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ABSTRACT. In this paper we prove the higher differentiability in the scale of Besov spaces of the
solutions to a class of obstacle problems of the type

min {/Q Fz,2 Dz) : 2 € m(ﬂ)} .

Here Q is an open bounded set of R™, n > 2, ¢ is a fixed function called obstacle and K () is set
of admissible functions z € WP (Q) such that z > 1 a.e. in Q. We assume that the gradient of the
obstacle belongs to a suitable Besov space. The main novelty here is that we are not assuming any
differentiability on the partial maps x — F(z,z,Dz) and z — F(z,z,Dz), but only their Holder
continuity.

January 19, 2019

1. INTRODUCTION

The aim of this paper is the study of the higher differentiability properties of the gradient of the
solutions u € W1P(Q) to variational obstacle problems of the form

min {/Q Fla,2Dz): 2 € m(@)} | (1.1)

where 2 is a bounded open set of R™, n > 2. The function ¢ :  — [—o0,+00), called obstacle,
belongs to the Sobolev class W1P(Q) and the class K, () is defined as follows

Ky(Q):={z ¢ WP(Q): 2> ae. in Q}. (1.2)
The set Ky is not empty, since it contains the function ).
We shall consider integrand F' satisfying the following set of conditions:
2+ F(x,y,2) is C?
P(i* + |21 < Fa,y,2) < L(E* + |2
PR+ 2P) 7 AP < (Fala,y, DA X) < Li(@ + 12P)"7 AP

P (21,1, 2) = F(a2,5.2)| < Low(lan — x| + i — o) (8 + [2)""
for all z,z1,22 € Q, y,y1,y2 € R and all 2, A\ € R", where p > 2 and 0 < v < I:, 0< < I:l,
Ly > 1 are fixed constants, ji € [0,1] is a fixed parameter, and w : R — (0,1) is a continuous
non-decreasing function such that for some o € (0,1)

w(s) < s (1.3)
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These assumptions are standard and express that the integrand F' is strictly convex with respect
to the gradient variable z and it is Holder continuous with exponent a with respect to the variable
(z,y). Note that the parameter i € [0,1] allows us to consider both the degenerate (1 = 0) and
the non-degenerate situation (g > 0).

The study of the regularity theory for obstacle problems is a classical topic in Partial Differential
Equations and Calculus of Variations.

The obstacle problem appeared in the mathematical literature in the works by G. Stampacchia
[40] and G. Fichera [20] It is well known that the solutions to the obstacle problem cannot be of
class C? independently of how regular the obstacle is; this lead to the origin of the concept of weak
solution and to the theory of variational inequalities, after the fundamental work of J.-L. Lions and
G. Stampacchia [32] (for more details we refer to classical monograph [21], [28]); these problems can
generally be solved by applying methods of functional analysis, so the question to give conditions
to establish that weak solutions are, in many cases, classical ones is of fundamental importance
(see [9]).

It is usually observed that the regularity of solutions to the obstacle problems is influenced by the
one of obstacle; for example, for linear obstacle problems, obstacle and solutions have the same
regularity [6], [10], [28]. This does not apply in the nonlinear setting, hence along the years, there
have been intense research activity for the regularity of the obstacle problem in this case. Among
the others we quote [33], [11], [12], [22], [3], [14], [15], [16], [4], [17], [8], [18], [2], [5], [34], [35], [7].
[36].

In our previous paper ([19]), we analyzed how an extra differentiability (of integer or fractional
order) of the gradient of the obstacle transfers to the gradient of the solutions.

More precisely, in case the integrand in (1.1) is independent on the z-variable, i.e.

F(x,z,Dz) = f(x,Dz),
we found sufficient conditions on the partial map x — D¢ f (z,€) in order to have that the Besov
or Sobolev regularity of the gradient of the obstacle implies a Besov or Sobolev regularity of the
gradient of the solutions, with no loss in the order of differentiability.
Recall that the Besov or the Sobolev regularity of a function can be characterized in pointwise

term, i.e. assuming D € I/Vlif(ﬂ) is equivalent to assume that there exists a function k € Lj ()
such that the following inequality

| DY (x) — Do (y)| < (k(z) + k(y))|z — yl (1.4)
holds, for a.e. z,y € Q (see [26]). Analogously assuming Di € BJ ), for k € (0,1) is

7oo,loc(
equivalent to assume that there exists a sequence (gx)r € ¢>°(Z; LP(R™)) of measurable, non-
negative functions g : R — R, together with a null set N C R”, such that the inequality

|DY(z) = DY(y)| < (gr(x) + gr(y)) |2 — y[*

holds whenever k € Z and z,y € R" \ N are such that 27% < |z — y| < 27%+1 ([29]). For precise
definition and properties of Besov spaces see Subsection 2.1 below.
The main tool in [19] has been the fact that the solutions to obstacle problems of the form

min {/Q fz,D2): z € /cw(g)}

solve a suitable variational inequality and that their regularity is strictly connected with that of
the solutions to partial differential equation of the form

divDg f (z, Du) = divDg f (z, D).
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whose higher differentiability properties have been widely investigated (see for example [1], [13],
123][24], [37], [38], [39).

Here we continue our study of the higher differentiability properties of the solutions to obstacle
problems. The novelty of this paper consists in dealing with functionals depending also on the
z-variable and we are not assuming any differentiability for the partial map z — F(z,z, Dz).
Therefore we cannot use the fact that solutions to (1.1) are solutions to a suitable variational
inequality.

However, we are able to establish the following

Theorem 1.1. Let u € KCy(2) be a solution to the problem (1.1) under the assumptions (F1)-(F4).
If Dy € BZOO’IOC(Q), then there exists o0 = o(a,p,k) > 0, where « is the exponent appearing in
assumption (1.3), such that

Vy(Du) = (i + |Dul?)"% Du € Bl 10.() for allt € (o, %)

and the following estimate

[
/ TV (Du) 2 d < C|h[ [/ (1+ |Dul?) dz + HszHngm,,)} for ali t & (0, %U)
Q/ Q )

holds true for every open subset Q' C Q" € Q, for an exponent 9 = ¥(p,k) > 0 and a constant
C= C(?’L, ﬁ,Ll, LQ, ’Q”‘)

The main tool in the proof of our main result is a localization technique introduced in [30] (and
eventually upgraded in [31]) and a comparison argument between the solutions to the obstacle
problem (1.1) with the solution to a ”freezed” obstacle problem (see (3.2) below). By the results in
[19], we have that the solutions to the "freezed” obstacle problem inherit the Besov regularity of the
obstacle. The core of the comparison argument consists in showing that the fractional difference
quotients of u and v are close enough, in an integral sense, to have that u belongs to a suitable
Besov space.

The higher integrability of the gradient of the solutions, both at the interior and up to boundary,
proven in [14] reveals to be the key ingredient to prove that the closeness condition is proportional
to the radius of the ball over which we are comparing the solutions.

Next, we choose such a ball with radius proportional to a suitable power of the modulus of the
increment to deduce that the difference quotient of Du decays as some positive power of the modulus
of the increment. This implies that the gradient of u belongs to some Besov space.

Finally, we employ a boothstrapping argument to get the maximal higher fractional differentiability.
Our proof holds true also in case of Sobolev regularity for the gradient of the obstacle, by virtue
of the pointwise characterization at (1.4). Indeed, we have the following

Corollary 1.2. Let u € Ky(Q2) be a solution to the problem (1.1) under the assumptions (F1)-

(F4). If Dy € W/li’f(Q), then there ezists o = o(a,p) > 0, where a is the exponent appearing in
assumption (1.3), such that

Vy(Du) = (i + |Dul?)"% Du € B} 10.() for allt € (o, %)
and the following estimate
¥
/ iV (D)2 da: < C' || [/ (14 [Dul? + D[P + | D2 ]P) dx} for allt € (o, %)
Ql Q//

holds true for every every open subset Q' C Q" € Q, for an exponent ¥ = ¥(p) > 0 and a constant
C= C(?’L, v, Ly, Lo, ’Q”D
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2. PRELIMINARY RESULTS

In this paper we shall denote by C or ¢ a general positive constant that may vary on different oc-
casions, even within the same line of estimates. Relevant dependencies will be suitably emphasized
using parentheses or subscripts. In what follows, B(z,7) = B(z) = {y € R" : |y — x| < r} will
denote the ball centered at = of radius r. We shall omit the dependence on the center and on the
radius when no confusion arises. For a function u € L'(B), the symbol

up = dx—
i Ji |B|/

will denote the integral mean of the function u over the set B.
It is convenient and usual, when dealing with functionals with p-growth, to introduce the auxiliary
function

v = (7 17) " e 1)

defined for all £ € R™ and fi > 0. For the auxiliary function V), (), we recall the following estimate
(see the proof of [25, Lemma 8.3]):

Lemma 2.1. Let 1 < p < co. There exists a constant ¢ = c¢(n,p) > 0 such that

V(¢ 2 =

(ke +nP) T <

forany &, neR™ o >0.

2.1. Besov-Lipschitz spaces. Given h € R" and v : R” — R, let us introduce the notation
mhv(x) = v(z + h) —v(x). As in [27, Section 2.5.12], given 0 < a < 1 and 1 < p,¢ < o0, we say
that v belongs to the Besov space By (R") if v € LP(R") and

10l Bg ,(&n) = IVl rn) + [V] By, (®7) < 00,

Plsg, @) = </ (/n v(z +(;L)|a; v($)|pdm>g |Z?n> : < o0. (2.2)

Equivalently, we could simply say that v € LP(R™) and IT;'Z e L1 (ﬁfn,Lp(R")). As usual, if one

simply integrates for h € B(0,¢) for a fixed 6 > 0, then an equivalent norm is obtained, because

where

q

1
|v(z + h) —v(z)P )p dh \ ¢

dx < e(n, o, p, q,0) ||v]| Lo gn)-

(/{hza} (/R |hjer I ( ) 1]l 2o (e

Similarly, we say that v € By . (R") if v € LP(R") and

O ““”)’pda:)‘l’ <o (2.3

heRn |h|oP

Again, one can simply take supremum over |h| < § and obtain an equivalent norm. By construction,
By ,(R™) C LP(R™). One also has the following version of Sobolev embeddings (a proof can be found
at [27, Prop. 7.12)).

Lemma 2.2. Suppose that 0 < o < 1.
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(a) Ifl<p<Zandl < q<pj =
LPa(R™).
(b) If p=7% and 1 < q < oo, then there is a continuous embedding By (R") C BMO(R"),
where BMO denotes the space of bounded mean oscillations [25, Chapter 2].

o, then there is a continuous embedding By (R") C

For further needs, we recall the following inclusions (|27, Proposition 7.10 and Formula (7.35)]).

Lemma 2.3. Suppose that 0 < § < a < 1.
(a) If 1 <p<+o0and1<q<r < +oc0 then By (R") C By, (R").
(b) If 1 <p < +o0 and 1 < gq,r < 400 then By (R") C Bg}r(R").
(c) If 1 < q < oo, then B (R") C B (R™).
o’ B

Combining Lemmas 2.2 and 2.3, we get the following Sobolev type imbedding theorem for Besov
spaces By (R") that are excluded from the assumptions of (a) in Lemma 2.2.

Lemma 2.4. Suppose that 0 < a < 1. There is a continuous embedding By (R") C LP5(R™), for
every B < a. Moreover the following local estimate

11 s < e (P oo + F o) (2.4)

holds for every balls B, C Br with ¢ = c(n, R, p, o, 3).

Given a domain  C R", we say that v belongs to the local Besov space B g loc if pv belongs
to the global Besov space By (R™) whenever ¢ belongs to the class C°(Q) of smooth functions
with compact support contained in ). It is worth noticing that one can prove suitable versions of
Lemma 2.2 and of Lemma 2.3, by using local Besov spaces.

The following Lemma is an easy exercise and its proof can be found in [1].

Lemma 2.5. A function v € LY () belongs to the local Besov space B if and only if

p,q,loc
ThU
ﬁ < 0
P o (o)
for any ball B C 2B € Q) with radius rg. Here the measure IZ% is restricted to the ball B(0,7R)

on the h-space.

It is known that Besov-Lipschitz spaces of fractional order a@ € (0,1) can be characterized in
pointwise terms. Given a measurable function v : R™ — R, a fractional a-Hajltasz gradient for v
is a sequence (gx)i of measurable, non-negative functions g; : R" — R, together with a null set
N C R™, such that the inequality

(@) = oY) < (gr(2) + gk (y)) [ — y[*

holds whenever & € Z and z,y € R \ N are such that 27% < |z — y| < 27%*1. We say that
(gk) € 09(Z; LP(R™)) if

1
1 (9e)illenciry = (Z 981 g ) <.

keZ

The following result was proved in [29].
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Theorem 2.6. Let0<a<1,1<p<ooandl <q<oc. Letve LP(R"). One hasv € By (R")
if and only if there exists a fractional a-Haglasz gradient (gi)i € (1(Z; LP(R™)) for v. Moreover,

vl Bg, (rny = inf || (gk)kllea(Lr),

where the infimum runs over all possible fractional a-Hajtasz gradients for v.

2.2. Difference quotient. We recall some properties of the finite difference operator that will be
needed in the sequel.

Definition 2.7. For every vector valued function F : R® — R¥ the finite difference operator is
defined by
ronF(@) = Fla + hey) - F(x)
where h € R, ey is the unit vector in the x4 direction and s € {1,...,n}.
The difference quotient is defined for h € R\ {0} as

Ts n ' (T
AgpF(z) = 2220 h( ).

We start with the description of some elementary properties that can be found, for example, in
[25].

Proposition 2.8. Let F and G be two functions such that F,G € WYP(Q;RN), with p > 1, and
let us consider the set

Qg = {w € Q: dist(x,00) > |h|}.
Then
(d1) 7, F € WhP(Q; RYN) and
Di(mnF) = mh(Di F).
(d2) If at least one of the functions F' or G has support contained in €|, then

/FTth:U:/GT_hFdx.
Q Q

Th(FG)(x) = F(x + h)1,G(z) + G(x) T F ().

(d3) We have

The next result about finite difference operator is a kind of integral version of Lagrange Theorem.

Lemma 2.9. If0< p< R, |h| < B2, 1 < p < 400, and F € LP(Bg;RY), DF € LP(Bp;RV*")
then

/ |Th F(z)P dx < c(n,p)|h|p/ |DF(x)|P dx.
P Br
Moreover

/ |F(z+ h)P da g/B |F(z)P da.

B, R

Now, we recall the fundamental Sobolev embedding property.

Lemma 2.10. Let F : R® — R, F ¢ LP(Bp;RY) with 1 < p < n. Suppose that there exist
p € (0,R) and M > 0 such that

3 / o hF ()P dz < MPIRIP,
s=1 B,
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for every h with |h| < %. Then F € W'P(B,) N L%(Bp). Moreover
|DF||pp(B,) <M
and
HFHL%(BP) <c(M+|FllrBr)) »
with ¢ = ¢(n, N, p).

For the proof see, for example, [25, Lemma 8.2].

3. HIGHER INTEGRABILITY

Throughout this and the next two sections we will denote by w a solution to the obstacle problem
(1.1) and fix a ball B = B(zg, R)€SQ, for a given radius R > 0 and z¢ € €. Let us consider the so
called “freezed” functional

/ F(Dz)dx = / F(zg,up,Dz)dx (3.1)
B B
and let v € u + Wol’p(B) be the solution to
min{/ F(xo,up,Dz)dx : z € Ky(2), z=wu on GB}. (3.2)
B

It is well known that v € u + VVO1 P(B) is a solution to (3.2) if and only if it satisfies the following
variational inequality

/Q<D5F(Dv), D(p —v))dx >0 (3.3)

for all ¢ € WP (B) N Ky().
Note that the assumptions on F' imply that there exist positive constants v, L,f such that the
following p-ellipticity and p-growth conditions are satisfied:

(DeF(€) — DeF(n),& — A) > v|¢ — (i + €[+ [n?) "7 (A1)
IDeF(€) — DeF(n)| < L& —n|(i® + €1 + n®) "= (A2)
IDE(E)| < L(i2 + |¢%) "7 (A3),

for every £,n € R", i € [0,1].
We shall need the following two higher integrability results that can be found in [14].

Theorem 3.1. Let u be a solution to the obstacle problem (1.1) where the integrand F satisfies
(F2) and the function v is such that |Dy| € LI (Q), for some qo > p. Then, there exist an

loc

exponent p < q < qo and a positive constant C depending on p, L such that, for any B C 2B € ,

then
(jé |Du($)|qu> v <C (]iB|Du(x)|p dx)l/p—l— C <]€B | Dy () |20 dx) 1/%, (3.4)

The higher integrability of the minimizer u stated in the previous Theorem allows us to obtain also
the following higher integrability up to the boundary result for the solution to the problem (3.2).
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Theorem 3.2. Let v € u+ WYP(B) be a solution to (3.2) where the integrand F satisfies (F2)
and the function v is such that |Di| € L (Q) for some qo > p. If moreover u € WH4(B) for some

loc

p < q < qo, then there exist p < q < G < qo and C depending on p, L such that v € W“9(B) and
1/q

<]i |Dv(x‘)\qu> 1/q <C MB(H \Du(z)|7) dx] 1/q+c []iB(H DY) D) de| . (3.5)

4. HIGHER DIFFERENTIABILITY FOR THE COMPARISON MAPS

The higher differentiability of the solution v to (3.2) has been already established in [19] in a
more general contest. We give the proof here for the sake of completeness and with the purpose to
establish precise estimates on the difference quotient that will be crucial to perform the comparison
argument. More precisely our first result reads as follows.

Lemma 4.1. Let v € u + Wol’p(B) be the solution to (3.2) under the assumptions (Al) — (A2),
where u is the solution of problem (1.1). If

Dy € Bi . (B), (4.1)
then

V;;(DU) € Bg,oo,loc(B)
and the following estimate

1 -
. Imvsour a < i (1Dulhy v [ 1D+ 1DuP) ). 4
- 2r

holds for all balls B, C By, € B, with C = C(n,p,v,L).

Proof. Let us fix a ball B, such that By, € B and a cut off function n € C§°(B,), n =1 on Bz such

that [Vn| < £. Due to the local nature of our results, there is no loss of generality in supposing
r <1, that we will do from now on. Then, for |h| < , we consider

vi(z) = n*(@)[(v — ¥) (@ + ) — (v = P)(@)]. (4.3)
It is immediate to check that vy € Wy (B,). Moreover, for a.e. = € Q and for any ¢ € [0,1)
v(x) = P(x) + tui (2)
= ofe) — (@) + P — B+ ) — (0 — 9]
=t () (v —¥)(z +h) + (1 - tn’(x)) (v — ) (2) = 0,

because v € ICy(£2). Therefore ¢ := v +tvy € Ky(Q), for every t € (0, 1], and so it is an admissible
test function for the variational inequality (3.3). With this choice of the test function, (3.3) becomes

0< [ (DF(Du(a)). DIy (a)[l0 =)o+ ) = (0 = ¥)(a)]) o (1.4)
On the other hand, if we define
va(z) = n*(z — h)[(v —¥)(z — h) — (v — ¥)(z)] (4.5)

then vy € Wol’p(Br) and again we have ¢ := v + tvg € Ky (£2), due to the fact that
() = () + tva(x)
= v(z) = ¥(x) + t*(z — h)[(v - ¥)(z = h) = (v - ¥)(@)]
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= tn*(@—h)(v—¥)(@—h)+ (1~ tn’(z — h)(v—)(z) > 0.
Choosing in (3.3) as test function ¢ = v + tva, where vy is defined in (4.5), we get

0< /B (DeF(Du(a)). D = W)(v — )z — ) — (v = )@)]] ) da.

By means of a simple change of variable, we obtain
0< [ (DeF(Due+ ). D@0 - ¥)(e) - (v = ¥)(a+ )] ) da. (4.6)
B
We can add (4.4) and (4.6), thus obtaining
0 < [ (DeFD@). D)o = w)a+ )~ (0= ¥)(a)] ) da
+ [ (DeFDua+ 1), DIP@I0 — 0)(&) — (0= )+ )] ) d
B
= | {DeF(Du(a)) = DeF(Do(a -+ W), D[sP@)[to = ¥)(w + b) = (0 = 0)(@)])

which implies
0 > [ (DeF(Duta+ ) — DFDU@), (@) Dllo = 6)(w + 1) — (0 = $)(@)]) o
B
+ [ (DeF(Duta+ 1)) = DeF(Do(e). 20(a) D) (0 = w)(a -+ ) = (0 = 0)(@)])
We can write previous inequality as follows
0 > / (DeF(Dv(a + b)) — DeF(Do(x)), if*ry D) da
B
- /B <D§F(Dv(aj +h)) — DeF(Dv(x)), n*m, DY) dx

+ /B <D§F(Dv(x +h)) — DSF(DU(SU)), 2n Dyt (v — ¢)> dx
— T IT+I11,

that yields
I < |II|+|II1]. (4.7)

The ellipticity assumption expressed by (A1) implies
I> V/ Dol (i + |Dv(x + h)|* + |Dv(ac)|2)¥ dz. (4.8)
B
By virtue of assumption (.42) and Young’s inequality, we get

1] < L/772|ThDv\(ﬂ2+\Dv(:r+h)]2+]Dv(x)|2)p§2|ThD¢|d33
B
< 5/WQ‘ThDU’2(ﬂ2+\DU($+h)]2+]Dv(x)|2)p§2 dz
B
+Ce(L)/ 0 DY (2 + |Dv(a + h)[2 + | Du(2)[2) " da
B

< ¢ / 0| Dol (1% 4 |Dv(z + h)|* + ]Dv(x)|2)L§2 dr
B



10 M. ELEUTERI - A. PASSARELLI DI NAPOLI
p—2

rouen ([ ,‘ mDde)’Q’ (f P+ D)) )’ (49)

where, in the last estimate, we used Holder’s inequality, the properties of 7 and the second estimate
of Lemma 2.9. The assumption D € By . (B), recalling definition (2.3), allows us to estimate the
second integral of the right hand side of (4.9), thus obtaining

1] < 6/772|ThDv|2(,&2+|Dv(m—|—h)|2+Dv(z)|2)p22 dz
B
p—2

st (1Dila ) ([ G+ iDe@pyac)

. / 2| D22 + |Do(x + B2 + | Du(@)2) "2 da
B

2r

IN

+Co(Lmp) B (D6 )+ Co(Lym,p) P /B (7" +|Do(2)") dr,  (4.10)

where, in the last line, we used Young’s inequality. Arguing analogously, we get

11| < o / mnDo| | Dl + |Do(z + B + | D)) [my(u — )| de
B
< e / Pl Dul? (i + | Doz + )2 + | Do(a)]?) 7 da
B
- p—2
LC.(L) /B DyP(i + Doz + B)P + [ Do(@)P) ' [ru(o — )2 da

< e / Pl Dul? (i + | Doz + )2 + | Do(a)?) 7 da
B

P

&) (/Bzrmu Du(z)?) dx>"2 (/B e —w>|pdw)‘2°,

by virtue of the fact that |Dn| < £. Since u — v € I/Vlif(ﬂ), we may use the first estimate of Lemma
2.9 to control last integral in the right hand side of previous estimate, obtaining

(11| < 5/772|ThDU|2(ﬂ2+\Dv(x+h)]2+\Dv(a:)|2)p22d:v
B

p—2

) (/BQTW T Do)y m) 2 </B D(v— w)(x)|de)§

e / 2D (% + | Do(x + B)|* + | Do(x)[>) "= do
B

IN

C:(L,n, - Ce(L,n,
LD [ Doy ao+ WP [ pyras, @)
BQT

B27‘
where we used also Young’s inequality.

Inserting estimates (4.8), (4.10), (4.11) in (4.7), we infer the existence of a constant C. = C.(e, L, n, p)
such that

p—2

y/ PlrnDo2(i2 + | Do(z + b2 + | Do()|?)) =" dae
B

: 25/ 7l D252 + [ Do(w + h)[2 + [ Du(@) 2) "% de
B
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p -
2r

C _ C
P [ Do) o+ 0P [ DU e
2r

Bay

Choosing ¢ = 7, we can reabsorb the first integral in the right hand side by the left hand side thus
getting

/ 0| Dv|? (i + |Dv(x + h)|* + |Dv(x)\2])p7_2 dr
B

K 1 ~
< CJhf ([Dw]%;grz /B (up+rDv|P+|Dwr”)dw),
2r

with C = C(v, L,n,p) > 0. Using Lemma 2.1 in the left hand side of previous estimate and recalling
that n =1 on B%, we get

1 -
/B |7_th(Dv)‘2 dax < C |h|2n <[D¢]%gm + ﬂ/B (,u,p + |Dv|p + |D¢|p) dl‘> ; (4.12)
% 2r

i.e. the conclusion.

g

Arguing similarly, but assuming that Dt € Wf)f (Q) that, by virtue of Lemma 2.9, implies
[ mour<c [ P
B, Br

for every balls B, C Br € 2, we have the following

Corollary 4.2. Let v € u+ W(}’p(B) be the solution to (3.2) under the assumptions (Al) — (A2),
where u is the solution of problem (1.1). If

Dy € WP(B), (4.13)

then
V,(Dv) € W,22(B)

and the following estimate

1
/ |71 Vp(Dv)|? dx < C'|h? </ \D2¢ypdx+r2/ (fi® + | Dv|? + | Dy|P) da:), (4.14)
Bz BZr BQr
2

holds for all balls B, C By, € B, with C = C(n,p,v,L).

5. COMPARISON

This section is devoted to the proof of a comparison estimate between u solution to the problem
(1.1) and v solution to the problem (3.2), both introduced in Section 3.

Remark 5.1. Here we will take advantage from the higher integrability results that hold true,
since by the assumption Dy € By (€2), the Sobolev imbedding Theorem of Lemma 2.4 implies

,00,loc
that Dy € Lnﬁzﬂ, for every 0 < pu < k. Therefore both Du and Dv belong to some L9, with

np
p<q<
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Lemma 5.2. Letu be a solution to (1.1) and v € u + Wol’p(B) be the solution to (3.2), under the
assumptions (F1) — (F4). Then

/|V (Du) — V(Do) > < C’R"/ (1+ |Dul? + | Dy|9) dx
2B

with o = min{«, ¢ — p}, where a is the exponent appearing in the assumption (F'4) and where q is
the minimum of the two higher integrability exponents of Theorems 3.1 and Theorem 3.2.

Proof. Assumption (F2) and the minimality of v imply

/B|Dv\pd:n < C/BF(DU) < C/BF(DU) < c/B(gu DulP) da

and so, recalling that 0 < i <1,

/ | Dv|P dx < C’/ (14 |Dul?) dz, (5.1)
B B
while the up-to-the-boundary higher integrability result Theorem 3.2 yields

/ Dultdz < C / (14| Dul? + | Dy|7) da, (5.2)

B 2B
where C' = C (7, L, n,p). The inequality
/ V,(Du) — V,,(Dv)[*dz < C / F(Du) — F(Dv) — (F¢(Dv), Du — Dv) dx
B

follows immediately from Taylor’s expansion formula and assumption (F2); moreover, recalling
inequality (3.3), i.e

/ (F¢(Dv), Du — Dv) dx > 0,
B

we have

/ [V (Du) — V(Do) ? dx < C / F(Du) — F(Dv)dz.
B B
Therefore, we can write

/BM(Du)—vp(Du)y?dx < C/BF(DU)—F(Du)dx
_ C/B[F(xo,uB,Du)d:B—F(xg,uB,Dv)] dx
_ C/B[F(xo,uB,Du) dz — Pz, up, Du)] d
e /B (2, up, Du) dz — F(z,u, Du)] dz
+C /B [F(2,u, Du) dz — F(x, v, Dv)] da
+C /B [F(z,v, Dv) dz — F(z, vz, Dv)] dz
e /B [F(z, 05, Dv) dz — F(z,up, Dv) d

+C / [F(z,up, Dv)dz — F(xo,up, Dv)] dx
B
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= Clh+ L+ 3+ i+ J5+ Jg).

The minimality of u, since v € Ky(B), entails that

J3 < 0.

Now, by assumptions (F4), (1.3) and estimate (5.1), since R<1,0< i <1 and 2 <p<gq, we get

Ji+Js < C/w(|a:—x0|)(1+\Du|p—|—|Dv|p)d1:S C’RO‘/(1+|Du|p)dm,
B B

where C = C(D,ig, n,p).
At this point, from (F4),

Jo <

IN

<

<

(1.3), Young’s and Poincaré inequalities, it follows that
C /Bw(\u—uBy)a | Duf?) da

CR /B (R w(u— up) ™" + (L + [ Dup)'+ ] da
CR° /B[R_p_"|u —upPt? + (1 + |DulP*7)] dx

CR“/ (1+ | Dul?) da,
B

where C' = C(7, Ly, n, p,0) and 0 = min{e, ¢ — p}.

Arguing exactly as before

Ju

IN

c /Bw(|v—03\)(1+ \DulP) dar

IN

CR° / Ry — vpP*7 + (1 + | DulP*)] da
B
< CR”/(1+|Dv|q)d:z
B

< CR"/ (1+ |Dul? + |D|) de,
2B

where in the last inequality we used (5.2). Finally, since v = v on 0B, we can use Poincaré
inequality also for the function v — v, thus getting

Js <

<

<

<

<

C/Bw(]uB—vB\)(l—i—]Dmp)dw

C R /B R wfup — vp) ™5 + (L + (Do) 5] d
CR /B[R_p“’ i — v 4+ (1 + | Do) da

CR /B(1+|Du\q+]Dv]q)da;

CR / (14 |Dul? + | Dy|?) da
2B

where we still used (5.2) in the last inequality. Collecting the above inequalities, the proof is

finished.

g
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6. THE MAIN RESULT

More notation. Before proceeding with the proof of the main result, it is convenient to fix some
further notation. For a ball B € Q of radius R, we shall denote by Q1 = Q1(B) and Qs = Qs(B)
the largest and the smallest cubes, concentric to B and with sides parallel to the coordinate axes,
contained in B and containing B respectively. Clearly |B| ~ |Q1| ~ |Q2| =~ R"™. We refer to Q1(B)
and Qs(B) as the inner and the outer cubes of B respectively. We also denote the enlarged ball by
B = 4B. Consistent with this notation, we set

Q1 =0Qi(B), Q2= :(B)
so that we have the following chain of inclusions

Q1 cBe2BeQ(B)cBc Q. (6.1)

In the sequel, we shall always take B such that Qy(B) € Q.

The proof of our main result is achieved with a booth-strapping argument. The first step consists
in showing that the differentiability assumption on the gradient of the obstacle transfers in a extra
fractional differentiability for the gradient of the minimizer. More precisely we have the following

Theorem 6.1. Let u be a solution to (1.1) under the assumptions (F1) — (F4), and assume that

qub € B;,oo,loc(ﬂ)‘ (62)
Then

KO

Vp(Du) € B3 17, locally in €,

with o := min{a,q — p} where « is the exponent appearing in the assumption (F4) and q is the
minimum of the two higher integrability exponents of Theorems 3.1 and Theorem 3.2.

Proof. Let us fix arbitrary open subsets Q' € Q" € Q and choose z¢ € . Let 8 € (0, %) be chosen
later and consider the ball B = B(h) = B(xg, |h|?) with || is sufficiently small, depending on the
dimension n, the parameter 8 and the distance between Q' and the boundary of Q" such that, with
the notations in (6.1), Qs € Q.

Let v be the solution to problem (3.2) where this time the ball B is replaced by our choice of the

ball B.
We estimate the difference quotient for V,(Du) as follows

[ VDl ds = [ [V(Duta + 1) ~ Vy(Du(a)) P ds
B B
< C/|Vp(Du(a:+h))—VED(Dv(x—Fh))de
B
+C [ VDot + 1) = Vi(Do(a)* da
+C /B IV, (Du()) — Vp(Du(a)) ? da

< C’/ |V (Du) —Vp(Dv)|2d:c+C/ |7, V(D) | da. (6.3)
B B
Estimate (4.12) applied over the ball B implies

[ mDoRds < O [Duff g+ A2 [ @+ Dol + Dup) de. (64
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recalling that the radius of the ball B is proportional to ]h!ﬁ . Now Lemma 5.2, applied over the
ball B, implies that

[ WalDw) = V(Do) do < I [ (14 1Dl + Do . (6.5)
B

Q2

where we used that the radius of B is proportional to |h|®. Inserting (6.4) and (6.5) in (6.3) we get

| imVDuds < ClpP [ (s Dul (DU do - CJRPE DU o
(9] o) p.oo(Q2)

+C |h|?720 / (i” + |DvP + | Dy|P) da

Qo

< oo /Q2(1+|Dqu+|D¢yQ)da:+ 1R [DY]De o)

n—up

Q2

s [ o) o el ([ e i)
Q2

IN

CIhP | (14 [Du|? + |Dy|?) dz + C > |[DY|P
Q2 p,oo(QQ)

+C |h|? =2 / (1 +|Dv|?) d,

Q2

where we used Sobolev embedding Theorem at Lemma 2.2 with 0 < p < k, that p > 2 and that
|h| < 1. Using (5.1) in the last integral of previous estimate, we get

| imVDude < Cnpe [ (1 Dult + Dol de
(9}

Q2

FCP DUl o+ O [ (14 |Dul?) o (6.6)

Q2
Now we choose 3 in order to minimize the right hand side of the previous estimate. One can easily
check that the best possible estimate is given by the choice
2K

5:2+J

€ (0, k).

With such a choice estimate (6.6) becomes

[ mowds < o [ [ -+ 1Dutt+ D) o+ DI, (6.7)
Q1

Q2 p,oo(QQ) )
At this point, arguing as in Lemma 4.5 in [31] a covering argument allows us to replace the cubes
Q1 and Qs with the fixed open subsets Q' and Q”, respectively. Indeed for each h € R sufficiently
small we can find balls B; = By (z1,|h|?),..., Bx = Bk (zx,|h|?), being K = K(h) € N, such that
the corresponding inner cubes Q1(By),..., Q1(Bx) are disjoint and satisfy

K
O\ J Qi(Br)| =0.

k=1

By assumption we have that QQ(Bk) C Q' for every k < K, and each of the dilated outer cubes
Q2 (By,) intersects at most (164/n) of the other dilated cubes Qa(B;), with j # k. Hence, after
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summing up (6.7) over the inner cubes Q; € {Q1(B1),...,Q1(Bk)}, and enlarging the constant by
a fixed factor only depending on n (in particular independent of h), we arrive at

/yrth(Du)deg C\h\z% [/ (1+\Du’q+|D¢’q)da:+HD1pHp; |- (6.8)
Q 00

Q//
Since the right hand side is finite by our assumptions, we conclude that V,(Du) € B;’T.g(ﬂ’). The
result follows by the arbitrariness of €. O

The Besov regularity of Du established in previous Theorem allows us to start the booth strapping
argument, since the right hand side of (6.8) depends on the integrability of Du. More precisely, we
have

Proof of Theorem 1.1. For t € (0, k), let us consider the function

A= g4,

One can easily check that A(t) is increasing and that
t< A(t) < %U Vt € (0,“—0)

2
A(Z)-=17
2 2
Therefore the sequence
Ko
Yo = ¥ = AW,
0 2‘+'U J ( J 1)
is increasing and
Ko
9 ) -5 (6.9)
Now consider the sequence
¥ + A(yi—
=170 | v=-"t—F7""— 2(% 1)
From (6.9), it follows that
lim y; = = (6.10)
J 2

Arguing by induction, we shall prove that
Vp(Du) € B, (Q) for every j € N.

2,00,loc
The case 7 = 0 follows from our choice of 7y = U“—f:z and Theorem 6.1. Now, let us prove the
implication
Vo(Du) € By 11 (Q) = V,(Du) € Byl 1,.(). (6.11)
By virtue of Lemma 2.4, the assumption Vj,(Du) € By’ '\ () implies V,,(Du) € L%(QAQ), for

every A < yj—1 and so Du € Lnﬁg%(ég). Therefore, we can use Holder’s inequality in estimate
(6.6) thus getting

| iV e < 0% [ (1 Dl + Dol ds
A Q2
n—2\

Cog A (2 _np_ n
O IDUIl g, +C 1000 ([ (1410wl as)
P00 2

< CINP [ (1D DU de - C P IDUIE o
2 p,00
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n—2X\
+C || 28+20 (/ (1+ |Du|75) daz) o (6.12)
Q2
where we used the fact that the radius of the ball B is |h|® and so also |Q1| ~ |Qs| ~ |h[P".
Therefore, choosing  in order to maximize the right hand side of (6.12), i.e

2K
,6’:0+2(1_)\)

we have

/ IV (Du) 2 d < C [B|7505 [/ (1 Duft+ |Dylt) do + DI, o)
Qo

Q1

and so, again through a covering argument, we can conclude that

Vy(Du) € B{Z09(0y) = BV (0y).

So we proved the implication

Vp(Du) € By (Q) = Vi(Du) € By oo (%), (6.13)
for every A < j_1. On the other hand, since A(t) is increasing and
KO
v <y < —,
2
we have that
95 < A(j-1)-

Then the definition of ~; implies that
v < A(y-1) < AN
Therefore (6.11) follows by (6.13) and (b) of Lemma 2.3. Moreover, we have the estimate

/|Thvp(pu)12dxg C|h2 /(1—|—|Du!q+|D1/1]q)da:+HszHp ] foraute(o,f)
Q1 Qo Q2) 2

Dividing previous estimate by |Q2] we obtain

.f hw%&Ddew§<?MFt;f\ﬂ+¢DuW+¢le)
Qi

|/ Q2 ‘ |

)] for all t € (O, ﬁ—;) .

The higher integrability estimate (3.4) implies that

q

q 9
][A |Du|dz < C (][ | Dul? dm) e (7[ | Dip|Pi dx> "
Qo 202 202

with 0 < @ < &, and so, by the Sobolev imbedding Theorem at Lemma 2.4 and Remark 5.1,

|
(Q D] (49»)

q

7[A (|Dul? + |Dy|*) dz < C <][ | Du|? dx> e <][ | Dap|Pi d:z) .
Qo 20, 20,
q 1
C <][ | Dul? da:) e (][ ]Dw\pdx e
2Q9 40,
q
C (7[ |Du|pd:v> o =DV
20, IQ | B0 (1Q2)

SATSY

IN

IN
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Hence, we obtain

q
1

P
V(D)2 dz < C [ 1+][ DulPde + —— 1DVl e |
£, mv 5PVl e00

i.e. the conclusion, again by a covering argument. Il
We are now in position to give the

Proof of Corollary 1.2. Again as in the proof of Theorem 1.1, let us fix arbitrary open subsets
Qe Q' €N and choose g € €. According to the notations introduced in Section 6, consider
the ball B = B(h) = B(wo, |h|?) with |h| is sufficiently small, depending on the dimension n, the
parameter 3 € (0,1) (to be chosen later), and the distance between Q' and the boundary of Q"
such that, with the notations in (6.1), Qs € Q.

Let v be the solution to problem (3.2) with the ball B is replaced by our choice of the ball B.
Estimate (4.14) of Corollary 4.2 applied over the ball B implies

/ 1T Vyp(Dv)?dz < C'|h)? / | D[P da + C'|h|*~28 / (i + |Dvl? + | Dy|P) dz, (6.14)
B B B
while Lemma 5.2, applied over the ball 5’, yields

[ WalDw) = V(Do) dx < €7 [ (14 Dl + D) (6.15)
B Q2

with o := min{«, ¢ — p} where « is the exponent appearing in the assumption (F4) and where this
time ¢ < p* = n@p, being ¢ the minimum of the two higher integrability exponents of Theorems

3.1 and Theorem 3.2. Thus we get

| invDuas < clp [ @ Dt (Do o+ CRRE [ D do
Q2 Q2

1

+C'|h|?~% / (1P + | Dol + | Dy|P) da
(o)}

IN

C’|h|ﬁ"/A (1+ [Dul? + [Dy|7) dz + C|hy2/ \D2|P da
(o) (o)}

n—p

+C|h|2—2ﬂ/ (14 [Dol?) da + Cln|2~25+78 </ |D¢|J”—’lodx)
Q2 Q2

IN

C |h|P / (1+ |Du|? + |Dy|7) dz + C|h!2/ (|D¢|p~|—|D2w|p> da
Q2 Q2
+C|h|2—2/3/ (1+ |Dul?) de,
Q2

where we used Sobolev imbedding Theorem, the fact that p > 2, the fact that |h| < 1 and, in the
last integral (5.1). Choosing f in order to minimize the right hand side of the previous estimate
we get

(1+|Du]q)da:+/A (DY + | D[P da| .

2 Qo

| mvowl ds < ol [ /
Qi

By a convering argument we are able to prove that

V,(Du) € B2, locally in €,

2,00
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At this point we proceed arguing in a similar way as in the proof of Theorem 1.1: by induction it
is possible to prove that
Vp(Du) € By’ _, () for every j € N,

2,00,loc
where this time
o o

vo =3 o U; = AW-1)  At) = W—t) 1o

By virtue of Lemmas 2.2 and 2.3, the assumption V,,(Du) € B,’_",_ () implies V},(Du) € L (Q2),

2,00,loc

for every A < yj_1 and so Du € L (B). Therefore, we can use Holder’s inequality to obtain

| imViDude < Cnpe [ (1 |Dult + Dyl de
Q1 Q2
n—2X\

+CIhP? /Q (DU + D20 do + C 102105/ % < [
2

Q2

(1+ |Du|n-5%) dx)

< CP [+ Dult+ Dunyds+ CIP [ (Dup + 1070 do
Qo Qo
n—=2A\

O |h[2-28+28 </ (1+|Du|%)dx> ! ,
Q2

where we used the fact that the radius of the ball B is |h|?. Therefore, choosing S in order to
maximize the right hand side of the previous estimate we have

[ o e < = | [ s pamac [ (Dor - i0tor) del
1 Q2 Q2

and so, again through a covering argument, we can conclude that

Vy(Du) € B 207 (Qy) = By L) (0s).

2,00
So we proved the implication
i— A(A
%(Du) € B;foofloc“)) = VP(DU’) € BQ,go?loc(Q)’
for every A < ~y;_1; this, together with (b) of Lemma 2.3 and the fact that, by our assumptions
v < A(’Yj—l) < A(K),
yields the desired conclusion, together with the estimate

/ |7V (Dw)|? de < C'|h* [/ (14 |Du|? + | D[P + | D?pP) dm] for all t € (0, %)
Q1 Qo

Dividing previous estimate by |B| we obtain

f |7V (Du)|? d < C'|h|* [7[ (1+ |Dul? + |Dy|P + |D2¢|p] for all t € (0, 5).
o1 (o)) 2

The higher integrability estimate (3.4) implies that

a
*

f |Du|? da < C (7[ | Dul? dm) e (][ | D|P" dx) o
oft Q2 o))

so, by the Sobolev imbedding Theorem, we finally obtain

9
[ mviop s < cup (14 ipupde s ppur s 102p)”
Q1 49
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which gives the desired conclusion.
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