LOCAL LIPSCHITZ CONTINUITY OF MINIMIZERS
WITH MILD ASSUMPTIONS ON THE z-DEPENDENCE
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ABSTRACT. We are interested in the regularity of local minimizers of energy integrals of
the Calculus of Variations. Precisely, let 0 be an open subset of R™. Let f(z,£) be a
real function defined in © x R" satisfying the growth condition |fe, (z,€)| < h(z) |€[" ",
forx € Q and £ € R™ with |£| > My for some My > 0, with h € L] _(Q2) for some r > n.

loc
This growth condition is more general than those considered in the mathematical literature

and allows us to handle some cases recently studied in similar contexts. We associate
to f(xz,§) the so-called natural p—growth conditions on the second derivatives fee (,§);
ie., (p—2)—growth for |fes (x,€)| from above and (p — 2) —growth from below for the
quadratic form (fee (z,£) A, A); for details see either (1.3) or (2.2) below. We prove that these
conditions are sufficient for the local Lipschitz continuity of any minimizer u € Wi)’cp (Q) of
the energy integral [, f (z, Du (x)) da.

1. INTRODUCTION

In recent years many authors considered differential problems, in the context of the cal-
culus of variations and of partial differential equations of elliptic and parabolic type, under
general p, g—growth conditions and, as a special relevant case, related to p () —growth; i.e.,
variable exponents. Among them Vicentiu D. Radulescu who studied, in this framework of
general growth, multiplicity of solutions for some nonlinear problems, qualitative analysis,
anisotropic elliptic equations, eigenvalue problems and several other related questions; see
for instance [20], [21], [5], [23], [2]. We like to explicitly dedicate this manuscript to Vicentiu
D. Radulescu, with esteem and sympathy.

In order to introduce the problem we first consider the classical Dirichlet energy integral

/Qa(:c) \Du ()] da: (1.1)

then any minimizer u of this functional is locally Lipschitz continuous in the open set 2 C R”
if also the coefficient a (x) is assumed to be locally Lipschitz continuous and positive in €.
In the nonlinear case too, more generally, a minimizer of an energy integral of the type

/f(m,Du (x)) dx (1.2)
Q

comes out to be locally Lipschitz continuous in 2 if the integrand f : Q x R™ — R satisfies
the ellipticity and the growth conditions

{ (fgf (l’,f) )\, )\) Z Ml (1 -+ Lé}j)
[fee (2, 6)] < M (L+[¢)) *

for some positive constants M, Ms, for an exponent p € (1,400) and for every z € ()
and £ € R™. The assumption usually considered in the mathematical literature for Lipschitz

p—2
2 2
A (1.3)
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continuity of solutions is the Lipschitz continuity of f (z, &) with respect to z; more precisely,
similarly to the Dirichlet integral in (1.1), the condition often assumed on the z—dependence
is
p=1
feo (2. S L(1+1EF) 2 (1.4)
A classical reference is, for instance, the book by Ladyzhenskaya-Uraltseva [19]. The z—depen-
dence cannot be only considered as a perturbation, but it is a relevant difference with the
case f = f (§) from several points of view. For instance recently several authors studied the
r—dependence under Hélder continuity assumptions as well as under Sobolev summability
assumptions, in the general context of p, g—growth conditions; see [7], [8], [13], [14]; see also
[11], (3], [4], [15].

In this paper we show that we can obtain the local Lipschitz continuity in ) of the local
minimizers by assuming a mild condition on the x—dependence, weaker than (1.4). Precisely,
instead of (1.4), we assume that

| fex (2, )] < h(z) (1+€%)

where h € L] () for some exponent r > n. A precise statement (with assumptions only

for || — 400) is described in the next section. The following regularity theorem holds.

p—1
2
7

(1.5)

Theorem 1.1. Let p > 1 and u € W,'? (Q) be a local minimizer of the energy integral (1.2)
under the growth assumptions (1.3), (1.5). Then w is locally Lipschitz continuous in §2.

An explicit bound for the L*—norm of u in any compactly contained subset of 2 C R”
is given in terms of the L"— norm of h and of the LP— norm of the gradient Du. See the
details in the next Section, precisely in the statement of Theorem 2.1.

A motivation for the previous result, other that its intrinsic interest in the framework of
regularity theory, also relies in the approximation procedure to pass from a-priori estimates to
existence and regularity under general p, g—growth conditions. A place where this procedure
has been used is the author’s paper [15]; we plan to go back to this problem in the next
future to explain with more details the use of Theorem 1.1 to get local Lipschitz continuity
and regularity of solutions in a general context.

2. A-PRIORI ESTIMATES

Let Q be an open set of R™. In the following, we say that u € WL? (Q) is a local minimizer
of the energy integral (1.2) if

[(e.Du)de < [ f(e,D(u+)) de, (2.1)
o o
for every open set € compactly contained in © and for every p € W, ” (€).
We assume that f: Q x R" — [0,4+00) is a convex function with respect to the gradient
variable £ € R™ and it is strictly convex only at infinity. Precisely, the second derivatives of
f are Carathéodory functions satisfying the growth conditions

(fee (2, ) A N) = My [P~ A%,
| fee (2, )] < My |€P72, (2.2)

|fer (2,€)] < h(z) €7,

for a.e. x € Q and for all A\, € R™, with || > My, for some constants My > 0, My, My > 0.
Here h € Lj () for some r > n.
We observe that here the ellipticity and growth assumptions hold only for large values of

the gradient variable, i.e., we consider functionals which are uniformly convex only at infinity.
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In this context see [6], [17], [10] and recently [13], [14] and [9]. The Sobolev dependence on
x recently has been considered in [22], [1] and for obstacle problems in [16].

We observe that we can transform f(x, &) into f(z, My), which satisfies the same assump-
tions for || > 1 (with different constants depending on Mj). Therefore and without loss of
generality, for clarity of exposition, we assume My = 1.

Throughout the paper we will denote by B, and Bp balls of radii p and R (p < R)
compactly contained in 2 and with the same center.

In this section we assume the following supplementary assumptions on f which will be
automatically satisfied in Section 3. Assume that f € C*(QxR") and there exist two positive
constants k, K such that V¢ € R™, Vo € Q

k(L4 [E2) 5 AP < 5 fee, (2, )N,
fee(@,6)] < K (14 €))7, (2.3)
|ferl,6)] < K (14 [¢2) "=

The following a-priori estimate holds.

Theorem 2.1. (A-PRIORI ESTIMATE) Let the growth assumptions (2.2) and (2.3) hold and
let u € VVlif (Q) be a local minimizer of the energy integral in (1.2). Then w is locally
Lipschitz continuous in €0 and the following a-priori estimate holds

1

114+ hllLr o) p ) »

|Dull ey < € | E @ (4 Dy de ) (2.4)
(R—p) Br

for every p, R, with p < R < p+1 and B, C 2, where C, B are positive constants depending

on n,r,p, My, My but independent of k and K in (2.3).

Proof. Let u € W-P(Q) be a local minimizer of (1.2). First of all we obtain an a-priori
estimate for the L>°—norm of the gradient of u which is independent of k and K, i.e. for
every 0 < p < R < p+ 1, we prove that there exists a positive constant C' depending only
on n,r,p, My, Ms such that

2 1
1+ hllr@]” . wm
Dl < € | P HEO T (] 1 ipupmy i)™ (25)
(R—p) Br
where
T ~ 2
m = Bi=——a. (2.6)
r—2 p(1—3%)
Let us observe that since r > n
n 2*
1< = < = — 2.7
mE Ty S 2T (2.7)
where 2* := 2~ when n > 3 and 2* is any fixed real number greater than 2m = -2 when
n—2 Y & r—2

n = 2. Therefore § > 0 in (2.6).
The local minimizer u satisfies the following Euler first variation

/ Z fe,(x, Du)py, (x) de =0 Vo € WP (Q).
@ im1
By (2.3), the technique of the difference quotients (see [19], [12], in particular [18], Chapter

8, Sections 8.1 and 8.2) gives
w € WER(Q) n W2 @) and (1 + |Duf?)™= |D?ul? € LL.(Q). (2.8)

loc loc
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Let n € C3(Q) and for any fixed s € {1,...,n} define ¢ = n?u, ®((|Du| — 1)) for & :
[0, +00) — [0, +00) increasing, locally Lipschitz continuous function, with ® and " bounded
on [0, +00), such that (0) = ¢'(0) = 0 and

P'(s)s < co D(s) (2.9)

for a suitable constant ¢ > 1. Here (a), denotes the positive part of a € R; in the following
we denote ®((|Du| —1);) = ®(|Du| — 1);. We have then

o = 21, O D —1)  +1P (| Dt| 1) 70y, (| Dl ~1), [(| Dl 1) L, (210)
Let p > 2, by (2.8) we have that |D*ul? € L .(Q2) . Otherwise if 1 < p < 2, we use the

loc

fact that u € W.°(Q) to infer that there exists M = M(supp ) such that [Du(z)| <

loc

M  for a.e. x € supp . Now since p — 2 < 0 we have

p—2

(1+ M?)"7 |D*uf? < (1 + |Dul?)*? |D?u|?,

and by (2.8) we again get |D?u|? € L'(supp ¢). Therefore we can insert ¢, in the following
second variation

/ { E : ffiﬁj(x7 Du)“:cjﬂcs@:ci + § f&ms(xv Du)@u} dr =0 Vs=1,...,n,
1,j=1 i=1
and we obtain

0 = Z [/QQU(I)UZ)U| - 1)+Zf&gj($,Du)77inx5stxj dx

1,3

+ [ n*®(|Dul —1)4 Z Jeie, (@, Du)ug o Uy o, T
i,

+ [ PV (|Dul = 1)) fee, (@, Du)uy, g, [(|Dul = 1)1, do
2

2n®(|Du| — 1), Z fews (T, Du)ng, uy, dx

_|_

+
S—— S— 5— S—

7 ®(|Duf —1)4 Z feiw (2, Du)ug o, do

+

S~

' (|Du| — 1) Z Jeia, (x, Dujug, [(| Du| = 1) 1]z, dl’]

= Y (B+LB+L+L+E+1). (2.11)

In the following, constants will be denoted by C', regardless of their actual value.
First of all, using the Cauchy-Schwarz inequality, the Young inequality and (2.2), we have
>4

(2.12)

/ 2 b(|1Dul = 1)4 3 fese (1, D)yttt
Q

17‘773

VI

IN

1
{Z fﬁi&j (ZE, Du)uzsxiu:pszj } dx

,L?.]?s

/9277(I)<|Du| — 1) {Z f&i&j(vau)nxiuxsnaCjuzs}

Z’.]is

1
< c / DyPe(|Dul — 1), | Dup do + / P10l — 1)1 3 e, (2. D)ty oty do
Q Q

1’7]78
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Moreover, by the growth of fe in (2.2), we obtain

Y I o= /9772@’(]Du| ~ 1)1 ) feg; (@, Du)ug gz, [(|Du = 1)), da

27]75

> M / 728 (|Dul — 1), | DufP | D(|Du| — 1), dz > 0
[9]

On the other hand, we have

2.0

'/ 2n®(|Du| — 1) ngzxs x, Du)ng, vy, dz

(2.2
< [ 200(Dul - 1).ha) Dup- '3 b

< ¢ / (1 + | Dnf2)h(z)®(|Du| — 1)+ Duf? de.
Q

Consider now the fifth term in (2.11):

‘/ 2d(|Du| — 1) Zf&xs(:v,Du)uxsxj dx

(2.2)

< [0l - 1)@ Dl D do
Q

_ 1/2 1/2
< / [?®(|Du| — 1)1 | DuP~2|D?u|?]"? [2®(|Du| — 1)4 |h(z) 2| Dul?] * do

< 6/ 772<I>(|Du\ — 1)+|Du\p_2\D2u\2da: + C. / 772@(|Du| — 1)+|h(x)\2]Du\p dx.
Q Q

Finally we need to estimate the sixth integral in (2.11). Let us observe that we want to
consider growth conditions only at infinity, therefore we need to overcome the difficulty due
to the presence of the term @’ in this sixth integral. The idea is to use the same argument

exploited in [13]. For any 0 < § < 1 we have

2.1

3 Fon o, Dy, @Dl = 121Dl = 1)1, o

< [ DU = 1) h@)(1Dul = 1)+ 81Dl = 1)1+ |Dup Dl d

1/2
< [ {icb'uw 1, [(Dul - 1), + 6]|Du|p-2|D2u|2}
Q Co
x {ca® (|Dul — 1) 4 |h(2)]?| DuP2[(|Dul — 1) 4 + 8]} da

< Coco / 20 (|Du| — 1), |h(x) 2| DulP*[(| Dul — 1) + 6] da

+= [ PO (Dul = 1).((Dul = 1 + 81 Dup 2| D do

In {z : |Du(z)| > 2} we get (|Du|—1); + < 2(|Dul—1), and we estimate the last integral

using the properties of ® in (2.9)

[ PE DUl = 41(1Dul = 1), + B|DuP? Douf? da
Q
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< 2 [ @Dl - 1.(1Dul - Dl D ds
|Dul>2
s [ PE(D = 1) (D]~ 1) |DuP Dol da
1<|Du|<2
+5/ 2 (|Du| — 1), | DulP~2| D2ul? dz
1<|Dul<2
(2.9)
2 9 /n2q><\Du|_1>+\Du|p2yD2u12dx+ 5 P2 (|Du| — 1), | DulP~2| D?ul? dz.
Q 1<|Dul<2

Therefore we finally obtain

2.0

< C.co /ﬁz@'(!Du\—1)+!h($)\2!Du\p+2[(|Du|—1)++5]1 dx
Q
+2¢ / 172<I>(|Du| — 1)+|Du|p_2|D2u|2 dx
Q

+de / *®'(|Du| — 1)4 | Dul|P~?|D?ul? dz.
1<|Du|<2

Now putting together all the previous estimates, for € sufficiently small, we deduce that there
exists a constant C' depending on n, p, M, Ms such that

/ 7’ ®(|Du| — 1), | DulP~2|D*u|? dx (2.13)
Q

< Ceo [ (0 +|DoP)(1+ h(@) Dul
Q
x [®(|Du| — 1)4 + @'(|Du| — 1)4|Dul*[(|Du| — 1)+ + 6] '] da
+0 n*®'(|Du| — 1)4 | Dul?~?| D*ul? dx.
1<|Du|<2
At this point we set
®(s) := (1 +5)72s? v > 0; (2.14)
with
P'(s) = (ys +2)s(1 +s5)7 7. (2.15)
It is easy to check that & satisfies (2.9) with ce = 2(1 + 7).
Let @5, be a sequence of functions, with ®;, equal to ® in [0, 2] and extended to [h, +00)
with the constant value ®(h). Then (2.13) holds for each @, and since ®;, and P}, converge

monotonically to ® and ¢’, by passing to the limit we have (2.5) with ® defined in (2.14).
Therefore, for every 0 < § < 1, since

(|Du| — 1)+
<
(Du—1), +0 =1 79=0

and ®'(t — 1), < C(y) when 1 < ¢t < 2, we obtain

n*(1+ (|Dul = 1)) 7*(| Dul = 1)Z|Dul"*| D*ul* dz

S~

< C(+y) /Q(n2 +[Dn*) (L + h(2))* (1 + (|Dul = 1)) dz

+(5C’(7)/ n?| DulP~%| D*ul? dz. (2.16)

1<|Du|<2



LOCAL LIPSCHITZ CONTINUITY WITH MILD ASSUMPTIONS ON THE z-DEPENDENCE 7
Since |DulP~2 < C(p) (1 + |Dul?)"s" when |Du| > 1 (see Lemma 3.3 in [13]), we get

/ n?| Dul|P~?| D?ul? dv < C'/ n*(1+ |Du|2)p%2|D2u|2 dr < +00
1<|Du|<2

1<|Du|<2

by (2.8), and the last term in (2.16) vanishes as § — 0. Using the Hélder inequality, since
he L"(Q) and = + 2 =1, by (2.16) we have

/9772(1 + (|Dul = 1)4)"*(|Dul = D3| Dul"?|D((|Du| = 1)4)|* dx

< CO+* N+ Al @) l/g(n2+|D?7!2)m(1+(|DUI—1)+)(”“’)md$ (2.17)

Let us define

t
G(t) =1+ / (14s)27525ds (2.18)
0
so that
GO < 41 +1)*  Gut) = (1+t)3+27 %, (2.19)
which gives the following estimate for the gradient of the function w = nG((|Du| — 1))
[ 1PeGDa = 1)) do (2.20)

1
m

(2.17),(2.19)
S C U (1t ) { / (7 + | DR 1 + (1Dl — 1),]09™ da

By Sobolev’s inequality there exists a constant C', depending also on |2| when n = 2, such
that

{/Q[UG(QDUI -1 dx};* < C/Q ID(nG((|Du| — 1)) dx.

By the previous inequality we get

2
=

{ [m6100u = 1.0 as | (221)

1

m

< CaAP 1+ bl | [ 07+ DU+ (Dl = 11" ]

We take into account the definition of G () in (2.18) and we use Lemma 2.2 below, and in
particular formula (2.36) with g = 2. Being 1 > 0, we have p > p1g :=p/2 > 0 and

2 t
1+0)72 < (’%p) (1 +/ (1+ s)”?%ds) : (2.22)
0

for every v > 0 and every ¢ € [0,400). In terms of G(t) equivalently

2
(1+t)”2”§c"<77+p> G(t), Yy>0, V>0

Therefore, if ¢ := (|Du| — 1),
. o (4D 2.2* .
(4 (D = 1),) % <@ (22) e (@pul- DT, ¥r 20
and by (2.21) finally for every v > 0 we obtain

2
*

{/9772* [1+ (|Du| - 1), ] S d:;;}Q
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< @2 (B2){ [motpu - . i)

< COr+1)° (+[hlZ @) [/Q(UQ + [ D)™ [+ (|Dul = 1), ] 7™ do

1

For p < R < p+ 1 consider a function n with n = 1 in B,, suppn C Bpg and such that

|Dn| < (;Tp); we obtain

2m

oF

[ (1l = o dw]
By

)Gm

< Co L+ Al P /[1+<\Duy_1)+]<v+p>mdx, (2.23)

(R — p)2m Br
where the constant Cy only depends on n,r, p, My, M, but is independent of ~.
Fixed 0 < py < Ry < po + 1, we define the decreasing sequence of radii {pg }r>1

Ry — po

Lr(Q)

PR =Po+ —f Vk > 1.
We define recursively a sequence oy, in the following way
2* 2* 2*
a; =0 a1 = (o + pm) o pm = ay, T +p (3 — m) ) (2.24)

The following representation formula for ay can be easily proved by induction

aj, = pm [(22;)“ - 1] : (2.25)

X 2\ *
(g +pm)— =pm -

so that

2m 2m

We rewrite (2.23) with R = py, p = pr41, 7 = = and we observe that

R ~ Ro—po
— P = Pk~ Pr+l = okt -

For all k£ > 1, denote by

Ak:(/B

Ck = CO (H]_ —+ hHLr(Q))2m (

1/(@+pm)
[L+ (| Duf = 1) ] dw‘)

Pk

(O% + pm)32k+1)2m .
Ry — po 7

for every k > 1, (2.23) implies Az < C,i/ (extpm) 4, By iteration, we deduce that there
exist § and C' such that

B
] A k>, (2.26)

= [T+ Allzr @
A < (C|———=
= { (Ro — po) -

such that

o0

e o[

p— a; +pm

6m22m(i+1)]
< 400
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which is finite because the series is convergent (q; from the representation formula (2.25)
grows exponentially) and

.S om 2 /2m\' 2 1
B'_;ai+pm_5;<2*)_§(1_2_m)‘

2

By letting k — +o0 in (2.26), we have (2.5).
The a-priori estimate (2.4) follows by the classical interpolation inequality
P 1-k
Wolliey) < 10l 0]t (2.27)

for any s > p, which permits to estimate the essential supremum of the gradient of the local
minimizer in terms of its LP—norm.
Let us denote

V(z) =14 (|Du|(z) — 1)+ (2.28)
then estimate (2.5) becomes
1L+ bl )’
IV iy < € {?” IV o) (2.29)

for every p, R such that 0 < p < R < p+ 1 and where C' = C(n,r, p, My, Ms). By applying
at this point, (2.29) and (2.27) give
12)

; (
i 11+ 2| zrey 17
IVllzoni < C 5 IV s, ([Tp“ IVl zom ) - (2.30)

We observe that, since m > 1

T = (1 - %) <1. (2.31)

For 0 < p < R and for every k > 0, let us define p, := R — (R — p)27%. By inserting in
(2.30) p = pr and R = pryy, (so that R — p = (R — p)2=%**+1) we have, for every k > 0

-1 = Bk+1) 11+ 2l ’ '
Vg s,,) <C mHVHLP(B,,k) 2 “(R-p) HV”L””(B%H) : (2.32)
By iteration of (2.32), we deduce for k& > 0
1L+ Al 1 e
-1 L7 () o
Wiy = (0% [Fm | Wi,
Gkt i k1
x0T (V| om s, )T (2:33)

By (2.31), the series in (2.33) are convergent. Since
IVllzom B,y < IV Ilzom(Bg),

we can pass to the limit as £k — +oo and we obtain for every 0 < p < R with a constant
C = C(n,r,p, My, Ms) independent of k

I+ bl 17 o )
IVllzoms,) < € ([Tm() VIEm, | (2:34)
as 1 —7 = . Combining (2.29) and (2.34), by setting p’ = @ we have

11+ Allr@)

i
IV zem(s,
(' —p) } (5o

Vi, < C [
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11+ Al @ ] {||1+h||u Q) } )
< C VIIz ;
- { (' = p) (R—7p) V150
now, since (p' —p) = (R—p') = (R — p)/2, we get
||1+h||LT(Q)}B( >1/p
Dut|| oo gy < € |12 LTS |+ |DufYdz) |
Dl s < €[S AS](( [ q1s pupy
where
. 2%
fi=fm= gy
plem—1)
o (2.4) follows. O

Above we applied the following technical lemma whose proof is in [15].

Lemma 2.2. Let ug > 0. There exist constants ¢ and ¢, depending on g but independent
of > po and of t > 0, such that

1+t < ﬁ (1 + /Ot (1+ s)“_Qsds) : (2.35)
14+ )" < 'y? <1 + /Ot (1+ s)“_Qsds) : (2.36)

for every p € [po, +00) and every t € [0, +00).

3. REGULARITY

First of all we state an approximation theorem for f through a suitable sequence of regular
functions. Let B be the unit ball of R™ centered in the origin and consider a positive
decreasing sequence €, — 0. Define

() = / ()P0 f (& + 20y, € + 2om) dy dy,
BxB

where p is a suitable symmetric mollifier, and set
D

Fo(,8) = [ (2,6 + ( +1€1%)2.
Proposition 3.1. Let f be satisfying the growth conditions (2.2) with My =1 and f strictly
conver at infinity. Then the sequence of C*—functions f* : Q x R* — [0, +00) defined in
(3.1), convex in the last variable and strictly convex at infinity, is such that f%* converges
to f as { — oo and k — oo for a.e. © € (), for all £ € R™ and uniformly in ¢ x K where
Qo CC Q and K being a compact set of R™. Moreover:
o there exists C, independently of k,{ such that

(3.1)

P < Rz, 6) < CA+|€]P)  for ae. z €9, for all £ € R, (3.2)
o there exists My > 0 such that for || > 2 and a.e. z € Q
M€ AP < Z (z,6)N\);,  AERY, (3.3)

o there exists ¢(k) > 0 such that for all (x £) € QX R" and A € R”
c(R)(1 +[¢[)"F [A] <Zf”“ 2, €A\, (3.4)

o there exists My > 0 such that for |€| > 2 and a.e. z € Q
| fee (. ©)] < Mgl (35)
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e there exists C(k) such that for a.e. x € Q and £ € R"

[ @, )] < Ok + €))7 (3.6)
o there exists a constant C > 0 such that for a.e. x € Q and || > 2
|fea (2, )] < C hy(2) €™ (3.7)

where hy € C>*(Q) is the reqularized function of h which converges to h in L"(§2)
o for Qo CC Q, there exists a constant C(h, ) such that for a.e. x € Qg and £ € R

125, €)] < C(k, Q0, 0)(1 + €)™ (3.8)

The proof follows with a similar argument as in [13] (see also [15]).
We are ready to prove the main result of the paper.

Theorem 3.2. Letp > 1 and u € T/Vlif (Q) be a local minimizer of the energy integral (1.2)
under the growth assumptions (2.2). Then u is locally Lipschitz continuous in Q and we
have

14 2l|zr ey ]’ /e

Dl < € | PO (] s papyar) 3.9
(R—p) Br

for some positive constants C, 3 (depending on n,r,p My, My, My) and for every p, R, with

p<R<p+1and B, CQ.

Proof. Let u € W,"?(Q) be a local minimizer of the functional (1.2). Let Br CC Q and
consider the following variational problem

inf {/ f*(z, Dv)dz, ve W, (Bg) —I—u}, (3.10)
Br

where f%* are defined in (3.1). By semicontinuity arguments, there exists v** € u + I/VO1 ()
solution to (3.10). By the growth conditions and the minimality of v*, we get

/ |DvFPdr < f*(x, Dv*) da < f*(x, Du) dx
Br

BR BR
1 P
= fi(x, Du) dx+—/ (14 |Dul?)? dz.
BR k BR

l—

Moreover the properties of the convolutions imply that f‘(z, Du) =5 f(z, Du) a.e. in Bg

and since

f(z,Du)dx < C / (14 |Dul?)% d,

Bgr Bgr
by the Lebesgue Dominated Convergence Theorem we deduce therefore
1 P
lim | Dv*|P do = f(z, Du)dx + - / (14 |Dul?)? dz.

By Proposition 3.1, f% satisfy the growth conditions (2.2) and (2.3), so we can apply the
a-priori estimate (2.4) to v** and obtain

1DV | e (5, < C [T+ hell 5] {/B (1+ fgk(%Dv”“))dx] 7
R

where C' depends on p,r,n, My, Ms, p, R but is independent of ¢, k.
Since ||1 + hg L™(Bg) = ||(1 + h)g L7(BR) é Hl + h”L”"(B;g); we obtain

P

1 P
||va’fr\Loo<Bp;Rn>sc[||1+h||mBR>}ﬁ[/ 1+ff<x,Du>+E<1+|Du|2>zdx] ,

Br
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where C' depends on n, r,p, My, My, p, R but it is independent of ¢, k. Therefore we conclude
that

o™ 28° % weakly in WP (Bg) + u, o™ “28° % weakly star in W (Bg).

Moreover by the previous estimates

| DvM | (Bazny < liminf [ Do*|ogpeny < | f(x, Du)da + / (1+ |[Duf?)® do
o0 Br Br

and, for 0 < p< R

1D | 5,0y < liminf || Do o (5,2
S O [”1 + h||LT(BR):|B [/ {1 + f(l’, DU)}dJZ:| .
Br

Thus we can deduce that there exists v € u + VVO1 P(Bg) such that, up to subsequences
v¥ — ¥ weakly in W, ?(Bg) + u, vF — & weakly star in W,">°(Bg)

and, for 0 < p< R
_ B
|1 D3| oo B,mmy) < C |11+ hllLr )] { {1 +f(;c,Du)}d;c] . (3.11)
Br

Now, for any fixed k € N, using the uniform convergence of f* to f in B, x K (for any K
compact subset of R") and the minimality of v**, we get

{—00 f—00

/f(x,ka)dq: < liminf/ f(x,Dvek)dleiminf/ ff(x, Dv™*) da
Bp Bp B/J

1 p
B, k Jpg

{— o0

{—o0

1 p
< liminf/ fi(z, Du) dx + —/ (14 |Dul?)? dz.
BR k BR
Then, for p -+ R

f(z, Dv®)dx < f(z, Du) dx + %/ (14 |Dul?)? da.

Br Bgr Br
By the semicontinuity we get
f(z, Dv)dx < liminf [ f(z, Dv")dx < f(z, Du) dz. (3.12)
Br k—o0 Br Br

Then v and v are two solutions to the problem
inf{ f(x, Dv)dz, v € WyP(Bg) + u} .
Br

By the strict convexity of f at infinity and by proceeding in an similar way as in [13], (see
also [17]), we can conclude that also the gradient of Du is locally bounded and the estimate

(3.9) follows by (3.11). O
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