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Abstract
A study of the minimizers of one-dimensional Rudin–Osher–Fatemi-type functionals with

linear or nonlinear total variation and fidelity term is undertaken. Conditions on the input
datum and the parameters of the functional are found that force the input itself to be the
minimizer or not. In the linear setting the discriminating conditions on the parameters are
complementary highlighting the sharpness of the results. The nonlinear setting is substantially
different: while the non-minimality of the datum is treated in analogy with the linear case,
for the minimality of the input only partial answers are found. The results in the nonlinear
setting hinge on auxiliary constrained or penalized minimization problems investigating the
behavior of optimal transitions with prescribed height. Additionally, they are complemented
by some numerical examples.
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1 Introduction
In the framework of image processing, the total variation energy functional plays a fundamental
role. Since the pioneering work of Rudin, Osher, and Fatemi [ROF92], total variation regulariza-
tion has been extensively studied both from the theoretical and applied viewpoints, leading to a
wide literature on qualitative properties of minimizers and on nonlinear variants of the classical
model (see the survey [CCN15] and the references therein; in particular, see also [CL97] and
[Cha04]).

Given an interval I ⊆ R, a datum g : I → R describing the gray level of an input image,
λ, γ > 0, and p ∈ [1,∞], we study one-dimensional minimization problems for functionals of the
form

F (u) = TV(u; I) + λ∥u− g∥γ
p

as well as their nonlinear counterpart obtained by replacing the classical total variation TV
with a generalized functional TVφ,θ. Precisely, in Definition 2.1 we define TV(u; I) as the
pointwise version of the total variation of the function u over the set I. Up to a choice of good
representatives, this corresponds to the quantity |Du|(I) defined for u ∈ BV(I) according to
[AFP00]. For u ∈ BV(I), we define also the nonlinear total variation as

TVφ,θ(u; I) =
∫

I
φ
(
|u′|(x)

)
dx+ |Dcu|(I) +

∑
x∈Ju

θ
(
|[u](x)|

)
,

where φ, θ : [0,∞) → [0,∞); see Definition 2.9 for the precise definition, including the require-
ments on φ and θ.

Among the relevant questions concerning this optimization problem, we are motivated by
understanding the regularity of the minimizers and the degeneracy of the problem. In particular,
in this article we address these questions:

Q1: Can the minimizer exhibit a Cantor part Dcu ̸= 0?

Q2: Is the minimizer u = g?

We will obtain and answer to the former question as a byproduct of our investigation of the
latter. With regard to Q2, our analysis shows that the behavior of g near the boundary of the
domain is crucial. More specifically, under the assumption of at least or at most α-growth at the
endpoints (see Definition 2.10), we determine conditions on the parameters p, γ which cause the
input g to be a minimizer for sufficiently large λ, or cause it not to be a minimizer for any λ.
The threshold 1/γ ≶ 1 + 1/(pα) that we find for the two behaviors is sharp.

The linear case turns out to admit a more detailed analysis. We obtain several sharp results
characterizing both the failure and the validity of minimality of the datum. On the one hand, we
prove that functions exhibiting sufficiently fast growth near the boundary cannot be minimizers.
On the other hand, monotone or piecewise monotone data with controlled growth at the endpoints
are shown to be essentially unique minimizers for sufficiently large values of the fidelity parameter
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λ. Moreover, the Cantor staircase function provides an interesting example showcasing that the
minimizers may exhibit only the Cantor part of the derivative, thus answering Q1 positively.

By contrast, the nonlinear setting is considerably more difficult and remains only partially
understood. Although we are able to establish some preliminary structural results and derive
partial analogues of the linear theory, the nonlinear nature of TVφ,θ leads to significant differences
and obstacles with respect to the linear problem; as a consequence, most of the techniques
developed in the linear case do not extend directly to the nonlinear case, mostly due to the
fact that the functional exhibits a worse behavior with respect to local truncations. To work
around this issue, we resort to the auxiliary boundary value problem (4.1), which allows us to
characterize optimal transitions with prescribed height. Moreover, the failure of the analogues to
the linear theorems is highlighted by the behavior of the minimizers of the penalized functional
(4.7). Yet, our treatment of the nonlinear problem is only partial and we regard this part of
the paper as mainly exploratory, with some examples suggesting that the nonlinear theory may
exhibit genuinely different phenomena. This section is complemented by numerical examples to
showcase and visualize some possible behaviors of the minimizers of (4.7).

Our proofs are mainly based on fine constructions of competitors for the minimization
problems heavily exploiting the convexity of the functionals. In addition, we resort to a range
of techniques from calculus of variations and convex analysis, including a detailed study of
Euler–Lagrange equations (for the nonlinear problem), the notion of perspective of a convex
function, Legendre transform, and other inequalities inspired by optimal transport on the real
line.

The article is organized as follows. In Section 2 we collect the necessary preliminaries on
functions of bounded variation and introduce the nonlinear total variation functional. Section 3
contains the main results for the linear model, distinguishing between situations where the datum
fails to be a minimizer and situations where it is optimal. In Section 4 we turn to the nonlinear
setting, where we analyze the associated boundary value problem, obtain partial results which
leave some open questions, and showcase the behavior of optimal profiles by means of numerical
examples. The approach is based on insight about the minimization problem developed in the
appendix Subsection B.1.1.

1.1 Main results and open questions

We summarize here the main results contained in the paper.

• Linear total variation. After the simple and illustrative example Theorem 3.1 with the
Cantor staircase function, in Theorem 3.4 we show that if g has sufficiently fast growth
near the endpoints and γ is large enough then g is not a minimizer. In Subsection 3.2 we
provide progressively more general results of minimality of the input datum: we start with
the simple situation in Theorem 3.7 where g is constant near the endpoints; we move on to
the case in Theorem 3.8 where g is monotone and has controlled growth; finally, with the
help of the fundamental Proposition 3.9, in Theorem 3.10 we extend the result to piecewise
monotone functions. The complementarity of the ranges for the exponent γ in Theorem 3.4
and Theorem 3.8 demonstrates the sharpness of our results.

• Nonlinear total variation. In Theorem 4.9 we prove the analogue of Theorem 3.4 under the
assumption of a lower bound on the boundary value problem (4.1). Subsection 4.3 is more
exploratory: as it turns out surprisingly, the desired nonlinear statement corresponding to
Proposition 3.9 is false, a fact which we demonstrate with a very simple counterexample in
Proposition 4.10. The culprit is the non minimality of constant functions for a functional
penalizing jumps at the right endpoint of the interval, as stated in Proposition 4.11. We
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demonstrate the behavior of minimizers of this penalized problem with some numerical
examples in Subsection 4.3.1.

We stress the fact that our study of the linear case (Section 3) provides more precise statements
than what could be derived from the nonlinear case (Section 4) by specialising to φ = θ = Id.
This is because the Definition 2.1 of TV is a pointwise version of total variation which is sensitive
to pointwise modifications of the function, in contrast with TVφ,θ of Definition 2.9, which is
invariant in the L1 equivalence classes.

Our partial treatment of the regularity issue leaves open some questions more advanced than
Q1, for instance whether there exists a minimizer u ∈ SBV when the input is g ∈ SBV. This
could have implications in regularization of images.

Finally, in the nonlinear setting, future research may help identify sufficient conditions for the
minimality of the input, potentially based on the behavior in 0 and at ∞ of the non-linearities φ
and θ. While our results show that there are situations where the input performs better that
certain specific competitors (see Proposition 4.10), the exposition in Subsection 4.3 demonstrates
that the situation is substantially more involved than the linear case and a more detailed analysis
is required to fully resolve this matter.

2 Preliminaries

2.1 Definitions and basic properties of BV functions

Definition 2.1. Given a subset I ⊆ R and a function u : I → R, the total variation of u over I
is

TV(u; I) = sup
{

n∑
i=1

|u(xi) − u(xi−1)| : xi ∈ I ∀i ∈ {0, . . . , n} ∧ xi−1 ≤ xi ∀i ∈ {1, . . . , n}
}
.

The vector space of functions with finite total variation over I is

TV(I) = {u : I → R : TV(u; I) < ∞}.

In the sequel, we may use the abbreviated notation TV(u) instead of TV(u; I) when it is
clear from the context.

Definition 2.2. A function u : I → R is said to be regulated if the left limit u−(x) exists and is
finite at any x ∈ R which is an accumulation point of I from the left, and the right limit u−(x)
exists and is finite at any x ∈ R which is an accumulation point of I from the right.

Proposition 2.3. Every function u ∈ TV(I) is regulated.

Definition 2.4. A regulated function u : I → R is said to be regular if

u(x) ∈ [u−(x) ∧ u+(x), u−(x) ∨ u+(x)]

for every x ∈ I which is a bilateral accumulation point of I and u(x) = u±(x) at any point
x ∈ I which is a unilateral accumulation point of I. The set of regular functions with finite total
variations over I is

TVreg(I) = {u ∈ TV(I) : u is regular}.

The total variation TV(u; I) and the space of functions TV(I) are the pointwise version of
|Du|(I) and BV(I) as defined in [AFP00]. More explicitly, TV(u; I) is precisely the pointwise
variation defined in [AFP00, Definition 3.26]; [AFP00, Theorem 3.27] shows that the variation
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|Du|(I) is equal to the relaxation of TV(u, I) in the L 1 equivalence class (see also [AFP00,
(3.23)]); [AFP00, Theorem 3.28] shows that any function u ∈ BV(I) admits a good representative
v ∈ TVreg(I) such that |Du|(I) = TV(v; I).

The following properties follow directly from the definitions.

Proposition 2.5. Let I ⊆ R be an interval.

(i) If u ∈ TV(I), then u has at most countably many discontinuities (and they are jumps).

(ii) If u ∈ TV(I), then u is regular if and only if lim infx′→x u(x′) ≤ u(x) ≤ lim supx′→x u(x′)
for every accumulation point x ∈ I.

(iii) If u, v ∈ TVreg(I) coincide L 1-a.e., then they share the same set of jump points and they
coincide elsewhere.

(iv) Every u ∈ BV(I) admits an equivalent function v ∈ TVreg(I) which coincides L 1-a.e. with
u.

(v) If u ∈ TV(I), then a function v : I → R is regular and coincides with u L 1-a.e. if and
only if lim infx′→x u(x′) ≤ v(x) ≤ lim supx′→x u(x′) for every x ∈ I.

(vi) If u is regulated and x is a bilateral accumulation point of I, then u(x) ∈ [u−(x) ∧
u+(x), u−(x) ∨ u+(x)] if and only if the “pointwise variation” JuK = |u(x) − u−(x)| +
|u+(x) − u(x)| is equal to the jump |[u](x)| = |u+(x) − u−(x)|.

Regulated, regular and TV functions are well behaved with regard to composition with
continuous or Lipschitz functions.

Proposition 2.6. Let I ⊆ R.

(i) If u : I → R is regulated and f ∈ C
(
u(I)

)
, then f ◦ u is regulated.

(ii) If u : I → R is regular and f ∈ C
(
u(I)

)
is monotone, then f ◦ u is regular.

(iii) If u ∈ TV(I) and f ∈ Lip
(
u(I)

)
, then f ◦ u ∈ TV(I) and TV(f ◦ u; I) ≤ Lip(f) TV(u; I).

(iv) If u ∈ TVreg(I) and f ∈ Lip
(
u(I)

)
is monotone, then f ◦ u ∈ TVreg(I).

Proof. Since the rest are straightforward, we prove only (iii), which will play a crucial role in
what follows.

(iii) For every choice of sorted points x0 < · · · < xn in I we have
n∑

i=1

∣∣f(u(xi)
)

− f
(
u(xi−1)

)∣∣ ≤ Lip(f)
n∑

i=1
|u(xi) − u(xi−1)| ≤ Lip(f) TV(u; I);

taking the supremum on the left hand side proves the thesis.

As a special application of the last two points of Proposition 2.6 we get the following useful
property.
Remark 2.7. Given m,M ∈ R, the functions fm, f

M , fM
m ∈ Lip(R) defined as

fm(t) = t ∨m, fM (t) = t ∧M, fM
m (t) = t ∨m ∧M

are 1-Lipschitz and monotone, therefore if u ∈ TV(I) then the truncated functions u∨m, u∧M
and u ∨m ∧M are also in TV(I) and

TV(u ∨m; I), TV(u ∧M ; I), TV(u ∨m ∧M ; I) ≤ TV(u; I).

If u ∈ TVreg(I), the truncated functions are also in TVreg(I).
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We collect here some further elementary properties of the pointwise total variation.

Proposition 2.8. Let I ⊆ R be an interval and u ∈ TV(I). Then the following hold true.

(i) u can be expressed as the difference of the two non-decreasing functions x 7→ TV(u; (−∞, x])
and x 7→ TV(u; (−∞, x]) − u(x);

(ii) TV(u; [a, c]) = TV(u; [a, b]) + TV(u, [b, c]) for every a ≤ b ≤ c in I;

(iii) TV(u; [a, c]) = |u(a) − u+(a)| + TV(u, (a, c]) for every a < c in I;

(iv) if ũ : I → R is such that

lim inf
y→x

u(y) ≤ ũ(x) ≤ lim sup
y→x

u(y),

then TV(ũ; I) ≤ TV(u; I);

Proof. Property (i) is a well known fact; the next two splitting properties are elementary;
therefore, we only prove (iv).

(iv) Let x0 < x1 < · · · < xn be a sorted partition of I. Given ε > 0, for every i ∈ {0, . . . , n}
there exist distinct points x±

i,ε ∈ I such that

u(x−
i,ε) − ε ≤ ũ(xi) ≤ u(x+

i,ε) + ε ∀i ∈ {0, . . . , n}, (2.1)
x±

i−1,ε < x±
i,ε ∀i ∈ {1, . . . , n}.

For every i ∈ {0, . . . , n}, let x′
i,ε < x′′

i,ε such that {x′
i,ε, x

′′
i,ε} = {x−

i,ε, x
+
i,ε}. The sequence

of points x′
0,ε < x′′

0,ε < x′
1,ε < · · · < x′

n,ε < x′′
n,ε forms a partition of I. By the triangle

inequality and (2.1) we get

|u(x′
i,ε) − ũ(xi)| + |ũ(xi) − u(x′′

i,ε)| = |u(x+
i,ε) − ũ(xi)| + |ũ(xi) − u(x−

i,ε)|

≤
∣∣∣(u(x+

i,ε) + ε
)

− ũ(xi)
∣∣∣+ ∣∣∣ũ(xi) −

(
u(x−

i,ε) − ε
)∣∣∣+ 2ε

=
∣∣∣(u(x+

i,ε) + ε
)

−
(
u(x−

i,ε) − ε
)∣∣∣+ 2ε

≤ |u(x+
i,ε) − u(x−

i,ε)| + 4ε = |u(x′
i,ε) − u(x′′

i,ε)| + 4ε,

from which we obtain
n∑

i=1
|ũ(xi−1) − ũ(xi)| ≤

n∑
i=1

(
|ũ(xi−1) − u(x′′

i−1,ε)| + |u(x′′
i−1,ε) − u(x′

i,ε)| + |u(x′
i,ε) − ũ(xi)|

)
≤

n∑
i=0

(
|u(x′

i,ε) − ũ(xi)| + |ũ(xi) − u(x′′
i,ε)|

)
+

n∑
i=1

|u(x′′
i−1,ε) − u(x′

i,ε)|

≤
n∑

i=0
|u(x′

i,ε) − u(x′′
i,ε)| +

n∑
i=1

|u(x′′
i−1,ε) − u(x′

i,ε)| + 4(n+ 1)ε.

By definition of total variation, the right hand side is less than or equal to TV(u; I)+4(n+1)ε.
Sending ε → 0 and taking the supremum of the left hand side over the partition (xi)0≤i≤n

we deduce the thesis.
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We recall the classical decomposition Du = Dau+ Dcu+ Dju of the derivative of a function
u ∈ BV(I); see [AFP00, Corollary 3.33]. The (linear) total variation of a function u ∈ TVreg(I)
can be represented as

TV(u; I) =
∫

I
|u′(x)| dx+ |Dcu|(I) +

∑
x∈Ju

|[u](x)|,

where Ju is the jump set of u and [u](x) = g+(x) − g−(x) is the jump value. This leads us to
introduce the nonlinear total variation TVφ,θ(u; I) as follows.
Definition 2.9. Given two non-decreasing functions φ, θ : [0,∞) → [0,∞) such that φ is convex,
θ is concave, φ(0) = θ(0) = 0 and

lim
t→∞

φ(t)
t

= lim
t→0+

θ(t)
t

= θ′(0) = 1,

the nonlinear total variation of u ∈ TV(I) is

TVφ,θ(u; I) =
∫

I
φ
(
|u′|(x)

)
dx+ |Dcu|(I) +

∑
x∈Ju

θ
(
|[u](x)|

)
.

It is simple to verify that the following conditions are equivalent:

φ(t) = t, ∀t ∈ [0,∞) ⇔ ∃t ∈ (0,∞) : φ(t) = t ⇔ φ′(0) = 1.

Our main theorems rely on the following property of the input datum near the endpoints.
The precise assumption will be anyway recalled explicitly in their statements.
Definition 2.10. Given α > 0, a function u : (a, b) → R which admits the limit g+(a) is said to
have at most α-growth at the endpoint a if there exists C > 0 such that |g(x)−g+(a)| ≤ C(x−a)α

for x ∈ (a, b). It is said to have at least α-growth if the reverse inequality holds.

2.2 Technical results

Definition 2.11. Given a measurable function u : Ω → [0,∞], let µu : [0,∞] → [0, |Ω|] be its
super-level set measure

µu(t) = |{x ∈ Ω : u(x) > t}|.
This function is non-increasing and lower semi-continuous, therefore it admits a non-increasing
lower semi-continuous pseudo-inverse (µt)−1 : [0, |Ω|] → [0,∞] given by

(µu)−1(s) = inf{t : µu(t) ≤ s}.

We define the non-increasing and non-decreasing rearrangements u†, u
† : [0, |Ω|] → [0,∞] of u as

u†(s) = (µu)−1(s), u†(s) = (µu)−1(|Ω| − s), ∀s ∈ [0, |Ω|].

The functions µu and (µu)−1 are related by the crucial property

µu(t) ≤ s ⇐⇒ (µu)−1(s) ≤ t.

Moreover, one can show that µu† = µu† = µu (see Remark 2.13, where it is implicitly proven),
therefore by the layer-cake representation we have∫

Ω
f
(
u(x)

)
dx =

∫ |Ω|

0
f
(
u†(s)

)
ds =

∫ |Ω|

0
f
(
u†(s)

)
ds

for every f : [0,∞] → [0,∞] measurable.
The following proposition collects two contractivity properties of the monotone rearrangement,

both with respect to the Lp norm and the (linear) total variation. The proof is based upon two
technical lemmas, which we postpone. See also [Tal16] for a survey about rearrangements.
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Proposition 2.12. Let p ∈ [1,∞] and u, v : (a, b) → [0,∞]. Then

∥u† − v†∥p ≤ ∥u− v∥p, (2.2)
TV

(
u†; (0, b− a)

)
≤ TV

(
u; (a, b)

)
. (2.3)

For p > 1, equality in (2.2) holds if and only if(
u(x2) − u(x1)

)(
v(x2) − v(x1)

)
≥ 0, for almost every x1, x2 ∈ (a, b); (2.4a)

for p = 1, equality in (2.2) holds if and only if

max{u(x1), v(x2)} ≥ min{u(x2), v(x1)}, for almost every x1, x2 ∈ (a, b). (2.4b)

Equality in (2.3) holds if and only if u is monotone,

Proof. For the convenience of the reader, we provide a sketch of the proof of the classical result
(2.2) for the case (a, b) = (0, 1). See also [Bae19, Theorem 2.8(c)] with Ψ(x, y) = |x − y|p or
[Rak25, Theorem 1.3.1, Corollary 1.3.2] with ρ(x, y) = |x−y|p for independent and more complete
proofs. By approximation with simple functions, let

un =
n∑

i=1
un,i1( i−1

n
, i

n ), vn =
n∑

i=1
vn,i1( i−1

n
, i

n ).

Let σ : {1, . . . , n} → {1, . . . , n} be a permutation that rearranges the values (un,i)n
i=1 in non-

decreasing order, i.e. un,σ(i) ≤ un,σ(i+1) for every i ∈ {1, . . . , n− 1}. Suppose that i 7→ vn,σ(i) is
not non-decreasing: then there must be j ∈ {1, . . . , n− 1} such that vn,σ(j) > vn,σ(j+1). Let π be
the transposition that swaps j and j + 1. By applying Lemma 2.14 below with

a = un,σ(j), A = un,σ(j+1), b = vn,σ(j+1), B = vn,σ(j),

we get that

∥un − vn∥p
p =

n∑
i=1

|un,i − vn,i|p =
n∑

i=1
|un,σ(i) − vn,σ(i)|p ≥

n∑
i=1

|un,σ(i) − vn,π◦σ(i)|p.

The number of inversions in the sequence (vn,π◦σ(i))n
i=1 is one less than that in (vn,σ(i))n

i=1. By
iterating this argument, we find a permutation τ such that (vn,τ(i))n

i=1 is non-decreasing and

∥un − vn∥p
p ≥

n∑
i=1

|un,σ(i) − vn,τ(i)|p = ∥u†
n − v†

n∥p
p.

The proof is concluded letting un → u and vn → v, for which we have also u†
n → u† and v†

n → v†.
The proof of the equality condition for (2.2) is reminiscent of the proof of c-cyclical mono-

tonicity of optimal plans; see for instance [ABS21, Theorem 3.17]. Suppose p > 1 and assume by
contradiction that (2.4a) is violated. Without loss of generality, we may assume that x1 < x2,
u(x1) < u(x2) and v(x1) > v(x2), with x1, x2 Lebesgue points of both u and v. For sufficiently
small radius r > 0, define the intervals Ir

i = (xi − r, xi + r) and the rearranged function
vr : (a, b) → R given by

vr(x) =


v
(
x+ (x2 − x1)

)
x ∈ Ir

1 ,

v
(
x− (x2 − x1)

)
x ∈ Ir

2 ,

v(x) otherwise.

8



By Lemma 2.14 with a = u(x1), A = u(x2), b = v(x2), B = v(x1) and f(t) = |t|p we have

|u(x1) − v(x1)|p + |u(x2) − v(x2)|p > |u(x1) − v(x2)|p + |u(x2) − v(x1)|p

= |u(x1) − vr(x1)|p + |u(x2) − vr(x2)|p.

By the Lebesgue property, this implies that for r sufficiently small

Jr := −
∫ r

−r

2∑
i=1

(
|u(xi + y) − v(xi + y)|p − |u(xi + y) − vr(xi + y)|p

)
dy > 0.

Then

∥u− v∥p
p − ∥u− vr∥p

p =
∫

Ir
1 ∪Ir

2

(
|u(x) − v(x)|p − |u(x) − vr(x)|p

)
dx = 2rJr > 0.

This proves that
∥u− v∥p > ∥u− vr∥p ≥ ∥u† − v†

r∥p = ∥u† − v†∥p,

hence (2.2) is a strict inequality. The proof of (2.4b) for the case p = 1 is analogous.
Let us now turn to the proof of (2.3). Given ε > 0, let x′

ε, x
′′
ε ∈ (a, b) be two different points

such that
u(x′

ε) ≤ inf
(a,b)

u+ ε and u(x′′
ε) ≥ sup

(a,b)
u− ε.

By Definition 2.1,

TV
(
u; (a, b)

)
≥ |u(x′

ε) − u(x′′
ε)| ≥ sup

(a,b)
u− inf

(a,b)
u− 2ε.

Letting ε → 0 shows that
TV

(
u; (a, b)

)
≥ sup

(a,b)
u− inf

(a,b)
u. (2.5)

On the other hand,

TV
(
u†; (0, b− a)

)
= sup

(0,b−a)
u† − inf

(0,b−a)
u† = ess sup

(a,b)
u− ess inf

(a,b)
u ≤ sup

(a,b)
u− inf

(a,b)
u,

therefore we deduce the thesis. Let us now prove that if equality in (2.5) holds then u is
monotone. We prove the contrapositive. Assume that u is not monotone: there exist x1 < x2 and
x3 < x4 such that u(x1) < u(x2) and u(x3) > u(x4). For every ε > 0, let x′

ε, x
′′
ε as before. Let

Sε = {x1, x2, x3, x4, x
′
ε, x

′′
ε}. Rename the points as (yε

0, . . . , y
ε
5) = (x1, x2, x3, x4, x

′
ε, x

′′
ε). There

exists a permutation σε of {0, . . . , 5} such that zε
i = yε

σε(i) is increasing in i. Since the set of
permutations is finite, there exists εn → 0+ such that σεn is always the same permutation σ.

Let aεn
i = u(yεn

i ), hence u(zεn
i ) = aεn

σ(i). When n → ∞, the finite sequence (aεn
i )5

i=0 converges
to some (ai)5

i=0 with the property that (aσ(i))5
i=0 is not monotone, because of the presence of the

points x1, x2, x3, x4 which cause a violation of monotonicity. From supu−ε ≤ u(x′′
ε) ≤ maxi a

ε
i ≤

supu we deduce limn→∞ maxi a
εn
i = supu, and similarly for min and inf. By Lemma 2.15 below

we therefore have

TV(u) ≥ lim inf
n→∞

TV(u;Sεn) = lim inf
n→∞

5∑
i=1

∣∣∣u(zεn
i ) − u(zεn

i−1)
∣∣∣ = lim inf

n→∞

5∑
i=1

∣∣∣u(yεn

σ(i)) − u(yεn

σ(i−1))
∣∣∣

= lim
n→∞

5∑
i=1

∣∣∣aεn

σ(i) − aεn

σ(i−1)

∣∣∣ =
5∑

i=1

∣∣∣aσ(i) − aσ(i−1)

∣∣∣ > max
i
ai − min

i
ai = sup

(a,b)
u− inf

(a,b)
u,

therefore the inequality in (2.5) is strict.
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Remark 2.13. Inequality (2.2) in the previous Proposition 2.12 is closely related to the theory
of optimal transport on the real line with a convex cost. Indeed, introduce the probabilities
µ = u#

(
L 1 ¬(0, 1)

)
, ν = v#

(
L 1 ¬(0, 1)

)
∈ P

(
[0,∞)

)
. We claim that µ = (u†)#

(
L 1 ¬(0, 1)

)
, and

similarly for ν. It is sufficient to prove that the measures coincide on the set (t,∞) for every
t > 0. We have

u−1((t,∞)
)

= {x ∈ (0, 1) : u(x) > t}

and

(u†)−1((t,∞)
)

= {s ≥ 0 : u†(s) > t} = {s ≥ 0 : (µu)−1(s) > t}
= {s ≥ 0 : µu(t) > s} =

[
0, µu(t)

)
,

therefore
µ
(
(t,∞)

)
= L 1(u−1(t,∞)

)
= L 1({x ∈ (0, 1) : u(x) > t}

)
= µu(t)

and
(u†)#

(
L 1 ¬(0, 1)

)(
(t,∞)

)
= L 1((u†)−1((t,∞)

))
= L 1([0, µu(t))

)
= µu(t).

Define now the transport plans π, π† ∈ Π(µ, ν) given by

π = (u, v)#
(
L 1 ¬(0, 1)

)
, π† = (u†, v†)#

(
L 1 ¬(0, 1)

)
.

The plan π† is supported on a monotone graph1, hence it is c-cyclically monotone with respect
to the cost c(x, y) = |x − y|p, therefore it is optimal (see [ABS21, Proposition 4.5] where the
converse is proven, although it is actually an equivalence; observe that their inequality (4.5)
there is related to our Lemma 2.14; see also [ABS21, Theorem 1.11] for the optimality of the
monotone rearrangement). This implies that

∥u† − v†∥p
p =

∫ 1

0
|u†(z) − v†(z)|p dz =

∫
[0,∞)2

|x− y|p dπ†(x, y)

≤
∫

[0,∞)2
|x− y|p dπ(x, y) =

∫ 1

0
|u(z) − v(z)|p dz = ∥u− v∥p

p.

With regard to the equality condition, if the inequality (2.2) is saturated and p > 1, then the
plan π must be supported on a monotone graph too, which translates to (2.4a).

Lemma 2.14. If f : R → R is a convex function and a ≤ A and b ≤ B, then

f(b− a) + f(B −A) ≤ f(B − a) + f(b−A).

Moreover, the inequality is strict if f is strictly convex, a < A and b < B.
In particular, for every p ≥ 1 we have |b− a|p + |B −A|p ≤ |B − a|p + |b−A|p. If p > 1 the

inequality is strict if and only if a < A, and b < B. For p = 1, the inequality is strict if and only
if a < A, b < B, a < B and b < A, which is equivalent to max{a, b} < min{A,B}.

Proof. Let x := b − A ≤ b − a =: X and ∆b = B − b ≥ 0. The convexity of f implies the
monotonicity of forward differences, therefore we have

f(x+ ∆b) − f(x) ≤ f(X + ∆b) − f(X),

that is
f(B −A) − f(b−A) ≤ f(B − a) − f(b− a),

1A set Γ ⊂ R2 such that (x2 − x1)(y2 − y1) ≥ 0 for every (x1, y1), (x1, y2) ∈ Γ.
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which is equivalent to the thesis. The inequality is strict if f is strictly convex, x < X and
∆b > 0, which are the stated conditions.

The inequality for p ≥ 1 and the characterization of strict inequality for p > 1 follow using
f(t) = |t|p.

Let us turn to the characterization of strict inequality for p = 1, f(t) = |t|. If x = X or
∆b = 0, then equality holds. Let x < X,∆b > 0. By the monotonicity of difference quotients,

f(x+ ∆b) − f(x)
∆b ≤ f(X + ∆b) − f(x)

X + ∆b− x
≤ f(X + ∆b) − f(X)

∆b ,

where equality is verified if and only if f is affine in (x,X + ∆b), Therefore, the strict inequality
holds if and only if 0 ∈ (x,X + ∆), which amounts to the required property on a,A, b, B.

The next lemma is a classical rearrangement inequality, whose proof can be found in any
textbook about optimal transport, in relation to the c-cyclical monotonicity with respect to the
cost |x− y|, see e.g. [ABS21].

Lemma 2.15. Let n ∈ N+ and let a = (ai)n
i=0 be a finite sequence of real numbers. For every

permutation σ ∈ Pn we have
n∑

i=1
|aσ(i) − aσ(i−1)| ≥ max

i
ai − min

i
ai,

with equality if and only if (aσ(i))n
i=0 is monotone.

Proposition 2.16. Let g ∈ BV
(
(a, b)

)
and let λ, γ > 0, p ∈ (0,∞]. If u ∈ BV

(
(a, b)

)
minimizes

the functional
F (u) = TV(u) + λ∥u− g∥γ

p

and m ≤ g ≤ M then also m ≤ u ≤ M .

Proof. Let ũ = u∨m∧M . Then TV(ũ) ≤ TV(u) by Remark 2.7, and ∥ũ− g∥p ≤ ∥u− g∥p, with
this latter inequality being strict unless m ≤ u ≤ M .

Proposition 2.17. Let g ∈ BV
(
(a, b)

)
be a non-decreasing function and λ, γ > 0, p ∈ [1,∞]. If

u ∈ BV
(
(a, b)

)
minimizes the functional

F (u) = TV(u) + λ∥u− g∥γ
p

then it is non-decreasing.

Proof. If g is constant, then the only minimizer is u = g, which achieves F (u) = 0. Indeed, if u is
any other constant function, then ∥u− g∥p > 0; otherwise, if u is not constant, then TV(u) > 0.

We may now assume that g is not constant; therefore, there exist x1 < x2 such that
g(x1) < g(x2). Let ū(x) = u†(x − a) be the non-decreasing rearrangement of u suitably
translated to preserve the same domain of definition. Since g is already non-decreasing, we have
g(x) = g†(x− a). By (2.2) and (2.3) of Proposition 2.12 we have

∥ū− g∥Lp((a,b)) = ∥u† − g†∥Lp((0,b−a)) ≤ ∥u− g∥Lp((a,b)),

TV
(
ū; (a, b)

)
= TV

(
u†; (0, b− a)

)
≤ TV

(
u; (a, b)

)
,

and both inequalities must be saturated. By the equality conditions stated in Proposition 2.12,
the latter forces u to be monotone. We wish to prove that u is actually non-decreasing. By
contradiction, suppose there exist x3 < x4 such that u(x3) > u(x4). Since u is monotone, this
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forces it to be non-increasing. Let x′ = min{x1, x3} and x′′ = max{x2, x4}. Then for any points
y1 ≤ x′ and y2 ≥ x′′ we have

g(y1) ≤ g(x′) ≤ g(x1) < g(x2) ≤ g(x′′) ≤ g(y2),
u(y1) ≥ u(x′) ≥ u(x1) > u(x2) ≥ u(x′′) ≥ u(y2),

from which
(
u(y2) − u(y1)

)(
g(y2) − g(y1)

)
< 0. In the case p > 1, this fact contradicts the

equality condition (2.4a).
We now treat separately the case p = 1. By Proposition 2.16, we have

m := inf
(a,b)

g ≤ u ≤ sup
(a,b)

g =: M.

In the limit y1 → a+ and y2 → b− we have g(y1) < u(y1) and u(y2) < g(y2) because

lim
y1→a+

(
u(y1) − g(y1)

)
= lim

y1→a+

[(
u(y2) − g(y1)

)
+
(
u(y1) − u(y2)

)]
≥
(
u(x1) − u(x2)

)
+ lim

y1→a+

(
u(y2) − g(y1)

)
≥
(
u(x1) − u(x2)

)
+
(
u(y2) −m

)
≥ u(x1) − u(x2) > 0

and similarly
lim

y2→b−

(
g(y2) − u(y2)

)
≥ u(x1) − u(x2) > 0.

Therefore there is a non-negligible set of points y1, y2 which violate the inequality (2.4b).

The next lemma contains the explicit calculation of an integral which will be useful to estimate
the fidelity term from below in Lemma 2.19.

Lemma 2.18. Let a ∈ R and h,C, α ∈ R+. Then∫ a+(h/C)1/α

a

(
h− C(x− a)α)p dx = K(p, α)C−1/αhp+1/α,

where

K(p, α) = B(p+ 1, 1/α)
α

= Γ(p+ 1)Γ(1/α)/α
Γ(p+ 1/α+ 1) = Γ(p+ 1)Γ(1/α+ 1)

Γ(p+ 1/α+ 1) =
(
p+ 1/α

p

)−1

and
B(x, y) =

∫ 1

0
tx−1(1 − t)1−y dt = Γ(x)Γ(y)/Γ(x+ y) (2.6)

is the Beta function.

Proof. After a translation by a and with the substitution y = C
h x

α, dx = (h/C)1/α

α y1/α−1 dy, we
have∫ a+(h/C)1/α

a

(
h− C(x− a)α)p dx =

∫ (h/C)1/α

0
(h− Cxα)p dx = hp

∫ (h/C)1/α

0

(
1 − C

h
xα
)p

dx

= hp(h/C)1/α

α

∫ 1

0
(1 − y)py1/α−1 dy

= hp(h/C)1/α

α
B(p+ 1, 1/α).
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Lemma 2.19 (Fidelity lower bound). Let g : (a, b) → R be a measurable function for which
there exists C > 0 such that g(x) − g+(a) ≤ C(x− a)α for every x ∈ (a, b), and let u : (a, b) → R
be a measurable function such that

h := inf
(a,b)

u− g+(a) ≥ 0.

Then
∥u− g∥p

Lp
(

(a,b)
) ≥ K(p, α)C−1/αhp+1/α,

where

K(p, α) = B(p+ 1, 1/α)
α

= Γ(p+ 1)Γ(1/α)/α
Γ(p+ 1/α+ 1) = Γ(p+ 1)Γ(1/α+ 1)

Γ(p+ 1/α+ 1) =
(
p+ 1/α

p

)−1

.

If g satisfies also g(x) − g−(b) ≥ −C(b− x)α for every x ∈ (a, b) and

k := g−(b) − sup
(a,b)

u ≥ 0,

then
∥u− g∥p

Lp
(

(a,b)
) ≥ K(p, α)C−1/α(hp+1/α + kp+1/α). (2.7)

Proof. In the interval
(
a, a+ (h/C)1/α

)
we have

g(x) ≤ g+(a) + C(x− a)α ≤ g+(a) + h ≤ u(x),

therefore, by Lemma 2.18,

∥u− g∥p
Lp((a,b)) ≥

∫ a+(h/C)1/α

a

(
u(x) − g(x)

)p dx ≥
∫ a+(h/C)1/α

a

(
h− C(x− a)α)p dx

≥ K(p, α)C−1/αhp+1/α.

Suppose that the additional assumptions on g and u are satisfied. Letting U(x) = g+(a)+C(x−a)α

and L(x) = g−(b) − C(b− x)α, we have

U
(
a+ (h/C)α) = inf u ≤ supu = L(b− (k/C)1/α) ≤ g(b− (k/C)1/α) ≤ U(b− (k/C)1/α),

hence a+ (h/C)1/α ≤ b− (k/C)1/α. The interval
(
b− (k/C)1/α, b

)
is disjoint from the previous

one and in it we have

u(x) ≤ g−(b) − k ≤ g−(b) − C(b− x)α ≤ g(x),

therefore

∥u− g∥p
Lp((a,b)) ≥

∫ a+(h/C)1/α

a

(
u(x) − g(x)

)p dx+
∫ b

b−(k/C)1/α

(
g(x) − u(x)

)p dx

≥
∫ a+(h/C)1/α

a

(
h− C(x− a)α)p dx+

∫ b

b−(k/C)1/α

(
k − C(b− x)α)p dx

≥ K(p, α)C−1/α(hp+1/α + kp+1/α).
Definition 2.20. Given n ∈ N+, an exponent p > 0 and non-negative real numbers x1, . . . , xn ∈
[0,∞), their p-mean is

Mp(x1, . . . , xn) =
(

1
n

n∑
i=1

xp
i

)1/p

.

If is well known that Mp ≤ Mq for p < q. Moreover, clearly Mp(x1, . . . , xn) = 0 if and only if
x1 = · · · = xn = 0.
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g+(a)
a b

g+(a) + C(x− a)α

g−(b) − C(b− x)α

inf
(a,b)

u = g+(a) + h

sup
(a,b)

u = g−(b) − k

g−(b) g(x)

u(x)

Figure 1: depiction of the situation described in Lemma 2.19.

2.3 Perspective of a convex function

Let φ : [0,∞) → R be a convex function which is continuous in 0.2
The perspective of φ is φ : [0,∞) × (0,∞) → R given by φ(t, s) = sφ(t/s). It is clearly

continuous, and it is also convex (see [BV23, Section 3.2.6]).
It is well known that the difference quotient function t 7→ φ(t)−φ(0)

t is non-decreasing. As a
consequence, we can define the asymptotic slope

φ′(∞) = lim
t→∞

φ(t)
t

= lim
t→∞

φ(t) − φ(0)
t

= sup
t>0

φ(t) − φ(0)
t

∈ R ∪ {∞}

and the recession function φ∞ : [0,∞) → (−∞,∞]

φ∞(t) = lim
r→∞

φ(rt)
r

= lim
r→∞

φ(rt) − φ(0)
r

= sup
r>0

φ(rt) − φ(0)
r

∈ R ∪ {∞}.

It is immediate to verify that φ∞(t) = φ′(∞)t for every t ∈ [0,∞), with the usual convention
∞ · 0 = 0. Indeed for t = 0 we have φ∞(0) = 0 = φ′(∞)0, and for t > 0 we have

φ∞(t) = lim
r→∞

φ(rt)
r

= t lim
r→∞

φ(rt)
rt

= t lim
r→∞

φ(r)
r

= tφ′(∞).

Moreover, if φ(0) = 0, then φ(t, s) is non-increasing in s: indeed,

1
t
φ(t, s) = s

t
φ(t/s) = φ(t/s) − φ(0)

t/s

is non-decreasing in t/s, therefore non-increasing in s.

Lemma 2.21. Using the notation φs = φ( · , s) to denote the perspective, we have the following
rules of commutation with the Legendre transform: for every s > 0

(φs)∗ = sφ∗, (φ∗)s = (sφ)∗.
2One may extend it to φ : R → R ∪ {∞} by setting φ|(−∞,0) = ∞, but of course this extension is no longer

continuous in 0.
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Proof. Straightforward computations show that, for every τ ∈ R,

(φs)∗(τ) = sup
t≥0

(
τt− φs(t)

)
= sup

t≥0

(
τt− sφ(t/s)

)
= s · sup

t≥0

(
τt/s− φ(t/s)

)
= s · sup

u≥0

(
τu− φ(u)

)
= sφ∗(τ)

and
(φ∗)s(τ) = sφ∗(τ/s) = s · sup

t≥0

(
(τ/s)t− φ(t)

)
= sup

t≥0

(
τt− sφ(t)

)
= (sφ)∗(τ).

Proposition 2.22. If φ′(∞) ∈ R is finite, then the perspective φ : [0,∞) × (0,∞) → R can
be extended continuously to φ : [0,∞) × [0,∞) → R setting φ(t, 0) = φ∞(t) = φ′(∞)t and this
extension is convex.

“Specific” proof. 3 Since for every t ∈ [0,∞) we have the directional limit

lim
s→0+

φ(t, s) = lim
s→0+

sφ(t/s) = lim
r→∞

φ(rt)/r = φ∞(t),

setting φ(t, 0) = φ∞(t) = φ′(∞)t is the only possible choice that may render the extension
continuous. Let us verify that it is indeed the case.

From φ(t)−φ(0)
t ≤ φ′(∞) we get the upper bound φ(t) ≤ φ′(∞)t + φ(0), valid for every

t ∈ [0,∞).
We claim that the Legendre transform φ∗(σ) ∈ R is finite for every σ ∈

(
−∞, φ′(∞)

)
.4

Indeed, fix T ∈ [0,∞) such that φ(T )−φ(0)
T ≥ σ. Then for every t ∈ [T,∞) we have φ(t)−φ(0)

t ≥
φ(T )−φ(0)

T ≥ σ, hence φ(t) ≥ σt+ φ(0). This implies that

φ∗(σ) = sup
t∈[0,∞)

(
σt− φ(t)

)
= max

{
sup

t∈[0,T ]

(
σt− φ(t)

)
, sup

t∈[T,∞)

(
σt− φ(t)

)}

= max
{

max
t∈[0,T ]

(
σt− φ(t)

)
, sup

t∈[T,∞)

(
−φ(0)

)}
< ∞

is finite. This fact provides us with the lower bound φ(t) ≥ σt−φ∗(σ), valid for every t ∈ [0,∞).
The lower bound and upper bound can be combined, evaluated at t/s and multiplied by s,

yielding

σt− φ∗(σ)s ≤ sφ(t/s) ≤ φ′(∞)t+ φ(0)s, ∀(t, s) ∈ [0,∞) × (0,∞).

Notice that both the lower and upper bounds are continuous functions of t and s. For a fixed
t0 ∈ [0,∞), we get

lim sup
t→t0
s→0+

φ(t, s) = lim sup
t→t0
s→0+

sφ(t/s) ≤ lim sup
t→t0
s→0+

(
φ′(∞)t+ φ(0)s

)
= φ′(∞)t0

and
lim inf

t→t0
s→0+

φ(t, s) = lim inf
t→t0
s→0+

sφ(t/s) ≥ lim inf
t→t0
s→0+

(
σt− φ∗(σ)s

)
= σt0.

3This proof uses more specific properties of the perspective.
4Notice that in general it may be φ∗(φ′(∞)

)
= ∞. This happens when φ′(∞)t− φ(t) does not go to zero as

t → ∞, for instance φ(t) = o(t) but φ(t) ̸→ 0. An explicit example is φ(t) = −
√
t.
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By the arbitrariness of σ < φ′(∞) we deduce that the lim inf is actually greater than or equal to
φ′(∞)t0, which implies

lim
t→t0
s→0+

φ(t, s) = φ′(∞)t0 = φ(t0, 0),

hence the extension is continuous.
It is a general fact that a continuous extension is necessarily convex.

“General” proof. 5 Since for every t ∈ [0,∞) we have the directional limit

lim
s→0+

φ(t, s) = lim
s→0+

sφ(t/s) = lim
r→∞

φ(rt)/r = φ∞(t),

setting φ(t, 0) = φ∞(t) = φ′(∞)t is the only possible choice that may render the extension
continuous.

First of all, observe that the extension is convex. To this end, let (t0, s0), (t1, s1) ∈ [0,∞) ×
[0,∞), τ ∈ [0, 1] and (tτ , sτ ) = (1 − τ)(t0, s0) + τ(t1, s1). For every ε > 0 we have (t0, s0 +
ε), (t1, s1 + ε) ∈ [0,∞) × (0,∞) and (tτ , sτ + ε) = (1 − τ)(t0, s0 + ε) + τ(t1, s1 + ε), therefore

φ(tτ , sτ + ε) ≤ (1 − τ)φ(t0, s0 + ε) + τφ(t1, s1 + ε).

Sending ε → 0+ and using the directional continuity in s yields

φ(tτ , sτ ) ≤ (1 − τ)φ(t0, s0) + τφ(t1, s1),

hence the extension is convex.
Let us verify that it is continuous. Notice that the extension φ(t, 0) = φ′(∞)t is a continuous

function of t. Fix t0 ∈ (0,∞) and ε > 0. There exists δ > 0 such that t0 − δ ≥ 0 and

|φ(t0 ± δ, 0) − φ(t0, 0)| ≤ ε/2.

By the continuity in s, there exists η > 0 such that for every s ∈ [0, η] we have

|φ(t0, s) − φ(t0, 0)| ≤ ε/2, |φ(t0 ± δ, s) − φ(t0 ± δ, 0)| ≤ ε/2.

By the triangle inequality we deduce also |φ(t0±δ, s)−φ(t0, 0)| ≤ ε. Let (t, s) ∈ [t0−δ, t0+δ]×[0, η]
be an arbitrary point in this neighborhood of (t0, 0). By convexity we have the upper bound

φ(t, s) ≤ max{φ(t0 ± δ, 0), φ(t0 ± δ, η)} ≤ φ(t0, 0) + ε.

To find a lower bound, assume that t0 ≤ t ≤ t0 + δ; the symmetric case t0 − δ ≤ t ≤ t0 is
analogous. We can write t0 = (1 − τ)(t0 − δ) + τt with τ = δ/(t− t0 + δ) ∈ [1/2, 1], therefore

φ(t0, s) ≤ (1 − τ)φ(t0 − δ, s) + τφ(t, s),

from which

φ(t, s) ≥ 1
τ
φ(t0, s) − 1 − τ

τ
φ(t0 − δ, s) ≥ 1

τ

(
φ(t0, 0) − ε

)
− 1 − τ

τ

(
φ(t0, 0) + ε

)
= φ(t0, 0) −

(
1 − 2

τ

)
ε ≥ φ(t0, 0) − 3ε.

Combined with the upper bound, this shows that |φ(t, s) − φ(t0, 0)| ≤ 3ε for every (t, s) ∈
[t0 − δ, t0 + δ] × [0, η], proving the continuity in (t0, 0), for t0 ∈ (0,∞).

5This proof uses only the existence of the directional limit.
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The continuity in (0, 0) is proved similarly. Given ε > 0 there exists δ > 0 such that

|φ(δ, 0) − φ(0, 0)| ≤ ε/2, |φ(2δ, 0) − φ(0, 0)| ≤ ε/2.

By the continuity in s, there exists η > 0 such that for every s ∈ [0, η] we have

|φ(0, s) − φ(0, 0)| ≤ ε/2, |φ(δ, s) − φ(δ, 0)| ≤ ε/2, |φ(2δ, s) − φ(2δ, 0)| ≤ ε/2.

By the triangle inequality we infer |φ(iδ, s) − φ(0, 0)| ≤ ε for i = 0, 1, 2. If (t, s) ∈ [0, 2δ] × [0, η]
is an arbitrary point in this neighborhood of the origin, with a similar argument as before we get
|φ(t, s) − φ(0, 0)| ≤ 3ε, hence proving the continuity.

3 Linear TV
In this section we study the minimization of the functional

F (u) = TV(u) + λ∥u− g∥γ
p

with linear total variation and fidelity with respect to an input datum g. We classify situations
where the minimizer u is not the input g itself (Subsection 3.1) and situations where the minimizer
u is indeed the input g (Subsection 3.2).

Our results are based on some conditions on g (α-growth in Definition 2.10, monotonicity,
piecewise monotonicity) and on specific ranges of the parameters p, γ, λ. The complementarity
of these ranges provides a full characterization and demonstrates the sharpness of our results
(see Remark 3.11).

3.1 The input is not a minimizer

We start with a model situation where the input g is taken to be the Cantor–Lebesgue–Vitali
function χ ∈ C([0, 1]; [0, 1]). Subsequently, this example will be generalized in Theorem 3.4 to
functions with at least α-growth at one endpoint (see Definition 2.10).

Theorem 3.1. Let χ ∈ C([0, 1]; [0, 1]) be the Cantor–Lebesgue–Vitali function and λ, γ > 0,
p ∈ [1,∞]. If

γ >

(1
p

· log 3
log 2 + 1

)−1

then the function χ is not a minimizer of the functional F (u) = TV(u) + λ∥u− χ∥γ
p .

Proof. Given n ∈ N+ let χn = 2−n ∨ χ ∧ (1 − 2−n) ∈ C([0, 1]; [2−n, 1 − 2−n]). We have
F (χ) = TV(χ) = 1 and TV(χn) = 1 − 2−n+1. Moreover, for p = ∞ we have ∥χn − χ∥p = 2−n,
whereas for p ∈ [1,∞) we have

∥χn − χ∥p
p = 2

∫ 3−n

0
χ(x)p dx ≤ 2

∫ 3−n

0
χ(x)p−1χ(x) dx ≤ 2∥χ∥p−1

L∞([0,3−n])

∫ 3−n

0
χ(x) dx

= 2 · 2−n(p−1) 1
22−n3−n = 2−np3−n,

hence ∥χn − χ∥p ≤ 2−n3−n/p in both cases (interpreting −n/p = 0 for p = ∞). From this we get
that

F (χn) ≤ 1 − 2−n+1 + λ2−nγ3−nγ/p,
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therefore F (χn) < F (χ) ⇔ λ2−nγ3−nγ/p < 2−n+1, i.e. if and only if
λ

2 < 2(γ−1)n3
γ
p

n = exp
((

(γ − 1) log 2 + γ

p
log 3

)
n

)
.

For n large enough this is satisfied if

(γ−1) log 2+ γ

p
log 3 > 0 ⇐⇒ (1−γ) log 2 < γ

p
log 3 ⇐⇒ 1 − γ

γ
<

1
p

· log 3
log 2 ⇐⇒ 1

γ
<

1
p

· log 3
log 2 +1.

Remark 3.2. The previous statement holds true for the functional

F (u) = TVφ,θ(u) + λ∥u− χ∥γ
p

where
TVφ,θ(u) =

∫ 1

0
φ(|u′|) + |Dcu|((0, 1)) +

∑
Ju

θ(|u+ − u−|)

is the non-linear total variation.6 This is because TVφ,θ coincides with TV for both χ and the
competitor χn.

The next lemma is used in the proof of Theorem 3.4. We will need it only with ℓ = sup(a,c] g,
but we prefer to give a more general statement, which might be of broader interest.
Lemma 3.3. Let g ∈ BV

(
(a, b)

)
, c ∈ (a, b) and

inf
(a,c]

g ≤ ℓ ≤ sup
(a,c]

g.

Define u : (a, b) → R such that

u(x) =
{
ℓ x ∈ (a, c),
g(x) x ∈ (c, b),

and u is regular in c. Then u ∈ BV
(
(a, b)

)
and

TV
(
g; (a, b)

)
≥ TV

(
u; (a, b)

)
+ |ℓ− g+(a)|.

Proof. Since u is constant in (a, c), is regular in c, and u = g in (c, b), we have

TV
(
u; (a, b)

)
= TV

(
u; (a, c)

)
+ |u−(c) − u+(c)| + TV

(
u; (c, b)

)
= |ℓ− g+(c)| + TV

(
g; (c, b)

)
,

hence u ∈ BV
(
(a, b)

)
. Let m = inf(a,c] g and M = sup(a,c] g. For every ε > 0 there exists

x′
ε, x

′′
ε ∈ (a, c] with x′

ε ≤ x′′
ε such that

|g(x′
ε) −m| ≤ ε ∧ |g(x′′

ε) −M | ≤ ε or |g(x′
ε) −M | ≤ ε ∧ |g(x′′

ε) −m| ≤ ε.

Let us treat the first alternative; the second is analogous. Exploiting |m−M | = |m− ℓ| + |ℓ−M |,
we can estimate

TV
(
g; (a, b)

)
= TV

(
g; (a, x′

ε]
)

+ TV
(
g; [x′

ε, x
′′
ε ]
)

+ TV
(
g; [x′′

ε , c]
)

+ TV
(
g; [c, b)

)
≥ |g+(a) − g(x′

ε)| + |g(x′
ε) − g(x′′

ε)| + |g(x′′
ε) − g(c)| + |g(c) − g+(c)| + TV

(
g; (c, b)

)
≥ |g+(a) −m| + |m−M | + |M − g(c)| + |g(c) − g+(c)| + TV

(
g; (c, b)

)
− 4ε

= |g+(a) −m| + |m− ℓ| + |ℓ−M | + |M − g(c)| + |g(c) − g+(c)| + TV
(
g; (c, b)

)
− 4ε

≥ |g+(a) − ℓ| + |ℓ− g+(c)| + TV
(
g; (c, b)

)
− 4ε

= |g+(a) − ℓ| + TV
(
u; (a, b)

)
− 4ε.

The thesis follows letting ε → 0+.
6The condition limt→∞ φ(t)/t = limt→0+ θ(t)/t = 1 is not required.
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Theorem 3.4. Let g ∈ BV
(
(a, b)

)
be a function with the property that there exist α, c > 0 and

0 < δ < b− a such that g(x) − g+(a) ≥ c(x− a)α for all x ∈ (a, a+ δ]. If

γ >

(
1 + 1

pα

)−1
= pα

pα+ 1 (3.1)

then g is not a minimizer of the functional

F (u) = TV(u) + λ∥u− g∥γ
p

for every p ∈ [1,∞] and λ > 0.
If instead equality holds in (3.1), the same conclusion is true provided that

λ < K(p, α)−γ/pcγ/(pα) = K(p, α)−α/(1+pα)c1/(1+pα). (3.2)

Proof. Define the non-decreasing function ω : (a, a+ δ] → R

ω(x) = sup
(a,x]

g

and observe that we have ω(x) ≥ g(x) ≥ g+(a)+c(x−a)α and ω+(a) = g+(a). Given y ∈ (a, a+δ],
introduce the auxiliary parameter h = h(y) = ω(y) − g+(a) ≥ c(y − a)α > 0 and define the
truncated function uy ∈ BV

(
(a, b)

)
uy(x) =

{
ω(y) x ∈ (a, y],
g(x) x ∈ (y, b),

which, thanks to Lemma 3.3 applied with c = y and ℓ = ω(y), satisfies

TV
(
g, (a, b)

)
≥ TV

(
uy, (a, b)

)
+ |ω(y) − g+(a)| = TV

(
uy, (a, b)

)
+ h.

For every x ∈ (a, y] we have g+(a) + c(x − a)α ≤ g(x) ≤ ω(y) = g+(a) + h = uy(x), therefore
|uy(x) − g(x)| = uy(x) − g(x) ≤ h − c(x − a)α. Moreover from c(y − a)α ≤ h we deduce
y ≤ a+ (h/c)1/α, hence by Lemma 2.18 we get

∥uy −g∥p

Lp
(

(a,b)
) ≤

∫ y

a

(
h−c(x−a)α)p dx ≤

∫ a+(h/c)1/α

a

(
h−c(x−a)α)p dx = K(p, α)c−1/αhp+1/α.

Combining the estimates for the total variation and fidelity term we obtain

F (uy) − F (g) ≤ −h+ λK(p, α)γ/pc−γ/(pα)hγ
(

1+ 1
pα

)
,

which is negative for y sufficiently small because h(y) → 0+ for y → a+ and the exponent of h in
the last term is greater than 1 by (3.1), hence the negative linear term dominates.

If instead γ satisfies the equality in (3.1), the exponent of h is 1 and the negativity follows
from (3.2).

The following remark highlights a strong structural property of the minimizers of F when
the input is monotone.
Remark 3.5. Assume that the input g is non-decreasing and let u be a minimizer of F (u) =
TV(u) + λ∥u− g∥γ

p ; u must be non-decreasing. Define

x′ = sup{x ∈ (a, b) : g ≤ u+(a) in (a, x)},
x′′ = inf{x ∈ (a, b) : g ≥ u−(b) in (x, b)},
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and the non-decreasing regular function

ū(x) =


u+(a) x ∈ (a, x′],
g(x) x ∈ (x′, x′′),
u−(b) x ∈ [x′′, b).

We have TV(ū) = u−(b) − u+(a) = TV(u). In (a, x′) we have g ≤ ū ≤ u, whereas in (x′′, b) the
reverse inequalities hold, therefore

∥ū− g∥
Lp
(

(a,x′)
) ≤ ∥u− g∥

Lp
(

(a,x′)
), ∥ū− g∥

Lp
(

(x′′,b)
) ≤ ∥u− g∥

Lp
(

(x′′,b)
).

In (x′, x′′) we have ū = g, therefore

∥ū− g∥
Lp
(

(x′,x′′)
) = 0 ≤ ∥u− g∥

Lp
(

(x′,x′′)
).

In all three cases, equality holds if and only if u = ū in the respective intervals. This shows that
F (ū) ≤ F (u), with equality if and only if u = ū in (a, b).

This proves that all minimizers must be of the form ū, although we do not show uniqueness
because the values at the endpoints u+(a) and u−(b) might not be uniquely determined.

The main content of Theorem 3.4 is showing that u+(a) > g+(a), hence a minimizer cannot
coincide with g.

Theorem 3.6. Let g ∈ BV
(
(a, b)

)
be a non-decreasing function and let p ∈ [1,∞]. If 0 < λ <

(b− a)−1/p then every minimizer u ∈ BV
(
(0, 1)

)
of the functional

F (u) = TV(u) + λ∥u− g∥p

is a constant function. Moreover, the minimizer is unique if p > 1.

Proof. We treat the case p < ∞; the case p = ∞ follows from a straightforward adaptation.
Let u ∈ BV

(
(a, b)

)
be a minimizer. By Proposition 2.17 u is non-decreasing. Moreover, by

Proposition 2.16 we have g+(a) ≤ u ≤ g−(b).
Let c ∈ [u+(a), u−(b)] and define h = c− u+(a) ≥ 0 and k = u−(b) − c ≥ 0. Using the fact

that
∥u− c∥p ≤ (b− a)1/p∥u− c∥∞ = (b− a)1/p max{h, k} ≤ (b− a)1/p(h+ k)

we can estimate

F (u) − F (c) = TV(u) − TV(c) + λ(∥u− g∥p − ∥c− g∥p) ≥ u−(b) − u+(a) − λ∥u− c∥p

≥ h+ k − λ(b− a)1/p(h+ k) =
(
1 − λ(b− a)1/p)(h+ k).

Under the assumption on λ, the inequality F (u) ≥ F (c) is strict unless h+ k = 0, i.e. h = k = 0,
that is u ≡ c. This proves that every minimizer is constant.

If p > 1, then F (c) = λ∥c− g∥p is strictly convex, therefore the minimizer is unique.

3.2 The input is the minimizer

In this section we find conditions that ensure that the input g is the minimizer. This has the
interesting consequence that, under the assumptions of either Theorem 3.7, Theorem 3.8 or
Theorem 3.10, ifDcg ̸= 0, then alsoDcu ̸= 0 where u is the minimizer of F (u) = TV(u)+λ∥u−g∥γ

p ,
showing that in general minimizers can have the Cantor part of the derivative.
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Theorem 3.7. Let g ∈ BV
(
(0, 1); [0, 1]

)
be a non-decreasing function with g ≡ 0 on (0, δ) and

g ≡ 1 on (1 − δ, 1) for some δ ∈ (0, 1/2), and let λ, γ > 0, p ∈ [1,∞]. If γ ≤ 1 and λδγ/p > 2
then u = g is the unique minimizer of the functional F : BV

(
(0, 1)

)
→ R given by

F (u) = TV(u) + λ∥u− g∥γ
p .

Proof. Let u ∈ BV
(
(0, 1)

)
be a minimizer. By Proposition 2.17 u is non-decreasing. Moreover

we have 0 ≤ u ≤ 1 because F (0 ∨ u ∧ 1) ≤ F (u) with strict inequality otherwise.
We claim that u ≡ u(0+) on (0, δ) and u ≡ u(1−) on (1 − δ, 1). In fact if this is not the case

then the function

ũ(x) =


u(0+) x ∈ (0, δ)
u(x) x ∈ (δ, 1 − δ)
u(1−) x ∈ (1 − δ, 1)

has the property TV(ũ) ≤ TV(u) and ∥ũ− g∥p < ∥u− g∥p.
We have the estimates ∥u− g∥∞ ≥ max{u(0+), 1 − u(1−)} and

∥u− g∥p
p ≥

∫
(0,δ)∪(1−δ,1)

|u(x) − g(x)|p dx

=
∫ δ

0
u(0+)p dx+

∫ 1

1−δ

(
1 − u(1−)

)p dx = δ
[
u(0+)p +

(
1 − u(1−)

)p]
.

Letting h = u(0+) and k = 1 − u(1−), these can be summarized as ∥u − g∥p ≥ δ1/pMp(h, k)
where Mp is the p-mean.7 Notice that Mp(h, k) ≤ 1, therefore Mp(h, k)γ ≥ Mp(h, k) ≥ M1(h, k)
for γ ∈ (0, 1]. Using these estimates and F (g) = 1 we can bound from below

F (u) = u(1−) −u(0+) +λ∥u− g∥γ
p ≥ 1 − (h+ k) +λδγ/pMp(h, k)γ ≥ F (g) + (λδγ/p − 2)M1(h, k)

and this inequality is strict unless M1(h, k) = 0, i.e. h = k = 0, that is u(0+) = 0 and u(1−) = 1.
In this case TV(u) = u(1−) − u(0+) = 1, hence F (u) = 1 + λ∥u− g∥γ

p = F (g) + λ∥u− g∥γ
p

and for u to be a minimizer we must have u = g.

The next theorem treats the case of a monotone input. This will be later generalized to
piecewise monotone functions in Theorem 3.10, with the additional difficulty of having to deal
with the jumps between the subintervals of monotonicity.

Theorem 3.8. Let g ∈ BVreg
(
(a, b)

)
be a non-decreasing function with at most α-growth at the

endpoints a and b, i.e. there exist α > 0 and C > 0 such that g(x) − g+(a) ≤ C(x − a)α and
g−(b) − g(x) ≤ C(b− x)α for all x ∈ (a, b). If the conditions

γ ≤
(

1 + 1
pα

)−1
= pα

pα+ 1 and λ > 2
(p−1)α+1

pα+1 K(p, α)−γ/pCγ/(pα)H1−γ
(

1+1/(pα)
)

are satisfied, then g is essentially the unique minimizer of the functional

F : BV
(
(x0, xn)

)
→ [0,∞)

F (u) = TV(u) + λ∥u− g∥γ
p ,

in the sense that any other minimizer coincides with g outside of the jump set of g.

7See Definition 2.20.
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a b

g(a)

g(b)

u(a)

u(b)

g

u

a+ (h/C)1/α b− (h/C)1/α

Figure 2: Visual aid for the proof of Theorem 3.8. The two red arcs are g(a) + C(x− a)α and
g(b) − C(b− x)α, which bound g from above and below respectively. The shaded regions are the
two contributions considered in the estimate of ∥u− g∥p

p.

Proof. Let u be a minimizer and let H = g−(b) − g+(a). From Proposition 2.16 and Propo-
sition 2.17 we know that u is non-decreasing and g+(a) ≤ u(x) ≤ g−(b) for every x ∈ (a, b).
Let u+(a) = g+(a) + h and u+(b) = g+(b) − k with 0 ≤ h, k ≤ H. Our first goal is to prove
that h = k = 0. With regard to the total variation, we have TV(u) = u−(b) − u+(a) =
g−(b) − g+(a) − (h+ k) = TV(g) − (h+ k). With regard to the fidelity term, from Lemma 2.19
we have that the estimate (2.7) holds, that is

∥u− g∥p
p ≥ K(p, α)C−1/α(hp+1/α + kp+1/α).

For convenience, introduce the parameter β = p+ 1/α > 1 appearing as exponent in the previous
estimate. Recalling that h, k ≤ H, if γ ≤ p/β = pα

pα+1 by the inequalities between means we have

h+ k ≤ 21−1/β(hβ + kβ)1/β
,

(
hβ + kβ)γ/p ≥ Hβγ/p−1(hβ + kβ)1/β

.

Combining these estimates leads to

0 ≥ F (u) − F (g) ≥ −(h+ k) + λK(p, α)γ/pC−γ/(pα)(hβ + kβ)γ/p

≥
[
λK(p, α)γ/pC−γ/(pα)Hβγ/p−1 − 21−1/β

] (
hβ + kβ)1/β

.

The assumption on γ implies that the coefficient in the square brackets is positive, therefore we
must have h = k = 0.

Now that we have u+(a) = g+(a) and u−(b) = g−(b), we conclude by noticing that TV(u) =
TV(g), hence F (u) − F (g) = λ∥u− g∥γ ≥ 0, with equality if and only if u = g.

Proposition 3.9. Let x0 < · · · < xn and let g ∈ BV
(
(x0, xn)

)
be a regular function which is

monotone in every interval Ii = (xi−1, xi). If the conditions

p ≥ 1, γ ≤ 1, λ > 2/G(Ii) ∀i ∈ {1, . . . , n},
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are satisfied, where for every J ⊆ I := (x0, xn)

G(J) = γ(
HL 1(I)1/p

)1−γ


L 1(J)1/p p = 1 or g|J constant,

p

(
∥g−infJ g∥Lp−1(J)

∥g−infJ g∥Lp(I)
∧

∥g−supJ g∥Lp−1(J)
∥g−supJ g∥Lp(I)

)p−1
otherwise,

then any minimizer u ∈ BV
(
(x0, xn)

)
of the functional

F : BV
(
(x0, xn)

)
→ [0,∞)

F (u) = TV(u) + λ∥u− g∥γ
p .

satisfies

inf
Ii

g ≤ inf
Ii

u ≤ sup
Ii

u ≤ sup
Ii

g ∀i ∈ {1, . . . , n}.

Proof. Let H = supI g − infI g.
We may assume that u is regular, otherwise regularizing it decreases strictly the total variation

without affecting the fidelity term (see Proposition 2.5(v) and Proposition 2.8(iv)). We may also
assume that infI g ≤ infI u ≤ supI u ≤ supI g, thanks to Remark 2.7.

Exploiting the symmetry, assume by contradiction that the inequality infIi g ≤ infIi u is
violated for some index i ∈ {1, . . . , n} and that g is increasing in Ii. Letting m = infIi g, our
goal is to show that the function ũ such that ũ = u in (x0, xn) \ Ii and ũ = u ∨m in Ii performs
strictly better than u, i.e. F (ũ) < F (u), therefore contradicting the absurd assumption. To this
end we let

δ = inf
Ii

g − sup
Ii

u = m− sup
Ii

u

and we distinguish two cases: either δ > 0, or δ ≤ 0.
Case δ > 0. We start by showing that

TV
(
ũ; (x0, xn)

)
≤ TV

(
u; (x0, xn)

)
+ 2δ (3.3)

We split

TV
(
u; (x0, xn)

)
= TV

(
u; (x0, xi−1]

)
+ TV

(
u; [xi−1, xi]

)
+ TV

(
u; [xi, xn)

)
and similarly for ũ. Since ũ coincides with u in (x0, xi−1] ∪ [xi, xn), we have

TV
(
u; (x0, xi−1]

)
= TV

(
ũ; (x0, xi−1]

)
, TV

(
u; [xi, xn)

)
= TV

(
ũ; [xi, xn)

)
.

Let us focus on the total variations of u and ũ over the interval [xi−1, xi]. Since supIi
u = m− δ,

for every ε > 0 there exists x⋆
ε ∈ Ii such that m − δ − ε ≤ u(x⋆

ε) ≤ m − δ; moreover ũ = m in
(xi−1, xi).

TV
(
u, [xi−1, xi]

)
≥ |u(x⋆

ε) − u(xi−1)| + |u(xi) − u(x⋆
ε)|,

TV
(
ũ, [xi−1, xi]

)
= |m− ũ(xi−1)| + |ũ(xi) −m|.

From these and |u(x⋆
ε) − m| ≤ δ + ε we deduce TV

(
ũ; [xi−1, xi]

)
≤ TV

(
u; [xi−1, xi]

)
+ 2δ + 2ε,

which leads to (3.3) by letting ε → 0+.
Let us now study the fidelity terms associated to u and ũ. In I\Ii the functions u and ũ coincide,

whereas in the interval Ii we have u ≤ m− δ < ũ = m ≤ g, hence |u− g| = g − u ≥ g −m+ δ
and |ũ− g| = g − ũ = g −m. Letting f = |ũ− g| we have

∥u− g∥p − ∥ũ− g∥p ≥ ∥f + δ1Ii∥p − ∥f∥p =: Φ(δ).
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The function Φ : [0,∞) → R is non-negative, increasing, convex, and Φ(0) = 0. If p = 1 then
Φ(δ) = L 1(Ii)δ; for p > 1 instead, if f ≡ 0 then Φ(δ) = L 1(Ii)1/pδ, otherwise

Φ′(δ) = d
dδ

(∫
I
(f + δ1Ii)p

) 1
p

= 1
p

(∫
I
(f + δ1Ii)p

) 1
p

−1 d
dδ

∫
I
(f + δ1Ii)p

=
(∫

I
(f + δ1Ii)p

) 1−p
p

p

∫
Ii

(f + δ)p−1 = p

(
∥f + δ∥Lp−1(Ii)
∥f + δ1Ii∥Lp(I)

)p−1

,

hence

Φ(δ) ≥ Φ′(0)δ = p

(
∥f∥Lp−1(Ii)
∥f∥Lp(I)

)p−1

δ.

In conclusion,
∥u− g∥p − ∥ũ− g∥p ≥ Ciδ

where

Ci =


L 1(Ii)1/p p = 1 ∨ g ≡ m in Ii,

p

(
∥f∥Lp−1(Ii)
∥f∥Lp(I)

)p−1

otherwise.

Since 0 ≤ ∥ũ− g∥p ≤ ∥u− g∥p ≤ HL 1(I)1/p, from the previous inequality and Lagrange’s
Mean Value Theorem we deduce

∥u− g∥γ
p − ∥ũ− g∥γ

p ≥ γCiδ(
HL 1(I)1/p

)1−γ ≥ G(Ii)δ. (3.4)

Combining the estimates (3.3) for the total variation and (3.4) for the fidelity term, we get

0 ≥ F (u) − F (ũ) =
(
TV(u) − TV(ũ)

)
+ λ

(
∥u− g∥γ

Lp(I) − ∥ũ− g∥γ
Lp(I)

)
≥ (λG(Ii) − 2)δ,

which is a contradiction because both factors in the right hand side are strictly positive.
Case δ ≤ 0. We treat the total variation and the fidelity term separately. With regard to the

total variation, our goal is to show that

TV
(
ũ; (x0, xn)

)
≤ TV

(
u; (x0, xn)

)
. (3.5)

By hypothesis supIi
u ≥ infIi g, so for every ε > 0 there is x⋆

ε ∈ Ii such that u(x⋆
ε) > infIi g− ε =:

mε. We split

TV
(
u; (x0, xn)

)
= TV

(
u; (x0, xi−1]

)
+ TV

(
u; [xi−1, x

⋆
ε]
)

+ TV
(
u; [x⋆

ε, xi]
)

+ TV
(
u; [xi, xn)

)
and similarly for ũ. Since ũ coincides with u in (x0, xi−1] ∪ [xi, xn), we have

TV
(
u; (x0, xi−1]

)
= TV

(
ũ; (x0, xi−1]

)
, TV

(
u; [xi, xn)

)
= TV

(
ũ; [xi, xn)

)
.

Let us focus on the total variations of u and ũ over the interval [xi−1, x
⋆
ε], since those over [x⋆

ε, xi]
are treated analogously. In all following cases we will be proving that

TV
(
ũ; [xi−1, x

⋆
ε]
)

≤ TV
(
u; [xi−1, x

⋆
ε]
)

+ ε, (3.6)

so that passing to the limit ε → 0+ we finally get (3.5).

(i) If u(xi−1) ≥ m, then ũ = u∨m on the whole interval [xi−1, x
⋆
ε], hence we have immediately

TV
(
ũ; [xi−1, x

⋆
ε]
)

≤ TV
(
u; [xi−1, x

⋆
ε]
)
.
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(ii) Consider now u(xi−1) < m.

(a) If u+(xi−1) ≥ mε then u+(xi−1) ≤ ũ+(xi−1) ≤ u+(xi−1) + ε, hence (3.6) follows as

TV
(
u; [xi−1, x

⋆
ε]
)

= |u+(xi−1) − u(xi−1)| + TV
(
u; (xi−1, x

⋆
ε]
)

≥ |ũ+(xi−1) − ũ(xi−1)| − ε+ TV
(
ũ; (xi−1, x

⋆
ε]
)

= TV
(
ũ; [xi−1, x

⋆
ε]
)

− ε.

(b) Otherwise, if u+(xi−1) < mε, define

x′
ε = max{x ∈ (xi−1, x

⋆
ε] : u ≤ mε in (xi−1, x)}.

We have that u−(x′
ε) ≤ mε.

i. If x′
ε < x⋆

ε then u+(x′
ε) ≥ mε, so we may assume without loss of generality that

u(x′
ε) = mε; moreover ũ = m in (xi−1, x

′
ε].

TV
(
u; [xi−1, x

⋆
ε]
)

= TV
(
u; [xi−1, x

′
ε]
)

+ TV
(
u; [x′

ε, x
⋆
ε]
)

≥ |u(x′
ε) − u(xi−1)| + TV

(
u; [x′

ε, x
⋆
ε]
)

and

TV
(
ũ; [xi−1, x

⋆
ε]
)

= TV
(
ũ; [xi−1, x

′
ε]
)

+ TV
(
ũ; [x′

ε, x
⋆
ε]
)

= |m− u(xi−1)| + TV
(
ũ; [x′

ε, x
⋆
ε]
)

Observing that |u(x′
ε) −m| = |mε −m| = ε and TV

(
u; [x′

ε, x
⋆
ε]
)

≥ TV
(
ũ; [x′

ε, x
⋆
ε]
)
,

we deduce (3.6).
ii. If instead x′

ε = x⋆
ε, then u ≤ mε and ũ = m in (xi−1, x

⋆
ε), hence

TV
(
u; [xi−1, x

⋆
ε]
)

≥ |u(x⋆
ε) − u(xi−1)|

and, since u(xi−1) < m ≤ ũ(x⋆
ε),

TV
(
ũ; [xi−1, x

⋆
ε]
)

= |m− u(xi−1)| + |ũ(x⋆
ε) −m| = |ũ(x⋆

ε) − u(xi−1)|;

noticing that u(x⋆
ε) ≤ ũ(x⋆

ε) ≤ u(x⋆
ε) + ε we conclude again that (3.6) holds.

This concludes the proof of (3.6), and hence that of (3.5).
On the other hand, since infIi u < infIi g, there is a point x⋆ ∈ Ii such that u(x⋆) < infIi g.

By regularity of u, there is an open interval (one endpoint of which is x⋆) where u < infIi g.
This implies that ∥ũ− g∥p < ∥u− g∥p, which together with (3.5) leads to F (ũ) < F (u), which
contradicts the minimality of u.

Theorem 3.10. Let x0 < · · · < xn and let g ∈ BVreg
(
(x0, xn)

)
be a function which is monotone

in every interval Ii = (xi−1, xi) and with at most α-growth at their extremes, i.e. there exist
α,C > 0 such that

|g(x) − g+(xi−1)| ≤ C(x− xi−1)α |g(x) − g−(xi)| ≤ C(xi − x)α ∀x ∈ (xi−1, xi).

Given some points ξi ∈ Ii, let I−
i = (xi−1, ξi) and I+

i = (ξi, xi). If the conditions of Proposition 3.9
hold for the intervals Ii, I−

i and I+
i , and in addition the inequalities

γ ≤
(

1 + 1
pα

)−1
= pα

pα+ 1 and λ > 22+1/βK(p, α)−γ/pCγ/(pα)n1−γ/pH1−βγ/p
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are satisfied, then g is essentially the unique minimizer of the functional

F : BV
(
(x0, xn)

)
→ [0,∞)

F (u) = TV(u) + λ∥u− g∥γ
p ,

in the sense that any other minimizer coincides with g outside of the jump set of g.

In the course of the proof it would appear natural to rearrange monotonically u|Ii via
Proposition 2.17. Unfortunately, this transformation does not keep track of jumps at the
endpoints of these intervals, which may cause an increase in energy. This obstruction is overcome
by the additional requests on the intervals I±

i and a more involved ad hoc proof strategy.

Proof. Let I = (x0, xn), H = supI g − infI g and Hi = supIi
g − infIi g. By Proposition 3.9, for

every i ∈ {1, . . . , n} we have

inf
Ii

g ≤ inf
Ii

u ≤ sup
Ii

u ≤ sup
Ii

g, inf
I±

i

g ≤ inf
I±

i

u ≤ sup
I±

i

u ≤ sup
I±

i

g.

Fix i ∈ {1, . . . , n}. Assume that g is non-decreasing in Ii. Define

hi = inf
Ii

u− g+(xi−1) = inf
Ii

u− inf
Ii

g ≥ 0, ki = g−(xi) − sup
Ii

u = sup
Ii

g − sup
Ii

u ≥ 0.

Notice that hi + ki ≤ Hi ≤ H. Moreover

inf
I−

i

u ≤ sup
I−

i

g = g−(ξi) ≤ g+(ξi) = inf
I+

i

g ≤ inf
I+

i

u

and
u(ξi) ≥ min{u−(ξi), u+(ξi)} ≥ min

{
inf
I−

i

u, inf
I+

i

u

}
≥ inf

I−
i

u

therefore
inf
I−

i

u = inf
Ii

u and sup
I+

i

u = sup
Ii

u.

Given ε > 0, let x±
i,ε ∈ I±

i such that

u(x−
i,ε) ≤ inf

Ii

u+ ε and u(x+
i,ε) ≥ sup

Ii

u− ε.

For every i ∈ {1, . . . , n} there exits xi−1 < x′
i,ε < x′′

i,ε < xi such that

|u(x′
i,ε) − g+(xi−1)| ≤ hi + ε, |u(x′′

i,ε) − g−(xi)| ≤ ki + ε. (3.7)

By the monotonicity of g|Ii we have

TV(g; [x0, xn]) =
n∑

i=1
TV(g; (xi−1, xi)) +

n−1∑
i=1

|[g](xi)|

=
n∑

i=1
|g−(xi) − g+(xi−1)| +

n−1∑
i=1

|g+(xi) − x−(xi)|.
(3.8)

On the other hand TV(u; [x0, xn]) can be estimated from below along the sorted list of points

x′
1,ε < x′′

1,ε < · · · < x′
i,ε < x′′

i,ε < · · · < x′
n,ε < x′′

n,ε
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and using (3.7) and (3.8), obtaining

TV(u; [x0, xn])

≥
n∑

i=1
|u(x′′

i,ε) − u(x′
i,ε)| +

n−1∑
i=1

|u(x′
i+1,ε) − u(x′′

i,ε)|

(3.7)
≥

n∑
i=1

(
|g−(xi) − g+(xi−1)| − hi − ki − 2ε

)
+

n−1∑
i=1

(
|g+(xi) − x−(xi)| − hi+1 − ki − 2ε

)
(3.8)
≥ TV(g; [x0, xn]) − 2

n∑
i=1

(hi + ki) − (4n− 2)ε.

Letting ε → 0 we deduce TV(u; [x0, xn]) ≥ TV(g; [x0, xn]) − 2∑n
i=1(hi + ki).

Applying Lemma 2.19 to every interval Ii and summing from 1 to n we get

∥u− g∥p
Lp(I) ≥

n∑
i=1

∥u− g∥p
Lp(Ii) ≥ K(p, α)C−1/α

n∑
i=1

(hp+1/α
i + k

p+1/α
i ).

Let us call β = p + 1/α > 1 the exponent appearing in the fidelity term estimate. Using for
convenience the shorter notation Mq(h; k) = Mq(h1, k1, . . . , hn, kn) to denote the q-mean of
the 2n parameters (see Definition 2.20), we have that M1(h; k) ≤ Mβ(h; k). Since t 7→ tβ is
super-additive, we have also hβ

i + kβ
i ≤ (hi + ki)β ≤ Hβ

i ≤ Hβ, hence

Mβ(h; k) =
(

1
2n

n∑
i=1

(hβ
i + kβ

i )
)1/β

≤
(

1
2n

n∑
i=1

Hβ
i

)1/β

≤
( 1

2nnH
β
)1/β

= 2−1/βH.

The assumption γ ≤ p/β ensures that βγ/p ≤ 1, therefore(
Mβ(h; k)
2−1/βH

)βγ/p

≥ Mβ(h; k)
2−1/βH

.

This implies

∥u− g∥γ
Lp(I) ≥ K(p, α)γ/pC−γ/(pα)

(
n∑

i=1
(hp+1/α

i + k
p+1/α
i )

)γ/p

= K(p, α)γ/pC−γ/(pα)
(
2nMβ(h; k)β

)γ/p

= K(p, α)γ/pC−γ/(pα)(2n)γ/pMβ(h; k)βγ/p

≥ K(p, α)γ/pC−γ/(pα)(2n)γ/p2−γ/p+1/βHβγ/p−1Mβ(h; k)
= 2−1/βK(p, α)γ/pC−γ/(pα)nγ/pHβγ/p−1Mβ(h; k).

Combining the resulting lower bounds for the total variation and the fidelity terms leads to

0 ≥ F (u) − F (g) = TV(u; [x0, xn]) − TV(g; [x0, xn]) + λ∥u− g∥γ
Lp([x0,xn])

≥ −4nM1(h; k) + λ2−1/βK(p, α)γ/pC−γ/(pα)nγ/pHβγ/p−1Mβ(h; k)
≥
[
λ2−1/βK(p, α)γ/pC−γ/(pα)nγ/pHβγ/p−1 − 4n

]
Mβ(h; k).

If λ is sufficiently large (precisely as stated in the assumptions of the theorem), the square bracket
is positive, hence we must have

h1 = k1 = · · · = hn = kn = 0.

27



This implies that TV(u; [x0, xn]) ≥ TV(g; [x0, xn]), therefore F (u) ≥ F (g) and g is a mini-
mizer.

Let us show that u = g on I \Jg. If it is not the case, there is x ∈ I \Jg such that u(x) ̸= g(x).
Since u is regular, we have either u−(x) ̸= g(x) or u+(x) ̸= g(x). Moreover, x is a continuity
point for g, hence there is a small interval of the form (x− ε, x) or (x, x+ ε) where u and g differ,
leading to ∥u− g∥Lp(I) > 0 and contradicting the optimality of u.

Remark 3.11. Notice that the assumption on γ in Theorem 3.48 is complementary to that in
Theorem 3.8 and Theorem 3.10, demonstrating the sharpness of our result.

4 Nonlinear TVφ,θ
In this section, we tackle the problem with the nonlinear total variation TVφ,θ. As we will see in
the ensuing sections, this case is remarkably more difficult than the linear case. In particular, the
functional does not behave well with respect to local truncations. To overcome this difficulty, we
study a suitable boundary value problem in Subsection 4.1, characterize its minimizers, and use
them to construct competitors for the problem with the nonlinear total variation. Subsection 4.2
is the nonlinear counterpart to Subsection 3.1, whereas the results in Subsection 3.2 cannot be
reproduced in this setting: in Subsection 4.3 we prove Proposition 4.10 where we show that
different behaviors of φ at infinity can disprove both Theorem 3.8 and Theorem 3.10. As a
consequence, we propose to study the penalized functional in (4.7), for which numerical results
illustrate the behavior of minimizers.

4.1 Boundary value problem

We want to minimize the nonlinear total variation on an interval of a function with prescribed
limits at the endpoints, which can be formulated as the optimization problem

E(L,H) = inf
{

TVφ,θ

(
u; (0, L)

)
: u ∈ BV

(
(0, L)

)
, u+(0) = 0, u−(L) = H

}
, (4.1)

where L > 0 and H ≥ 0 are two prescribed constants.

Theorem 4.1. The problem (4.1) admits at least a minimizer u ∈ BVreg
(
(0, L)

)
of the form9

u(x) = ax+ bΘ(x− x̄),

for some a, b ≥ 0 and x̄ ∈ (0, L), hence

E(L,H) = min{Lφ(a) + θ(b) : a, b ≥ 0, La+ b = H}
= min{Lφ(a) + θ(H − La) : 0 ≤ a ≤ H/L}
= min

{
Lφ
(
(H − b)/L

)
+ θ(b) : 0 ≤ b ≤ H

}
= min

{
φL(Hα) + θ

(
H(1 − α)

)
: 0 ≤ α ≤ 1

}
.

(4.2)

In particular, there is at least one minimizer which has no Cantor part. If φ is strictly convex
and θ is strictly concave then any minimizer is of this form.

Proof. Let I = (0, L), let u be a minimizer, let Du = u′L 1+Dcu+[u]H 0|Ju be the decomposition
of its derivative, and let

A = |Dau|(I), C = |Dcu|(I), J = |Dju|(I).
8As a particular case, Theorem 3.1 falls in this setting too, with α = log 2/ log 3.
9Θ( · ) is the Heaviside step function.
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Observe that H = Du(I) = Dau(I) + Dcu(I) + Dju(I) ≤ A + C + J , with equality if and
only if all three measures are non-negative, i.e. u is non-decreasing.

• Monotonicity. The function ũ such that Dũ = H
A+C+J

(
|Dau| + |Dcu| + |Dju|

)
is non-

decreasing and satisfies

TVφ,θ(ũ) =
∫ L

0
φ

(
H

A+ C + J
|u′(x)|

)
dx+ H

A+ C + J
C +

∑
x∈Ju

θ

(
H

A+ C + J
|[u](x)|

)

≤
∫ L

0
φ
(
|u′(x)|

)
dx+ C +

∑
x∈Ju

θ
(
|[u](x)|

)
= TVφ,θ(u)

because H
A+C+J ≤ 1 and φ and θ are non-decreasing. This implies that there is always a

non-decreasing minimizer.
Let us investigate the equality conditions. If C > 0 we must have H = A + C + J ,
i.e. u non-decreasing. If A > 0 we must have φ

(
H

A+C+J |u′(x)|
)

= φ(|u′|), which implies
H = A+ C + J , i.e. u non-decreasing, if φ is strictly increasing.10 If J > 0 we must have
θ
(

H
A+C+J |[u](x)|

)
= θ(|[u](x)|), which implies H = A+C + J , i.e. u non-decreasing, if θ is

strictly increasing.11

This means that a minimizer must be non-decreasing if φ and θ are strictly increasing.

• Transfer Cantor part to absolutely continuous part. Assume that u is non-decreasing.
Observe that φ(β) − φ(α) ≤ β − α for every 0 ≤ α < β; moreover, if φ is strictly convex,
then this inequality is strict for every α < β.

– Assume A > 0. Then the function ũ such that Dũ =
(
1 + C

A

)
Dau+ Dju satisfies

TVφ,θ(ũ) =
∫ L

0
φ
(
ũ′(x)

)
dx+

∑
x∈Ju

θ
(
|[ũ](x)|

)
=
∫ L

0
φ

((
1 + C

A

)
u′(x)

)
dx+

∑
x∈Ju

θ
(
|[u](x)|

)
≤
∫ L

0
φ
(
u′(x)

)
dx+

∫ L

0

C

A
u′(x) dx+

∑
x∈Ju

θ
(
|[u](x)|

)
=
∫ L

0
φ
(
u′(x)

)
dx+ C +

∑
x∈Ju

θ
(
|[u](x)|

)
= TVφ,θ(u).

In this case, if φ is strictly convex, equality holds if and only if C
Au

′(x) = 0 for almost
every x, hence C = 0.

– If A = 0, then the function ũ such that Dũ = C
L + Dju satisfies

TVφ,θ(ũ) =
∫ L

0
φ

(
C

L

)
dx+

∑
x∈Ju

θ
(
|[ũ](x)|

)
≤
∫ L

0

C

L
dx+

∑
x∈Ju

θ
(
|[u](x)|

)
= C +

∑
x∈Ju

θ
(
|[u](x)|

)
= TVφ,θ(u).

10Notice that φ strictly convex implies φ strictly increasing.
11Notice that θ strictly concave implies θ strictly increasing.
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If φ ̸= Id, then φ(t) < t for every t > 0, therefore equality holds if and only if C/L = 0,
hence C = 0.

• Transfer Cantor part to jump part. Assume that u is non-decreasing. Observe that the
function θ is subadditive, i.e. θ(α+ β) ≤ θ(α) + θ(β) for every α, β ≥ 0; moreover, if θ is
strictly concave, then this inequality is strict for every α, β > 0.

– Assume J > 0. Then the function ũ such that Dũ = Dau+
(
1 + C

J

)
Dju satisfies

TVφ,θ(ũ) =
∫ L

0
φ
(
|u′(x)|

)
dx+

∑
x∈Ju

θ

((
1 + C

J

)
|[u](x)|

)

≤
∫ L

0
φ
(
|u′(x)|

)
dx+

∑
x∈Ju

θ
(
|[u](x)|

)
+
∑

x∈Ju

θ

(
C

J
|[u](x)|

)

≤
∫ L

0
φ
(
|u′(x)|

)
dx+

∑
x∈Ju

θ
(
|[u](x)|

)
+
∑

x∈Ju

C

J
|[u](x)|

=
∫ L

0
φ
(
|u′(x)|

)
dx+

∑
x∈Ju

θ
(
|[u](x)|

)
+ C = TVφ,θ(u).

If θ(t) < t for every t > 0, then equality holds if and only if C
J |[u](x)| = 0 for every

x ∈ Ju, hence C = 0.
– If J = 0, then the function ũ such that Dũ = Dau+ Cδx̄, with x̄ ∈ I, satisfies

TVφ,θ(ũ) =
∫ L

0
φ
(
|u′(x)|

)
dx+ θ(C) ≤

∫ L

0
φ
(
|u′(x)|

)
dx+ C = TVφ,θ(u).

If θ(t) < t for every t > 0, then equality holds if and only if C = 0.

• Transfer Cantor part to jump part, additively (optional). This step is presented as an
alternative way to transfer the Cantor part to the jump part. Let ũ be a function such that
Dũ = Dau+ Dju+ ρ+ σ where ρ, σ are atomic measures satisfying ρ(I) + σ(I) = Dcu(I),
|ρ|(I) + |σ|(I) = |Dcu|(I), supp(ρ) ⊆ Ju, σ ⊥ Dju, S = supp(σ). Then

TVφ,θ(ũ) =
∫ L

0
φ(|u′(x)|) dx+

∑
x∈Ju

θ
(
|[u](x) + ρ(x)|

)
+
∑
x∈S

θ
(
|σ(x)|

)
≤
∫ L

0
φ(|u′(x)|) dx+

∑
x∈Ju

θ
(
|[u](x)|

)
+
∑

x∈Ju

θ
(
|ρ(x)|

)
+
∑
x∈S

θ
(
|σ(x)|

)
≤
∫ L

0
φ(|u′(x)|) dx+

∑
x∈Ju

θ
(
|[u](x)|

)
+
∑

x∈Ju

|ρ(x)| +
∑
x∈S

|σ(x)|

≤
∫ L

0
φ(|u′(x)|) dx+

∑
x∈Ju

θ
(
|[u](x)|

)
+ |Dcu|(I) ≤ TVφ,θ(u).

This works in particular by taking either ρ or σ to be Dcu(I)δx̄ and the other equal to zero.
Since this step is optional, we do not discuss here the equality conditions.

• Averaging the absolutely continuous part. By Jensen inequality we have

φ

(∣∣∣∣Dau(I)
L

∣∣∣∣) = φ

(∣∣∣∣∣−
∫ L

0
u′(x) dx

∣∣∣∣∣
)

≤ −
∫ L

0
φ
(
|u′(x)|

)
dx = 1

L

∫ L

0
φ
(
|u′(x)|

)
dx;
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moreover, if φ is strictly convex, then equality holds if and only if u′ is constantly equal to
Dau(I)/L.12

As a consequence, the function ũ such that Dũ = Dau(I)
L L 1 + Dcu+ Dju satisfies

TVφ,θ(ũ) =
∫ L

0
φ

(∣∣∣∣Dau(I)
L

∣∣∣∣) dx+ C +
∑

x∈Ju

θ
(
|[u](x)|

)
≤
∫ L

0
φ
(
|u′(x)|

)
dx+ C +

∑
x∈Ju

θ
(
|[u](x)|

)
= TVφ,θ(u),

with equality if and only if u′ is constantly equal to Dau(I)/L, under the strict convexity
assumption of φ.

• Coalescing jumps into a single one. The function ũ such that Dũ = Dau+ Dcu+ Dju(I)δx̄

for some x̄ ∈ I satisfies

TVφ,θ(ũ) =
∫ L

0
φ
(
|u′(x)|

)
dx+ |Dcu|(I) + θ

(
|Dju(I)|

)
=
∫ L

0
φ
(
|u′(x)|

)
dx+ |Dcu|(I) + θ

∣∣∣∣∣∣
∑

x∈Ju

[u](x)

∣∣∣∣∣∣


≤
∫ L

0
φ
(
|u′(x)|

)
dx+ |Dcu|(I) + θ

∑
x∈Ju

|[u](x)|


≤
∫ L

0
φ
(
|u′(x)|

)
dx+ |Dcu|(I) +

∑
x∈Ju

θ
(
|[u](x)|

)
= TVφ,θ(u).

Let us investigate the equality conditions. In the first inequality, equality holds if and only
if |Dju(I)| = |Dju|(I) if θ is strictly increasing; in the second inequality, equality holds if
and only if u has at most one jump if θ is strictly concave.

If φ is strictly convex and θ is strictly concave, then a minimizer u must necessarily be
non-decreasing, without any Cantor part (Dcu = 0), with u′ constant and at most one jump. Such
functions can be written as u(x) = ax+ bΘ(x− x̄), where Θ is the Heaviside step function, with
x̄ ∈ (0, L) and a, b ∈ [0,∞), in which case the functional to minimize is TVφ,θ(u) = Lφ(a) + θ(b).

The admissibility condition for the boundary value problem is aL+ b = H, so we need to
find a ∈ [0, H/L] that minimizes Lφ(a) + θ(H − La), or equivalently b ∈ [0, H] that minimizes
Lφ
(
(H − b)/L

)
+ θ(b). The last formula in (4.2) follows letting α = L

H a: then a ∈ [0, H/L] if
and only if α ∈ [0, 1] and we have

Lφ(a) + θ(H − La) = Lφ

(
H

L
α

)
+ θ

(
H(1 − α)

)
= φL(Hα) + θ

(
H(1 − α)

)
.

Remark 4.2. If φ and θ are differentiable, then a pair (a, b) optimal for (4.2) and such that a, b > 0
must necessarily satisfy φ′(a) = θ′(b). Notice that in general there can be a finite, countable or
uncountable number of minimizers of (4.2) and pairs satisfying the previous condition on the
derivative.

12Notice that the function φ ◦ | · | : R → R is strictly convex if and only if φ is strictly convex.
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Remark 4.3. If we extend φ, θ to φ̄, θ̄ : R → [0,∞] by setting φ̄(t) = θ̄(t) = +∞ for t < 0,13 then
(4.2) can be rewritten as

E(L,H) = min
0≤b≤H

(
Lφ

(
H − b

L

)
+ θ(b)

)
= min

b≥0

(
Lφ̄

(
H − b

L

)
+ θ(b)

)
= min

b∈R

(
Lφ̄

(
H − b

L

)
+ θ̄(b)

)
= min

b∈R

(
φ̄L(H − b) + θ̄(b)

)
= (φ̄L□θ̄)(H),

where φ̄L(t) = Lφ̄(t/L) is the perspective of φ̄ and □ denotes the inf-convolution.
In the following propositions we study several properties of E(L,H): monotonicity and

subadditivity (Proposition 4.4), upper bounds (Proposition 4.5), lower bounds (Proposition 4.6),
and continuous extension (Proposition 4.8).

Proposition 4.4. The following properties are true.

(i) E(L,H) is non-increasing in L and non-decreasing in H.

(ii) E is jointly subadditive: E(L1 + L2, H1 +H2) ≤ E(L1, H1) + E(L2, H2).

Proof. We prove the two properties separately.

(i) In the last representation formula in (4.2), observe that for every α ∈ [0, 1] the function
φL(Hα) + θ

(
H(1 −α)

)
to be minimized enjoys the claimed monotonicity (the monotonicity

in L follows from the monotonicity of the perspective φL mentioned in Subsection 2.3).
In Subsection A.1 we provide two alternative proofs of this property.

(ii) Let u1 ∈ BV((0, L1)) and u2 ∈ BV((0, L2)) be optimal for E(L1, H1) and E(L2, H2)
respectively. Define u ∈ BV

(
(0, L1 + L2)

)
by

u(x) =


u1(x) x ∈ (0, L1),
H1 x = L1,

H1 + u2(x− L1) x ∈ (L1, L1 + L2).

Observe that u is continuous in L1 and has the correct limits at 0 and L1 + L2 to be
admissible for E(L1 + L2, H1 +H2), therefore

E(L1 + L2, H1 +H2) ≤ TVφ,θ

(
u, (0, L1 + L2)

)
= TVφ,θ

(
u, (0, L1)

)
+ TVφ,θ

(
u, (L1, L1 + L2)

)
= TVφ,θ

(
u1, (0, L1)

)
+ TVφ,θ

(
u2, (0, L2)

)
= E(L1, H1) + E(L2, H2).

Proposition 4.5. We have the upper bounds

E(L,H) ≤ φL(H) = Lφ(H/L), E(L,H) ≤ θ(H). (4.3)

Proof. These upper bounds follow directly from (4.2), taking a = H/L, b = 0 for the former and
a = 0, b = H for the latter.

13Notice that φ̄ is still convex, whereas θ̄ is neither convex nor concave globally.
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Proposition 4.6. We have the lower bounds

E(L,H) ≥ φL(H) + θ(H) −H, (4.4)

and

E(L,H) ≥ φL(H) −
(
φ′−

L (H)H − θ(H)
)

+

=
{
φL(H) φ′−

L (H) ≤ θ(H)/H,
φL(H) − φ′−

L (H)H + θ(H) φ′−
L (H) ≥ θ(H)/H,

(4.5)

where φ′−
L (H) = min ∂φL(H) is the smallest element of the subdifferential.14

Proof. Let us prove the first lower bound. Define the complementary functions ψ, ρ : [0,∞) →
[0,∞) by ψ(t) = t − φ(t) and ρ(t) = t − θ(t). Observe that ψ(0) = ρ(0) = 0, ψ is concave,
increasing and sublinear at +∞,15 whereas ρ is convex and ρ′(0) = 0, hence increasing too. If we
define also ψL(t) = Lψ(t/L), then we have ψL(t) = t−φL(t). Exploiting the monotonicity of ψL

and ρ, for every α ∈ [0, 1] we have

φL(Hα) + θ
(
H(1 − α)

)
= Hα− ψL(Hα) +H(1 − α) − ρ

(
H(1 − α)

)
= H − ψL(Hα) − ρ

(
H(1 − α)

)
≥ H − ψL(H) − ρ(H) = φL(H) + θ(H) −H.

Let us now prove the second lower bound. Since φL is convex and θ is concave, for every
t ∈ [0, H] we have φL(t) ≥ φL(H) + φ′−

L (H)(t−H) and θ(t) ≥ θ(H)/Ht, therefore

φL(Hα) + θ
(
H(1 − α)

)
≥ φL(H) + φ′−

L (H)(Hα−H) + θ(H)(1 − α)
≥ φL(H) −

(
φ′−

L (H)H − θ(H)
)
(1 − α).

If φ′−
L (H)H ≤ θ(H), the minimum is achieved for 1 − α = 0 and the lower bound is just φL(H);

otherwise it is achieved for 1−α = 1, and the lower bound is φL(H)−φ′−
L (H)H+θ(H)(1−α).

Remark 4.7. If φ′(0) = 1, then necessarily φ(t) = t for every t ∈ [0,∞). In (4.5) we always have
θ(H)/H ≤ 1 = φ′

L(H), therefore E(L,H) ≥ θ(H). Combined with (4.3) we get E(L,H) = θ(H).
If on the other hand φ′(0) < 1, since limH→0+ θ(H)/H = 1 we have that for H sufficiently

small θ(H)/H ≥ φ′−
L (H), hence from (4.5) we get E(L,H) ≥ φL(H). Combined with (4.3) we

get E(L,H) = φL(H) for H sufficiently small.
More in general, one can rewrite the right hand side of the lower bound (4.4) as φL(H)−ρ(H) =

θ(H) − ψL(H). Combined with the upper bounds (4.3), this leads to

φL(H) − ρ(H) ≤ E(L,H) ≤ φL(H), θ(H) − ψL(H) ≤ E(L,H) ≤ θ(H).

Since ρ(H) = o(H) for H → 0, the former estimate is more useful for H small, whereas the latter
is more useful for large values of H, especially when θ is sublinear.

Proposition 4.8. E(L,H) is continuous in (0,∞)× [0,∞) and it admits a continuous extension
to [0,∞) × [0,∞), with E(0, H) = θ(H).

14The estimate is available for every element of the subdifferential, but taking the smallest leads to the best one.
15In the sense that limt→∞ ψ(t)/t = 0.
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Proof. Thanks to Proposition 2.22, the function

g(L,H, α) = φL(Hα) + θ
(
H(1 − α)

)
= φ(Hα,L) + θ

(
H(1 − α)

)
is continuous in [0,∞) × [0,∞) × [0, 1], hence it is uniformly continuous in [0, L̄] × [0, H̄] × [0, 1]
for every L̄, H̄ > 0. From this we deduce that in (0, L̄) × [0, H̄) the function

E(L,H) = min
α∈[0,1]

g(L,H, α)

is continuous. Recalling that φ′(∞) = 1 and therefore φ(H, 0) = H, the continuous extension to
L = 0 is provided by the minimization problem in the right hand side, i.e.

min
α∈[0,1]

g(0, H, α) = min
α∈[0,1]

[
φ(Hα, 0) + θ

(
H(1 − α)

)]
= min

α∈[0,1]

[
Hα+ θ

(
H(1 − α)

)]
= min

α∈[0,1]

[
H − ρ

(
H(1 − α)

)]
= H − ρ(H) = θ(H).

4.2 The input is not a minimizer

Recall from Remark 3.2 that the Cantor function provides a simple example where the input is
not a minimizer even in the nonlinear setting. This is generalized in the following theorem to
an input datum g with at least α-growth at one endpoint, providing the nonlinear analogue of
Theorem 3.4.

Theorem 4.9. Let g ∈ BVreg
(
(a, b)

)
be a function with the property that there exist α, c > 0 and

0 < δ < b− a such that g(x) − g+(a) ≥ c(x− a)α for all x ∈ (a, a+ δ]. Assume that there exist
C, η > 0 such that E(δ,H) ≥ CHη for every H ∈ [0, H̄], where H̄ = ess sup(a,a+δ] g − g+(a). If

γ > η

(
1 + 1

pα

)−1
= pαη

pα+ 1
then g is not a minimizer of the functional

F (u) = TVφ,θ(u) + λ∥u− g∥γ
p

for any p ∈ [1,∞] and λ > 0.

Proof. Define the non-decreasing function ω : (a, a+ δ] → R

ω(x) = ess sup
(a,x]

g

and observe that we have ω(x) ≥ g+(a) + c(x − a)α and ω+(a) = g+(a). Given y ∈ (a, a + δ],
introduce the auxiliary parameter h = h(y) = ω(y) − g+(a) ≥ c(y − a)α > 0.

For every ε > 0, the set {x ∈ (a, y] : g(x) ≥ ω(y) − ε} has positive L 1-measure, and
L 1-a.e. x ∈ (a, y] is a continuity point of g, therefore there exists xy,ε ∈ (a, y] such that
g(xy,ε) ≥ ω(y) − ε and g is continuous in xy,ε. From this continuity, we deduce g(xy,ε) ≤ ω(y),
hence |ω(y) − g(xy,ε)| ≤ ε. Define the truncated function uy,ε ∈ BV

(
(a, b)

)
uy,ε(x) =

{
ω(y) x ∈ (a, xy,ε),
g(x) x ∈ [xy,ε, b).

We have
TVφ,θ

(
uy,ε; (a, b)

)
= TVφ,θ

(
uy,ε; (a, xy,ε)

)
+ θ(|u−

y,ε(xy,ε) − u+
y,ε(xy,ε)|) + TVφ,θ

(
uy,ε; (xy,ε, b)

)
= θ

(
|ω(y) − g(xy,ε)|

)
+ TVφ,θ

(
g; (xy,ε, b)

)
≤ θ(ε) + TVφ,θ

(
g; (xy,ε, b)

)
.
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On the other hand, recalling the continuity of g in xy,ε, xy,ε − a ≤ y − a ≤ δ, the monotonicity
stated in Proposition 4.4, and the lower bound for E(δ, · ), we have

TVφ,θ

(
g; (a, b)

)
= TVφ,θ

(
g; (a, xy,ε)

)
+ TVφ,θ

(
g; (xy,ε, b)

)
≥ E

(
xy,ε − a, |g(xy,ε) − g+(a)|

)
+ TVφ,θ

(
g; (xy,ε, b)

)
≥ E

(
δ, |ω(y) − g+(a)| − ε

)
+ TVφ,θ

(
g; (xy,ε, b)

)
= E

(
δ, h− ε

)
+ TVφ,θ

(
g; (xy,ε, b)

)
≥ C(h− ε)η + TVφ,θ

(
g; (xy,ε, b)

)
.

From these two total variation estimates we get

TVφ,θ

(
g; (a, b)

)
≥ TVφ,θ

(
uy,ε; (a, b)

)
+ C(h− ε)η − θ(ε).

Since for L 1-a.e. x ∈ (a, a + δ] we have uy,ε(x) ≥ g(x), with a similar computation as in
Theorem 3.4, we have

∥uy,ε − g∥p
Lp((a,b)) ≤ K(p, α)C−1/αhp+1/α.

Combining the estimates for the total variation and the fidelity term we arrive at

F (uy,ε) − F (g) ≤ θ(ε) − C(h− ε)η + λK(p, α)γ/pc−γ/(pα)hγ
(

1+ 1
pα

)
,

which can be made strictly negative under the assumption on the exponent γ sending ε → 0 and
y → 0, which implies h(y) → 0.

Observe that Proposition 4.6 provides a convenient way to verify the assumption on E(δ, · ).
For instance, if φ(t) = ctη + o(tη) for t → 0 with η > 1, then by Remark 4.7 we have E(L,H) =
φL(H) = cL1−ηHη + o(Hη) for H → 0, hence the assumption is satisfied.

4.3 Is the input a minimizer?

The intent of this section is to try and replicate the results contained in Subsection 3.2. Un-
fortunately, as it turns out, the expected statements are not true. Indeed, the culprit lies in
the failure of the nonlinear analogue of Proposition 3.9: more specifically, while it would be
possible to replicate the majority of its proof, the sub-case (ii)(b) proves to be an insurmountable
obstruction, due to the fact that not all monotone functions are minimizers of the boundary value
problem for TVφ,θ, a simple fact that was exploited in (ii)(b) to perform the local truncation
without degrading the linear total variation.

Case (i) of Proposition 4.10 demonstrates a simple situation where the nonlinear analogues of
Proposition 3.9 and Theorem 3.10 both fail, exploiting the behavior at infinity of the nonlinearity
φ, see (4.6a). The sharpness of the assumption is highlighted by the opposite behavior under
the complementary conditions in case (ii) of the same proposition. In the particular case p = γ,
conditions (4.6) amount to the existence or non-existence of an oblique asymptote for φ; in the
case γ > p, they are related to a sufficiently fast convergence rate to the oblique asymptote.

A more detailed analysis of (ii)(b) leads us to consider the penalized problem in Proposi-
tion 4.11, which reveals the underlying reason for the failure of the desired nonlinear statements:
constant functions are not optimal profiles for transitioning between two levels, not even in the
presence of a fidelity term with respect to a constant datum.

Proposition 4.10. Let L,H > 0. Let g ∈ BV
(
(0, L)

)
given by

g(x) = HΘ(x− x0) =
{

0 x < x0,

H x > x0,
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with x0 ∈ (0, L). For α ≥ α∗ := H
2 min{x0,L−x0} , define the competitor uα ∈ BV

(
(0, L)

)
as

uα(x) =
(
H

2 + α(x− x0)
)

∨ 0 ∧H =


0 x < x0 − H

2α ,
H
2 + α(x− x0) x0 − H

2α < x < x0 + H
2α ,

H x < x0 − H
2α .

(i) If θ(H) = H and

inf
α≥α∗

φ(α) − α

α1−γ/p
= −∞, (4.6a)

then for every λ ≥ 0 there exists α ≥ α∗ such that F (uα) < F (g); hence the input g is not
optimal.

(ii) If instead either θ(H) < H, or θ(H) = H and

inf
α≥α∗

φ(α) − α

α1−γ/p
> −∞, (4.6b)

then for every λ ≥ 0 sufficiently large we have F (uα) ≥ F (g) for all α ≥ α∗; hence the
input g performs better than these particular competitors.

Proof. We have F (g) = θ(H) and

F (uα) = H
φ(α)
α

+ λHγ(1+1/p)

2γ(p+ 1)γ/pαγ/p
.

Assume θ(H) < H. The difference in energy can be written as

F (uα) − F (g) = α−γ/p

[
αγ/p

(
H
φ(α)
α

− θ(H)
)

+ λHγ(1+1/p)

2γ(p+ 1)γ/p

]
.

Since H φ(α)
α − θ(H) is a bounded function of α and γ/p > 0, we have

lim
α→0+

[
αγ/p

(
H
φ(α)
α

− θ(H)
)]

= 0.

On the other hand, limα→∞
(
H φ(α)

α − θ(H)
)

= H − θ(H) > 0, therefore

lim
α→∞

[
αγ/p

(
H
φ(α)
α

− θ(H)
)]

= ∞.

By continuity in α, it follows that

m := inf
α≥α∗

[
αγ/p

(
H
φ(α)
α

− θ(H)
)]

≥ inf
α>0

[
αγ/p

(
H
φ(α)
α

− θ(H)
)]

> −∞.

This implies that for every λ sufficiently large, namely λ > −2γ(p+1)γ/p

Hγ(1+1/p) m, we have F (uα)−F (g) >
0 for every α.

Assume θ(H) = H. In this case the difference in energy can be written as

F (uα) − F (g) = α−γ/p

[
H
φ(α) − α

α1−γ/p
+ λHγ(1+1/p)

2γ(p+ 1)γ/p

]
.
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In case (i) we have that for every λ ≥ 0 the infimum of the square bracket is −∞, therefore there
exists α ≥ α∗ for which it is negative, hence F (uα) − F (g) < 0. In case (ii) we have that for λ
sufficiently large, namely

λ ≥ −2γ(p+ 1)γ/pH1−γ(1+1/p) inf
α≥α∗

φ(α) − α

α1−γ/p
,

the infimum of the square bracket is non-negative, hence F (uα) − F (g) ≥ 0 for all α ≥ α∗.

To replicate the truncation argument used in (ii)(b), we would need the zero function to be a
global minimizer of the functional

F (u) = TVφ,θ

(
u; (0, L)

)
+ θ

(
|H − u−(L)|

)
+ λ∥u∥γ

p (4.7)

among all functions u ∈ BV
(
(0, L)

)
with u+(0) = 0. In Proposition 4.11 below we show that

this is not the case.
By a line of reasoning similar to that in the proof of Theorem 4.1, we can show that a

minimizer u must be increasing (see the proof of monotonicity at the beginning of the proof) and
with values in [0, H], its Cantor and jump part can be moved forward to x = L lowering both
the total variation and the fidelity term, hence we may assume u ∈ W 1,1((0, L)

)
, and finally u

must be convex since the increasing rearrangement of u′ does not change the total variation but
lowers the fidelity.

Proposition 4.11. Let L,H > 0, let p, γ ≥ 1, and assume θ′
−(H) > φ′

+(0). Then the function
g = 0 is not a local minimizer in BV

(
(0, L)

)
of the functional

F (u) = TVφ,θ

(
u; (0, L)

)
+ θ

(
|H − u−(L)|

)
+ λ∥u∥γ

p

with boundary condition u+(0) = 0 for any λ > 0.

Proof. Considering non-negative variations v ∈ W 1,1((0, L); [0,∞)
)

with v+(0) = 0, the one-sided
directional derivative of the functional F at u = g is (see Appendix B)

lim
ε→0+

F (g + εv) − F (g)
ε

=
∫ L

0
φ′

+(0)v′(x) dx− θ′
−(H)v−(L) + δγ,1λ∥v∥p

=
(
φ′

+(0) − θ′
−(H)

)
v−(L) + δγ,1λ∥v∥p.

For any λ, this can be made strictly negative by taking v(x) = (x/L)q with q > 0 large enough.
This disproves the local minimality of g ∈ W 1,1((0, L)

)
, hence in BV

(
(0, L)

)
.

4.3.1 Numerical examples

We conclude this section by investigating numerically the nature of the global minimizer in a
simple situation. Let us take p = γ = 1 and φ, θ differentiable. Recall that the minimizer is a
convex function u ∈ W 1,1((0, L); [0, H]

)
with u+(0) = 0. Let x0 = max{x ∈ [0, L] : u|(0,x] = 0}.

From Subsection B.1.1 we know that in the interval (x0, L) the optimal profile u is given by
(B.7):

u(x) =
{

0 x ∈ (0, x0],
1
λφ

∗(φ′(0) + λ(x− x0)
)

x ∈ (x0, L).
In this sub section, we consider two explicit examples:

φ1(t) = t− log(1 + t), φ2(t) =
√

1 + t2 − 1,
θ1(t) = log(1 + t), θ2(t) =

√
1 + 2t− 1.
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For the non-linearity φ1 we have φ′
1(0) = 0 and φ∗

1(τ) = −τ − log(1 − τ), therefore in the interval
(x0, L)

u(x) = −(x− x0) −
log
(
1 − λ(x− x0)

)
λ

.

On the other hand, for φ2 we have φ′
2(0) = 0 and φ∗

2(τ) = 1 −
√

1 − τ2, hence in the interval
(x0, L)

u(x) = 1 −
√

1 − λ2(x− x0)2

λ
.

These two families of profiles are depicted in Figure 3.
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Figure 3: profiles u shifted at x0 = 0 for the non-linearities φ1 (left) and φ2 (right), with the
parameter λ ranging from 1/2 (lowest curves) to 3 (highest curves) in steps of 1/4. Notice that
in both cases the interval of definition of the profiles is [0, 1/λ).

In Figure 4 we illustrate some minimizers u of the functional F (u) for the two sets of non-
linearities and various choices of the parameter λ. These are computed numerically through a
search of local minimizers and it is possible to verify that they follow the shape of the analytical
profiles introduced above.

Figure 4: minimizers of F with non-linearities φ1, θ1 (left) and φ2, θ2 (right), L = H = 1, and
with the parameter λ ranging from 0.4 (highest curves) to 2 (lowest curves) in steps of 0.2.

In Figure 5 we plot the functions u, u′ and φ′(u′), where u is the minimizer of the problem
with non-linearities φ1, θ1 and parameters L = H = 1, λ = 1.1. As predicted by the ODE (B.4),
the function φ′(u′) appears to be affine in the interval where u > 0.
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Figure 5: plot of u, u′ and φ′(u′), where u is the minimizer of the problem with non-linearities
φ1, θ1 and parameters L = H = 1, λ = 1.1; notice that in the interval where u > 0 the function
φ′(u′) is affine, in accordance with (B.4). The value of x0, computed numerically with both Julia
and Mathematica, is approximately x0 ≈ 0.4801305.

Numerical implementation The numerical approximations of the optimal profiles are ob-
tained as follows. Knowing that the minimizer of the functional F should be a non-negative
continuous function16, for a fixed n ∈ N+ we introduce the uniform mesh xi = i∆x, where
∆x = L/n, and approximate the unknown function u with a continuous piecewise affine function

û(x) =
n∑

i=1

(
xi − x

xi − xi−1
ui−1 + x− xi−1

xi − xi−1
ui

)
1(xi−1,xi](x)

parametrized by the vector (u1, . . . , un) ∈ [0,∞)n, with the convention u0 = 0. The values
ui = û(xi) correspond to a sampling of u over the uniform mesh. This leads to introducing the
function Fn : [0,∞)n → [0,∞) given by

Fn(u1, . . . , un) = F (û) =
n∑

i=1
φ

(∣∣∣∣ui − ui−1
∆x

∣∣∣∣)∆x+ θ(|H − un|) + λ

(
n−1∑
i=1

ui∆x+ un

2 ∆x
)

=
(

n∑
i=1

φ

(∣∣∣∣ui − ui−1
∆x

∣∣∣∣)+ λ

(
n−1∑
i=1

ui + un

2

))
∆x+ θ(|H − un|),

which we minimize among the vectors (u1, . . . , un) ∈ [0, H]n. The function Fn amounts to
approximating the L1 norm in the fidelity with the trapezoidal rule, the derivative u′ with finite
differences, and the integral of φ(|u′|) with the rectangle rule.

Alternatively, the problem can be reformulated in terms of the discrete slopes (a1, . . . , an) ∈
Rn, which are related to the values (u1, . . . , un) ∈ Rn by the transformation

ai = ui − ui−1
∆x , ui =

i∑
j=1

ai∆x.

Notice that the mapping Rn → Rn between (ui)n
i=1 and (ai)n

i=1 is a bijection. Recalling the
monotonicity of the optimal profile u, the slopes (ai)n

i=1 can be assumed to be non-negative.
16Additionally, u ∈ W 1,1((0, L); [0, H]

)
non-decreasing and convex.
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The function Gn : [0,∞)n → [0,∞) which corresponds to Fn in this set of coordinates, i.e.
Gn(a1, . . . , an) = Fn(u1, . . . , un), is given by

Gn(a1, . . . , an)

= ∆x

 n∑
i=1

φ(ai) + λ∆x

n−1∑
i=1

i∑
j=1

aj + 1
2

n∑
j=1

aj

+ θ

∣∣∣∣∣∣H − ∆x
n∑

j=1
aj

∣∣∣∣∣∣


= ∆x
(

n∑
i=1

φ(ai) + λ∆x
(

n∑
i=1

ai(n− i+ 1/2)
))

+ θ

∣∣∣∣∣∣H − ∆x
n∑

j=1
aj

∣∣∣∣∣∣
 .

Not only the formulation in terms of the slopes avoids the bad conditioning arising from the
finite difference operator, but it also allows to easily restrict the search to monotone functions
instead of merely non-negative ones. These benefits manifest empirically in a faster convergence
of the optimization algorithm.

The actual numerical minimization has been implemented in the Julia programming lan-
guage [Bez+17] using the box-constrained limited-memory Broyden–Fletcher–Goldfarb–Shanno
(L-BFGS-B) algorithm provided by the package Optim.jl [MR18]. In addition, a multistart
strategy from some hand-picked and some random initial points has been employed in order to
reduce the risk of converging to a local minimum.

The approximate profiles obtained via minimization of Gn have been validated by comparison
with the semi-analytical approach described in Subsection B.1.1, which consists in minimizing
the scalar function defined in (B.9) subjected to the constraint (B.10).

As an example, in Figure 6 we plot the function f defined in (B.9) associated with non-
linearities φ1, θ1 and parameters L = H = 1, λ = 1.1; the minimum is found at x0 ≈ 0.4801305,
as already mentioned in Figure 5. In Figure 7 we illustrate the similar situation for φ2, θ2, L = 1,
H = 0.55 and λ = 1.5.
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Figure 6: plot of the function f defined in (B.9) associated with non-linearities φ1, θ1 and
parameters L = H = 1, λ = 1.1. The same plot is presented at two different vertical zoom
levels. The vertical dashed lines, from left to right, are positioned at L− 1−φ′(0)

λ ≈ 0.0909091
and L − (φ∗)−1(λH)−φ′(0)

λ ≈ 0.21909. The minimum, highlighted with a black dot, is found at
x0 ≈ 0.4801305, as already mentioned in Figure 5.
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Figure 7: plot of the function f defined in (B.9) associated with non-linearities φ2, θ2 and
parameters L = 1, H = 0.55, λ = 1.5. The same plot is presented at two different vertical zoom
levels. The vertical dashed lines, from left to right, are positioned at L − 1−φ′(0)

λ ≈ 0.333333
and L− (φ∗)−1(λH)−φ′(0)

λ ≈ 0.343621. The minimum, highlighted with a black dot, is found at
x0 ≈ 0.467959.

A Miscellanea

A.1 Alternative proofs of Proposition 4.4(i)

Alternative proof of Proposition 4.4(i), from definition (4.1). Monotonicity in L. Let L1 ≤ L2
and u ∈ BV

(
(0, L1)

)
be optimal for E(L1, H) and increasing. Define v ∈ BV

(
(0, L2)

)
by

v(x) = u(L1/L2x). The limits at the endpoints are preserved, so v is admissible for E(L2, H).
Setting T (x) = L2/L1x, we have Dv = T# Du and also Da,c,jv = T# Da,c,ju. Owing to the
bijectivity of T , the contributions of Dc and Dj to the functional TVφ,θ are preserved, because

|Dcv|
(
(0, L2)

)
= |T# Dcu|

(
(0, L2)

)
= T#|Dcu|

(
(0, L2)

)
= |Dcu|

(
T−1((0, L2)

))
= |Dcu|

(
(0, L1))

and |Djv| and |Dju| have the same atom values. On the other hand, since L1/L2 ≤ 1, we have
φ
(
(L1/L2)t

)
≤ (L1/L2)φ(t) for every t ≥ 0, hence∫ L2

0
φ
(
v′(x)

)
dx =

∫ L2

0
φ

(
L1
L2
u′
(
L1
L2
x

))
dx

≤
∫ L2

0

L1
L2
φ

(
u′
(
L1
L2
x

))
dx =

∫ L1

0
φ
(
u′(x)

)
dx

Therefore E(L2, H) ≤ TVφ,θ

(
v; (0, L2)

)
= TVφ,θ

(
u; (0, L1)

)
≤ E(L1, H).

Monotonicity in H. Let H1 ≤ H2 and u ∈ BV
(
(0, L)

)
optimal for E(L,H2). Define

v ∈ BV
(
(0, L)

)
by v(x) = (H1/H2)u(x). We have v+(0) = 0 and v−(L) = H1, so v is

admissible for E(L,H1). Since φ and θ are monotone and |Dv| = (H1/H2)|Du| ≤ |Du|, we get
E(L,H1) ≤ TVφ,θ

(
v; (0, L)

)
≤ TVφ,θ

(
u; (0, L)

)
= E(L,H2).

Alternative proof of Proposition 4.4(i), from (4.2). Monotonicity in L. Recall the formula

E(L,H) = min
{
Lφ

(
H − b

L

)
+ θ(b) : 0 ≤ b ≤ H

}
in (4.2). Observe that for every t ≥ 0 the function L 7→ Lφ(t/L) is decreasing. Indeed, if
L1 ≤ L2, then φ(t/L2) = φ

(
(L1/L2)(t/L1)

)
≤ (L1/L2)φ(t/L1). This means that the objective

function to minimize is decreasing in L, and therefore so is E(L,H).
Monotonicity in H. Let L1 ≤ L2 and a, b ≥ 0 with La + b = H2 be optimal in (4.2) for

E(L,H2). Setting ã = (H1/H2)a ≤ a and b̃ = (H1/H2)b ≤ b, we have Lã+ b̃ = H1. Since φ and
θ are increasing, we deduce E(L,H1) ≤ Lφ(ã) + θ(b̃) ≤ Lφ(a) + θ(b) = E(L,H2).
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B First variation of the functional in Subsection 4.3
Let σ : [0,∞

)
→ R be a function which admits left and right derivatives at every point. We

introduce the following notation for the one-sided directional derivative of the composition σ ◦ | · |:

Dσ(a)[b] := (σ ◦ | · |)′
sign b(a)b = lim

ε→0+

σ(|a+ εb|) − σ(|a|)
ε

=

σ′
+(0)|b| a = 0,
σ′

sign(ab)(|a|) sign(a)b a ̸= 0,

where σ′
−, σ

′
+ denote the left and right derivatives respectively. Notice that, for every fixed a ∈ R,

the function Dσ(a)[b] is positively 1-homogeneous in b. Moreover, if σ is differentiable everywhere,
then Dσ(a)[b] = σ′(|a|) sign(a)b is linear in b for a ̸= 0, and it is linear for a = 0 if and only if
σ′

+(0) = 0.
Let us compute the one-sided Gâteaux derivative of the functional F . Starting with the total

variation, for u, v ∈ W 1,1((0, L)
)

we have

lim
ε→0+

TVφ,θ(u+ εv) − TVφ,θ(u)
ε

=
∫ L

0
lim

ε→0+

φ
(
|u′(x) + εv′(x)|

)
− φ

(
|u′(x)|

)
ε

dx

=
∫ L

0
Dφ
(
u′(x)

)
[v′(x)] dx;

on the other hand, the derivative of the penalization at the right endpoint is

lim
ε→0+

θ
(
|u−(L) + εv−(L) −H|

)
− θ

(
|u−(L) −H|

)
ε

= Dθ

(
u−(L) −H

)
[v−(L)].

Let us now compute the one-sided Gâteaux derivative of ∥u∥γ
p . When u = 0 is the identically

zero function, we have

lim
ε→0+

∥u+ εv∥γ
p − ∥u∥γ

p

ε
= lim

ε→0+

εγ

ε
∥v∥γ

p =


0 γ > 1,
∥v∥p γ = 1,
∞ γ < 1.

Assume now u ̸≡ 0, hence ∥u∥p > 0. For p = 1 we have

lim
ε→0+

∥u+ εv∥p
p − ∥u∥p

p

ε
= lim

ε→0+

∫ L

0

|u(x) + εv(x)| − |u(x)|
ε

dx

=
∫

{u̸=0}
sign u(x)v(x) dx+

∫
{u=0}

|v(x)| dx,

whereas for p > 1 we have

lim
ε→0+

∥u+ εv∥p
p − ∥u∥p

p

ε
= lim

ε→0+

∫ L

0

|u(x) + εv(x)|p − |u(x)|p
ε

dx

=
∫ L

0
p|u(x)|p−1 sign u(x)v(x) dx

=
∫

{u̸=0}
p|u(x)|p−1 sign u(x)v(x) dx.

These last two formulas can be combined succinctly as

lim
ε→0+

∥u+ εv∥p
p − ∥u∥p

p

ε
=
∫

{u̸=0}
|u(x)|p−1 sign u(x)v(x) dx+ δp,1

∫
{u=0}

|v(x)| dx, (B.1)
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valid for all p ≥ 1, where δp,1 denotes the Kronecker delta. Writing ∥u∥γ
p = (∥u∥p

p)γ/p, by the
chain rule we finally get

lim
ε→0+

∥u+ εv∥γ
p − ∥u∥γ

p

ε
= γ

p
∥u∥γ−p

p lim
ε→0+

∥u+ εv∥p
p − ∥u∥p

p

ε
,

where this latter right derivative is given by (B.1).
In conclusion, the first variation of the functional F at the identically zero function u = 0 is

lim
ε→0+

F (0 + εv) − F (0)
ε

=
∫ L

0
φ′

+(0)|v′(x)| dx+ θ′
sign v−(L)(H)v−(L) +


0 γ > 1,
λ∥v∥p γ = 1,
∞ γ < 1;

whereas for u ̸≡ 0 instead we have

lim
ε→0+

F (u+ εv) − F (u)
ε

=
∫ L

0
Dφ
(
u′(x)

)
[v′(x)] dx+ Dθ

(
u−(L) −H

)
[v−(L)]

+ λγ∥u∥γ−p
p

(∫
{u̸=0}

|u(x)|p−1 sign u(x)v(x) dx+ δp,1

∫
{u=0}

|v(x)| dx
)
.

B.1 Differentiable setting

If φ and θ are differentiable everywhere, we can expand out the definition of Dφ,Dθ and obtain
the simplified expression

lim
ε→0+

F (u+ εv) − F (u)
ε

=
∫

{u′ ̸=0}
φ′(u′(x)

)
sign

(
u′(x)

)
v′(x) dx+

∫
{u′=0}

φ′(0)|v′(x)| dx

+
{

|v−(L)| u−(L) = H

θ′(|u−(L) −H|
)

sign(u−(L) −H)v−(L) u−(L) ̸= H

+ λγ∥u∥γ−p
p

(∫
{u̸=0}

|u(x)|p−1 sign u(x)v(x) dx+ δp,1

∫
{u=0}

|v(x)| dx
)
.

B.1.1 Special case p = γ = 1

Since u(x) =
∫ x

0 u
′(y) dy, for non-decreasing functions the functional can be rewritten as

F (u) =
∫ L

0
φ
(
u′(x)

)
dx+ θ

(
H − u−(L)

)
+ λ

∫ L

0

∫ x

0
u′(y) dy dx

=
∫ L

0

[
φ
(
u′(x)

)
+ λ(L− x)u′(x)

]
dx+ θ

(
H − u−(L)

)
.

The first integral is convex in u′, whereas the second addend is concave.

Optimality conditions Let us derive simplified optimality conditions obtained from vertical
variations.
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• If u−(L) = H, the first variation with respect to v ∈ C1((0, L)) with v|(0,x0] = 0 is

lim
ε→0+

F (u+ εv) − F (u)
ε

=
∫ L

x0

[
φ′(u′(x)

)
v′(x) + λ(L− x)v′(x)

]
dx+ |v−(L)|.

When v−(L) ≥ 0 the one-sided variation is∫ L

x0

[
φ′(u′(x)

)
+ λ(L− x) + 1

]
v′(x) dx.

If u is a local minimizer, this must be positive for every v such that
∫ L

x0
v′(x) dx ≥ 0, hence

φ′(u′(x)
)

+ λ(L− x) + 1 must be a non-negative constant.
When v−(L) ≤ 0 the one-sided variation is∫ L

x0

[
φ′(u′(x)

)
+ λ(L− x) − 1

]
v′(x) dx.

If u is a local minimizer, this must be positive for every v such that
∫ L

x0
v′(x) dx ≤ 0, hence

φ′(u′(x)
)

+ λ(L− x) − 1 must be a non-positive constant.
Putting these two conditions together we get that φ′(u′(x)

)
+ λ(L− x) must be a constant

in [0, 1].

• If instead u−(L) < H, then for every variation v ∈ C1((0, L)
)

with v|(0,x0] = 0 we have

lim
ε→0

F (u+ εv) − F (u)
ε

=
∫ L

x0

[
φ′(u′(x)

)
v′(x) + λ(L− x)v′(x)

]
dx− θ′(H − u−(L)

)
v−(L)

=
∫ L

x0

[
φ′(u′(x)

)
+ λ(L− x) − θ′(H − u−(L)

)]
v′(x) dx.

If u is a local minimizer, then this variation must be zero, hence by the arbitrariness of v
we deduce

φ′(u′(x)
)

+ λ(L− x) = θ′(H − u−(L)
)

for a.e. x ∈ (x0, L). (B.2)

Under continuity assumptions, evaluating at x = L we get

φ′(u′(L)
)

= θ′(H − u−(L)
)
.

We may also consider horizontal variations arising from translations of u. Given α ∈ R, define
the extended function

uα(x) =


0 x ≤ 0,
u(x) x ∈ (0, L)
u−(L) + α(x− L), x ≥ L,

and observe that F (u) = F (uα).

• Right translation. Since u′(L) ≥ 0, we have

lim
τ→0+

F (uα( · − τ)) − F (uα)
τ

= −φ
(
u′(L)

)
+ θ′(H − u−(L)

)
u′(L) − λu−(L) ≥ 0.
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• Left translation. The left translation is admissible if and only if u is identically zero in a
right neighborhood of 0. If u−(L) < H, we have

lim
τ→0+

F (uα( · + τ)) − F (uα)
τ

= φ(α) − θ′(H − u−(L)
)
α+ λu−(L) ≥ 0,

from which we deduce the necessary condition

λu−(L) ≥ sup
α∈R

(
θ′(H − u−(L)

)
α− φ(α)

)
= φ∗(θ′(H − u−(L)

))
= φ∗(φ′(u′(L)

))
.

If instead u−(L) = H, then

lim
τ→0+

F (uα( · + τ)) − F (uα)
τ

= φ(α) + θ′(H − u−(L)
)
|α| + λu−(L) ≥ 0,

which is a condition always satisfied since the three summands are individually non-negative.

Recall that the minimizer is a convex function u ∈ W 1,1((0, L); [0, H]
)

with u+(0) = 0. Let
x0 = max{x ∈ [0, L] : u|(0,x] = 0}. From (B.2) we deduce that the optimal profile u must solve
the ODE

φ′(u′(x)
)

+ λ(L− x) = θ′(H − u−(L)
)

=: C, (B.3)

where C is a constant. From the inequalities φ′(0) ≤ φ′ ≤ φ′(∞) = 1 and θ′(∞) ≤ θ′ ≤ θ′(0) = 1,
evaluating (B.3) at x = L we deduce max{φ′(0), θ′(∞)} ≤ C ≤ 1; evaluating (B.3) at x = x0 we
deduce λ(L− x0) ≤ 1 − φ′(0), that is

x0 ≥ L− 1 − φ′(0)
λ

.

If λL > 1 − φ′(0), this ensures x0 > 0.17

We now wish to find a condition relating x0 and C. To do so, we perform yet another
variation in the following manner. Assuming x0 ∈ (0, L), fix an arbitrary point x̄ ∈ (x0, L) and,
extending u = 0 before 0 as usual, define the function

uε(x) =
{
u
(
(1 + ε)(x− x̄) + x̄

)
x ∈ (0, x̄),

u(x) x ∈ [x̄, L).

A straightforward computation shows that

0 = d
dε

∣∣∣∣
ε=0

F (uε) =
∫ x̄

x0

{
φ′(u′(x)

)[
u′(x) + u′′(x)(x− x̄)

]
+ λu(x)

}
dx,

from which, dividing by x̄− x0 and sending x̄ → x+
0 , we infer

0 = φ′(u′(x0)
)
u′(x0) + λu(x0) = φ′(u′(x0)

)
u′(x0).

If φ′ > 0, then necessarily u′(x0) = 0, hence φ′(u′(x0)
)

= φ′(0). Otherwise, let [0, δ] = {t ≥ 0 :
φ′(t) = 0}. From the above condition we deduce either u′(x0) = 0 or u′(x0) ∈ [0, δ], therefore
again φ′(u′(x0)

)
= φ′(0). Evaluating (B.3) at x = x0 yields C = φ′(0) + λ(L − x0), and

consequently (B.3) becomes
φ′(u′(x)

)
= φ′(0) + λ(x− x0). (B.4)

17Incidentally, observe that in then linear case φ(t) = t we have λ(L− x0) ≤ 1 − 1 = 0, therefore x0 = L and
the optimal profile cannot detach from 0. This is consistent with the results in Subsection 3.2.
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Explicit formula for the optimal profile Recall the Fenchel–Young inequality φ(t)+φ∗(τ) ≥
τt with its equality conditions

φ(t) + φ∗(τ) = tτ ⇐⇒ τ ∈ ∂φ(t) ⇐⇒ t = ∂φ∗(τ) (B.5)

expressed in terms of the sub-differential. Even when φ is not strictly convex, the ODE (B.4)
implies u′(x) ∈ ∂φ∗(φ′(0)+λ(x−x0)

)
. Since φ∗ is locally Lipschitz in its domain, by Rademacher’s

theorem it is differentiable almost everywhere,18 therefore

u′(x) = (φ∗)′(φ′(0) + λ(x− x0)
)

for almost every x ∈ (x0, L). (B.6)

This is sufficient to infer that

u(x) =
∫ x

x0
(φ∗)′(φ′(0) + λ(y − x0)

)
dy = 1

λ

∫ φ′(0)+λ(x−x0)

φ′(0)
(φ∗)′(z) dz

= 1
λ

[
φ∗(φ′(0) + λ(x− x0)

)
− φ∗(φ′(0)

)]
= 1
λ
φ∗(φ′(0) + λ(x− x0)

)
.

(B.7)

Formula for the resulting functional Setting τ = φ′(t) in (B.5) shows that

φ(t) = tφ′(t) − φ∗(φ′(t)
)
.

Evaluating it at t = u′(x) and using (B.4) and (B.7) leads to

φ
(
u′(x)

)
+ λu(x) = u′(x)φ′(u′(x)

)
− φ∗(φ′(u′(x)

))
+ φ∗(φ′(0) + λ(x− x0)

)
= u′(x)

(
φ′(0) + λ(x− x0)

)
.

Using (B.6), we get∫ L

x0

{
φ
(
u′(x)

)
+ λu(x)

}
dx =

∫ L

x0

(
φ′(0) + λ(x− x0)

)
(φ∗)′(φ′(0) + λ(x− x0)

)
dx

= 1
λ

∫ φ′(0)+λ(L−x0)

φ′(0)
y(φ∗)′(y) dy,

hence the functional becomes

F (u) = 1
λ

∫ φ′(0)+λ(L−x0)

φ′(0)
y(φ∗)′(y) dy + θ

(
|H − u(L)|

)
, (B.8)

which has to be minimized over x0 ∈
[
L− 1−φ′(0)

λ , L
]
. In addition, we know that the minimizer

satisfies u(L) ≤ H; therefore, let us find a more explicit condition on x0 which ensures this
property and allows to remove the absolute value in the argument of θ.

We claim that φ∗ : [φ′(0), 1] → [0, φ∗(1)] is strictly increasing, continuous and bijective.
Suppose that φ∗(τ) = 0 for some τ ∈ [φ′(0), 1]; then

φ(t) − φ(0) = φ(t) = φ(t) + φ∗(τ) ≥ τt,

from which, dividing by t and letting t → 0+, we get φ′(0) ≥ τ , hence τ = φ′(0). This proves
that τ > φ′(0) implies φ∗(τ) > 0. Since φ∗ is convex, for every σ > τ we have

φ∗(σ) ≥ φ∗(0) + σ

τ

(
φ∗(τ) − φ∗(0)

)
= σ

τ
φ∗(τ) > φ∗(τ),

18Actually, being one-dimensional, it is differentiable outside of a countable set.
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hence the claimed monotonicity. The continuity follows from the basic properties of the Legendre
transform. The bijectivety follows from continuity and strict monotonicity.

Using (B.7), the condition u(L) ≤ H is therefore trivially satisfied if λH ≥ φ∗(1), otherwise
it is equivalent to φ′(0) + λ(L− x0) ≤ (φ∗)−1(λH), that is

x0 ≥ L− (φ∗)−1(λH) − φ′(0)
λ

,

where by (φ∗)−1 we denote the inverse of the strictly increasing restriction φ∗|[φ′(0),1]. This latter
inequality is correct in both cases if we interpret (φ∗)−1(λH) = 1 when λH ≥ φ∗(1). Notice
that, since (φ∗)−1(λH) ≤ 1, this condition on x0 is more restrictive than the previously found
lower bound x0 ≥ L− 1−φ′(0)

λ .

Reduction to a one-dimensional minimization problem Finding the optimal profile u
has been reduced to minimizing the function

f(x0) := 1
λ

∫ φ′(0)+λ(L−x0)

φ′(0)
y(φ∗)′(y) dy + θ

(
H − 1

λ
φ∗(φ′(0) + λ(L− x0)

))
(B.9)

under the constraint
L− (φ∗)−1(λH) − φ′(0)

λ
≤ x0 ≤ L. (B.10)

If φ is strictly convex then φ∗ is differentiable everywhere, therefore we can compute

dF (u)
dx0

= f ′(x0) = −y(φ∗)′(y)
∣∣
y=φ′(0)+λ(L−x0) + θ′(H − φ∗(y)/λ

)
(φ∗)′(y)

∣∣
y=φ′(0)+λ(L−x0)

= (φ∗)′(y)
[
θ′(H − φ∗(y)/λ

)
− y

]∣∣
y=φ′(0)+λ(L−x0).

If the minimizer x0 is an interior point, it must satisfy f ′(x0) = 0, which is equivalent to

θ′
(
H − 1

λ
φ∗(φ′(0) + λ(L− x0)

))
= φ′(0) + λ(L− x0),

because
(φ∗)′(φ′(0) + λ(L− x0)

)
≥
φ∗(φ′(0) + λ(L− x0)

)
− φ∗(φ′(0)

)
λ(L− x0) > 0

cannot vanish by the strict monotonicity of φ∗.
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