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Abstract

We show that, for almost-minimizers of the Griffith energy in the plane, the
complement of the crack is locally covered by a finite number of John domains
where the displacement satisfies Holder-type estimates. As a consequence, we derive
the integrability of the full gradient and the finiteness of the traces along the crack.
In particular, we show that any Griffith almost-minimizer in dimension two locally
belongs to the space SBV?2.
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1 Introduction

The Griffith energy provides a variational model for brittle fracture, where crack formation
arises from the competition between the elastic bulk energy and the surface energy of the
crack. Given a bounded open set  C RY (the reference configuration of a linearly elastic
body), the energy associated with a displacement field u: Q\ K — RY and a crack set
K C Q is given by

G(u, K) = o Ae(u) : e(u) dr + HYHK),

where e(u) denotes the symmetric gradient and A is a positive definite elasticity tensor.
In this model, the crack K is not prescribed a priori; its geometry instead is determined
by the penalization of its (N — 1)-dimensional Hausdorff measure.

A natural functional setting for this problem is the space GSBD(f) of generalized
special functions of bounded deformation, see [DM13], where the jump set represents
the crack. Within this framework, compactness and lower semicontinuity results ensure
the existence of minimizers of the Griffith functional under general boundary conditions
[CC25, CC21]. Furthermore, minimizers are strong solutions in the sense that their jump
set is essentially closed and the displacement is smooth outside the crack [CFI19, CCI19,
CC19, FLS25b].

Beyond existence, the regularity of minimizers and their crack sets has become a major
focus of recent research. An e-regularity theory was pioneered in [BIL22] for minimizers
in the plane satisfying a connectedness condition. Subsequent work refined the structure
of the singular set [LL23b], and extended these results to arbitrary dimension under a
separating condition [LL23a]. More recently, an e-regularity theorem was obtained for
all almost-minimizers in the plane, yielding C** regularity at almost-every point on the
crack [FLS25a].

In the present paper, we show uniform bounds for the geometric structure of the crack
which, unlike e-regularity, hold at all scales and locations. Our first main result states
that each point outside the crack has an “escape path” along which the distance to the
crack increases proportionally to the arclength. This implies that the components of Q\ K
cannot exhibit cusps, small acute angles, or narrow passes, and are moreover locally finite.
Our statement is as follows, and applies to topological almost-minimizers, a class that
includes almost-minimizers, global minimizers, and minimizers as particular cases (see
Section 2 for the precise definitions).

Proposition 1.1. There exist two constants ay € (0,1) and 7 > 0, depending only on A,
such that if (u, K) is a topological almost-minimizer in Q with gauge h, if xo € Q\ K and
¢ >0 are such that

B(zo,0) CQ and h(l) <,

then there exists a 1-Lipschitz curve v: [0,£] — Q\ K such that v(0) = zo and
dist(y(t), K) > ayt, Vte[0,4].

The construction of escape paths originates from the theory of Mumford-Shah mini-
mizers, as developed by Bonnet and David [BD01]. Following their approach, the first
ingredient of Proposition 1.1 is the uniform rectifiability of the singular set, established
in a recent result by the first author [Lab26]. The second ingredient is the uniform
concentration property, developed in another recent paper [LL25], which enables the
analysis of blow-up limits.



Building upon the existence of escape paths, we show that the crack can be locally
accessed by John domains where the displacement satisfies Holder-type estimates. We
refer to Section 2.5 for the definition of a John domain, but we emphasize that this notion
provides the appropriate setting for the validity of the Korn inequality.

Theorem 1.2. There exists Kk > 3, 7 > 0, ng € N (which depend only on A) such that
the following holds. Let (u, K) be a topological almost-minimizer for the Griffith energy
with gauge h in Q. Let vy € K and ro > 0 be such that

B(zg,kro) C Q  and  h(krg) <.

Then for all v € (0,710], there exists a finite covering (U;); of B(xg,r) \ K with at most ng
connected open subsets of B(xg,3r)\ K, i.e. such that

B(zo,7) \ K C UUi C B(zo,3r) \ K,

and each U; is a John domain with center x; € 0B(xo,2r) and with a John constant
depending only on A. Moreover,

lu(z) —u(y)| < CrY?,  for allz,y € U;, and for alli,
where the constant C' > 0 may depend on A, ro and on u itself, but does not depend on r.

We then apply our result to derive local L> and H' estimates for the displacement
field.

Theorem 1.3. Let Q C R? be open and let (u, K) be a topological almost-minimizer
for the Griffith energy in Q. Then for any open set U such that U C Q we have that
uwe L®U)NHY U\ K). In particular, w € SBV?(U).

This can be compared with Friedrich’s theorem [Fril8b, Theorem 2.1], which states
that in dimension N = 2, any function in GSBD? lie in the space SBV? (for all p < 2)
after substracting a piecewise infinitesimal rigid motion. The proof in [Fril8b] relies on
the piecewise Korn inequality, which uses a general decomposition result of a Lipschitz
domain into open subsets that are John domains with uniform constants [Fril8a]. Because
this decomposition is highly general, the resulting argument is necessarily technically
involved.

The key point of Theorem 1.3 is that it applies specifically to almost-minimizing pairs
(u, K), enabling us to derive regularity properties from minimality in a self-contained
manner that is independent from [Fril8b, Fril8a].

As a byproduct of our analysis, we also obtain a partial result toward the Griffith
analogue of the main theorem in [LL26], addressing a conjecture of De Giorgi. More
precisely, we show that the displacement u admits only finitely many traces as it approaches
the singular set K.

Corollary 1.4. There exists a constant ng € N, depending only on A, such that the
following holds. Let (u, K) be a topological almost-minimizer for the Griffith energy in
Q C R? and let g € K. Let E(xg) be the set of values a € R? for which there exists a
sequence (yg)x in Q\ K such that y,, — xo and u(yr) — a. Then the cardinality of E(xo)
18 at most nyg.

The paper is organized as follows. In Section 3, we establish the existence of escape
paths for Griffith almost-minimizers. Section 4 is devoted to Morrey—Campanato type
estimates and their applications; in particular, Theorem 1.2 is proved in Section 4.3 and
Corollary 1.4 in Section 4.4. Finally, Section 5 contains the proof of Theorem 1.3.
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2 Preliminaries and notation

Although the following definitions and preliminaries hold in any dimension N > 2, we
present them in R? to align with the two-dimensional setting, where the main results are
obtained.

2.1 Linear elasticity setting and notations

In the sequel, Q C R? denotes a fixed open set. We regard ) as the reference configuration
of a homogeneous, isotropic, linearly elastic body. We fix a fourth-order elastic tensor A
such that there exists a constant ¢ > 0 with

A6 —€T) =0 and A€:&>cl¢+£€T)? for all € € RP2
A standard example is the Lamé tensor, defined by
A& = \(tr&)I +2u€, VE € M2X2

sym )
where A and p are the Lamé coefficients satisfying 1 > 0 and A + p > 0. We denote by
Vu + Vul
e(u) = —

the symmetric gradient of u. We call rigid motion affine maps a: R> — R? of the form
a(z) = Az + b, where b € R? and A € R**? is a skew-symmetric matrix.

We follow the convention of letting N denote the set of nonnegative integers {0, 1,2, ...}.
For 7y € R? and r > 0, we let B(zg,r) represent the open disk with center zy and radius
r > 0. If the disk is centered at the origine, we simply write B,. For M > 0, the notation
M B(xg, r) refers to the disk B(xq, Mr). Given a curve v : I — R? defined on an interval
I, we denote by spt(7y) the set {y(t) | t € I'}. We use the letter C' to denote a generic
constant > 1 which depends on A and may possibly vary from line to line.

2.2 Competitors
Definition 2.1.

(a) An admissible pair (u, K) consists of a relatively closed subset K C 2 and a vector
field u € HL.(Q\ K).

(b) A relatively closed subset K C € is called coral if
HY (K N B(z,r)) >0, VrekK,Vr>0.
We also say that a pair (u, K) is coral when K is coral.

(c) Let (u, K) be an admissible pair. Let z € Q and r > 0 be such that B(z,r) C Q.
A competitor of (u, K) in B(x,r) is an admissible pair (v, L) such that

L\ B(z,r) =K\ B(z,r) and v=u ae. inQ\ (K UB(z,1)).

A competitor (v, L) of (u, K) in B(z,r) is called topological if L\ B(x,r) = K \ B(x,r)
and

all points z,y € Q\ (K U B) that are separated by K

are also separated by L.

In other words, if z,y € Q \ (K U B) belong to different connected components of Q \ K,
they also belong to different connected components of Q \ L.
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2.3 Local minimizers
A gauge is a non-decreasing function h: (0, 4+00) — [0, +00] satisfying lim,_,q h(r) = 0.

Definition 2.2 (Almost-minimizers). Let h be a gauge and 2 C R? be open. An almost-
minimizer of the Griffith functional with gauge h in © is a coral pair (u, K) such that for
all z € Q and r > 0 with B(z,r) C Q and for any competitor (v, L) of (u, K) in B(z,r),
we have

/B( . Ac(u) : e(u)dr +H' (K N B(x,r))

< / Ae(v) : e(v)dx +H' (LN B(x,r)) + h(r)r.
B(z,r)\L

A topological almost-minimizer of the Griffith functional with gauge h in €2 is a pair which

satisfies the above definition but only with respect to topological competitors.

We will also consider the notion of global minimizer, which arises as blow-up limits of
almost minimizers as was proved in [LL25]. Here is the definition.

Definition 2.3 (Global minimizers). A global minimizer is a coral pair (u, K) such that
for all x € K, r > 0 and for any topological competitor (v, L) of (u, K) in B(z,r), we
have

/ Ae(u) : e(u)dz +H' (K N B(z,r)) < / Ae(v) : e(v)dr +H' (LN B(x,r)).
B(z,r) B(z,r)

Remark 2.4. Notice that all our results are given on topological almost-minimizers, which
defines a larger class than that of almost-minimizers, since the admissible competitors
are more restricted. Moreover, since a global minimizer is a topological minimizer, the
notion of topological almost-minimizers provides a convenient framework that includes
both almost-minimizers and global minimizers.

Remark 2.5 (Standard rescaling of almost-minimizers). If (u, K) is an almost-minimizer
with gauge h in a ball B(xg,r), then the pair (ug, Ky) defined by

uo(x) == T(]_l/Qu(mo +roz) and Kp:=ry (K — x0),
is an almost-minimizer with gauge h in By, where h : t — h(rot).

We recall the following result, which was proved, actually, in dimension N > 2.

Theorem 2.6 (Ahlfors-regularity). There ezist two constants ey € (0,1) and Cx > 1
(which depends only on A) such that the following holds. Let (u, K) be a topological
almost-minimizer in Q with gauge h. Then for all x € QN K and r > 0 such that
B(x,r) C Q and h(r) < g9, we have

HY (K N B(z,r)) > Cylr. (2.1)

For details, we refer to [FLS25b] which generalizes the method of [CCI19], [CFI19] to
topological quasiminimizers. Up to choosing C' a bit larger (still depending only on A), it
is standard that for all x € ) and r > 0 such that B(z,r) C Q, we also have the upper
bound

/B( el e 1B ) < OO RO (2.2)

>



2.4 Normalized quantities

We introduce a notation that will be used throughout the paper. Let (u, K) be a Griffith
almost-minimizer. For 2o € K and ro > 0 such that B(xg, 1) C Q, the bilateral flatness
B(xg,10) of K in B(xg,70) is defined as

Br(xg,7m0) =171 il}jf max( sup  dist(z, P), sup  dist(z, K)),

x€KNB(zo,r0) z€PNB(zo,r0)

where P ranges among affine hyperplanes passing through zy (the infimum is always
attained by compactness of the Grassmann space). To make the notation lighter, we drop
the dependence on K in the definition of the flatness.

We also define the normalized energy in the ball B(xg,r) as

w(zg,0) = 7’1/ ]e(u)]2 dx,
B(zo,r0)\K

and the p-normalized elastic energy as

1-4 %
wy(xo,ro) =1 P / le(u)P dx | .
B(zo,r0)\K

Both quantities $(xg,70) and wy(zg,7) are invariant under the standard rescaling
given in Remark 2.5. Notice that for ¢ € (0, 1), one trivially has the scaling inequalities

Bz, trg) < t_lﬁ(xo,rg) and  wy(z, try) < t1_4/pwp(m0,r0). (2.3)

We will see in Lemma 3.5 that 3 and w, are often small, as a consequence of energy
estimates and uniform rectifiability of the crack set.

2.5 John Domains

In this subsection, we additionally assume that the open set 2 C R? is bounded.

Definition 2.7 (John domains). We say that a bounded open set Q C R? is a John
domain with center zy € Q if there exists a constant a,; € (0, 1) such that for every z € Q
there exists a 1-Lipschitz curve «: [0,¢] — Q such that v(0) = z, y({) = x¢ and

dist(v(t), Q%) > ayt, Vte|0,4]. (2.4)
The curve ~ is called a John curve from z to x.

John domains may have corners, provided that the angles are not too small, but they
cannot have outward cusps. Typical examples of John domains include Lipschitz and
snowflake domains. Notice that the above definition is scale invariant (the John constant
«y is invariant under homotheties of the domain).

The arc-length reparametrization of a 1-Lipschitz curve satisfying (2.4) still satisfies
(2.4) with the same constant ;. Thus one may always assume for free that a John curve
is arc-length parametrized.

Remark 2.8. Let v : [0,¢] — T be a John curve connecting a point  to a point zo. As
is 1-Lipschitz, one has |z — zo| < ¢ and therefore

dist(xg, Q) = dist(y(¢), Q) > ayl > ay|lz — xo).
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One deduces that the center xg of a John domain must always be relatively far from the
boundary:

dist(xg, Q2°) > aysup|lr — zo| > (O;J)diam(Q).
zeQ

One can see similarly that the length ¢ of a John curve is also always bounded from above
by the diameter of the domain. Indeed,

a gl < dist(zg, 2°) < diam(€2),

so ¢ < diam(Q)a;".

Remark 2.9. If Q is a John domain with center xy, then there exists a John curve
starting not only from every point of €2 but also from every point of 9). Indeed, let
x € 0. There exists a sequence (z,)neny C € such that z, — x. For each n, let
Yo+ 10,£,] — Q be a John curve joining x,, to zy. By Remark 2.8, and extending each +,
constantly on [£,, diam(Q2)a;'], we may regard each 7, as defined on the same segment
I := [0,diam(Q)a;']. Since the curves 7, are all 1-Lipschitz, Arzela-Ascoli’s theorem
yields that, up to a subsequence, (7,), converges uniformly to a 1-Lipschitz curve  on 1.
We can also assume that ¢, — ¢ € I by compactness of I. Then, by uniform convergence
we have 7(0) = z and y(¢) = zo. Writing (2.4) for each ~, and passing to the limit, we
also see that ~y satisfies (2.4).

Later on we will need a slightly more general definition of escape paths.
Definition 2.10 (Escape path). Let G C R? be a set. We say that a 1-Lipschitz curve
v :[0,¢] — R?\ G is an escape path from x := (0) to y := v(¢) with constant a; € (0, 1)

if it satisfies
dist(y(¢), G) > ayt, ¥Vt € [0,].

Remark 2.11. If  is a John domain then any John curve is an escape path with G = Q°.
Also, later on we will prove the existence of escape paths in the context of Griffith
minimizers, for which in this case the definition will apply with G = K.

The following technical tool will be needed later. It says that from an escape path one
can construct a chain of balls with nice summability properties.

Proposition 2.12. Let Q C R? be an open set, x,19 € Q and let y: [0,{] — Q be a
John curve from x to xo satisfying (2.4). Then there exist M > 1, q € (0,1) (which only
depend on ay) and a sequence of balls (D;)ien C Q such that the following properties hold:

Z) Do = B(l’o, (IJE/4),’
i) for alli € N, diam(D;;,) = gdiam(D;) and

|2 — 2| < ¢'f; (2.5)

iii) for every i € N there ezists a ball V; C D; N D;11 such that D; U Dy C MV, C Q.

Proof. Setting

8—Oéj
= € (0,1),
1 8—|—O./J ( )
we define for i € N,
ay ayg
l; = ZE) i =), i =—li= R
¢t =), = 14



We further set D; := B(x;,r;). Fix i € N. Since v is an escape path, we have
diSt(l‘i, QC) > agt; = 4r; > T,

which implies D; C Q. Property i) and the first part of ii) are clearly satisfied. By
1-Lipschitz continuity of v, we have for all 4, j,

|z — x5 = |y(ts) — v(t5)] < [t — 1,

and in particular (2.5) by letting j — +o0. Taking j =i + 1 and using our choice of g,
this also yields

o 1
| — | < (L—g)ti = gj(l +ta)ti = 5 (ri+ rin),
and thus
B(wi,1:/2) N B(xit1,7i41/2) # 0.
Now, let z; be any point in this intersection and set p; = r;11/2. Since r;41 = gr; and
q € (0,1), it is straightforward that

B(z,pi) C D;ND;yy and D;U Dy C B(z;,2r;) = MB(z;, pi),

where M = 4/q and V; = B(z;, p;). It remains to prove that MV, C €. Notice that the
radius of MV} is equal to 2r; and its center is z; € B(x;,1r;/2). Therefore, MV; C B(x;, 47;).
On the other hand we know that dist(z;, Q¢) > ayt; = 4r;, so MV; C B(x;,4r;) C  and
so follows iii). O

We conclude this section on John domains with the following technical lemma. It
shows that adding a small segment to the starting point or the endpoint of an escape path
preserves the escape-path property, possibly after a slight modification of the constants.

Lemma 2.13 (Adding a segment to the endpoint or the starting point). Let G C R? be a
set and let y: [0,0] — R?\ G be an escape path from v(0) = z to y(£) = xo with constant
ay € (0,1). Then

(1) for everyy € B(xo,a;l/2), there exists an escape path from x to y with constant
CL’J/4;

(2) for everyy € B(x,dist(x,G)), there exists an escape path from y to xog with constant
Oéj/4.

Proof. We start with the proof of the first assertion. Let y € B(zy, a;¢/2) and define 4 by

S(1) = ~(t) vt € [0,/],
i To + (%) (y — Ig) YVt € [f, 26]

The curve 7 is 1-Lipschitz because |y — zo| < ayl/2 < L. For t € [0, /], it is immediate
that
. oy
dist(v(t), G) > ayt > Zt'

And for t € [¢,2(], we bound dist(xg, G) > a ¢ and |y — x| < a;¢/2 to obtain

dist(3(£), @) > dist(zo, G) — (“/) ly — o] >

g

oy
L3e—1) > Ly
5 (B0—1) =,



which is the thesis.

We now prove the second assertion. Let y € B(z,dist(z, G)). We will obtain the new
escape path as the union of the segment [y, z] with spt(«y). Before that, we first justify
that

dist(v(s), G) > 2 (s + dist(z, G)), Vs € [0, 4. (2.6)

4
We distinguish two cases. If s > dist(z, G)/2, then
dist(y(s), G) > ays > %(s + dist(z, G)).

If s < dist(z, G)/2, we use the 1-Lipschitzness of 7 to bound from below

dist(y(s), G) > dist(z, G) — |v(s) — z| > dist(z,G) — s > dlSt(Qx’G)
and then o
dist(y(s), G) > ZJ(S + dist(z, G)).
The estimate (2.6) follows from the previous two cases.
We now define 7: [0, £ + to] — R? as follows:
(1) = y+ iz —y), fortel0t)
’Y(t—to) for t € [to,g—f—to]

where tyg = |z — y|. It is obvious that 4 is 1-Lipschitz. It is left to check the escape
condition. If ¢ € [0, ], then using |z — y| < dist(z, G), we have

dist(3(t), G) > dist(z, G) — |3(t) — x| = dist(z, G) — (Jx —y| — t) > t.
If t € [to, to + ¢, then by (2.6) we estimate
dist(3(t), Q) = dist(y(t — ty), G) > %(t — o+ dist(z, G)) > %t.

Collecting the previous two inequalities we get the thesis. O]

2.6 Korn Inequalities

We recall two well-known Korn inequalities, which one can find for instance in [AMROS].
The first one gives a control on u by the symmetric gradient, up to a rigid motion a:

/ u— a|dz < C’r/ le(u)] da. 2.7)
B(zo,r) B(zo,r)

The rigid motion a above is explicit. Actually, one can take any continuous operator
u +— a which is the identity on rigid motions, as for instance

a(u)(x) = (wl‘/wudx> 4 (@A/W@)(%xo),
vy = ‘wl‘/wasd:x

and w,w’ are any two non-negligible subsets of B(z,r); the constant C' then depends on
the choice of w and w’. Notice that xq does not depend on w’ but only on w.

where
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The second Korn inequality that can also be found in [AMROS] is a control of the full
gradient, up to a skew-symmetric matrix, in terms of its symmetric part alone:

/B( [Vu— Al <0 [ el (2.8)

B(z,r)

Here again, the skew-symmetric matrix A is explicit and can be for instance

1 [ Vu—V'y
Au) == <|w|/de$>’

where w is any non-negligible subset of B(z, ), and C' depends on the choice of w. However,
any linear operator that acts as the identity on skew-symmetric matrices would work.
For any ball B(xg,r), we set

Vu— Vu”
AB(mo,r) = ][ f dz.
B(SC(), )

The matrix Ap(y,, is sometimes called infinitesimal rotation associated to wu in B(xo,r).
More generally, Korn inequalities remain valid in a John domain, with a constant C'
depending additionally on the John-domain constant. Here is a statement that follows for
instance by gathering [JK17, Theorem 1.5] and [Haj01, Theorem 8|.

Proposition 2.14. Let Q C R? be a John domain with constant oy € (0,1). Then for all
u € WEP(Q;R?) and p € (1,400) there exists a rigid motion a(z) :== Az + b such that

/ |u — al? dv < C'diam(§2 / le(u)|? dz,
/ |Vu— AP dx < C/ le(u)|? dz,
Q Q

where C' > 1 is a constant that depends only on ay and p.

3 Escape paths

3.1 No bounded connected component in the complement of a
global minimizer

In this section, we prove that R? \ K has no bounded connected components when K is
the singular set of a global minimizer. It is worth noting that the result extends to RY
(N > 2) with the same proof.

Proposition 3.1 (No isolated component). Let (u, K) be a global minimizer of the Griffith
functional. Then R*\ K has no bounded connected component.

Proof. Let us assume by contradiction that R? \ K has a bounded connected component
. By minimality, « must be a rigid motion in Qy (otherwise, the replacement of u by a
rigid motion inside g costs less energy). Moreover, adding a rigid motion to a global
minimizer still yields a global minimizer, so we may assume that u(x) = a,(z) in o,
where a, is an arbitrary rigid motion a, is arbitrary which will be chosen later. It is
standard by uniform density estimates (2.1), (2.2) and the rectifiability of K [Lab26], that
for H!-almost every xy € K the following two properties hold true:

lim ! le(u)|dz =0  and lim B(xg,r) = 0. (3.1)

r—0t 1 B(wo,r) r—0t
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Let z¢ € 0*Qy C K satisfy (3.1). Let us fix 6 € (0,1/10) and ¢ > 0 that will be chosen
later. There exists » > 0 such that

/ le(w)|? dx < er (3.2)
B(zo,r)

and such that for some line P passing through z,

K N B(xg,r) C {x € B(xg,r) | dist(z, P) < or}.

Without loss of generality (see Remark 2.5), we may assume that zo = 0. We also assume
that P = {z3 = 0} to simplify the notation.
We denote

D, ={ze€B,|xzg>6r} and D_:={zx € B,|zy<—dr}.

Furthermore, since 0 € 0"y, we may assume that for r small enough, |B, N Qy| >
|B, \ (D4 U D_)|. Thus, B, Ny cannot be contained in B, \ (D U D_), and €y must
therefore contain D, or D_ by connectedness. In the sequel we assume without loss of
generality that D, C €p; in other words, we have u(x) = a,(x) in B, N D,.

We define the annulus R := B, \ Bs, /4. By Korn’s inequality, there exists a universal
constant C' > 0 independent of § and a rigid motion a_ such that

/ lu—a_|* < CTQ/ le(u)|* da. (3.3)
RAD_ B,

w=gu+(1-pas,

where ¢ is a cut-off function such that ¢ =1 on B, N {xe < —=3dr}, ¢ =0 on B, N{xy >
—20r} and |Vyp| < C/(6r). Notice that w = u on 0B, \ {|za] < 30r} since u = a4 on
D, = B, N{xy > dr}. A computation shows that

Then we define

e(w) = pe(u) + Vo © (u—ay).

Observing that we only have Vi # 0 on B, N {—=30r < x5 < —20r} C D_, we estimate
le(w)|?dz < C |e(u)|2d:v+0(57’)_2/ lu — ay|*dr
By By B.ND_
Choosing a, equal to a_, Korn inequality (3.3) and (3.2) imply that

le(w)]? dx < C(d)/B le(w)|? dz < C(d)er, (3.4)

By

where C'(9) also depends on 9.
Now we are in position to define a competitor (v', K’) of (u, K) in B, by setting

K'=(K\B)UZ,

where Z = {z € 0B, : |z3| <307}, and

oY in B,,
e nQ\ (B, UZ).
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As w and u glue well along 0B, \ Z, the vector field u' has locally weak derivatives in
O\ K'. Furthermore, (v, K') is clearly a topological competitor for (u, K) in any given
ball By which sufficiently large that B(z,2r) N Qo C By. By minimality, we have

Ac(u) :e(u)dr +H (KNDB,) < | Ae):e()dr +H (2).

Recalling that C4 is the Ahlfors-regularity constant appearing in Theorem 2.6 and (3.4),
we infer

Citr < C(d)er + Cér.
Choosing ¢ < (4C4C)~! and € < (4C4C(0))~!, we finally get a contradiction. O

Remark 3.2. Tt would be possible to obtain an analogue of Proposition 3.1 for Griffith
almost-minimizers, rather than only for global minimizers. See for instance [Dav05,
Proposition 68.1] for a statement in the scalar case.

3.2 Construction of escape paths

We now prove that from any point outside the crack has an escape curve. To this end,
we need to develop some preliminary results. The first of these is the following standard
density estimate, similar to Proposition 4.1. in [BIL22].

Lemma 3.3. For every p € (1,2], there exists a constant C' = C(p, A) > 1 such that the
following holds: if (u, K) is a global minimizer of the Griffith functional, for any e > 0,
zo € K and r > 0 such that

Wp(l'o, T) + B(‘Tm T) S g,

there exists p € (r/2,r) such that

H' (K N B(xo,p)) — 2p < Cep.

Proof. Let g € K and r > 0 be such that w,(xq,7) + (z0,7) < e. Without loss of
generality, we may assume that B(zg,7) = B; (see Remark 2.5). We let P denote a line
passing through the origin such that

KNB; C{xe By : dist(z, P) < 5(0,1)}.
Without loss of generality, we may assume that P = {xy = 0}. Let ayx be a rigid motion,
with matrix Ay, associated to D1 = By N {£xy > £}. We thus have by Korn inequality,
/ Vu— Ay|Pdx < C’/ le(u)|P dz < Cuw,(0,1)P/2, (3.5)
D4 Dy

for some constant C' = C(p) > 1, which only depends on p. For a.e. p € (0, 1), it holds
that u — ax € WHP(Sy), where Sy = {+zy > £} N 9B,, and u — a4 has a tangential
derivative which can be computed from the restriction of Vu — Ay. By Chebyshev’s
inequality and Fubini’s theorem, one can further select a radius p € (1/2,1) such that

/ Vu — ALPdH' < 4/ |Vu — Ay|P do. (3.6)
St

Dy

We want to construct a competitor for (u, K) in B,. We set

G=(PNB,)UZU(K\ B,),

12



where Z = {y € 0B, : |z < (0,1)}. It holds that
H' (GNB,) <2p+CB(0,1). (3.7)

We want to extend the functions s, and ws_ to the whole sphere 0B,. We reason
with wg, , the other being similar. Let ¢ be a diffeomorphism of 0B, such that ¢(Sy) =
OB, N {xy > 0}. We extend ((u— ay) 0 ¢~ ")jop,n{zz>0) Dy Symmetry to the whole circle
0B,, obtaining a function @,. We set u; = @4 o ¢. By construction, it holds that
uy € W'(9B,), that uy = u — a4 on ST and that

/ Vouy |PdH! < C/ IV (u—ap)PdH' < (J/ |Vu — AP dH’, (3.8)
9B, St Sy

for some constant C' = C'(p) > 1, which only depends on p. By [Dav05, Lemma 22.32],
(3.5), (3.6), (3.8), there exist a function vy € H'(B,) which extends u; on B, such that

2/p
|V, |2 dr < C(/ |V ug P d?-[1>
B, 8B,
2/p
< O( |Vu — AP d?-[l) (3.9)
<cf
o)

B
J.
2/p
/ |\Vu— A, P d:v) < Cw,(0,1)
Dy

Similarly we construct v_ € H'(B,) such that

/B Vo [2de < Cus(0,1). (3.10)

P

We then define the function v as follows:

v_+a_ in B, N {zy < 0},
v=19v; +a, in B, N {zy > 0},
u in R*\ (B, UK).

It is clear that v_ + a_ and u glue well along 0B, N {x2 < 0} \ Z and the same holds
for vy + ay and uw along 0B, N {zy > 0} \ Z, which implies that v has weak derivatives
in Q \ G. Furthermore, the pair (v, G) is a topological competitor for (u, K) in B, (see
[Dav05, Proposition 45.1]). By minimality, we have

Ae(u) : e(u)dr + HY (K NB,) < Ae(v) : e(v) dr +HY(G N B,)
Bo\K B\G

SC/ ]Vv\de—i-C/ Vo, |* dz
B, B,

+H(GNB,),

where we have also used that e(a_) = e(ay) = 0. Combining the previous estimate, (3.7),
(3.9), (3.10) and using our assumption 5(0,1) + w(0,1) < Ce, we get

H' (K N B,) —2p < C(wy(0,1) + 5(0,1)) < Ce < 2Cep,

which implies the thesis. O
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An additional lemma shows that if in a ball centered on the boundary of a connected
component the normalized energy and the flatness are small, then this component must
fill one side of the ball. This prevents an infiltration of a component of Q \ K in a narrow
strip.

Lemma 3.4 (Infiltration Lemma). For every p € (1,2], there exists £g = £o(p, A) > 0
such that the following holds: if (u, K) is a global minimizer of the Griffith functional and
if Qo is a connected component of R* \ K, for every € € (0,&g), xg € Qg and r > 0 such
that

wp(zo,7) + Br(x0,7) < €,

then Qo contains one of the two connected components of
B(zg,7) \ {z € B(xg,r) | dist(x, P) < er},
where P is a line which achieves the infimum in the definition of the flatness.

Proof. Without loss of generality, we may assume that B(xg,r) = B;. Fixany § € (0,1/10)
and assume by contradiction that

QoN By C {x € By | dist(z, P) < ¢},

where € < g9 < 0/2, and P is a line passing through the origin. To simplify the notation,
we also assume that P = {z, = 0}. Since 0 € 9y C Qp, there exists a point 2y € Qy such
that |z9| < . By the unboundedness of €y, we have that Qq N 9dB; # (). Furthermore,
since () is a connected open set, () is arcwise connected. Therefore there exists a curve
v in £ that joins zy with a point z = (21, 22) € Qo N 0B;. Without loss of generality, we
may assume that z; > 0, in particular such a point z satisfies

2>zl =z >1—-e>1-4.

Recalling that ~ starts at zy such that |z9| < 0, we deduce that for all ¢ € (6,1 — §), the
vertical line L; := {z; = t} meets spt(y) N By C Qp N By. It also meets both components
of {x € By | dist(z, P) > ¢}, which are contained in €2, whence

C&I’d(Bl N 890 N Lt) Z 2.

Let y = (y1,92) € B1 N0Q be one of the points of By N € that the line L;/, meets.
Notice that for all t € (1/4+9,3/4—0), any point = (z1,z5) in B;NINy N L necessarily
belongs to B(y, 1/4) since one has

1 1
Ty — | <=—0 and |zy—yo| < |wa| + |y2| < 2e < 0.

|I1—y1|: 9 1

Thus,
card(0Q N B(y,1/4) N L) > 2, Vte (i +9,- — 6).

On one hand, by the coarea formula we get

3/4—6

H (00N B(y, 1/4)) 2/ card(90N B(y, 1/4)NLy) dt > 2(5-25) — 145 (3.11)

1/4+6

On the other hand, by the scaling inequalities (2.3), we have
w,(0,1/4) + B(0,1/4) < 47 'e.
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and thus, assuming £y small enough, Lemma 3.3 implies
H' (09 N B(y,1/4)) < H'(K N B(y,1/4)) < 5 + C4r %,

Choosing finally g5 < 1/(100C4*?~1) the previous chain of inequalities and (3.11) lead
to a contradiction. We conclude that there exists a point of €2y which belongs to one of
the two connected components of {z € B; : dist(z, P) > ¢}. Since

BlﬂaQo C BlﬂKC {ZE € Bl | dlSt(ZL‘,P) SE},
and )y is connected, then we obtain the thesis. O

The last preliminary result follows from quantitative rectifiability properties of Griffith
minimizers [Lab26, Corollary 3.3].

Lemma 3.5. For every p € (1,2], € > 0 and for every constant Cy > 1 there exists a
constant a = a(p, A, Co,€) € (0,1/2) such that the following holds: if (u, K) is a global
minimizer of the Griffith functional, x € K, r >0 and E C K N B(x,r) is a measurable
set such that H'(E) > Cy'r then there exist y € EN B(x,r/2) and t € (ar,r/2) such that

wy(y,t) + Bly,t) <e

Proof. From [Lab26, Theorem 1.1], we know that K is a uniformly rectifiable set. In
particular by [Dav05, Corollary 41.5] and [Dav05, Theorem 23.8] we know that

dH! (y)dt

B2 )+ wply )] =

is a Carleson measure on K x (0, 400), which means that for all x € K and r > 0,

/mb / 82, 8) + . 0] =7 U ( Lers (3.12)

Let x € K, 7 > 0 and let F C K N B(z,r) be a measurable set such that H'(F) >
Cy'r. Fix a constant a € (0,1/2) and assume that for all y € F and all t € (ar,7/2),
wp(y,t) + B(y,t) > e, in particular w,(y,t) + By, t)? > £?/4. Using (3.12), this implies

dH (y)dt
e [ / (9.0 + wy(y, 1) P
KﬂB(w r

1 1
—7—[( )/ —dt> (J 110g<2a>

which leads to a contradiction for a = exp(—8C,Coe~?2)/2. O

We can now use the previous lemmata to establish the main ingredient for the existence
of escape curves. The following result states that every connected component of Q2 \ K
satisfies an interior corkscrew condition. While this already prevents the existence of
cusps, this property is not yet strong as the existence of escape paths. For instance, a
component {2y given as a dyadic chain of balls connected by narrow necks would satisfy
the proposition below, but would not admit escape paths. We will rule out this kind of
counter-example in Lemma 3.7.

Proposition 3.6 (Corkscrew condition). There exists a = a(A) > 0 such that if (u, K)
is a global minimizer of the Griffith functional, Qo is a connected component of R* \ K,
xg € Qo and r > 0, then Qo N B(xo,r) contains a disk of radius ar.
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Proof. Let €y be a connected component of R*\ K, let 7y € Qg and r > 0. If B(z,7r/4) C
Qo, then we get the thesis for a = 1/4. Otherwise, B(xq,r/4) N 9Qy # 0. We want to
show that there exists a constant Cy > 1 (which only depends on A) such that

H'(09 N B(wo, 3r/4)) > Cy'r. (3.13)

If € is the only connected component of R? \ K which intersects B(xq,7/2), then
KN B(zg,7/2) C 0. Indeed, as K is negligible for the Lebesgue measure, the set R? \ K
is dense so any point of K N B(z,r/2) can be approximated by points of B(xzg,7/2) \ K,
which can only belong to 2g. We conclude by lower Ahlfors-regularity of K, that

H'(090 N B(wo, 3r/4)) > H' (K N B(xo,7/2)) > Cr.

Otherwise, B(x,7/2) meets another connected component €; # €. Let z; €
QN B(xg,r/2). Since €2 is unbounded, there exists a curve 7; connecting z; to 9B (xg,r)
such that spt(y;) C ;. Analogously, we can find a curve 7y connecting xy to dB(zg,T)
such that spt(yo) C Q. Since spt(v) and spt(v;) meet dB(zo, p) for every p € (r/2,3r/4),
then

OB(xg,p) N0 # 0, Vp e (r/2,3r/4).

This implies that, setting 7(z) = |z — x¢|, we have that W(@Qo N B(xo, 3r/4)) contains an
interval of length /4, and therefore

H (9920 N Blzo,3r/4)) = H'(7(920 N Blao,3r/4))) > %
This achieves the proof of (3.13).

Let ¢ > 0 and p € (1,2]. Applying Lemma 3.5 with E := 9Q¢ N B(xg, 3r/4), we deduce
that there exist b = b(p, A, Cy) > 0, y € 0Q N B(xo,3r/4) and t € (br,r/2) such that

wp(yat) + B(yat) S €.

Furthermore, by Lemma 3.4, €}y contains one of the two connected components of
B(y,t) \ {z € B(y,t) : dist(z, P(y,t)) < et}. Thus, Q contains a disk whose radius is
comparable with br, which is the thesis. O

From the previous proposition, we show that any point in 2 \ K can be connected to
another point twice further away from K, while the path remains at controlled distance
from the crack.

Lemma 3.7. There exist two constants k > 1 and 7 > 0 (which only depend on A) such
that if (u, K) is a topological almost-minimizer with gauge h in Q, and if vo € Q\ K and
r >0 are such that dist(xg, K) > r,

B(zg,kr) CQ and h(kr) <,
then there exists a curve y joining xo to a point z € Q\ K such that
dist(z, K) > 2r, spt(y) C (Q\ K) N B(xo, kr/2), dist(y, K) > 'r. (3.14)

Proof. Without loss of generality, we may assume that xo = 0 and » = 1. Let us suppose
by contradiction that for any k € N, setting x = 2¥ and 7 = 2%, there exist an open set
) and a topological almost-minimizer (uy, K}) in ) with gauge hy, such that 0 € Qj \ Ky,

dist(0, K3) > 1, B(0,2%) € Q,  he(2F) <27,
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but a curve 7 as in the statement of the theorem does not exist. Since B(0,2%) C Q, by
Proposition 3.6 we have that €2, converges to R? and thus, by [LL25, Lemma 3.2], up
to subsequences the sequence ((uy, Ki))ren converges to a limit (u, K) with dist(0, K) =
limy_, 1 o dist(0, Kj) > 1. Since limy_, 1o hi(r) = 0 for all » > 0, an application of [LL25,
Theorem 2.7] shows that (u, K) is a topological almost-minimizer in R? with gauge h = 0,
that is, (u, K) is a global minimizer in R?. Let Qo be the connected component of R? \ K
such that 0 € Q. By Proposition 3.6, there exists a ball B(z1,3) C Q. Let v be a
curve joining 0 and z; in Q. Since dist(x;, K') > 3, since K} converges to K and since
spt(y) C B(0,2diam(y)), we have for k sufficiently large

dist (v, K)

dist(zy, Ki) > 2,  dist(y, K) > )

> 2%, spt(y) € B(0,257),

which is a contradiction. O

Remark 3.8 (Controlling the length of the curve). In the statement of Lemma 3.7, we
only control the diameter of v and not its length. But one can actually replace v by a
k-Lipschitz map v : [0,7] — W, where W := (2 \ K) N B(xg, kr/2), satisfying (3.14)
with a potentially bigger constant k.

The standard construction, which we include for the reader’s convenience, is as follows.
Let us call by v a curve given by Lemma 3.7 for some radius r > 0 such that dist(zq, K) > r,
B(zg, kr) C Q and h(kr) < 7. In the case that |z — x| < k7'r/2, we can replace v by
a direct parametrization of [z, z|; one checks easily that (3.14) is satisfied. Otherwise,
we let z; be the last time « leaves B(wg, k" 'r/2), in particular |r; — 29| = x~'r/2 and
dist(z1, R*\ W) > = 'r. We continue the process to find points o, ..., z, such that

dist(z;, R\ W) > k™ 'r, |o; —2; 4| = 'r/2

and
lzj — x| > k7r/2 forall j > i,

until we arrive at a point x, such that |z — z,| < k™ 'r/2. Notice that since spt(y) C
B(zg, kr/2), all the points z; remain within B(zo, xr/2). Given that for ¢ # j, |x; — x;| >
k~1r/2, the balls B(z;, s~ 'r/4) are disjoint and, since they are contained in B(zg, x1), we
deduce that there are at most C'(k) points o, . .., x,, where C(k) > 1 is a generic constant
which depends on k. The chain of segments composed of [z;, z;41] for i < n and of [z, 2]
therefore has a total length L such that C(k)~'r < L < C(x)r. This allows to parametrize
this chain by a C(k)-Lipschitz map 7p : [0,7] — Q\ K. As dist(z;, RY \ W) > k~!r and
each segment is of length < k7 /2, the curve vy stays at distance > xk~1r/2 from RN \ W.

Applying iteratively the previous Lemma, we obtain the existence of escape curves.

Proposition 3.9. There exist two constants ay € (0,1) and 7 > 0 (which only depend on
A) such that if (u, K) is a topological almost-minimizer in Q with gauge h, xo € Q\ K, if
¢ >0 is such that

B(zo,0) CQ and h(l) <,

then there ezists a 1-Lipschitz curve v: [0,¢] — Q\ K such that v(0) = zo and
dist(y(¢), K) > ayt, ¥Vt e 0,4]. (3.15)

Proof. Fix a point zo € Q\ K and radius r = dist(zg, K). Let n be the integer such that
(2" — 1)kr < € < (2" — D)kr. If n =0, then ¢ < kr, that is,

dist(z, K) > k4.
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It is then clear in this case that the constant path v = o on [0, /] satisfies (3.15).

Let us now assume that n > 1. We have in particular k7 < ¢ and we can thus apply
Lemma 3.7 and Remark 3.8 to find a point z; € Q\ K such that dist(zq, K) > 2r and
a k-Lipschitz map ~o : [0,7] — ©\ K which connects zy to x; and stays at distance
> r~r from K. We iterate the process and obtain a finite sequence of points ()
such that z;, is at distance > 2% from K and z, is connected to z;.1 by a x-Lipschitz
map 7 : [0, 28] — Q\ K such that dist(vys, K) > 2¥k~!r. Notice that by construction
|Tps1 — x| < 2Fkr so that |z — 2] < 3ok 2°T = (28 — 1)k7. One can apply Lemma 3.7
to connect x; to zp.1 as long as

B(xy, 2%kr) € Q and  h(2%kr) <7

and, since B(xy, 28k1) C B(zo, (281 —1)k7), this is guaranteed whenever (2571 —1)kr < ¢;
hence the process stops at k = n.

For each k =0,...,n — 1, we translate the domain of v, to be [(2¥ — 1)r, (2*1 — 1)r]
and we concatenate all the ~; to find a k-Lipschitz map v : [0,(2" — 1)r] — Q\ K
connecting xy to z,. Moreover, for all ¢ € [0, (2" — 1)r|, there exists k = 0,...,n — 1 such
that ¢t € [(2¥ — 1)r, (281 — 1)7] so

Kt
2k+1 _ 1) 2 2
Observe that by definition of n, we have ¢ < 8(2" — 1)kr. We can replace v by 7 :
t — v(k71t/8), in order to obtain a 1-Lipschitz map defined on [0, 8(2" — 1)xr], and in
particular on [0, £] by restriction; this reparametrization preserves the John condition with
only a worse constant. ]

dist(y(t), K) > 2"k~ 'r > 2]’%_1(

4 Morrey-Campanato type estimates for the elastic
energy

We prove Theorem 1.2, stated in introduction (see Theorem 4.9 below). This establishes in
particular a Holder-type estimate, which requires the development of Morrey-Campanato
theory for the symmetric gradient.

4.1 Oscillation control with the symmetric gradient

Throughout this subsection, we assume that 2 C R? is an open set, u € H. (Q;R?) is a
Sobolev vector field, and there exists C, > 0 such that for all B(z,r) C € it holds

/ le(w)|* dz < Cr. (4.1)
B(z,r)

We will prove that, up to removing a suitable global rigid movement in €2, the displacement
u satisfies Holder estimates, thus providing an analog of Morrey-Campanato theory for
the symmetric gradient.

We begin with the following lemma, which controls the difference between two in-
finitesimal rotations in nearby balls of comparable radii.

Lemma 4.1. Let Q C R? be an open set and let u € H (Q;R?) be a map satisfying

(4.1). Let B(xy1,71), B(x,7m2) C Q with 1,72 > 0 and assume that there exists a constant
M >0 and a ball V C B(xy,r1) N B(xa,72) such that B(zy,71) U B(xe,19) C MV. Then

|AB@1,m) — AB@ara)| < OmaX(TluT2>_l/Za
for some constant C = C(Cy, M) > 1.
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Proof. Let r denote the radius of V. Observe that as V' C B(xy,7m) N B(xe,r3) and
B(xq1,7r1) U B(x9,1m3) C MV, we have

r < min(ry,r) < max(ry,ry) < Mr,

so all the radii 7, r, 79 are comparable, up to a multiplicative constant which depends only
on M. In the following, C' denotes a generic constant which may depend on C, and M.
Using the triangle inequality, the inclusion V' C B(z1,71) N B(xe, ), Korn’s inequality
and (4.1), we obtain

|AB(w1,r1) - AB(scg,rz)’2 = ]{/ ‘AB(m,rl) - AB(mz,rz)‘z dx
< 0][ |AB(x1,r1) — Vu|2 dx + O][ |AB(I277~2) — Vu|2 dx
1% 1%

< O][ |AB(x1,r1) — Vu|2 dx + O][ ’AB(.’EQ,T‘Q) — VU|2 dx
B(z1,r1) B(z2,r2)

< C'][ |e(u)|2dx—|—C'][ le(u)|* dz
B(ml,m) B(3327T2)

< Clrit+ryh) < Cmax(ry,rg) L
O

We will also require the case of two concentric balls with possibly non-comparable
radii. This follows from an iterative application of the preceding argument.

Lemma 4.2. Let Q C R? be an open set and let u € HL_
Let B(z,r) C Q2 and let p < r. Then

(S R?) be a map satisfying (4.1).
|AB($7p) - AB(J:77‘)| < Cp_1/27
for some constant C' depending only on C..

Proof. Let rj, :=27%r for k > 0 and let A, := AB(zr,)- We estimate
|Ak - Ak+1|2 = ][ |Ak - Ak+1|2 dy
Bgt1
<Cf ln-VaPdy+Cf |An, - VuPdy
Bri1 Bri1
<Cf ln - ViPdy+CF A, - Valdy
By, BkJrl

<CA le(u)*dy+C le(u)|* dy

By, Br41
<Cri'.

If kg is chosen such that 7,11 < p < 7y, we also have, using the same argument, that

1

_1
|Ak0 - AB(w,p)| < OT’k02 < Op_Q.

Finally,
ko—1 X

|AB(z,p) - AB(.Z’,’I‘)| S |AB(z,p) - Ak0| + Z |Ak - Ak+1| S Op_27
k=0

which finishes the proof. O
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Then, we show that in a John domain where (4.1) holds, a single infinitesimal rotation
in € controls all other infinitesimal rotations, in any arbitrary ball.

Lemma 4.3. Let Q C R? be a John domain with constant oy and center xo. Let
u € H . (Q;R?) be a map satisfying (4.1). Let rq := dist(zg, Q). Then, for all x € Q and
p > 0 such that B(x, p) C ), we have

1

|AB(I7P) - AB(IQ,TQ)| S Cp_2’
where C' = C(C,,ay).

Proof. Let x € Q and p > 0 be such that B(z,2p) C Q and let v : [0,¢] — € be a John
curve from z to xg. Let (D;);en be the chain of balls with centers x; and radii r; defined
in Proposition 2.12. Assume first that p € (0,¢). Then there exists a unique k¥ € N* such
that p € [¢"¢, ¢*7¢). By (2.5) we have

so that x, € B(x,p). Since r and p are comparable, reasoning as in Proposition 2.12,
it is possible to find a ball V' C Dy N B(x, p) such that Dy N B(z,p) C MV C . Thus,
applying Lemma 4.1 and recalling that (r;);en is a geometric sequence of ratio ¢ € (0, 1),
we infer that

k—1
|AB,p) — Apo| < |ABGp) — Ap,l + Y [Ap., — Ab,|

i=0
) k—1 o
<Cpz4+C) 1
i=0
<Cp 7+ Cr,;l/2 < Cp1/2.
Here the constant depends on C, and M, and thus on C, and «;. Moreover,

ro = dist(xg, Q%) = dist(y(£), Q%) > ay¥,

from which we deduce that r¢ := a;¢/2 < rq. Applying Lemma 4.1 we get

1

1
|AD0 - AB($077"Q) | < C'TO 2 < C/)iZu
so that finally
1
|AB@.p) — AB@ora)| < AB@p) — Abo| + 1Ay — AB(zora) | < Cp 2,

which proves the lemma in the case when p € (0, ).
It remains to treat the case when p > (. First assume that B(z,2p) C Q. We notice
that since « is 1-Lipschitz,

|z = @] = [7(0) =1 (O] < £ < p.
This means that xy € B(z,p), from which we directly get the existence of a ball of
radius p/4 in B(x,p) N B(xg, p). On the other hand B(x, p) U B(xy, p) is contained in
B(xz,2p) C Q thus Lemma 4.1 applies with M = 8 and says that

_1
|AB(x,p) - AB(xo,p)| < CP 2,
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where C' depends only on C* and a;. Moreover, since B(xg, p) C B(x,2p) C £, we must
have p < rq. Then we can use Lemma 4.2 which yields

_1
|AB(107P) - AB(IO,TQ)| < Cpz,
which all together proves that
1
|AB(,p) — AB@osra)| < Cp 2,

which finishes the proof in the case p > ¢ and when B(z,2p) C 2. Finally if B(z,2p) is
not contained in 2 we can apply all the preceding to the ball B(x, p/2), yielding

1
|AB(,p/2) — AB(wora)| < Cp~ 2,

and then use Lemma 4.2 to control [Ag(, ,/2) — AB(a,)| and conclude with the triangle
inequality. O

As a consequence of the above result we can prove a Morrey type control on the full
gradient for u — Apg(s,r,). Here is the statement.

Lemma 4.4. Let Q C R? be a John domain with constant a; and center xo, and let
u € HL (4 R?) be a map satisfying (4.1). Define rq := dist(xg, Q) and consider the
function v defined by

v(z) == u(r) — A@ora)®, VT €L

Then, for all v > 0 and x € Q such that B(x,r) C Q, we have

/ |VU|2 dy < C'r,
B(z,r)

with C = C(C*, ay).

Proof. Let x € Q2 and r > 0 be such that B(x,r) C €. Then Lemma 4.3 applies and
setting Ay := Ap(z,r) We get

|AB(m,T) - A0| < CT7%~

But then using Korn inequality (2.8), together with the previous inequality we can write

/ Vo> dy = / |Vu — A dy
B(z,r) B(z,r)

< 2/ |Vu — Apen)® dy + 2/ |AB(ar) — Aol* dy
B(z,r) B(y,r)
< C’/ le(w)|? dz + Cr~ Y B(x,r)|
B(z,r)
< Cr,
where C' = C(C*, ay). O

With Lemma 4.4 at hand, we can derive an oscillation control on the function v using
the standard Morrey-Campanato theory. For instance we can state the following result,
which, while not directly needed in this paper, is interesting on its own.
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Corollary 4.5. Let Q C R? be a John domain with center xqy, and let u € H (2;R?) be
a map satisfying (4.1). Define rq := dist(xq, 2°) and consider the function v defined by

v(x) = u(r) — Aporo)r, Yo € Q.

Then, v € C*(Q). Moreover if S is Lipschitz then v € COV/2(Q).

loc

Proof. This is a direct consequence of Lemma 4.4 together with [Gia93, page 43]. O

Remark 4.6. Here, we focus on the special case of the Morrey-Campanato spaces L>? in
dimension 2 with p = 2, though the same proofs extend to the general spaces LP* as in
[Gia93] and to higher dimensions.

L (€ R?) satisfying (4.1)
with its continuous representative. In the sequel we will use a more precise oscillation
estimate, which we state and prove below.

From Corollary 4.5, we now can identify every map u € H}

Lemma 4.7. Let Q C R? be a John domain with constant oy and center xo, and let
ro = dist(z, Q). Let u € HL.(Q;R?) be a map satisfying (4.1). Let z,y € Q and
71 10,6 — Q and yq : [0, ls] — Q be two John curves respectively from x to xo and
from y to xo. Then, setting v(x) = u(x) — Ap(wo,re)®, for x € Q, we have

o(z) — v(y)| < COV2, (4.3)
where C' = C(Cy,ay) > 1 and { = max{{ly,ly}. In particular,
[u(e) = uly)] < CLP(L+ | Apagra)|€?). (4.4)

Proof. Let (D;);en be the chain of balls with centers z; and radii r; converging to x
defined in Proposition 2.12. We recall that r; = ¢'ry, for some ¢ € (0,1) and for every
i € N, where ro = a;¢1 /4. We also recall the existence of a ball V; C D; N D,y such that
D;UD; 1 C MV; C Q. In the following, C' denotes a generic constant which may depend
on C,, M, q, ay (and in turn, only on C, and ay).

To prove (4.3) let us first show that

lv(z) — mp,| < CO/2. (4.5)

We recall that two subsequent balls D;, D,y have comparable radii C~'r;,; <7, < Criyy
and relatively closed centers |z; — ;41| < Cr;. Recall also that by construction of the
balls D;, we have |z — x;| < Cry, for all i € N. As v is continuous (even locally Holder), it
is clear that llgnoom p; = v(z). Then, we infer by a telescopic argument

“+o00

lv(x) —mp,| < Z |mp,,, —mp,|.
i=0

(4.6)
Recall that by Poincaré inequality, for any ball D C €,

/yv(z>—mD\2dzg0\D|/yvumz.
D D

Moreover, we recall that D; U D, C MV; C Q.
This means that Lemma 4.4 applies and says that for all 4,

/ IVv|? dz < Cr;.
MV;
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Now we can estimate,

][ v —may; dz SC’][ |v — mpv;|dz
D; MV;

1 1
3 3
Crit </ v — mMVZ.\de> < C’(/ |VU|2dz>
MV; MV;

< o2

— 1

lmp, — muvy,| =

IN

Here C depends on M, and thus on a;. A similar reasoning also yields

1
|mDi+1 - mMVi| < CTI?:?

1
so that from the triangle inequality we get |mp, — mp,,,| < Cr}?, whence, by properties
of geometric series, we conclude from (4.6) that

+oo
v(x) —mp, | <C 7’»1/2§C’7’1/2§C’€}/2,
0 [ 0
i=0

and (4.5) follows.

Next by use of a very similar argument we also establish the following estimate:
1/2
|mp, — v(zo)| < Cl/". (4.8)
Indeed, for every i € N, let us consider C; = B(xq, p;), where p; = 27'rq. We observe that

Cy = Dy. Reasoning as before we easily prove that

|mCz‘ - mCz‘+1| < Cp'1/2

4 .

As v is continuous, we directly have that mg, T) v(xg). Then, reasoning as in step 1,
1—+00

we obtain the estimate (4.8).

All in all, we have proved that
o(x) — v(wo)| < CH
Arguing exactly in the same way for y, we also have
[o(y) — v(z0)| < CL",
and (4.3) follows from the triangle inequality.

Now to prove (4.4), denoting Ay := Ap(
(recall ; is 1-Lipschitz),

y and using the fact that [z —y| < 20

Z0,TQ

[u(@) = u(y)| < Jo(x) = v(y)] + | Aollz — y| < CLP(1+[Ao|e?),

which concludes the proof of the lemma. O

4.2 Holder bounds far from the singular set

As an application of the oscillation estimate on u obtained in the preceding section, we
first derive an Holder-type estimates for u away from the singular set. In the absence of a
gauge h, this would alternatively follow from elliptic regularity.
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Proposition 4.8. Let (u, K) be a topological almost-minimizer for the Griffith energy
on Q C R*. Then for any ball B(xg,r) C Q\ K such that h(r) < +oo, we have
u € H'(B(z,7)) N L>®(B(x0,1)).

Proof. The fact that u € H*(B(zo,r)) directly follows from the Korn inequalities (2.7) and
(2.8). Then we notice that the gradient control (4.1) holds true in all balls B C B(zg, )
(with a constant C, which depends only on A and h(r)). The ball B(zg, ) is clearly
John domain with center zy: every x € B(zg,7) can be connected to xy by an escape
path of length < r and a universal John constant «j;. Therefore, Lemma 4.7 can be
applied in B(zo,7) implying that there exists a skew-symmetric matrix A such that for
all © € B(xo,1),
[u() = ulwo)| < CrH2(1+ 1121 4)).

This proves that u € L*(B(xg,7)). O

4.3 Local John domains and Holder bounds near the singular
set

We now prove the first part of the main results of this paper, stated as follows.

Theorem 4.9. There exists kK >3, 7 > 0, ng € N (which depend only on A) such that
the following holds. Let (u, K) be a topological almost-minimizer with gauge h in €. Let
xo € K and rg > 0 be such that

B(zg,kr9) CQ  and  h(krg) < T.

Then for all r € (0,7¢], there exists a finite covering (U;); with at most ny connected open
subsets of B(xo,3r) \ K such that

B(zg,7)\ K C UUi C B(zo,3r)\ K

and each U; is a John domain with center x; € 0B(xo,2r) and with a John constant
depending only on A. Moreover,

lu(z) —u(y)| < Cr'?,  for allz,y € U;, and for alli,

where the constant C' > 0 may depend on 1o, ay, A, and on u itself, but does not depend
onr.

Proof of Theorem 4.9. Let o € K. Without loss of generality, we may assume that
xo=0. Let ay € (0,1) and 7 > 0 denote the constants appearing in Proposition 3.9. Fix
k:=1+2a;" >3 and o > 0 such that

B(0,krg) C Q and h(krg) < min(1, 7).

Note that (4.1) holds true in all balls B" C B(xy, k1) with a constant C, which depends
only on A. Thus we will be in position to apply Lemma 4.7 and Lemma 4.2. Let r € (0, o).

We first check that for all z € B, \ K, there exists a 1-Lipschitz curve y: [0, 2r] — Q\ K
such that v(0) = z and

spt(y) N IBy, N {dist(-, K) > 26r} # 0,

where 6 := «;/4, and
dist(v(t), K) > ayt, VYt € [0,4],
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where a; > 0 depends only on A. By applying Proposition 3.9 with £ = 2a;'r, we obtain
an escape curve v : [0,¢] — Q\ K starting from . Notice that since 0 € K,

17(0)] = |y(€) — 0] > dist(y(£), K) > al = 2r.

We deduce that there exists s € [0, £] such that v(s) € 9Bs,.. Moreover, using v(s) € 9Ba,,
7(0) € B, and the fact that v is 1-Lipschitz, we have r < |y(s) —v(0)] < s so r < s.
Then,

dist(y(s), K) > ays > ayr > 20r,

by definition of 9. This proves our claim.

Next, consider a maximal family of points (2;)i<i<n() in 0B, N {dist(-, K) > 26r}
such that |x; — x;| > dr. It is clear that for all ¢, B(z;, dr) C {dist(-, K) > ér} and that
the set

E:={z;|1<i<n(r)}

is 20r-dense in 0 Bs,N{dist(-, K') > 20r}. Moreover, we note that since the balls B(x;, 0r/2)
are mutually disjoint and contained in Bs,., there must be at most n(r) < ngy such points,
where ng € N depends only on ¢, and thus only on A.

Now we prove that every point of B, \ K can be joined to a point of E by means of
a curve which satisfies the escape condition. Recall that for all z € B, \ K, there exists
a 1-Lipschitz curve v: [0,¢] — Q \ K such that v(0) = = and such that there exists
s € [r,{] satisfying v(s) € 0By, N{dist(-, K) > 26r}. We may require that

s=min{t € [r,0] : y(t) € OBy N {dist(, K) > 20r}}. (4.9)

Since y(s) € 0Bs, N {dist(-, K) > 2dr}, there exists z; € E such that |z; — v(s)| <
20r = ayr/2. Then by applying Lemma 2.13 to the restriction of v : [0,s] — Q\ K,
there exists a 1-Lipschitz curve 7 : [0,2s] — Q \ K such that 5(0) = z, (2s) = z; and

dist(3(1), K) > ayt/4, Ve [0,2s]. (4.10)

By the construction of 4 and (4.9), we have that spt(§) C Ba,.
We define

[, ={z € B, \ K : there exists £ > 0 and a 1-Lipschitz curve v: [0, ] — Bs, \ K
s.t.v(0) =z, v(¢) = x;,~y satisfies (4.10)}.

and then
U; = |J B(z,dist(z, K)).

zel’;

Note that some U;’s may be empty. It is immediate to show that

n(r)
B,\K C |JU; C Bs \ K.

i=1

Fix i such that U; # (). We define ¢ := a;/4 < 1, the constant appearing in (4.10).
Let us prove that U; is a John domain, with center x; and constant ¢/10. It is clear that
U; is open, by the definition. Let now y € U;, and let us distinguish two cases. In the first
case we assume that y € T';. Then there exists an escape path v : [0,¢] — R? from y to
x;, with constant ¢. We claim that this escape path is a John curve for U;. Indeed, we
know that for all ¢ € [0, ],

dist(~y(t), K) > ct.
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Now let z = 7(to) for some fixed ty € [0,¢]. Then the curve t — ~(t + to) defined on
[0, ¢ — to] is still an escape path starting at z, up to z;, with constant c¢. This shows that
z € I';. Then, by definition of U;, the ball B(z,dist(z, K)) is contained in U; as well so
that

dist(y(to), US) > dist(y(to), K) > cto,

which proves that the curve 7 is a John curve for U; with constant c, starting at y.

Now in a second case we assume that y € U; \ T';. Then it means that there exists
y' € I'; such that y € B(y/,dist(y/, K)). By definition of T';, there exist a c-escape path
~ from 3 to x;. As shown in Lemma 2.13, the curve obtained by adding the segment
[y, 4] to the support of 7 can be parameterized by an escape path 4 on [0, £ + o], where
to = |y — ¢/'|, with constant ¢/10. We already know, by the reasoning used in the first case,
that for all t € [ty, £ + to], the whole ball B(%(t), dist(y(t), K)) is contained in U; so that

dist(3(0),U7) 2 dist(3(0), K) > <o
where the last inequality comes from the fact that 4 is an escape curve of constant ¢/10.
Then on the remaining part [0, ¢o], the curve 4 consists of the arc-length parameterisation
of the segment [y, 4], in other words 4(t) = y + t(y' — y)/to. Moreover we know that
B := B(y, p), with p := dist(y/, K), is contained in U; because y' € I';. Recall that by
definition, y € B(y/, p) so ty < p. This implies that for ¢ € [0, o],

dist(3(1),Uf) = dist(5(0). B*) = p = 3() — o/

T
where we have used that ¢ < 1. This proves that 4 is a John curve associated to U;, from
y to x; and achieves the proof of the fact that U; is a John domain with center x;, and
constant ¢/10.

By Lemma 4.7, and recalling that the length of a John curve in U; is always bounded
by Cdiam(U;) < Cr by Remark 2.8, we have that for all x,y € U;,

);
with r; := dist(x;, Uf). O

[u(@) = uly)| < Cr'/2(1+ 12| Apg, )

4.4 Finite number of traces
Finally, we give the proof of Theorem 1.4, which is a direct consequence of Theorem 4.9.

Proof of Corollary 1.4. Let ng be the constant of Theorem 4.9. Assume for a contradiction
that E(zo) contains more than ng points. Let (a)1<k<n,+1 be a set of ng + 1 points in
E(x0) and set 6 := ming |ar — ap| be the minimal distance between them. Thanks
to Theorem 4.9, we can find a radius 7o > 0 such that for any r € (0,7() there exists a
covering (U;)1<i<n, of connected subsets of B(xg,3r)\ K (some of the U;’s may be possibly
empty) such that

lu(z) — u(y)| < Cor'’?, Va,y e U (4.11)
We can additionally choose r so small that
o
Corl/2 < 1

This radius r is now fixed for the rest of the proof.
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Now let a € E(xg). This means that there exists a sequence (yx), in 2\ K such that
yr — o and u(yx) — a. By the finiteness of the U;’s we can further extract a subsequence
(not relabeled) such that the sequence (yx)ren lies in a single set U;. Then, consider an
other sequence (z)gen converging to xo in the same set U;, with u(zx) — o’. By (4.11), it
holds

() — ()| < Cor'? <

and passing to the limit, we obtain

o —a'| <

NS

Hence, all the possible limit values a coming from U; are contained in a ball B; C R? of
radius §/2. We conclude that
no
E(.Io) C U BZ',
i=1
with B; of radius §/2. This contradicts the fact that E(xo) contains ng + 1 distinct points

of mutual distance greater than §. We therefore conclude that F(z() contains at most ng
points. O

5 Proof of Theorem 1.3

Nexte, provide a proof of Theorem 1.3, which is a consequence of Theorem 4.9.

Proof of Theorem 1.3. Let kK > 3, 7 > 0 and ny € N be the constants of Theorem 4.9. Let
(u, K) be an almost-minimizer for the Griffith energy in Q C R

Let xg € K be given. Applying Theorem 4.9, we get the existence of rq > 0 such
that B(x, kro) C 2 and a finite covering (U;)1<;<n, of B(xg,r0) \ K by open subsets of
B(xg,3ro) \ K such that U; is a John domain with a constant depending only on A. In
virtue of Proposition 2.14 we know that for all 7+ we have a rigid motion a; such that

/ lu — a;]* dx < Cdiam(Ui)p/ le(u)|? d,
U; U;

/ |Vu—Ai|2dx§C'/ le(u)|? du,
Ui Ui

where C' > 1 is a constant that depends only on A. Notice that since e(u) € L*(U;) for all
i, the estimates above imply that u € H'(B(xg,70) \ K). We also know from Theorem 4.9
that for all 7 and for all z,y € U; we have

[u(x) = u(y)| < Cry”,

for some constant C' > 1. Fixing any arbitrary z; € U;, the above estimate gives

sup |u(z)] < Cr? + u(z;)],

zeU;

which implies v € L*>(U;). Since there are at most ny domains U;, we deduce that
u € L>®(B(xg,79) \ K). This proves that for every « € K there exists a radius r > 0 such
that u € H'(B(z,r)\ K) N L>®(B(z,r)).
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Now, we justify that if U is an open set such that U C Q, then u € H(U\ K)NL>(U).
Since we already know that u € H. (2 \ K) by definition of almost-minimizers, it is only
left to check that

||VU||L2(U) + ||u||L°°(U) < +00.

The set K NU is compact so it can be covered by finitely many balls B; = B(x;, r;), with
r, € KNU, r; >0, B(x;,r;) C Q and

u€ HY(B;\ K)N L®(B;).

The set U \ U; B(x;,r;) is also compact and is disjoint from K so it can be covered by
finitely many balls B; = B(y;,r;), with y; € U, 7; > 0, B(y;,7;) C Q\ K and h(r;) < +o0.
In particular, Proposition 4.8 shows that

u € H'(B;) N L™(B;).

As the domain U is covered by the combined finite family (B(zg, 7x))x U (B(Yk, %) )k, We
conclude that (5) holds. By [AFP00, Proposition 4.4], this implies u € SBV (U), and
since Vu € L*(U \ K), we actually get v € SBV?*(U), which completes the proof of
Theorem 1.3. O
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