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1. INTRODUCTION

The evolutionary equations of viscoelastoplasticity have recently seen abundance of applica-
tions in the mathematical theory of geodynamics. They are particularly used to model a variety of
convective processes within the lithosphere of the Earth and connatural celestial bodies. Conven-
tionally, upon assuming a large time-scale, the planet’s upper mantle part may exhibit a rheological
nature featuring a non-Newtonian fluid of viscoelastoplastic type. An overarching description of
the concept along with a survey on current research advancements may be found for instance in
the works of [37), BT 29].

In this paper we focus on deriving the effective model of a viscoelastoplastic fluid-like body
posed on a domain subject to stochastically varying microgeometry. In concrete mathematical
terms, for a Lipschitz regular domain D C R® and a microstructure scale ¢ > 0, we consider a
family of sets D, which are constructed by removing, from the reference domain D, a random set
consisting of spherical holes:

D.:=D\ U Beap, (20).
iEN,
Hereby N. is a finite set and ¢* < ¢ is the scaling order of the holes against the microstructure
scale. The radii p; are unbounded random variables and the centres z¢ € R? are probabilistically
distributed according to a Poisson point process in R?. Subsequently, we look into an incompressible
fluid under time evolution, whose flow is spatially confined in the perforated domains D.. More
precisely, for a time interval (0,T) with T € (0, +o00], we study the following coupled evolutionary
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Figure 1. Perforated domains D,
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system:

O (ove) + div(ve ® ove) — div(nSe + 20V, ) + Vp. = fe in D.x(0,7),
diV(UE) =0 in DEX(O,T), (1)

v

S. 4+ 0P(S.) —yAS. 5 yV™™y,  in D.x(0,T).

The model exhibits the momentum equation of incompressible Navier-Stokes type along with
Maxwell-type stress evolutionary relation. Here the unknowns v.: (0,7)x D, — R3 and S.: (0,T)x
D. — R3*3 are the time-dependent Eulerian velocity and internal stress respectively. The function
pe: (0,T)xD. — R accounts for the pressure and the density f.: (0,7)xD. — R? denotes the
external acting force in D.. The rheological quantities of the body are its density ¢ > 0, viscosity
v > 0 and the shear modulus coefficient 7 > 0 encoding the elastic property. The symmetrised
gradient is understood as V¥™v = (Vu+Vu )/2. The diffusive term yAS for v > 0, besides giving
regularising effects, accounts for a source of dissipation and stems from a nonlocal energy storage
mechanism. Our choice for the objective derivative of the stress S., is the co-rotational Zaremba-
Jaumann derivative with respect to velocity which is customarily employed in the geodynamics
literature, see for instance [22, [31] and is given by

v
S 1= 0;S + div(S ® v) + SV*<y — V0§

wherein V5% = (Vv—Vuv")/2 is the skew-symmetric gradient. It is a special case of a more general
class of Gordon-Schowalter rates. The coupled differential system in is subjected to the no-slip
boundary conditions on OD.: the zero Dirichlet boundary condition on v, and zero Neumann
boundary condition on S.. Physically, the flow is spatially confined in D, and it encounters rough
boundary at 9D, which means that the confinement is impermeable. In addition, since temporal
evolution is considered, we impose appropriate initial conditions for v. and S..

The convex potential P appearing in the Maxwellian part of accounts for viscoplastic effect
and contributes further to a source of nonlinear dissipation. The intricacy here is that the functional
P: L3 (D) — L3, (D) might be non-smooth whereby its possibly set-valued subdifferential 9P

dev dev
is understood as

OP(S) :={S € L3, (D)": P(®) > P(S) + (S,® = )2 _(p),forall & € L3, (D)}

dev dev

with L2 (D) := {® € L*(D;R**®): ® = & Tr(®) = 0}. In Section formula we give
a prototypical example of such a non-smooth potential which is frequently used in geodynamics.
Consequently the relation is understood as a differential inclusion. In case P is C1''-regular,
which plays a role for instance in polymeric fluid models [2, [§], then 0P coincides with the usual
differential of P. This then clearly renders the inclusion in an equality where the Maxwellian
part would be understood in a weak sense. In contrast, to operate with the notion of solutions en-
compassing a general dissipation potential, we shall resort to the notion of evolutionary variational
solution for non-smooth stress-strain relation recently formulated in [I6], see also [34]. Therein the
authors prove global temporal existence of a Leray-Hopf type solution with a suitable variational
inequality satisfies by the stress, cf. Sections[2.3]and where we describe the precise definitions
and constructions.

The primary objective of our work is to perform the homogenisation procedure of the system
in for a selected class of non-smooth as well as smooth dissipation potentials P. We prove
that under nearly minimal probabilistic assumptions on the perforations with the critical scaling
regime %p; ~ £3p;, the solutions (v.,S.) to converge almost surely as e — 0+ to a pair (v, 5)



which solves the deterministic Brinkmann-type model
O(ov) + div(v @ pv) + Mov — div(nS + 2vV¥™ ) + Vp = f in Dx(0,T),
diV(U) =0 in DX(O, T), (2)

v
S+ 9P(S) — yAS > nV¥™y in Dx(0,T).

Here the drag coefficient is given by Mg := 6mvAE[p]I where [ is the identity matrix in R3*3 E[p]
is the expectation of the mark p and A > 0 is the intensity of the associated Poisson process, see
Theorem and below for more details. Loosely speaking, the mesoscopic friction caused by
the geometry of the spatial confinement of the flow gives rise to observable velocity drag which is
de facto Brinkman-like behaviour.

The outcome of the homogenisation differs considerably when the power law of the perforation
scale lies in the subcritical regime, that is, when €%p; < €3p;. It turns out that in such cases,
the viscoelastoplastic system is entirely asymptotically stable. Specifically for the scale @ > 3, in
Theorem we confirm that a pair of solution (v, S.) converges almost surely to (v,.S) satisfying

O(ov) + div(v ® gv) — div(nS + 2vV¥™ ) + Vp = f in Dx(0,T),
div(v) =0 in Dx(0,T), (3)

v
S+ IP(S) —yAS 5 nV¥ ™0 in Dx(0,T).

Namely the unchanged system is recovered. In other words, the combined mesoscopic cross-section
of the perforations are too meagre to produce a non-negligible forcing against the flow on a large
scale.

The matrix My appearing in the momentum equation in , commonly known as the Stokes
resistance, is inherited from the geometric and stochastic properties of the perforations. It comes
predominantly from the effect on the elliptic part of the Cauchy-stress in by the imposed
Dirichlet boundary, see Section The homogenised momentum equation bears resemblance
with the behaviour observed in the case of deterministic incompressible Navier-Stokes models
[, [6l 19, [33], to mention a couple of examples among an extensive literature on the subject. As
already examined in the aforementioned contributions, proceeded by the foundational work for
the rate-independent Dirichlet problem [9], the appearance of the extra forcing term is closely
linked to the assumed critical scaling of the radii. In actuality, the Stokes resistance is directly
proportional to the newtonian capacity of the perforations, i.e. My ~ Cap(D\DE;RS). On the
other hand, as for the Maxwellian differential inclusion of the stress in 7 the equivalent relation
as in persists under limitation exhibiting a Neumann-type stability. Indeed, similarly to results
in the static elliptic formulations, e.g. [12 23] [I4], the homogenous Neumann boundary conditions
combined with good asymptotic behaviour of the perforated domains D, are sufficient for the same
differential inclusion to be recovered in the limit.

A crucial feature of our analysis is the random nature of the varying domains D, upon which
the viscoelastoplastic system is posed. Our inspiration draws from the considerations in [26], cf.
also [I5] 25], which is the stochastic variant of the homogenisation of the static Stokes equation on
a domain with critically sized periodic holes [I]. In the former, an almost minimal probabilistic
assumption on the spherical perforations is proposed. Crucially, contrary to the mentioned periodic
setting, the random holes may overlap or form clusters with non-negligible probability. To afford
the narrative sufficient context, we give a schematic explanation, while Section addresses the
detailed descriptions. For that, let us designate (§2, 7,P) the ambient probability space. We select
a marked point process (0,R) on R? x (0,00) which serves as the instruction for assembling the
perforations. Hereby © is a Poisson point process for the centres and R is the associated collection
of marks R of identically independently distributed random variables for the respective radii which
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will eventually satisfy the moment condition E[p?] < oo for some ¢ > 1. The randomly perforated
domains are then defined, for w € 2, as

D.=D?:=D\ |  Beop(ex).
z;€0(w)NLD

where o > 1, (z;,p;) € (O(w),R(w)) and O(w) is a locally finite set. It is worth underlying
that the expected number of balls B.o,,(ex;) non-trivially intersecting is strictly positive. Si-
multaneously, the radii p; might be unbounded. Albeit, as shown in [26, Lemma 2.5] the as-
sumed moment condition and the strong law of large numbers respected by the stochastic process,
suffices to find a suitable corrector operator with the divergence constraint preserved and thus
to reach the almost sure probabilistic counterpart of [I]. This then gives rise to the drag My
which depends on the chosen stochasticity. Morally one shows Mg ~ »_ cap(B.s,, (ex;);R3) ~
E[cap(B,,(0); R?)]. In the same spirit one sees that the capacitary contribution for a > 3 is infini-
tesimal, i.e. lim._,o4 cap(D\D¥;R3) = 0 for P-a.e w € Q. These two geometric limiting behaviours
serve as a heuristic reasoning behind the distinction of the homogenised momentum equations in
and . Indeed, subject to appropriate adaptations, such a capacitary relation originating from
rate-independent Stokes problem turns out also relevant in deriving the desired limit equation for
the velocity equation in our setup.

On another note, owing to the said moment condition of the point process E[p?] < oo, for a
generic choice of the power law o > 1, we may establish an almost sure Mosco-type asymptotic
behaviour of the perforated domains D, in the context of Bochner-Sobolev spaces, see Theorem [2.4]
below. This is quintessential to prove the stability of the differential inclusion in the two regimes
and when passing to ¢ — 0+, since it allows to obtain a compactness property of internal
stresses and to identify the right Sobolev regularity of the limit map.

To authors awareness the hereby proposed analysis incorporating viscoelastoplasticity with non-
smooth stress-strain relation appears to be an unprecedented consideration in the related literature
on homogenisation both in deterministic and stochastic realms. The chief novelty of our work is the
analysis of the Navier-Stokes coupled system defined on a large class of perforated domains with
very complex microgeometry. In comparison with the existing theory, see e.g. [3} 25, 28] 24, 27 32]
4] [38], in our assumptions the Cauchy stress in the momentum equation is augmented by adding the
internal stress which is governed by an evolutionary relation in its own regard. As such our result is
twofold. We first generalise the existence of solutions in [16] to less regular domains. Secondly, we
derive the homogenisation procedure in probability law for generalised solutions for a collection of
non-smooth convex potentials P. Afterwards, we investigate the case of weak solutions for regular
potentials of quadratic type drawing inspirations from the celebrated models proposed in [28]. As
a byproduct of our analysis, we achieve an existence result for a Brinkman-type viscoelastoplastic
model along with energy dissipation inequalities in the two respective stress-strain regimes. To
complete the characterisation we verify the stability of the model for a specified scaling range.

2. SETUP AND PRELIMINARY RESULTS

Let us give a couple of comments on the notation and conventions present in the paper:

(a) for a measurable set A C R3 the expression |A| means the Lebesgue measure of A;

(b) we denote by B(R?) the o-algebra of Borel subsets of R?;

(c) for A C R? open, V a finite-dimensional real vector space, p € [1,+oc] and u: A — V, we
set ||U||Lp(A) = HUHLP(A;V) and ||U||H1(A) = ||UHH1(A;V)3

(d) given s € [1,d) the associated Sobolev exponent is s* := ds/d — s;

(e) the symmetrised gradient of u: A — R? is denoted by V¥™u = (Vu + Vu')/2 and the
skew-symmetric gradient by VoVu = (Vu — Vu')/2;



(f) for two vectors x,y € R3 their scalar product is written as z - y;

(g) for two matrices M, N € R3*3 we denote by M : N = tr(M " N) the Frobenius scalar
product and by |M| the Frobenius norm of M;

(h) {e1,ea,e3} is the standard euclidean basis in R3;

(i) the usual tensor product of two vectors z,y € R? is the matrix z ® y € R3*3 such that
(z ®y)i; = wiy;; if M € R¥3 and z € R3 then M ® x € R**3*3 is the 3rd-order tensor
with (M X I)]ﬂ] = Mk,;xj;

(j) for a Banach space X we denote the dual of X by X* and the dual pairing by (z*, z)x for
¥ € X* and z € X;

(k) ¢> 0 denotes a generic constant where relevant dependence is indicated in the subscript;

(1) with sequences indexed by ¢, we mean elements of a sequence &,, — 0.

2.1. Geometric and stochastic setting of the domains. In this section we conceptualise
the type of perforated domains within our considerations. Throughout we fix a reference domain
D C R? which is an open, bounded and star-shaped set with respect to the origin and has Lipschitz
boundary. Let us also fix a probability space (2, 7,P). For a random variable X: Q — R, its
expected value with respect to P is written as

~ [ X@ e

In our analysis we consider marked point processes (0, R) C R?x (0, 00) in Q where © = (0,,)nen
is a Poisson point process in R? and R = (py, )z, co is the assigned marked space with p,, identically
and independently distributed random variables. In what follows, for a detailed description of the
notion of marked point processes we refer for instance to the monographs [13] 36]. As such, let
us recount that the Campbell’s theorem for point processes says that for any measurable function
g: R3 x (0,00) — [0, 00) we have

B[S glanipn)] = [[ o.r) 4B () dmao) @

neN

where P is the probability marginal measure at z and mg is the intensity measure of © given by
meo(B) = E[n(© N B)] and n(© N B) is the random variable defined by the number of points of ©
in B C R? at a given realisation in Q. A further variant of Campbell’s theorem also provides an
integral representation of point processes with respect to second moments:

B[S Y Glontmpnpn)] = [[ Glavro) B, () () (5)
neN meN
T FETn

for any measurable function G: (R*)? x (0,00)? — [0, 00). Here PF, is the two-point mark distri-
bution and Mg is a measure defined as Mg (A x B) := mg(A N B) +E[n(© N A)n(6 N B)].

The class of admissible processes shall satisfy properties in close similarity to the ones assumed
in the setup of the stochastic Stokes problem in [26].

Definition 2.1 (Admissible process). Given a > 1, we say that a marked point process (©,R)
with marginals as in is admissible provided it satisfies the following conditions:

(HO) The measures IP’R and PR in — are absolutely continuous with respect to the Lebesgue

Ty
measure: there exist densities f and F' such that

/fxr dr and IP’R (IxJ) = // (z,y,7,s) d(r, s) (6)
for all Z, J € B((0, 00)).
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(H1) © is stationary: for all z € R?® the processes © = (0,)nen and © + x = (0, + T)nen
possess the same probability distribution. As a consequence the measure meg appearing in
admits a homogeneous intensity: there exists A > 0 such that

me(B) = E[n(0© N B)| = \BJ; (7)
(H2) © has finite intensity rate: for any unit cube Q C R?
E[n(©nN Q)Q} < \?

where A is the intensity from @

(H3) Strong mixing condition: given A € B(R3) by T(A) we denote the smallest o-algebra such
that for any Borel subset B C A the random variable n(©NB) is P-measurable. In addition,
we assume there exist ¢; > 0 and ¢ > 0 such that for all A € B(R?), all |z| > diam(A)
and all random variables X, Y which are P-measurable with respect to T(A) and T (x+ A)
respectively, one has

CE[X2SE[Y2]E
E[XY] - EIX]E[Y]| < 5 - ﬂX_] dig& 2 (8)

(H4) In view of the stationarity of © in condition (H1) the density f of PR from (6) satisfies
the equality f(z,-) = h(-) for all z € R® whereby h € L'([0,0)) is a nonnegative function.
Here we make a requirement that elements in R satisfy a finite g-moment for some ¢ > 3/a:

E[p?] = /rqh(r) dr < +o0

for all marks p in R.

(H5) The stationarity of © in condition (H1) implies the density F in (€] satisfies the relation
F(z,y,-,-) = F(x —y,x —y,-,-). We assume here that there exists a function K and
constants ¢ > 0, 5 > 2 such that

(1+d)(1+7rP)(1 + sP)

F(z,y,r,8) = h(r)h(s) + K(lx — y|,r,8), |K(d,r, s)| <

where h and ¢ are as in (H4).

For the relevance of the above conditions as well as a list of particular examples of marked point
processes satisfying the properties (H0)-(H5), we refer to the discussion in [25] Section 2.1].

Given an admissible process (0, R), we shall annotate the randomly perforated domains D,
associated with (0, R) by

D, ;:D\FE where H, := U Bsapn(sxn) (9)
rn €L

where Z. denotes the index of holes intersecting the reference domain D as Z. := {n € N: ex,, € D}.

Henceforth all the randomly perforated domains D, associated with the processes (©,R) are
going to be assumed admissible.

The star-shaped geometry of D makes, up to possible reordering, the collection of sets {D.}c~0
nested. Let us also recount that for an admissible process (©,R), the random radii (p,) are not
necessarily bounded. Nonetheless, the moment condition (H4), see [27, Lemma 3.1] and [24, Lemma
1.1], along with finite intensity guarantee that the expected number of such radii is sufficiently
small, so that P-a.e. in Q:

lim |D.| = |D|.
e—0
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In addition in view of [25] Lemma 5.1], see also [38, Proposition 6.1] the perforations H. generated
by an admissible process fulfil a variant of the stong law of large numbers in terms of the capacity:
lim 3 cap(B,, (0); ) = AE[]|D|

e—0+
€L

holds P-a.e. in  where cap(-;RR?) denotes the usual newtonian capacity in R3,

The perforations H. generated by the admissible process (0, R) satisfy a representation classi-
fying the overlapping spheres. The forthcoming classification was established for instance in [24]
Lemma 1.2] in the case of the power laws o € (1, 3) and in [26] Lemma 3.1, Lemma 5.1] for o = 3.
The argument is in essence a consequence of the Borel-Cantelli lemma along with properties (H1),
(H5) of the process (0, R). The claim for the broader range o > 1 can be then recovered from the
aforementioned results by rescaling the radii by the respective order of €. Therefore for a detailed
proof of the statement below we refer to the listed contributions.

Lemma 2.2. There exist N = N(a,8) € NNM = M(«,8) € Nand 0 = o(a, 8) > 0 along with
5, ..., I% C I, disjoint sets such that for P-a.e. w € Q there exists gg(w) > 0 such that for all
€ < go(w) it holds

N
H, = U U Beo,, (exn,) and  sup e%p, <.
k=12,€L; en€le

Moreover for every k € 1,..., N the elements in { Boca,, (€2y): @y, € I} } have at most M nontrivial
intersections.
2.2. Function spaces. Let us recount some underlying function spaces which are going to be
utilised throughout the discourse. For an open set A C R3 we define
Coaiv(A4) :=={u € CS°(A;R?): div(u) = 0}
Hl (A):={Uec H(AR>3): U=U",Tr(U) =0}
L3, (A) :={u € L*(A;R?): div(u) =0,u-7i=0 on 9A}
L: (A):={U e L*(4,R¥>3): U=U", Tx(U) = 0}.
We declare Hg 4, (A) as the closure of C§%;,(A) in H'(A;R?) with respect to the H'-norm. In
addition, for an interval I C R, we define
Couiv (AXT) = {u € C°(AXI;R?): div(u) = 0}
Cooney(AxI) :={U € C*(AxI;R**®): U =U ", Tx(U) = 0}.

Given a Banach space X and a,b € R with a < b, for a X-valued mapping g € L] (a,b; X) we
define the time regularisation of g by

g7 (t) = (0r xg)(t) := /RQT(t —s)g(s)ds forte (a+7,b—1), (10)

where 7 € (a,b) and o,(s) := (1/7)o(s/7) with o € C§°(R), supp(o) C (—1,1) is a standard
mollifier.

Let us now present a technical result which elucidates the construction of suitable corrector
maps for a general choice of the scaling regimes o« > 1 in the perforations. This will find its
implementation in a number of key arguments in this paper further on.

Proposition 2.3. Let a > 1 and ¢ € C°(R3; R3) NWH°(R3; R3) with div(y) = 0 in R3 be given.
For P-a.e w € § there exists a sequence (p.) C C*°(R?*;R?) with the following properties:
i) e =0in H. and div(p.) = 0 in R3;
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i) [[pellpee < Nl poes
iii) for any p € [1,4+00) one has:

1
llo = SDsHLp(D) < cfl@ll o [ D\De|?

' (1)
Ve — VSOE”L?(D) <clelle < Z Cap(Baapn (0)§R3)> -
T, €L

Moreover if ¢ € C5%;, (D), then (¢c) C Cf%;, (De).

Proof. Consider the families {Boca,, (e7,): ¥, € UN_ Tt} with the partition Z%,...,Z% of Z.
decomposing H. from Lemma Since each family {Bsca,, (e2y): @, € Zj,} has at most M non-

trivial intersections and both N, M € N are independent of ¢ > 0, after a possible reorganisation,
we may write

N
H.=J |J Beop,(ezn)
k=14, c7s
where N = N(M, N) € N, with indexing sets Z5, . .. ,ff\? C Z. such that each {Ba.a,, (exy): ) €
Z;} is a pairwise disjoint family. We shall construct the sought sequence ¢, in an iterative modi-
fications of ¢ across the indices k =1, ... ,N. For such a fixed k define ok R? - R3 by

A1 i B3\ U, cz: Bacep, (c2n)

=10 in B.a,, (¢2,) for all z, € T}
Yk in Bocep, (62n)\Beop, (e2,,) for all z, € f,i,

where each F € H&,div(BQEO‘ on(€T5)) + ©F~1 is the solution to the following Stokes problem:

*sz + Vp= *A¢§71 in Bacap, (e2n)\Beap, (€2n),
div(yF) =0 in Boeop, (exn)\Beop, (€21);
Yk =0 in Beop, (e2y).
Here the assumption is ¢ := ¢. By standard regularity theory of the Stokes problem and the fact
that ¢ is C>, one has the inclusion ! € C>(R%R?). Iteratively we obtain ¥ € C*>°(R* R?) for
all k=1,..., N. Consequently define the desired sequence by

Pe = (Pév-
As an immediate observation, from the very construction ¢, vanishes in every B..,,(ex,) and
satisfies the divergence-free condition. This concludes part i).

Considering [30, Theorem 5.1, Theorem 6.1] along with a scaling and translation argument, one
is led to the estimate ||1}] =~ < c|l¢|lL~ and so, by construction we have ||¢L| L~ < cllo|lLe-
Iteratively it follows

[l e < ellf™ e (12)
and thus, by construction ||| L) < ||| L (p) Which yields part ii).

As for part iii), using the fact that Baca,, (ex,) with z,, € Z}, are pairwise disjoint for all k we

obtain

||<P§ - ‘Plg_l”ip(p) = Z H‘Pl; - ‘Plg_lniP(Dmngam(E%)) < C||<P’§_1||’L&(D) Z ’DmB?s’”pn (5$n)‘
wn €t z,€1F
< C||‘P§71||IL)00(D)|D\D6|-
(13)



Moreover in view of (13]) we have

N

N
lo = eelltnimy < NP3 Nk = 5112y < DD S 1105 12w )
k=1 k=1

and by part ii), the first estimate in follows. Now we go on to verify the remaining claim. We
may invoke [30, Theorem 5.1, Theorem 6.1] again to conclude, after scaling and translations, that
for all k =1,..., N there holds

2
2 2 [Pz A, —
||w£z||L2(An><c<||Vso’; Witan + =gz s An = B (cwn)\ By, (ea). (14
n

Let D C R3 be an open set such that D C D and Boeap, (exp) C D for all z,, € Z.. This is possible

n

in view of Lemma We now claim that for all k= 1,..., N the following estimate holds

k
2 2 2
IVt = Vel 2 < e @Vwmpw@+f“mM¢Mm)a By i= Byeop, (€xn).  (15)
i=1g,e7

Indeed, arguing by induction on k, for k = 1 by construction of ¢! and the bound in and

we have

2 2 2 2
HV@; - V<P||L2(D) = Z ||V<P§ - V<P||L2(Dm3n) < Z (HV@HL?(DmBn) + ||V¢'}L||L2(A”))

xneff znei’f
2 H‘PH%Q(B”)
<c Z IVellL2,) + —5a 2
p E°7Pn
T, €L

2 @ 2
<e Y (IV0lieeo, +palieli~).

Tn fo

Assume, for the inductive step, that the estimate in hold for some k. Analysing the case k+ 1
we have

2 2 2
IV = Vol ta) < c(IVOE = Vel + I96E - Vol a5

k
2 2 a 2
< | Vet = Vellapy +e D D (IVeliaa,) +pnlivlix)
jzlxneij

where in the last step we employed the inductive step. However, by the very construction of ¥
and the bound in it follows

_1n2
2% 1||L2(An)
g2 pj,

2 2
Vst = VE| 2y < e > (IWELZ(A”) +

zn€f§+l

and therefore
k41 k)2 k 2 2 ||<P’§‘1Hia<,4”)
IVeE = Vet ) < e[ IVeE = Vellias + 3 (190l + —gaae ) ).

— g2ap?
n€ly
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Using the inductive step in the first summand above and part ii) in the second summand we arrive

at
k+1

2 2 a 2
IV = Vet sy <> 3 (IV6lEaa,, +<pallol-):

=

This in turn completes the induction argument justifying . Setting k = N therein implies

N
2 J 2 2 2
Ve — V‘PHH(D) < ||V<Pév - V%@HLz(D) < CZ Z (||V<PHL2(A") +5apn\\<P|\Loo)

i=la,els
2 2
<clgltn 3o (opd+2%n) <clgltn D e n
Inel-a ZHEIE
2
=clellzn Y cap(Bzey, (0 R?)

Tn €L

where in the last estimate we used the bound on the radii sup, o7 e**p? < & from Lemma
in the first summand. This ultimately proving the second estimate in part iii).

If supp(p) CC D, then investigating the construction of ¢? and from the radii bound in Lemma
232l one observes that

dist(supp(?), D) > dist(supp(y), dD) — 2¢7.

Iteratively one obtains dist(supp(¢¥),dD) > dist(supp(p),dD) — 2ke and so choosing £ > 0
sufficiently small gives supp(p.) CC D.. Hence the claim follows. O

We shall now give an essential result concerning the compactness property of sequences of the
internal stresses. This property will turn out significant when treating the homogenisation of the
Maxwellian inclusion. Since the perforations intersect and form clusters, the domains D, may not
necessarily be sufficiently regular to recover the right compactness from uniform Sobolev extensions.
Thus, to ensure the regularity of the limiting map of the sequence of internal stresses, we shall
adhere to a Mosco-type property.

Lemma 2.4. Let (u.) C L?(D) be a sequence such that u. € H!(D,) for all € > 0 and

sup ||ue|| g1 (p.y < +00.
£

Then there exists u € H*(D) such that for P-a.e. w € Q, up to subsequences, u.xp, — u in L?(D)
and Vucxp, — Vu in L?(D;R3).

Proof. For all i € {1,2,3} we consider a sequence (w) C W (D;R?) such that for P-a.e w € Q

there exists g9(w) > 0 such that for all € < gg(w) there holds
° wé =0in H.
o div(wl) =0in D
o w! — e; in LP(D;R3) for all p € [1,+00).
Indeed, we may apply Lemma to ¢ == e; and set w! = p.|p.

Having obtained the auxiliary maps w? we now turn to the verification of the lemma. From the
given uniform bound, up to subsequences, there exist v € L?*(D) and ¥ € L?(D;R?) such that
uexp, — win L?(D) and Vuexp, — ¥ in L2(D;R3). Let ¢ € C§°(D) be arbitrarily chosen. Then
writing U = (U%)?_, and using the weak convergence of Vu.xp, it follows
lim/ Vg - apwé dx = lim/ Vug - cpwé dzx = / Tipde.

D. e=0/p D

e—0
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At the same time using the divergence-free condition of w!, integrating by parts, we have
lim/ Vu, - cpwf; dzr = — lim UV - wz dz = —/ uVy - e;de = —/ ud;p de.
e—0 D. e—0 D. D D
In particular, since i € {1, 2,3} was arbitrary, ¥ = Vu and the proof is complete. |

Proposition 2.5. Let 7 > 0 and let (®.) C L*(0,7; H}., (D)) be a sequence such that

T
sup ([ 10l ) < 4oc.

Then there exists ® € L?(0,T; H},, (D)) such that, up to subsequences, for P-a.e. w € Q the
convergences doxp, — ® in L2(0. T L3, (D)) and Vooxp, — V& in L2(0,T; L2(Ds R*53))
hold.

Proof. Firstly, up to subsequences, we infer existence of maps ® € L?(0,T; L3, (D)) as well as
M € L2((0,T)x D; R3*3%3)) such that

®oxp, = ® in L*(0,T; L., (D))

dev
Vo.xp. =M in L2((0,T)x D;R3*3%3)).

Let 0 < 7 < T be given. Extend by reflection each ®. at the endpoints of the time interval, without
relabelling and consider the time regularisation ®7 of the extended ®. as per . Then by the
definition of ®7 and properties of the Bochner-Lebesgue integral, we have ®7 € C>(0,T; H}, (D.))
and there exists a constant ¢, > 0 independent of € > 0 such that

sup [ ()13 (p,) < er

(16)

for all t € (0,7). In particular ®7 satisfies the hypotheses of Lemma pointwisely in time.
Also from the preliminarily established weak convergences of ®.xp. and V®.xp_ in (L6]) as well
as the construction of the convolution in (I0), we infer that ®Z(¢t)xp. — ®7(t) in L3, (D) and
VoI (t)xp., — M7 (t) in L?(D;R3*3%3) where ®™ and M7 are the corresponding time regularisa-
tions of ® and M respectively obtained in the same fashion as ®7. We may now apply Lemma
to ®I(t) entrywise for all ¢ € (0,7). In particular this means that ®7(t) € H} (D) and
VOI(t)xp. — V®7(t). By uniqueness of limits the equality V®™ = M" holds pointwisely a.e.
in (0,7). Finally passing to the limit 7 — 0, the properties of mollifiers in as well as the
uniqueness of limits again imply M = V& in L2((0, T')x D; R3*3%3)) and this finishes the proof. [J
Remark 2.6. Suppose that As C D and A C D are open sets such that:

i. 0A and JAy for all § > 0 are locally graphs of continuous functions;

ii. AC As forall 6 > 0;

iil. lims—0Sup e a,\ 4 dist(z, 0A) =0.
Then by the Mosco-convergence properties, see for instance [21, Proposition 2.11] and [35] Section 1]
the assertions of Lemma hold when in the hypotheses H!(D,) is replaced by H'(As) or H{(As)
when and H'(D) is replaced by H'(A) or H}(A) respectively with the limit § — 0. Consequently

by applying the same argument, an analogue of the compactness property of Proposition [2.5] can
be obtained: let s be in L2(0,T; H, (As)) or in L(0,T; H&,div(AS)) such that

T
Slgp (/0 |\Ifg||§p(A5)ds> < +o0.

Then there exists ¥ € L2?(0,T; H},, (A)) or in ¥ € L*0,T; H&div(A)) respectively such that,
up to subsequences, we have Wsxa, — Wy in L2((0,7)xD;R3*3) and V¥sxa, — VV¥xy in
L2((0,T)x D; R3*3%3) as § — 0.
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For later purposes let us state an auxiliary lemma, a proof of which can be found for instance
n [I7, Lemma 2.2].

Lemma 2.7. Let f € L'(0,T), g € L*>(0,T) and go € R. Then the following two statements are

equivalent:
/ @' (s)g(s)ds + / d(s)f(s)ds < go

holds for all ¢ € C*([0,T)) := {¢ € C([0,T]) : ¢ > 0,¢' < 0,¢(0) =1,$(T) = 0};
ii. the inequality

i. The inequality

t
ot) =0+ [ F(s)ds <0
0
holds for a.e. t € (0,T).

2.3. The generalised solution system. Let T" > 0 be given. We consider a viscoelastoplastic
model of a fluid with constant mass density o > 0 and viscosity v > 0 which is regarded mesoscop-
ically on perforated domains D.. More precisely at a scale € > 0 we look into the following family
of evolutionary system:

0¢(ov) + div(v ® gv) — div(nS + 2vV¥™v) + Vp = f- in D.x(0,7), (17a)
div(v) =0 in D.x(0,T), (17Db)
S+ OP(S) —yAS 3 nV=™y in D.x(0,T)  (17¢)

accompanied by prescribed boundary and initial conditions
v=0 on 0D x(0,T), (17d)
n-VS=0 on 9D x(0,T), (17e)
(v, 8)]t=0 = (2, 8?) in D.. (171)

Hereby P is the convex dissipation potential and 1 > 0 is the elastic coefficient called the shear
modulus. The symbol OP denotes the, possibly multi-valued, subdifferential of of P given by:

OP(S) := {5 € L§..(D)": P(®) > P(S) + (5,® — S) 12 (p),for all & € L3, (D)}

for all S € Ldev(D). Moreover, the internal stress S is transported with respect to velocity
according to the Zaremba-Jaumann rate defined as:

v
S =05+ div(S ® ’U) + SV — ek, S,

The term .S+ 2vV*™v+p, in signifies the Cauchy stress tensor. In the model, the condition
of incompressibility corresponds to the assumption of Tr(S) = 0 and the pressure p. accounting
for full spherical part of the Cauchy stress.

In this work we shall consider the dissipation potentials P: L2
following conditions:

(D) — [0, +o0] satistying the

dev

(P1) P is convex and lower semicontinuous in L3_ (D);

(P2) P(0) = 0;

(P3) for any D’ C D measurable and all S € L3_ (D) one has P(Sxp/) <P
)
P(u

dev

Moreover we extend the domain of definition of P to L2, (D.) by setting 73(
u € Ldev(D ). In case the potential P in C1l-regular, we likewise define O
ue L2 (D).

(5).
= P(uxp ) for any
) = 0P(uxp,) for
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The relation (P3) can be thought of as a monotonicity-type property. A prominent example of
dissipation potentials in viscoelastoplasticity satisfying conditions (P1)-(P3) which is widely used
in geodynamics for models of deformations of tectonic plates is embodied by

P(S) ::/ %(S) dl‘, %(S) = 2 = Oyield, (18)
b 400 otherwise

where a € R is a given viscosity coefficient and oyielq > 0 is a yield stress constant associated to
transitions in plastic deformations of tectonic plates.

To account for the possibly multivalued subdifferential 9P, which stems from the nonsmoothness
of P, the concept of solutions to the system shall be understood via a suitable variational
inequality. In the forthcoming analysis we shall operate with the general solution framework as per
[16, 17, 10, [1T] which builds upon the constructions presented in [34, Chapter 10]. Without loss
of generality, in what follows, we renormalise the system and assume the fluid to possess density
equal to one, i.e. we set o = 1.

Definition 2.8 (Generalised solutions). Let f- € L?([0,T); H=*(D.;R3)) and P satisfy (P1)-(P2).
We call (ve, Se) a generalised solution of the system (17a)-(171) subject to initial data v? € L2 (D.)
and S? € L2, (D.), provided the two inclusions

ve € L([0,7); Ly (De)) N L*([0, T); H g (De)),

Se € L¥([0,T); L, (De)) N L*([0,T); Hiey (De)),

hold and, in addition, two conditions are satisfied:
1. The velocity equation:

T
—/ / Ve - Opp — (Ve @) : Vo +1vVu, : Vo + 1S : Vodaodt
0 e

T
=/ v?-w(O)der/ (fer ) e dt (19a)
0

=

for all p € C§%;, (D:x[0,T7)),
2. The stress inequality:

T/
/ / 0P :(®—8.)—(S: ®v:.): VO + (S. V™, — V0. S.) : @dadt
o JbD.

TI ’
+/ P(®) — P(S:)dt + / / YVS: V(& —S.) —nVu : (& — Sc)dadt
O O €

1 1
> S12(T) = Se(T) 720, = 512(0) = S 72, (19b)
for all ® € C§%,, (D% [0,T)) and for a.e. T' € (0,T).

The result contained in [I6, Proposition 3.3, Theorem 3.4], see also [I7, Theorem 3.2], provides
an overarching existence theory of weak solutions to the system (L7a))-(17f) for Lipschitz regular
domains. The subtlety in the current setup is that D, might consist of finitely many holes which are
tangential and form cusps. Hence the boundary of D, is continuous but not necessarily Lipschitz.
The idea to achieve existence here is to carefully approximate the domain D, by sufficiently regular
superdomains where existence holds and then to perform a suitable limit passage and recover
solutions in D.. In doing so we view the variational inequality on a more regular collection
of test maps as originally phrased in [I6]. This is assumed for simplicity and more general test
maps can be selected in our framework by resorting to approximation arguments.
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)
e

Figure 2. Shrunk balls

Theorem 2.9 (Existence of generalised solutions). Let v? € L3, (D.) and S? € L2_ (D). Further
let P satisfy (P1)-(P2) and suppose that f. = f! — div(f2) for some f! € L?([0,7); L?(D¢;R3?))
and f2 € L*([0,T); L?>(D.;R3*3)). Then for P-a.e w € € there exists a pair (v, S.) which is a
solution to — in the sense of Deﬁnition Moreover (ve, Se) admits the following energy

estimates: for a.e. t € (0,7):

1 2 t 2 t 1 2 ¢

§||’Ua(t)HL2(DE) +/ VIVellze(p.) d8—|—/ / 1S, : Vo drds < §||v2||L2(DE) +/ (fe,ve) g ds,
0 o Jb. 0

1 t t 1 9 t
§|\Sg(t)\|iz(De)+/ 7||VS€||iz(DE)dS+/ P(S:)ds < §||SSHLQ(DE)+/ / nSe : Vo dz ds.
0 0 0o JD.
(20)

Proof. Let fs C 7. be the collection of tangential balls i.e. x,,,x,, € Z. such that:
lexy, — exm| = e“(pn + pm) n#m or dist(ex,,dD)=ep,.

Since by (H2) one has #Z. = n(O(w) N 1D) < oo for P-a.e. w € €2, we may choose §; > 0 with
d; \(0as j — 400 so that for all j € N all nontrivial pairwise intersections of balls B(ca_s,),, (€Zn)
with Bea,, (exy,) for x,, ¢ 7. have nonempty interior. In other words no cusps are formed. Let
us define a regularisation of D, by:

Dg = D\ﬁi, Hg = ( U Beayp, (Exn)) U U B(E“*(Sj)/)n(gwn)
wn€TN\T. zn €l

In other words DY is an enlargement of D, by slightly shrinking the tangential perforations, thus
removing potential cusps in the domain. In particular we have D. C D? and 9D? is (non-uniformly)
Lipschitz. Also for the forthcoming reason we record the following set convergences

lim |DI\D.|=0 and lim sup dist(z,0D.) = 0. (21)
J=toe I+ LeDI\D.

Now we utilise the initial data (vg o Sgy ;) such that vg ; and Sg ; are defined in DI by extending
v?, S2 by zero outside D.. Moreover, since f. is defined as f. = f! — div(f?), f-; is may also be
regarded in D! by extending f! and f2 to zero outside D.. Therefore, by applying the existence
result of [16, Theorem 3.2] in D4, we may find a pair of generalised solutions (v. j, S ;) in DIx(0,T)
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satisfying the inclusions v, j; € L*(0,T; Hy 4, (DZ)) and S j € L*(0,T; Hj

dev

(D?)). Further
/ / 0o — (Ve @ Ve j) : Vo+ vV : Vo+nS. ; : Vodadt
DJ

T
=/ _v?,j-w(O)dx+/ (fe, o) dt (22a)
D 0

holds for all p € C5%;, (DIx[0,T)), as well as,

t
/ ) 8,5@ : (‘b — S&j) - (SEJ' (%9 UEJ‘) : VO + (Sg,jVSkWUE,j - VSkWUE7jSE,j) :ddedt

¢ ¢
+/ P(‘I’) - ’P(SE,]') dt + / / ) ’)/VSEJ' : V(q) — Sa7j) - HVUEJ : (‘I) - SEJ) dx dt
0 0 JDi
1 1
> S12() = Se i (Ol sy = 519O0) = 52511723 (22b)
holds for all ® € C5., (Dix[O,T)) and for a.e. t € (0,T). Moreover, (v.,;,Se ;) satisfies

1 2 2 K
e s Ol 22 o + / V0es Fappyds+ [ [0Sy Ty deds
0 0 JDi

1 t
< Sl agony + [ Wervegdin s, (220)

1 t t
150 OEacon + [ IVSesliagosy ds+ [ P(S.) s

1 t
< 1251 0, + /0 /D 782+ Ty duds. (220

We extend v, ; to D by zero so that v, ; € H(},div(D) a.e. in (0,7). From the pair of estimates
above we infer for any ¢ € (0,7

t
sup sup (v (0l30)) +sup ( / lve i3 ) dt) < +o0
JENte(0,T)

sup sup (15250 ) + 51 ([ 1521 oy 1) < 00

JENte(0,T)
Therefore, we may find maps v. € L*(0,T; Hj 4, (D)), Se € L*(0,T; L3, (D)) as well as S, in
L2(0,T; L?(D; R3*3%3)) such that, up to a suitable subsequence, there holds:
vej — ve in L=(0,T; L3, (D)), (23)
Vv. j — Vo, in L*(0,T; L*(D; R3*%)), (24)
SeiXps = Sexp. i L¥(0,T; L, (D)), (25)
VS. iXps — Sexp. in L*(0,T; L?(D; R**#*%)). (26)

as j — +oo. In addition, since v, ; is regarded in H&}div(DE) by trivial extenion, with the help of
[16l Lemma 4.10, Remark 4.11] the time derivative 0v. ; € H&,div (D.)* is bounded uniformly in
j. By an application of Aubin-Lions Lemma, we may further assert that

Ve jXD. — VeXD, il L2(O T, Ldlv(D)). (27)
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as j — +o0. Using the set convergence and Remark since D and DJ both have continuous
boundaries, we may conclude that v, € LZ(O,T;H&’diV(Ds)) and S;xp. = VS.xp. with S, €
L2(0.T; H},, (D).

Now, we fix ¢ € C§%;, (D:x[0,T)). In particular ¢ € C§%;, (DIx[0,T)) since D, C D{. By the
convergence of ve ;X i in L>=(0,T; L3, (D)) from , we have

T T
lim / / Ve j - Oppdadt = / / Ve - Oppdaxdt.
J=+ee Jo Jp. 0 .

By the convergence of V. jxp; in L?(0,T; L*(D)) from (24), we derive

T T
lim / / vV j: Vododt = / / vVu, : Vodxdt.
j=tee Jo JD. o Jp.

By the convergence of S: ;xp. in L*°(0,T; L*(D)) from , we obtain

T T
lim / / Sw-:Vgodacdt/ / Se : Vpdadt.
Jj=+tee o Jp. 0o JD.

By the strong convergence of v. ; in L?*(0,T; L?(D,)) from and weak convergence of Vo, ;
in L2(0,T; L*(D.)) from (24)), we deduce

T T
jEI—Poo/O /DE Ve,j @ Ve j 1 Vodadt = jEI—Poo/O /Dg (ve,j - Ve 5) - pdadt

T T
:/ / (vsons)~g0dxdt:/ / Ve ® Ve : Vpdardt
0 e 0 3

with the help of integration by parts. Notice that by definition of vg, ; and fe ;, we have

[ seea= [ g,

€

as well as

T T
/O<fa,j,90>H1(Dg)df=/0 (feo)m (. dt.

This concludes the weak formulation for velocity.
For the partial energy estimate of velocity, one first applies Lemma to (22d). Let ¢ €
C1([0,T)) be as in Lemma Then by the L2-lower semicontinuity, Cf., , we have

T T
—/ d)’/ |v5|2d$dt§1jminf—/ gb/ |ve ;% d dt
0 D. Jj—+o0 0 Dé

T T
/ qb/ |VUE|2da:dt§Ijminf/ gi)/ |V ;2 dzdt,
0 D. J—=+oo Jo Di

as well as

T T
lim <fe,javs,j>H1(Dg)dt: / <fsaU6>H1(DE) dt.
0

Jj—+o o
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By the convergence of VS, jxp; in L*(0,T; L*(D; R****%)) from (26), the strong convergence of
Ve,jXps i L?(0,T; L*(D;R?)) from and the Dirichlet boundary conditions on v, ; we derive

T T
lim gi)/ Se;:Vue jdrdt = lim ¢ | div(Se;) i ve dadt
0 Di B

Jj—+oo j—+oo Jo

D
T T
:/ ¢>/ div(Se) : ve dz dt :/ ¢>/ S. : Vo, dx dt
0 D. 0 D.

where in the first equality integration by parts was applied. Therefore, employing Lemma
yields the desired partial energy estimate. The energy inequality for the stress is shown in the
same manner.

As to the stress inequality, let ® € C5%., (55 x [0, T)) be fixed. First, extend ® to C%., (ﬁg XR)
by the endpoint values outside [0,7). Applying a Whitney type extension entrywise to ®, see e.g.
the proof of [I8, Theorem 6.10] there exists ® € C°(R?xR;R?) such that & = & on D.x[0,T)
and

H(I)Hcl(ﬁzx[oj)) < CEHq)HCl(BEX[O,T)) (28)
where the constant ¢, > 0 depends on € but not on j. By construction, restricting to 5; the map
® is admissible for (22b)).

To derive stress inequality, we start with P € CY1(L3_ (D)). We first test the inequality in
(22b]) with the product of ® and then apply Lemma In such a case, we have

T 1 ) T } ) )
—/ ¢’/‘§|S€,j—¢>\2dxdt+/ 6 [ 0% : (S, —®) +(S.; @v.,): VP dzdt
0 Dl 0

D

T T
—/ o D}(SE’jVSkWUE’j — V%, ;Se;) : dadt + / P(P(Se,j) — P(®xps)) dt
0 i 0

T
+/ ¢ | AVS.;i1V(S.;—®) —nVu,:(S.; —P)dedt
0 D!

2

1= 0

J

By the weak* convergence of S¢ jxps in L>(0,T; L, (D)) from [25), and we have

r / 1 2 ’ / 1 T 12
_/0 é /DE §|S’8—<IJ| dxdtﬁl}ﬂﬂ{}f_/o o /Dg §|Sa,j—(1)| dadt
as well as

T T
lim ¢ 6t<i>:(,5’57j—ti>)dxdt:/ ¢/ 0P : (S — ®)dxdt.
0 D,

j—+4oo 0 DZ

Moreover, using also the weak* convergence of S; jx i in L>°(0,T}; L3, (D)) from , ,

dev

and the strong convergence of v, ; in L?(0,T; L*(D;R?)) from (27)), we obtain

T T
lim ¢/_Ss7j®vs,jsV§>dxdt:/ 10) S. v, : Vodadt.
0 D} 0

j—+oo D,

Moreover, by the weak convergence of VS jxp; in L2(0,T; L?(D; R3*3%3)) from , the strong
convergence of v. ; in L%(0,T; L?(D;R?)) from and the Dirichlet condition on v ;, with the
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help of integration by parts, we derive

T T
lim 10) (SE,jVSkaUE’]——VSkWUE’jSE’j) P drdt = / (;5/ (S-V*Vu, — V9. S.) : @drdt.
I+ /o D 0 D.

On the other hand, since P is convex and lower semicontinuous, we further have

Jj—+oo

T T
liminf/ P (Se,jxps) dt Z/ ¢P(Se)dt,
0 0

since P is weakly lower semicontinuous. Thanks to the Lipschitz continuity of P, we obtain
T T
Liminf—/ PP (Px ;) dt > —/ ¢P(P)dt.
J—too 0 c 0

Also by the convergence of VS jx s in L?(0,T; L?(D; R3*3%3)) from in conjunction with
weak lower semicontinuity of quadratic forms we deduce

T T
lim inf/ gb/ YV, ;1 VS, jdxdt > / 10} YVS. : VS, dx dt
0 D? 0 D,

Jj—+4oo

T T
lim é _Wse,jsvédxdt:/ ¢/ AVS.: VO dzdt.
DI 0 D.

j—+oo Jg
By similar arguments as above, we also have

T T
lim ¢/ Vi (Se; — @) drdt = / ng/ nVoe : (S — @) dadt.
0 D! 0 D.

Jj—+o0o

Notice that by the definition of Sg,j, we have

. 1, = 1
jkffoo §||‘I’(0) - Sg,jHQLz(Dg) = §||‘I’(0) — 8272 (p.y-
Now invoking Lemma concludes the desired inequality. For general convex, lower semicontin-
uous P, we approximate P by Moreau envelope and follows the proof of [16, Theorem 3.4]. This
ultimately finishes the proof. |

Remark 2.10. The velocity v. in Theorem [2.9)additionally satisfies bounds on the time derivative.
Directly from [16, Lemma 4.10, Remark 4.11] we may infer that the inclusion dv. (t) € H&diV(DE)*
holds for a.e t € (0,T) and

T
sup (/ [0wvell |, (Do) dt) < 400
€ 0 ’

2.4. The weak solution system. In this section we discuss the model in in the case when
the potential P is quadratic. As such, the boost in regularity of P allows one to consider equality
in the stress relation and thus to formulate a notion of Leray-Hopf weak solutions. In more
precise terms we consider the potential P: L3 (D) — [0, +o0] satisfying (P1)-(P3) and also

dev
(P4) P € CHY(L3,, (D)) and OP = L for some linear mapping £: L3, (D) — L3, (D).
As such the viscoelasoplastic model can be written as
0w + div(v ® v) — div(nS + 2vV¥™0) + Vp, = f. in D.x(0,7), (29a)
div(v) =0, in D.x(0,T), (29b)
v
S+ L(S) —yAS =gV in D.x(0,T), (29¢)

subject to the same initial conditions as in .
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Let us observe that the change in comparison to the consideration in Section [2:3]is the imposed
equality in . This is consistent since the C'!-regularity assumption renders 9P a well-defined
map coinciding with the usual definition of the differential of P. We may also generalise the
contribution in [16] to give an existence result of weak solution in the current setup:

addition, assume (P4) on P. Then there exists pair (v, S.) of weak solutions to (29)) in the
following sense:

1. v, satisfies the equation (194)) for all ¢ € Cg%;, (D:x[0,T)).
2. S, satisfies the equation:

//'yVS V@dxdt—/ / Se 1 0y @ dadt — //S@vg Vo dzdt

—I—/ / (S V=™, — V™0, S,) ‘I’dxdt—k/ / L(S, @dxdt—/ / NV : ®drdt
0 JD. 0 JD.
:/ S%: ®(0)dx

D,

for all ® € C§%,, (D-x[0,T)).

Moreover (v, Se) satisfy, for all ¢t € (0,T), the first inequality in for the velocity and also the
following energy estimate:

1 t t
,HSE(t)Hiz(D)—f—// 7|VSE(t)|2dxds+/ L£(S.) : S-dads
2 © 0o JD. 0 JD.

1 ¢
< §HSSHQLz(DE) +/ / nSe : Vo dzds.
o Jb.

Proof. The proof of this claim follows verbatim the argument in the proof of Theorem 2.9 O

Theorem 2.11 (Existence of weak solutions). Assume the hypotheses of Theorem and, in
(29

(30)

3. STATEMENT OF THE MAIN RESULTS

Here we formulate the homogenisation result of the viscoelastoplastic systems on perforated
domains defined in and . Throughout the rest of the paper, we shall focus on the critical
case a = 3 of the power law for the radii, that is we consider

D. =D\ |J B.s,, (cn).

Tn€Ze

Let T >0 be given. We say that the initial data (v2, S?) from Definition are suitable provided
there exist v° € L3, (D) and S° € L2 (D) such that for P-a.e. w € Q:

vxp. =¥ in L3, (D) and S%xp. — S®in L3, (D). (31)
Moreover, we say that the outer loading f. € L?([0,T); H Y(D.;R3)) is suitable if there exists
e L3([0,T)xD.;R?)) and 2 € L2([0, T)x D; R3*3)) such that for a.e. t € (0,7)
(fe(t), w)gr(py = / fAt) -ude +/ f2(t) : Vuda for all u € Hi(D.;R?), (32a)
D,

as well as f1 € L2([0, T)xD;R?)) and f? € L([0,T)x D; R3*3)) such that
f2— flin L2([0,T)x D;R?)) and f2 — f? in L*([0,T)x D; R3*3)). (32b)
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Thereafter, we define f € L?([0,T); H *(D;R3?)) by
(f(t),w)mr(py : _/ it udx+/ f2(t) : Vuda for all u € Hy(D;R?). (32¢)
D

Theorem 3.1 (Main Theorem). Let (v?, S?) be suitable data as in and f. € L([0,T7); H-Y(D.;R?))
be suitable outer loading as in (32]), and consider P which satisfies (P1)-(P3). Let (ve, Sc) be a
pair of generalised solutions of (17) from Theorem [2.9t Then there exist v € L3([0,T); H0 aiv(D))

and S € L?([0,T); H},, (D)) such that, up to subsequences, for P-a.e. w € © it holds
ve = weakly in L*([0,T); H g, (D))
ve v weakly® in L>([0,T); L*(D; R?))
Sexp, 8 weakly* in L= (0, T); I2,,(D))
VS.xp. — VS weakly in L*([0,T); L*(D;R3*3*3))

and, in addition, (v, S) is a generalised solution to the system:

O + div(v ® v) + Mgv — div(nS + 2vV¥™0) + Vp = f in Dx(0,7), (33a)
div(v) =0, in Dx(0,7T) (33b)

v
S+ 9P(S) — yAS > nV¥ ™y in Dx(0,T). (33¢)

subject to 7 - VS = 0 on dDx(0,T), (v,5)|t=0 = (v°,5°) in D, and where My € R3*3 is the
averaged resistance matrix given by

My := 67V AE[p]] (34)

and A > 0 is as in (HO0)-(H6). Herein the generalised solution to is understood as the pair
(v, S) satisfying the limiting equation

T
—/ /U'atgo—v@v:V<p+M0v-<p+VVv:Vg&—!—nS:Vgpdxdt
o Jp

:/ vo-cp(O)dx—i—/ (f, @)1 (pydt (35)
D 0

for all ¢ € CF%;, (Dx[0,T)) and the limiting inequality:

T/
/ /at (®—9)— (S®v): VP + (SV*y — V"9 S) : ddadt

/ PP )dt—i—/o /DvVSaV(q)—S)—nVU:(@—S)dxdt

1
2 illq’(T’) = S(TIz2(p) = 519(0) = Sl 72 (36)

for all ® € C§%,, (Dx[0,T)) and for a.e. T" € (0,T).
Moreover the pair (v, S) satisfies the following partial energy estimate:

1 t ‘ 1 ¢
§||’U(t)H%2(D) +/ / l/|vsynlv|2 + 775 :Vu+ Mov-vdeds < 5”1)(]”%2(1)) -I—/ <f, ’U>H1(D)d8
0o JD 0
(37)
for a.e. t € (0,T).

Secondly, we also provide a version of homogenisation in the case of smooth potentials and what
follows for systems of weak solutions.
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Theorem 3.2 (Convergence of weak solutions). Consider the hypotheses of Theorem [3.1] and, in
addition, let P satisfy (P1)-(P4). Then, up to subsequences, there exist v € L?([0,T); H&)div(D))
and S € L?([0,T); H} (D)) such that for almost P-a.e. w € Q

dev
ve = v weakly in L*([0,T); H} 4;, (D))
ve = v weakly* in L°°([0,T); L*(D;R?))
S.xp. =8 weakly* in L>([0,T); L3, (D))
VS:.xp. — VS weakly in L*([0,T); L*(D;R3*3*3))

and, in addition, (v, S) is a weak solution to the system:

O + div(v @ v) + Mgv — div(nS + 2vV¥™) + Vp = f in Dx(0,T), (38a)
div(v) =0 in Dx(0,T), (38b)

v
S+ 9P(S) — yAS = nV¥™0 in Dx(0,7). (38¢)

subject to 7i - V.S = 0 on 9D x(0,T), (v,5)|t=0 = (v°,8°) in D. Here My is as in ([34) and A > 0
is as in (HO)-(HG6). Here the weak solution of the velocity in is understood as and the
stress equation is regarded as in Theorem part 2 with obvious change of integration domain to
D. Moreover, the pair (v, S) satisfies the partial energy estimate as in and also the following
partial energy estimate

1 t
||S ||L2(D)—|—/ /7|VS|2d1:ds—|—//£ deds§§||50||2Lz(D)—|—/ /nS:Vvd:cds
o Jp
for a.e. t € (0,T).

Remark 3.3. The results in Theorem and Theorem are stated for any finite time interval
[0,T). In the case when time is infinite, i.e. when T = oo, possible blow-up in finite-time of
solutions can be ruled out. In this situation an analogous result holds, though locally in time.
This means that existence of solutions and their respective convergence is guaranteed only on
every compact time interval of [0, +00).

4. PROOF OF THEOREM [3.1]

In this section we give a proof of the homogenisation result in Theorem We divide the
narrative into two parts treating the asymptotic behaviour of the velocity equation and the stress
inequality separately. Before embarking on the core derivation, we perform an essential preliminary
compactness argument.

To this end, given a pair of generalised solutions (v, S¢) to , let us extend, without re-
labelling, v to LQ([O,T);H&diV(D)) by zero outside D.. Combining the energy estimates
in Theorem [2.9] with Poincaré inequality, Young’s inequality as well as the boundedness of f. in
L2([0,T); H-Y(D;R3)) give us:

t
sup sup ([(0) () + sup ([ loclngoy dt) < o
€ te(0,T) € 0

t
sup sup <||Se(t)XDEH2L2(D)) + sup (/ ||S€||%{1(Di)dt) < +oo
e te(0,T) € 0

for a.e. t € (0,T). The above estimates give uniform bounds on (v.) in L*(0,T; Hj 4;,(D)) and
(S:) in L%(0,T; H}.,(D:)); thus applying Proposition to the sequence S. yields existence of
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v e L*([0,T); Hy 4, (D)) and S € L*([0,T); Hy,, (D)) such that
ve = v weakly in L*([0,T); Hy 4 (D)),
ve = v weakly* in L°([0,T); L2, (D)),
Sexp. =S weakly* in L=([0,T); Lie, (D)),
VS.xp. — VS weakly in L*([0,T); L*(D; R3*3%3)).

Moreover in light of Remark an application of the Aubin-Lions lemma promotes the conver-
gence v. — v strongly in L?([0,T); L?(D;R?)).

(39)

4.1. The limiting equation of the velocity. Here we examine the limit of the velocity fields
ve. After what was stated in the introduction, we set p = 1 for simplicity. As a key component of
the proof, we shall employ a construction of the so called corrector maps tailored to the random
setting. The lemma below is a reformulation of the result in [26] Lemma 2.5].

Lemma 4.1. For P-a.e. w in  there exist eo(w) > 0 and a family of operators 7.: Cg%;, (D) —
Hj 45, (D) such that for all & < g9(w) and any v € C%;, (D):
(i) 720 = 0 in D\D.;
(i) 7:0 — 0 in H}(D;R?) and 720 — 9 in LP(D;R3) for all p € [1, 0);
(iii) for any (u.) C H}(D.;R?) with div(us) = 0 and u. — u in H}(D;R?) there holds

lim vVT.0: Vu. dx = /

e—0 D. D
where My is as in (34]).

Step 1: Preliminary reqularisation. Let 0 < 7 < T. Extending v, S for t < 0 by v? and
S0 respectively, we may define the regularised quantities v7(t) := o, * vc(t), f7(t) = or * f=(t),
ST(t) := 07 xS=(t) and (ve ®v.)"(t) := 07 * (v- ®:)(t) as per (10). In view of the fact that (v.,S.)
is a generalised solution to , by applying appropriate test maps, the regularised pair (vI,S7T)
satisfies the following equation for any ¢ € (7,7 — 7):

/ Ol (t) - wdx —|—/ vVl (t): Vwdz +/ nSI(t) : Vwdz
D. D

= D,

vV : Vudz —|—/ M9 - wdez, (40)
D

= / 7 wda +/ 27 Vwds +/ (ve ®v)7(t) : Vwda (41)
D, D, D.

for all w € H&,div(DE)'
Step 2: pointwise Stokes equation. Let t € (1,7 — 1) be fixed. From and uniqueness of
solutions to the stationary Stokes problem, it directly follows that v (t) € H&,div(De) is the unique

weak solution in Hj 4, (D-) to
—vAVL(t) + Vp. = F] (t) in D,
div(vI (t)) =0 in D, (42)
vI(t)=0 on 0D,

where F7 () € Hj 4, (D)* is given by
(FI(),w)m = / 2 wde —|—/ 27 Vwdr — / (ve ® V)7 (t) : Vwdx
’ D. D. D.

_/DE 8tvg(t)~wdat—/D 0 div(SE (1) - wda

€
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for any w € Hy g5, (D).

Let us notice that in view of and we have v (t) and S7(¢) uniformly bounded in
H'(D;R?) and H'(D.;R3*3) respectively. Up to subsequences, from the bound above and the
convergences in (39), we may thus suppose that v (t) — v7(t) in H}(D;R?), SI(t)xp. — S7(t)
in L3 (D) and VSI(t)xp. — VS7(t) in L*(D;R3*3%3). 1In fact, the two convergences hold
uniformly in time. On the account of the compact Sobolev embedding, up to further extraction
of subsequences, the convergences v7(t) — v7(t) in L?" (D;R3) follow. Also with the aid of the
Sobolev embedding theorem, followed by a standard L2-L?" interpolation we may also assume that
(ve ®ve)™(t) — (v ®@w)7(t) strongly in L?(D;R3*3) uniformly in time. Altogether, in conjunction
with the fact that 1™ — fb7 in L2(D;R3) as well as f27 — f27 in L?(D;R3*3), for any
w € Hy g5,(D) and any (w.) C Hj 4, (D) such that w. — w in Hg(D;R?) there holds

‘Sh—If%](FET (t>7 w5>Hé,di\, = <F}71—0m(t) >Hé div (43)

and in particular F7 () — F7_ (t) in H&,div(D)*, where

(From(t),w >H5dw: /Dfl’T-wd:r—i—/Df27T:dex—/(v®v)7(t):dex

_ /D B0 (1) - wda — /D ndiv(ST(t))-wax.

Having arrived at the static problem, we may now test the equation with suitable set of
correctors. For any 9 € Cg%;, (D) the map 7:0 from Lemma is admissible for the weak
formulation of . In particular testing it with w = 7.9, it holds

/ vVTe0 : Vol (t)de = (FI(t), Te0) g

€

O,div”

Consequently, passing to e — 0 and using the properties (ii)-(iii) of 7¢ in Lemma together with
the convergences v (t) — v7(t) in Hg(D;R?) and the one in implies the equality

/ vV Vo' (t) dx—l—/ Mov™ (t) : vde = (Filom(t), 0) g
D D

0, d)v
Thus, by the arbitrariness of ¥, the mapping v (¢) is the weak solution in H&div(D) to
—vAUT(t) + Mov™ (t) + Vp = Fy, . (1) in D
div(v™(t)) =0 in D (44)
v (t) =0 on 0D.
Step 3: Passage to T — 0. Recall from the preliminary compactness the convergence v, — v
in L2([0,T); L?(D;R?)) strongly. Since also v. ® v, is bounded in L?(D;R3*3) uniformly in time,
up to subsequences, v. ® v, converges weakly in L3 ([0,T); L?(D;R3*3)). Next since v solves

pointwisely in (7,7 — 7), we may use the properties of mollifiers g, and integration by parts to let
7—01in and deduce that v satisfies

T
—/ /v~6t<p—V:V<p+MOv-<p+1/Vv:Vgo—|—7]S:Vg0da:dt

/ dm+/ /f1 gad:cdt+/ /f2 Vo dadt (45)

for all admissible test maps ¢ of the form ¢(z,t) = ¥(t)w(xz). By den51ty, see e.g. [20, Lemma
2.3], the above holds for all ¢ € C§%;, (Dx[0,T)). Here V € L3 3([0,7); L2(D; R**3)) is such

that (v ® v)™ — V weakly in L%([O,T), L?(D;R3*3)). To conclude the claim it suffices to verify



24 FAN CHENG AND PIOTR WOZNIAK

that V = v ® v. Herein, by the properties of mollifiers, it is sufficient to show the convergence
ve ® v — V. Writing v. = (v¥;R3),—1 and ¢ = (p*; R?),—1, integration by parts gives

T T
/ / vE®U€:V<pdx:—/ / div(ve @ ve) - pdax
o JbD. o JD.

3 T ‘
=— Z / / 02 (9;0F)pF da.
o Jb.

k=1

Subsequently utilising in addition the convergences Vv, — Vuv in L2((0,T); L?(D;R3*3)) and
ve — v strongly in L2([0,T); L?(D;R3)) leads, after integrating by parts again, to

T T
lim/ / UE®UE:V@d$dt=/ /v@v:Vgpdxdt
e=>0Jo Jbp. o Jbp

and thus is proved.

Step 4: Partial energy inequality. Here we verify (37). Let § > 0 be fixed. Let @5 €
C>([0,T); C§%;, (D)) such that for a.e. ¢ € (0,7') there holds [¢s(t) — v™(t)||g1(p) < J, where
vl and v” denotes the time regularization as defined above. We similarly define 7.¢5; where 7.
is from Lemma Noticing that, by Lemma part ii), Tops(t) — @s(t) in HY(D;R3) and
Teps(t) — @s(t) in LP(D;R3) for all p € [1,00) and, in addition, Lemma 3.1 part iii) implies

e—=0/p

lim vVTeps : Vol do = / vVouT : Vs dx —|—/ Mov™ - ps dx
€ D D

lim vVT.ps : Vepsdr = / vVs : Vs dr +/ Mowps - s da,
e—0 D. D D
pointwisely a.e. in time. Moreover using the estimate
2/ VTeps : Vol dr < / |Vv;\2dx—|—/ VTeps : VTeps da,

D. D. D.
from the convergences above, it follows
liminf/ V\VUQZ dr > 2/ vVu' : Vs dx+2/ Mov™ s dzf/ vVs : Vs dx—/ Mops-ps de,

=20 Jp, D D D D

pointwisely a.e. in time. Setting § — 0, from the assumption on g, implies

liminf/ v|Vol|?de > / v|VuT |2 da +/ Mov™ - v" dz,

e—0 D. D D

pointwisely a.e. in time. By applying Fatou’s lemma it follows

t t t
liminf/ / V|Vv;\2dxd82/ / V\Vv7|2dxds—|—/ / Mov™ - 0" dz ds.
=0 Jo Jbp. o Jp 0 JD

Finally, by the definition of time-regulisation along with Young’s convolution inequality, we have

t t
// |Vv5|2dxd72// (Vo7 |? da dr
0 € 0 €

for all € > 0 and 7 > 0 sufficiently small. Therefore, we may let ¢ — 0 followed by 7 — 0 and

obtain
t t t
liminf// V\va\zdmdSZ//V|Vv|2dmds+//Mov-vdmds. (46)
=20 Jo Jbp. 0o Jp 0o Jp
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On the other hand v. — v in L?([0,t); L?(D;R?)), Vv, — Vo in L2([0,t); L2(D;R3)), f2 — flin
L3([0,t); L*(D;R®)) and f2 — f2 in L*([0,1); L*(D; R**?)) give

t t
lim (/ / f81~v5dacd7+/ / ff:VvdedT>:/ /fl-vdxdr—i-/ f?:Vudzdr. (47)
e=0\Jo Jp. 0o JD. 0o JpD D

Thus combining and with the bounds (20) and the suitability of the initial data v? lead
to . ]

4.2. The limiting evolutionary inequality of the stress. In this subsection, we examine the
limit of stress tensor S.. To this end, first recall that

ve = v in L*([0,T); Hj g (D)), (48a)

ve = v in L=([0,T); L, (D)), (48b)

ve — v in L*([0,T); L3, (D)), (48c)
S.xp. = Sin L*>([0,T); L2, (D)), (48d)
VS.xp. — VS in L([0,T); L?(D; R3*3%3)), (48e)

Let ® € C3%.,(Dx[0,T)) be a fixed test function. Notice that the restriction ® from D to D,
guarantees that ® is an admissible test function in (19b]). Then, we apply Lemma [2.7] to (19D) so
that for all ¢ € C'([0,T)) one has

// Z¢|S. — o) dxdt—l—//(z)at S (S. — ®) dw dt

T
/ ¢ (P(Sexp.) P(‘I)XDE))dl‘+/ ¢S @v.: VO da dt
0

D.

- / / ¢ (S.V*"u. — V9.8, : ddzdt
0 5

T T
+/ / oYV Se : V(S — @) da dt — 77/ / OV, 1 (S; — ) dadt
0 JD. 0 JD.

1
S 2(0)[172(p.)-

Since ¢ < 0, with the help of convergence in (48d]) and the weak lower semicontinuity of the
L?-norm, we obtain

T T
1 1
lim inf (—/ / ¢’XDE|S€—<I>2dxdt> > —/ / ~¢'|S — @[> dxdt.
€0 o Jp2 o Jp?2

Thanks to (48d)), we also get

T T
lim/ /antCD:XDE(Ss—@)dxdt:/ /q&@t@:(S—@)dxdt.
e=0Jo Jp o Jp

Now let us fix such function ¢ and consider the auxiliary functional F: L?(0,T; L3, (D)) — [0, +oc]

defined as
T
G = P(S)d
)= [ op(s)ar
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For any S.,S € L?(0,T; L2

2 (D)) such that S. — S in L?(0,T; L3
have

Jev(D)) by Fatou’s lemma, we

T

limiélf]:(gg)z (bllmlan dt>/ ¢P(S F(S).
E— 0

In particular F is lower semicontinuous on L?(0,T; L2_,(D)). In addition, convexity of P implies
convexity of F and thus F is weakly lower semicontinuous on L?(0, T} Lﬁev( )). Consequently, in
view of the weak convergence in (48d|), the above implies

liminf/ #P( Exp)dt—hmmf]-' =XD.) / P (S

e—0

Moreover, thanks to (P3), we have

T T
- [ Pz - [ op@)ar
0 0

On the other hand by the convergence in (48¢]), and weak lower semicontinuity of quadratic forms
we derive

T T
lim inf/ / ¢yVS, : VS, daedt > / / ¢yVS:VSdxdt,
o Jb. o JbD

e—0

as well as

T T
lim/ /QWXDEVSESV(I)dxdt:/ /(b'yVSsVd)dxdt.
D 0 JD

e—0 Jo

Let us recall that due to the divergence-free condition of v., with the convention S. = (S%¥)3 =1

® = (@)%, and ve = (vf)}_,, we may write

T T
/ / ¢S€®UEsV<I>d:E:—/ / ¢ div(S: ® v.) : Pdx
o JD.

Z / / P2 (9;SF) M da.

7.k =1
Consequently the convergences v. — vin L2((0,T); L?(D;R?)) and VS.xp. — VS in L2((0,T); L?(D;R3*3%3))

result in

T T
lim/ / ¢Ss®vesv¢dxdt:/ /¢S®U§V<I>dxdt.
D. 0 JD

e—=0 /o

In the same vein, by standard interpolation and the fact that V® belongs to L°°([0,T) x D; R3*3%3),
we get that ® ® v, converges strongly in L2((0,7T); L?(D;R3*3%3)), v.-V® converges strongly in
LY((0,T); L>(D;R3*3)) and thus integrating by parts and taking the respective limit yields

T T
lim/ / 10) (SEVSI‘WUE — VSkwvsSg) :ddrdt = / / 10) (SVSka — VSkva) :ddedt.
D. o JD

e—=0 /o

Moreover, the weak convergence Vv, — Vv in L2(0, T; L?(D; R?*3)) gives

T T
lim / / npV>"y. : dda dt = / / npV>"y : & dxdt.
e—0 0 R 0 R
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With the additional help of integration by parts and weak convergence of S.x p_ in L?(0,T’; L3, (D))

yields
T T
lim/ / NOV e 1 S dx dt = / / NV v Sdxdt.
¢=20Jo Jp. o Jp

Ultimately, by the suitability of initial data in , we have
e—0

1 1
lim = XDE|SOE—<I>|2dxdt:f/ |So — ®|* da .
2 /p : 2 /p

Altogether, we arrive at

T 1 T
7/0 /[)§¢/|S—<I>|2dxdt+/ /qﬁ@t@:(Sf@)dxdt

+/T<7>(5>—73( ))dt+/ /¢S®v VP dad
/ / SV p(t) — VRuS) : & dadt
+/0 /D(b’yVSsV(S—q))dxdt—/oT/D(ansymv:(S—@)dxdt

1
Since ¢ € C’l([O, T)) with ¢ > 0 was arbitrary, by virtue of Lemma we have that

T/
%HS(T’) — BT + /0 /D 8P :(S—®)— S@v:VE — (S0 — VFvS) : & da dt
T T’
+/ P(S) — P(®)dt + / / YVS V(S — ®) — pV¥™y : (S — @) da dt (49)
0 0 D

1
<5150~ 2(0)]13:
for a.e. T € (0,T) and this ultimately proves completing the proof of Theorem O

5. PROOF OF THEOREM
We may again identify v. in L*([0,T); Hj g5, (D)) by extending by zero outside D.. Also from
Theorem cf. also we arrive at the bounds

t
sup sup ([0=() () +5up ( [ lolingoy dt) < +ox,
€ te(0,T) € 0

t
sup sup (15000 [F2) + 510 ([ 151,y ) < +o0
e te(0,T)

for a.e. t € (0,T). Subsequently, arguing as at the beginning of Section n 2.3| we obtain existence of
v e L*([0,T); H} 4, (D)) and S € L*([0,T); H}., (D)) such that

v. = v weakly in L*([0,T); H0 aiv(D))

v. v weakly* in L>([0,T); L2, (D))

Sexp, 8 weakly* in L%(0,T); L3, (D))
VS.xp. = VS weakly in L*([0,T); L*(D; R3*33)).
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5.1. The limiting equation of the velocity. Hereby, the homogenised equation is exactly the
same one as in the statement of Theorem Thus, in view of the weak convergence of v. to v
and S; to S, we may reproduce the argumentation of Section to obtain the desired equation
for v.

5.2. The limiting equation of the stress. Let ® € C§%,, (Dx[0,T)) be a test function. Thanks

to , we have
T T
lim/ / 3t<I>:SEXDdedt:/ / 0;® : Sdxdt,
e=0Jo Jp o JD

T T
lim/ /XDEVSESVi)dxdt:/ /VSEV@dxdt,
e—0 0 D 0 D

lim/ / nVue : @dxdt = / /nVU ddxdt.
e—0

Consequently, using the convergences v. — v in L?((0,7); L?(D;R3)) and VS.xp., — VS in
L2((0,T); L2(D; R3*3%3)) result in

and

as well as

T T
lim Ss®v53V<I>dxdt:/ /S®vsV<I>dxdt.
e—0 0 D,

In the same vein, with the help of integration by parts, we derive

e—=0 Jo

T T
1im/ / (SEVSkWUE — VSk“’UESE) :ddrdt = / / (SVSkwv — VSkaS) :ddrdt.
D. o JD
In addition, by the convergence of initial data , we also have
lim [ S%xp, : ®(0)dx =/ So : @(0) dz
e—0 D D

Since the mapping £ is 1inear the weak convergence of Sexp, — S in L*([0,T); L2, (D)) gives

dev
L(Scxp.) — L(S) in L>=([0,T); L3,,(D)). Hence, we derive

dev

lim/ / L(Sexp.) : @dxdt = / /E :ddxdt.
e—0

Therefore, we conclude

T
/ /’yVSsVCI)dxdt—/ /S ﬁt@dxdt—/ /S@v Vo dxdt
0o JD

T

—1—/ /(SVSk‘”v—VSk‘” <I>d:cdt—|—/ /L‘ :ddedt - / /an ddxdt
0 D

:/ SQ:(I)
D

For the partial energy-dissipative estimate, one mimics the same idea as in Section except for

one term .
/ / L(Se): Sedxds.
o Jb.

= %/ L(®): ®dx for all & € L3, (D). (51)
D

For this term, we first claim that
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Indeed, for fixed ® € L2_ (D), we define

g:10,1] — [0, 00),
t— P(tD).

,t):t/;ﬁ((p):@dx'

”P(q)):’P((I))—P(O):g(l)—g(O)z/O t/QE(CP):(I)dxdt:%/QE(CI))NI)dx.

This proves the claim. Moreover, since L is linear, one can see that P is quadratic. Recall also
that P is convex. Hence, we have

dev

Since P € CY1(L3, (D)), we have

Integrating in time on (0, 1) yields

%/ L(®): ®dx >0 forall ® € L2 (D),

see [5 Proposition 3.71] for details. This implies

/ / L(®): @dxds >0 for all & € L*(0,T; L3, (D)).

T
CI)l—>/ /£(<I>):<I>dxds
0 Q

is convex and quadratic, and therefore weakly lower semicontinuous. This concludes

t
//,C( deds<hm1nf// L(Se): Sedads.
o Jp

This finishes our proof.

Therefore, the functional

6. THE CASE OF STABILITY IN THE SUBCRITICAL SCALING

In the final section we discuss the asymptotic behaviour of when the power law of the
perforations in H. are in the range a > 3. As surmised in the introduction the main difference to
the critical scaling is that, here the Brinkman effect is negligible, i.e. My = 0. This occurs due to
the fact that the capacity of H. in D is infinitesimal for o > 3. Indeed recalling the strong law of
large numbers in Section 2.1] for P-a.e. w €  there holds

sup( Z e3cap(B,, )R))<+oo

T €L

Therefore by the subadditivity of the newtonian capacity the above bound implies

: . TR3 : TR3Y — Tim <3 3 R3Y) —
61_1)I(I)1+ cap(H¢;R”) < 51_1>r(1)1+ % cap(Bga,, (ex,);R°) = 51—1>I(I)1+€ gz e”cap(B,, (0);R°) =0

(52)

Theorem 6.1. Let o > 3. Consider (v2, SY) a pair of suitable data and f. € L*(0,T; H=*(D.;R3))
be suitable outer loading both defined in an analogous way to , . Likewise we take P
satisfying (P1)-(P3). Suppose that (v, Sc) is a pair of generalised solutions of from Theorem
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Then there exist v € L*([0,T); Hy 4;,(D)) and S € L*([0,T); Hj,, (D)) such that, up to
subsequences, for P-a.e. w € 2 one has
ve = v weakly in L*([0,T); Hy g5, (D))
ve v weakly® in L>([0,T); L*(D;R?))
Sexp. = 8 weakly* in L([0,T); Lo, (D))

VS:xp. — VS weakly in L*([0,T); L*(D;R3*3*3))

and, (v,S) is a generalised solution to the system:

0w + div(v @ v) — div(nS + 2vV¥™0) + Vp = f in Dx(0,T), (53a)
div(v) =0, in Dx(0,T) (53b)
v
S+ 9P(S) — vAS 5 nV¥™y in Dx(0,T). (53c)
subject to 7+ V.S = 0 on dDx(0,7), (v,S)|t=0 = (v*,5°) in D. Herein the generalised solution to

(53)) is understood as the pair (v, S) satisfying (19a)) and (19b)) with the obvious change of spatial
integration of D, by D.
Moreover the pair (v,.S) satisfies the following partial energy estimate:

1 t 1 t
OBy + [ [ v 4 Vodeds < Snla + [ (omads (59
0 D 0
for a.e. t € (0,T).

6.1. Proof of Theorem In the final section we prove the homogenisation in the subcritical
case of Theorem We again divide the justification into two separate arguments for the velocity
and the stress. Similarly as in Section [2.3] extending v. to D by zero, together with the energy

bounds in Theorem yield:

t
sup sup <||Ua(t)||2L?(D)) + sup (/ ||v5||%11(D) dt) < +00
€ te(0,T) € 0

t
sup sup (IS0 [Fa) +sup ([ 1S, ) < oc
e te(0,T) € 0

for a.e. t € (0,T). From this along with an application of Proposition [2.5 we obtain the following
compactness: there exist v € L*(0,T; Hj 4, (D)) and S € L*(0,T; Hj,, (D)) such that, up to
subsequences:
ve = v weakly in L*(0,T; Hj 4, (D)),
ve = v weakly* in L>(0,T; L3, (D)),
S.xp, =S weakly* in L°°(0,T; L3, (D)),
VS.xp. — VS weakly in L?(0,T; L?*(D; R3*3*3)).

(55)

6.1.1. Stability of the momentum equation. We derive the homogenised equation for the limiting
velocity of v.. Without loss of generality, we again set p = 1. The proof is divided into several
steps. As in the proof of Theorem we use time regularisation and pass to the limit in the
corresponding pointwise Stokes equation.

Step 1: Time regularisation. We fix a parameter 0 < 7 < T'. Arguing as in Step 1 and Step 2
of Section after mollifying the momentum equation, we obtain that, for every t € (7,7 — 7),
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the regularised field vZ (¢) is the unique weak solution of the system:
—vAVI(t) + Vp. = FI(t) in D, (56)
in Hj 4;,(D:), where F7 (t) € Hy g, (Dc)* is defined by

<F5T(t):w>Héqdiv = (fI, w)m — /D (ve ® V)7 (t) : Vwdzx

€

_Afmmywm—lﬂmmgmywm

for every w € Hy g5, (De).

Step 2: Passage to e — 0. We fix an arbitrary ¢t € (7,7 — 7). From and the definition of
mollification, we infer that v7(¢) and ST (¢) are uniformly bounded in H!(D;R3) and H'(D.; R3*3),
respectively. By repeating the arguments in the proof of Theorem where the same functional
F7 is considered, we obtain

lim <FET (t)7 w8>Hé,div = <Flzom(t)7 w>Héydi‘, (57)

e—0

for every w. — w in Hj 4, (D), where
<F}Iom(t)7w>Héydiv =T w)m — /D(v ®v)7(t) : Vwdz

—A&ﬂﬂw@—émﬂ@%»wm.

Let © € Cg%;, (D) be fixed. Applying Proposition to 0, we find a sequence (9:) C Cgy;, (De)
such that

1
~ ~ ~ _ . 2
IV9 = Villa oy < elldllen (272 Y e*eap(B,, (0:RY)) . (58)
xn €L
Combining with the vanishing newtonian capacity of H. in , we obtain the convergence
Ue — 0 in H& div(D). Since ¥, is admissible in the weak formulation of (56]), we may use it as a
test function and obtain

/ vV, : VoI (t)de = (FI(t), 0e)
D.
Passing to the limit € — 0, the strong convergence 9. — o in H'(D;R?) together with yields

/ vV Vo (t)da = (Fyo,, (£), 0) g2
D

0,div
Hence v7 (t) is the weak solution in H&,div(D) of
—vAV (t) + Vp = F () inD. (59)

Step 3: Passage to 7 — 0. In view of Remark [2.10, the Aubin-Lions lemma gives the strong
convergence v. — v in L?(0,T;L?(D;R3)). Moreover, by interpolation, v. ® v. is uniformly
bounded in L3(0,T;L2(D;R3*3)). Hence, up to subsequences, ve ® v. converges weakly in
L3(0,T; L2(D; R3*3)). The rest of the proof follows the same argument as Step 3 of Section
[ 1] which ultimately yields

T
—/ /v~3t<p—v®v:V<p+VVv:V90+nS:Vgpdxdt
0o JD

—/Dv0~<p(0)dx+/0T/D<f,g0>H1 dx dt (60)
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for all admissible ¢ € Cg%;, (Dx[0,T)).
Step 4: Partial energy inequality. We verify . From the convergences above, together with
the weak lower semicontinuity of norms, it follows that

hmlnf// v| Vo |? dmds>/ / v|Voul* dz ds. (61)

On the other hand, the convergences v. — v in L?(0,t; L?(D;R3)), Vv, — Vv in L?(0,t; L?(D;R3)),
and f. — f imply that

t t
lim [ (fe,ve)gr dzds :/ (f,v) g dzds. (62)
e—=0 /g

Combining and with the bounds in and the suitability of the initial data v?, we

obtain . O

6.1.2. Stability of the evolutionary inequality of the stress. In this subsection, we examine the limit
of stress tensor S.. To this end, first recall that

ve = v in L*(0,T; H 4 (D)), (63a)
ve = v in L>(0,T; L3, (D)), (63b)
v. — v in L*(0,T; L3, (D)), (63c)
S.xp. = Sin L>(0,T; L3, (D)), (63d)

VS:xp. — VS in L*(0,T; L*(D; R3*3*%)). (63¢)

Repeating the calculation as in Section we obtain completing the proof of Theorem O

(oW
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