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Abstract

The Γ-limit of higher-order singular perturbations of the Perona-Malik functional is
analyzed. The energies considered combine the critically scaled logarithmic term with
a k-th order regularization designed to balance bulk and interfacial effects. A compact-
ness result is obtained, and the Γ-limit is identified as a free-discontinuity functional
on SBV, given by the sum of the Dirichlet energy and a surface term proportional to
the jump amplitude to the power 1{k. The surface density is characterized through
a one-dimensional optimal-profile problem with homogeneous boundary conditions on
derivatives up to order k ´ 1. As a consequence, the limit of the same energies at
a different scaling is determined. That scaling had been previously studied in the
second-order case to address the so-called staircasing phenomenon.
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1 Introduction

The Perona–Malik equation in Image Processing is a formally ill-posed equation, which can
nevertheless be discretized or smoothed to obtain stable numerical schemes [20, 21, 15].
From the standpoint of the Calculus of Variations, such an equation is related to the
functional

ż

Ω
logp1` |∇u|2qdx,

which is a non-convex functional whose minimizers tend to develop singularities. In terms
of the direct methods of the Calculus of Variations, this is highlighted by the fact that
its lower-semicontinuous envelope is the functional identically 0. Nevertheless, its form
suggests an interesting behavior of minimizing sequences for minimum problems involving
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this energy. Indeed, the functional is very close to the Dirichlet integral for small values of
the gradient, which suggests a smoothening effect, while it is non-convex for high values of
the gradient, which suggests the formation of interfaces. This analysis can be formalized
in different ways. One way is by discretization using finite differences, introducing a cubic
mesh and approximating the integral with a finite-difference sum. By properly scaling the
finite differences and the mesh size, one can transform this analysis in the computation of a
Γ-limit in a discrete-to-continuum setting allowing for surface energies (see [1] for a general
introduction). In particular, a result by Morini and Negri [18] shows that the suitably scaled
discretizations of the Perona–Malik energy are approximated by (an anisotropic version
of) the Mumford–Shah functional [19], within the theory of free-discontinuity functionals
introduced by De Giorgi [8].

A different approach to the analysis of the Perona–Malik energy is by adding a singular
perturbation. This has been shown to give rise to free-discontinuity problems with a surface
energy depending on the jump size. The effects of this surface contribution can be analyzed
to explain staircasing phenomena [13, 14] (see also [23] for the analysis of the discretized
version). In this work, we consider a perturbation of the Perona–Malik functional of the
form

Fεpuq–

ż

Ω

1

ε| log ε|
logp1` ε| log ε||∇u|2q dx` ε2k´1

ż

Ω
}∇ku}2 dx, (1.1)

where } ¨ } denotes the operator norm, defined on HkpΩq. The scalings are designed so that
in the limit both bulk and surface energies appear. Hence, this scaling gives a complete
picture of the behaviour of Fε. Heuristically, the first integral in (1.1) pointwise converges to
the Dirichlet integral as εÑ 0; however, thanks to the sub-linear growth of the logarithm,
it may be finite (and even infinitesimal) on sequences tuεu converging to a function with
jump discontinuities or non-trivial Cantor part of the derivative. The addition of the
singular perturbation prevents the concentration on Cantor derivatives, and gives a finite
energy on jump discontinuities. In the language of Γ-convergence, we will show that the
Γ-limit of Fε in the L1-topology is given by

F puq–

ż

Ω
|∇u|2 dx`mk

ż

SpuqXΩ

k
a

|u` ´ u´|dHN´1, (1.2)

on special functions of bounded variation. The appearance of a k-th power has been
conjectured by Gobbino and Picenni [13], and can be seen as a consequence of the scaling
properties of the singular perturbation with the k-th derivative. The constant mk in (1.2)
is given by

mk – inf
Tą0

min

"

T `

ż T

0
|vpkq|2 dt : v P Hkp0, T q, vp0q “ 0, vpT q “ 1,

vp`qpT q “ vp`qp0q “ 0 for all ` P t1, . . . , k ´ 1u
)

. (1.3)
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In this formula, we optimize the sum of a length and a transition energy on an interval
of that length given by the k-th derivative with homogeneous conditions on the other
derivatives.

In order to explain the nature of the constant mk, we refer to a recent paper by Solci
[24], in which the author studies functionals of the form

FSε puq–

ż

Ω
min

!

|∇u|2, 1

ε

)

dx` ε2k´1

ż

Ω
}∇ku}2 dx. (1.4)

In comparison to that case, the functionals Fε in (1.1), instead, are shown to satisfy a lower
bound, of the form

Fεpuq ě

ż

Ω
min

!

ε1´2pε |∇u|2, 1

ε

)

dx` ε2k´1

ż

Ω
}∇ku}2 dx, (1.5)

for some pε slowly tending to 0. This is a much weaker estimate than that for FSε . The
main novelty of the paper is in proving that suitable adaptations of the local interpolation
methods of [24] allow one to work in the low-coerciveness framework (1.5). As a conse-
quence, we can estimate the energy necessary to create a jump discontinuity by minimizing
on functions with gradient ‘above the threshold’; that is, where ε1´2pε |∇u|2 ą 1{ε. Re-
ducing to one-dimensional profiles, we then prove that mk has the form (1.3). We note
that this form is the same as for the limit of the functionals FSε , and hence independent of
the logarithmic growth. The additional homogeneous boundary conditions on derivatives
of order ` ě 2 are obtained by using local interpolation techniques. Once higher-order
effects are taken into account by the jump part of the limit energy, the bulk part can be
handled as for the discrete approximations of the Mumford–Shah functionals in [18]. We
note that if k “ 2 and we consider functionals FSε , then the boundary conditions in (1.3),
which are only on the first derivative, are directly obtained from the threshold condition.
This case had previously been treated in [2] and [7], and generalized to a large class of
functionals with second-order perturbations by Morini [17], also comprising functionals
(1.1) with k “ 2. In those results, a crucial step is the characterization of the interfacial
energy in terms of minimum problems involving homogeneous boundary data only for the
first derivative, which are again obtained by a thresholding and scaling argument (see also
Remark 2.2).

From the analysis of functionals (1.1), we also deduce the limit of functionals

Fεpuq–
ż

Ω

1

2ε| log ε|
logp1` |∇u|2q dx` ε2k´1

ż

Ω
}∇ku}2 dx,

with a different scaling of the Perona–Malik functional, analyzed by Gobbino and Picenni
[13] when k “ 2 (see also previous work by Bellettini and Fusco [5]). In this case, we show
that the limit is

Fpuq– mk

ż

SpuqXΩ

k
a

|u` ´ u´|dHN´1
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with domain functions in SBV pΩq with ∇u “ 0 almost everywhere.

The structure of the paper is as follows. After stating the main result and remark-
ing that we can reduce to studying the one-dimensional case, in Section 3 we gather the
relevant results preliminary to the identification of the Γ-limit. After proving that the
weak lower bound (1.5) holds, we proceed and prove a number of lemmas that allow us
to treat functions whose gradient exceeds the threshold |∇u| “ εpε{ε in (1.5). Loosely
speaking, every interval ‘above the threshold’ corresponds to a limit jump, and minimizing
on functions corresponding to the same jump gives the limit jump energy density. The
main issue here, when k ą 2, is the determination of optimal boundary conditions, which
are proved to be homogeneous on all derivatives. This is achieved by proving that if the
jump is sufficiently large, then intervals above the threshold can be slightly extended in
such a way that all derivatives are small at the boundary. In Section 4, we then study
the Γ-limit, on the one hand, using the preliminary results to characterize the limit jump
energy, and on the other hand using the properties of the scaling of the logarithmic part
in (1.1) to prove that the bulk part of the limit is a Dirichlet integral. Finally, in Section 5
we address the functionals Fε.

2 Statement of the convergence results

We recall that SBV pΩq is the subset of the function BV pΩq whose distributional derivative
Du can be written as Du “ ∇uLd ` pu` ´ u´qνHd´1tSpuq, where ∇u is the approximate
differential of u, Spuq is the set of discontinuity points of u, ν is the measure-theoretical
normal to Spuq and u˘ are the approximate values of u on both sides of Spuq. The
space GSBV pΩq, furthermore, is the set of all measurable functions u whose truncations
pu_T q^ p´T q are in SBV pΩq for all T ą 0. We refer to [4, 8] for an introduction to these
spaces, and a rigorous definition of these objects.

In our context, we will mainly deal with the one-dimensional case, in which a function
u belongs to SBV p0, 1q if u “ v ` w, where v P W 1,1p0, 1q is absolutely continuous and
w “

ř

iPI ziχpti,1q, where I is a finite or countable set of indices and zi ‰ 0 are such that
ř

i |zi| ă `8, is a function with only jump discontinuities, so that it is not unreasonable
to think of SBV functions as piecewise W 1,1 functions. Moreover, since in our context the
size of the discontinuities is bounded on functions with finite Γ-limit, the domain of the
latter is indeed contained in SBV p0, 1q and not only in GSBV p0, 1q in the one-dimensional
case.

The main result of the paper is the following theorem.

Theorem 2.1. Let Ω be a bounded open set in Rd and let

Fεpuq–

ż

Ω

1

ε| log ε|
logp1` ε| log ε||∇u|2q dx` ε2k´1

ż

Ω
}∇ku}2 dx, (2.1)
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be defined on HkpΩq, where } ¨ } denotes the operator norm of a k-th order tensor. Then
for every sequence uε such that Fεpuεq ď S ă `8 there exist a subsequence and constants
Cε such that uε ` Cε converge in measure to a function u P GSBV pΩq. Furthermore, the
Γ-limit of Fε in the L1-topology and in measure is given by

F puq–

ż

Ω
|∇u|2 dx`mk

ż

SpuqXΩ

k
a

|u` ´ u´|dHN´1, (2.2)

with the constant mk given by

mk – inf
Tą0

min

"

T `

ż T

0
|vpkq|2 dt : v P Hkp0, T q, vp0q “ 0, vpT q “ 1,

vp`qpT q “ vp`qp0q “ 0 for all ` P t1, . . . , k ´ 1u
)

. (2.3)

We note that the constant mk can be actually computed, since it amounts to finding
the coefficients of the polynomial of degree 2k ´ 1 symmetric with respect to pT {2, 1{2q
and subjected to the given boundary conditions, and then a one-dimensional optimization
of T . However, formula (2.3) is useful since it highlights that a jump corresponds to an
optimal-profile problem, and suggests the form of the recovery sequences close to the jump
points of the limit.

This result will be proved in dimension one, the extension to higher dimension being
briefly described in the following section.

2.1 Reduction to dimension one

As remarked in [24] for the truncated quadratic potential, we can reduce to dimension one
by a slicing and approximation argument.

1) if ux,ν indicates the one-dimensional section of u given by ux,νptq “ upx ` tνq, a
Fubini argument ensures the coerciveness of almost all sections. Note that this is true
whatever norm one takes on the tensor ∇ku;

2) the liminf inequality likewise follows from the one-dimensional result by slicing. The
slicing argument is standard, but rather delicate. We refer to the recent PhD thesis of
Picenni [22] for a treatment with all details;

3) if Hd´1pSpuqq ă `8 we can use a density argument by functions with smooth Spuq,
followed in [3] to treat the case k “ 2 for the truncated quadratic potential. The main idea
here is to construct recovery sequences uε using one-dimensional profiles depending on the
distance to Spuq. In the study of the corresponding ∇kuε one has to prove that the extra
contributions due to the dependence on Spuq are negligible. Such contributions contain
derivatives of order lower than k of the functions describing the one-dimensional profiles,
that can be controlled by interpolation. For the case k “ 2, we refer to [17, pp. 797-799]
for a complete description (again, up to preliminarily using the density arguments of [3]).
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Moreover, since we can reduce the analysis to target functions of the form u “ zχE , in
that case the construction follows that in the analogous (but simpler) singular-perturbation
problem for double-well potentials. The interested reader is referred to [10, Proposition 6.2]
(see also [11]), where all details for double-well energies in the general case of perturbation
of order k ě 2 are included. We note that the analyses are confined to the higher-order
term, which is the same in the two problems;

4) finally, if Hd´1pSpuqq “ `8 a recent result by Conti, Focardi and Iurlano [12] ensures
an approximation with finite measure, so that we can use point 3.

2.2 Possible extensions

In the case k “ 2, a very interesting extension to a general class of energies has been
studied by Morini in [17]. There, he examines the asymptotic behaviour of energies

ż

Ω
fεp|∇u|q dx` r3

ε

ż

Ω
}∇2u}2 dx,

under the assumptions that for all z P R there exist the limits gpzq of fεpzq and bpzq
of rεfp

z
rε
q as ε Ñ 0. The limit is in general then defined on BV functions, and, under

suitable conditions on g and b, can be characterized by examining the lower-semicontinuous
envelope of the functional defined on SBV by

ż

Ω
gp|∇u|q dx`

ż

Spuq
ϕp|u` ´ u´|qdHd´1,

where the interfacial energy ϕpzq is characterized as

ϕpzq– inf
Tą0

min

"
ż T

0
pbp|v1|q ` |v2|2qdt : v P H2p0, T q,

vp0q “ 0, vpT q “ z, v1pT q “ v1p0q “ 0
)

.

Note that a relaxation argument is also used in our context, resorting to the results in [6],
as an intermediary step, but the final functional is finite only in SBV .

The Perona–Malik functional is a particular case of this general result, if one takes
fεpzq – pε| log ε|q´1 logp1 ` ε| log ε|z2q and rε – ε. Correspondingly, one obtains the
integrands above, with gpzq “ z2 and b equal to the constant 1. In this way, we recover
Theorem 2.1 for k “ 2 since, after a scaling argument, one gets ϕpwq “ m2

a

|w|, where
m2 is given by (2.3).

The formula for ϕ highlights that, for second-order perturbations, one can obtain the
interfacial energy by looking at intervals where the first derivative is above some threshold,
that can be scaled to 0 under some general hypothesis on fε. In our analysis, we have
extended this description including also all derivatives up to k´1 for perturbations of order
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k in the Perona-Malik setting. It seems interesting for future developments to extend our
result to Morini’s context, possibly using that (our version of) Solci’s techniques require
minimal growth hypotheses on fε to generalize the validity of the formula for ϕ.

3 Preliminaries

We now give some preliminary results in order to provide a lower bound for Fε. To that
end, with a slicing argument in mind, we consider the one-dimensional case, for which it
suffices to treat the case

Fεpuq–

ż

p0,1q

1

ε| log ε|
logp1` ε| log ε||u1|2q dx` ε2k´1

ż

p0,1q
|upkq|2 dx, (3.1)

We begin with some simple consequences of the properties of the logarithm, that can
be found e.g. in [18, Lemmas 3.2 and 3.3].

Lemma 3.1. Let pε be such that pε Ñ 0 as εÑ 0 and

lim
εÑ0

log | log ε|

pε| log ε|
“ 0, (3.2)

and let cε – εpε. Then

(a) lim
εÑ0`

cε “ lim
εÑ0`

cε| log ε| “ 0; (b) lim
εÑ0`

log
`

1` ε| log ε| c
2
ε
ε2

˘

| log ε|
“ 1.

From claim (b) in Lemma 3.1 we obtain the following estimate, which will be funda-
mental in proving the lower bound for the limit of Fε. It shows that some compactness and
lower bounds for Fε can be obtained by looking at energies in which the logarithmic part is
substituted by a truncated quadratic potential, which is constant after the threshold cε{ε.

Proposition 3.2. For all η ą 0 fixed we have

1

ε| log ε|
logp1` ε| log ε|z2q ě p1´ ηqmin

! ε

c2
ε

z2,
1

ε

)

“ p1´ ηqmin
!

ε1´2pεz2,
1

ε

)

for all z P R and ε ą 0 sufficiently small.
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3.1 Estimates for sets with large derivatives below the threshold cε{ε

In order to define a free-discontinuity energy, the heuristic argument is that to a maximal
interval psε, tεq in which |u1ε| is above the threshold cε

ε there corresponds a jump of size
zε “ |uεptq ´ uεpsq|, and minimizing among a class of functions v with the same jump,
we obtain an expression for the energy density at this jump as ε Ñ 0. Unfortunately, the
only other boundary conditions that we have are on the first derivative as u1εptq “ u1εpsq P
t´ cε

ε ,
cε
ε u, which are not sufficient to determine this energy density. The idea is then to

extend the interval psε, tεq to an interval pσε, τεq, not much larger than psε, tεq and such
that derivatives of uε of all orders up to k ´ 1 are small (up to scaling) at its boundary.
To that end, we have to study intervals where uε is below threshold but its derivatives of
all orders up to k ´ 1 are not small (up to scaling).

In [24] very fine interpolation estimates have been used for sequences of functions for
which the energy (1.4) is equibounded. We will show that the arguments in [24] can be
adapted to the extreme case when we have the truncated quadratic potential in Proposition
3.2 with the coefficient of the quadratic part growing just slightly slower than ε.

We use a notation parallel to that in [24], where the threshold is 1{
?
ε. We fix a

sequence uε and denote by S an upper bound for Gεpuεq “ Gεpuε, p0, 1qq, where

Gεpu; Iq :“

ż

I
min

 

ε1´2pε |u1|2, 1
ε

(

dx` ε2k´1

ż

I
|upkq|2 dx (3.3)

for all I Ă p0, 1q. Note that, taking δ “ 1
2 , by Proposition 3.2 the upper bound holds if we

have Fεpuεq ď
1
2S ă `8. In order to apply some results in [24], we assume that 2S2 ą 1,

which we can always do up to taking a higher upper bound.
We remark that, in order to make a parallel between the properties obtained assuming

the boundedness of (1.4) and those obtained assuming the boundedness of (3.3), that the
first energy can be written as the second one with pε “

1
2 .

For all ε ą 0 we set

Aε :“
!

t P p0, 1q : |u1εptq| ă
cε
ε

)

“
ď

jPIε

Iεj .

Since each u1ε is of bounded variation, upon slightly varying cε without changing its proper-
ties, we can suppose that Iε is a finite set, and moreover that there are no pairs of intervals
Iεj with a common extreme. Hence p0, 1q is decomposed into a finite family of open intervals
of Aε and the complement, which is a finite family of closed intervals.

Note that by Proposition 3.2 we have

|p0, 1qzAε| “

ˇ

ˇ

ˇ

!

t P p0, 1q : |u1εptq| ě
cε
ε

)ˇ

ˇ

ˇ
ď εS. (3.4)
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Remark 3.3 (Estimates by localized interpolations). If I Ă Aε then we have

Gεpuε; Iq “ ε1´2pε

ż

I
|u1ε|

2 dx` ε2k´1

ż

I
|upkqε |

2 dx; (3.5)

that is, Gεpuε; Iq can be expressed as a combination of the L2 norms of u1ε and u
pkq
ε . This

will allow us to estimate the L2 norm of an intermediate derivative u
p`q
ε with Gεpuε; Iq and

the L2 norms of u1ε. More precisely, we will show that

}up`qε }
2
L2pIq ď Rkε

1´2`´2pε
k´`
k´1Gεpuε; Iq `Rk

}u1ε}
2
L2pIq

|I|2p`´1q
(3.6)

for some explicit constant Rk depending only on k.
To show (3.6), we begin by following the arguments of the proof of [24, Lemma 7] word

for word. We first use the interpolation inequality

}up`q}2L2pIq ď Rk}u
1}2θL2pIq}u

pkq}
2p1´θq
L2pIq

`Rk
}u1}2L2pIq

|I|2p`´1q
, (3.7)

valid for u P HkpIq, where θ “ k´`
k´1 and Rk is an explicit constant independent of I (see

[16, Theorem 7.41]), and observe that for α ą 0 we have

εα}upkq}
2p1´θq
L2pIq

}u1}2θL2pIq ď εα
k´1
`´1 }upkq}2L2pIq ` }u

1}2L2pIq. (3.8)

Now the proof departs from [24, Lemma 7], in that we choose α “ αε,` “ 2`´ 2` 2pε
`´1
k´1 ,

to obtain

εαε,`}upkqε }
2p1´θq
L2pIq

}u1ε}
2θ
L2pIq ď ε2pε´1

´

ε2k´1}upkqε }
2
L2pIq ` ε

1´2pε}u1ε}
2
L2pIq

¯

; (3.9)

that is,

}upkqε }
2p1´θq
L2pIq

}u1ε}
2θ
L2pIq ď ε1´2`´2pε

k´`
k´1Gεpuε; Iq (3.10)

and eventually, plugging this inequality in (3.7), we obtain the desired estimate (3.6).

3.1.1 Estimate of sets below threshold without points of small derivatives

For any fixed N ě 1 and for any ε ą 0 we introduce the set IεpNq Ă Iε of the indices j
such that

ˇ

ˇ

ˇ

!

t P Ij : |up`qε ptq| ă
1

Nε`
for all ` P t2, . . . , k ´ 1u

)ˇ

ˇ

ˇ
ą 0; (3.11)

that is, thinking of N as a large number, those are indices whose corresponding interval
contains points t where all the derivatives are small from order 2 to k ´ 1.

If (3.11) fails; that is, at every point the derivative of some order ` is “large”, then we
can give an estimate of the size of Ij . This can be done by using (3.6) for some `. More in
general, we have the following result.
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Lemma 3.4. Let N ě 1 be fixed, let ε P p0, 1q and I Ď p0, 1q be an open interval satisfying
(i) |u1εptq| ă

cε
ε for all t P I;

(ii) the set tt P I : |u
p`q
ε ptq| ă

1
Nε`

for all ` P t2, . . . , k ´ 1uu has measure 0.

Then we have |I| ď RkpNqε
1` pε

k´1 for some positive constant RkpNq independent of ε and
I. In particular, the estimate holds for all ε P p0, 1q and Ij with j P IεzIεpNq.

Proof. The proof follows word for word that of [24, Lemma 6], with the due changes
necessary having modified the local interpolation inequality (3.6). As a result, for all
` P t2, . . . , k ´ 1u we obtain an estimate

|I| ď RkpNqmaxtε1`2pε
k´`
k´1 , ε

2`´1
2p`´1q u “ RkpNqε

1`2pε
k´`
k´1

for ε small enough since pε Ñ 0. This implies the claim of the lemma.

Remark 3.5. In the following the term ε
pε
k´1 will play the role that the term ε

1
k´2 has in

[24], their relevant property is to be both infinitesimal as ε Ñ 0. For the first one this is
ensured by claim (a) in Lemma 3.1.

If j P IεpNq, then we define

aε,Nj – inf
!

t P Ij : |up`qε ptq| ď
1

Nε`
for all ` P t2, . . . , k ´ 1u

)

bε,Nj – sup
!

t P Ij : |up`qε ptq| ď
1

Nε`
for all ` P t2, . . . , k ´ 1u

)

. (3.12)

We set
AεpNq–

ď

jPIεpNq
paε,Nj , bε,Nj q.

Note that
|Ijzpa

ε,N
j , bε,Nj q| ď 2Rkε

1` pε
k´1 , (3.13)

since Ijzpa
ε,N
j , bε,Nj q is composed of two boundary intervals satisfying the hypotheses of

Lemma 3.4 by definition.

Lemma 3.4 also allows us to provide an estimate for the measure of I X Aε for small
intervals I without points below threshold and with small derivatives.

Lemma 3.6. If I Ď p0, 1q is an open interval such that |I| ď ε and I XAεpNq “ H, then,

#tj P Iε : IjXI ‰ Hu ď k. In particular, by Lemma 3.4 we have |IXAε| ď kRkpNqε
1` pε

k´1 .
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Proof. The proof is exactly as in [24, Lemma 8], since we do not use any property of the
energies Fε. We briefly illustrate the argument by contradiction, referring to the proof of
[24, Lemma 8] for finer details. Suppose that there exist εn Ñ 0 and In intervals with
|In| ď εn and In XAεnpNq “ H, but #tj P Iεn : Ij X I

n ‰ Hu ě k ` 1. Note that at the
boundary of each interval in the complement of Aεn the values of uεn coincide; hence, by
Rolle’s theorem there exists a point in that interval such that u1εn “ 0. We deduce that
there exist at least k such points. Using the same argument, we prove that there exist
k ´ 1 points where u2εn “ 0, and, proceeding iteratively, in particular deduce that for each

` P t1, . . . , k ´ 1u there exists at least one point such that u
p`q
εn “ 0. Up to translations,

we can suppose that In “ p0, λnq for some λn ď εn. We then consider the functions

vnptq – uεnpλntq, which satisfy v
p`q
n “ 0 at some point in p0, 1q, and their derivatives

are equi-bounded in Hk´1 by the boundedness of the energy and Poincaré’s inequality.

Using the 1{2-Hölder continuity of all v
p`q
n this is in contradiction with supposing that

In XAεnpNq “ H.

The following result states that intervals without points both below threshold and with
small derivatives have a small portion below threshold.

Proposition 3.7 (Asymptotics for the relative measure of intervals below threshold).
Let N ě 1 be a fixed integer and ε P p0, 1q. If tIpεqu is a family of intervals such that

|Ipεq| ąą ε1` p
k´1 and Ipεq XAεpNq “ H, then

lim
εÑ0

|Ipεq XAε|

|Ipεq|
“ 0. (3.14)

Proof. The proof is the same as that of Proposition 9, Remark 10 and Proposition 11 in
[24], up to substituting the exponent 4k´3

4k´4 with 1` pε
k´1 .

This result will be used to estimate the contribution of Gεpuε, Ipεqq when Ipεq are
maximal intervals in p0, 1qzAεpNq, of the form Ipεq “ rbε,Nj , aε,Nj1 s, and (3.14) holds. In this

case, if zε – uεpa
ε,N
j1 q ´ uεpb

ε,N
j q, we have

Gεpuε, Ipεqq ě
1

ε
|IpεqzAε| ` ε

2k´1

ż

Ipεq
|upkqε |

2 dx

ě
|IpεqzAε|

|Ipεq|

´1

ε
|Ipεq| ` ε2k´1

ż

Ipεq
|upkqε |

2 dx
¯

ě
|IpεqzAε|

|Ipεq|
min
T,v

"

T `

ż T

0
|vpkq|2dt : vpT q ´ vp0q “ zε, |v

1p0q|, |v1pT q| ď cε,

|vp`qp0q|, |vp`qpT q| ď
1

N
for all ` P t2, . . . , k ´ 1u

)

, (3.15)
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where we have scaled the function uε and taken into account the boundary conditions for
` P t1, . . . , k´ 1u due to the definition of AεpNq. We can also further bound the minimum
in the last line by

min
T,v

"

T `

ż T

0
|vpkq|2dt : vpT q ´ vp0q “ zε,

|vp`qp0q|, |vp`qpT q| ď
1

N
for all ` P t1, . . . , k ´ 1u

)

,

upon assuming that cε ď
1
N . We will show that this minimum provides a good lower bound

for vales of zε uniformly far from 0, while a finer argument must be used for small zε. This
additional analysis is necessary since energy densities depending on the jump size must
have an infinite derivative at 0.

3.1.2 Fine analysis of small sets below threshold

Still following [24], we introduce new families of intervals in Iε in order to characterize the
limit energy density for small values of the jump size. With fixed r P p0, 1q we set

Irε “
!

j P Iε :

ż

Ij

|u1ε|
2dt ă r

´cε
ε

¯2
|Ij |

)

; (3.16)

that is, intervals below threshold and such that

ε1´2pε

ż

Ij

|u1ε|
2dt ă r

|Ij |

ε
.

Note that the left-hand side of this equation is the part of Gεpuε, Ijq depending on u1ε in
(3.3). The value of r in the rest of the paper will be fixed such that it satisfies the claim
of the following lemma, which shows that we have a lower bound for the length of each
interval in Irε . Note that we may suppose that r is such that the number of intervals in Irε
is finite.

Lemma 3.8. There exist a threshold r “ rk P p0, 1q and a constant rC “ rCk ą 0 such that
for all ε P p0, 1q and for all intervals I satisfying

(i) |u1ε| ă
cε
ε in I and |u1ε| “

cε
ε at at least one of the endpoints,

(ii)
ş

Ipu
1
εq

2 dt ă rp cεε q
2|I|,

we have |I| ě rCε1` 2pε
k´1 . In particular, the claim holds for all ε P p0, 1q and Ij with j P Irε .

Proof. The proof is the same as that of [24, Lemma 12], again up to substituting the
exponent 4k´3

4k´4 therein with 1` pε
k´1 .
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For any N ě 1, we define I˚ε pNq as the set of indices j P Irε such that
ˇ

ˇ

ˇ

!

t P Ij : |up`qε ptq| ă
1

Nε`
for all ` P t1, . . . , `pkqu

)ˇ

ˇ

ˇ
ą 0, (3.17)

where `pkq “ maxt` P N : 2` ă k ` 1u. Note that, since |u1ε| ă
cε
ε in each Ij , then the

inequality for ` “ 1 is true for all t P Ij as soon as cε ă
1
N . In this case, I˚ε pNq contains

IεpNq.
The following lemma states that the union of all intervals in Irε whose points do not

have small derivatives up to order `pkq as in (3.17) has a small measure. We use the
notation

Ar
ε –

ď

jPIr
ε

Ij , A˚ε pNq–
ď

jPI˚ε pNq

Ij .

Lemma 3.9. Let N ě 1 be fixed and let r be fixed as above. Then there exists a threshold
εpNq P p0, 1q such that |Ar

εzA˚ε pNq| ď Rkk
2SN2ε1`pε for all ε P p0, εpNqq.

Proof. The proof is the same as that of [24, Lemma 13], again up to substituting the
exponent 4k´3

4k´4 therein with 1` pε
k´1 .

Remark 3.10. In analogy to the definition of paε,Nj , bε,Nj q in (3.12) for all j P I˚ε pNq,
we let paε,N˚,j , b

ε,N
˚,j q denote the maximal subinterval of Ij such that |u

p`q
ε | ď

1
Nε`

for all
` P t1, . . . , `pkqu at the endpoints. Then we also have that the total sum of the length
of the intervals obtained as one of the two intervals in Ijzpa

ε,N
˚,j , b

ε,N
˚,j q and satisfying the

inequality in (3.16) is bounded by Rkk
2SN2ε1`pε (as in [24, Remark 14]).

This result will be used to estimate the contribution of Gεpuε, Ipεqq when Ipεq are
maximal intervals of the form Ipεq “ rbε,N˚,j , a

ε,N
˚,j1 s. In this case, if zε – uεpa

ε,N
˚,j1q ´ uεpb

ε,N
˚,j q,

setting

I˚r pεq “ pIpεq X ppIjzpa
ε,N
˚,j , b

ε,N
˚,j qq Y Ij1zpa

ε,N
˚,j1 , b

ε,N
˚,j1qq Y pIpεqzA

˚
ε pNqq, (3.18)

so that IpεqzI˚r pεq is a union of intervals I such that ε1´2pε
ş

I |u
1
ε|

2dt ě r |I|ε holds, we have

Gεpuε, Ipεqq “ ε1´2p

ż

IpεqXI˚r pεq
|u1ε|

2dt`

ż

IpεqzI˚r pεq
|u1ε|

2dt` ε2k´1

ż

Ipεq
|upkqε |

2 dx

ě r
|IpεqzI˚r pεq|

ε
` ε2k´1

ż

Ipεq
|upkqε |

2 dx

“ r
|Ipεq|

ε
` ε2k´1

ż

Ipεq
|upkqε |

2 dx´ r
|I˚r pεq|

ε

ě rmin
T,v

"

T `

ż T

0
|vpkq|2dt : vpT q ´ vp0q “ zε, |v

1p0q|, |v1pT q| ď cε

|vp`qp0q|, |vp`qpT q| ď
1

N
for all ` P t2, . . . , `pkqu

)

´ r
|I˚r pεq|

ε
, (3.19)
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where we have scaled the function uε and taken into account the boundary conditions
for ` P t2, . . . , `pkqu. Note that the sum of the last terms over all such intervals Ipεq is
negligible, since it is at most of order εp by Lemma 3.9 and Remark 3.10.

3.2 Energy densities

In this section we have gathered some definitions of energy densities and proved some of
their properties that are useful for the computation of the Γ-limit. These energy densities
are now essentially the same as in [24], with cε playing the role of an arbitrary sequence
converging to 0, so that most of the results are already contained there. We include these
sections by completeness and because we use slightly different definitions.

3.2.1 A lower bound with (large) linear growth at 0.

We now provide some lower estimates for the function

φε,N pzq :“ inf
T,v

"

T `

ż T

0
|vpkq|2dt : vpT q ´ vp0q “ z, |v1p0q|, |v1pT q| ď cε,

|vp`qp0q|, |vp`qpT q| ď
1

N
for all ` P t2, . . . , `pkqu

)

. (3.20)

We first note that the minimum is achieved for T strictly larger than a constant, if |z| ě
θ ą 0. Upon taking ε small enough so that cε ď

1
N , this claim is asserted by the following

proposition.

Proposition 3.11. Let θ ą 0, Tε Ñ 0 and zε ě θ as εÑ 0. Then

lim
εÑ0

min
v

"
ż Tε

0
|vpkq|2dt : vpT q ´ vp0q “ zε,

|vp`qp0q|, |vp`qpT q| ď
1

N
for all ` P t1, . . . , `pkquu

)

“ `8

Proof. The proof is achieved by contradiction: suppose otherwise, then if tvεu is a sequence

of minimizers, the functions wεptq – vεpTεtq belong to Hpkqp0, 1q and
ş1
0 |w

pkq
ε |2dt Ñ 0.

Using iteratively Poincaré-Wirtinger’s inequality, we prove that (after passing to a subse-
quence) their limit is a polynomial P of degree at most k´1 with homogeneous conditions
on P p`q on 0 and 1 for ` P t1, . . . , `pkqu. This implies that P is a constant, in contradiction
with the boundary condition |P p1q´P p0q| ě θ. For details we refer to [24, Remark 4].
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We now estimate the value of φε,N pzq for z close to 0 by an affine function whose
coefficient diverges as εÑ 0, and involving the quantity

mpNq :“ inf
T,v

"

T `

ż T

0
|vpkq|2dt : vpT q ´ vp0q “ 1,

|vp`qp0q|, |vp`qpT q| ď
1

N
for all ` P t1, . . . , `pkqu

)

, (3.21)

which is proved to be strictly positive in [24, Remark 4].

Proposition 3.12. Let k ě 3. For |z| ď c3
ε we have φε,N pzq ě

mpNq
cεN

|z|.

Proof. Let ε,N, z be fixed and let v, T be admissible test items for (3.20). Without loss of
generality z ą 0. We define β – z

cεN
, T 1 – T

β , and wpsq– 1
zvpβsq.

We have
ż T

0
|vpkq|2dt “

z2

β2k´1

ż T 1

0
|wpkq|2ds ě β

ż T 1

0
|wpkq|2ds (3.22)

since zk´2 ď c
3pk´2q
ε ď ckε ď Nkckε . Hence, we obtain

T `

ż T

0
|vpkq|2dt ě β

´

T 1 `

ż T 1

0
|wpkq|2ds

¯

(3.23)

Moreover, we have wpT 1q ´ wp0q “ 1, |w1p0q|, |w1pT 1q| ď 1
N , and

|wp`qp0q|, |wp`qpT 1q| ď
β`

Nz
“

z`´1

c`εN
``1

,

which is less than 1
N since z`´1 ď c

3p`´1q
ε ď c`ε, so that pT 1, wq is an admissible test pair for

(3.21), and we obtain the claim.

Proposition 3.13. Let θ P p0, 1q and N be fixed. Then there exits εpθ,Nq such that we

have φε,N pzq ě mpNqθ
1
k
´ 3

4 |z|
3
4 for all ε ď εpθ,Nq and for all z with |z| P rc3

ε, θs.

Proof. The proof is analogous to that of the previous proposition, taking β “ θ
1
k
´ 3

4 |z|
3
4

as in the proof of [24, Proposition 16]. With this choice, (3.22) holds since the inequality
z2

β2k ě 1 is guaranteed by condition |z| ď θ, and we obtain (3.23).

Regarding the boundary values, we have |wp`qp0q|, |wp`qpSq| ď 1
N , while the conditions

on the first derivative give |w1p0q|, |w1pSq| ď θ
1
k
´ 3

4 |z|
3
4 cε. This value is less than 1

N for

|z| ě c3
ε if c

13{4
ε ď 1

N θ
3
4
´ 1

k , so for these values of ε we can use pS,wq as a test pair for

(3.21), and we obtain the claim. The equality c
13{4
ε “ 1

N θ
3
4
´ 1

k is the implicit definition of
εpθ,Nq.
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Proposition 3.14. Let θ P p0, 1q and N be fixed. Then, upon possibly redefining εpθ,Nq,
we have φε,N pzq ě mpθNq|z|1{k for all ε ď εpθ,Nq and for all z with |z| ě θ, where mpθNq
is defined as in (3.21) with θN is the place of N .

Proof. The proof is analogous to that of the previous propositions, taking β “ |z|1{k.

From the two previous propositions we have the following estimate.

Corollary 3.15. Let θ P p0, 1q and N be fixed. Then we have φε,N pzq ě ψθ,N pzq for all
ε ď εpθ,Nq and for all z, where

ψθ,N pzq :“ mintmpNqθ
1
k
´1|z|,mpθNq|z|1{ku.

3.2.2 Asymptotic optimal lower bound

We now describe the asymptotic behaviour of the functions

φN pzq “ min
T,v

"

T `

ż T

0
|vpkq|2dt : vpT q ´ vp0q “ z,

|vp`qp0q|, |vp`qpT q| ď
1

N
for all ` P t1, . . . , k ´ 1u

)

.

Proposition 3.16. The functions φN converge as N Ñ `8 increasingly to the function
mk|z|

1{k, where

mk – min
T,v

"

T `

ż T

0
|vpkq|2dt : vpT q ´ vp0q “ 1,

|vp`qp0q|, |vp`qpT q| “ 0 for all ` P t1, . . . , k ´ 1u
)

.

Furthermore, the convergence is uniform on compact subsets of Rzt0u.

Proof. Since

mk|z|
1{k “ min

T,v

"

T `

ż T

0
|vpkq|2dt : vpT q ´ vp0q “ z,

|vp`qp0q|, |vp`qpT q| “ 0 for all ` P t1, . . . , k ´ 1u
)

,

which is the pointwise increasing limit of φN pzq, it is enough to prove that we may apply
Ascoli-Arzelà’s Theorem. Since the functions φN are even and monotone for z ą 0, they are
equibounded on bounded sets. Hence, we only need to show that φN are equicontinuous.
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To this end, it suffices to consider φN on a subinterval rz1, z2s Ă p0,`8q. Let z, z1 P rz1, z2s,
and we may suppose that z1 ą z. Let pT, vq be a test pair for φN pzq. We set S – z1

z T

and wpsq – z1

z v
`

z
z1 s

˘

, so that wpSq ´ wp0q “ z1, |wp`qp0q| “ | zz1 |
`´1|vp`qp0q| ď |vp`qp0q| and

similarly for |wp`qpT q|. Using pS,wq as a test pair for φN pz
1q, we have

φN pz
1q ď S `

ż S

0
|wpkq|2ds “

z1

z
T `

´ z

z1

¯2k´3
ż T

0
|vpkq|2dt ď

z1

z
T `

ż T

0
|vpkq|2dt,

which shows that φN pz
1q ď z1

z φN pzq, and hence

|φN pz
1q ´ φN pzq| “ φN pz

1q ´ φN pzq ď
´z1

z
´ 1

¯

φN pzq ď mk
|z2|

1{k

|z1|
|z1 ´ z|,

proving the equi-Lipschitz continuity of φN on rz1, z2s.

Remark 3.17. If pT , vq denotes the minimal pair for mk, then the minimal pair pTz, vzq
for the problem with the boundary condition vpT q ´ vp0q “ z ą 0 is given by

Tz – z1{kT , vzptq– z vptz´
1
k q.

Remark 3.18. Note that Proposition 3.11 holds a fortiori also for the problems involving
boundary conditions on all derivatives up to k.

4 One-dimensional Γ-limit and compactness

We can now proceed with the proof of the convergence theorem in dimension one. The
analysis in the previous sections following [24] for the jump part of the limit energy will
be combined with arguments in [18] that allow one to treat separately the bulk part of the
limit energy.

Theorem 4.1 (compactness). Let tuεu be a family of functions in Hkp0, 1q such that
Fεpuεq ď S ă `8. Then, up to extraction of a subsequence and additions of constants,
tuεu converges in measure to a function u P SBV p0, 1q.

Proof. The scheme of the proof is as follows. We consider N P N fixed. Note that in the
following argument N will not play any role, and we can take N “ 1. With fixed θ P p0, 1q,
we define the functional

Ψθ,N pvq–

ż 1

0
|v1|2dt`

ÿ

tPSpvq

ψθ,N pvpt`q ´ vpt´qq (4.1)
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for v P SBV p0, 1q, where ψθ,N is as in Corollary 3.15. We construct functions vθε , such that
uε ´ v

θ
ε tends to 0 in measure and Ψθ,N pv

θ
εq is equibounded independently of θ. From the

compactness theorem in BV , we deduce that tvθεu converges weakly in BV to a function
vθ. We then prove that tvθu tends in L1p0, 1q as θ Ñ 0 to a function v0 P SBV .

For the sake of notation, we simply write vε in place of vθε . The construction of vε
combines arguments from [24] (for the jump part) and [18] (for the bulk part). It consists
of two steps:

(i) (bulk part) let

Dε :“
!

t P p0, 1q : |u1ε|
2 ą

?
cε

ε
?
| log ε|

)

,

and let D˚ε be the intersection of Dε with the complement of the (finite) union of the
intervals rbε,N˚,j , a

ε,N
˚,j1 s as introduced in Section 3.1.2. We then consider the functions ruε

defined by ruεp0q– uεp0q and ru1ε – u1εχp0,1qzD˚ε ; that is, we modify uε by making it constant

on D˚ε . Note that
ş1
0

1
ε| log ε| logp1 ` ε| log ε||u1ε|

2qdt ď S ă `8, then lim
εÑ0

cε
ε |Dε| “ 0, which

implies that the modification is asymptotically negligible in L1p0, 1q.

(ii) (jump part) intervals rbε,N˚,j , a
ε,N
˚,j1 s, as defined in Section 3.1.2, correspond to jumps

for vε. This function is defined as the constant ruεpb
ε,N
˚,j q on the interval rbε,N˚,j , a

ε,N
˚,j1q, so that

it has a jump of size zε “ uεpa
ε,N
˚,j1q ´ uεpb

ε,N
˚,j q at the point aε,N

˚,j1 . In the complement of the
union of such intervals, we set vε – ruε

By (3.19), we have

ÿ

tPSpvεq

ψθ,N pvεpt`q ´ vεpt´qq ď
1

r

ÿ

j

Gεpuε, pb
ε,N
˚,j , a

ε,N
˚,j1qq ` Cε

p ď
1

r
Fεpuεq ` op1q,

taking into account claim (b) of Lemma 3.1 and the definition of r in Lemma 3.8. The
error term comes from the sum of the rests in (3.19), taking into account Lemma 3.9 and
Remark (3.10). The constant C is given by Lemma 3.9, and depends on N but not on θ.

As for the bulk contribution we note that, with fixed η P p0, 1q there exists εpηq such
that for ε ď εpηq we have

p1´ ηq|z|2 ď
1

ε| log ε|
logp1` ε| log ε||z|2q

for all |z|2 ď
?
cε

ε
?
| log ε|

. Taking η “ 1
2 this implies that

ż 1

0
|v1ε|

2dt ď 2

ż 1

0

1

ε| log ε|
logp1` ε| log ε||v1ε|

2qdt ď 2Fεpuεq.

From these two estimates we obtain that Ψθ,N pvεq ď p2 ` 1
r qS ` op1q, We note that,

since ψθ,N pzq diverges as |z| tends to `8, this estimate implies that the maximal jump
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size of vε is equibounded, and there exists a positive constant κ such that ψθ,N pvεpt`q ´
vεpt´qq ě κ|vεpt`q ´ vεpt´q|. This implies that, up to the addition of constants, vε is
precompact in BV p0, 1q-weak˚, so that we can assume that vε Ñ v. If Ψθ,N denotes the
lower-semicontinuous envelope of Ψθ,N with respect to the weak˚ topology in BV p0, 1q,
then we have

´

2`
1

r

¯

S ě lim inf
εÑ0

Ψθ,N pvεq ě Ψθ,N pvq.

Since tvε ´ uεu tends to 0 in measure, this implies that tuεu tends to v in measure.
We now show that, by the arbitrariness of θ P p0, 1q, the limit is in SBV p0, 1q. By [6]

we have

Ψθ,N pvq “

ż

p0,1q
fθ,N pv

1qdt`mpNqθ
1
k
´1}DCv}p0, 1q `

ÿ

tPSpvq

ψθ,N pvpt`q ´ vpt´qq,

where DCv denotes the Cantor part of the derivative of v, and

fθ,N pzq “ p|z|
2 ^mpNqθ

1
k
´1|z|q˚˚.

This implies that

}DCv}p0, 1q ď
S

mpNq

´

2`
1

r

¯

θ1´ 1
k .

If }DCv}p0, 1q ą 0 this would give a contradiction for θ small enough.

Remark 4.2 (A sub-optimal lower bound). From the proof of the previous theorem,
localized in any open subinterval I of p0, 1q and optimized in the estimates involving η and
r, we have

´

Γ- lim inf
εÑ0

Fε

¯

pv, Iq ě

ż

I
f rθ,N pv

1qdt`rmpNqθ
1
k
´1}DCv}pIq`r

ÿ

tPSpvqXI

ψθ,N pvpt`q´vpt´qq,

where f rθ,N pzq “ p|z|
2 ^ rmpNqθ

1
k
´1|z|q˚˚. Optimizing locally such estimates, we deduce

that
´

Γ- lim inf
εÑ0

Fε

¯

pv, Iq ě

ż

I
sup

θPp0,1q,N
fθ,N pv

1qdt` r
ÿ

tPSpvqXI

sup
θPp0,1q,N

ψθ,N pvpt`q ´ vpt´qq

“

ż

I
|v1|2dt` r

ÿ

tPSpvqXI

mk|vpt`q ´ vpt´q|
1{k

(this is formalized in the so-called sup-of-measure lemma, see e.g. [9]). This estimate is
not optimal by the presence of r, which is strictly less than 1, but already shows that the
domain of the Γ-limit is (contained in) the set of SBV p0, 1q functions whose approximate
derivative is in L2p0, 1q and such that

ř

tPSpvqXI

|vpt`q ´ vpt´q|1{k ă `8.
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A finer use of the energy densities in Section 3.2.2 will be necessary to prove the sharp
lower bound in the following proposition.

Proposition 4.3 (lower bound). Let tuεu be a family of functions in Hkp0, 1q such that
Fεpuεq ď S ă `8, and let u P SBV p0, 1q be such that uε Ñ u in measure. Then we have

lim inf
εÑ0

Fεpuεq ě

ż

p0,1q
|u1|2dt`mk

ÿ

tPSpuq

|upt`q ´ upt´q|1{k. (4.2)

Proof. We fix N P N. We refine the construction of functions vε in the proof of Theorem
4.1 using, where convenient, the intervals rbε,Nj , aε,Nj1 s as defined in Section 3.1.1 instead

of the intervals rbε,N˚,j , a
ε,N
˚,j1 s as defined in Section 3.1.2. This will yield functions vε with a

jump in aε,Nj1 of size zε, whose contribution is estimated by φN pzεq. Since φN pzq Ñ mk|z|
1{k

on compact subsets of Rzt0u as N Ñ `8, we again introduce a threshold θ P p0, 1q and
consider different intervals rbε,Nj , aε,Nj1 s with |uεpa

ε,N
j1 q´uεpb

ε,N
j q| ď θ. We then consider the

intervals of the form rbε,N˚,j˚ , a
ε,N
˚,j1˚
s contained in rbε,Nj , aε,Nj1 s, where we use the construction

in the proof of Theorem 4.1.

τ
1 a

2 b
2b

1
a
1 σ

1
τ
2

σ
1

σ
2

τ
3

σ
3

…..…..

Figure 1: A function uε, the related rτ, σs subdivision, and the modified vε

Since the superposition of the two constructions is not easy to follow, we introduce
some notation similar to that of [24]. For every ε ą 0 we denote by τn “ τ εn ,σn “ σεn,
for n P t1, . . . ,Kεu, the endpoints of the disjoint intervals whose union is (the closure of)
p0, 1qz

Ť

jPIεpNq pa
ε,N
j , bε,Nj q; that is

p0, 1q X
Kε
ď

n“1

rτ εn, σ
ε
ns “ p0, 1qz

ď

jPIεpNq
paε,Nj , bε,Nj q.

20



We parameterize the intervals so that they are increasing with n; that is, σεn ă τ εn`1.

Since IεpNq is a finite set, then either τ εn “ 0 or τ εn “ bε,Nj for some j P IεpNq, and

correspondingly σεn “ mintaε,Nj1 P pbε,Nj , 1qu, with the convention that σεn “ 1 if there is no

such aε,Nj1 . Note that some rτ εn, σ
ε
ns may contain intervals Iεj with j P IεzIεpNq.

Fig. 1 gives a pictorial representation of a function uε and the corresponding subdivision
in intervals rτn, σns “ rτ εn, σ

ε
ns, and of the first step in the construction of vε; namely, if

|uεpσ
ε
nq ´ uεpτ

ε
nq| ě θ, we define

vεptq– uεpτ
ε
nq for t P rτ εn, σ

ε
nq, (4.3)

as represented in the figure. Note that, taking ε ą 0 small enough so that the claim of
Proposition 3.2 is satisfied, and noting that the pre-factor in (3.15) is also uniformly larger
than p1´ ηq for ε small enough, we have

Fεpuε, pτ
ε
n, σ

ε
nqq ě p1´ ηq

3mk|uεpσ
ε
j q ´ uεpτ

ε
j q|

1{k. (4.4)

The next step is to treat intervals rτ εn, σ
ε
ns such that |uεpσ

ε
nq ´ uεpτ

ε
nq| ă θ. If we have

σεn ´ τ
ε
n ąą ε1` p

k´1 then we can use Proposition 3.7 in (3.15), to deduce that

Fεpuε, pτ
ε
n, σ

ε
nqq ě p1´ ηq

2r ψθ,N puεpσ
ε
nq ´ uεpτ

ε
nqq (4.5)

for ε small enough. In this case, again we can substitute uε with a constant in this interval,
producing a jump point in σεn.

τ=τ* τ* τ*σ* σ* σ=σ*1 1 2 32 3
a
j
b
j

Figure 2: A function uε and the related rτ˚, σ˚s subdivision

We finally consider the case σεn ´ τ εn ď Cε for some constant C, for which the finer
subdivision I˚ε pNq must be used as in the previous theorem. In Fig. 2 we represent the
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graph of a function uε in an interval rτ, σs “ rτ εn, σ
ε
ns as above. Dropping the dependence

on ε and n, we denote by τ˚h ,σ˚h, for h P t1, . . . ,Hn
ε u, the endpoints of the disjoint in-

tervals whose union is rτ, σsz
Ť

jPI˚ε pNq pa
ε,N
˚,j , b

ε,N
˚,j q. Again, we parameterize such intervals

increasingly with h. In the figure, we have highlighted that some interval Ij “ paj , bjq with
j R I˚ε pNq may be strictly contained in some rτ˚n , σ

˚
ns.

We can estimate

ˇ

ˇ

ˇ
uεpσ

ε
nq ´ uεpτ

ε
nq ´

Hn
ε

ÿ

h“1

puεpσ
˚
hq ´ uεpτ

˚
h qq

ˇ

ˇ

ˇ
ď

ˇ

ˇ

ˇ

Hn
ε ´1
ÿ

h“1

ż

pσ˚h ,τ
˚
h`1q

u1εdt
ˇ

ˇ

ˇ

ď
cε
ε
pσεn ´ τ

ε
nq ď Ccε.

In particular, for ε small enough we have

ˇ

ˇ

ˇ

Hn
ε

ÿ

h“1

puεpσ
˚
hq ´ uεpτ

˚
h qq

ˇ

ˇ

ˇ
ď 2θ.

In the interval rτ εn, σ
ε
nq we define the function vε by setting vεpτ

ε
nq– uεpτ

ε
nq, and

v1εptq–

$

’

’

&

’

’

%

0 if t P

Hn
ε

ď

h“1

rτ˚h , σ
˚
hs

u1εptq otherwise.

In this way, we have

uεpσ
ε
n`q ´ vεpσ

ε
n`q “

Hn
ε

ÿ

h“1

puεpσ
˚
hq ´ uεpτ

˚
h qq.

Note that

Hn
ε

ÿ

h“1

Fεpuε, pτ
˚
h , σ

˚
hqq ě p1´ ηq

Hn
ε

ÿ

h“1

´

ψθ,N puεpσ
˚
hq ´ uεpτ

˚
h qq ´ r

|I˚r,hpεq|

ε

¯

ě p1´ ηqψθ,N

´

Hn
ε

ÿ

h“1

puεpσ
˚
hq ´ uεpτ

˚
h qq

¯

´

Hn
ε

ÿ

h“1

|I˚r,hpεq|

ε
, (4.6)

where I˚r,hpεq is given as in (3.18) with rτ˚h , σ
˚
hs in the place of rbε,N˚,j , a

ε,N
˚,j1 s.

We finally define vε as in Step (i) of the previous proof in the complementary of the
sets considered above.

Recalling that the last term in (4.6) is negligible by Lemma 3.9 and Remark (3.10),
even after summation over all intervals (see Section 3.1.2), we can rewrite our estimates as

lim inf
εÑ0

Fεpuεq ě p1´ ηq
3 lim inf

εÑ0
rΨθ,N pvεq, (4.7)
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where
rΨθ,N pvq–

ż

p0,1q
|v1|2dt`

ÿ

tPSpvq

rψθ,N pvεpt`q ´ vεpt´qq,

and

rψθ,N pzq “

#

rmintmpNqθ
1
k
´1|z|,mpθNq|z|1{ku if |z| ď 2θ

mk|z|
1{k if |z| ą 2θ.

(4.8)

We can take θ P p0, 1
2q and estimate

rψθ,N pzq ě mintrmpθNq|2θ|1´
1
k |z|,mk|z|

1{ku

We can then proceed as in Remark 4.2, optimizing the estimates for θ P p0, 1
2q and N P N,

and noting that

sup
θ,N

mintrmpθNq|2θ|1´
1
k |z|,mk|z|

1{ku “ mk|z|
1{k,

obtaining the claim.

It remains to prove the upper bound. This will be done by a density argument, whose
first step is an upper bound for a dense family of functions as in the following proposition.

Proposition 4.4. Let u be a piecewise-Ck function such that there exists η ą 0 such that
for all t P Spuq, u is constant on pt´η, tq and pt, t`ηq. Let pT , vq denote the minimal pair
for mk, let zt – upt`q ´ upt´q, and let ε be such that |zt|

1{kTε ď η. If uε is defined as

uεpxq–

$

&

%

upt´q ` zt v
´ x´ t

ε|zt|1{k

¯

if t P Spuq and x P pt, t` |zt|
1{kTεq

upxq otherwise,
(4.9)

then u P Hkp0, 1q, uε Ñ u in L1p0, 1q, and

lim sup
εÑ0`

Fεpuεq ď

ż 1

0
|u1|2dx`mk

ÿ

tPSpuq

|upt`q ´ upt´q|1{k. (4.10)

Proof. The convergence uε Ñ u in L1p0, 1q is by construction, since the functions uε are
bounded in L1 and are equal to u except for a set of vanishing measure.
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For all t P Spuq we have

Fεpuε, pt, t` |zt|
1{kTεqq “

ż |zt|1{kTε

0

1

ε| log ε|
log

´

1` ε| log ε|
ˇ

ˇ

ˇ

zt

ε|zt|1{k

ˇ

ˇ

ˇ

2
|v1

´ x

ε|zt|1{k

¯

|2
¯

dx

`ε2k´1

ż |zt|1{kTε

0

1

ε2k

ˇ

ˇ

ˇ
vpkq

´ x´ t

ε|zt|1{k

¯ˇ

ˇ

ˇ

2
dx

“

ż T

0

ε|zt|
1{k

ε| log ε|
log

´

1` ε| log ε|
ˇ

ˇ

ˇ

zt

ε|zt|1{k

ˇ

ˇ

ˇ

2
|v1pyq|2

¯

dy

`ε2k´1ε|zt|
1{k

ż T

0

ˇ

ˇ

ˇ

zt

ε|zt|1{k

ˇ

ˇ

ˇ

2k
|vpkqpyq|2dy

“ |zt|
1{k

´

ż T

0

1

| log ε|
log

´

1`
| log ε|

ε

ˇ

ˇ

ˇ

zt

|zt|1{k

ˇ

ˇ

ˇ

2
|v1pyq|2

¯

dy

`

ż T

0
|vpkqpyq|2dy

¯

ď |zt|
1{k

´

T
1

| log ε|
log

´

1`
| log ε|

ε
C
¯

`

ż T

0
|vpkqpyq|2dy

¯

,

where C –
ˇ

ˇ

zt
|zt|1{k

ˇ

ˇ

2
}v1}28. Now, since lim

εÑ0

1
| log ε| log

`

1` | log ε|
ε C

˘

“ 1, we obtain that

lim sup
εÑ0`

Fεpuεpt, t` ηqq “ lim sup
εÑ0`

Fεpuεpt, t` |zt|
1{kTεqq ď mk|upt

`q ´ upt´q|1{k

for all t P Spuq.
We now write Spuq Y t´η, 1u “ tt0, t1, . . . , tMu with tj´1 ă tj . We obtain

lim
εÑ0

Fεpuε, ptj´1 ` η, tjqq

“ lim
εÑ0

´

ż tj

tj´1`η

1

ε| log ε|
logp1` ε| log ε||u1|2q dx` ε2k´1

ż tj

tj´1`η
|upkq|2 dx

¯

“ lim
εÑ0

ż tj

tj´1`η

1

ε| log ε|
logp1` ε| log ε||u1|2q dx

“

ż tj

tj´1`η
|u1|2 dx,

where the last equality follows from the Dominated Convergence Theorem. Gathering
these equalities valid for all for j, and the inequalities valid for t P Spuq, we obtain the
claim.

Finally, the next proposition completes the proof of the upper bound, and then of
Theorem 2.1 in dimension one.
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Proposition 4.5 (upper bound). Let u P SBV p0, 1q with u1 P L2p0, 1q and such that
ř

tPSpuq |upt
`q ´ upt´q|1{k ă `8. Then there exists a sequence tuεu that converges to u in

L1p0, 1q such that (4.10) holds.

Proof. It suffices to remark that the functions satisfying the assumptions of Proposition
4.4 are dense in energy; that is, there exists a sequence tuhu of such functions such that

lim sup
hÑ`8

´

ż 1

0
|puhq1|2dx`mk

ÿ

tPSpuhq

|uhpt`q ´ uhpt´q|1{k
¯

“

ż 1

0
|u1|2dx`mk

ÿ

tPSpuq

|upt`q ´ upt´q|1{k.

This can be proven, first by writing the function u – w `
ř

tPSpuqpupt
`q ´ upt´qqχpt,1q,

where w P H1p0, 1q and approximating u with un – w `
ř

tPSnpuq
pupt`q ´ upt´qqχpt,1q,

where Snpuq– tt P Spuq : |upt`q ´ upt´q| ą 1
nu is now a finite set, then extending un as a

constant in the intervals pt´ 2η, tq and pt, t` 2ηq, enlarging the interval of definition of un
to p0, 1`4η#pSnpuqqq, so that these new uηn converge to un as η Ñ 0, and finally mollifying
uηn with a sequence of mollifiers with compact support.

Since for every such uh the sequence tuhε u constructed in Proposition 4.4 satisfies (4.10),
we can conclude by a diagonal argument.

Remark 4.6 (scaling of the Γ-limit). With fixed κ ą 0 we can show that the Γ-limit of
the scaled functionals

F κε puq–

ż 1

0

α

ε| log ε|
logp1` κ2ε| log ε||u1|2q dx` ε2k´1

ż 1

0
|upkq|2 dx (4.11)

is

F κpuq “ ακ2

ż 1

0
|u1|2 dx` α1´ 1

2kmk

ÿ

tPSpuq

|u`ptq ´ u´ptq|1{k. (4.12)

Changing variables v – κu, we see that the Γ-limit of

Gκε pvq “ α
´

ż 1

0

1

ε| log ε|
logp1` ε| log ε||v1|2q dx` ε2k´1 1

ακ2

ż 1

0
|vpkq|2 dx

¯

is given by

Gκpvq– α

ż 1

0
|v1|2 dx` αmα,κ

k

ÿ

tPSpuq

|v`ptq ´ v´ptq|1{k, (4.13)
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where

mα,κ
k – inf

Tą0
min

"

T `
1

ακ2

ż T

0
|vpkq|2 dt : v P Hkp0, T q, vp0q “ 0, vpT q “ 1,

vp`qpT q “ vp`qp0q “ 0 for all ` P t1, . . . , k ´ 1u
)

.

Indeed all our arguments in the determination of the jump energy density remain unchanged
if a constant multiplies the k-th derivative. We now note that, by the homogeneity property
of the jump-energy formula, we have

mα,κ
k “ inf

Tą0
min

"

T `

ż T

0
|wpkq|2 dt : v P Hkp0, T q, wp0q “ 0, wpT q “

1

κ
?
α
,

wp`qpT q “ wp`qp0q “ 0 for all ` P t1, . . . , k ´ 1u
)

“ mk
1

κ1{kα1{2k
.

Changing back the variables in (4.13), we then obtain (4.12).

5 Surface scaling of the Perona–Malik energies

From the above result, we can obtain the Γ-limit of a different scaling of the Perona–Malik
energies, which has been useful to explain some staircasing phenomena in Image Processing
[13] when k “ 2. We only state the one-dimensional version, the general case being the
analog of Theorem 2.1.

Theorem 5.1. Let Fε be defined in Hkp0, 1q by

Fεpuq–
ż 1

0

1

2ε| log ε|
logp1` |u1|2q dx` ε2k´1

ż 1

0
|upkq|2 dx. (5.1)

Then the Γ-limit of Fε with respect to the L1-convergence is

Fpuq– mk

ÿ

tPSpuq

|u`ptq ´ u´ptq|1{k (5.2)

defined on SBV p0, 1q-functions with u1 “ 0 almost everywhere, and where mk is as in
(2.3).

We note that by the monotonicity of z ÞÑ logp1 ` z2q we have Fε ě 1
2Fε as soon as

ε| log ε| ď 1, which implies that Fε enjoy the coerciveness properties of Fε.
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Proof. The argument just illustrated also shows that for all κ ą 0 we have Fε ě F κε for
ε small enough, where F κε is the functional in (4.11). Hence, by Remark 4.6 we have the
lower bounds

Γ- lim inf
εÑ0

Fεpuq ě
1

2
κ2

ż 1

0
|u1|2 dx` 2

1
2k
´1mk

ÿ

tPSpuq

|u`ptq ´ u´ptq|1{k

for all κ ą 0. By the arbitrariness of κ and applying the sup-of-measures lemma, we obtain
that the domain of the Γ-limit are SBV functions u with u1 “ 0 and

ř

tPSpuq |u
`ptq ´

u´ptq|1{k ă `8.
In order to obtain a sharp inequality for the jump term, solving the inequality 1

2 logp1`
z2q ě logp1` ε| log ε|z2q, we note that by Proposition 3.2 we have

1

2ε| log ε|
logp1` z2q ě p1´ ηqmin

!

ε1´2pεz2,
1

ε

)

,

which is the condition that allows one to estimate the jump energy density by mk|upt
`q ´

upt´q|1{k. Hence, we have obtained the desired lower bound.
As for the upper bound, by density it suffices to check it when u is piecewise constant.

For such a u we use the same construction as in (4.9). The argument used in the proof of
Proposition 4.4 now becomes

Fεpuε, pt, t` |zt|
1{kTεqq “

ż |zt|1{kTε

0

1

2ε| log ε|
log

´

1`
ˇ

ˇ

ˇ

zt

ε|zt|1{k

ˇ

ˇ

ˇ

2
|v1

´ x

ε|zt|1{k

¯

|2
¯

dx

`ε2k´1

ż |zt|1{kTε

0

1

ε2k

ˇ

ˇ

ˇ
vpkq

´ x´ t

ε|zt|1{k

¯ˇ

ˇ

ˇ

2
dx

“ |zt|
1{k

´

ż T

0

1

2| log ε|
log

´

1`
1

ε2

ˇ

ˇ

ˇ

zt

|zt|1{k

ˇ

ˇ

ˇ

2
|v1pyq|2

¯

dy `

ż T

0
|vpkqpyq|2dy

¯

ď |zt|
1{k

´

T
1

2| log ε|
log

´

1`
1

ε2
C
¯

`

ż T

0
|vpkqpyq|2dy

¯

,

which gives the desired result as εÑ 0.
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[7] G. Bouchitté, C. Dubs, and P. Seppecher. Regular approximation of free-discontinuity
problems. Math. Models Methods Appl. Sci., 10(7):1073–1097, 2000.

[8] A. Braides. Approximation of Free-Discontinuity Problems, volume 1694 of Lecture
Notes in Mathematics. Springer-Verlag, Berlin, 1998.

[9] A. Braides. A handbook of Γ-convergence. In M. Chipot and P. Quittner, editors,
Handbook of Differential Equations: Stationary Partial Differential Equations, vol-
ume 3, pages 101–213. North-Holland, 2006.

[10] G. C. Brusca, D. Donati, and M. Solci. Higher-order singular perturbation models for
phase transitions. SIAM J. Math. Anal., 57(3):3146–3170, 2025.

[11] G. C. Brusca, D. Donati, and C. Trifone. Singular perturbations models in phase
transitions for anisotropic higher-order materials. Calc. Var. Partial Differential Equa-
tions, 64(8):Paper No. 243, 2025.

[12] S. Conti, M. Focardi, and F. Iurlano. Approximation of SBV functions with possibly
infinite jump set. J. Funct. Anal., 288(2):Paper No. 110686, 58, 2025.

28



[13] M. Gobbino and N. Picenni. A quantitative variational analysis of the staircasing
phenomenon for a second order regularization of the Perona–Malik functional. Trans.
Amer. Math. Soc., 376(8):5307–5375, 2023.

[14] M. Gobbino and N. Picenni. Multi-scale analysis of minimizers for a second order reg-
ularization of the Perona-Malik functional. Calc. Var. Partial Differential Equations,
64(5):Paper No. 156, 39, 2025.

[15] S. Kichenassamy. The Perona-Malik paradox. SIAM J. Appl. Math., 57(5):1328–1342,
1997.

[16] G. Leoni. A First Course in Fractional Sobolev Spaces, volume 229 of Graduate Studies
in Mathematics. American Mathematical Society, Providence, RI, 2023.

[17] M. Morini. Sequences of singularly perturbed functionals generating free-discontinuity
problems. SIAM J. Math. Anal., 35(3):759–805, 2003.

[18] M. Morini and M. Negri. Mumford–Shah functional as Γ-limit of discrete Perona–
Malik energies. Math. Mod. Meth. Appl. Sci., 13(06):785–805, 2003.

[19] D. Mumford and J. Shah. Optimal approximations by piecewise smooth functions and
associated variational problems. Comm. Pure Appl. Math., 42(5):577–685, 1989.

[20] P. Perona and J. Malik. Scale-space and edge detection using anisotropic diffusion.
IEEE Transactions on Pattern Analysis and Machine Intelligence, 12(7):629–639,
1990.

[21] P. Perona, T. Shiota, and J. Malik. Anisotropic diffusion. In Geometry-driven Diffu-
sion in Computer Vision, pages 73–92. Springer, 1994.

[22] N. Picenni. The Perona–Malik Problem: Singular Perturbation and Semi-discrete
Approximation. PhD thesis, Scuola Normale Superiore, Pisa, Italy, 2023. Available at
https://hdl.handle.net/11384/136423.

[23] N. Picenni. Staircasing effect for minimizers of the one-dimensional discrete Perona-
Malik functional. ESAIM Control Optim. Calc. Var., 30:Paper No. 44, 45, 2024.

[24] M. Solci. Local interpolation techniques for higher-order singular perturbations of non-
convex functionals: Free-discontinuity problems. J. Math. Pures Appl. (9), 204:Paper
No. 103776, 2025.

29


