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Abstract

We are going to prove that energy minimizing harmonic maps from a domain €2 inside
an RCD(K, N) whose image lies in a small ball inside a CAT(x) space are locally Lipschitz
continuous. This completes the picture concerning regularity of harmonic maps between sin-
gular spaces and justifies a variant of the Bochner-Eells-Sampson inequality between singular

spaces.
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1 Introduction

This paper is concerned with the regularity property of harmonic maps from RCD(K, N) spaces
to CAT (k) spaces. The former consists of all CD(K, N) metric measure spaces where, roughly
speaking, one can impose a lower bound on the Ricci curvature K, an upper bound on the di-
mension N and impose an hilbertian structure. Indeed general CD(/K, N) in general do not enjoy
several “Riemannian” theorems, like the splitting theorem for example. This Riemannian struc-
ture was added in [Gig15], where the author (see [Gig23a] for a rather complete account on this
subject) introduced the notion of infinitesimal hilbertianity, singling out the class of RCD(K, N)
spaces. Of course the various contributions to this topic are numerous. We recall here some of
the most significant ones: [AGS14a], [AGS14b] (the infinite dimensional case), [AGS15], [AGS12],
[AGMR12], [Gig18], [Gig26] and [GKO13].

For what concerns CAT (k) spaces, they are metric spaces where one can express synthetically the
fact of having sectional curvature bounded from above by a value x and such terminology was
used for the first time in [Gro87].

To convince the reader of the fact that this is the natural non-smooth setting where one can hope to
obtain “good” regularity properties of harmonic functions (arguably the class of functions which
should be the most regular), we recall that if v : Q@ C (M",g9) — (N™, h) with Ricg,, > 0 (to
illustrate the principle we stick to nonnegative Ricci curvature but a general lower bound would
be enough) and Secy,, < 0 (again to illustrate the principle we stick to nonpositive sectional cur-
vature) is harmonic, one can write the Bochner-Eells-Sampson formula
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where R is the Riemann tensor of N and |V du|?g denotes the square Hilbert-Schmidt norm of
the Hessian of u. Using the inequalities on the Ricci and on the sectional curvature we get

| duf}
A<2H5 > |V dulfs >0,

and a simple application of Harnack’s inequality allows to infer that | du|ys is locally bounded,
proving local Lipschitz regularity of .
For what concerns the non-smooth setting, the problem of regularity is tied to the availability of
(1.1), which was instead a tool to exploit in the smooth setting. The first contributions appeared
for what concerns local Lipschitz regularity of harmonic maps between Alexandrov spaces (i.e.
with bounds on the sectional curvature): for real-valued maps we have [Pet03], while the problem
was solved in [ZZ18]. For what concerns the case of a smooth domain inside a manifold (M, gar)
with Ricy,, > K and a non-smooth target with sectional curvature bounded above by &, in [Ser95]
was able to achieve the sought regularity because, strongly exploiting the smoothness, he was
able to write a PDE of the form

Lubss div ((cos?(/)V (L ) ) > K| duls, (1.2)
where f(z) := /kdy(u(x),p) and (Y, dy) is the target CAT(x) spaceand u :  C M — Yisa
minimizing harmonic map with () C B,(0), for some o € Y and p < QWW Equation (1.2) allows

for a Moser iteration and again implies the local Lipschitz regularity. We want to remark that the
constraint on the image of u, namely that u(2) C B,(0), is not a technicality but it is crucial to
obtain such regularity and even continuity. The heuristic reason for which this is important is
that the map y — dy (o, y) cease to be geodesically convex outside B,(0). Indeed if one considers
the vortex map u : B1(0) C R” — S® with u(z) = 1z such map is an energy minimizing harmonic
map (among maps with the same boundary datum) and it is clearly not continuous (see [JK83],
[Lin87] and [CG89]). Finally, moving to the RCD setting for what concerns the domain (which
in view of the previous discussion appears to be the natural setting), in the works [Gig23b] and
[MS26] the authors were able to independently establish the local Lipschitz regularity of energy
minimizing harmonic maps, together with a variant of the Bochner-Eells-Sampson formula where
one has to replace | du|gs with lip(u) , i.e. the local Lipschitz constant of u (see [MS26, Theorem
7.1] for the inequality with an Hessian-type term). However both of the previous work do not
pursue the regularity of maps into general CAT () spaces as their strategy is designed to exploit a
variant of (1.1) in a crucial way. When « > 0 such an inequality cannot immediately be exploited
as on the rh.s. one would have a term of the type r|| dul|f;s, which is not clearly an L{ . function.
Moreover, using their proof strategy, to actually be even able to write this term one would already
need to require that the map w is locally Lipschitz. Therefore one needs to completely change
the strategy and step by step try to upgrade the regularity of the map u and more precisely of
its Hopf-Lax regularization. Using this type of regularization was the main idea introduced in
[2718], which led the authors in [Gig23b] and [MS26] to adapt this strategy to their setting (in an
extremely non-trivial way).

In this paper we are going to exploit ourselves this Hopf-Lax regularization scheme and, building
on the recent higher integrability of | du|ns for harmonic maps (see Theorem 2.5) established in
[GGZZ26]. Another crucial tool will be the Holder regularity of the map u (see 2.6, established
in [GGZZ26, Theorem 3.12]). Finally, exploting all of these results and a further regularization of
the Hopf-Lax semigroup, we are going to establish an inequality of the type (1.2) (see (3.4)). The
latter will then yield the sought local Lipschitz continuity via a standard argument.

We shall state and prove all of our result in the setting of CAT(1) spaces, as the case of CAT (k)
spaces with x > 0 can be recovered by scaling the distance function on the target space. Our main
Theorem is the following.

Theorem 1.1. Let (X, dx, m) be an RCD(K, N) space, and let (Y, dy) be a CAT (1) space. Let
u:QCcX —Y



be a harmonic map with Q bounded open set and m(X \ ) > 0 such that

u(€2) C By(o), p < g

Then w is locally Lipschitz continuous.

Once this Theorem is established one can finally and rigorously write a variant of the Bochner-
Eells-Sampson formula.

Theorem 1.2. Let (X, dx, m) be an RCD(K, N) space, and let (Y, dy) be a CAT(1) space. Let
u:QCX =Y

be a harmonic map with Q open and m(X \ Q) > 0 such that

u(2) C By(o), p <

v

Then the inequality
| dul}glip*u
n+ 2
holds in the weak sense in ), where n is the essential dimension of (X, d, m).

lip?
A( 1p2 u) > |Vlipu|? + Klip?(u) (1.3)

We are not going to prove the latter Theorem as it was already proved in [GGZZ26, Theorem

3.26], assuming the local Lipschitz continuity of u, which was not available at the time. Finally we
refer to [GGZZ26, Theorem 3.27] for the sharp Lipschitz bound on u and to [GGZZ26, Corollary
3.28] for what concerns an L°°-Liouville result for © : X — Y which is globally defined on X,
which is an RCD(0, N) space, with Y which is a CAT(x) space and u(X) C B,(o) C Y, with
p < ﬁ: all the previous results are now rigorous, since the local Lipschitz continuity has been
established.
The paper is organized as follows: in Section 2 we are going to introduce the main tools and
notation for what concerns RCD spaces, CAT spaces and the notion of minimizing harmonic
map, along with several useful and known results concerning the topic. In Section 3 instead we
are going to prove state and prove the main results building on top of which we are going to
establish Theorem 1.1.

2 Preliminaries

In this section (X, dx, m) will be denoting an RCD(K, N) space with N < 400 and (Y, dy) will
be a CAT(1) space. We stress again that since the statements for CAT(x) follow by scaling, we
shall stick to the setting of CAT(1) here and in the following. Moreover we assume the reader
to be familiar with the basic theory of RCD and CAT spaces, as we shall only recall the funda-
mental tools needed for our purposes. We shall introduce the theory developed in [GT21] (after
the seminal work [KS93]) and define the Korevaar-Schoen energy, in order to define minimizing
harmonic maps.

Let u € L2(,Y) with Q C X open set. We call the 2-energy density of u at scale r inside (2 the
quantity ks ,[u, Q] : X — R, defined as

1
d2 (u(z)u 2 .
kso ,[u, Q)(x) := <fBT(x> w dm(y)> if B,(z) C Q

(2.1)
0 otherwise.
Moreover we introduce the total energy of u in Q2 as
Eo[u, Q] := lim inf / ks, [u, Q*(z) dm(z). (2.2)
r—0 QO

We can now define Sobolev spaces as follows



Definition 2.1 (Korevaar-Schoen space and harmonic maps). We say that a function u € L?(2,Y)
is in KSY2(Q,Y) if Eofu, Q] < +oc. Moreover, given w € KS'2(Q,Y), we say that u is harmonic in
Q@ with boundary datum w, if u € argmin,_ eKSL2(Y) Esv, Q], where

KSL2(Q,Y) = {v e KSM(Q,Y): dy(v,w) € Wol’Q(m}'

The existence theory for minimizers of Ey[-, 2] has been carried out in [Sak23] (see Theorem
1.2 therein) under the condition that the boundary datum has image contained in a sufficiently
small ball of the target space.

The next result, which can be found in [GT21, Theorem 3.13], provides a representation for-
mula for the Korevaar-Schoen energy density.

Theorem 2.2. Let (X,dx, m) be an RCD(K, N) space and (Y,dy) a complete metric space. Then for
every u € KSY2(X,Y) there exists a function es[u] € L*(X), called energy density of u, such that

ksy . [u] — ea[u] m—a.e. andin L? as 7 — 0.
In particular the lim inf in (2.2) is actually a limit.

The following is instead an an equivalent way to speak about es[u] in terms, based on the
Hilbert-Schmidt norm of the differential | du|ns: we are not going to discuss the meaning of the
object du, referring to [GPS20] for the details. What follows is [GT21, Proposition 6.7].

Theorem 2.3. Let (X, dx, m) be an RCD(K, N) space and Q@ C X an open set. Let (Y,dy) be a CAT (k)
space and u € KSY2(Q,Y), then for its energy density we have the following representation formula

ealu] = (d +2)7 7| dulps. (2.3)

Definition 2.4. Let (X, dx, m) be a metric measure space and {2 C X an open and bounded set. Let
n : 8 = R be locally integrable. We say that a function f € VV&)CQ(Q) is such that A f < n weakly
in Q if for all ¢ € Lip,(Q2) with ¢ > 0 we have

—/Vf'VSOdmxS/SOdex-
X X

We now introduce some further notation trying to stick to the one of [GGZZ26]. Welet U € Q
be open and consider » > 0 and # € U such that By, (%) C U and |ulce@(2r)* < s < 7/8.
Finally call B = B, (), 2B := By, (), B = Bs,/o(%) and 4B = By,(%). Let op = u(%) we then
have, thanks to the previous conditions, u(2B) C Bs(op).

For p > 2, define the function F : R — R as

F(s) :=2sin (%) + 45in? (g) :

and f: X x X — [-6,0] as

_ [Fv(u@) )  ifzyeB
flz,y) = {—6 otherwise.

Then for all ¢ > 0 define the function f; : B — R as

A5 (y, x)
ptr—t

fi(z) := inf { + flz,y)|.

yeX

Now denoting with y; ,, a minimizer for f;(z), and choosing « as a competitor, we get

dg)( (ZL’, yt,m)
ptr=1

fi(z) < + f(2,y0) <0.



p—1
p

—1 R
This means dx(z, yt,z) < 6p%tp7. We now further shrink ¢, in a way that (6p)%t* < dist(B, X'\
B) so that

fulw) = it | &Y

yeB | ptP1 — F(dvy(u(z), u(y))) Vz € B

Thanks to Theorem 2.6 below we observe that u is locally Holder continuous inside €2 and thanks
to [GGZZ26, Lemma 3.16] so is f;. Set

i) = -2,
o) = {yexs ) = BT 4 o |

and LP(x) Dy(z)
L . L t xr t\ X
Li(z) == yégg(lz)dx(y,x), ar(x) == PYT ;

=y (x) + a(z).

We now recall[GGZZ26, Theorem 3.15], which proves higher integrability for gradients of mini-
mizing harmonic maps.

Theorem 2.5. Let Q,Y as above and u : Q@ — Y be an harmonic map with uw(Q2) C B,(0) and p < w7?2.
Then there exists an ¢ = e(N, K, diam(92), p) > 0 such that | du|lgs € L*5(Q2) and

loc

s
(]é |du12{§5dm> <C. ][B|du|§IS dm (2.4)
2

for any ball B with 2B C 2, where the constant C. > 0 depends only on e.
We now recall [GGZZ26, Theorem 3.12] which establishes the local Holder regularity of w.

Theorem 2.6. Let (X, d, m) be an RCD(K, N) space and (Y, dy) bea CAT (1) space. Letu : Q@ C X =Y
be a harmonic map such that Im(u) C B,(o) with p < /2. Then w is locally Holder continuous in €.

For the reader convenience we present [GGZZ26, Lemma 3.19], which is a crucial differential
inequality that we are going to exploit later on.

Lemma 2.7. Let u : Q — Y bea harmonic map with Q@ C X open set, (Y, dy) which isa CAT (1) space and
Im(u) C B,(o) witho € Y, p < /2. Let further f,(z) := cos(dy(u(x),0)), then we have f, € W2(Q)
and

Afo < —fol dulfig = —fo(n + 2)e3[ul, (2.5)

weakly in €.

We also recall here [GGZZ26, Proposition 3.24], which gives a crucial distributional bound for
~¢. Note that we are dividing by ¢ the equation in [GGZZ26, Proposition 3.24], so that it has the
form we need.

Proposition 2.8. Let t > 0 and v, a; and D, as above. Then
Ay > pKay — ei(ar + )| du|12{S on B (2.6)

in the weak sense, for all t < t* and p > 2, where ¢; = 1 + o.(1) uniformly in B.



3 Main results

We stress again that we shall fix U € Q and choose a chain of balls with radii such that the
conditions at the end of Section 2 are in place.
To prove Theorem 1.1 we need several preliminary results, starting from the following.

Lemma 3.1. Let u : @ C X =Y be an harmonic map with uw(Q2) C B,(o) and p < w/2 and let U € 2
be open. There exist ro,C > 0 and A > 1 such that, for every xz,y € U with dx(y,z) < ro, setting

¢ = dx(y, x), we have
1/2
dy (u(y), u(z)) < CY <][ | dul?ig dm) .
B

Proof. We choose 9 > 0 such that every ball mentioned in the sequel lies inside 2. For fixed
a € U, the map

Ac(T)

z— dy (u(z), u(a))

is subharmonic; see, for example [GGZZ26, Proposition 3.5]. The Harnack inequality then gives,
by [GGZZ26, Theorem 3.7] and Jensen, applied at fixed x and with ¢ = dx(z,y) < 7o,

d? (u(y),u(z)) <C d? (u(2),u(z)) dm(z).
Be(y)

We now do the same with the other variable, so that
d? (u(y),u(z)) < C][ ][ d? (u(2), u(w)) dm(z) dm(w).
By(z) J Be(y)
Since

By(z) U Be(y) C Bae(z)

and the measure m is locally doubling, we get
d? (u(y),u(z)) < C][ ][ d? (u(2), u(w)) dm(z) dm(w).
Ba(z) J Bay(w)

We now apply the Poincaré inequality (see [GGZZ26, Lemma 3.10]), to get
& (u(v),ul) < CF £ |duffs(z) dm(e),
Bpe(w)
proving the lemma. O

We now set

M(| duftg)(z) == sup f o] dulfs dm,
0<s<Arg J Bs(x)

and shrink ¢( so that Bp, C 2B. The previous lemma then reads as

dy (u(y), u(x)) < Cdx(y, =) (M(] dulfg) (@),

We now have another crucial lemma.

Lemma 3.2. There exist to > 0 and an appropriate choice of p > 3 such that

sup ||vellz2(py < +oc.
te(0,to)



Proof. Letty > 0andt € (0,%), and choose y; , € Si(x) so that
Li(z) = dx(z, yt,z)-
By continuity, we can decrease ¢ so that
Yt € Bry(z),

where 7y is the one of Lemma 3.1. We can therefore apply Lemma 3.1, together with the fact that
F(s) < Cs, to obtain

Dy(x) = F (dy (u(z), ulyre))) < CLy(x) (M(| dulhs)(z)) .

Consequently,

Dy(z)
t

(w) =

For

g +p =1,
to get
g Lale)  Li(z) A1
t ptP T ¢
Hence

0<% < C(M(|duffg) ()"
Choosing p large enough so that

| duffg € LY, g>1,

which is possible thanks to Theorem 2.5, we obtain

/% m<C/ (| dulg))? m<C/ | dul7 dm,

which proves the claim. Here we also used the standard maximal-function inequality. O

The idea is now to integrate y; in order to obtain important estimates on its integrated version,
which will propagate the regularity.

Lemma 3.3 (Time averaging). Let
0<T <6 <ty,

with ty as in the previous lemma, and define
® %
Gr:=T | —5dt, Ap =T / —dt
Tt

Then
Gr, Ar € W, (B)
and

T
(p—1)Ar =2Gr + 56 =T m—a.e.in B.

Moreover we have
AGp > —pK~ A — cs(Ar + Gr)| dulfs, 3.1

weakly in B, where c¢; = SUDPye(0,6) Ct



Proof. First let us introduce

L = d .
t(x) o x(y, x)

and then we observe that the map
t— ft (ZL‘)

is locally Lipschitz on (0, tp) and

-1 — 1~
O filw) = =S L), O fulw) = =F TR,

thanks to the usual differentiability properties of the Hopf-Lax semigroup (see [ACM*21, Theo-
rem 3.3] and the monograph [AGS08] for example). At every t for which f;(z) is differentiable,
we therefore get

Ocfe(x) = —(p — Dag(w).

Using the relation between f; and ~;, we obtain

(p—1ar =y +tom

for £ @ m-a.e. (t,x).
Now fix T' > 0. Up to choosing 6 > 0 small, there exists a relatively compact set W € B
containing every minimizer y associated with € B and ¢ € [T, §]. For these minimizers, set

d§ (z,y)
Qt,y(x) = ptpfl

- F (dy (u(y),u(x))) .

First observe that since u is continuous and X is separable we can actually write f;(z) = infjen g1y, (),

where (y;); is a countable and dense set of B. Then we have
|Dary,| < Cr,s(1+ | dulus),

uniformly in j € Nand ¢ € [T,¢]. Since these functions all have the same bound on the weak
upper gradient, taking a countable infimum allows that bound to go through the infimization
and we get

IDfi| < Crs(1+|dulus),

and hence
fr € WH2(B).

Thanks to this, Gr and DGt are well-defined as Bochner integrals, and

1
D
DGr=T | Ztate 12(B).
r 12

Integrating by parts, we get

1
(p—l)AT:T/ <%+a?t> dt
T

t2
* Tys
=2T —dt + — — 7.
. t2 + 5 YT

Therefore,
T
(p—1)Ar =2Gr + 578 T

which also implies that
Ar € WH(B).



Finally, to prove (3.1), let
¢ € Lip,(B),  ¢=0,

and integrate (2.6) against the measure 7t ~2 dt to obtain

—/(DGT,Dg0>dmZ—pK/ ATgpdm—c(;/(AT+GT)|du|I2{S<pdm.
B B B

O]

Remark. Observe that, for ¢t € [T, 4], a; and 7; are uniformly bounded, so all the terms in the
previous lemma are well-defined.

Proposition 3.4. There exist 6 > 0 and constants X < 2 and p > 0 such that, for every T' € (0, 6), we
can construct o o
Gr >0, Gr € W1’2(B),

satisfying
AGT > —puGr — N dul3sGr (3.2)
weakly in B. Moreover,
sup HGTHL'Z(B) < 09, yr < 2Gr m—a.e. (3.3)
Te(0,6)
Finally, if
1 Gr
fOB :COS(dY(U,OB)), QIZ):: fOB_§7 ZT = ?7
with og € B, then
| & 0zr.Dg) am < i [ 2 zppam (3.4)
B B

for every ¢ € Lip.(B) with ¢ > 0.

Proof. We first observe that Proposition 2.8 is in place and we choose p > 3 and 1 > 0 sufficiently
small so that

2
A= (1 1+ —— 2.
( +n)< +p—1> =
We can then choose § so that
e <1+ fort € (0,9).
Set

6 T
s = sl (B) < 5 T T+ g Yo

Since A7 > 0, the identity for A in the previous lemma gives
2 _ _
Ar < ——Gr, vr < 2Gr.
p—1
Indeed,
T _
(p—1)Ar <2Gr + gMa = 2Gr,

whereas T
yr = 2GT + 55 (p —1)Ar < 2Gr.

Moreover we have
o Ve T
1Grllr2m) < T/ 2 dt < Cp (1 — 5) < Cy,
T

9



which proves suppe (g s G2 r2(p) < 00 We now apply the previous lemma together with this
latter inequality to get

AGr > —pK~ Ap — (1 +0)(Ar + Gr)| dulig

WK~ 2 , =
>———Gr—A(»1 1+——)|d G
> - 2R G ) (14 2 ) LG,

——

1 X

which proves (3.2).
We now remove the energy density from (3.2) to obtain a better differential inequality.
Since we assumed

w(B) C Bylog), s< %
we get
3 1 1
— < <1 - < < —.
LSSl pSvsg
Moreover,
fog = 21

Now, by Lemma 2.7 (here we are also using that « minimizes the energy in every ball among
maps with the same boundary values),

Afoy < —fop dulis.
Since A < 2 and f,, > 21, this becomes
A¢p < =A| dulfigt,
since we clearly have Ay = Af,,.

Let now
¢ € Lip(B), ¢=>0.

Testing (3.2) against ¢1) (by approximation) we obtain

| (DG D(ew)) dm < [ (N duftg)Grop dm, (3.5)
B B

Now we test the inequality
A¢p < —A|duffsy

against Grp. We obtain

| (D0 D@rp)) dm =\ [ dufhsuGrodm. (36)
Subtracting (3.6) from (3.5) gives

| (wDGr~GrDv. D) dm < u [ WGrpdm.

B B
Since ¢ > 1, setting Zr := G/ € VV11>C2 (B), the chain rule gives
ol al 2 GT 2

YDGr — GrDy = ¢°D (1/}) =¢*DZr,

therefore proving (3.4). O

10



Lemma 3.5. Let
Z >0 with Z e W(B)

loc

and suppose that, for every ¢ € Lip,.(B) with ¢ > 0,

/ 0(DZ, Dp)dm < u/ 0Zpdm, (3.7)
B B

for some p > 0. Assume that 0 € L*°(B), with
0<0p<h<H <+o0o0 m-—a.e.in B.
Then for all Br(xo) such that Bop(xo) € B we have

1/2
esssup Z < C (f Z? dm> ) (3.8)
BR(I()) BQR(Z'O)

C = 0(90,91,[{, R, |,LL|) >0

where

is equibounded as R — 0.

Proof. Let 8 > 2 and let ;) be a Lipschitz cutoff function. Using n?Z%~! as a test function in (3.7)
(via approximation), we obtain

/ 0 ‘D (ZW) ‘2 dm < 09152/ (1D + pn®) Z° dm.
Bar(o) %o B

2r(%0)

Indeed, using the chain rule, we have

/BQR(xo) 120 <DZ,D (25*1)> dm

+ / 02°~1(DZ,D(1*)) dm
Bar(zo)

<pu / 02°n% dm.
Bag (o)

D (n225—1> = mZ° D+ (B — 1)n22°2D2Z,

Now

so that

(B — 1)/ 0’ 2P~ DZ|? dm < 2/ 0nZ°~1|DZ||Dn| dm
Bar(zo0) B

2r(%0)

+ u/ 0n* 2% dm.
Bar(z0)

Using Young's inequality and absorbing terms gives

/ 0> Z° 2 DZ|* dm < 02°|Dn)? dm
Bar(o)

ey

(B - 1)2 Bagr(zo)

+ CM/ 0n%Z° dm.
-1 Bar(z0)

2 2
(o) =S

we conclude with the previous estimate, using also

Since

O <0< 0.

Finally (3.8) follows from the local Sobolev inequality on RCD(K, N) spaces, along with the clas-
sical De Giorgi-Nash-Moser iteration. O

11



Proposition 3.6. For every V € B, there exist 6 > 0 and Cy > 0 such that
sup |[vrllpevy < Cv.
0<T<d

Proof. Cover V with finitely many balls Bg(x;) such that
By R(xz) € B.

Apply the previous lemma to Z7 with 6 = 2, so that

1 1
O = — < h?2 < = =:0,.
0 16_1/1_4 1
Now
—2

72 = ig < 16G.

The L?-norms of G are uniformly bounded thanks to (3.3), i.e. supre (g ||Gr||, 2 (3) < 00 We

can then apply (3.8) and infer
Zr € L™ (Bg(z))

with a bound independent of 7" and depending on || Zr||12(p). Since
Gr =vyZr and  r < 2Gr,

we obtain the claim, exploting also the Holder continuity of u (which allows to use a supremum
instead of an essential supremum). O

We are finally ready to prove the main Theorem.

Proof of Theorem 1.1. Fix & € V € B satisfying the nested ball assumptions introduced at the end
of Section 2 together with u(B) C Bs(u(%)), with s < /8. Then, by Proposition 3.6,

y(z) < Cy foreveryx €V, te€(0,9),

for some 6 > 0. Let
T:dX(x,y)7 x?@/EV
Assume first that » € (0, ). Then

Tp

fr(x) < p?"p_l - F (dy(u(y),u(:zr)))

_ ]fj — F (dy(u(y), u(z))) -

Since
f r = —T7r,
it follows that

cdy (u(y), u(m)) < F (dy (u(y),u(m))) <r (; + %«(93)) < <11) + C’V> r.
If instead 7 > 6, then u(V)) C B;(u(Z)) gives
dy (u(y), u(z)) < 2s < %S dx(z,y).

Since x( was arbitrary, v is locally Lipschitz in . O
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