.

Remark 3.4. In general, {8 ≥ 0. If the above is the lift of the minimal Grassmann
geodesic connecting [/ (0)]Gr to [/ (1)]Gr, then the values {8 ∈ [0, c/2] are the prin-
cipal angles. Indeed 〈/8 (0), /8 (1)〉 = cos({8).

Remark 3.5. More generally, for C, g ∈ R, the principal angles between the ?-planes
[/ (C)] and [/ (g)] are, up to ordering,

arccos | cos((C − g){8) | .

This does not depend on the representation / of the geodesic in the Grassmann manifold.
In particular, if %(C) is a geodesic in Gr(?, �), there is Y > 0 such that the princi-

pal angles between %(C), %(g) are, up to ordering, | (C − g){8 | when |C − g | < Y. This
characterizes the ‘‘velocities’’ of the geodesic %(C).

We will use the following elementary reparametrization fact.

Lemma 3.6. Let W be a geodesic in Gr(?,�) or Gr+(?,�), with principal velocities
({8). If A > 0 and \ (C) = W(AC), then \ is a geodesic with principal velocities {̃8 = A{8 .

Thus, when discussing whether a geodesic is minimizing, we may assume without
loss of generality that C ∈ [0, 1].

3.2.1. Geometric decomposition. The complete geometric picture can also be described
as follows. We note this lemma.

Lemma 3.7. Let %C = [. (C)]Gr, and let �. =
⋂

C %C be the intersection of these vector
spaces. We call it the invariant space for the geodesic. The following are equivalent.

• dim �. = :;

• { 9 = 0 for 1 ≤ 9 ≤ : and { 9 > 0 for : + 1 ≤ 9 ≤ ?.

Proposition 3.8. Define . (C), / (C), {8 as in Section 3.2. The vector space  .

spanned by the columns .8 (C), ¤.8 (C) (for 8 = 1, . . . , ? and C ∈ R) is the same as the
vector space spanned by the columns /8 (C), ¤/8 (C). This vector space decomposes as
the orthogonal direct sum of

• �. , where the columns /8 (C) (for 8 = 1, . . . :) are constant in C, and form an orthonor-
mal basis for �. ;
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•  . ∩ �⊥
.

, where each column /8 (C) (for 8 = : + 1, . . . ?) moves in the two-dimensional
plane 14

c8 = span{/8 (C), ¤/8 (C)},

along a circle, with speed {8 , as in (3.9). For any fixed C, /8 (C), ¤/8 (C)/{8 (for 8 =
: + 1, . . . ?) are an orthonormal basis for  . ∩ �⊥

.
.

The vectore space  . is the direct sum of the orthogonal spaces

(3.11)  . = �. ⊕ c:+1 ⊕ · · · ⊕ c? .

We have dim . = 2? − : .

Remark 3.9. If all {8 ≠ 0, we have reduced to the simplified situation where

/1(C), . . . , /? (C),
¤/1(C)
{1

, . . . ,
¤/? (C)
{?

is a 2?-orthonormal frame in �, at all times. (This can happen only if dim� ≥ 2?,
obviously.)

3.2.2. The angle-eigenvalues Lemma. Using the Hilbert-space formulation (3.8) for
geodesics, we can prove this useful lemma.

Remark 3.10. If . (C) is a horizontal geodesic lift of a geodesic W(C) in Gr(?, �),
then every other horizontal geodesic lift of the same geodesic is of the form. (C)&, with
& ∈ O(?). For Gr+(?, �), the same statement holds with & ∈ SO(?).

Lemma 3.11 (The angle-eigenvalues Lemma). Fix two ?-planes %0, %1 ∈ Gr(?, �).
Suppose that .0, .1 ∈ St(?, �) are representatives of %0, %1.

Consider a geodesic connecting %0 to %1. Up to lifting and possibly rotating .1 by
& ∈ O(?), this geodesic is represented by a horizontal geodesic . : [0, 1] → St(?, �)
with .0 = . (0) and .1& = . (1). Let, = ¤. (0) be its initial velocity.

Then the matrices

" = . (0)>. (1) = .>
0 .1& and # = ¤. (0)>. (1) = ,>.1&

are symmetric and, together with ( = ¤. (0)> ¤. (0), admit a common orthonormal eigen-
basis. If I ∈ R? is a common eigenvector and f, \, _ are the eigenvalues as in

"I = fI, #I = \I, (I = _I,

(14) c8 does not depend on C.
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the following holds:

(3.12) f = cos
√
_ , \ =

√
_ sin

√
_ .

The above results also hold if we fix two oriented ?-planes %0, %1 ∈ Gr+(?, �). In
this case the endpoint rotation satisfies & ∈ SO(?).

The proof is in Appendix C, p. 51.

So the relation (3.12) gives a strong constraint on the eigenvalues of (, for any
horizontal geodesic representing a geodesic connecting %0, %1.

In particular we can use this to characterize the minimum-length geodesic and the
cut locus, as we will show.

A simplified statement is this.

Corollary 3.12. Under the same hypotheses,

(3.13) f8 = | cos
√
_8 | , \8 =

√
_8 | sin

√
_8 |

where f8 are the singular values of .>
0 .1, \8 are the singular values of ¤. (0)>.1, and

_8 are the eigenvalues of ( = ¤. (0)> ¤. (0); the identity holds up to reordering. The proof is

in Appendix C, p. 51.

3.2.3. Geodesics in the oriented Grassmann manifold. The same infinitesimal formulas
apply to the oriented Grassmannian Gr+(?, �) = St(?, �)/SO(?), since SO(?) has
the same Lie algebra of skew-symmetric matrices as O(?). 15 The difference appears
for minimal geodesics, as we will see in the next sections.

3.3 – Minimal geodesics in the Grassmann manifold

We now present the simple (and well-known) characterization of minimal geodesics
in the Grassmann manifold.

Suppose that.0,.1 ∈ St(?,�) are representatives of two ?-planes %0, %1 ∈Gr(?,�).
We define

� = .>
0 .1

and compute the singular value decomposition of �, so

(3.14) � = *Σ+> .

(15) Indeed, SO(?) is the connected component of O(?) containing the identity.
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Let f8 = Σ8,8 be the singular values. 16

Remark 3.13. Since .0 and .1 are Stiefel frames, for every { ∈ R? we have

‖�{‖ = ‖.>
0 .1{‖ ≤ ‖.1{‖ = ‖{‖.

Thus ‖�‖op ≤ 1, and all singular values satisfy f8 ∈ [0, 1].

We now define /0 = .0* and /1 = .1+ : these represent the same ?-planes in the
Grassmann manifold. Let I0,8 and I1,8 denote their 8-th columns.

We define

(3.15) {8 = arccos(f8), 0 ≤ {8 ≤ c/2.

As aforementioned, the values {8 are known as principal angles. Let� = diag({1, . . . , {?).
We then define an initial velocity frame, = (|1, . . . , |?): if {8 > 0, then

|8 = {8 Î8 , Î8 =
1

sin {8
(
I1,8 − f8I0,8

)
;

(note that Î8 is a unit vector, parallel to the projection of I1,8 onto the orthogonal com-
plement of I0,8); if {8 = 0, then I1,8 = I0,8 and we set |8 = 0.

Proposition 3.14. The equation

(3.16) / (C) = /0 cos(C�) +,�−1 sin(C�)

(where �−1 sin(C�) is understood in the sense defined above in Lemma 3.2) then rep-
resents a minimum-length geodesic such that / (0) = /0, / (1) = /1, ¤/ (0) = , .

The same geodesic can also be written columnwise as

(3.17) /8 (C) = I0,8 cos(C{8) + Î8 sin(C{8).

We will show two proofs in the following sections.
The length of the geodesic is given by (3.10).

This SVD/principal-angle construction gives a minimizing Grassmann geodesic;
see Section 4.3 in [5]. The presentation in [5] extends, with minor adaptations, to ?-
planes in Hilbert spaces, including the infinite-dimensional case. In the shape-analysis

(16) We will assume that they are in decreasing order, although this is not relevant in this
section.
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literature it has already been used by [23] and then in [19]; for a modern matrix-manifold
reference see [1].

The above are called Neretin geodesics in [23] in reference to the paper [17] that
describes some of the above ideas.

The above is also related to this criterion for minimality.

Proposition 3.15. As in Lemma 3.11, fix two ?-planes %0, %1 ∈ Gr(?,�), suppose
that .0, .1 ∈ St(?, �) are representatives of %0, %1. Consider a geodesic W connecting
%0 to %1. Up to lifting and possibly rotating.1 by& ∈ O(?), this geodesic is represented
by a horizontal geodesic . : [0, 1] → St(?, �) with .0 = . (0) and .1& = . (1).

Then W is a minimizing geodesic connecting %0 to %1 if and only if all the eigenvalues
of ( = ¤. (0)> ¤. (0) are less than or equal to c2/4.

3.3.1. Proof of minimality. For convenience of the reader, we prove that the above
geodesic built in Prop. 3.14 is indeed the minimum-length geodesic. We will need the
following lemma.

Lemma 3.16 (Minkowski’s integral inequality). Let (-,M, `) and (.,N , a) be
f-finite measure spaces. Let 5 : - ×. → [0,∞] be M ⊗N -measurable. If 1 ≤ @ <∞,
then [∫

-

(∫
.

5 (G, H) da(H)
)@

d`(G)
]1/@

≤
∫
.

[∫
-

5 (G, H)@ d`(G)
]1/@

da(H).

This is Theorem 6.19(a) in [6].

Let .0 = (41, . . . , 4?) and .1 = ( 51, . . . , 5?) be two fixed Stiefel frames, and let
. (C) = (H1(C), . . . , H? (C)) be any Stiefel path joining them. Each column H8 (C) is a
unit-sphere path from 48 to 58 , hence∫ 1

0
‖ ¤H8 (C)‖ 3C ≥ arccos〈48 , 58〉.

We apply Lemma 3.16, in the form(
?∑
8=1

(∫ 1

0
08 (C) dC

)2)1/2

≤
∫ 1

0

(
?∑
8=1

08 (C)2

)1/2

dC
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for non-negative functions 08 , which is obtained by taking ` to be the counting measure
on {1, . . . ?}. We obtain

len(. ) =
∫ 1

0
‖ ¤. ‖St dC =

∫ 1

0

√√√(
?∑
8=1

‖ ¤H8 (C)‖2
�

)
dC ≥

≥

√√√ ?∑
8=1

(∫ 1

0
‖ ¤H8 (C)‖� dC

)2

≥

√√√(
?∑
8=1

arccos2〈48 , 58〉
)
.

For a Grassmann path, the terminal frame may be replaced by any equivalent repre-
sentative .1&, with & ∈ O(?). Thus the global lower bound is obtained by minimizing
the right-hand side over all such &. The principal-angle statement is precisely that this
minimum is attained by the SVD alignment and is equal to(

?∑
8=1

arccos2(f8)
)1/2

.

The geodesic constructed above has exactly this length by (3.10), hence it is minimizing.
The eigenvalue criterion in Prop. 3.15 is proved below.
In the oriented case the same argument applies, but the admissible terminal repre-

sentatives are restricted to & ∈ SO(?); this is the reason for the SVD+ construction
below.

3.3.2. Another minimality proof. The next proof gives a self-contained derivation
of the principal-angle lower bound. We will use Corollary 3.12. After reordering, set
38 =

√
_8 , and rewrite the relation (3.13) as

(3.18) | cos 38 | = f8 .

Since the length of such a geodesic is

‖ ¤. (0)‖St =
√

tr( =

(∑
8

32
8

)1/2

,

among all 38 ≥ 0 satisfying the equation (3.18), the smallest possible value is

{8 = arccosf8 ∈ [0, c/2] .

Therefore any geodesic connecting %0 and %1 has length at least (∑8 {
2
8
)1/2. This lower

bound is attained by the geodesic constructed in Proposition 3.14 in the previous section.
The above reasoning provides a proof of Prop. 3.15.
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3.4 – Invariant geometric decomposition

For certain geodesics, the decomposition in Proposition 3.8 may be transformed
into a decomposition that depends only on the endpoints.

Proposition 3.17 (Principal spaces). Let %, & ⊆ � be two ?-dimensional sub-
spaces. Let the principal angles be

0 ≤ \1 ≤ · · · ≤ \? ≤ c

2

and let 0 < g1 < · · · < g< be the distinct positive values among them, so that

{g9 : 9 ≤ <} = {\8 : 8 ≤ ?} \ {0}.

Let � = % ∩& and  = % +&. Then there exists a unique decomposition in mutually
orthogonal spaces

(3.19)  = � ⊕ +1 ⊕ · · · ⊕ +<

that is characterized by the facts that, for each 9 ,

•
+ 9 = (% ∩+ 9) + (& ∩+ 9) , (% ∩& ∩+ 9) = {0} ,

• the subspaces % ∩+ 9 and & ∩+ 9 have the same dimension,

• and their only principal angle is g9 .

Moreover dim � = : iff 0 is a principal angle with multiplicity : . Note that the spaces
+ 9 have even dimension. The proof is in Appendix C, p. 51.

Proposition 3.18. Consider a geodesic W : [0,1] → Gr(?,�), let %0 = W(0), %1 =

W(1). Let {8 be the velocities of W, and suppose that 0 ≤ {8 < c.
Let

|8 = arccos( | cos {8 |) = min{{8 , c − {8}

be the reduced velocities. Then the |8 , up to ordering, are also the principal angles of
%0, %1.

Let 0 < g1 < · · · < g< be the distinct positive principal angles of %0, %1, so that

{g9 : 9 ≤ <} = {|8 : 8 ≤ ?} \ {0} .

Let � = %0 ∩ %1,  = %0 + %1, and decompose

 = � ⊕ +1 ⊕ · · · ⊕ +<
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as in Proposition 3.17.
Let . (C) : [0, 1] → St(?, �) be a horizontal geodesic that is a lift of W(C). Apply

Proposition 3.8 to . to define  . , �. , c8 , {8 so that

 . = �. ⊕ c:+1 ⊕ · · · ⊕ c? .

Then

•  =  . , so that %(C) ⊆  for all C;

• � = �. ;

• the principal spaces are built as

(3.20) + 9 =
⊕

8:|8=g 9

c8 ;

• in each space + 9 , the geodesic has the form

W(C) ∩+ 9 = span
{
cos(C01)41 + sin(C01)4ℎ+1, . . . , cos(C0ℎ)4ℎ + sin(C0ℎ)42ℎ

}
where, for each 8, 08 is either g9 or c − g9 . Here

– dim+ 9 = 2ℎ, and 41, . . . , 42ℎ is an orthonormal basis of + 9;

– 41, . . . , 4ℎ is an orthonormal basis of %0 ∩+ 9;

–
cos(01)41 + sin(01)4ℎ+1, . . . , cos(0ℎ)4ℎ + sin(0ℎ)42ℎ

is an orthonormal basis of %1 ∩+ 9 .

• On the invariant part,
W(C) ∩ � = �

for all C; that is, the planes do not move there. Equivalently, the indices with {8 = 0
give constant columns in the lifted geodesic, and these columns span the invariant
term �. = �.

Note that the above statements are valid for any lift . (C) of W(C).
The proof is in Appendix C, p. 52.

Remark 3.19. The above proposition can be generalized from the hypothesis 0 ≤
{8 < c to the assumption that either {8 = 0, or {8 ∉ cZ. The zero speeds still give the
invariant term �. For the non-zero speeds, the reduced velocities are still arccos | cos {8 |,
but the branch speeds should be recorded modulo c: in a principal block with angle g9 ,
one has {8 ≡ g9 (mod c) or {8 ≡ −g9 (mod c). We do not need this extra generality
here.
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3.5 – Minimal geodesics in the oriented Grassmann manifold

For minimal geodesics between oriented subspaces one must choose oriented repre-
sentatives, equivalently use rotations in SO(?) rather than arbitrary matrices in O(?).

This leads to a different criterion for minimality.

Proposition 3.20. Fix two oriented ?-planes %0, %1 ∈ Gr+(?, �) and choose ori-
ented representatives.0,.1 ∈ St(?, �) so that %0 = [.0]Gr+ and %1 = [.1]Gr+. Consider
a geodesic W connecting %0 to %1 in Gr+. A lift . : [0, 1] → St(?, �) may be chosen
so that

• . is horizontal, 17

• .0 = . (0) and

• .1& = . (1) with & ∈ SO(?).
Let

( = ¤. (0)> ¤. (0) , " = . (0)>. (1) .

Up to permuting the indices, we assume that the eigenvalues _8 of ( are in increasing
order.

Then W is a minimizing geodesic connecting %0 to %1 if and only if one of the fol-
lowing cases occurs:

(a) det" ≥ 0 and all the eigenvalues _8 of ( satisfy _8 ≤ c2/4; or

(b) det" < 0 and _8 ≤ c2/4 for 1 ≤ 8 < ? whereas c2/4 < _? ≤ c2 and moreover√
_8 ≤ c −

√
_?

for 8 < ?.

Proof. Let

( = ¤. (0)> ¤. (0) , " = . (0)>. (1) , # = ¤. (0)>. (1) .

We know from Lemma 3.11 that (, " and # are symmetric and can be diagonalized
simultaneously. Let $ ∈ SO(?) be a matrix that diagonalizes them; also let

_8 , f8 , \8 ,

(17) We recall that ‘‘horizontal with respect to the SO(?)-action’’ is equivalent to ‘‘horizontal
with respect to the O(?)-action’’.
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be the eigenvalues of (, ", # respectively; each associated to the eigenvector that is
the 8-th column of $.

Up to permuting the indices, all in the same way, we assume that the eigenvalues
_8 of ( are in increasing order.

By the Lemma we know that

f8 = cos 38 , \8 = 38 sin 38

where
38 =

√
_8 .

In particular

(3.21) det" =
∏
8

f8 =
∏
8

cos 38 .

So the hypotheses become:

(a) det" ≥ 0 and all 38 ∈ [0, c/2]; or

(b) det" < 0 and 38 ≤ c/2 for 1 ≤ 8 < ? whereas c/2 < 3? ≤ c and moreover

38 ≤ c − 3?

for 8 < ?.

By the geometric considerations in Section 3.2.1, the intuition is as follows.
Define / (C) = . (C)$, so /0 = .0$ and /1 = .1&$; let I0,8 and I1,8 denote their

8-th columns; so

〈/8 (0), /8 (1)〉� = f8 = cos(38)(3.22) 〈 ¤/8 (0), /8 (1)〉� = \8 = 38 sin(38) .(3.23)

Let ¤/ (0) be its initial velocity, then 38 = ‖ ¤/8 (0)‖� .
Consider the vector spaces  , �, c8 defined in Proposition 3.8 and the decomposition

in equation (3.11).
The configuration in the plane c8 is then shown in figure 1.
Since / (C) is fixed, the decomposition (3.11) is fixed as well. In particular the ter-

minal vector /8 (1) lies in the two-dimensional plane c8 , and the columns are separated
by this decomposition. Therefore, within this fixed decomposition, the only ways in
which / (1) can represent the same unoriented endpoint are

/8 (1) = I1,8 or /8 (1) = −I1,8 for every 8.

It represents the same oriented endpoint %1 precisely when the number of minus signs
is even.
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/8 (0)

I1,8

¤/8 (0)/38

plane c8

Figure 1. c8 plane

Recall that 38 = ‖ ¤/8 (0)‖; if 38 ≠ 0 then

(3.24) /8 (C) = /8 (0) cos(C38) +
¤/8 (0)
38

sin(C38)

(as in 3.17); if 38 = 0 then /8 (C) is constant and always in the invariant space �.
Assume first that . , and hence / , has minimum length. The length is√√

?∑
8=1

32
8
.

This already tells us that

38 = ‖ ¤/8 (0)‖ ∈ [0, c] .

Indeed, if this is not the case,

• if 38 ≥ 2c we may subtract 2c: so that 38 ∈ [0, 2c], and rescale ¤/8 (0) accordingly;

• if 38 ∈ [c, 2c], then we reverse the direction of ¤/8 (0) and rescale it to be of speed
2c − 38 .
All the above single-flip moves do not alter the endpoint / (1). See Figure 2.
Knowing that 38 ∈ [0, c] and using (3.21) we can say that

• det" = 0 iff there is at least one 38 = c/2;

• det" > 0 iff there is no 38 = c/2 and the number of c/2 < 38 ≤ c is even;

• det" < 0 iff there is no 38 = c/2 and the number of c/2 < 38 ≤ c is odd.
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/8 (0)
I1,8

¤/8 (0)

plane c8

=⇒
/8 (0)

I1,8

¤/8 (0)plane c8

Figure 2. A single-flip move shortens a branch longer than c without changing the endpoint.

There is another possible move, which we call a double-flip: replace the endpoint
I1,8 with −I1,8 , reverse the initial direction, and replace the length 38 with c − 38 . See
Figure 3. Equivalently, when 38 ≠ 0, the initial velocity changes as

¤/8 (0) ↦→ −c − 38
38

¤/8 (0).

Note that this move changes the orientation of the frame / (1), and hence of . (1). If
38 = c/2, then this move does not change the length of the geodesic. If c/2 < 38 ≤ c

then this move reduces the length of the geodesic.

/8 (0)
I1,8

¤/8 (0)

plane c8

=⇒
/8 (0)

I1,8
¤/8 (0)plane c8

Figure 3. A double-flip replaces the endpoint by its opposite and changes the branch length
from 38 to c − 38 .

When we consider the problem in Gr(?, �), those moves are all permissible, and
the conclusion is that . is a minimal-length geodesic if and only if 0 ≤ 38 ≤ c/2 for
every 8: hence the characterization (3.15) for minimal geodesics.

When we consider the problem in Gr+(?, �), we reason as follows.

• If there is an even number of 8 such that c/2 < 38 ≤ c, then we can reduce all of
them by double-flip, and we obtain the same geodesic as in the Gr(?, �) case. In
this situation det" ≥ 0.
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• If there is an odd number, and there is at least one 38 = c/2, we can again double-flip
them all. Again we obtain the same geodesic as in the Gr(?, �) case. Note that
38 = c/2 implies det" = 0.

• Suppose there is an odd number of indices 8 such that c/2 < 38 ≤ c, and no index 9
such that 3 9 = c/2; as we proved above, in this situation det" < 0; we double-flip
as much as possible, but one will be left in the range c/2 < 38 ≤ c: so we choose
to skip the one that provides the worst improvement, and this is the one where 38 is
minimum. (This will be explained better later on.)

Summarizing, if a geodesic is minimal, then either (a) or (b) must be satisfied; oth-
erwise there are moves that reduce its length while still connecting the same endpoints.

Conversely, if (a) holds, then the geodesic is minimal also in Gr, by Prop. 3.15.
Consider a geodesic .̃ that satisfies (b). To prove that (b) implies that .̃ is minimal,

we lower bound the length of any admissible geodesic . , when det" < 0. Let

( = ¤. (0)> ¤. (0) , " = . (0)>. (1) ,

let _8 , f8 be the eigenvalues, as above. Let 38 =
√
_8 . We know that 38 ∈ [0, c] and that

f8 = cos 38 . Since det" < 0, there is no 38 = c/2, and letting

�. = {8 : c/2 < 38 ≤ c}

then #�. is odd (as we proved above).
The constraints f8 = cos 38 and 38 ∈ [0, c] force only one possible choice in each

component: 38 = 08 or 38 = c − 08 , where

08 = arccos |f8 | = min{38 , c − 38} ∈ [0, c/2] .

The numbers 08 depend only on the endpoint data %0, %1, through |f8 |, and not on the
particular admissible geodesic. Indeed |f8 | are the singular values of .>

0 .1, for any
choice of oriented representatives .0, .1 of %0, %1. We first define the baseline length
squared

!0 =
∑
8

02
8 .

Let � ⊆ {1, . . . , ?}. If #� is odd, then we can build a geodesic connecting %0 to %1
using the branch lengths 08 for 8 ∉ � and c − 08 for 8 ∈ �, and then define its squared
length by

!� =
∑
8∉�

02
8 +

∑
8∈�

(c − 08)2 = !0 +
∑
8∈�

(c2 − 2c08).

This is minimized when � = { 9}, where 0 9 = max8 08 . For this minimizing choice, the
only long branch is 3 9 = c − 0 9 , and for every 8 ≠ 9 one has 38 = 08 ≤ 0 9 = c − 3 9 .
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After reordering the _8 = 32
8

in increasing order, the long branch is indexed by ?, and
this is exactly condition (b). Hence the length of .̃ realizes the lower bound, and .̃ is
minimal.

Corollary 3.21. Under the same hypotheses as before, let

" = . (0)>. (1) = *Σ+>

be an SVD decomposition. Assume that the eigenvalues _8 of ( are ordered in increasing
order.

Then W is a minimizing geodesic connecting %0 to %1 if and only if one of the fol-
lowing cases occurs:

• detΣ = 0 and all the eigenvalues of ( are less than or equal to c2/4; or

• detΣ > 0, det* = det+ , and all the eigenvalues of ( are less than or equal to c2/4;
or

• detΣ > 0 and det* = −det+ and _8 ≤ c2/4 for 1 ≤ 8 < ?, whereas c2/4 < _? ≤ c2,
and moreover √

_8 ≤ c −
√
_?

for 8 < ?.

Proof. Since " = *Σ+>, we have

det" = det* detΣ det+.

If det Σ = 0, then det " = 0. If det Σ > 0, then det " > 0 is equivalent to det* =

det+ , while det " < 0 is equivalent to det* = − det+ . The three alternatives are
therefore exactly the two alternatives in Proposition 3.20, with the singular case detΣ = 0
separated from the non-singular positive-determinant case.

For this reason we use the following modified SVD.

Definition 3.22 (SVD+). In the standard SVD decomposition

� = *Σ+> ,

the entries on the diagonal of Σ are non-negative and ordered in decreasing order, but
* and + need not belong to SO(?).

If det* = det+ = −1, we change the sign of the last column of both* and +; the
diagonal matrix Σ is unchanged.
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If instead det* = −det+ , up to changing signs of the last columns, assume det* = 1
and det+ = −1; then we change the sign of the last column of + and also change the
sign of the last diagonal entry of Σ.

We call the resulting decomposition SVD+ and denote it by

� = *̃Σ̃+̃> .

Note that if the smallest singular value is zero, then the above operation does not
change the diagonal matrix. This occurs iff detΣ = det Σ̃ = 0.

Proposition 3.23. Let %0, %1 ∈ Gr+(?, �) and choose oriented representatives
.0, .1 ∈ St(?, �) so that %0 = [.0]Gr+, %1 = [.1]Gr+. The following construction pro-
duces a minimal geodesic from %0 to %1. Let

.>
0 .1 = *̃Σ̃+̃>

be an SVD+ decomposition with

(3.25) Σ̃ = diag(f1, . . . , f?), 1 ≥ f1 ≥ f2 ≥ . . . ≥ f?−1 ≥ |f? | ≥ 0 .

If some singular values have multiplicity, the adapted bases *̃, +̃ are not unique. In the
construction below we fix one such choice. Inside a non-zero equal-singular-value block,
the rotations of the left and right adapted bases are linked; inside a zero singular block
they are independent. See also Appendix B. These rotations may give other adapted
bases, and possibly other minimizing geodesics, but the minimality argument depends
only on the signed singular values f8 . Set

{8 = arccos(f8), 0 ≤ {8 ≤ c .

We call them oriented principal angles. See Figure 4.

• If f? ≥ 0, then the horizontal geodesic constructed from the pairs / (0) = .0*̃,
/ (1) = .1+̃ , as in Section 3.3, is a minimizing geodesic.

• We now consider the casef? < 0. We define /0 =.0*̃ and /1 =.1+̃ , which represent
%0 and %1, respectively, in Gr+(?, �). Let I0,8 and I1,8 denote their 8-th columns.
If |f8 | < 1, we define

(3.26) Î8 =
1√

1 − (f8)2

(
I1,8 − f8I0,8

)
.

Note that f8 =
〈
I0,8 , I1,8

〉
�

, so Î8 is a unit vector parallel to the projection of I1,8
onto the orthogonal complement of I0,8; moreover

〈
Î8 , I1,8

〉
�
> 0. If f8 = 1, the

8-th column is constant, so we set Î8 = 0 for convenience.
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If f? = −1, choose any unit vector Î? orthogonal to all columns I0,8 and to all Î8
with 8 < ?; the resulting geodesic is not unique, but the endpoint and its length are
independent of this choice. Note that the above choice is possible since we assumed
dim� ≥ ? + 1. See Remark C.1 in Appendix C.

I0,8

I1,8
Î8

f8 > 0

I0,8

I1,8
Î8

f8 < 0

Figure 4. Positive and negative signed entries in the SVD+ construction.

Since f? < 0, this gives {? ∈ (c/2, c], whereas {8 ∈ [0, c/2] for 8 < ?.
We then define an initial velocity frame, = (|1, . . . , |?) by

|8 = {8 Î8 .

The resulting geodesic is

(3.27) /8 (C) = I0,8 cos(C{8) + Î8 sin(C{8)

that is

(3.28) / (C) = /0 cos(C�) +,�−1 sin(C�)

where � = diag({1, . . . , {?), with the usual limiting interpretation when some {8 = 0,
as defined in Lemma 3.2.

Moreover,

3Gr+ (%0, %1) =
(

?∑
8=1

{28

)1/2

.

Proof. The formula above gives a horizontal geodesic. Indeed, in the diagonal
coordinates /0 = .0*̃ and /1 = .1+̃ , the columns satisfy〈

I0,8 , I1, 9
〉
�
= 0 for 8 ≠ 9 ,

〈
I0,8 , I1,8

〉
�
= f8 .

Hence the two-dimensional planes generated by I0,8 and I1,8 are mutually orthogo-
nal after removing the common components, and the construction above is the usual
separated Grassmann geodesic in these planes.
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At C = 1 the geodesic reaches the end point with the correct orientation. When
|f8 | < 1, /8 (1) = I1,8 , because cos {8 = f8 and sin {8 =

√
1 − f2

8
so we have

I1,8 = f8I0,8 +
√

1 − f2
8
Î8 = I0,8 cos {8 + Î8 sin {8 .

This is just (3.26) rearranged. If f8 = 1, then {8 = 0, Î8 = 0, and the column is constant.
If f? = −1, then {? = c, and /? (1) = −I0, ? = I1, ?, independently of the admissible
choice of Î?.

It remains to check minimality. If f? ≥ 0, then {8 ≤ c/2 for every 8, so condition (a)
in Proposition 3.20 holds. If f? < 0, then {? = c − arccos |f? | is the only long branch.
Since the singular values are ordered in decreasing order,

arccosf8 ≤ arccos |f? | = c − {? for 8 < ?.

After reordering the eigenvalues of ( in increasing order, this is exactly condition (b).
Thus the geodesic is minimizing in both cases, and its length is

(∑
8 {

2
8

)1/2.

Remark 3.24. Fix two ?-planes %̂0, %̂1 ∈ Gr(?, �). Each has two lifts to the ori-
ented Grassmannian, denoted by %8 , %8 ∈ Gr+(?, �), such that %8 ≠ %8 but [%8]Gr =

[%8]Gr = %̂8 , for 8 = 1, 2.
Let Ŵ be a minimal-length geodesic between %̂0 and %̂1. Since Gr+(?,�) →Gr(?,�)

is a two-fold Riemannian covering, Ŵ has two lifts, and both are minimal geodesics in
Gr+. Depending on the endpoint orientation, they are either

• one connecting %0 to %1 and the other connecting %0 to %1; or

• one connecting %0 to %1 and the other connecting %0 to %1.

Remark 3.25. The alternatives (a) and (b) can also be read at the level of oriented
representatives.

Fix %0 ∈ Gr+(?, �) and an oriented representative .0.
Consider an endpoint %1 ∈ Gr+(?, �) with [%0]Gr ≠ [%1]Gr. Let %̂1 = [%1]Gr.
The group O(?) has two connected components, (+ = SO(?) and (− = O(?) \

SO(?). Hence the fiber of the unoriented endpoint %̂1 splits into two SO(?)-orbits,
which we call O+ and O− .

• If %0, %1 are oblique, these two orbits are distinguished by the sign of det(.>
0 . ):

one has positive sign and the other negative sign. We choose notation so that. ∈ O+
iff det(.>

0 . ) > 0, while . ∈ O− iff det(.>
0 . ) < 0.

With this convention, geodesics satisfying (a) are the minimizing horizontal Stiefel
geodesics from .0 to the positive-sign orbit O+. Geodesics satisfying (b) are the
minimizing horizontal Stiefel geodesics from .0 to the negative-sign orbit O−: the
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ordinary Grassmann minimizer reaches the wrong oriented lift, so one uses the
cheapest possible long branch to reach the required orientation.

• If %0, %1 are semi-perpendicular, then both orbits are at the same distance, and
they are reached by minimal horizontal Stiefel geodesics of type (a). In this case
det(.>

0 . ) = 0, at least one principal angle is c/2; this is a cut-locus phenomenon,
discussed in Sec. 4.3.

3.5.1. Invariant geometric decomposition. For minimal geodesics in the oriented Grass-
mann manifold, the decomposition in Proposition 3.18 is mostly unchanged.

Proposition 3.26. Fix two oriented ?-planes %0, %1 ∈ Gr+(?, �). Let %(C) be a
minimal geodesic connecting them.

Let %̂0, %̂1 ∈ Gr(?, �) be given by [%8]Gr = %̂8 for 8 = 0, 1, and let %̂(C) = [%(C)]Gr.
The decomposition  = � ⊕ +1 ⊕ · · · ⊕ +< given by %̂0, %̂1 in Proposition 3.18

applies as well.
If the geodesic is of type (a), then %̂(C) is the minimal Grassmann geodesic and the

motion in each block + 9 has speed 0 9 .
If the geodesic is of type (b), then the oriented constraint changes only the motion

inside the block +< corresponding to the largest ordinary principal angle 0<: one
direction in that block is traversed with speed c − 0< instead of 0<.

Proof. Choose oriented representatives and a horizontal lift as in the SVD+ con-
struction above. Let B1 ≥ · · · ≥ B? ≥ 0 be the ordinary singular values of .>

0 .1, and
let

08 = arccos B8 ∈ [0, c/2]

be the ordinary principal angles. These angles determine the endpoint decomposition
of Proposition 3.18, after grouping equal values 08 into the block speeds 0 9 .

In type (a), the signed SVD+ entries are all non-negative. Hence the oriented geodesic
uses the same angles 08 as the ordinary Grassmann minimizer, and the statement follows
directly from Proposition 3.18.

In type (b), the SVD+ construction changes the sign of one entry with the smallest
ordinary singular value B? . Equivalently, it changes one ordinary angle 0< = arccos B? ,
the largest principal angle, into the long branch c − 0<. All other directions keep their
ordinary angles. Thus only the two-dimensional direction chosen inside the eigenspace
for the largest principal angle is changed. If this largest angle has multiplicity, the chosen
direction may vary, but it always lies in the same endpoint-defined block +<. Therefore
the decomposition  = � ⊕ +1 ⊕ · · · ⊕ +< is unchanged, and only the motion inside
+< is modified as stated.
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3.5.2. Examples.

Example 3.27. Suppose that � = ℓ2(N) or � = R# (with # > ?). Let \ ∈ [0, c].
Consider the two frames in St(?, �)

G0 = (41, 42, . . . , 4?) , G\ = (41 cos \ + 4?+1 sin \, 42, . . . , 4?) .

Then
3Gr(G0, G\ ) = min{\, c − \} , 3Gr+ (G0, G\ ) = \ .

Example 3.28. In � = R3 consider

.0 = (41, 43) , .1 = (42,−43)

and let %8 = [.8] ∈ Gr+(2,R3) be the corresponding oriented ?-planes; these ?-planes
are semi-perpendicular. To build the minimal geodesic, we compute

" = .>
0 .1 =

(
0 0
0 −1

)
This is a singular case, since the singular values are 1 and 0. We follow the steps in
Definition 3.22. A standard SVD is

" = *Σ+>, * =

(
0 1
1 0

)
, Σ =

(
1 0
0 0

)
, + =

(
0 −1
1 0

)
.

Here det* = −1 and det+ = 1. Since the last singular value is zero, the corresponding
singular vectors are not uniquely determined. We may therefore change the basis in the
zero singular block and choose instead

*̃ =

(
0 −1
1 0

)
, Σ̃ =

(
1 0
0 0

)
, +̃ =

(
0 1
−1 0

)
.

Then *̃, +̃ ∈ SO(2), and " = *̃Σ̃+̃>. In this singular example, the signed last entry
of Σ̃ is still zero; hence the SVD+ coincides with this SO(2)-adapted SVD. Hence

/ (0) = .0*̃ = (43,−41), / (1) = .1+̃ = (43, 42).

The corresponding angles are {1 = 0 and {2 = c/2, and the geodesic is

/ (C) =
(
43, −41 cos

( cC
2

)
+ 42 sin

( cC
2

))
.

This is a geodesic of type (a). It lies on the cut-locus boundary, so the minimizing
geodesic is not unique. Its length is c/2.
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Example 3.29. Let c/4 < \ < c/2 and let 0 = cos \ (note that 0 > 0). In � = R3

let D = 41 cos \ + 42 sin \, and consider

.0 = (41, 43) , .1 = (D,−43)

and let %8 = [.8] ∈ Gr+(2,R3) be the corresponding oriented ?-planes; these ?-planes
are oblique. To build the minimal geodesic, we compute

" = .>
0 .1 =

(
0 0
0 −1

)
The matrix " is non-singular, and its singular values are 1 and 0. One possible SVD+

decomposition is
" = .>

0 .1 = *̃Σ̃+̃>

with

*̃ =

(
0 −1
1 0

)
, Σ̃ =

(
1 0
0 −0

)
, +̃ =

(
0 1
−1 0

)
where *̃, +̃ ∈ SO(2). Hence

/ (0) = .0*̃ = (43,−41), / (1) = .1+̃ = (43, D).

The corresponding angles are {1 = 0 and {2 = arccos(−0) = c − \, and the geodesic is

/ (C) =
(
43, −41 cos (C (c − \)) + 42 sin (C (c − \))

)
.

This is a geodesic of type (b). It does not lie on the cut locus, so the minimizing geodesic
is unique. Its length is c − \.

If \ = c/2, then the second example would coincide with the first example. If c/2 ≤
\ ≤ c, then the geodesic is of type (a), and its length is c − \. It is interesting to note
that an infinitesimal shift of the endpoint can switch the minimizing geodesic from
type (a) to type (b).

4. Cut locus and diameter

4.1 – In the Stiefel manifold

For the Euclidean metric on St(?,R=), the injectivity radius is [25]

inj
(
St(?,R=)

)
= c.
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Moreover, for = ≥ 2?, recent sharp distance bounds imply the diameter formula
[14, Theorem 6.6]

diam
(
St(?,R=)

)
= c

√
? .

The maximal distance is attained precisely between antipodal points - and −- .
At present, an explicit global description of the cut locus of a point in St(?,R=)

for the Euclidean metric does not appear to be known in a form comparable to that
available for Grassmannians. The injectivity-radius result shows that geodesics are
minimizing and unique below distance c, and that this bound is sharp.

In the Hilbert manifolds used in this paper, the finite-dimensional reduction in
Theorem A.1 is the bridge between these finite-dimensional results and the infinite-
dimensional setting.

4.2 – In the Grassmann manifold

For the Grassmann manifold Gr(?,R=), the situation is much simpler [1, 3, 21].

Proposition 4.1. Let %0 = [.0] ∈ Gr(?,R=). Then the cut locus of %0 consists of
all %1 that are semi-perpendicular to it:

Cut(%0) = {[.1] ∈ Gr(?,R=) : det(.>
0 .1) = 0}.

Equivalently, %1 belongs to the cut locus of %0 if and only if at least one principal
angle between the two ?-planes equals c/2.

If exactly one principal angle is equal to c/2, then %1 is in the singular part of the
cut locus, but not in the conjugate part; if at least two principal angles are equal to
c/2, then %1 is in the singular part and also in the conjugate part of the cut locus. The

proof is in Appendix C, p. 53.18

See Theorem 9 in [21] or [18]. 19
If \1, . . . , \? ∈ [0, c/2] denote the principal angles between %0 and %1, then

3 (%0, %1) =
( ?∑
8=1

\2
8

)1/2
.

(18) We include the proof for completeness, and because the proof in [21] uses different coor-
dinates and notation for Gr(?, �). Moreover the provided proofs will be reused in Section 4.3.3.

(19) These references give the cut-locus characterization, but do not separate the singular and
conjugate parts using the terminology adopted here.
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It follows immediately that

inj
(
Gr(?,R=)

)
=
c

2
,

For = ≥ 2?,
diam

(
Gr(?,R=)

)
=
c

2
√
?.

For ? + 1 ≤ = < 2?,
diam

(
Gr(?,R=)

)
=
c

2
√
= − ?.

The diameter is attained when all principal angles are equal to c/2, i.e. when the
two ?-planes are perpendicular.

The above results can be easily proved using the decomposition in Proposition 3.18.
Equivalently, along a unit-speed geodesic with velocity eigenvalues {2

8
, the ordinary

Grassmann cut time is c/(2 max8 {8); see Proposition 5.1 in [1].
Again, Theorem A.2 is the bridge between these finite-dimensional Grassmannian

results and the Hilbert-manifold setting used in this paper.

4.3 – In the oriented Grassmann manifold

We now characterize the cut locus in Gr+(?, �).

Theorem 4.2. Let us fix %0 ∈ Gr+(?, �).
Fix an endpoint %1 ∈ Gr+(?, �) with %1 ≠ %0.
Then %1 is in the cut locus of %0 if and only if at least one of the following conditions

is satisfied.

(A) %0, %1 are doubly semi-perpendicular, that is, there are vectors D8 ≠ 0, D8 ∈ %0 for
8 = 0, 1 that are mutually orthogonal and are orthogonal to %1. Equivalently, the
largest ordinary principal angle is c/2 and has multiplicity at least two.

(B) The largest ordinary principal angle between the underlying unoriented ?-planes
has multiplicity at least two, and, for any oriented representatives .0, .1, one has
det(.>

0 .1) ≤ 0.

(C) %0, %1 represent the same unoriented ?-plane. 20

While proving Theorem 4.2 below, we will also show in Remark 4.10 and Proposi-
tion 4.11 that, when ? ≥ 2, every point in the cut locus is both singular and conjugate.

(20) Since %0 ≠ %1, they have opposite orientations.
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Remark 4.3. If ? = 1, then Gr+(1, �) ∼ (dim �−1. The cut locus of a point is its
antipodal point, corresponding to condition (C); conditions (A) and (B) do not apply.
The injectivity radius and the diameter are both equal to c. The antipodal point is
singular. If dim� ≥ 3, it is also conjugate; in the limiting case dim� = 2, the manifold
is the circle (1, and the antipodal point is singular but not conjugate.

We will divide the proof into two parts, which will be presented in Sections 4.3.2
and 4.3.3.

Lemma 4.4. Choose oriented representatives.0,.1 ∈ St(?, �) so that %0 = [.0]Gr+
and %1 = [.1]Gr+, and decompose as before:

(4.1) " = .>
0 .1 = *̃Σ̃+̃> ;

where *̃, +̃ ∈ SO(?), and Σ̃, f8 satisfy the relations in equation (3.25). Define the
oriented principal angles {8 = arccos(f8) ∈ [0, c].

Then the three conditions in the theorem are equivalent to the following conditions
on the oriented principal angles.

(A) For two distinct indices 8, 9 , {8 = { 9 = c/2.

(B) {? ≥ c/2 and {? = c − {?−1, that is, f? = −f?−1.

(C) {? = c.

The proof is in Appendix C, p. 54.

Remark 4.5. Condition (B) actually overlaps with the others:

• if {? = {?−1 = c/2, then it overlaps with (A);

• if {? = c, {?−1 = 0, then it overlaps with (C); indeed in that case det" < 0 and
f? = −1 and f8 = 1 for 8 ≤ ? − 1.

To obtain three mutually exclusive conditions, one may add det" < 0 and {?, {?−1 ∉

{0, c/2, c} to (B).

Theorem 4.6. Assume ? ≥ 2 and dim� ≥ ? + 2. The injectivity radius of Gr+(?,�)
is

c/
√

2 .

If, in addition, dim� ≥ 2?, then the diameter of Gr+(?, �) is

max{c,√?c/2} .

Proof. We consider the three types of cut locus and, for each type, compute the
maximum squared distance, under the condition dim� ≥ 2?, and the minimum squared
distance, in general, between a point and a point in its cut locus.



Geodesics and the cut locus in Gr+ 37

(A) The distance squared is

c2/2 +
?−2∑
8=1

{28

with 0 ≤ {8 ≤ c/2 for 8 ≤ ? − 2. Hence the minimum squared distance is c2/2,
while the maximum is

?c2/4 .

(B) We know that {? ∈ � = [c/2, c]. The distance squared is

{2? + (c − {?)2 +
?−2∑
8=1

{28

with 0 ≤ {8 ≤ c − {? for 8 ≤ ? − 2. The minimum squared distance is again

min
{?∈�

{2? + (c − {?)2 = c2/2

while the maximum is

max
{?∈�

{2? + (? − 1) (c − {?)2 =max
{?∈�

(
?{2? − 2(? − 1)c{? + (? − 1)c2) =max{c2, ?c2/4}

(it is attained at one of the extremes).

(C) The squared distance is always c2.

Note how the extremes of case (B) coincide with the other cases, as remarked above.
Therefore the minimum squared distance from a point to its cut locus is min{c2/2, ?c2/4} =
c2/2, since ? ≥ 2. Under the additional assumption dim� ≥ 2?, the maximum squared
distance between two points is max{c2, ?c2/4}.

The finite-dimensional cases dim� < 2? can be handled by passing to orthogonal
complements. We use the isomorphism

Gr+(?,R=) � Gr+(= − ?,R=)

valid for 1 ≤ ? ≤ = − 1. It associates % ∈ Gr+(?,R=) with %⊥ ∈ Gr+(= − ?,R=), ori-
enting %⊥ so that % + %⊥ is positively oriented. The case dim� = ? + 1 reduces to the
sphere case of Remark 4.3; the remaining cases are covered by the following corollary.

Corollary 4.7. If ? + 2 ≤ = ≤ 2? − 1, then the diameter of Gr+(?,R=) is

max{c,√= − ? c/2} .
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4.3.1. Examples. We adapt Example 3.27 as follows.

Example 4.8. Suppose that ? ≥ 2 and � = ℓ2(N) or � = R# (with # ≥ ? + 2).
Let \ ∈ [c/2, c]. Consider the two frames in St(?, �)

.0 = (41, 42, . . . , 4?) , .\ =
(
41 cos \ + 4?+1 sin \,−42 cos \ + 4?+2 sin \, 43, . . . , 4?

)
.

Let %0 = [.0]Gr+ and %\ = [.\ ]Gr+. We have

" = .>
0 .\ = diag(cos \,− cos \, 1, . . . , 1) ,

hence det " = 0 when \ = c/2, whereas det " < 0 for c/2 < \ ≤ c. The oriented
principal angles are

0, . . . , 0, c − \, \ .

A minimal geodesic connecting them is

. (C) =
(
41 cos(C\) + 4?+1 sin(C\), 42 cos(C (c − \)) + 4?+2 sin(C (c − \)), 43, . . . , 4?

)
for C ∈ [0, 1]. Its length, that is, the distance between the endpoints, is√

\2 + (c − \)2 .

For every \ ∈ [c/2, c], %\ is in the cut locus of %0:

• If \ = c/2, then %0, %\ are doubly semi-perpendicular, so we are in case (A).

• If c/2< \ < c, then %0, %\ are in case (B) (in the strict sense explained in Remark 4.5);

• If \ = c, then we are in case (C): %0 and %\ are the two different orientations of
the same unoriented ?-plane.

This example shows that case (B) interpolates between the other two cases.

4.3.2. Sufficient. Let us fix %0 ∈ Gr+(?, �), with ? ≥ 2, and fix an endpoint %1 ∈
Gr+(?, �) with %1 ≠ %0, throughout this subsubsection.

Proposition 4.9. Suppose at least one of the conditions (A), (C) is satisfied. Then
%1 is in the cut locus of %0, and it is both a singular point and a conjugate point to %0.

Proof. As in Proposition 3.3, let

. (C) = . (0) cos(C') + ¤. (0)'−1 sin(C')

be the minimal geodesic connecting . (0) = .0 to . (1) = .1. Up to using the SVD+,
we assume that ' is diagonal, with '8,8 = {8 , f8 = cos {8 .
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(A) Suppose that {8 = { 9 = c/2, so f8 = f9 = 0; let, = (,1, . . . ,,?) be defined by

,8 = − ¤.8 (0), , 9 = − ¤. 9 (0), ,ℎ = ¤.ℎ (0) for ℎ ≠ 8, 9 ,

and let
.̃ (C) = .0 cos(C') +,'−1 sin(C') .

Then

.̃ℎ (1) =
{
−.ℎ (1) ℎ = 8, 9

.ℎ (1) ℎ ≠ 8, 9

hence [.̃ (1)]Gr+ = %1. Note that these two geodesics are of type (a).

(C) Suppose that {? = c, so f? = −1. Let, = (,1, . . . ,,?) be defined by

,? = − ¤.? (0) , , 9 = ¤. 9 (0) for 9 ≠ ?

and let
.̃ (C) = .0 cos(C') +,'−1 sin(C') .

This geodesic connects .̃ (0) = .0 to .̃ (1) = .1. Note that these two geodesics are
of type (b).

Remark 4.10. The constructions above also show how large the families of mini-
mizing geodesics are in the degenerate cases.

• In case (A), let ℎ be the multiplicity of the zero singular value, equivalently the
number of indices 8 such that {8 = c/2. Then ℎ ≥ 2. On this zero block the SVD
is not unique: after fixing adapted bases for the two endpoint subspaces, one may
change their relative position by an element of SO(ℎ), and this generally gives a
different minimizing geodesic. 21 This proves that the point is singular. Moreover,
since ℎ ≥ 2, the group SO(ℎ) contains non-constant smooth curves. Differentiating
the corresponding family of minimizing geodesics gives a non-zero Jacobi field
vanishing at the endpoints; hence the endpoint is conjugate to %0.

(21) This is related to the discussion of uniqueness of the SVD in the presence of zero singular
values; see Appendix B.
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• In case (C), the endpoints represent the same unoriented ?-plane with opposite
orientations. One obtains minimizing geodesics by choosing a direction in %0 to
reverse and a normal direction through which it rotates. In particular, even after
fixing the normal direction, the choice inside %0 is parametrized by (?−1. This again
gives a non-trivial smooth family of minimizing geodesics with the same endpoints,
so the endpoint is singular and conjugate to %0.

Proposition 4.11. Suppose that (B) is satisfied. Then %1 is in the cut locus of %0.
Let ℎ be the multiplicity of the largest ordinary principal angle. Then ℎ ≥ 2, and for

each unit vector @ ∈ Rℎ, there is a different geodesic %@ (C) connecting the endpoints.

Proof. Choose oriented representatives .0,.1 ∈ St(?, �) so that %0 = [.0]Gr+ and
%1 = [.1]Gr+, and let " = .>

0 .1 as usual.
Assume that {?−1 ≠ c/2; otherwise {? = c − {?−1 = c/2 and we may use the con-

struction in the point (A). Assume also that {? ≠ c, otherwise the construction for point
(C) applies. Then we are in the situation of a type (b) geodesic, and det" < 0.

We first build the type (a) geodesic using the standard SVD. We proceed as in
Section 3.3. We decompose

" = .>
0 .1 = *Σ+> .

We assume that det* = 1, det+ = −1 up to changing signs of the last columns. Let 08 =
arccosΣ8,8 be the principal angles, in increasing order. Define � = diag(01, . . . , 0?),
/̂0 = .0*, and /̂1 = .1+ . We then define an initial velocity frame +̂

+̂8 =

{
1

sin 08

(
/̂1,8 − cos(08) /̂0,8

)
8 5 08 > 0

0 8 5 08 = 0

Let
/̂ (C) = /̂0 cos(C�) + +̂ sin(C�) .

Then [/̂ (1)]Gr is the same underlying ?-plane as [%1]Gr, but it has the opposite orien-
tation, since det+ = −1. See Figure 5.

Consider the decomposition

 = � ⊕ +1 ⊕ · · · ⊕ +<

in Proposition 3.18. Let 2ℎ = dim+< and let ?̂ = ? − ℎ for convenience. Hypothesis
(B) says that 0? = 0?−1, hence ℎ ≥ 2 by the relation (3.20). 22

(22) In (3.20) the role of {8 and 0 9 is the opposite to the notation used here.
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Let & ∈ SO(?) be given by

& =

(
I ?̂ 0
0 &A

)
with &A ∈ SO(ℎ). Then

&Σ&> = Σ

and
.>

0 .1 = *&Σ&>+>

is another decomposition, as explained in Appendix B. This means that

/̂& (C) = /̂0& cos(C�) + +̂& sin(C�)

is again a geodesic.
If we now apply the construction of Section 3.5 (up to a double flip), we obtain

/̃ (C) = /̃& (C) = /̂0& cos(C�̃) + +̂& sin(C�̃)

where {8 = 08 for 8 < ? whereas

{? = 0? − c ∈ [−c/2, 0] ;

and �̃ = diag({1, . . . , {?). Then

/̃8 (1) = /̂8 (1) for 8 ≤ ? − 1, /̃? (1) = −/̂? (1),

so [/̃ (1)]Gr+ = %1.

/̂? (0)

/̂? (1)
+̂?

0? < c/2
=⇒

/̂? (0)

−/̂? (1) −+̂?

c − 0? > c/2

Figure 5. The ordinary short branch reaches the opposite oriented lift, while the long branch
reaches the required oriented endpoint.

These geodesics are all minimum-length geodesics; indeed, using a single flip, we
can write

/̃ (C) = /̂0&� cos(C�̂) + +̂&� sin(C�̂)
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where {̂8 = 08 for 8 < ?,
{̂? = c − 0? ∈ [c/2, c] ,

�̂ = diag({̂1, . . . , {̂?) and � = diag(1, 1, . . . , 1, −1). This is a geodesic built by the
SVD+ construction.

We now note that %@ (C) = [/̃& (C)]Gr+ depends only on the last column of&A , which
we call @: this is the direction in which we perform the long branch. Given @, we can
build any&A with last column @, and the geodesic %@ (C) will be the same, since different
choices rotate /?−ℎ+1 . . . /?−1 over themselves.

At the same time, if @, @̃ ∈ Rℎ are different unit vectors, then %@ (C) and %@̃ (C) are
different geodesics. Indeed, their initial tangent spaces in the last block+< are different:
the long branch is taken in different directions @ and @̃. Hence the projected geodesics
differ for small C > 0.

Since the family %@ is non-trivial, the endpoint is singular. Differentiating a non-
constant smooth subfamily gives a non-zero Jacobi field vanishing at the endpoints, so
the endpoint is also conjugate to %0.

4.3.3. Necessary. We will assume ? ≥ 2 in the following.
The idea of the proof is as follows. Suppose that none of (A), (B), and (C) holds.

Then the relevant inequalities are strict, so they remain true after a small reparametriza-
tion C ↦→ AC, with A > 1. Using Lemma 3.6, we will prove that the geodesic remains
minimizing slightly past its endpoint; hence the endpoint is not in the cut locus.

In the following 8, 9 , ℎ, ℎ 9 ≥ 1 are integers.
Let us fix %0, %1 ∈ Gr+(?, �), with ? ≥ 2 and %1 ≠ %0, throughout this subsubsec-

tion. Consider a minimal geodesic W : [0, 1] → Gr+(?, �) connecting the two. Let {8
be its velocities, in increasing order.

We use the criterion in Proposition 3.20. Since {8 =
√
_8 , we know that {8 ≤ c, and

that, if c/2 < {? ≤ c, then

{8 ≤ c − {? , 8 ≤ ? − 1 .

If {? = c, then {8 = 0 for 8 ≤ ? − 1, so we are in case (C) and then that geodesic is
not unique, as shown in Proposition 4.9.

We then consider the case {? < c, so we can use Proposition 3.18. Let

|8 = arccos( | cos {8 |) = min{{8 , c − {8}

be the reduced velocities. Then the |8 , up to ordering, are also the principal angles of
%0, %1. Let 0 < g1 < · · · < g< be the distinct positive principal angles of %0, %1. Let
� = %0 ∩ %1,  = %0 + %1, and use the decomposition

 = � ⊕ +1 ⊕ · · · ⊕ +< .
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We remark that this decomposition depends only on the endpoints.
We want to understand whether an extension of W is still a minimizing geodesic.

Let \ (C) = W(AC), with A > 1. Also let

"̃ = \ (0)>\ (1).

Then, by Lemma 3.6, the principal velocities of \ are {̃8 = A{8 . For A > 1 sufficiently
close to 1, we still have {̃8 < c, so \ admits the same geometric decomposition as W.

Let ℎ 9 = dim(%0 ∩ + 9) = 1
2 dim+ 9 . We know that in each space + 9 , the geodesic

has the form

W(C) ∩+ 9 = span
{
cos(C01, 9)41 + sin(C01, 9)4ℎ+1, . . . , cos(C0ℎ, 9)4ℎ + sin(C0ℎ, 9)42ℎ

}
where ℎ = ℎ 9 and, for each 8 ≤ ℎ, 08, 9 is either g9 or c − g9 .

At the same time, these velocities are those of the original geodesic, that is, as
multisets, {

08, 9 : 8 ≤ ℎ 9 , 9 ≤ <
}
= {{8 : {8 > 0}

but we know that 0 ≤ {8 ≤ c/2 for 8 ≤ ? − 1: hence all those velocities are short, 08, 9 = g9 ,
except possibly one long branch 08,< = c − g< = {?, which happens inside +<.

In particular, in all the principal spaces + 9 with 9 < <, we have g9 < c/2, so the
geodesic is uniquely determined from the endpoints by the same proof as in Proposi-
tion 4.1. It remains only to study what happens inside W(C) ∩+<.

We now consider all possible cases.

• If c/2 < {? < c, then we split into two subcases:

– If dim+< = 2, then there are no degrees of freedom: W(C) ∩+< is an oriented
line that has to travel minimally to another oriented line, with an angle less than
c, hence there is only one geodesic; moreover, since case (B) does not hold,
we have {8 < c − {? for 8 < ?. This strict inequality persists for all A > 1 close
enough to 1, giving

{̃8 < c − {̃? for 8 < ?, c/2 < {̃? < c.

Consequently, by equation (3.21), "̃ has negative determinant, and \ satisfies
the long-branch case of Proposition 3.20; it is minimizing and extends W past
C = 1.

– If dim+< ≥ 4, this is (B), and there are multiple geodesics by Proposition 4.11.

• If {? = c/2, then we split into two subcases:
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– If dim+< = 2, then there are no degrees of freedom, so there is only one geodesic;
since case (A) does not hold, {8 < c/2 for 8 < ?. For A > 1 close enough to 1,
this gives

{̃8 < c − {̃? for 8 < ?, c/2 < {̃? < c.

Again, by equation (3.21), "̃ has negative determinant, so \ is minimizing by
the long-branch case of Proposition 3.20; it extends W past C = 1.

– If dim+< ≥ 4, this is (A), and there are multiple geodesics by Proposition 4.9.

• If {? < c/2, then we have uniqueness by the argument in Proposition 4.1. Choosing
A > 1 sufficiently close to 1, all reparametrized velocities satisfy {̃8 < c/2, so \ is
minimizing by the short-branch case of Proposition 3.20.

Therefore, if none of the three conditions occurs, every minimizing geodesic from %0
to %1 extends as a minimizing geodesic past %1. Hence %1 is not in the cut locus.

A. From infinite to finite dimensions

We recall Theorem 3 from [7] for the reader’s convenience.

Theorem A.1. Let� be a Hilbert space with dim� ≥ 2?. Consider a 2?-dimensional
Hilbert space , and an isometric linear embedding 8 : , → �. Then 8 induces an
isometric embedding

8∗ : St(?,,) → St(?, �), (G1, . . . , G?) ↦→ (8G1, . . . , 8G?) .

(1) 8∗
(
St(?,,)) is totally geodesic in St(?, �).

(2) Let 3, be the distance in St(?,,) and similarly 3� in St(?, �). Then

(A.1) 3, (G, H) = 3�
(
8∗(G), 8∗(H)

)
.

(3) Let G, H ∈ St(?,,), and let W be a minimal geodesic connecting G to H in St(?,,).
Then 8∗ ◦ W is a minimal geodesic connecting 8∗(G) to 8∗(H) in St(?, �).

(4) The diameter of St(?, �) is equal to the diameter of St(?,R2?).
(5) Any two points G, H ∈ St(?, �) can be connected by a minimal geodesic W. Any

minimal geodesic lies in St(?, *), where * is a 2?-dimensional subspace of �
depending on W.

(6) Let G, H ∈ St(?, �). Then H is in the cut locus of G if and only if there is a 2?-
dimensional subspace, of � and G̃, H̃ ∈ St(?,,) such that G = 8∗(G̃), H = 8∗( H̃),
and H̃ is in the cut locus of G̃ in St(?,,).
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Note that point (5) in the above theorem implies that minimal geodesics can be
numerically computed using a finite-dimensional algorithm; see Section 3.3.4 in [19].

The corresponding statement for Grassmannians is Theorem 6 in [7].

Theorem A.2. Theorem A.1 remains valid when Stiefel manifolds are replaced by
Grassmannians. In particular, for any two points G, H ∈ Gr(?, �), there is a minimal
geodesic W connecting G to H. The same holds for the oriented Grassmannian Gr+(?, �)
of oriented ?-planes.

B. Uniqueness of SVD

Let � ∈ R?×?, and let

� = *Σ+>, *,+ ∈ O(?), Σ = diag(f1, . . . , f?),

where
f1 ≥ f2 ≥ · · · ≥ f? ≥ 0.

For each singular value f, define

�f := { 8 ∈ {1, . . . , ?} : f8 = f },

and
*f := span{*8 : 8 ∈ �f }, +f := span{+8 : 8 ∈ �f },

where*8 and +8 denote the 8-th columns of* and + , respectively.
Then the singular values f8 , counted with multiplicity, are uniquely determined by

�. Moreover, for every f > 0, the subspaces *f and +f are uniquely determined by
�, and

dim*f = dim+f = #�f .

The individual columns*8 , +8 with 8 ∈ �f are not uniquely determined; they may be
changed by a common orthogonal transformation on the block �f .

For f = 0, the corresponding subspaces*0 and +0 are

*0 = ker �>, +0 = ker �,

and are also uniquely determined, although the relation between bases in*0 and +0 is
independent.

Equivalently, if
� = *̃Σ+̃>
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is another SVD with the same ordered diagonal matrix Σ, then for each f > 0,

span{*8 : 8 ∈ �f} = span{*̃8 : 8 ∈ �f},

and
span{+8 : 8 ∈ �f} = span{+̃8 : 8 ∈ �f}.

C. Proofs

Remark C.1. We justify a comment used in Prop. 3.23. If � is infinite-dimensional,
the orthogonal complement of the finite-dimensional forbidden span is automatically
non-trivial. Suppose instead that dim� < ∞. Let

@ = dim span
(
{I0,8 : 8 ≤ ?} ∪ {Î 9 : 9 < ?}

)
.

Let � = %0 ∩ %1 and

: = dim � = #{8 : {8 = 0} = #{8 : f8 = 1} = #{8 : Î8 = 0}.

Then @ = 2? − 1 − : . If f? = −1, we can choose the unit vector Î? iff @ ≤ dim� − 1,
that is

2? − 1 − : ≤ dim� − 1

and this is equivalent to : ≥ 2? − dim�, that follows from : = dim � = dim(%0 ∩ %1)
and dim(%0 + %1) = 2? − : ≤ dim�.

Proof of 2.4. We recall the simple proof that, if ? + 1 ≤ dim�, then St(?, �), Gr(?, �),
and Gr+(?, �) are connected.

Suppose ? + 1 ≤ dim�. Let .0, .1 ∈ St(?, �). Let ,0 be the finite-dimensional
subspace spanned by the columns of .0 and .1. Choose a finite-dimensional subspace
, ⊂ � such that

,0 ⊂ ,, dim, = = ≥ ? + 1.

Then.0,.1 ∈ St(?,,). After identifying, with R=, we may regard.0 and.1 as = × ?
matrices with orthonormal columns. Since = > ?, each .8 can be completed to a matrix
"8 ∈ SO(=), 8 = 0, 1. Define

& = "1"
>
0 ∈ SO(=).

Since every element of SO(=) is the exponential of a skew-symmetric matrix, there
exists � such that

& = 4�.
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Therefore
W(C) = 4C �.0, C ∈ [0, 1],

is a continuous path in St(?,,) ⊆ St(?, �) connecting .0 to .1. Hence St(?, �) is
connected.

In finite dimension, when ? < =, one may also use the homogeneous-space descrip-
tion

St(?,R=) � SO(=)/SO(= − ?)

which immediately implies connectedness, since SO(=) is connected.
Now consider the natural projection maps

c : St(?, �) −→ Gr(?, �),

and
c+ : St(?, �) −→ Gr+(?, �),

Both maps are continuous and surjective. Since the continuous image of a connected
space is connected, it follows that Gr(?, �) and Gr+(?, �) are connected.

Notice that the natural forgetful map goes in the opposite direction,

Gr+(?, �) −→ Gr(?, �),

because an unoriented ?-plane has no canonical choice of orientation. Thus one should
not use a map Gr(?, �) → Gr+(?, �). Instead, both Grassmannians are obtained as
continuous images of the Stiefel manifold.

Proof of 2.7. Let " = St(?, �). For + ∈ )%" we identify )+)%" = )%". The fol-
lowing are equivalent.

• & = W(A) is a conjugate point along the geodesic with positive multiplicity;

• / ∈ )%" is non-zero and belongs to the kernel of 3 exp% at A+ ;

• there is a Jacobi field [ : [0, A] → )" that projects on W and satisfies

[(0) = 0 , �U[(0) = / , [(A) = 0 ;

• setting
. (C, B) = exp%

(
C (+ + B/)

)
for C ∈ [0, A], B ∈ [−1, 1] we have

m

mB

����
B=0
. = [ .
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This follows from standard results, see [10] Section 1.12.
In particular, let � be the span of the columns of %, +, / . Then every geodesic

. (·, B) is contained in St(?, �), and hence the Jacobi field is tangent to St(?, �) along

. (·, 0).
This can also be shown analytically, which may be useful for numerical computa-

tions. We consider the closed form formula in Proposition 3.1, here rewritten as

(C.1) (. (C), ¤. ) = (%,+ + B/) exp
(
CM(B)

)
exp

(
−CN(B)

)
with

M(B) =
(
�0 −(0
I �0

)
, N(B) =

(
�0 0
0 �0

)
and

�0 =%>(+ + B/) = %>+ + B%>/ ,

(0 =(+ + B/)>(+ + B/) = +>+ + B+>/ + B/>+ + B2/>/ .

Let
� (C) = m

mB

����
B=0

exp
(
CM(B)

)
, � (C) = m

mB

����
B=0

exp
(
−CN(B)

)
;

An analytic formula can be written using the explicit formula for the Fréchet deriva-
tive

� (exp -) (-; /) =
∫ 1

0
exp (C-)/ exp ((1 − C)-) dC,

which can be found in [16] 23. Differentiating it, we obtain

m

mB

����
B=0

(
. (C, B), ¤. (C, B)

)
=(0, /) exp

(
CM(0)

)
exp

(
−CN(0)

)
+ (%,+)� (C) exp

(
−CN(0)

)
+ (%,+) exp

(
CM(0)

)
� (C)

Since the above are right matrix multiplications, each column in [(C) is contained in
the span � of the columns of %,+, / .

The converse is obvious, since St(?, �) is totally geodesic in St(?, �).
In the Grassmannian and the oriented Grassmannian, we first use horizontal Stiefel

lifts of the geodesics.

(23) See also Appendix B in [19].
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Proof of 2.10. Let � = .>
0 .1. If G, H ∈ R?, then

〈.0G,.1H〉� = G>�H.

Hence %0 and %1 are perpendicular if and only if G>�H = 0 for all G, H, which is equiv-
alent to � = 0.

Moreover, a non-zero vector.0G ∈ %0 is orthogonal to every vector in %1 if and only
if G>�H = 0 for every H, that is, if and only if G>� = 0. Such a non-zero G exists if and
only if � is singular. Equivalently, there exists a non-zero vector .1H ∈ %1 orthogonal
to %0 if and only if �H = 0, again if and only if � is singular. Therefore %0 and %1 are
semi-perpendicular if and only if det(.>

0 .1) = 0, and they are oblique if and only if
det(.>

0 .1) ≠ 0.
Finally, replacing.8 by another Stiefel representative.8&8 , with&8 ∈ O(?), changes

� to &>
0 �&1. This preserves the properties � = 0, det � = 0, and det � ≠ 0, so the

conditions are independent of the representatives.

Proof of 3.1. We recall the argument in Section 2.2.2 of [5]. The tangent space at . is

).St(?,R=) = {/ : .>/ + />. = 0}.

In particular, along any differentiable path in the Stiefel manifold, �(C) = .>(C) ¤. (C) is
skew-symmetric.

With the Euclidean metric induced from R=×?, the normal space at . is

#.St(?,R=) = {.� : � ∈ R?×?, �> = �}.

A constant-speed curve is therefore a geodesic exactly when its acceleration is normal
to the Stiefel manifold. Since ((C) = ¤.>(C) ¤. (C) is symmetric, the equation

¥. = −.(

has normal acceleration and gives (3.1).
We now record the conserved quantities used in the closed formula. Substituting

(3.1), we obtain
¤� = ¤.> ¤. + .> ¥. = ( − .>.( = 0,

hence �(C) = �0. Similarly,

¤( = ¥.> ¤. + ¤.> ¥. = −(�0 + �0(,

so
((C) = 4�0C(04

−�0C .
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Taking the trace shows that the speed tr( ¤.> ¤. ) = tr((C) is constant.
It remains to verify the closed form. Set � (C) = 4�0C ,, (C) = . (C)� (C), and + (C) =

¤. (C)� (C). Since ((C)� (C) = � (C)(0, the equation (3.1) is equivalent to the constant-
coefficient first-order system

(,,+)′ = (,,+)
(
�0 −(0
I �0

)
.

Solving this system with initial data, (0) = . (0), + (0) = ¤. (0) gives exactly (3.2).

Proof of 3.2. Indeed

m

mC
cos(C�) =

∞∑
:=1

(−1):�:C2:−1

(2: − 1)! = −
∞∑
:=0

(−1):�:+1C2:+1

(2: + 1)! = −� sin(C�) ,

m

mC
� sin(C�) =

∞∑
:=0

(−1):�:+1C2:

(2:)! = � cos(C�) ,

and similarly for the third one.

Proof of 3.3. Put .0 = . (0) and +0 = ¤. (0). Since '2 = ( and every analytic function
of ' commutes with ', the displayed formula gives

. (C) = .0 cos(C') ++0'
−1 sin(C')

and hence
¤. (C) = −.0' sin(C') ++0 cos(C').

Differentiating once more,

¥. (C) = −.0'
2 cos(C') −+0' sin(C') = −. (C)'2 = −. (C)(.

Thus . satisfies ¥. + .( = 0, which is (3.1) in the horizontal case, where ( = ¤.> ¤. is
constant. At C = 0 the formula gives . (0) = .0 and ¤. (0) = +0, so it is the required
solution.

Note also that differentiating (3.8) we obtain the second set of columns in (3.7),
namely

(C.2) ¤. (C) = −. (0)' sin(C') + ¤. (0) cos(C') ;

hence (3.8) and (3.7) are equivalent.
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Proof of 3.11. We know that . (C) satisfies all properties in Proposition 3.3. By multi-
plying equation (3.8) on the left by . (0)> and by ¤. (0)>, respectively, we obtain that

. (0)>. (1) = cos(') ,(C.3)
¤. (0)>. (1) = ' sin(') .(C.4)

In particular, . (0)>. (1) and ¤. (0)>. (1) are symmetric. Again, by the Spectral The-
orem, let $ ∈ SO(?) be an orthogonal matrix such that � = $>'$ is diagonal with
non-negative entries (and then �2 = $>($), so

$>. (0)>. (1)$ = cos(�)(C.5)
$> ¤. (0)>. (1)$ = � sin(�)(C.6)

but then $>. (0)>. (1)$ and $> ¤. (0)>. (1)$ are diagonal.

Proof of 3.12. We note that in the previous proof |f8 | are also the singular values of
.>

0 .1, and similarly |\8 | are the singular values of ¤. (0)>.1, because right multiplication
by & ∈ O(?) does not change singular values.

Proof of 3.17. Let � = % ∩& and : = dim �. Let 1 9 = cos g9 . Let us trace through the
definition 2.9. The first step is to consider the set

/0 = {(D, {) ∈ % ×& : ‖D‖ = 1 , ‖{‖ = 1 , 〈D, {〉 = 1}

but the conditions imply that D = {, so

/0 = {(D, D) : D ∈ �, ‖D‖ = 1}

and in particular � ≠ {0} iff 0 is a principal angle. Let us set %0 = &0 = �. Recursively,
for 9 = 1, . . . , <, define

1̃ 9 := max
D∈%, ‖D‖=1

D⊥%9−1

max
{∈&, ‖{‖=1
{⊥& 9−1

〈D, {〉,

/ 9 :=
{
(D, {) ∈ % ×& : 〈D, {〉 = 1̃ 9 , ‖D‖ = 1 , ‖{‖ = 1,

D ⊥ % 9−1 , { ⊥ & 9−1
}

% 9 :=% 9−1 ⊕ span{c%/ 9 }
& 9 :=& 9−1 ⊕ span{c&/ 9 }

where c% , c& are the canonical projections from % ×&. Note that / 9 is the ‘‘argmax’’
of the first line. Then we define

+ 9 = span
{
c%/ 9 ∪ c&/ 9

}
.
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By induction on 9 , the max–max construction gives 1̃ 9 = 1 9 , and these spaces satisfy
the stated properties.

Note that the vectors D8 , {8 defined in 2.9, when grouped by ‘‘same angle g9 ’’ are a
basis for + 9 :

+ 9 = span{D8 , {8 : \8 = g9 } .

Another proof may be obtained by studying the SVD in Definition 2.8. In an SVD-
adapted pair of orthonormal bases, + 9 is the span of the principal vector pairs whose
singular value is cos g9 . The uniqueness criterion for ‘‘uniqueness of the SVD’’, see
Appendix B, then proves that this decomposition is unique.

Proof of 3.18. We use Lemma 3.11. Up to lifting and possibly rotating.1 by& ∈ O(?),
this geodesic W is represented by a horizontal geodesic . : [0, 1] → St(?, �) with
.0 = . (0) and .1& = . (1). Let, = ¤. (0).

Then the matrices

" = . (0)>. (1) = .>
0 .1& and # = ¤. (0)>. (1) = ,>.1&

are symmetric and, together with ( = ¤. (0)> ¤. (0), admit a common orthonormal eigen-
basis.

By (3.12)

(C.7) f = cos
√
_ , \ =

√
_ sin

√
_ .

since 0 <
√
_ < c for the positive eigenvalues under discussion, different _ produce

different pairs (f, \) and vice versa.
Thus the corresponding common eigenspaces of ", #, ( are tied together, and the

eigenspaces determine the endpoint-dependent summands + 9 . Precisely,

• + 9 is the span of. (0)I, ¤. (0)I, where I is an eigenvector associated to _with
√
_ = g9

or
√
_ = c − g9 ; equivalently

• + 9 is the span of. (0)I,. (1)I, where I is an eigenvector associated to _with
√
_ = g9

or
√
_ = c − g9 .

These two facts are equivalent. Let 0 =
√
_ for convenience; since 'I = 0I, we have

cos(C')I = cos(C0)I , sin(C')I = sin(C0)I

hence

. (C)I = . (0) cos(C')I + ¤. (0)'−1 sin(C')I = . (0)I cos(C0) + 1
0
¤. (0)I sin(C0)
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so
. (1)I = .0I cos(0) + 1

0
¤. (0)I sin(0)

but also
¤. (0)I = 0

sin(0)
(
. (1)I − .0I cos(0)

)
.

Proof of 4.1. If a principal angle is c/2, then an easy construction shows that %1 is in
the cut locus. Indeed if

. (C) = . (0) cos(C') + ¤. (0)'−1 sin(C')

is a minimal geodesic, with ' diagonal, and '?,? = c/2, then let, = (,1, . . . ,,?)
be defined by

,? = − ¤.? (0), ,ℎ = ¤.ℎ (0) for ℎ ≠ ?,

so
.̃ (C) = .0 cos(C') +,'−1 sin(C')

is a different minimal geodesic. At C = 1, its ?-th column is the negative of the ?-th
column of . (1), while all other columns are unchanged; hence .̃ (1) represents the
same point %1 ∈ Gr(?,R=).

This construction is similar to the one for point (A) in Proposition 4.9; when at least
two such angles occur, the zero block also gives a non-trivial family of minimizing
geodesics, hence a conjugate point by Proposition 2.3.

Suppose instead that exactly one angle c/2 occurs. By Proposition 3.17, equal
principal angles, equivalently equal singular values, belong to the same orthogonal
block. The Jacobi equation along the geodesic, written in principal coordinates, splits
according to this orthogonal block decomposition. On every block with principal angle
< c/2, the geodesic is still before the first conjugate time, so no non-zero endpoint-
vanishing Jacobi component can occur there. The block associated with the single
angle c/2 is two-dimensional, hence its Grassmann factor is Gr(1,R2); in this one-
dimensional factor there is no non-zero Jacobi field vanishing at both endpoints. Hence
%1 is not a conjugate point.

Conversely, if all principal angles are < c/2, we prove that the minimal geodesic is
unique, and its endpoint is not in the cut locus. We use Proposition 3.18 to decompose

(C.8)  = � ⊕ +1 ⊕ · · · ⊕ +<

into principal spaces. On �, any minimizing geodesic is constant. On each + 9 , the
common principal angle is 0 9 ∈ (0, c/2).
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Let �0 be an orthonormal basis of %0 ∩+ 9 , and let �1 be the corresponding principal
basis of %1 ∩+ 9 . Then

�1 =
�1 − cos(0 9)�0

sin(0 9)
is uniquely determined up to the same right orthogonal change of basis as �0, �1. Hence
the subspace curve

span{cos(C0 9)�0 + sin(C0 9)�1}

is independent of the chosen adapted bases. Thus each principal block, and hence the
whole minimizing geodesic, is unique. Moreover, if the geodesic is extended by a little
bit, as in Section 4.3.3, the principal velocities are still less than c/2, so the extension
is still minimizing.

Proof of 4.4. Let B1 ≥ · · · ≥ B? ≥ 0 be the ordinary singular values of " = .>
0 .1. The

ordinary principal angles are 08 = arccos B8 . By the construction of the SVD+,

f8 = B8 for 8 < ?, |f? | = B?,

and the sign of f? is the sign of det" , with the convention that f? = 0 when det" = 0.
For (A), the existence of two orthogonal non-zero vectors in %0 that are orthogonal

to %1 is equivalent to dim ker"> ≥ 2. This is equivalent to " having at least two zero
singular values, hence to at least two ordinary principal angles equal to c/2. Since zero
singular values remain zero in the SVD+, this is equivalent to {8 = { 9 = c/2 for two
distinct indices.

For (B), the largest ordinary principal angle has multiplicity at least two if and only
if the smallest ordinary singular value has multiplicity at least two, that is, B?−1 = B?.
Together with det" ≤ 0, this is equivalent to

f? = −f?−1.

Indeed, if det" < 0, then f? = −B? and f?−1 = B?−1; if det" = 0, then B? = 0, and
the equality says B?−1 = 0. Since {8 = arccosf8 , the equality f? = −f?−1 is equivalent
to {? = c − {?−1, and det" ≤ 0 gives {? ≥ c/2.

Finally, (C) holds if and only if the underlying unoriented ?-planes are equal and
the orientations are opposite. This is equivalent to all ordinary singular values being
equal to 1, and to det" < 0. In the SVD+, this gives f8 = 1 for 8 < ? and f? = −1,
hence {? = c. Conversely, if {? = c, then f? = −1; by (3.25), all ordinary singular
values are equal to 1, and the sign is negative, so the oriented ?-planes represent the
same unoriented ?-plane with opposite orientations.
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