REGULARITY FOR SCALAR INTEGRALS
WITHOUT STRUCTURE CONDITIONS

MICHELA ELEUTERI - PAOLO MARCELLINI - ELVIRA MASCOLO

ABSTRACT. Integrals of the Calculus of Variations with p, g-growth may have not smooth
minimizers, not even bounded, for general p,q exponents. In this paper we consider the
scalar case, which contrary to the vector-valued one, allows us not to impose structure
conditions on the integrand f(z,&) with dependence on the modulus of the gradient i.e.
f(z,8) = g(z,|¢]). Without imposing structure conditions, we prove that if % is sufficiently
close to 1 then every minimizer is locally Lipschitz-continuous.

1. INTRODUCTION

The fundamental classical problem of the Calculus of Variations in the scalar case usually
is formulated as finding a function u assuming a given value ug at the boundary 0f) of an
open bounded set 2 C R™ which minimizes the integral

/Qf(x,DU) dx (1.1)

among all functions v : 2 — R, assuming the same boundary value uy as u. The precise
functional space where to look for solutions depends on the growth conditions of f = f(x, &)
as & € R” grows in modulus to +o0o. Usually this growth is stated in terms of an inequality
of the type

flx, &) = My €], (1.2)

for a.e. z € Q, £ € R" and for some positive constant M;. Here p = 1 is associated to
the BV (Q) space of functions with bounded variation, while p > 1 is related to the Sobolev
space WHP(§2). Usually the condition p > 1 and the strict convexity of f(z, &) with respect
to & are sufficient conditions for the existence and uniqueness of minimizers.

A different problem is the regularity of minimizers. A large literature is known about
regularity (see for instance [26], [28], [30]) partly based on the nowadays classical well known
Hoélder continuity result by De Giorgi [16]. To this aim it seems necessary to impose also a
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growth condition from above, to be associated to the growth condition from below in (1.2),
of the type

flz, &) < Ma(1+(€]9) (1.3)

for a.e. x € Q), £ € R”, for ¢ > p and for some positive constant Ms. The so-called “natural
growth conditions” appear if ¢ = p , while the more general assumption ¢ > p allows us to
consider a much larger class of integrals of the Calculus of Variations, such as for example

f(&) = |§]P log(1 + [¢]) (1.4)

or
fl,€) =g or o flw ) = (L4 [, (1.5)
We recall also the integrands recently considered in [11], [12], [19], [20], see also [2], [3], [4],
[, 8) = a(x)[€]” + b(x)[E], (1.6)

where a(x),b(x) > 0 and possibly zero on some part of €2, being at least one of the two
coefficients positive at almost every = € €. The above examples (1.4), (1.5), (1.6) enter
in the theory presented in this paper. However here we study the more general case with
f = f(z,€) without a structure, i.e. not necessarily depending on the modulus of ¢ of the
type f(z, &) = g(=,[¢])-

We assume that f: Q x R" — [0, +00) is a convex function with respect to the gradient
variable and it is strictly convex only at infinity. More precisely, there exists My > 0 such
that fee, fer are Carathéodory functions satisfying

My [EP2IAR < 375 feg, (2, E) N,
| fee(x,€)] < M [§]"2, (1.7)

ptg—2
| fea(, E)] < (2) €] 2,
for a.e. x € Q and for all A\, ¢ € R™, with |{] > M, and for positive constants M;, M. Here
1 <p<gqandhe L"(R) for some r > n.
Model integrands satisfying condition (1.7) are, for instance, the function f(z,£) in (1.6)
and also

f@,8) = € + c(x) 1E]° + [&al” (1.8)
&, being the last component (or any other component) of the vector & = (&,&,...,&),
when
s < ]ﬂ .
-2
For instance, when s = p and ¢ > p we are considering energy integrals with integrand of
the type (we denote here a(z) = 1 + ¢(z) a generic positive coefficient)

f(2,8) = a(x) [ + [&a]"- (1.9)

Note that the cases (1.8) and (1.9) can be handled with Theorem 1.1. On the other hand
the example (1.10) below enters in Theorem 1.2

f(x, &) = [§° + b(x) €] (1.10)

The main regularity result that we prove here is the following a-priori estimate.
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Theorem 1.1. (A-PRIORI ESTIMATE) Let u € W'P(Q) be a smooth local minimizer of the
integral functional (1.1) with exponents p,q fulfilling

g<1+2(1—1). (1.11)

P n r

Under the growth assumption (1.7), there exist positive constants C, 3, depending onn,r,p, q,
My, My, My such that, for every 0 < p< R<p+1

By 2z
IDullmiszey < © (B ([ apapyar)”. )
- P Br

Note that to get regularity of solutions it is natural, and also necessary, to assume that
the gap ¢ — p is small or that ¢/p is close to 1, since the known counterexamples [27], [31],
[33].

The L*°—bound of the gradient is obtained through several steps. The first step of the
a-priori estimate is Lemma 2.3 below, where in the right hand side of the a-priori estimate
there is the norm of the minimizer v in W4™(Q) (m = —L5), and the exponents p, ¢ are
related by the condition

q 2n 1 1

p<1+n—2(n r) (1.13)
with n > 3. Note that if » = +o00 in (1.11) and (1.13), we recover the bounds in Theorem
2.1 and Theorem 3.1 of [33]. An interpolation method allows us to obtain (1.12).

The mathematical literature on the regularity under p, ¢ growth is now very large; we refer
to [36] for a complete survey on the subject. A new impulse to the subject has been given by
the recent articles already cited [11], [12], [19], by [34], [35] for the case of elliptic equations
and by [7], [8], [9] for the case of parabolic equations and systems under p, g—growth. We
observe that here the ellipticity and growth assumptions hold only for large values of the
gradient variable, i.e., we consider functionals which are uniformly convex only at infinity.
In this context see [10], [25], [13] and recently [19], [20] and [15]. The Sobolev dependence
on x recently has been considered in [37], [1] and for obstacle problems in [21].

The previous a-priori estimate, more precisely Theorem 2.6, under the assumptions (1.7)
where the last condition is replaced by

|[feol@, ) < () [€]", (1.14)

for a.e. x € Q, with |[£| > My, allows us to obtain the following existence and regularity
result.

Theorem 1.2. (EXISTENCE AND REGULARITY) Assume that f satisfies (1.7) and (1.14)

with 1 <p < q and

11
A R (1.15)
P n T

The Dirichlet problem min{F(u) : u € Wy*(Q) + uo}, with F defined in (1.16) below and
ug € WH(Q), has at least one locally Lipschitz continuous solution.

Here we emphasize the definition (i.e. the precise meaning) of the integral F'(u) to be
minimized; in fact the integral in (1.1) is well defined if u € W."%(Q), since the growth

loc

assumption in (1.3), but a-priori it is not uniquely defined if v € WHP(Q)\ W,24(2). In this
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context of xr—dependence, we cannot a-priori exclude the Lavrentiev phenomenon; however
note that in Section 5 we assume a special form of f to rule out this possibility.

For the gap in the Lavrentiev phenomenon we refer to [39], [5] and recently [23], [24] for
related results.

For the functional F we adopt the classical definition which refers to the pionieristic
research by Serrin [38] (see also [29]), which is related to the I'—convergence theory by De
Giorgi [17]. Precisely, for all u € WhP(Q)

F(u) = inf {limkinf/ f(x, Dug) dz, up € Wy'(Q) +ug, ugp = u in W“’(Q)} . (1.16)
0

We discuss more in details in Section 3 the definition of F' in (1.16), while in Section 2 we
give the proof of the a-priori estimate. Finally in Section 4 we give the proof of Theorem
1.2.

2. A-PRIORI ESTIMATES

Let us start with two technical lemmas.

Lemma 2.1. The following inequality holds

(1+1)" < e¢g (1 + /07f (1+ S)B_Qsds) (2.1)

for every t € [0, +00) and every € (0,400), where

o= b (2.2)

1= (1+8(8-1)7

if 6 # 1, while (by continuity)
e

(2.3)

¢y = lim ¢cg = .
! /3—>1’B e—1

Proof. In order to prove the inequality (2.1) we first consider the case § = 1.
STEP 1 (5 =1). We compute the integral in the right hand side of (2.1):

t t
/ (1+s)1sds:/ (1—(1+s)")ds=t—1log(l+1)
0 0
and the inequality (2.1) becomes

1+t<c(1+t—log(l+1))

which is equivalent to
log (1+1t) L a -1

1+t - C1
A computation shows that g (t) =: W is positive for ¢ € (0, +00) and has a maximum

at t = e — 1, thus
log (1 +1) 1
g0 = B <gle—1) =

with the position % =: L we find (2.3).
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STEP 2 (8 # 1). We compute the integral in the right hand side of (2.1) under the
condition # # 1 and with the notation r =: 1+ s

¢ t+1
/ (1+s)ﬁ_23ds:/ P72 (r — 1) dr
0 1

t+1 t+1 7”5 r=t+1 T/B_l r=t+1
— / rP=tdr — / P2 dr = {—1 - { ]
1 1 6 r=1 6 —1 r=1

R N (R Vi .
B -1 BB-1)
The inequality (2.1) takes then the form
1 t+1)” @t+1)°"! 1
— 1+t <1+ - + .
o T 5 F-1 TB@E-1
We can write it equivalently
1
t) <1+ , 2.4
901+ 5 (2.4)
where 51
(t+1)" (1 1 > P
gy =" (22 )41,
0= (5 ) e+
We can compute the maximum of g () when ¢ € [0, +00). We find that the derivative ¢’ (t)

is equal to zero if t = C[ﬁ 3 and, since cg > 3, we obtain

max{g(t): t €[0,+00)} = 9(Cﬁﬂ_5)

Therefore the inequality (2.4) holds if we choose ¢3 to satisfy the condition

s \! 1 1
(cﬂ—/ﬁ) FICE T

A further computation gives for ¢z the explicit expression in (2.2). Note that ¢ — ¢; as
56— 1. O

In the sequel we apply the previous lemma to get the a-priori estimates in particular to
deal with the left hand side of (2.31), with 3 = 1 + &, for v > 0; thus 8 > £ . In the next
result in fact we consider § € [y, +00) for some fixed 5y > 0.

Lemma 2.2. Let By > 0. There exist constants ¢ and ", depending on [y but independent
of B> By and of t > 0, such that

A /—62 t s)P 2 sds
(1+1) Sclog(1+ﬁ) (1+/0 (1+s) d), (2.5)

(1+t)’ <'p? (1 + /Ot (1+s)" sds) : (2.6)
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for every B € [By, +00) and every t € [0, +00).

Proof. First we show that the constant ¢z is bounded independently of 5 < 1if 8 € 5, 1]
(here we assume that 3y € (0, 1), otherwise nothing to be proved at this step). Precisely we
show that

p

cg < 1—cho’ VB e [Bo1]. (2.7)

In fact, by the inequality logt < t —1,valid for all ¢ > 0, by posingt =1+ (8 —1),if 5 < 1

we obtain
log(1+8(8—1)) B(B-1) 5

(I+B(B-1)TF =e 15 <etv =c
and (2.7) follows if 8 € [f, 1), since

o 8 B B
~Q+AE-1) Loe? e
Finally, if 8 =1 then ¢; = -5 < — 1_% holds, since it is equivalent to 1 < e!=%.

We now consider the case 5 > 1 By Taylor’s formula we get

(L+B(8—1)7 =e
log(1+8(8-1) (log(1+A(5-1)
[y +0( =5 )

log(1+8(8—1))
1-8

= 1+

and thus the quantity

cglog (14 5) log (14 )

2 g [les(1+8(8-1) log(1+5(5-1))
B 5[g<5<1 >+0<g<1(ﬁ >>}

has a finite limit as § — 400 (equal to 1/2) and it is a bounded function for § € [1, +00), let

us say bounded by /. This proves (2.5). The other inequality (2.6) is a direct consequence
of (2.5). O

Let now €2 be an open bounded subset of R™, for n > 2 and assume that f satisfies
(1.7). We observe that we can transform f(z,€) into f(x, My€), which satisfies the same
assumptions for |£] > 1 (with different constants depending on M;). Then it is sufficient to
obtain the a-priori bound and the regularity results for v = Miu Therefore, for clarity of
exposition and without loss of generality, we assume My = 1. Throughout the paper we will
denote by B, and By, balls of radii, respectively, p and R (with p < R) compactly contained
in Q and With the same center, let us say, xo € 2.

In this section we assume the following supplementary assumptions on f. Assume that

[ € C*(2 x R") and there exist two positive constants k, K such that V¢ € R™, Vo €
E(L+IER)'T AP < X fag (2, NN,
fee(2,9)] < K (1+1]¢P)", (2.8)
feola, O < K (1+[6P)*F

In the next lemma, we obtain an a-priori estimate for the L°*°—norm of the gradient of u
which is independent of k and K.
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Lemma 2.3. Let u be a local minimizer of the integral functional (1.1) with f satisfying
(1.7) and (2.8) with
Toqs 2 with a=1-" (2.9)
P n—2 r
ifn >3 and p < q if n = 2. Then there exists a positive constants C depending only on
n,r,p,q, My, My (depending also on |Q| when n = 2) such that

Dulimiaeer < © [EEMES (] g pupmyan) ™ o
(R—p) Br

for every 0 < p < R < p+1, where

~ O m (2= —

fi=——— 9::% mi=— . (2.11)

P —qm P —qm r—2
Remark 2.4. We observe that
T n 2"

1<m:= since r > n; (2.12)

< ==
r—2 n—2 2
the last inequality holds for n > 2, while we set 2* equal to any fixed real number greater
than 2, if n = 2. Moreover we also have

1 I r—-2 n-2 n(r—-2)-rn—-2) r-n 1 1 « (2.13)
2m 2% 2r on 2nr o onor on '
therefore (2.9) can be equivalently expressed as
2*
q (2.14)
P 2m
because
2a 2*a (2.13) 1 1 2"
1 =1 =142 ——— ) = .
+n—2 * n - (Zm 2*) 2m

Therefore, due to (2.14), in (2.11) we have § > 0 and 6 > 1.

Remark 2.5. The result obtained is sharp in the sense that if m = 1 (r = 400), then the

relation between p and ¢ reduces to the analogous one in Theorem 2.1 of [33], i.e. % < s

Proof. Let u € W4(Q) be a local minimizer of (1.1), then u satisfies the Euler first variation
/ Z fe,(x, Du)py, (x) de =0 Vo € Wy (Q).
€ =1
By (2.8), the technique of the difference quotients (see [30], [18], in particular [28], Chapter
8, Sections 8.1 and 8.2) gives
w € Wb (@) nWEr@9(Q) and (1+ |Du?)'= [D%uf? € L}, (Q).  (2.15)

Let n € C}(Q) and for any fixed s € {1,...,n} define
= n"us, ®((|Dul - 1))
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for @ : [0, +00) — [0, +00) increasing, locally Lipschitz continuous function, with ® and ¢’
bounded on [0, +00), such that $(0) = &'(0) = 0 and

P'(s)s < cp D(s) (2.16)

for a suitable constant ¢ > 1. Here (a), denotes the positive part of a € R; in the following
we denote ®((|Du| —1);) = ®(|Du| — 1),.
We have then

Pu, = 2000, e, P(| DUl = 1) 4 40t 0, ®(| Dl = 1) 01z, @' (| Dl = 1)1 [(| Du = 1) 4 ], (2.17)

Let ¢ > 2, by (2.15) we have that |D?ul? € L] (Q) . Otherwise if 1 < ¢ < 2, we use the fact

loc

that u € W () to infer that there exists M = M (suppy) such that

loc

|Du(z)] < M for a.e. x € suppyp.

Now since ¢ — 2 < 0 we have
(1+ M%) [D?uf* < (1+ |Duf*)'T |D?uf?,

and by (2.15) we again get |D?u|*> € L'(suppy). Therefore we can insert ¢,, in the following
second variation

/ { Z feie; (@, DUy, 0o, + Z feins (2, Du)gpxl} dr =0 Vs=1,...,n (2.18)
Q i=1

i,j=1

and we obtain

0 = Z [/9277(1)(’19'&‘ - 1)+foifj(w7 Du)nxiu:csuxsa:j dx

S /Lv.]

+ 772@(|Du| - 1)+ Z f&'fj (ZE, Du)uzsmuﬂﬁsxj dx

1,J
25/
7" ®'(|Du| —1)4 Zféiéj(xvDu)uxsuxswiju‘ — 1) 4o, dx
ihj

20®(|Dul = 1)+ Y few. (@, D)y, vy, da

+

_|_

_|_
S— S— 55— S—

1°®(|Du| — 1) Z feiw (T, D)ty o, da

+

S~

P (|Dul = 1)y Y few, (@, Du)uy, [(|Dul = 1) ], da
= > B+ L+ L+ +1+1;). (2.19)

In the following, constants will be denoted by C', regardless of their actual value.
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Let us start with the estimate of the first integral in (2.19). By the Cauchy-Schwarz
inequality, the Young inequality and (1.7), we have

ZIS ‘/ 2n®(|Du| — 1) +Zf&5j T, D)0y, Uy, U o; A (2.20)
i,7,8
! %
< / 2n®(|Dul — 1) {Z Jeie; (@ Du)nmluxsn:vju:vs} {Z feie; (@, Du)uxsmiuxs:vj} dx
1,7,8 1,3,8

1
< ¢ [ 1DuPe(Dul = 1)+ 1Dultde + 5 [ 0(Du| = 1)1 Y g, (0 D)t ., o
Q 2 Q J J

1,7,
Let us consider the third integral in (2.19). First of all we observe that

[(|1Duf = 1) Zuxsums% = [(1Du] = 1) Jo [ Dul[(|Du] = 1) 4]a; -

This entails, using (1.7)

S5 = [ R0 =14 Y feg o Dt (D= 1)), d

27]75

> My [ 0(|Dul = 4 Dup D]~ 1), P s = 0
Q

We now deal with the fourth integral in (2.19). We have

'/ 2nd(|Dul — 1) mes x, Du)ng,u,, dx

p+q2
< 200D = Do) Dl S
Q

< C [+ DuPhix)e(Dul - 1)4|Du do.
Q
Consider now the fifth integral in (2.19). We have

Z[g / ®(|Du| — 1) fozzs (2, D)ty q; dx

ZS

17) p+q 2
z / &(|Dul — 1), h(x)| Dul ™ | D?u| da
Q

_ 1/2 1 2
< /9[772@(|Du\ — 1) | Dul 2 D2ulP] " [p2®(|Dul = 1), |h(x) P Dul]”

< 5/n2<l>(|Du| —1)4|Du|P?|D*uf* dv + C. /7]2<I>(|Du| — 1), |h(z)*| Du|? du,
Q Q
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where in the last line we used the Young inequality. Finally, for any 0 < § < 1

2.0

[ S S P 40 = 1), 11D0] 1)1

ptq—2

(1.7)
< [ (Dul = 1) b Dl
Q

| Dul|D(|Du| = 1) | dx
ptq

< / 728 (|Du| — 1), h()| Dul*3* | D?ul de
Q

= /9772@’(\%! — 1) h(@)[(|Du] = 1)5 + 6] [(|Du| — 1)4 + 6]} Du|"%" | D?u| dx

IN

1 ) 1/2
[t S = 1.0 = 1)+ DD
x {co® (|Du| = 1)1 |h(x)|| Dul*2[(|Dul — 1)4 + 6] }/? da
< Coeo / 729 (|Du| — 1) |h(2) 2| Dul*[(|Dul — 1) + 8]~ de
9]

2 [P DUl = 10, [1Dul = 1) + 8 Dul D% do
o} Q

Since Q = {z : |Du(z)| > 2} U{z: |Du(z)| < 2} and (|Du| — 1); > 1 in {x : |Du(x)| > 2},
we also have

(IDul = 1)1 +6 < 2(|Du — 1), (2.21)

as long as we have chosen 0 < 1. Therefore, using (2.16), we can estimate the last integral
as

[ ¥ Dul = D410l = 1), + B|DuP | Douf? da

Q

_ / 728 (|Dul — 1), [(|Du] — 1) + 6)| Dul?2| Duf? da
|Du|>2

[ PE(Du = D4l(Dul ~ 1)y + 8| DuP Dol do
1<|Dul<2

®
=
=

2 / 720 (|Du| — 1)4(|Du — 1) DulP% D?uf? dx
| Du|>2

+ [ (DU~ 1)u(|Dul - D4 DuP Dl da
1<|Du|<2

+5/ 28 (|Du| — 1), | DulP~2| D?ul? dz
1<|Dul<2

©
INE
2

2¢cq / *®(|Du| — 1) | DulP~?|D*ul* dx + & n*®'(|Du| — 1)4 |Du|P~2|D?ul? dz.
Q

1<|Du|<2
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Therefore we finally have

2%

< C.co / n*®' (| Du| — 1) [h(x) | Dul™[(| Dul — 1) 4 + 6] da
Q
12e / n2®(|Dul| — 1), | DulP~2|D%ul? dz
Q
+d¢ / n*®'(|Du| — 1)4 |Du|P2|D*ul? dz.
1<|Du|<2

Now, for € sufficiently small and putting together all the previous estimates, we deduce that
there exists a constant C' depending on n, 7, p, g, M; such that

/n2q>(ypu| 1), | Dl D2l da (2.22)
Q

< Ce / (r + [DyP?)(1 + h(x))?| Dul?
% [®(|Du| — 1)4 + ®(|Du| — 1)+ |Duf*[(|Dul — 1)4 + 8] de

+o / 20 (|Dul — 1), | DulP=2| D?ul? dz.
1<|Du|<2

Let now set

P(s) = (1+5)72%% >0 (2.23)
with

'(s) = (ys +2)s(1 +s)7 . (2.24)

It is easy to check that & satisfies (2.16) with cp = 2(1 + 7).
We now approximate this function ® by a sequence of functions ®;, each of them being
equal to ® in the interval [0, h], and then extended to [h, +00) with the constant value ®(h).
Since @, and @}, converge monotonically to ® and ', by inserting ®,, in (2.22), it is possible

to pass to the limit as h — +o0o by the Monotone Convergence Theorem.
Therefore, for every 0 < § < 1, since

(|Du| — 1)+
<
(Du—1), 40 =1 70=0

and ®'(t — 1), < C(y) when 1 < ¢ < 2, we obtain

(14 (|Dul = 1))"*(|Du| = 1) |Dul""*| D*ul* dz

S~

< C(l+9) /9(772 + D) (1 + h(x))*(1 + (| Du| — 1)) do

+6 0(7)/ n?| Dul|P~?| D*ul? dz. (2.25)

1<|Du|<2
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Using formula (3.51) of Lemma 3.3 in [19], namely the fact that |[Du|P~2 < C(p) (1 +

|Dul?)"Z" when |Du| > 1, we have

/ n?| Du|P~2| D*ul? dv < C/ (1 + |Du|2)%\D2u|2 dx < 400
1<|Du|<2

1<|Du|<2

by (2.15), and for 6 — 0 and the last term in the previous inequality vanishes.
Since h € L"(€2), by the Holder inequality, since = 4 2 =1, by (2.25) we have

/9772(1 +(IDul = 1)4)77*(| Du| = DL Dul~[D((| Du| — 1)) dz (2.26)

1
m

< C+7? I+ Al [/9(772+|D77\2)m(1+(\DUI —1))0F ™ de

Let us introduce

t
G(t) =1+ / (14s)27225ds (2.27)
0
and we obtain
[GH)? < 4(1+)"1P < 4(14t)71, (2.28)
where we used the fact that p < ¢. On the other hand
G'(t) = (1+1t)2F572% (2.29)

which in turn allows us to give the following estimate for the gradient of the function w =
nG((|Dul = 1))

/Q ID(HG((|Dul - 1)) de (2.30)

< 2/Q|D77|2|G((IDUI—1)+)I2dﬂfvL 2AnQ[Gt((IDUI—1)+)]2[D((|DUI—1)+)]de

(2.26),(2.28),(2.29) ) ) ) o (y+q)m
< C 1+ 1+ Al q Q(?? + [Dn")™[1 + (|Du| — 1)4] dx

1
”

By Sobolev’s inequality there exists a constant C' (depending also on || when n = 2) such
that

{/Q[UG((’DM - 1) dx}; < C’/Q ID(nG((|Du| — 1)) da

and by the previous inequality we get (for a different constant)

{ [m6t40u - 1 d} (231)

3=

< COU+V L+ [ 41D+ (Dl = 1)1
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We take into account the definition of G (¢) in (2.27) and we use Lemma 2.2, and in particular

formula (2.6) with g = %. Being v > 0, we have 8 > () :=p/2 > 0 and
(2.32)

2 t
(1+t)WT+p < (%w) (1—1—/ (1+8)72+p_2sd5> :
0

for every v > 0 and every t € [0, +00). In terms of G (t) = 1—i-f(f(1—i-s)%+§_2 s ds equivalently

2
(1+t)”3”§c"<72ﬂ> G(t), Vy=0, Vt>0.

Therefore, if ¢ := ([Du| — 1),
#2* m2 (VD - 2%
L+ (Dul=1),) 2" <() (—~)  [G((IDul=D)]", Vv=0,

and by (2.31) we finally get

{/9772* [1+(|Dul ~ 1) ]
(")* (#)4 {/Q[nG«le Y dx}
C O 1) 14 Wl | [0+ IDAPI" L+ (D] = 1006707 ds 3

with a new constant C' and for every v > 0.
As usual we consider a test function 7 equal to 1 in a ball B,, with suppn C Br and such

2
y+tp 2% 2%
2 d:v}

<

that |Dn| < ﬁ. We get
2m

PE3

[ (4l = 1o g
By

6m
< Colll+ hl[Fg, ((Zzt—qp))%n/ [1+ (|Du| — 1)]0F9™ da | (2.33)
Br
where the constant C only depends on n,r, p,q, M1, M, but is independent of 7.
Fixed 0 < py < Ry < po + 1, we define the decreasing sequence of radii {pg }r>1
pkzpﬁROQ_pr VE > 1.
We define recursively a sequence «ay, in the following way
a; =0 a1 = (o + pm) 22m —qm. (2.34)
We have the following representation formula for o which can be easily proved by induction
o )k:—l _ 1}
(2.35)

- 2% [(Zm
wo\E ) e
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We rewrite (2.33) with R = pg, p = pry1, ¥ = % and we observe that

R _ Ro—po
_p-—pk_karl—W

N

. (ay, + qm)32k+1 2m
Ok = C() ||1 + h”%r(Q) ( R() — ;

Set, for all £ > 1

/(cp+gqm)
1+ (IDuf — 1), Jowrom dw)

we obtain for every k > 1

Ak—i—l S C«;/(alﬁ‘pm) Al(cak"rqm)/(ak'i‘pm). (236)
Let 6 be defined by
et a; +qm
0= _— 2.37
1} a; + pm ( )

We show that 6 is finite and is given by

qm(——l)
py —gqm

0 =

Indeed by (2.37), the recursive definition of oy, i.e. (2.34) and the representation formula
for ay, namely (2.35), we have

_ o\ k-
b TTotam sy gm <2* )k e am (35)
b -G+ pm ai +pm \ 2m (% —am) [(%)H‘l]

+ pm

am (3)" (35— 1)
pm (= 1)+ (5 —am) (&)~ 1]

which yields (2.37) once we pass to the limit as k — oo as long as 2= > 1 in view of (2.12).
Note that # makes sense due to (2.12) and the bound (2.14) in Remark 2.4.
Iterating (2.36) we deduce

~ O
A TI+ |y 17
A < - A > 1 2.
1 < c({ Trro IV RSt (239)

where

1 ; 6m22m(i+1)
C = wexp [92 ogl(ei +gm) ] < 400

a; +pm
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which is finite because the series is convergent (a; from the representation formula (2.35)
grows exponentially) and

2m  (2.35) 2m 2m
E - = E . < E ,
— o + pm (%) 1] - ()"

=1 2

2

T s L 0% o G

2m(%—1)i(2_m>i:2m(22;—1) 1 B 2* 5

Py —gqm =\ 2 pr —gm (1-22)  pL —gm

where in the first inequality we used the fact that

2% i—1 % i— «
2% [(2m) - 1] 2% (;m) ! p% —qm
5—qm 2*—1+me pE—qm 2*—_1<:>—2*—1+pm20<:>q2p.

2m 2m 2m

By letting & — 400 in (2.38), we have (2.10). Therefore, the proof of Lemma 2.3 is complete.
0J

The a-priori estimate (1.12) in Theorem 1.1 follows by the classical interpolation inequality

D 1—-2
Lo(B,) < ||v||£P(Bp)||U||LooS(BP)7 (2.39)

for any s > p, which permits to estimate the essential supremum of the gradient of the local
minimizer in terms of its LP—norm.

0]

Proof of Theorem 1.1. Let us set

V(z) =1+ (|Dul(x) — 1)+ (2.40)
then estimate (2.10) becomes
1+ Al 17 9
+ r
sup [V (z)| < C ([R—“] r|V|qum<BR>> (2.41)
zeB, —p

for every p, R such that 0 < p < R < p+ 1 and where C' = C(n,r,p,q, My, M3).
In the following we denote

s 1= gm.
At this point, (2.41) and (2.39) give

P

0(1-2%)
LS(BR)> . (2.42)

114 Al zry 17
[—” vl

y
V] -

1-2 L
L) < C 4 WV,

We observe that

/\/\

1— —) <1, (2.43)

because

2* p2*
2 _gm -2 4 2 1\ e 2
9(1—£)<1@q2 Z* 2m p<1(:)q<p(1——+—>(2213)p(1+—a).
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For 0 < p < R and for every k > 0, let us define p, := R — (R — p)27*. By inserting in
(2.42) p = pr and R = pg41, (so that R —p = (R — p)2*(k+1)) we have, for every k > 0

v 11+ Al '
(Bpy,) (26 - { (R—p) HV”L Bopya) | (2.44)

By iteration of (2.44), we deduce for k& > 0

BT St
< (o2 [IEA Al @ vIE
LS(BP()) ~ s W H ||Lp(B/’k)

rk+1
)"

v

1-2
L2(B,,) SO

v

x 2By i (

(2.45)

By (2.43), the series appearing in (2.45) are convergent. Since
IV

we can pass to the limit as k — +o0o and we obtain for every 0 < p < R with a constant
C =C(n,rp,q, My, Ms) independent of k

11+l 1772 1”
Ls(B,) < c ({TP)() 114 ZP(BR) . (2.46)

LBy < IV llLe(Br),

1

IV

Combining (2.41) and (2.46), by setting p' = (R+p) we have

7]
1L+ Allr@ 17
Vllgem,) < C( e IV llzss,)

0

i
4 z”(BR)> ;

1L+ Al 177 T+ Al 177
. C(n I { HHL@} H

(' =) (R—¢/)
now, since
R—
(p' =p)=(B=p)=—5— 7
we get
y
I+ Pl ]” v
Dul|lpepry < C | | ———————— 1+ |DulP}d
I Dullie o < ([(R_p) [ puryas) )
where
gm __5'm _ O _am (55— 1)
/B ﬂ_ — ox 7 T 3 9 = T o
pPZ —gqm qm(l—ﬁ(l—q%)) P —qm

o (1.12) follows.
O

Let now f satisfy (1.7) and (1.14). Under these assumptions on f, we obtain the following
result.
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Theorem 2.6. Let u € W'P(Q) be a local minimizer of the integral functional (1.1). Assume
that f = f(x,€) in (1.1) satisfies (1.7), (1.14) and (2.8), with
q 1 1

Sl —— . (2.47)
P n T

Then there exist positive constants C,B,& depending on n,r,p,q, My, My, p, R such that, for
every0 < p< R<p+1

| Dul| (5,7 < C [[[1+h

@) (/BR{l + f(:c,Du)}da:>Z . (2.48)

Proof. Let t :=2q — p. Then (1.14) can be written explicitly in the form

t+p—2

Moreover (2.47) in terms of p and ¢ is equivalent to
t 2
S+ witha=1-2
D n r

Thus all the assumptions of Theorem 1.1 are satisfied with ¢ replaced by t. In particular
the second inequality in (1.7) holds with ¢ replaced by ¢ since ¢t > ¢. Then the conclusion of
Theorem 1.1 holds with ¢ = ¢ which corresponds to (2.48) with

B L %(261 _p)m a o Hp
T pE—g—pm T g pm(1=0)+ 0
since f(x,&) > CI|EJP for every €] > 1. O

3. EXTENSION OF THE INTEGRAL ENERGY

Let f:Q x R™ — [0,400) be a continuous function, convex in § such that
1EP < f(x,&) < C(1+[€]7)  for ae. z € Q, for all £ € R™. (3.1)

For ug € W'4(Q), we define the extension to W'?(Q) of the integral functional [, f(z, Du) dz,
ie.

F(u) = inf {limkinf/ f(x, Dug) dz, up € Wy'(Q) +ug, up = u in W“’(Q)} (3.2)
Q
with
/ f(z, Dug) dz < +oo.
Q
It is easy to check that

F(u) = / f(z,Du)dz  for u € Wy(Q) + up.
Q
In fact, for u, = u for all k
F(u) < / f(z, Du) dx.
Q

On the other hand, by the semicontinuity of fQ f(z, Du) dx with respect to the weak topology
of WP the inverse inequality also holds.
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Lemma 3.1. For each v € Wy P(Q) + ug, there exists a sequence vy, € Wy '(Q) 4 ug such
that v, — v weakly in W'?(Q) and

F(v) = lim /Qf(x,ka)dx.

k—+o00

Proof. The proof follows similarly as in [6]. We give the sketch of the proof.
Let v € WP () + ug such that F(v) < co. Then, for all k, there exists v'" € W2(€) + uq
such that v,(Lk) A v, as h — 400, weakly in W'P(Q) and

F(v) < lim /f(x,Dv,(f))dxg F(v)+%.
Q

T h—+oo
Moreover by the weak convergence of v}(Lk) in W1P(Q) we get
lim oy — =0
lim Jjo,” = v]lzre)

and for h sufficiently large

/ |va(lk)|p dr < / f(z, Dv,(f)) de < F(v)+ 1.
Q Q

Then
. (k) 1
Vk 3hy: Yh > by vy = vl < z
and for h = hy, by denoting wy = v,(jz), we have
1
k= vl < 3 and /|Dwk|”dm <c
Q

then wy, — v, as k — 400, in the weak topology of W?(Q) and

F(v) < /Qf(x,Dwk)d$§ F(v)—l—%

k—+o00

lim /Qf(x, Dwy,) dx = F(v).

4. EXISTENCE AND REGULARITY

First of all we prove an approximation theorem for f through a suitable sequence of regular
functions.

Proposition 4.1. Let f be satisfying the growth conditions (3.1), fee and fe, Carathéodory
functions, satisfying (1.7) and (1.14) with My = 1 and f strictly convez at infinity. Then
there exists a sequence of C*—functions f* : Q x R* — [0,4+00), f* convex in the last
variable and strictly convex at infinity, such that f%* converges to f as { — oo and k — oo
for a.e. x € Q, for all £ € R™ and uniformly in Qo x K where Qy CC Q2 and K being a
compact set of R™. Moreover:

o there exists C, independently of k,{ such that

P < f*(x,6) < CA+(€]7)  for ae. x € Q, for all £ € R, (4.1)
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there exists My > 0 such that for |€| > 2 and a.c. x € Q
Mi|EP2IAP2 < Zf (z,)M\);,  AERY, (4.2)

there exists c(k) > 0 such that for all (m £) € QxR" and A € R”

e(R)(1+1E)'T AP < Z (2, )Ny, (43)
o there exists My > 0 such that for |€| > 2 and a.e. z € Q
|fét (2, 6)] < Mg|? (4.4)
o there exists C(k) such that for a.e. x € Q and £ € R"
q—2
|fee (2, €)| < C(R)A+ [€]) = (4.5)
e there exists a constant C > 0 such that for a.e. x € Q and |£| > 2
[fea (2, )] < C hy(x)]g]™ (4.6)

where hy € C*(Q) is the regularized function of h which converges to h in L"(2)
o for Qy CC Q, there exists a constant C such that for x € Qg and £ € R"

(2, )] < Ok, £,9) (1 + €))7 (4.7)

Proof. We argue as in the proof of Theorem 2.7 (Step 3) of [25] and Lemma 4.3 of [19]. For
the sake of completeness, we give a sketch of the arguments of the proof.

Let B be the unit ball of R” centered in the origin and consider a positive decreasing
sequence £, — 0. We introduce

F(, ) = / p()p(m) (& + 20y, € + £m) dn dy
BxB

where p is a positive symmetric mollifier, and

fHR(,8) = fi(x,8) + (1+\€|) (4.8)

It is easy to check that the sequence f* satisfies the conditions (4.1), (4.2), (4.3), (4.4),
(4.5), (4.7). Let us verify (4.6). For |£| > 2 we have

(2, 6)] < / DL€ + el A +e)dydn < C ha(w)lel*
where
he(z) = / p(y)h(z + eey) dy
B

he is a smooth function and it converges to h in L"(£2). Moreover

| fek (2, )] < Ok, Q)T + hll o )} (1 + [€7) 7
This concludes the proof. [
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Proof of Theorem 1.2. For ug € W14(Q), let us consider the variational problems
inf { / %z, Dv)dz, ve Wy Q)+ uo}, (4.9)
Q

where f% are defined in (4.8). By semicontinuity arguments, there exists v € ug+ Wy (Q)
solution to (4.9). By the growth conditions and the minimality of v, we get

/\Dvek\pdx < /fzk(w,Dvgk)dx
Q

< /fgk(ac,Duo)dx
Q

1 g
— / fi(x, Dug) dx + z /(1 + | Dug|*)? da
Q Q

Moreover the properties of the convolutions imply that

fi(z, Duyg) 25 f(x, Duyg) a.e. in Q
and since

/ fi(x, Dug) dz < C /(1 + |Dug|?)? da
Q Q

by the Lebesgue Dominated Convergence Theorem we deduce therefore

1 g
hm/|DU“€|de < lim/fé(x,Duo)daH—E/(l—l—|Du0|2)2dx
Q

1 q
= /f(:c,Duo) dx+—/(1+]Du0|2)2 dr.
Q k Jo

By Proposition 4.1, f% satisfy (1.7), (1.14) and (2.8), so we can apply the a-priori estimate
(2.48) to v** and obtain, by standard covering arguments V' CC

5

1D vy < OO 11+ hulir]” | [ (14 £ Do) e

Since [|1 4 hel|zr@) = [I(1 4 R)ellr@) < 11+ hl[Lr(), we obtain
;

C@) 1+ 1) | [ @+ £4 e |

IN

| DU | oo (e ey

’ 34 1 [l P
< o) +h||LT(Q)]57 [/Q 1+ fY(x, Dug) + E(l + |Du0|2)2d:v] :

where C,’},B depend on n,r,p,q, My, Ms, p, R but are independent of ¢, k. Therefore we
conclude that

o 20k weakly in WEP() + ug
ng f*_>>00 /Uk Weakly star in Mf]})fo(Q)
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and by the previous estimates

Hka|’Lp(Q;Rn) S hérginf HDU%”LP(Q;RTL) S / f(l‘, DUU) dx + /(1 + |Du0|2)% dx
o0 Q Q

and

IA

||ka ||Loo(Q/;]Rn) lim inf ||D’UKk ||Loo(Q/;Rn)
£—r00

< @) 11+ hllre)” [ [+ s Dudo+ [ (14 |DuO|2>3dxr

Thus we can deduce that there exists, up to subsequences, @ € ug + VVO1 P(€)) such that
vF @ weakly in Wy (Q) + ug
vF — @ weakly star in WL™(Q).

Now, for any fixed k € N, using the uniform convergence of f* to f in Qy x K (for any K
compact subset of R”) and the minimality of v*, we get, for all v € Wy (Q) + uq

f(z,Dv")dx < liminf f(x Dv'™*) dx

Qo L— o0

= hmlnf/ iz, Dv*) d

IN

1 q
liminf [ f“(x, Dv*)dx + % /(1 + | Dv* %)z da
Q

{—00 Qo

IN

1 g
nmmf/ff(g;,m”“) dx+E/(1+|vak|2)zd$
Q Q

{—00

IA

1 q
liminf/fe(a:,Dv) dx+—/(1+|Dv|2)2 dr.
Q kJo

f—00

Then, for Qg — Q

1 g
/ f(z, Dv®)dx < / f(z, Dv)dx + E/(l + |Dv|?)2 dx
Q
By the definition (3.2), we have

) < hmmf/ f(z, Dv")dx < /f x, Dv)d Vo € Wy 9(Q) + uo. (4.10)

k—o0

Let w € WyP(Q) + up. By Lemma 3.1, there exists v, € Wy %(Q) + ug such that v, — w
weakly in W1?(Q) and

klgrolo /Q f(z, Dvy,) de = F(w).

u)g/ﬂf(x,ka)dm

By (4.10)
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we can conclude that

F(u) < klim f(z, Dvg) dx = F(w) Yw € W, P(Q) + uo,
— 00 QO

then @ € W,">°() is a solution to the problem min{F(u) : u € W7 (Q) + uq}.

loc

5. REGULARITY OF LOCAL MINIMIZERS IN A SPECIAL CASE

Let us consider now the case of a special form of integrand

N
F@.) = ai(@)gi(€), (5.1)
i=1
with a;(z) > 0 a.e. in Q, a; € W(Q), r > n, g; : R — [0, 4+00) convex in ¢ and strictly
convex for £ such that || > M. The following regularity result holds.

Theorem 5.1. Assume that f = f(x,§) as in (5.1) satisfies the assumptions of Theorem
2.6. Then every local minimizer u € WYP(Q) of the integral functional

N
/ f(x, Dv)dz = / Zai(m)gi(Du) dx (5.2)
@ € =1
15 locally Lipschitz continuous in 2.

Proof. Let u € W?(Q) be a local minimizer of (5.2). For a suitable ¢, mollifier, consider
Uy = Uk Py € Wl’q(Q). Consider the sequence of problems in B CC (2

loc
inf{ f*(z, Dv)dz, ve Wy?(Bg) + ug} : (5.3)
Br

where f% are defined in Proposition 4.1.
For fixed o, £, k, problem (5.3) has a unique solution v** € Wol’q(BR) + u,. By proceeding
as in the previous theorem, we have that for each fixed o, by the minimality of v

vtk 2 P weakly in W, ?(Bg) + to

vtk 250 vk weakly star in W,2>°(Bg).
We also have

" P2 0y weakly in W, ?(Bg) + o

vk "2 0, weakly star in WL (Bg)

and

1 q
| Dvg|Loe(B,mny < C liminf [1 + f(z, Du,) dx + —/ (14 |Du,|*)? dw
k—00 BR k BR

P

= ( liminf {1 + f(z, Du,) dx} (5.4)
k—ro0 Br



REGULARITY FOR SCALAR INTEGRALS WITHOUT STRUCTURE CONDITIONS 23

for any 0 < p < R and where C' independent of k, 0. For fixed k, by proceeding as in the
previous theorem we have

1 q
f(z, Dv¥)dx < f(z, Duy) dx + E/ (14 |Duy|*)? dx
Br

Br Br
then, by the semicontinuity

1 q
f(z,Dv,)dx < liminf/ f(z, Duy) dx—l——/ (1+|Du0|2)§dx
Br k Jg,

Bgr k—o0

< f(z, Du,) dx. (5.5)

Br
Now we claim that, by the particular form of f, we may deduce

liminf [ f(x, Du,)dx < f(z, Du) dz. (5.6)
c—0 Bgr Bgr
Since g; is convex, for i = 1,..., N, Jensen’s inequality (applied to each g;) yields

/BR a;(z)g;(Du,) dx

— /BR ai(z)g; ( . Du(y)po(z — y) dy) dx
: /BR ai(w) /B 9i(Du(y))po(x — y) dy dx

_ /B / a:(2)0(x — ) dy gi(Duly)) dz
< /B (a:) (9)g:(Du(y)) dy,
Then

Z/B a;(x)g;(Duy) dx < i/BRW( o (7)gi(Du) dx

so that passing to the limit as 0 — 0

.. <
hgn_}éle/ a;(x)g;(Du,) dx Z/ x)gi(Du) dz

because (a;), — a; in L®(Bg), gi(Du) € L'(Bg), the Dominated Convergence Theorem
may be applied, and (5.6) holds.
By collecting (5.5) and (5.6)

lim inf f(z, Dv,)dx < f(z, Du) dx. (5.7)

o—0 Bgr Br
On the other hand, the growth assumption on f yields, since u is a local minimizer of (5.2)

(5.7)
liminf/ | Dvg|P dx < limi(r)lf/ f(z, Dvy)dx < f(z, Du) dz < +o0.
Br T Bgr

o—0 Br
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Thus there exists v € u + VVO1 P(Bg) such that, up to a subsequence
v,—v weakly in WP (Bg).

By the semicontinuity of the functional, using (5.5) and (5.7)

f(z, Do) dx < limi(l)ﬂf/ f(z, Dv,)dx < f(z, Du) dx. (5.8)
o— B

Bgr Br

Moreover, since (5.4) holds, Dv, converges to Dv as o — 0 in the weak star topology of L™
and there exists a constant C' such that, for any 0 < p < R

|2

P

| DO| oo (B, ) < C [1 + | f(z,Du) dx}
Bgr
Consider the problem in B CC
inf{ f(xz, Dv)dz : v e W,"(Bg) + u} . (5.9)
Bpr

Then (5.8) implies that o and u are solutions to (5.9) and 7 € W, (Bg).

loc
In the present case the functional is not strictly convex, then we proceed as in Theorem

2.1 in [19] (see also [25]) and we have that u € W,->°(Bg). Indeed, set
‘Du(x) + Dv(x)

u—+v
5

EOZZ{IEBR:

> MO} and w :=
If Ey has positive measure, then from the convexity of f(z,-) we have

/BR\EO f(z, Dw)dx < %/ f(z, Du) dx + % /BR\EO f(z, Dv) dz. (5.10)

Br\Eo

Now, by the strict convexity of f(x,§) for £ such that |£| > My and applying two times the
following inequality

flx,m) > f(x, &)+ (fe(x,&),n—&),  for  such that |{| > M,

first with £ = Dw and n = Du, then for £ = Dw and n = Duv, finally by adding up the two
inequalities obtained, we have

1 1
/ f(z, Dw)dx < —/ f(z, Du) dx + —/ f(z, Dv) dx. (5.11)
BrNEy 2 BRrNEy 2 BRrNEy

Adding (5.10) and (5.11), we get a contradiction with the minimality of v and v. Therefore
the set Ey has zero measure, which implies that

sup |Du(z)| < sup |Du(z) + Do(x)| + sup |[Do(z)| < 2My + sup |Do(x)|
B, B, B, B,

and this yields the thesis. [
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