LIPSCHITZ ESTIMATES FOR SYSTEMS WITH ELLIPTICITY
CONDITIONS AT INFINITY
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ABSTRACT. In the general vector-valued case N > 1 we prove the Lipschitz-continuity of
local minimizers to some integrals of the Calculus of Variations of the form [, g(x, |Dul) dz,
with p, g—growth conditions only for |Du| — 400 and without further structure conditions
on the integrand g = g(z,|Dul). We apply the regularity results to weak solutions to
nonlinear elliptic systems of the form Y, %a? (z,Du) =0,a=1,2,...,N.

1. INTRODUCTION

Aim of this paper is to prove the local Lipschitz continuity for solutions to elliptic systems
of the form

divA(z, Du) = 0, (1.1)

where A is the N x n matrix A = (a$(x,&))Nxn, With a =1,2,... N, i =1,2,...,n and
a? : Q@ x RV*" — R. Here Q is a bounded open subset of R", u: Q C R® = RY (N > 1) is
a map in a Sobolev space and Du denotes the gradient of u. Our approach is of variational
nature; i.e. the solution is achieved through a minimization property. In fact, we assume
that there exists a function f = f(z,{) such that af(z,§) = fea(z,§).

In contrast with the scalar case, solutions to elliptic systems with general structure may
lack regularity, see [11], [22]. On the contrary, everywhere regularity has been obtained
for systems with Uhlenbeck structure [40]; therefore it is natural to consider the case
f(z,&) = g(z,|¢]). Under p,g—growth conditions we obtain the local Lipschitz continu-
ity of minimizers; this also gives the existence of weak solutions for the associated Dirichlet
problem to the elliptic system (1.1).

Motivated by applications to the theory of elasticity for strongly anisotropic materials (see
Zhikov [41] and also [42]), in recent years the integral of the Calculus of Variations

[ 4pup + ol Dul) ds (1.2)

with 1 < p < g and a € (0,1) has been investigated from the point of view of the regularity
of local minimizers. The condition ¢ # p may produce not smooth minimizers. Recently
Colombo and Mingione ([6], [7], see also [2]) proved the regularity of minimizers for integrals
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of the type (1.2) when, more generally, |z|* is replaced by a function a = a(z) which is
Holder continuous with exponent v and p, ¢ are related to a by the inequality

«
o142 (1.3)
P n

The condition (1.3) is considered sharp in view of some examples given in [15], [17].
A natural question now arises: is it necessary to assume the precise structure condition
for the integrand as in (1.2)? Le., is it possible to investigate more general integrals of the

Calculus of Variations of the type

F(u) = /Qg(x,|Du|)d:L’ (1.4)

where
g(x,|Du|) = |Dul’ + a(x) |Dul? (1.5)
is a model example?

The structure f(z, Du) = g(z, |Dul) is necessary to treat the general case N > 1, since in
the vectorial framework minimizers can be unbounded even when p = ¢ ([11], [38]). In this
paper we study the general case (1.4), by assuming an higher Sobolev summability of g with
respect to x instead of the precise structure as in (1.5). We also require uniform convexity
and growth conditions on g = g(x,t) only for large values of t.

Precisely, let g : ©Q x [0,+00) — [0,400) be a convex function with respect to the ¢-
variable such that, for some ¢y > 0, g;; and gy, are Carathéodory functions in Q X [t, +00)
and, for t >ty and a.e. x € ,

MPT2 < gz, t) < A(1+1972), (1.6)

|gea (2, 1)] < h(z) (1+1771), (1.7)

where h € L"(Q2) for some r > n. Then ¢(-,t) € WH(Q) for every t > t;. We also assume
that g(x,ty) and g,(z,tp) are bounded functions.

As we stated above, assumptions (1.6) and (1.7) hold only for large values of the gradient
variable. This is a relevant point of view, which allows us to consider uniform convezity only
at infinity. In the mathematical literature this fact was first pointed out by the pioneristic
paper by Chipot and Evans [4], who considered the general vector-valued case u :  C R" —
R and integrands satisfying some convexity conditions as | Du| — +o00. We also refer to [9],
[12], [16], [18], [21], [35], [37] for convexity and growth conditions at infinity. The Sobolev
dependence on x recently has been considered in [33].

In the general vector-valued context N > 1 we prove that the local minimizers of the
integral in (1.4) are locally Lipschitz continuous if the exponents p,q, with ¢ > p > 1, are
close to each other, precisely if (note that r > n)

11
A (1.8)
P n o r

In the model case (1.5) with g(x,t) = ¥ + a(x)t? and a € W (), the inequality (1.8)
gives back (1.3): ¢/p < 1+ «/n by the Sobolev embedding theorem, since a € C**(Q) with

exponent
n
a=1——.
T
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Note that this framework g(z,t) = t* + a(x)t? with a € WT(Q) holds for the model
functional (1.2). The precise statement of our regularity theorem is given in Theorem 2.1.

The local boundedness of the gradient Du is a fundamental property; in fact in this case
the behaviour of |Dul at infinity becomes irrelevant for further regularity. With conditions
on g(z,t) near t = 0 we get C'1¥ regularity for some 0 < 3 < 1, see Corollary 2.4.

The mathematical literature on the regularity under p, g growth is very large; it is now
well known that a restriction between p and ¢ must be imposed since the counterexamples in
[20], [24], [25], [26]; we refer to [32] for a complete survey on the subject. For similar results
we refer to [26], [29], [30], [31] and more recently [3], [10]. A new impulse to the subject has
been given by the recent articles already cited [6], [7]. Everywhere Lipschitz continuity up to
the boundary for either the Dirichlet or the Neumann problem has been recently considered
by Cianchi and Maz’ya [5] under uniformly elliptic conditions.

As previously noted, the special structure g = g(x, |Dul) is necessary to treat the general
case N > levenif p = g, see [40], [29], [30]. Moreover we stress that the non-autonomous case
still contains many issues not fully solved and that the x—dependence increases significantly
the difficulties in the proof.

We also consider here a more general context; in particular functionals with variable
exponent of the form

/Qa(x) | Du|P® di, (1.9)

which are studied by Rajagopal, Ruzicka in [36] and [34] (see also [31]), in the context of
special fluids called electrorheological; the associated system takes the form

n
=1

with m(z) = a(x) p(z). More generally our regularity results apply to the model example

3}
P (m(x)|Du|p(z)_2ug‘_) =0, a=12,...,N,
ZT; ‘

/ a(z)| DulP™ + b(x)| Du|*™@ dz, (1.10)
Q
with p(z) and ¢(z) related by the inequality

p(x) nor

with p,q,a,b € W' (Q) for r > n and a(z),b(x) > C > 0, ¢(z) > p(z) > p > 1 for x € Q.

Let us discuss briefly the techniques to the regularity. First for smooth minimizers of (1.4)
we prove an a-priori estimate for the L>°-norm of the gradient. Then we construct a sequence
of functions ¢g* and, for u local minimizer of (1.4) and in a ball Bg = B(xg, R) CC ), we
consider the sequence of variational problems

inf{/ " (x,|Dv|) du, UEU-l-WOI’p(BR;RN)}. (1.11)
Br

By applying the a-priori estimate to the solutions v** to (1.11) we obtain an L> bound on
Dv** independent of k,¢. As k,¢ — 400, the uniform convexity of g for t > t, allow us to
transfer the Lipschitz continuity property to the minimizer w.
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The plan of the paper is briefly described. In Section 2 we give the precise assumptions and
the statement of the main results. Section 3 is devoted to the a-priori estimate. In Section
4 we construct the suitable double approximation and in Sections 5 and 6 we complete the
proof of the main results. Finally in Section 6 we transfer the regularity results, obtained
for minimizers, to weak solutions to systems.

2. ASSUMPTIONS AND STATEMENT OF THE MAIN RESULTS

Let © be an open bounded subset of R™, for n > 2. Let u: Q — RY (N > 1), u €
WEL(Q: RN) and consider the following functional of the Calculus of Variations

loc
/f z, Du)d (2.1)

We say that u is a local minimizer of F in (2.1) if f(x, Du) € L'(Q) and

/ f(z, Du)dx < / f(z, Du+ Dw) dz, (2.2)
supp w supp w
for w € WHHQ; RY) with suppw CC Q. We assume that f: Q x R¥ — [0, +00) and its
derivatives fee, fe, are Carathéodory functions in Q X [tg, +00) and f is represented in the
form f(z,€) = g(x,[¢]) for a given function g : Q2 x [0,4+00) — [0,400). Moreover, there
exist positive constants g, A, A such that, for all p, & € RV = pud, € =£€2i=1,2,...,n
a=1,2...N, for |{] >ty and a.e. = € Q

MeP21ul® < ) Feoer (@ iy (2.3)
i,5,0,8

‘fglagf(xaf)’ < A|€|q_2> (2'4)

| feo (2, )] < h(z) €77, (2.5)

for some exponents 1 < p < g and h € L"(Q2) for some r > n. We also assume g(z,0) = 0.
Throughout the paper we will denote by B, and By balls of radii, respectively, p and R
(with p < R) compactly contained in {2 and with the same center, let us say, zo € 2.

Theorem 2.1. Let u € WS (Q;RYN) be a local minimizer of the integral functional (2.1),

loc

whose integrand f satisfies (2.3), (2.4), (2.5) with exponents p,q fulfilling
1 1
L T (2.6)
P n n n r

Then w is locally Lipschitz continuous and for all 0 < p < R the following estimate holds

B
{1+ f(z,Du)} dx) : (2.7)

thh CE C(/H'?T?p?q?)\?A?R?p) and/BE/B(n’p7q7>\7A7R’p)'

|Dull s ) < € ((1+ 1)

Br

As consequence of Theorem 2.1, under the stated assumptions, the Lavrentiev phenomenon
for the integral functional (2.1) cannot occur.
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A further relevant consequence is the following regularity result for weak solutions to
elliptic systems. In order to state it, we consider a nonlinear elliptic system of PDEs of the
form

“~ 0
S (x,Du) =0 =1,2,...,N 2.8
;amiaz (LE’ U’) ) Q ) <y ) ) ( )

where af (z,€) = feo (z,€) and f (x,€) = g (v, [¢]). Under the assumptions (2.3), (2.4), (2.5),

a solution in the sense of distributions to the elliptic system (2.8) is a map u € I/Vlzf (Q; RN)
such that

n a a
/Za?(m,Du) ’ 0, a=12,...,N, (2.9)
Q=1 O

for every ¢ = (goo‘)azl,Q’“_’N e C} (Q;RN ) Note that, in general, for differential problems
under p, g—growth conditions (if p, q are not close enough, precisely, if (2.6) is not satisfied)
the notion of solution to the elliptic system (2.8) in the sense of distributions may differ from
the notion of weak solution, the difference being in the class of the allowed test functions

©, which in this second case is T/Vlif (Q; RN ) (as necessary to treat variations). Le., a weak
solution to the elliptic (2.8) is a map u € W, (Q; RN) which satisfies the integral condition

loc

(2.9) for every test function ¢ = (¢%),_;, n € Wka (2;RY). By Theorem 2.1 we have

C

Corollary 2.2. Fvery weak solution to system (2.8) is locally Lipschitz continuous in Q.

In general the elliptic system (2.8) may even lack a weak solution. Nevertheless, under the
assumptions (2.3), (2.4), (2.5) the associated Dirichlet problem can be solved and the two
notions of weak solution and solution in the sense of distributions turn out to be equivalent.
We have in fact the following regularity results for systems. We consider below a Dirichlet
problem, but a similar result could be stated for Neumann conditions, or for more general
variational boundary value problems.

Corollary 2.3. Let ug € W' (Q;RY) be a map such that [, f (x, Dug) dz < +oo, with f
satisfying the assumptions of Theorem 2.1. Then the Dirichlet problem
Y(z,Du)=0 «a=12,...,N, in ),

>
— Ox; (2.10)

U = U on 0€),

has a weak solution u € WhHP (Q;RN). Moreover u € I/Vlé’:o (Q;RN), that is u s locally
Lipschitz continuous in €2.

Corollary 2.4. Let f € C? (Q X RN”) with f(x,&) = g(x, [€]) satisfying the assumptions of
Theorem 2.1. Assume that there exist two positive constants m, M such that, for 0 <t <1
and a.e. x € €}

b= t p—
m (i + 13T < gt(f’ ) < M2+ ) (2.11)
m (i + 1) < gu(at) < M (2 +13)"7, (2.12)

|gez (2, 1) < M (4 +£2)"7, (2.13)
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for some p € [0,1]. Then every weak solutionu € W (;RN) to (2.8) is of class CLP (RN,
for some 0 < 8 < 1.

Further regularity of solutions to nonlinear elliptic systems with continuous coefficients
applies when we know that the gradient Du is locally in C%” for some 0 < 8 < 1. Indeed
we state the following result.

Corollary 2.5. Assume that f € C* 58 (Q x RN™) with f(x,&) = g(z,[¢]) for some k > 2
and gy(z,t) > m > 0 for a.e. © € Q, for all t > 0. Then every weak solution to elliptic
system (2.8) is of class C"P (Q; RN).

loc

Finally we would like to focus on the fact that our assumptions allow us to consider a
class of integrals of the Calculus of Variations with variable exponent, which can be typified
by the model integral

I(u) = /Q o(2) | Dul"® da. (2.14)

Theorem 2.6. Let u € W' (Q:RY) be a local minimizer of the integral functional (2.14)

loc

with a(z), p(x) satisfying
a(x) > a >0, p(z) >p>1, a,p € WH(Q), with r > n. (2.15)
Then u s locally Lipschitz continuous in 2.

The model integral in (2.14) has been already studied by Coscia and Mingione in [8],
where the Holder continuity of the exponent p(z) is assumed. However we emphasis that
the integral in (2.14), in our context, is just a model example and our techniques permit to
consider more general integrands as in (1.10).

The Lipschitz regularity for the case f(x, Du) = a(z)h(|Du|)?® is considered by the
authors in [13].

3. A PRIORI ESTIMATES

Let u be a local minimizer of functional (2.1) under the assumptions (2.3), (2.4), (2.5) for
a given ty > 0. We can transform f(z, ) into f(x, o), which satisfies the same assumptions
(2.3), (2.4), (2.5) for |£| > 1 (with different constants depending on (). Then it is sufficient
to obtain the a priori bound and the regularity results for v = %u Therefore, for clarity of
exposition and without loss of generality, we can assume ¢y = 1.

In this section we make some supplementary assumptions on f.

Assumption 3.1. Assume that f € C?(Q x RM") and there exist two positive constants k
and K such that, for ¢ € RM" and a.e. x € Q

FO+IER T 02 < D frago (@ Oiusl, (3.1)
i,J,008
Feoer (.| < K (14167, (3.2)

feol@,6)] < K (1+ €)', (3.3)
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In the next proposition, we obtain an a priori estimate for the L*°-norm of the gradient
of u, which is independent of k and K.

Proposition 3.2. Let u € W'P(Q; RY) be a local minimizer of the integral functional (2.1),

whose integrand f satisfies Assumption 3.1 and (2.3), (2.4), (2.5), with exponents p,q ful-
filling (2.6). Then there exist constants C' = C(n,r,p,q, \,A) and 5 = B(n,r,p,q, A, ) such

that
145 B
2

(1 1813 )

(R—p) BR{Hf(l‘,Du)}dm . (34)

||Du||L°°(Bp;RN") S C

Proof. Let u € WP(Q; RY) be a local minimizer of (2.1). We observe that, by Assumption
3.1, Df has p — 1 growth, then u satisfies the Euler’s first variation

/ S oo, Du)gl () do =0 Vo = (¢%)acr,.x € WeP(QRY).
Q [ e

Since D?f has p — 2 growth, by using the technique of the difference quotients (see for
example [14], [19], [23]) we have that

u e W2’min(2’p)(Q;RN) and (1 + |Du|2)%|D2u|2 c Ll (Q) (35)

loc loc

and the second variation system holds

/ { D feogs (@, D)ol + Y fean, (z, DU)sOZZ} dr =0 (3.6)
Q v (e

i,5,00
Vs=1,...,n, Vo = (0)a=1..N € Wol’min@’p)(Q;RN).
Let n € C}(Q). For any fixed s € {1,...,n}, we choose
™ =1ug ((|Dul — 1))
for @ : [0, 4+00) — [0, +00) increasing, locally Lipschitz continuous function, with ¢ and ¢’
bounded on [0, 400), such that ®(0) = 0 and
P'(s)s < co D(s) (3.7)

for a suitable constant ¢ > 0. Here (a) denotes the positive part of a € R; in the following
we denote ®((|Du| — 1)4) = ®(|Du| — 1);. We compute then

%, = 2na,ug, ®(|Dul — 1) +1°ug o, (| Dul — 1)1 + n*ug, @ (|Dul — 1), [(IDu] — 1)1 ]a,.
Here we used the fact that u € W2 (Q; RY), see Proposition 3.1 of [9] and [39]. Plugging

loc
this expression in (3.6) we obtain:

0 = / S(|Du| — 1)y 3 fewgs (v, D) us il do
QO “ v J
Z7]7a7B

+ [ 0(Dul = e 3 Sl Dy, da
Q v

i,5,003
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+ [ 7P®(|Dul = 1)1 Y Fengr (@, Duyug ug o [(1Du] = 1)1 ], do

i,5,003

QU(I)(‘Du’ - 1)+ Z ff?xs ($7 DU)%U?S dx

i,Q

QCI)(|DU| - 1)+ Z ff?ﬂcs (‘Ta Du)ugsri dx

+ / 2 (1Dul = 1)y 3 feo. (2, [ DUl [(|Du] = 1)1, do

= II+]2+I3+I4+I5+IG- (38)

In the following, constants will be denoted by C, regardless of their actual value.

We now sum the previous equation with respect to s from 1 to n and we denote by I; — I
the corresponding integrals.

Let us start with the estimate of the integral I;. By the Cauchy-Schwartz inequality, the
Young inequality and (2.4), we have

+

_|_

S— S S
3

L] = ‘/ 2n®(|Du| — 1), Z fgags x, Du)n,ud u? S dx (3.9)
1,7,8,0,3
3
S /277(I)(|DU| _1 { Z fgagﬂ € Du)nxzu:cﬂrg xé}
1,7,8,0,3
1
2
X{ Z fg@g@(xﬂDu)ugsxiugsxj} dI
1,5,8,0,3 !
< C [ [DaPa(Du] - 1), |Duft do
Q
1
w5 [reDu =12 Y Syl Duus i, do
2 Q 1,5,8,0,3 o
Let us consider fg. First of all we have that
gtt(l‘7 |§|) gt(x7 |§|) Ié] gt(J:? |§|)
gt~ ( ) g nin)
I3; 5],( ) £]2 €]3 J €| &€}
At this point
> fgggfw,m) @l [(1Du] — 1),
1,4,8,0,3
gul(z, |DU|) z,|Dul)
* (| Du| — 1)4]..
( |Du|2 |Du|3 Z];ﬁuxg TsTj x]uml[(| U| )+] i
gi(z, [Dul)
_ Du| —1 3.10
IS s e (10w - 1)) (3.10)

S,1,00
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w(x, |Du +(z, |Du .
- (g (\D‘uy ' g(|D|u|2 D) ; [Zj:um(!Du\)xz

where we used the fact that

+ge(, [ Dul)|D(|Dul — 1)1 %,

Thus, coming back to the estimate of I5 from (3.10) we deduce

i, = /Qngq),(u)u| _ 1)+{ (gtt(fbtﬁu') _ gt(ﬁsﬁu‘)) Z [Z ugl(‘DUDMI

+g:(x, [ Du|)| D(| Du| — 1)+|2} da.

Now we argue as in the proof of Lemma 4.1 of [30]. Using the inequality
ID(Dul — 1), < [D%f2, Dl > 1 (3.11)

we conclude that

2
~ D
fﬁ/ﬁ@’ﬂDM—lpW}j(Eju (1Dl - 1) ]-) dr >0,
Q u o

where we used the fact that g, (z,|Du|) > 0 and ®'(|Du| — 1); > 0. By (2.3), we have that
1

1~ -
3 / 7 ®(|Du| — 1) | DulP~?|D*ul* do < 512+ 15
Q

< L+ |+ 5l +C [ 1DaPe(Dul - 1) [Duf do.
Q
We now deal with |I,]. We have

|| = /27@(!Du| —1) nga x, Du)ng,ug dx

'Lsa

(2.5)
< /znq>(\Duy—1 x)| Dul|?™ 1Z|mz ug,

ZSCX

< / (n + | Dnf)h(x)®(| Du| — 1) | Dul? dz.

Consider |I5|, we have

/ PO(Dul = 1)5 3 feow, (5, DUl do
Q

,8,0

5| =

(2.5)
< / 720(|Dul — 1), h(z)| Dul*™"| D?ul dx
9]
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< / (P (|Du| — 1) | DulP2|D?uf*]? [®(|Du| — 1) |h(x) P Dul> ] d
Q

< = [ P0(Dul = 1) Dulr D%l o+ C. [ P8(Dul = 14 lha) PLDu 7
Q Q

where in the last line we used the Young inequality. Finally, for any 0 < d < 1

sl =

/Q S feve, (2, Duyu? &(|Du| — 1), [(|Du] — 1), ], da

1,8,0

(2.5

)
< /9772¢>’(|DUI — 1)+ h()|Dul*}| Dul|D(| Du| — 1) | dx

(3.11)
< /7]2<I>’(|Du| 1), h(2)| Dul? | D?u| da
Q

- / 72%(|Dul — 1) h(@)[(|Dul — 1)+ +6][(|Dul — 1) + 8]} Dul? | D*ul da

1, ) 1/2
: /9”2 {a@ (IDu] = 1)4[(1Du| = 1) + ]| Dul” Zymuf}
X {C@@’(|Du| — 1)+|h(g;)|2|Du|2q—p+2[(’Du| N 1)+ + 5]_1}1/2 du

< — | P (Dul = 1), [(1Dul = 1) + ]| Dup | Dl do

+Ceco / @' (|Du| — 1) |h(@)]*| Dul**"*2[(| Du| — 1); + 0] da.
Q

We concentrate our attention on the first term in the last inequality. We split the set Q) as
Q={z:|Du(x)| > 2} U{x: |Du(x)| <2} and we observe that in the set {z : |Du(x)| > 2}
we also have (|Du| — 1), > 1 which in turn implies

(I1Du[ = 1)4 +06 < 2(|Duf — 1) (3.12)

as long as we have chosen ¢ < 1. Therefore we have, using (3.7)
| #E(Dul = 104 [1Dul 1)+ + ) DuP | D2uf? da
(9]
= [ (Dul = 1).1(Dul - 1)+ DU D ds
| Du|>2
4 / 728 (\Dul — 1), [(|Du] — 1) + 6)| Dul? 2| Duf? da
1<|Du|<2
(3.12)
< 2 [ P(Dul = 11(Dul - D4lDup D da
| Du|>2

+ / 728 (|Dul — 1), (|Du| — 1) | Dul’*D*ul? de
1<|Du|<2

+9 n*®' (|Du| — 1)4 | DulP~?|D*ul? dx

1<|Du|<2
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(3.7)
< 9 /772<D(|Du| 1) | DulP2| D2l dx + 5/ 2 (|Dul — 1), | DulP~2|D?ul? dz.
Q 1

<|Du|<2

Now, choosing ¢ sufficiently small and putting together all the estimates obtained for | I, |I5|, | Is|,
we deduce

/ *®(|Du| — 1) | DulP~?|D*u|* dx (3.13)
0

< Cea [ (0 + DoP)(1+ B (@) Dufr?
Q
x [®(|Du| = 1) 4| Duf**™ 4 &'(|Du| — 1) 4| Dul*[(|Du| — 1); +6]7'] dz
+5/ n*® (|Du| — 1), | DulP~?| D*ul? dx,
1<|Du|<2

with a constant C' depending on n,r, p, q.
Now we define

D(s) = (1452 >0 (3.14)

we have
'(s) = (ys+2)s(1+ )% (3.15)

This function satisfies (3.7) with ce = 2(1 + 7).
We now approximate this function ® by a sequence of functions ®;, each of them being
equal to ® in the interval [0, h], and then extended to [h, +00) with the constant value ®(h).
Moreover ®;, and @) converge monotonically to ® and @’ respectively. The expression of
®;, can be inserted in (3.13) and then it is possible to pass to the limit as A — +o00 by the
Monotone Convergence Theorem. Therefore we obtain for every 0 < § < 1

[ (1Dul = 127 2(Dul = 17 Dul 2 DR do
Q

< C(L+7y) /Q(n2 +1Dn2) (1 + h(x)?)(1 + (| Du| = 1)4)*%7P dx

5C0) [ pDap DA s
1<|Du|<2
where we used the fact that
(|Duf — 1)
<1 Vo>0
([Du| = 1)1 +6 —

and ®'(t — 1)y < C(v) when 1 <t < 2. Inequality (3.51) of the following Lemma 3.3 and
(3.5) imply

/ n?| DulP~?| D?ul? dv < C/ n? (1 + \Du|2)¥\D2u|2 dx < 400
1<|Dul<2

1<|Du|<2

so we can pass to the limit for § — 0 and the last term in the previous inequality vanishes.
Since h € L"(Q2), by the Holder inequality and by denoting

m = (g)/: ri2’ (3.16)
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we have, using (3.11)

/9772(1 + (|Dul = 1)) (| Du| = DL Dul""*| D((| Du| — 1)) [* d

|-

< C(1+9)?*H [ /9072 + D)™ (1 + (|Du| — 1)) 0t Pm gz (3.17)
by denoting, from now on
H = (14 |h]3 @) (3.18)

and where C' now depends also on r and || (and so on n).
Let us introduce

_1+/ VO(s)(1+s)7 ds—1+/(1+s)3+5 2sds (3.19)

and we obtain the following upper bound for [G(t)]?

G < 4(1+)TP < 4(1 +t)7H20P, (3.20)
where we used the fact that p < g < 2¢ — p. On the other hand

G,(t) = VO (1 +1)F LY (14 1)3+52 (3.21)

which in turn allows us to give the following estimate for the gradient of the function w =
nG((|Dul = 1))

/Q D(G((|Dul — 1)) de (3.22)
< 2 / DHIG((1Du] — 1)) da

+2 [ FIGAIDu = DRI = 1)) da

3

(3.17),(3.20),(3.21)

et | [ a0l - 08 e

Now, let 2* = 2” for n > 2, while 2* equal to any fixed real number greater than 2, if n = 2.
By Sobolev’s 1nequahty there exists a constant C' such that

{ / [nG((\Dur—1>+>P*da:}2* < C [1D6G((Dd - D) Pde (323)

Moreover, since r > n, we have

1<m := < =5 (3.24)

Observe that
(2g — p)m = 2(q — p)m + pm; (3.25)
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moreover, in view of the strict inequality in (2.6), we infer the existence of 0 < € < 1 such
that
1 1 1 1
(q—p)—ire(———)gp(———). (3.26)
n o r n o r

M :=2(q—p)m+pim—1)+e N:=p—e (3.27)

We remark that M > 0 because ¢ > p, m > 1, ¢ > 0 and N > 0 since € < 1 < p; moreover
we observe that

We also set

M+ N = (2¢ — p)m (3.28)
and
M > (2¢g — p)m — p. (3.29)
Now we prove that
2 2
1 / 2+ (v+2) 54N r* </ 2*)2*
—_— 14+ (|Dul —1 m) 2 dx < 4 G((|Du|l —1 )
o | I D = 1] 610l - 1)
(3.30)
In view of (3.19), by setting ¢ := (|Du| — 1), (3.30) is proved if
o ¢
Lo BeEeE) < <1 + [ (1+s)3th2 sds) . (3.31)
YEP 0

Now, if t < 1, then easily

Yy MR 2 t
—(1+t)(g+¥"+g> < <2<2 <1+/ (1+s)3+§23ds>
Y+p Y+p 0

so that (3.31) is achieved. Let now ¢ > 1, then (3.31) becomes, after differentiation

%—i_Qﬁ—i_Q_~ + +8 2422
+(1+t) o 3% < 2(1+t)2T27%, (3.32)
Y+Pp
If we are able to show that . B
M N _p (3.33)
om 2 — 2’ '
then we Would have
1+ +— M |, N 1 P 1 p—2 t>1 p—2
2 m Tyt < (14 == (14T (141 < (1405 ¢
EOEEE < Jaenf =500y S (1)

and so also (3.32) is satisfied.
Thus all is reduced to prove (3.33), which is equivalent to

p_p , €, P €D
2 2’

G-P+5-5 to,te 5 =

Since
1 1 r—2 n—=-2 n(r—-2)—rn-2) r—n

2m 2 2r 2n 2nr nr
then, by (3.26), the claim (3.30) is satisfied.
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By collecting (3.22), (3.23) and (3.30), we obtain

2
o

{/Q n* [1+ (|Du| — 1)4(#%)% [1+ (|Du| — 1)+]Nd:c}

3|

< crilr-pt| [ 100 (D= D] T (s

where the constant C' only depends on n, 7, p,q, A\, A but is independent of ~.
Now, let ) to be equal to 1 in B,, with suppn C By and such that |Dn| < Tl—p)' Let us
denote by

/i::ﬂym—l—M(gig) (y42q —p)m — N.

We notice that £ > M since y > 0; moreover 2 > 1 due to (3.24). Therefore, from (3.34)
we now have

2m
2*

{ / 1+ (|Dul — 1), ]"5[1 + (| Du| - 1>+1Ndx} (3.35)

< cum (%) / [ (Dul = D (D]~ 1)) e,

where the constant C' only depends on n,r,p,q, A, A.

Fixed R and p, with R > p, we define the decreasing sequence of radii {p;}i>o
R—p
9i
We observe that pg = R > p; > pir1 > p. We also define the increasing sequence of exponents

{Ki}i>o such that

pi=p+ Vi > 0.

~ *
Ko ‘= M Ri+1 = K;

> 0.
2m ‘=

We notice that ko > 0 because M > 0. We rewrite (3.35) with R = p;, p = piv1, & = Ki;
then, after observing that
R—p
R—p:=pi—pinn=—Fg

we obtain for every i > 0

U |

< CHm<ﬁii§Ezi> Z(/‘u+anm_1ﬁwu+unm—ngﬁmaw.

1

[1 + (|DU| - 1)+]m‘+1[1 + (|Du| B 1)+]Ndm} Ritl

Pit+1

R—p
The last inequality can be rewritten as

Aip1 < Ci 4 (3.36)
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A</

having set

1

ats

u+—qu-—w+r41+<uh4—wqgﬁdx)

Pi

~_ 3 . 2m n%

(/’fi _l_N)%QH-l
R—p ‘

By iteration of (3.36), we deduce

2m)i+1

%

x o\ i+1 N (
{én+w0m—n4%@0 U+ﬂDm—DANm}

< C | 1+ (|Du| —1)4]@Pmdy, (3.37)

Bg

where, by taking into account that m > 1, we have

: ()"
~ ] (/{k+]\~f)%2k+l 2m 2
¢ < I[|ca™ 5
k=0 | —F
i 3 2m (QTm)k
00 [M(j*)kjtj\?rz’f“
=[] |cE" S
k=0 R—p
i .
< ﬁ 2CH™ (2 —p)m]?’m] (%)
= =G
1
cH )
N (R — ﬁ) 22*2527::1 7
with a constant C' = C(n,r,p,q). Let us denote
2*m 1
71:22*_2m:%_%; (3.38)

thus (3.37) implies

2m )i+1

% \it1 <27
{/[H%WM—UAM%><M} <c

P

[ 04Dl = e s,
Bg

(3.39)
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At this point we pass to the limit as ¢ — 400, obtaining

. (227,,’:1)%#1
~ ~ * \t+1
sup {[1+ (1Dul = 1).]" 2 € By = 1im { [ 1+ (1Dul = 0,17 ) }
1 o0 Bﬁ
H T
< C _\/_7 / [1+ (|Du| —1),]®Pm g (3.40)
(R—p) Bg
Let us now set
V(z) =14 (|Du|(z) — 1)+ and  s:=(2¢ —p)m; (3.41)
then estimate (3.40) becomes
sup |V(z)| < C — V| s 3.42
aﬁgﬂ (z)] < R-7) IVl B2 (3.42)
for every p, R such that 0 < p < R < p+ 1 and where C' = C(n,r,p,q).
We now use the classical interpolation inequality
P 1-2
HV”LS(Bp) < HVHEP(BP)”VHLOOS(B,,y (3.43)

which permits to estimate the essential supremum of |Du| in terms of its LP—norm. In fact
(3.42) and (3.43) give
0

" VH ]°
1-2 s

VL, < C =V, ) IVILs(8r) (3.44)

where . . (5.29)

S p (3.41) 3.29
9:=—~<1——):Ts— 4D g —pm—p] < 1. 3.45
) i . M( p) M[( q —p)m — p) (3.45)

For 0 < p < R and for every k > 0, let us define
Pk = R — (R — ﬁ)Z_k Bk = HV LS(Bpk)'

By inserting in (3.44) p = pr and R = pp,; (so that R — p = (R — p)2-**V) we have for

every k > 0
9

B, < C7H|V EP(BR) 95 (k+1) % Biy1 | - (3.46)
By iteration of (3.46), we deduce for k > 0
24 S0
oz |cr (Pf—ﬁp) Vs sm 2EES (B )T (347)

By (3.45), the series appearing in (3.47) are convergent.
Since By is bounded independently of k, i.e.

Bi < ||V

L*(Bg)»
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we can pass to the limit as £ — +oo and we obtain for every 0 < p < R with a constant
C = C(n,r,p,q) independent of k

o 1—6

vl . (3.48)

LP(BR)

vH
(R —p)

v

L*(By) <C

Combining (3.42) and (3.48), by setting p’ = @ we have

- \/ﬁ -E ﬁ
Ve, < C _m_ IVlizss,)
s 1
- 4 Z(1—6 oy} M1-0
< O \/ﬁ s( ) \/ﬁ s V % M 0 .
v-n| |@w-p| Wees|

now, since

this implies

B
/H B
Du| L (B, < C (/ (1 + Dul? dl’) s
| Dul| (5, R—p) . | Dul)
with
1 . 1 1 . 27) 1
B o= — (3.45) _ _ (3:25),(327) 1 o1 (3.49)
M(1-10) M@-ﬁ—i—%) M—-s+p €
~ T s 1 (338,349 1 1 nl (3.50)

= SM1—6 - %—%e Qe
)

OJ

We needed in the proof above the following elementary result.

Lemma 3.3. Let ty > 0 and p > 1. For every t >ty we have

2\ - 2
min 5 0 (14172 <t <max 5 0
2+1 2+1

Proof. Since 1 < t?/t? then

p—2
2

,1} 1+ 7. (3.51)

1
1+t < (—2+1)t2
tO

and thus, for every t > tg,

t2 1 1/2
0+ ) t.

t< (1+13)Y2< ( 5
tO
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If p > 2, then

-2

p
- 241\ 2
2 < (1+8)7 < (%) =2,
0

On the contrary, if p < 2,

p—2
241\ _
( 0; ) #2< (14427 < 2
0

In both cases we obtain the conclusion (3.51). O

4. APPROXIMATION

In this section we give two approximation lemmas, which are the main tools to prove
Theorem 2.1. First we need the following preliminary lemma. Note that the conditions
(4.1), (4.2), (4.3) below are consequence of (1.6) and (1.7) since g(x,1) and g;(z,1) are
bounded functions.

Lemma 4.1. Let f be as in Section 2 satisfying (2.3)—(2.5) and let g = g(z,t) be such that
f(x, &) = g(z,|&]) for a.e. € Q. Then (2.3) and (2.4) are equivalent to the following:

o There exist two positive constants A, A such that, for |&| > 1, for a.e. x € §)

AElP < <,§|’5‘) < Algjr? (4.1)
)\‘f’pﬂ < gtt( 7|5D < A ’f‘qu (4-2)
gl [ED] < hla) |e[ (1.3)

Moreover, from the assumptions on f we have that also g(x,t) is strictly convex in the second
variable fort > 1.

Proof. First we prove the equivalence (2.3)—(2.4) < (4.1)—(4.2).
On the one hand, following [3] we first notice that

£ uP gl e o €
FET {‘“' \5”' (44)

At this point the choices p = £ and p L€ in (4.4) imply, recalling (2.3), (2.4), exactly (4.1)
and (4.2) respectively.
On the other hand (see for instance [30]) we have that f(x,&) = g(z, |¢]) implies

z,[€)) gz, ’5‘)) goeh gl [€)) Ogogs
i S ’5‘ i

fee(z, &) (ps 1) = gu(z, [€])

- gue(
T A R

Since

2
> &euig = (Zé > (I€lleh?, Vg e RM™

i,5,0,0
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with the equality holding when p is proportional to £, we easily obtain the following ellipticity
estimate

Z, . f o 5MQN§
. Z, i,7,0,0 & fj 7 T,
min {gtt(iU; |§|)agt( |§|)} < ’ 5 ’ < max {gtt(l‘, |§|)7—gt( |§|)}
B i B
from which (2.3) and (2.4) follows from (4.1) and (4.2). Finally (2.5) implies (4.3). O

We present now a first approximation lemma: we approximate g by a sequence of func-
tions g*(x,t) monotonically converging to g(z,t) and satisfying p—growth conditions with
constants depending on k ((4.8)—(4.11) below) and for ¢t > 1 the p, g—growth conditions as
in (4.1)—(4.3) with constants independent of k.

Lemma 4.2. Let g : Q x [0,+00) — [0,+00) convex with respect to the second variable, g
of class C*(Q2 X [1,+00)) satisfying

g(x,0) = g:(x,0) =0 for a.e. x € Q (4.5)

and (4.1)~(4.3). Then there exists a sequence of functions ¢* € W2>°(Q x (1, 400)) such
that, for allt > 0, we have

9" (,t) < g(x,t) (4.6)
g (@, t) < g (at) Yk (4.7)
moreover, for a.e x € ) and for allt > 1, we have
g, 1) < ClR (48)
A min {L 1} =2 < 9 (2,t) < C(k)tr? (4.9)
p—1 t
AP < gl (a,t) < C(R)P (4.10)
|95 (2, )] < C(k) h(z) ¢~ (4.11)
and finally, for a.e. x € Q2 and for allt > 1, the following inequalities hold
A min {L 1} 2 < 9 (@,1) < A2 (4.12)
p—1 t
MP2 < gk (2,t) < At172 (4.13)
|96z (2, 8)] < h(a) 1, (4.14)

with A\, A as in (4.1)—(4.2).

Proof. Let us define, for a.e. x € (2

t
gk(:x,t) ::/ gf(x,s) ds, (4.15)
0
where
g1(z,t) 0<t<k
Fla,t) = 4.16
(1) gi(z, k) + [Pt — k] t> k. (4.16)

p—1



20 M. ELEUTERI - P. MARCELLINI - E. MASCOLO

Direct computations show that
gtt(l',t) O<t<k
k
x,t) = 4.17
9 (x,1) { A\ P2 t> k. ( )

We claim that the sequence of functions defined by (4.16) satisfies the conditions in the
statement of the Lemma. Before proceeding, we first observe that

=t < (k) L t<k
{ U< okt t> k. (4.18)
It is not restrictive to assume k > 1. We also notice that for all ¢t > 0 and a.e. x € Q
gr(z,t) < gi(x,1). (4.19)
Indeed, (4.19) is trivial for 0 <t < k. Assume t > k. Then ¢ > 1. We need to prove that
A
g; (@, 1) = gi(, k) + pTl[ﬁH — kP < gi(a,t). (4.20)
By setting
\IJ = — p—1
(8) gt(.T,S) p—ls

then W is an increasing function as long as, due to (4.2), ¥'(s) > 0. Then (4.20) holds.
Now let us deal with the proof of (4.6)—(4.7).

e Proof of (4.6): it simply follows from (4.19) by integration (keeping into account (4.5) and

the fact that, by definition, also ¢*(z,0) = 0.

e Proof of (4.7): we prove that gF(z,t) < ¢F™(z,t) for all t > 0 and a.e. € Q. When

t <k-+1, (4.7) follows easily from (4.19). Let ¢t > k + 1, since the function ¥(s) defined by

U(s) = gz, s)+ pi : [P~ — 5P

is increasing by (4.2), (4.7) is achieved.

Before proceeding with the remaining inequalities, we notice that (4.8)-(4.14) are valid
only for t > 1, therefore we need to distinguish between the two cases 1 <t < k and t > k.
Actually, when 1 < ¢ < k, the inequalities follow from the assumptions (4.1)—(4.3) possibly
combined with (4.16) and (4.18). Thus in the sequel we will focus just on the case t > k.

e Proof of (4.8): we have

(4.16)
gi(z,t) =" gilx, k) +

. @D . RCEE) .
[T =R < AR O < Ok
p —_

e Proof of (4.9): to prove the left inequality of (4.9) we distinguish two cases:

1 1
—<1&p>2 or —>1&ep<2
p—1 p—1
In the first case
16) A A A (41 )\

k (4 -1 —1 —1 —1
t) = k = — kP > k P — NEPT >
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while in the second case, using the fact that t > k

(4.1)
A [Pt =k > A (1 L ) e
1 p—1 p—1

o t) "L gz, k) + !

> )\ 1—L tp—1+Ltp—1:)\tp—1.
p—1 p—1

The right inequality instead follows as in the proof of (4.8).
e Proof of (4.10): in view of (4.17), it easily follows from (4.2) and (4.18).

e Proof of (4.11): observing that, for t > k, g& (z,t) = gi(z, k), the thesis follows combining
(4.3) and (4.18).

e Proof of (4.12): the left inequality follows as in the proof of (4.9), while, concerning the
right inequality we have

k
Gt (jvt) (4%9) gi(,t) (451) A2,

e Proof of (4.13): as long as t > k, then gk (z,t) = \MP~2 < At472,
e Proof of (4.14): as k < t, then

(4.3)

(4.16) 43 . .
|92 (2, )] =" |gra(, k)| < h(x) K0 < h(z) 27

O

We now construct a smooth approximation for each g*(z,t). In the following we will use
also the following condition

0<g(z,1)< C for a.e. x € Q. (4.21)

Lemma 4.3. Let g be as in Lemma 4.2. Then there exists a sequence of functions gF* =
g*(x,t) such that gt € C?(2 x R) and the following inequalities are satisfied for a.e. x € Q
and for all t > 0

gz, t) < C(k)(1 + %)% (4.22)
9 ke b2

e(1+1)52 < M < Clk)(1 + 2" (4.23)

min{p — 1,1} e(1 +2)"z < g8z, t) < Ck)(1 +2)"z (4.24)

g5 (2, 1) < Ok, 0,Q) (1 + )T VQ cC Q, (4.25)

where ¢, is an infinitesimal sequence of positive numbers. Moreover the functions g** fulfill
forae xe€Q andt>1

ke

Amin {Ll 1} #2 < M < 2A1? (4.26)
p _

MPT2 < gz t) < A2 (4.27)

g8t (@ D] < hey(2)(1 4+ )7, (4.28)
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where A\, A are as in (4.1)~(4.2), ¢ and h., € C*(R2) is the reqularized function of h in (4.3)
defined by (4.31) below.

Proof. Let ¢g* as in (4.15). Fixed an open set A CC (, an infinitesimal sequence &, of
positive numbers and two positive mollifiers p and ¢. For ¢ large enough, we define, for all
(z,t) € A x R the sequence of functions g* :  x R — [0, +00) such that

g (. t) == g (2, t) +e (1 + 752)g : for a.e. 2 €Q, Vt >0, (4.29)
with
g (x,t) == / p(y)o(n)g" (x + oy, t + egn)dy dn, (4.30)
BxB

where B is the unit open ball in R".

It is not difficult to see that the sequence of functions g € C?(Q2 x R) satisfy the inequali-
ties (4.22)—(4.28). Indeed, for 0 < t < 1, by (4.15), (4.16) and (4.5) we have ¢*(z,t) = g(x,1);
using the fact that ¢ is increasing in the second variable, this entails that

(4.21)
0<§™z,t) < C, forae. z€Q, 0<t<l,

with a constant C' independent of k£, ¢. On the other hand, for ¢ > 1, to deduce the desired
inequalities it is enough to take into account (4.15), (4.16) and the estimates obtained in
Lemma 4.2 for ¢g*. In particular

@D = |t < / POk + eqw.t+ o) dydy
X

< ow [ sa)site +emle-+ ey dys

- () / p(y)h(x + uy) dy / o) (t + em)dn

so that
g (@, O < C(R)he (@)1 + 13T Vi>1
and also
g (, 1) < C(k) 1he, o= (o) (1—}-252)?771 Vi>1,

where h., denotes the regularization of the function h

bl t) = [ po)hGo +em) dy (431)
On the other hand, since g** € C%(Q x [0, +00)) we have, for every )y CC Q
105 (2, )| < Clh, 0,Q) (1+)"T VOo<t<l, z€
so that (4.25) is achieved
987 (@, D) < Ok, €,90) [1+ |l loqon] (L+8)F Yt >0,
Arguing in a similar way but using (4.14) instead of (4.11) we obtain also (4.28). O
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5. PROOF OF THEOREM 2.1

For k,¢ € N, let us consider the following functional

FH () = /Q (x| Dw) da. (5.1)

Let u € WP(Q; RY) be a local minimizer of the functional (2.1); moreover let us take xy €
and Br = Br(zg) CC ) to be a ball of center zy and radius R compactly contained in §.
We consider the following variational problem

inf{ F¥(w) : w € u+ W, ?(Bg; RM)}. (5.2)
It is not difficult to verify that F** is lower semicontinuous, therefore there exists v* &

u+ Wy (Q; RY) solution to Problem (5.2).
We observe that, since

P < C(1+ ¢g"(z,1)) Vit >0, for ae. z €
by the minimality of v**, we have

/ DM PP dar < o/ 1+ g*(x, [ DoM))] dz < 0/ 1+ gz |Dul)dz.  (5.3)
Br Br

Br
Moreover, by the convolution properties, as ¢ — +o00
g™ (z,|Du|) — ¢*(z,|Dul) for a.e. z € Q,

since
g*(x,|Dul) < C(k)(L +|Duf’)? € L}(€2).
The Lebesgue Dominated Convergence Theorem and (4.6) then imply

(4.6)
lim gu(az,|Du|)d:c:/ (x| Dul) dz < / o(z, |Dul) da. (5.4)
¢ Br Br Br

By collecting (5.3) and (5.4)

sup [ |Detrdr< € [ L+ gla. Dup)d, (5.5)
¢ JBg Br

and there exists v* € u + W, P (Bg; RY) such that
TN weakly in W'P(Bg; RY).

On the other hand, by Lemma 4.2 and Lemma 4.3, we have that f*(z, &) = g*(x, |€|) satisfy
Assumption 3.1 and (2.3), (2.4), (2.5) for |{] > 1 with constants independent of k, ¢; thus
we can apply Proposition 3.2 to v* and we obtain for 0 < p < R
5
1

(1 elizee) " |
(R—p)

B

UBR(1+g“(x,|Du’ffy))dg; . (5.6)

1DV e (5,0m) <

with constant C', 8 independent of k, {. By taking into account that, by convolution proper-
ties
e llzr@) < Al
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we also have
L8
3 =+

ke (1 - Hh”%T(Q)) ke . g
(T T | G+ iptas| 60
R
In the following we denote by
% ;/j;
| ()
(R—p)

Therefore, by (5.3) and (5.4) we get, for all B, CC Bg
weakly star in W (B,; RY).

NI
At this point, by the semicontinuity of the norm and (5.5), we obtain
/ Do P d < liminf/ Do d < é/ (14 g(z, |Dul)) dz (5.8)
Br ¢ Br Br
B
(14 g(x,|Dul))dz| =: M. (5.9)

R

On the other hand, (5.4) and (5.6) imply
HD,UkHL‘)O(BP;RN") S hm@lnf ‘|ka£‘|L°°(BP;RN") S é |:/
B
Thus we can deduce that, up to subsequences, there exist v € u + VVO1 P(Br; RY) such that

v = weakly in W' (Bg; RY)

oF By weakly star in W (B,; RY) for all B, CC Bp.
Now we proceed in a similar way as in [9], [16]. First we show that v is a solution to the
problem

inf {/ g(x, Dw)dr : weu+ Wol’p(BR,R”)} : (5.10)
Br
To this end, using the semicontinuity of the functional | B, g* (z,|Du|) dz and (see (4.7))
g (z.t) < g*(a,t) k= ko,
(5.11)

g" (z,|Dv™|) dx < limginf/ g"(z,|Dv™|) dx.
By

we get
/ " (z, |Dv¥]) dz < Timint /
B, ¢t Js,
Since, up to subsequences, g*(z,t) converges as k — +o00, a.e. in Q x [0,+00) to ¢g*(z,1),
by Egorov theorem, fixed K = {¢£ € RV™ : €] < M + 1}, for every § > 0 there exists As with
|As] < & such that g** converges to g% uniformly in (B, \ As) x K. Thus
[ i
Bp\As

g"(x, |Dv™|) dz = lim sup
¢

lim sup /
¢ By\As



LIPSCHITZ ESTIMATES FOR SYSTEMS WITH ELLIPTICITY CONDITIONS AT INFINITY 25

and due to (5.9)

fimsup [ g¥a, D) do < C(k) 45| (14 M),
L BpﬂA5

with C'(k) independent of 6. Thus, putting together the previous inequalities, (5.11) gives

/ g"(z,[Dv*)dz < liminf / 9" (x, | Dv™|) da
B, B

P

< limsup/ g"(x, | Dv™|) dx
4 B

P

< limsup/ g"(x, |Dv*)) dx + C(k) | As| (1 + M)
¢ Br

so that, letting § — 0, by (5.4)

/ g™ (x, |Dv*|) dx < limsup/
B, ¢

Br

gkg(x, |Dul) dz < / gk(x, | Dul) dz.

Br

At this point, exploiting the lower semicontinuity of the functional [, ¢*(x,|Dul|) dz, we
P
obtain

/gko(x,|Dv|)dx < liminf/ g™ (x, |Dv"|) dx
B, k B

< liminf/ gk(x,|Du\)d.:1::/ o(z, | Dul) dz,
k BR BR

where in the last line we applied once more the Lebesgue Dominated Convergence Theorem
to the sequence of functions g*. This has been possible because of (4.6) and due to the fact
that ¢*(x,|Du|) — g(z,|Dul) pointwise. Finally, letting ko — +o00 and p — R

/Bg(x,|Dv])dx§/ o(z, | Du]) da, (5.12)

Br

and passing to the limit in (5.9), we get

||DU||L°°(BP;RN") S é |:/B;

Therefore u and v are two solutions to Problem (5.10), but since g is not strictly convex for
all t > 0, we may not conclude that u = v in Bg. Set

B
(1+ g(z, |Dul) dx] : (5.13)

R

D D
Boi=dwepy: |[2H@ D@ G L g vty
2 2
If Ey has positive measure, then from the convexity of g(x,.) we have:
1 1
/ g(z,|Dul)dx < —/ g(x,|Dul) dz + —/ g(x,|Dv|) dx. (5.14)
Br\Eo 2 Br\Eo 2 Br\Eo

Now, by the strictly convexity of g(x,t) for t > 1 and applying two times the following
inequality
g(x,t) > g(x, 50) + gu(w, 50)(t — s0), 5o >1
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first with s = Du and t = Du, then for s = Du and ¢t = Dw, finally by adding up the two
inequalities obtained, we have

1 1
/ o(z, |Ditf) d < -/ g(:z:,|Du])dI+—/ o(z, |Dv]) dz. (5.15)
BrnNEy 2 BrNEy 2 BrNEy
Adding (5.14) and (5.15), we get a contradiction with the minimality of u and v. Therefore
the set Ey has zero measure, which implies that

sup |Du(x)| < sup |Du(x) + Dv(x)| + sup |Dv(z)| < 2 + sup |Dv(z)|
B, B, B, B,

and estimate (2.7) follows by (5.13).

O

Proof of Theorem 2.6. For every xy € €, there exists R > 0 such that the ball Bg(z)

contained in 2 and
sup{p(z) : © € Br(xo)} +9

inf{p(z) : © € Br(xo)}
for some 0 < 6 < 1. Observe that for the functional (2.14), with the notation g(z,t) =
a(z) '™ we get

Gtz; (T, 1) = (ap)mitp(“c)_l +app,, @1 g ¢, Vi=1,...,n. (5.17)

<1+2 (5.16)
n

Set
p:=inf{p(x) : x € Br(xo)} q :=sup{p(z) : © € Br(xo)} + 90
where 0 permits to absorb the logarithmic term in (5.17). Then the following estimate
g (2, 1) < A R(z) T t>1, ae. in Bg

holds for some h € L"(Bpg). This is due to the fact that the product (ap)., € L"(Bg), since
a,p € WY (Bg), r > n, are continuous functions.

We conclude that, with this choice of p,q, f(x,&) = a(z) |£[P® satisfies (2.3), (2.4) and
(2.5). Since a minimizer u of (2.14) in € is also a minimizer in Br(zg), by proceeding as in
Theorem 2.1, we obtain the u is locally Lipschitz continuous in Bg(zp).

O

6. BACK TO SYSTEMS

In this Section we give the proof of the previous statements about systems. The proof of
Corollary 2.2 is similar to the next one and we omit it.

Proof of Corollary 2.3. We consider the variational problem
inf{/f(x,Dv) dr : v € ug 4 Wy (Q;RN)} : (6.1)
Q

Assumption (2.3) guarantees the convexity of f (z,£) = g (, |£|) with respect to the second
variable and its coercitivity with p—growth. The lower semicontinuity of the integral in (6.1)
gives the existence of (at least) a minimizing map u € ug + I/VO1 P (Q; RY ) By the regularity
Theorem 2.1 we have that u € Wb (Q; ]RN). Then the g—growth from above in (2.3) allows

loc
us to apply the well known variational technique to show that u in fact satisfies the weak
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form in (2.9), with test function p = (p%),_,, y € Wod (2 RY), and therefore u is a weak

C

solution to the Dirichlet system (2.10) too. This complete the proof of Corollary 2.3.

OJ

Proof of Corollary 2.4. Once we get an estimate for the norm in L* of the gradient of
the solution to problem (2.10), with assumptions on the behavior of g, and then on f, as
t = |¢| = 0T, the C* regularity of the solution follows by well-known results for the systems
considered in (2.8) (see [39] and [40]).

OJ

Proof of Corollary 2.5. Since gy (x,t) > 0 for all £ > 0, we are in the framework of uniformly

elliptic systems. Since u € C’ﬁf (;RY), each component of the gradient Du is a weak

solution to a system with Hdélder continuous coefficients. Then further regularity follows

from the regularity theory for linear elliptic systems with smooth coefficients (see for instance
Section 3 of [19]).

OJ
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