SHARP (C%* REGULARITY OF THE SOLUTION TO AN OBSTACLE
p—LAPLACIAN MINIMIZATION PROBLEM WITH LINEAR TERM

SAMER DWEIK

ABSTRACT. In this paper, we consider the following obstacle minimization problem with
linear term:

P
(0.1) min{/w% + fu:ueW"(Q), ©u>0, u=g on GQ}
Q

0,0 . .
where 1 < p < co. Assume w € C”7(Q2) and f € LY(Q) with ¢ > p%l. If g > N, we will

prove via an approximation argument that the solution u of Problem (0.1) is locally C*,
where the exponent « € (0, 1] will be given explicitly in terms of N, p, ¢ and o.
Moreover, we will show that u enjoys higher regularity on the free boundary 9{u > 0}; it

1-N
9
p—1

1,min ,1

is locally of class C' { } If p>2 we CYR), f€ L) and f > f. > 0, then
we establish a nondegeneracy property, which implies that the regularity of the solution u on
the free boundary is optimal. Finally, we prove that the free boundary has zero Lebesgue
measure.

1. INTRODUCTION

The main goal of this paper is to study the sharp C1® local regularity of a solution u to
the following obstacle p—Laplacian problem with varying coefficients:

V- [w|VulP~2Vu] = f  in {u> 0},
(1.1) V- [wVulP2Vu] < f in
U=y on Of.

The regularity of solutions to p—Laplacian type equations has been extensively studied in the
literature. In [11, 7], the author established C1® regularity estimates on the solutions of the
p—harmonic equation

(1.2) V- [|[VulP~2Vu] = 0.

Let o, € (0,1] be the largest exponent such that weak solutions of (1.2) belong locally to C1:+.
It is well known that «, depends only on p and N. In the planar case (i.e. when N = 2), the
optimal exponent «, was identified in [14, Theorem 1] and is given by the following (we note
that when p € (1, 2], solutions to (1.2) possess higher regularity):
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In higher dimensions N > 3, this optimal exponent ay is still unknown. In addition, the
weighted p—Laplacian equation with nonhomogeneous term has been considered in [20] (see
also [15])

(1.3) V- [w|VulP~2Vu] = f.

Thanks to [20], under the assumptions that w € C1(2) with 0 < A < w < A < co and
f € L*™(Q), any solution u to equation (1.3) is locally of class C1®. In [8, 9], the authors have
proved that u is C! in Q provided that w is o —Holder continuous and f satisfies the following
integrability:

(1.4) [ 111 <co¥ o

P
for every ball B, CC 2 with radius p, where the function h in (1.4) satisfies the following
condition:

R
min{ — d
/ [h(p)] = ?p < oo for some R > 0.
0

On the other hand, the authors of [2, 8] have established sharp C%® regularity estimates on
the solutions of (1.3). If w € C%7(Q) and f € L9(Q) with ¢ > N, then every solution u to
(1.3) is locally C1* with

a =min{o, ,0p g0}

where

5) _ LN 1
. = min - — -min § ———
Oép,q,a- g, p P 1,

and a is any positive number that is strictly less than «,. In this paper, we will extend this
sharp O regularity result to the solution of Problem (0.1), or equivalently (1.1). In fact,
studying the regularity of the solution u to the obstacle problem (1.1) has significant challenges.
Under appropriate assumptions on f and w, the regularity results established in [2, 8, 9, 20]
remain applicable to the solution u of (1.1), but only locally within the positivity set {u > 0}.
So, one difficulty is to extend this regularity to the free boundary d{u > 0}. In [12, 16, 19],
the authors proved the C1® regularity of the solution u to the obstacle problem (1.1) but in
the homogeneous case (i.e. when f = 0). Moreover, the authors of [4] have obtained C1®
regularity on the solution u of (1.1) provided that u is bounded, w € C*(£2) and f belongs to
L1(Q), for some ¢ > N. In addition, it was proved in [18] that a solution u to (1.1) is locally
bounded in © whenever f € L>(Q). From [3, Proposition 1.2], the solution u of (1.1) is also
bounded as soon as g € L*(£2). Thanks also to [17, Theorem 5.14], the solution u of (1.1)
belongs to Cllo’g (Q) provided that w is Holder continuous and f is bounded. However, to the
best of our knowledge, it seems that the C1'® regularity of the solution u to (1.1) in the case
where f is unbounded and w is not of class C'! has not yet been addressed in the literature.
Furthermore, a fundamental problem that arises with the study of the obstacle problem (1.1)
concerns the optimal regularity of the solution u. Although the authors of [4, 17] established
that u € CIIO’CO‘(Q), the value of a was unknown. By an approximation argument and thanks to
the results of [2, 8], we obtain sharp local C1'® regularity estimates on the solution u of (1.1)
in the case where f € LI(Q) and w € C%7(Q).

In [1, Theorem 1], the authors have studied the regularity of the solution to (1.1) at free
boundary points. More precisely, they proved that in the case where f € L*>°(Q2) and w = 1, the

1,min{ﬁ,1}

solution u of (1.1) is of class C' on the free boundary 9{u > 0}. Here, using different
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techniques, we extend the regularity result in [1] to the more general setting where f € L4()
and w is c—Holder continuous. More surprisingly, we show that the solution u is more regular
on the free boundary than away from it, contrary to what one might expect. Furthermore,
the regularity of v on the free boundary is independent of the o—Hoélder regularity of w; in
particular, even when ¢ > 0 is very small, © may still belong to C*! on the free boundary.

On the other hand, the authors of [5] have also considered Problem (0.1) but in the presence
of a strong absorption term u?*! (0 < < p—1). Their analysis allows the weight function w
to be nonconstant, while assuming that the source term f is a nonnegative continuous function
and that the boundary datum ¢ is also continuous. More precisely, they show that if u is a
bounded weak solution to Problem (1.1), then u is of class Cr i along the free boundary.
However, the results in [5] do not cover the limiting case v = 0. We also note that if v > 0
then the absorption term u?*! is clearly C! and so, the minimizer u of Problem (0.1) turns
out to be a weak solution to the equation

V- [w|VuP2Vu] = f [u]] in Q.
Thus, thanks to the classical regularity literature (see [2, 7, 20]), we get immediately that
u € C’l’o‘(Q), for some a € (0,1). But, the lack of C'—regularity of the absorption term in the

loc
limiting case v = 0 makes the regularity analysis considerably more challenging. One of the

main difficulties is to establish that the minimizer u satisfies
V- wlVulP?Vul = £ xusep  in Q,
which is closely related to first proving that the free boundary 9{u > 0} has locally finite

HV 1 _measure.

Finally, we establish a non-degeneracy property of the solution u to Problem (1.1), provided
that f is nonnegative and bounded away from zero. More precisely, we prove that

u(z) > Cdist(x, 0{u > O})p%, for all z € {u>0}NQ.

If f is bounded, this estimate yields that the solution u of (1.1) has the optimal growth near
the free boundary. As a consequence, we obtain two important geometric properties of the
free boundary: it is porous and therefore, has zero Lebesgue measure.

2. SHARP Cl’a REGULARITY OF THE SOLUTION TO THE OBSTACLE PROBLEM

In this section, we show via an approximation argument, sharp C“ regularity estimates on
the unique solution u of Problem (0.1). For every € > 0, we define

0 if s<0,
B.(s) = 2 if 0<s<g,
1 if s>e.

Let U. € CY(R) be such that . = B.. Let us assume that f € L9(2) with ¢ > ;. For
clarity and simplicity, we will only treat the case when f > 0 (but our results can be easily
extended to the general case by decomposing f into its positive and negative parts). Then,

we consider instead of (0.1) the following approximated problem:

(2.1) min{/w [Vul? + [P (u) :ue WHP(Q), u=g on 89}.
Q p
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Here, we assume that g > 0 and that there exists § € WP(Q) such that § = g on 9. Then,
we start by the following simple result:

Proposition 2.1. For every ¢ > 0, Problem (2.1) has a unique nonnegative minimizer u..
Moreover, ue is a weak solution to the following problem:

V- [w|Vu:P~2Vu.] = fB-(us) in 9,
(2.2)
Ue =g on O0NQ.

Proof. First of all, we note that if u € W1P(Q) with u = g on dQ then uy := max{u,0} is
also admissible in (2.1) and, we have

Vs [ Vup Val?
/Qw ’ +f\115(u+)—/(2w ) +f\115(u)§/ﬂw » + fU(u).

So, we can restrict (2.1) to nonnegative functions. Let (u,), be a minimizing sequence in
(2.1). Then, there exists a constant C' < oo such that

P
/w [Vt + f¥(u,) <C.
Q p
Yet,

/Q P ()| < /Q Flum < Ol 1] 2o luml| o -

Moreover, one has u, = g on 9 (so, u, — g € VVO1 P(2)). Using the Poincaré inequality, then
we get that

[unllze ) < CllIVunllze@) + [IVallLe)] + |llr @) < ClIVun|| ey + C-

Hence,
||V | |Z[),P(Q) <C.

Consequently, (), is bounded in W1P(2) and so, up to a subsequence, u, — u. weakly in
WP(Q) with u. = g on Q. Thanks to the lower semicontinuity of the LP—norm as well as
the strong convergence u,, — u in LP({2), we obtain

/w\Vua|p Sliminf/ w |Vuy|?
Q " Q

/Qf!‘lfs(un) = Ue(ue)| < /Qf!un — e < C[[fllzallun — vellLr) = 0.

and

Hence,

Vu|P Yu, |P

/w|u5| + f Ve(ue) < liminf [/ wﬂ + ¥ (up)l.
Q p " Q p

Consequently, u. minimizes (2.1). Since W, is convex and f > 0, then the functional in (2.1)

is clearly strictly convex and so, u. is the unique minimizer of (2.1). Fix ¢ € C2°(f2). For all

6 small enough, we have thanks to the minimality of u. that

Vue|P \% oV lP
/ w | ’U,5| +f\I/6(u6) S / wM _|_f\I/6(u€ +5(P)
Q p Q p

Thus,
[ wlvu v Vo [ fBu)p=0. O
Q Q



REGULARITY OF THE SOLUTION TO A p—LAPLACIAN PROBLEM 5
Now, we will show uniform estimates on these solutions {u.}.~¢ that will allow us to pass
to the limit when ¢ — 0.

Proposition 2.2. There exists a uniform constant C' that depends only on X, A, ||f||ra()
diam(S2) and ||g|lw1»(q) such that

|uellwrp) < C.

In particular, up to a subsequence, we have us — u in WHP(Q) for some function u € W1P(Q)
with w = g on 02. In addition, the limit function u minimizes our problem

P
min{/w|vu| + fu:ueWhP(Q), u>0, u=g on 89}.
Q p

Finally, assume that u is continuous in 2. Then, u solves the following p— Laplacian obstacle
problem:

V- [w|VulP~2Vu] = f  in {u> 0},
V- [w|VulP=2Vu] < f  in 9,
u=g on Of.

Proof. Since u. minimizes Problem (2.1), then we have

Vu:|P v A -
Lo pwu) < [ w04 @) < DIV 0 + 1] r g o)

p LPT ()

Hence,

AIVillp + P I 1 9]l
/]Vu€]p< 3 Lr1(©)

Yet, one has u. = g on 99 (so, us — g € WO1 P(€1)). Using the Poincaré inequality again, we
get
uell o) < CllIVuellrr@) + IVl o)) + 1] r0) < C.

Then, up to a subsequence, we have u. — u in W1P(Q). Finally, we show that u minimizes

Problem (0.1). Let v € WHP(Q), v > 0 in ©, and v = g on 9. From the minimality of u. in
Problem (2.1), we have

Ix uel® ) < <[ A )
Q Q

p p
Since ¥.(v) < v, then

P p
/w Ve + fWo(ue) g/w Vel + fu.
Q p Q p

Passing to the limit when ¢ — 0, we get

p p
liminf[/w|vu8| + f\Ile(’Uzs):| S/w'v”| + fo.
Q p Q p

/w|Vu]p Sliminf/w|Vug|p.
Q € Q

But, we have
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Fix x € {u > 0}. Since u.(z) — u(z) when ¢ — 0 (this holds at a.e. z), then we may assume

that us(z) > @ > 0 for all € sufficiently small. In particular, we have V. (u.) = u. — § (this

follows from the definition of ¥.) and so,
liminf ¥, (u.) = liminf [ua — ;] = u.

Thanks to Fatou’s Lemma, one has

/ fu= / fu= / [f liminf W, (ug)] < liminf/ FU(ue) < liminf/ f U (ue).
Q {u>0} {u>0} € € {u>0} € Q

Consequently, we get
YVulP VolP
/w‘u’—l-fu</wyv|+fv.
Q b Q p

Let ¢ be a smooth function with K := spt(¢) C {u > 0}. Since u is continuous (by assumption;
but we will show that this is the case later), then u + d¢p is clearly admissible in Problem (0.1)
for any § sufficiently small and so, thanks to the minimality of u, we have

P SV olP
(2.3) /ww—i-fug/ww—i-f[u—i-&p].
Q p Q p

Hence,

/w|Vu|p_2Vu-V<p+/f<p:0.
Q Q

Finally, let ¢ € C2°(€2) be such that ¢ > 0 (or more generally, u+ ¢ > 0) in Q. For any § > 0
small, u + d¢p is admissible in (0.1). By (2.3), we get that

/w|Vu|p_2Vu-Vg0+/f<p20. O
Q Q

Now, we show that u. is smooth.

Proposition 2.3. Assume ¢ > N. Then, the solution u. of Problem (2.1) is C' in Q, for
every € > 0.

Proof. Thanks to [9, Theorem 4] (p > 2) or [8, Corollary 1.6] (1 < p < 2), the solution u. of
Problem (2.2) is C! as soon as p. := f B-(u.) satisfies

/ e < Cp™N "1 h(p),

P
for every ball B, CC € with radius p, where h : [0,00) — [0,00) is a function satisfying the
Dini condition: there exists R > 0 such that

{f?[h@)}ﬁdf <o when p>2
fORh(p)% < 0 when 1<p<2.
Yet, one has
q—1 N(q—1)
(24) [ el <18 iclaags < 0™ Wl = €™ i)
)

with N
h(p) == [fllLa,yp @ -
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Moreover, we have

& B dp .
/O[h(m]p 1<HfHLq(Q/O TN < if p>2

P q(p—1)
and
d L | ,
(25) [ 00 %2 <l [ L <ot pea) =
0 4 0 pa

In the next proposition, we will show uniform C® regularity estimates on the solution u,
of (2.1).
Proposition 2.4. Assume p > 2 and w € C%°(Q). Then, the solution u of Problem (0.1)
belongs to C’llo’ca(Q) with

a :=min{ay g, 0 }.

Proof. From [10, Theorem 1.2], there exists a constant C' that depends only on N, p, A, A, o,
[w]co.o (o) and, diam(£2) such that the pointwise estimate

2 » 2
Vu <w>|<c<f Vu ,s>”+c[/R <M<B<fw>>><> dpr
€ - €
B(z,R) 0 pN-1 )

holds whenever B(z, R) C €. Yet, thanks to Proposition 2.2 as well as the Holder’s inequality,
one has the following

2

1 N

( f wﬁ)" < Vel 1B, B 5 < CRS
B(z,R)

where C is a uniform constant that does not depend on . Moreover, recalling estimate (2.4),

we have
/ <ME(B( ))>2<P vdp _ C/ ( ) - 0dp
0 pN p
Thus, we get
(2.6) Vuo(z)| < C(R™7 +1).

Let K be a compact set in Q. Recalling (2.6), we have the following estimate (which is uniform
in €):

(2.7) [[Vte|| Lo () < C(N,p, g, A, A, 0, [w] oo ), [| fllLa(o), diam($2), dist (K, 092)).
Thanks to the Gagliardo-Nirenberg interpolation inequality, there exists a constant C' that

depends only on N and p such that

(2.8) lellzoe g0y < C IVl T el

By Proposition 2.2 and estimate (2.9), we infer that
(2.9) Nuellerxy < C(N,p, g, A A 0, [w]eoo (o), [ fll o) |9l lwree), diam(§), dist(K, 69)).
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On the other hand, thanks to [2, Theorem 1.1], we also have that the solution u. of Problem
(2.2) is locally C1*, where (see (1.5))

a:=min{ay s, @, }.
Moreover, there holds
(2.10) |[Vue () — Vue(y)| < Clz —y|*, forall z,y e K,

where C' is a constant depending only on N, p, ¢, o, A, A, |[ue||w1ir)s [W]co.e @y kel L)
and dist(K, 02). But, we recall that both ||uc||yy1s(q) and ||pe||pa(q) are uniformly bounded
in . Consequently, we infer that

[uelleraxy < C(N,p, g, A Ay 0y [wlcos s || fll Lo 191 lwie ), diam(Q), dist (K, 0€2)).

Hence, up to a subsequence, u. — u in C»*(K) when & — 0. Moreover, we have the following
estimate:

(211) HuHC1,a(K) S limsinf||u5|\c1,a(K)

< C(Napu q; A, Ao, [w]C’O’”(Q)7 Hf”Lq(Q)’ HgHWLP(Q)?diam(Q)v dlSt(Kv aQ)) U

Finally, we are concerned with the case when p € (1,2).

Proposition 2.5. Assume p € (1,2). Then, the solution u of Problem (0.1) is locally Lipschitz
i 2. Moreover, we have the following:

lullerey < CN,p, ¢ A A, 0, [wlcoe ) [ fll sy, 19l lwre ), diam($2), dist(K, 9Q2))

with
. _ N
o = min a*,o’,l—; .

Proof. Thanks to [8, Theorem 1.3], we know that there exists a constant C' that depends on
N, p, A, A, o and [w]co,0 () such that

—1

,LL __N
||vu5||L00 <CH/ : dp +CR 2—P||Vu5||L2_p(B(x,R))

L (B(z,R))
holds for any R € (0, 1] with B(z,2R) C Q. Yet, by the estimates (2.4) & (2.5), we get that
R 1
dp |»-

IVeellm e g < |l aecey | %
0 pa

CyCRT pHVUsHB »(B(x,R))"

From Proposition 2.2, we also have
2N(p—1)
HvuaHLQ—p(B( < CHVUEHLP (z,R)) R P(2 p) .
Hence,

R dp p%l
1V e ) < C‘Hfllm(g) [
pq

_N
+ C||Vuellr(Ba,r) R 7 -

Let K C € be a compact set. Recalling (2.8), we infer that {u.}c is uniformly bounded in
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C1(K). From [8, Theorem 4.3 & Corollary 1.7] and thanks to (2.4), there exists a uniform
constant C' that does not depend on € such that

|[Vue(z) — Vue(y)| < Clz —y|*, forall z,ye K.

Finally, this uniform C1® estimate on u. implies that the limit function u belongs to Cllo’? Q). O

3. REGULARITY OF THE SOLUTION ON THE FREE BOUNDARY

In this section, we prove that the solution u to Problem (0.1) enjoys higher regularity along
the free boundary d{u > 0}. The interesting observation is that the regularity of u near the
free boundary does not depend on the Holder regularity of the weight w. More precisely, we

recall that u is locally of class C1® with a = min{a;,,ap4,}. In particular, 0 < a < o.
N

91
—_1 >
However, we will show that on the free boundary, u is of class C ! regardless of

the value of o.

1,min

Proposition 3.1. Assume f € LI(Q) and w € C%7(Q2). Let Q' CC Q be an open set and K
be a compact set in Q. There exists a uniform constant C' that does not depend on e such that
for every x € K and for all 0 <r < d(K,9), we have

sup ue < C(r” +us())
B(z,r)

with

Proof. Assume by contradiction that this is not the case. This means that for every integer
n > 1 there exists a point x, € K and 0 < r, < d(K,9€) such that

Sup uan >n (Tﬁ + uan ($n))
B(zn,rn)
Set s, = sup wu.,. So, we have
B(zn,rn)

(31) iy telm) 1

We note that since {z,}, C K then up to a subsequence, x,, — xo. In addition, we clearly

have rn — 0 as T’é — 0 and s, < ||ue,, |[Loo(B(an,m)) < C (Where C' < oo is uniform in n thanks
to (2.9)). Fix v >> 1 sufficiently large. Then we define

vn(2) == w, for all z € B,.
Sn
Thanks to Propositions 2.4 & 2.5, we see that v, € C1%(B,), for all n. Moreover, one has
[|vnllzee(B,) = 1. Now, we claim that v, is a weak solution to the following equation:
(3.2) V - [wn|Vun P72 Vo] = fn Be, (sn0n) in B,

where

wp(z) :=w(xy +1rpz) and fr(z) = % fzy +rp2).
Sn
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Fix ¢ € C2°(B,). Define p,(z) = p(*52), for all € B(xn, 7). Since ue, is a weak solution
0 (2.2), then we have

- / w(2)| Vite, (£)/P~2 Ve, (2) - Vipn () da = / §(2) B (ue, (1)) ou () di.
B(xna“ﬂ/)

B(Z'nﬂ'n'Y)

Take a change of variable x = x,, + 7,2, we get

— / w(xy + m2)| Ve, (2, + mz:)|p*2 Vue, (n + 112) - Vp(x, +rnz)dz
B"/

f(xn +1n2) B, (e, (Tn + 702)) on(Tn + 12) d2.
B'Y

Yet, one has Vu,(z) = Z—:Vugn(xn +rpz) and Vo(z) = ry, Vo, (z, + rp2), for all z € B,.
Hence, we infer that

_/ wn(2)[Von(2) P72 Vun (2) - Vip(2) dz = | fu(2) Be, (snvn(2)) 9(2) d2.
B, B,

From the definition of s,, we clearly have 0 < v, < 1 on By. Fix 1 < r < ry < . Then,
we will show that v, is uniformly bounded on B,. By [17, Corollary 3.10], we have for any

0 < s < p that
C : T
VpllLeo(p) < ——— ][ vidx) + | full7q ]
sl (VA AT

C = C(N7 b, q, s, A> T*)‘

where

Yet, one has

N
2y L
q Tn q
fullzo(s,.y = (/ F(n + rn2) d ) “m ([ @) <Dl
Sn B(xn,rnTs)
where the last inequality follows from the fact that rﬁ 0 (thanks to (3.1)). On the other

hand, thanks to the weak Harnack inequality in [17, Theorem 3.13], there is a constant C =
C(N, p, q, s, A, r, ry) such that

: 1
(f wiae) <c(mmu+1mlG, ) <C(1+ 115G ).
Hence,

(3.3) a1 (5,) < C,

where C' does not depend of n. Now, we claim that there exists also a uniform constant C
such that

(3.4) [VonlLes,) < C.
Let n € C°(B,) be a cutoff function such that n = 1 on B, and 0 < n < 1 on B,,. Let

@ = v,nP. Using ¢ as a test function in (3.2), we obtain

- / wn‘vvn‘P—vin - Vvan?] = fn Be,, (8n0n) 0P vp.
B'r* BT*
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Hence,
(3.5) / wy| Vo [PnP = p/ wn|an|p_2[an -V Unnp_l — / fn B, (spvn) 0P v,
Tk Tx BT‘*

By Holder’s inequality, we have

p—

p=1 1
/ wn]an]p_z[an-Vn]vnnp_l §/ wy? \an\p_lnp_lwﬁlvmvn
B By,

l—l ES 1 l—l
wn|v'un|p,’7p> p</B wn|vn|pvg>1’ SCA;’</B |V77|p>3’</B wn|V’Un|p’l7p> P

1-1
< C(/ wn]an]pnp) :
Br

*

<(J.

*

Fix § > 0. By Young’s inequality, one has

‘p / Wi | V[P~ [V, - Viloan? ™!
Br,

< 5/ wy |V, [PnP 4+ C 6177,
B,,
Recalling (3.5), we get
/ wa | Von PP < 5/ W Va1 + C 6P 4 Ol ful l11(3,.-
By, By,

Then,
Cl6" P + (| full L2 (5,.)]
1-9 '

/ Wnp |vvn |pnp <

*

In particular, we have

O + ||fx
/ Vo, [P < [ If HLl(BT*)].
B, A1 —6)

Yet,
1-1
fullis,,) < Wfallpas, ) |Brl e < C.

This proves our claim (3.4). Thanks to [10, Theorem 1.2] and [8, Theorem 1.3], we recall that
we have the following estimate:

_ P 2
. P 2(p—1) P _2N .
C' o <W) g ( >+CT P IVeall g gy, P22
[Vl (,) < Lo
r 2 p—1 __N_ .
C' or Bzl qp iy O IV, P E(1,2)
L BQT)

where C' is a constant that depends only on N, p, A\, A, o and [wy]|co.-. In fact, this constant
C does not depend on n since

(3.6) [wn]coa(p,) = ralwlcoa (B, ry)) < [Wooa@)-

Moreover, we have

D
/ frn = ;ﬁl / flan +m2)dz = — = / f(z)dz
B(zo0,p) Sn B(zo0,p) Sn B(zn+rnzo,rnp)
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N
p—N P=q
T a1 T'n N(1-1 N(-
< St Bl @ 1 fllisce) < €~ oM iy < €™ Il

Since ¢ > N, we infer thanks to (3.4) that
||V,U7L||L°°(Br) < O(N7 b, q, /\a A, o, [w]COvU(Q)7 Hf”L‘Z(Q)a ’l“).

Thanks to [2, Theorem 1.1] (p > 2) and [8, Theorem 4.3 & Corollary 1.7] (1 < p < 2), we have
the following estimate:

(3.7) Vo, (x) — Vo (y)| < Cle —y|*, forall z,y € B,,

where C' depends on N, p, q, o, A, A, [|vn|lwir(s,,)s [Wnlcoeo(s,,)s || fallpas,,)- Recalling (3.3),

(3.6) & (3.4), we infer that up to a subsequence, v, — v in C*Y'(B,), for every 1 < r < 7.
Moreover, we clearly have
0<v<1 in Bj.

From (3.1), we also have

uan (l’n)
Sn

v, (0) = — 0, when n — oo.

Hence, v(0) = 0. In addition, we will show that this limit function v is p—harmonic, i.e. v
solves the following p—Laplacian equation:

V- [|[Vu[P2Vo] =0 in Bj.
Let ¢ € CZ°(B1). Since vy, solves (3.2), then we have

(3.8) —/B Wy (2)| Vo (2)[P72 Vup(2) - Vip(2) dz = : fn(2) Be, (snvn(2)) p(2) dz.

By (3.1), we recall that

g

p—1
1B sty < () ey = 0

But, we also have w,, — w(zg) > 0 and Vv, — Vv uniformly in B;. Hence, passing to the
limit in (3.8) when n — oo, we get

- /B Vo(2)/P2 Vu(z) - V(z) dz = 0.

Thus,
Apu =0 in Bj.

Yet, thanks to the Harnack inequality in [13, Theorem 6.2], we know that there is a constant
C such that

supv < C'inf v.
B1 By

Since v(0) = 0, this yields that

v=0 on Bj.
But, this is a contradiction as ||v,||fe(p,) = 1 and then, by the uniform convergence of v, to
v, we must have ||v[|pe(p)y=1. O
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Corollary 3.2. Let Q' CC Q be an open set and K be a compact set in Q. Under the

_N
1,min —-,1
assumptions of Proposition 3.1, the solution u of Problem (0.1) is of class C { ' } on
the free boundary F := 0{u > 0} N K. More precisely, there exists a constant L such that for
every x € F and 0 < r < d(K,98), one has

ullpoo By < L7

Proof. Thanks to Proposition 3.1, there exists a uniform constant C' that does not depend on
e such that for every x € K and for all 0 < r < d(K,09'), we have

(3.9) sup ue < C(r? + ua(2)).
B(z,r)

Recalling (2.9), we know that u. — u uniformly in €. Passing to the limit when ¢ — 0, we
get that

(3.10) sup u < C(r 4+ u(x)).
B(z,r)

Finally, assume z € 9{u > 0} (so, we have u(x) = 0). From estimate (3.10), this implies that

sup u< Cr?. O
B(z,r)

4. NON-DEGENERACY AND SOME CONSEQUENCES ON THE FREE BOUNDARY

In this section, we will show that the solution u to Problem (1.1) leaves the free boundary

with a growth rate of order d(z,d{u > 0})17%1 This growth estimate will allow us to prove
some geometric properties of the free boundary.

Proposition 4.1. Assume w € C1(Q) and f > f. > 0. Then, there exists a uniform constant
L, > 0 that depends on N, p, A, ||Vw||eo, diam(Q2) and, f. such that for every zo € {u. > €}
and r > 0 with B(xzg,r) C 2, we have

_p
luellLoo(Baor)) = LT P77 + 6.

Proof. Fix e > 0, o € {us > e} NQ and, 0 < r < d(xg,09). Then, we define the barrier
function as follows:

U (z) = Llz — x0]® +¢, forall z € B(xg,r),

where both > 0 and L > 0 are to be chosen later so that ¥, is a supersolution to (2.2) in
B(xg,r). First, it is not difficult to check that

V- [w |V P2V, = LP7L APV - [w |z — 2| BDED=1 (g — 1))

=2 o= IO (W 4 (8- D~ 1)~ 1+ V- fo = 2] ).
Since W, > ¢, then we have
—V - [w VOV + fB(V.)

> | fo — LP7L AP g — | PO DL <w[N +B-Dp-1)—1]+Vw- [z — a:o]>] .



14 S. DWEIK

Yet,
LP7L Pt | — | B D=L (w[N +(B-D(p-1)—1]+Vw- [z — x0]>
< C(N,p, B, A, ||Vw]|oc, diam(Q)) LP~H D=0
as soon as we choose 8 > 1%' If § = =£5, then there exists a small constant L* > 0 that

P
depends on N, p, 8, A, ||Vw||~, diam(€2) and, f, such that
—V - [w |V P2V, + fB.(V,.) > f, — CLP! >0.

Consequently, ¥, is a supersolution to (2.2) in B(xg,r). On the other side, u. is a solution
to (2.2) in B(zg,r). Assume u. < U, on 0B(xg,r). By the comparison principle (see [6,
Theorem 4.9]), we infer that u. < U, in B(xg,r). Yet, us(zg) > ¢ and ¥.(xp) = e. This is a
contradiction. Then, there exists a point z. € dB(zq,r) such that u(z.) > V_(2.) = Lyr® +e.
Hence, we get that

sup ue > L*rﬁ +e. O
B(zo,r)

Under the assumptions of Proposition 4.1, we get the following non-degeneracy result.

Corollary 4.2. There exists a constant Ly, = L.(N,p, A, ||Vw|| o, diam(Q), f) > 0 such that
for every zp € {u >0} NQ and r > 0 with B(xg,r) C Q, we have

_pb
[ull Lo (B(or)) = LarPT.

Proof. Thanks to the continuity of the solution w, it is sufficient to prove that such estimate
is satisfied just at points within the positivity set {u > 0} N Q. Fix zp € {u > 0} N Q and
0 <r < d(xp,09). Since u(xg) > 0 and u. — u locally uniformly in Q, then u.(xg) > ¢ for all
€ > 0 small. From Proposition 4.1, this implies that

_p
[te| | oo (B(wo,r)) = LuTP~T + €.

But, the constant L, does not depend on ¢ and u. — u uniformly on B(xg, ), then letting
€ — 0 we get that

_b
[ull Lo (Bor)) = LarPT. O
Corollary 4.3. Assume p > 2. The solution u of Problem (0.1) is not of class Cl’rilﬂs on
the free boundary 0{u > 0}, for every § > 0.

Remark 4.1. The previous corollary shows that the reqularity result obtained for the solution
_N

u of (1.1) is optimal whenever f € L>®(). However, it is not clear whether the chat
reqularity is optimal or not when f € Li(Q2) and p > 2. While if p < 2, one may expect a
higher reqularity than CY' along the free boundary.

In the next result, we will show that the free boundary d{u > 0} is locally d—porous,
that is for all x € 9{u > 0} and r > 0 small, there exists a point y € B(x,r) such that
B(y,dr) C B(x,r)\0{u > 0}. More precisely, we have
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Proposition 4.4. Assumep > 2, w € CY(Q) and f € L>(Q) with f > f, > 0. Let Q' C Q be
an open set and K be a compact set in . Then, there exists a uniform constant § > 0 such
that for all z € 9{u >0} N K and 0 < r < d(K,98), we have

LN(B(z,7) N {u > 0})

B

Proof. Fix 29 € 0{u > 0} N K and 0 < r < d(K,0). Let z* € B(xg,r) be such that
|[ull oo (B(zo,r)) = u(2*). Thanks to Corollary 4.2, we have

) > LyrP =L
U(.’B ) i *7" 9 ﬁ p . 1
But, by Corollary 3.2, we also have
u(z*) < Llx* — xo|P.

1
L. \73
<£> r < |a* — x| <.

Hence,

1 1
B B
Let 1 < A < (LL*> be such that |z* — zo| = /\<LL*> r. Let z* be a point on the line

1
B
segment [2*, zo] such that [2* — zo| = (A — 3) I}f) r. Now, we claim that there exists a
uniform constant § > 0 (to be chosen later) such that
B(z*,6r) C B(zg,r) N {u > 0}.

Assume z € B(z*,0r). So, one has

=

1./L
|z —zo| < |z — 2"+ 2" — x| < [(5—1—()\—2)(5)

1 1
L,\7? 1 /Ly \7
= B (e 1.
(%) (2(%))
; .
Since A(%) < 1, then this is possible provided we choose § < ;(I]’-j) . Therefore,

B(z*,0r) C B(xg,r). On the other hand, we also have B(z*,r) C {u > 0}. Assume that this
is not the case, then there exists a point x € B(z*,dr) such that u(z) = 0. Thanks again to
Corollary 3.2, we must have

:|’I”<7”

as soon as

u(z*) < L|z* — z|.
Hence, we get
LoP <u(a*) < Llz* — 2 < L2 Yo" — 2% + |2 — 2/%) < L2 Y(|a* — 24P + 6%¢P).
Yet, )
o — 2| = |2* — 20| — |2* — 0| = ;(LL> T
Thus,

L
B B-1 * B8 \,.8
L.rP <L2 <25L+6>T'
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Therefore,
Ly < L2P158.
2

1

B
Assume 6 < 2%1) , then we infer that B(z*,0r) C {u > 0}. Thus, our claim is proved.

Consequently, we get that

LN(B(zg,r) N {u > 0}) - LN(B(z*,6r))

_ ¢N
CY(B(wo.r)  ~ LBar) O

As an immediate consequence of the previous estimate, we obtain the following;:

Corollary 4.5. Under the assumptions of Proposition 4.4, the free boundary 0{u > 0} has
zero Lebesgue measure.

Proof. Thanks to the Lebesgue point theorem, we know that there exists a negligible set A
such that for all z ¢ N, we have

][ . (2) = 1 if w(z) >0,
B(z,r) Xu>0} Xu>0} B 0 if U(.T) = 0.

Let K be a compact set in 2. Assume that [0{u > 0} N K]\ N # 0. Thus, by Proposition
4.4, there exists a uniform constant 6 > 0 such that for all z € [0{u > 0} N K]\N and r > 0
small enough, we have

LN(B(z,r) N {u > 0})
LN(B(z,1))

0<d< — X{u>0} () when 7 — 0.

Hence, this yields that u(z) > 0. But, this is a contradiction as x € d{u > 0} and v is
continuous. [J

Finally, we conclude this paper by the following

Remark 4.2. Our work can be extended to the case of a general obstacle ¢ (i.e., u > 1),
provided that 1) € CY Q) and that some suitable assumptions are imposed on Ap. In this

setting, one can show that the solution u of the obstacle problem belongs to C’llo’g,(Q) but with
o/ = min{a, \}, where « is the same exponent obtained for the solution u in the case 1 = 0.
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