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Abstract

The metric theory of spacetimes studies Lorentzian manifolds using tools of metric geom-
etry. This is achieved via the null distance, which is a definite distance constructed from a
time function on a spacetime. This enables the study of Gromov-Hausdorff-type convergence of
spacetimes, a program recently initiated by Sakovich and Sormani. In this paper we study such
notions of convergence for cosmological spacetimes with compact slices, i.e., (a,b) x M endowed
with a Lorentzian metric —dt? + h;, where h; is a family of Riemannian metrics on the compact
manifold M. Assuming mild extension properties of h;, we first establish that these spacetimes
are causally-null compactifiable and future developed. We then study monotone sequences with
a uniform upper bound on the spatial diameter, obtaining uniform convergence of the null dis-
tances, as well as convergence of the associated timed metric spaces in the future developed
Gromov-Hausdorff sense. Finally, we prove that causally-null compactifiable spacetimes satisfy-
ing a mild causal accessibility condition are causally-null, and relate the causally-null distance
induced by the limit distance with the null distance induced by the (possibly non-smooth) limit
metric tensor. Examples are provided to motivate the necessity of our hypotheses.
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1 Introduction

The metric theory of spacetimes seeks to study Lorentzian geometry using the tools of metric
geometry: convergence, compactness, and synthetic notions of curvature and dimension that have
proven powerful in the Riemannian setting. In the Lorentzian framework, the central obstruction
is the absence of a canonical distance: the Lorentzian distance, also called time-separation function
is degenerate, fails to be symmetric and satisfies the reverse triangle inequality.

The null distance framework, introduced in the work by Sormani and Vega [SV16], has emerged
as a versatile tool to study the geometry of spacetimes with metric techniques. It replaces reliance
on Lorentzian length with a null length, built from a (generalized) time function 7 by measuring
the length of causal curves through the variation of 7 alone. This length functional provides a
genuine pseudo-distance obeying the ordinary triangle inequality. Moreover, as shown in the work
by Sormani and Sakovich [SS23], under mild hypotheses on the time function such as local anti-
Lipschitzness, the null distance is definite and encodes causality, thereby turning a spacetime into a
metric space while keeping its causal information. Furthermore, in [SS23, Theorem 1.3] the authors
proved that the null distance induced by the cosmological time of Andersson, Galloway and Howard
[AGH98] retains the full causal information about a spacetime: bijections preserving both the null
distance and the cosmological time are in fact Lorentzian isometries.

In a recent key contribution, Sakovich and Sormani [SS24] have turned the study of convergence
of metric spacetimes into a research program. Working within the class of so-called causally-
null compactifiable spacetimes (Definition 2.10), they canonically convert them into compact timed
metric spaces via the cosmological time and the induced null distance. They also defined the notions
of timed-Hausdorff and future developed Gromov-Hausdorff distance and proved definiteness results
within this class, characterizing the zero-distance case as time-preserving Lorentzian isometry. In
the same spirit, they defined notions of convergence to limit spacetimes that need not be smooth.

More recently, Perales showed that future developed convergence implies timed-Hausdorff con-
vergence [Per26], and Che and Perales [CP26] introduced causally-null timed metric spaces, asking
under which conditions the distance in a timed metric space is a null distance (Definition 4.5).
Alternative approaches to convergence of spacetimes and their low regularity counterparts have
recently been proposed: for instance in the works of Minguzzi and Suhr [MS24]; Bykov, Minguzzi
and Suhr [BMS25]; and Mondino and Sdmann [MS25].

By now a body of convergence results has grown in the framework of [SV16]: Allen and Burtscher
[AB22] gave warped products an integral current structure and proved Gromov-Hausdorff and
intrinsic-flat convergence under uniform convergence of the warping functions; Allen [Al123] re-
laxed this to L'-convergence with a lower bound; Kunzinger and Steinbauer [KS22] extended these
concepts to the framework of Lorentzian length spaces; and Burtscher and Garcia-Heveling [BG24]
related the null distance to global hyperbolicity.

In this contribution we carry further the research program started in [SS24] by considering
cosmological spacetimes (Definition 2.1), where the spacetime splits as (0, Tax) X M with Lorentzian



metric g = —dt® + h(tz), where h has Riemannian signature. This class is closely related to some
of the most relevant examples of spacetimes. For instance, globally hyperbolic spacetimes are
always conformal to a cosmological spacetime (see the works of Bernal and Sanchez [BS03; BS05]).
Warped product spacetimes fall into this category as well, and future developments of compact
initial data sets (M, h, k) are always locally cosmological spacetimes near the initial data set as
shown by Choquet-Bruhat and Geroch [CG69]. More precisely, we will be considering cosmological
spacetimes where M is a compact manifold and satisfying the following assumption:

The metric tensor h extends continuously to ¢ = 0 and ¢ = Tpax as a Riemannian metric.  (A)

For these spacetimes the cosmological time is simply 7 = ¢ which is automatically regular when
the slices are compact (cf. Lemma 3.1). Thus the null distance a?g with respect to 7 is definite
and encodes causality by [SS23]. Hypothesis (A) encodes the reading of these spaces as future
developments of initial data.

We first establish in Theorem 1.1 that, under natural assumptions on their Lorentzian metrics,
cosmological spacetimes with compact slices (cf. Definition 2.1) are causally-null compactifiable in
the sense of [S524, Def. 1.1]. More precisely, we prove that the metric completion of the associated
metric spaces endowed with the null distance cfg is actually bi-Lipschitz equivalent to the topological
product [0, Timax] X M endowed with some taxi distance:

Theorem 1.1. Let N = (0, Tmax) X M be a cosmological spacetime with compact slices satisfying
assumption (A). Then, the metric completion (N,dy) of the space (N,dy) is compact. Moreover,
fizing to € [0, Tmax], (N, dy) is bi-Lipschitz equivalent to the space ([0, Tmax] X M, d), where

d((t, @), (s,y)) = |t — s| + di, (,y),

where dy, 1s the distance induced on M by the Riemannian metric hy, = hy(y,yxnr-

This result sharpens [SS24, Theorems 3.1, 3.10], identifying explicitly the topology of the comple-
tion without the requirement that the metric extends smoothly “below” the initial data set. An
important ingredient used in the proof is a result proven by Nigri in [Nig25, Theorem 1.2], for which
we present an alternative proof.

We then explore timed-Hausdorff and future developed convergence (cf. [SS24, Definition 4.22]
and Definition 2.19) of sequences of cosmological spacetimes, with fixed base manifold and varying
Lorentzian metrics. In the spirit of [PS25], we give a sufficient condition for the family of induced null
distances to be monotonically increasing and converging uniformly to a limit distance: we impose
that the “Riemannian” components of the Lorentzian metric, with respect to the splitting induced
by the cosmological spacetime structure, are monotonically increasing and uniformly bounded. More
precisely, we assume that:

Each element of the sequence satisfies (A);
2. The sequence is monotone, namely Vj € N,Vt € [0, Tmax|, hjt < hjt1t;
3. There exists a Riemannian metric h on M such that for each j € Nand
t € [0, Tmax] we have h;; < h on T M.
Under this set of assumptions we get the following result:
Theorem 1.2. Let (N, g;) be a sequence of cosmological spacetimes, i.e.,
N = (0,Tmax) X M, g; = —dt* + hj

satisfying hj(0y,v) = 0 for every v € TN and satisfying assumption (B). Denote by d the
distance obtained as pointwise limit of the null distances cij. Then the convergence of the distances
1s actually uniform and the sequence of associated timed metric spaces converges in the future
developed Gromov-Hausdorff and timed-Hausdorff sense to the compact space ([0, Tmax] X M, dx).



We remark that there exists a pre-compactness result for timed-Hausdorff convergence presented
in [CPS26] which holds for a more general class of timed metric spaces. In our setting, Theorem 1.2
actually gives convergence of the full sequence, along with information about the topology of the
limit space.

We then shift our attention to what the causally-null theory of [CP26] sees in the limit. Firstly,
we give a sufficient “causal connectivity” condition for a general timed metric space to have a
causally-null completion (Proposition 4.6) and, as a consequence, we obtain the following:

Theorem 1.3. Let (N,g) be a cosmological spacetime with compact slices satisfying assumption
(A). Then its associated metric space (N,d) is causally-null.

Subsequently, we characterize the causally-null distance induced by the limit space of sequences
as above as the extension to the metric completion of the null distance associated to the (non
necessarily smooth) limit metric:

Theorem 1.4. Let {(N, g;)}ien be a sequence of cosmological spacetimes with compact slices sat-
isfying assumption (B). Consider both the limit distance d~ given by Theorem 1.2 and the null
distance dos associated to the limit metric Joo- Then the causally-null distance a?doo .+ coincides with
the extension of the null distance dss to the completion (]\_f,a?oo).

This is subtle because, as Example 5.8 exhibits, the limit distance can fail to be causally-null.
The previous result shows that in this setting the notion of causally-null distance is able to retain
information about the limit tensor, which the null distance forgets in the limit.

In the last part of this work we discuss the necessity of the assumptions we set for our results with
some examples. Firstly in Example 5.1 we discuss how one can apply Theorem 1.2 to a sequence
of warped products whose warping functions are not converging uniformly, improving on [AB22,
Theorem 1.4]. Then in Example 5.5 we show that without the assumption (B) in Theorem 4.2
limit spaces of such sequences need not be homeomorphic to a product. Finally, Example 5.6 and
Example 5.9 motivate the requirement of the accessibility condition of Proposition 4.6 and the
absolutely continuous regularity class of curves in Proposition 4.10, respectively.
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2 Preliminaries

2.1 Spacetimes

Let N be a smooth manifold endowed with a Lorentzian metric g of signature (—,+,...,+). We
call tangent vectors v € TN timelike (resp. spacelike) whenever g(v,v) < 0 (resp. g(v,v) > 0). We
say that v € TN is null if v # 0 and g(v,v) = 0. A vector is said to be causal if it is timelike or
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null. Similarly, a piecewise smooth curve is said to be causal (null, timelike, spacelike) if its tangent
vector at every point of differentiability is so.

Causal vectors at a point form a set with two connected components called cones. A globally
defined continuous timelike vector field on N defines a choice of cones called time orientation. The
chosen cone at each point is called future cone and a causal vector is said to be future directed if it
lies in the future cone and past directed otherwise. A connected Lorentzian manifold endowed with
a time orientation is called a spacetime.

A causal curve is future directed if all its tangent vectors are future directed. Two points p,q € N
are said to be timelike related, which is denoted by p < g, if there exists a future directed timelike
curve from p to ¢. Similarly, they are said to be causally related, denoted p < gq, if there is a future
directed causal curve joining them or p = ¢. As usual, causal (resp. timelike) pasts and futures are
denoted by J*(p) (resp. I*(p)). The set of all timelike diamonds I (p) N1~ (q) forms a subbasis for
a topology in N, called Alexandrov topology. A spacetime is said to be causal if the causal relation
is antisymmetric, i.e., if p < ¢ and ¢ < p then p = q; strongly causal if the Alexandrov topology
coincides with the manifold topology.

A function 7: N — R which is strictly increasing along every future directed causal curve is
called a generalized time function. If 7 is continuous, it is called a time function.

A Cauchy hypersurface is a subset S C N which intersects every inextendible timelike curve
exactly once. If a Cauchy hypersurface exists, then there is also a smooth and spacelike one, and
therefore every inextendible causal curve intersects it only once. A spacetime is said to be globally
hyperbolic if it is causal and the causal diamonds JT(p) N J~(g) are compact or, equivalently, if it
admits a Cauchy hypersurface.

It is now a classical result [BS03; BS05] that a globally hyperbolic spacetime N is isometric to
a manifold R x M with Lorentzian metric g ,) = —f(¢, x)dt? + by, where f: R x M — (0,00) is
smooth and h is another metric on the product, satisfying:

1. Vt is past directed timelike,

2. Each level set M; of ¢ is a Cauchy hypersurface and the restriction h|y;, =: ht of h to any of
them is Riemannian, and

3. The radical of h is given by span(Vt), i.e., h(Vt,v) = 0 for every v € T(R x M).

In the special case in which, additionally, the function f has no dependence on z, a change of
variables allows one to obtain a (Lorentzian) isometry between N and a product manifold

(a,b) x M, with metric g ,) = —dt? + Ptz (2.1)

where —oo < a < b < oo. Notice that every globally hyperbolic spacetime is conformally related to
a space as in (2.1) via the conformal factor 1/f.

Definition 2.1. We say that a spacetime (N, g) is a cosmological spacetime if N = I x M, where
I = (t1,t2) C R is bounded, and its Lorentzian metric splits as

g = _dtQ + h(t,ac)a
where h satisfies Item 3 above. We say that N has compact slices if M is compact.

Notice that such spacetimes are not assumed to be globally hyperbolic. Item 1 is trivially
satisfied in this case. About Item 2, it is not necessarily true that the level sets M; are Cauchy
hypersurfaces but the validity of Item 3 ensures that each h; is Riemannian, since the signature of
g is given by (—,+,...,+).



In this way, we distinguish these from warped products (in which h ,) = f(t)hs, i.e., the restric-
tions h; of h to M, are all proportional to a fixed metric on M via the projection) and products
(i.e., warped products in which f =1, i.e., h does not depend on t).

2.2 Null distance

We now recall some notions introduced in [SV16].

Definition 2.2. Let (N, g) be a spacetime. A piecewise causal curve in N is a curve a: [a,b] — N
such that there is a partition a =ty < ... < t, = b with «a,_, ;,) smooth causal, for every i.
Different segments may have different time-orientations.

Definition 2.3. Let (N, g) be a spacetime endowed with a generalized time function 7.

1. Let a: [a,b] — N be a piecewise causal curve and let a =ty < ... < t,, = b be a partition as
in Definition 2.2. Call o; = «(t;). The null length of « is

L(a) = Z\T(o@ — T(—1)]-

2. Given two points p,q € N, the null distance between them is

cZ(p, q) = cfg,T(p, q) = inf{i}T(a) | o is piecewise causal from p to q}.

Despite its name, the null distance is, in general, not a distance. Nevertheless, it is a pseudo-
distance [SV16, Lemma 3.8], i.e., it satisfies all properties of a distance except, at most, definiteness.
In other words, it is possible that ci(p, q) = 0 whereas p # ¢q. However, in the cited article [SV16],
the authors discuss a property of the generalized time function that ensures that the null distance
it induces is definite and, therefore, a distance.

Definition 2.4. Let (N, g) be a spacetime and f: N — R. We say that f is locally anti-Lipschitz
if for every point p € N there is a neighborhood U > p and a distance dy such that the following
holds on U:

q<r = dy(q,r) < f(r) = f(q).

Coming back to the properties of the null distance, it is evident that d(p,q) > |7(¢) — 7(p)| and
that equality holds whenever p and q are causally related. The converse implication is not always
true.

Definition 2.5 ([SV16; $523]). The null distance d is said to encode causality if for every pair of
points p, g one has

~

d(p,q) =7(q) —7(p) <= p<gq.

Some authors have given conditions that ensure that the null distance encodes causality. This is
the case, for instance, if the time function is locally anti-Lipschitz and proper [SS23, Theorem 4.1].
See also the works of Burtscher and Garcia-Heveling [BG24, Theorem 1.9], and of Galloway [Gal24,
Theorem 3] for refinements of that result with weaker assumptions.

In the foregoing we will consider a specific time function called cosmological time, introduced by
Andersson, Galloway and Howard in [AGH98], which under some regularity assumptions induces a
definite null distance encoding causality.



Definition 2.6. Let (N, g) be a smooth spacetime and denote by ¢ its time separation function.
The cosmological time is the map 7,: N — [0, 00) defined for every point ¢ € N by

74(q) = sup{€(p,q) | p < q}.

We say that 7, is regular if it is finite and 7, — 0 along every past directed inextendible causal
curve.

Proposition 2.7 ([AGH98, Theorem 1.2, Corollary 2.6]). Let (N,g) be a smooth spacetime with
regular cosmological time 14. Then (N,g) is globally hyperbolic, 1, is a locally Lipschitz' time
function and, moreover, its gradient exists almost everywhere and is (past directed) timelike and
locally bounded away from the light cones. Moreover, the level sets My = Tg_l(t), if non-empty, are
Cauchy hypersurfaces.

Proposition 2.8 ([SV16, Theorem 4.18]). If a time function has timelike gradient defined almost
everywhere and locally bounded away from the light cones, then it is locally anti-Lipschitz, and
thus induces a definite null distance. In particular, every regular cosmological time is locally anti-
Lipschitz.

Coming back to the causality encoding property, in most cases we will be in the following
situation:

Proposition 2.9 ([BG24, Theorem 1.9]). If all nonempty level sets of a locally anti-Lipschitz time
function are future (or past) Cauchy (a notion strictly weaker than a Cauchy surface), then the null
distance encodes causality.

Notice that, in particular, Proposition 2.7 ensures that this is the case for a regular cosmological
time. For cosmological spacetimes (see Definition 2.1), the cosmological time is given by a translation
of t: 7y =t —t;. For convenience, we will usually take ¢; = 0 after a translation of ¢, and therefore
74 = t. We will thus denote t2 = Tyax. When the slices are compact, 7, is proper and Lemma 3.1
gives regularity, so that we can even apply [SS23, Theorem 4.1] to obtain causality encoding.

In the foregoing, for a given spacetime (XV, g) with regular cosmological time 74, the null distance
will be assumed to be taken with respect to the cosmological time. We will therefore denote it d
or, simply, d. Notice that, following previous discussions, such a null distance will automatically be
definite and encode causality.

Definition 2.10 ([S524, Def. 1.1]). A spacetime (N, g) is causally-null compactifiable if (1) it has
a bounded regular cosmological time function 74, and (2) the metric completion (N, d g) of (IV, d )
is compact. We call associated timed-metric space the triple (N, dg,Tg) where cf and 7, are the
(unique) extensions of d and 7,4, respectively, to the metric completion; we use the same notation
for simplicity.

Definition 2.11 ([SS24, Def. 3.9]). A causally-null compactifiable spacetime (N, g) is future de-
veloped if its associated timed metric space (IV, dg,Tg) has extended cosmological time function
Tyt N — [0, Tmax] With initial level set M = Ty 1(0) satisfying the distance from initial data prop-
erty, i.e.,

Tg(p)—mln{d p.q) | g€ M}, Vp € N.

Spacetimes with regular cosmological time fall into the more general category of timed metric
spaces:

lie., given a compact neighborhood of a point, the restriction of T4 to the neighborhood is Lipschitz with respect
to the distance induced by any auxiliary Riemannian metric defined on it, as all such distances are bi-Lipschitz
equivalent.



Definition 2.12 ([CPS26, Def. 2.5]). A timed metric space is a triple (X, d, ) where (X,d) is a
metric space and 7: X — [0, +00) is a 1-Lipschitz function, called time function.

In this setting we can also extend the notion of future developments to future developed timed
metric spaces:

Definition 2.13 ([Per26, Def. 2.6]). A timed metric space is future developed if by setting A =
771(0) we have that
|A| > 2 and 7(p) = dist(p, A).

Of course, the associated timed metric space of a future developed spacetime in the sense of
Definition 2.11 is future developed in the sense of Definition 2.13.

2.3 Monotone convergence and convergence of metric pairs

In this section we discuss some notions of convergence of metric spaces which will be used in the
sequel.

First, we introduce some results from [PS25]. The first of them deals with embedding two metric
spaces with the same underlying set into a common metric space.

Proposition 2.14 ([PS25, Proposition 3.7]). Let (X, d,) and (X, dy) be two metric spaces with the
same underlying set and let € > 0 be such that

db(l‘,y)—sgda(:ﬁ,y) Sdb(-ﬁ,]/), vxvyeX'

Then there is a metric space (Z = X x [0,/2],dz), where the distance between points z; = (z;,t;)
s given by
dz(zl, 22) = min{db($1,$2) + |t1 - t2‘ ,E—t1 —to+ da($1,$2)},
and the maps
far (X,da) > (Z,dz),  fa(@) = (v,€/2),
for (X,do) = (Z,dz),  fo(z) = (2,0),

are distance preserving. In addition, the Gromov-Hausdorff distance between (X, d,) and (X,dy) is
not greater than /2.

This result is instrumental to prove Gromov-Hausdorff convergence in the following theorem,
which will be needed in the proof of Theorem 4.2.

Theorem 2.15 ([PS25, Theorem 3.2]). Let (X, d;) be a sequence of metric spaces whose diameters
are uniformly bounded above and such that the sequences d; are monotonically increasing. Then,
the sequence d; converges pointwise to a distance dos. If, moreover, (X,ds) is compact, we have
uniform convergence of the distances and Gromov-Hausdorff convergence of the metric spaces.

On another note, we introduce the notion of metric pairs.

Definition 2.16 (Metric pair). A metric pair is a triple (X, d, A), where (X,d) is a metric space
and A C X is a closed subspace endowed with the induced metric by X.

Next we give the definition of convergence of metric pairs presented in the work of Che, Galaz-
Garcia, Guijarro and Membrillo Solis [Che+24]:



Definition 2.17. Consider a sequence of metric pairs {(X},dj, A;)}jen. We say that the sequence
converges in the metric pair sense to a metric pair (X0, doo, Aoo) if

tim it {7 (). (X)) +07(85(4)). 0(Asc)) } = 0,

j—+o0

where the infimum is taken over all metric spaces (Z, d) and all isometric embeddings ¢;: X; — Z,
i Xoo — Z, and d™ is the Hausdorff distance between subsets of the space (Z,d).

Remark 2.18. Notice that convergence of metric pairs implies Gromov-Hausdorff convergence of the
sequences (Xj,d;) and (A, dj\A) to the spaces (Xoo,doo) and (Aco, dooja,, ), TESPectively.

We recall the notion of future developed convergence given in [SS24, Def. 4.10] for smooth spaces
and then extended to timed metric spaces in [Per26, Def. 2.8], which can be stated in terms of
convergence of metric pairs:

Definition 2.19 ([SS524, Def. 4.10]). A sequence of future developed timed metric spaces (X}, d;, ;)
converges in the future developed sense to a future developed timed metric space (Xoo, doo, Too) if
the sequence of metric pairs (X;,d;, A; == Tj_l(O)) converges in the metric pair sense to the metric
pair (Xoo, doo, Aoo == 751(0)).

We finally recall that Perales showed that future developed convergence implies timed-Hausdorff
convergence [Per26, Theorem 1.5].

3 Null compactifiable cosmological spacetimes

In this section we show that cosmological spacetimes with compact slices satisfying assumption (A)
are causally-null compactifiable. More precisely, we show that the metric completion of their asso-
ciated timed-metric spaces are bi-Lipschitz equivalent to the topological product [0, Tmax] X M.

3.1 Regularity of the cosmological time function

The first step is to ensure that the cosmological time of cosmological spacetimes with compact slices
is regular. Without the compactness assumption the answer is no, even if the slices (Mg, hlpy,) are
required to be complete: the example featured in the work by Sédnchez [San22, Ex. 6.1] shows that
this implication does not even hold in the warped product case, for which we know that the null
distance is always definite and additionally encodes causality if the slices are complete (cf. [SV16,
Lemmata 3.22, 3.24]). The converse implication, namely that the cosmological time being regular
implies that the slices are complete is, surprisingly, also not true (see [San22, Ex. 6.4]). However,
when the slices are compact, the cosmological time is regular, as the following lemma shows:

Lemma 3.1. Let N = I x M be a cosmological spacetime with compact slices. Then the cosmological
time, which is a translation of the coordinate t, is reqular.

Proof. The spacetime has t as a time function. Therefore, it is strongly causal (see [Min19]). The
cosmological time is easily shown to be 7,4(t,x) =t —t1, where t; = inf I, so in particular it is finite.
So consider a future directed, past-inextendible causal curve v: (s1,s2) — N given by v = (a, )
with « strictly increasing. Suppose, by contradiction, that ¢} := inf{a(s) | s € (s1,s2)} > t1. Take
some t* € (t},t2). Then v is imprisoned (towards s1) in the compact set K = [t],t*] x M, i.e., there
exists some § > 0 such that v((s1, s1 +9]) C K. But having a curve which is inextendible at s; and
imprisoned (towards s1) in a compact set contradicts strong causality. Therefore t| = ¢;. From the

expression of the cosmological time one deduces that 7,(y(s)) — 0 as s — s [



3.2 Compactifiable cosmological spacetimes

Without loss of generality, we will always assume that t; = 0, i.e., that I = (0, Tnax) for some value
Tmax > 0. Thanks to the previous lemma, applying Proposition 2.7 we can deduce that 74(¢,2) =t
induces a definite null distance which encodes causality.

We next show that cosmological spacetimes N = (0, Tyyax) X M with compact slices and satisfying
assumption (A) are causally-null compactifiable. This reflects the fact that these spaces are thought
of as future-developments of an initial data set. We will endow N with the “taxi-distance”, defined
by

d((t’x)7(5’y)) = ‘t_8| +dt0(x7y)’ (31)

where for any choice tg € (0, Tmax), dt, is the distance induced by the Riemannian metric hy, on the
slice {to} x M. To do so, we first study the relationship between each d;.

3.2.1 Auxiliary results

We first state and prove a general lemma for compact metric spaces about the continuity of a
function of the form x — max flx,y):
ye

Lemma 3.2. Consider two compact metric spaces (X,dx) and (Y,dy) and their metric product

(X xY,dx +dy). Let f: X xY — R be a continuous function and define the function f: X — R
by

f(z) = Séi? f(z,y)  (respectively, f(z)= ma f(z,y)).

Then f 18 continuous.

Proof. We only prove the minimum case, the maximum one being completely analogous. Firstly
notice that, as Y is compact, f is well defined. To prove continuity, we fix any z € X and any € > 0
and we look for a sufficiently small § > 0 such that f(Bs(z)) C B-(f(x)). As f is continuous and

X x Y is compact, it is uniformly continuous as well. Therefore, there exists a § > 0 such that for
any pair of points (a,b), (¢,d) € X x Y it holds that

dx(a,c) +dy(b,d) <6 = |f(a,b) — f(c,d)| <e.

We claim that 0 is the desired value. Indeed, for any point ' € X with dx(z,2') < §, we can
consider a point ¢’ € Y such that f(2/,y’) = f(2’). We then get

dx (2, 2") +dy (¢, ) = dx(z,2') <6 = [f(z,¢) — f(,y)| <e,
which in particular implies
fa) +e=fa'y) +e> flay) > f(z)

If we now consider y € Y such that f(z,y) = f(x), we can repeat the same reasoning using (x,y)
and (z/,y), obtaining ) i
fl@)+e=flz,y) +e> f(a'y) = f(2).

Combining these inequalities we get | flx) = f«' )| < &, which concludes the proof. [
It is well known that any two Riemannian metrics on a compact manifold M are Lipschitz
equivalent. In the following results, we employ the previous lemma to show that for cosmological

spacetimes N = I x M with compact slices the Lipschitz constants relating the Riemannian metrics
h: on M can be chosen to depend continuously on t.
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Lemma 3.3. Consider a cosmological spacetime (N, g) with compact slices. For any to € (0, Tmax)
there exist continuous functions C,C: (0, Tmax) — (0,00) such that for any point (p,v) € TM it
holds that

(13 ey (0,0)p < \Ja(v,0)p <T@y g (0,0),

and
lim C(t) = lim C(t) =

t—to t—to

If assumption (A) holds, the same result is true for any to € [0, Tmax] and one obtains continuous
functions C,C defined on [0, Tmax]-

Proof. Let 0 < € < Tax/2 and define the function

fer [E, Tmax — €] x ST Mp, R

(t, (p,v) ——— Vhe(v,0),

where STM;HO is the unit tangent bundle of M with respect to the Riemannian metric hy,. The
function f. is continuous as the metrics hy vary smoothly. As M is compact, it is well known that
STMhtO is compact as well. Hence, the domain of f. is the product of two compact manifolds and
thus, since any manifold is metrizable, a product of compact metric spaces. As the product metric
on the product induces the same topology as the product topology, f. is continuous even when
considered as a function from the metric product of [, Thax — €] and STMhtO- Thus, Lemma 3.2
applies and the functions C.(¢) and C _(t) defined as the maximum and the minimum respectively
of the function f(t, (p,v)) over ST My, are continuous. Now, it is clear that if 0 < &’ < ¢, then
ferlle rmax—e] = fe, and therefore sunllarly for C.» and C'_,. As a consequence, there exist continuous
functions f,C,C defined on (0, Tmax) Which extend, respectively, all f., C. and C ..

Notice that the function f(to, (p,v)) is constantly equal to 1 for every choice of (p,v) € STMp,,

In particular we have that C(tg) = C(to) = 1 and thus by continuity we get the second claim of
the lemma. About the first one, we notice that it is trivially satisfied whenever v = 0, so we will
assume that v # 0. We then have that

Ve, = yfhin(0, 0 | B <¢hto<v,v>p’ mo(v,v)p)p’

so that now the vector is normalized with respect to hy, and thus belongs to ST Mp,,. We can then

estimate from above and below by C(t) and C(t), yielding

\/htovv <\/htvvp§0() hio (v, )y,

which proves the claim. Finally, if the tensors h; can be continuously extended to ¢t = 0 and ¢ = Tyax,
then one can work directly with the map f defined on [0, Thax], Obtaining the desired result. |

As an immediate corollary we get the following estimate on the induced distances d; on the
slices M;:

Corollary 3.4. Let (N,g) be a cosmological spacetime with compact slices. The induced distances
d¢ are all Lipschitz equivalent. In particular we have that

C(t)dy, < di < C(t)dy,.

11



3.2.2 Proof of Theorem 1.1

To show that a cosmological spacetime N = (0, Tax) X M with compact slices and satisfying
assumption (A) is causally-null compactifiable, we will prove that the null distance on such a space
is bi-Lipschitz to the “taxi-distance” (3.1). To do so, we employ Lemma 3.3 to give a bound for the
null distance between points in the same time-slice in terms of the Riemannian distance induced on
the slice. Such a result was first proven in [Nig25, Theorem 1.2] in great generality. Here, we state
the theorem and give an alternative proof.

Theorem 3.5. Consider a spacetime (N, g) which admits a smooth temporal function f: N — R,
that is f has past directed timelike gradient. Suppose that there exists tg € R such that on the level
set S = f~1(tg) we have that g(Vf,Vf) = —K? for some constant K > 0. We denote by h = hy,
the Riemannian metric tensor obtained by restricting g to S. Then for all p,q € S it holds that

~

ds(p,q) < Kdn(p,q),

where cif s the f-null distance, obtained by replacing the cosmological time in Definition 2.3 by f
and dj, is the distance in S induced by the Riemannian tensor h.

Proof. The result is trivial if p = ¢, so we assume p # q. We fix ¢’ € (0,1) and consider any two
points p, ¢ € S together with an &’-geodesic in (S, h) joining them, that is a curve o: [a,b] — S such
that dp(p,q) + & > Ly(o), parametrized with unit speed.

The main idea is to build a piecewise lightlike curve joining p to ¢ whose “spatial component”
is given by o. To do so, for every t € [a,b] we employ the generalized Gauss Lemma at o(t), which
yields the existence of a neighborhood of o(t) where, for any choice of local coordinates 6 in the
manifold S, we have that (f,6) are local coordinates of N at o(t). Moreover, with respect to this
chart the metric can be written as

1
VR (S,0)

Notice that in these coordinates, points of the form (tp,6) lie in S and the Riemannian metric on
S reads as h = g;j(to, 0) df® @ d¢’.

Up to shrinking, it is not restrictive to assume that the neighborhood of o(t) is of the form Uy :=
[—d¢ +to, 0 +to] X Br(o(t), ) in these coordinates for some d;, 74 > 0. By compactness of the curve
o, there exists a finite set of times {tl}{ilo corresponding to finitely many neighborhoods U; = Uy,

g= df @ df + gi;(f,0) do'  dé’.

of the above form covering the curve. By taking < min; 6y, and shrinking the neighborhoods we
can assume that their first factor is given by [—d + o, to + 9.

For each | € {0,..., N1} we can apply the same reasoning in the proof of Lemma 3.3 to the
family of metrics g;;(f,0)d0' ® d67 on the manifold [—§ + to,to + ] X Bu(o(ti),1,) to show the
existence of continuous functions Cj(f), Ci(f): [=6 + to,d + to] — (0, 00) such that

Ci(f)* h < gij(f,0)do" @ do” < C/(f)h.

We define the function C: [—8 + to,tg + 8] — R as C(t) = max; Cj(t). Notice that this is a
continuous function with C(ty) = 1.

Fixing € € (0,0), since |[Vf|(c(t)) = K, by continuity we can find product neighborhoods V;
of points on the curve each contained in some U; and such that on each of them the oscillation
of [V f] is bounded by e. As these neighborhoods cover o([a, b]), which is compact, we can again
extract a finite subcover; moreover we can apply Lebesgue’s number Lemma to ensure the existence
of a positive § > 0 such that for any pair of times ¢; < to with |t; — t2| < J, the image o([t1, t2])
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is entirely contained in one element of the subcover. Hence we partition the interval [a,b] into
segments of length less than  and we work on each segment separately.

Let [c,d] be any of these segments, so that o([c,d]) C V; C U, for some ¢ € [a,b] and some
1 €{0,...,Ni}. We now look for a value N € N such that, defining ¢, = ¢+ k- (d — ¢)/N for
k€{0,...,N — 1}, on each interval [ck, cx+1] we have that

/ V| (a )85 ((s). 6(0(5))) 6(s) 69(s) ds < min(e, 61/2)

for any continuous function a: [ck, k1] — [—0:/2 + to, 0¢/2 + tp]. Such an N exists as, denoting by
M the maximum of the function C(f) over the interval [—d; + o, d; + to], we can see that

/chl IV f](« \/g” o(s))) &(s) 69 (s) ds
<) CM<K+€ RGN

* Ck+1
< M(K + 5 / \/h ))ds
Ck

=M(K —|-5) : Lh(U|[ck,Ck+ﬂ)
. M(K +6
= M(K +9) |ex, — cpg1| = (N)’

where in the first line we used the fact that [V f| has bounded oscillation inside the neighborhood
[—d¢ + to, 0 + to] X Bp(o(t),rs). Hence, choosing N > M (K + ¢)/ min(e, §;/2) is sufficient.

We then look at the restriction of o on each interval [cg,cr41]; we consider the function
u: [k, cg+1] — R defined as the solution of the following ODE

u(ex) =0 52)
W (3) = |V f] (uls) + to,0(0(5)))1 /935 (to + u(s). (0 (s))) & (s) 59 () |

and the function w: [ck, ck+1] — R defined by

w(cg+1) =0
w'(s) = = [V f] (w(s) + to, 0 \/gn (to +w(s),8(c(s))) 6*(s) 67 (s) -

(3.3)

Such solutions exists by standard ODE theory, as the right hand side is smooth and bounded
from above and below thanks to Lemma 3.3 along with the fact that |V f| has bounded oscillation.
Notice that both functions are strictly monotone with u being increasing and w decreasing, since
the derivative never vanishes as ¢ is a geodesic of constant non-vanishing speed. Moreover, by our
choice of the intervals [cy, cx+1] both u and w take values in the interval [0, min(e, §;/2)).

Notice that the function u — w is strictly increasing, with (v — w)(cx) = —w(cx) < 0 and
(u—w)(ck+1) = u(cg+1) > 0. Hence there exists a unique intermediate time by € [cg, cx+1] such
that (u—w)(bx) = 0, or equivalently u(by) = w(by). We also notice that both functions are bounded
above by ¢ by our choice of N.

We now define a curve B : [ck, ck+1] — [—0¢ + to, 0t + to] X Br(o(t),rs) as

Bi(s) = (to +u(s),o(s)) if t € [cx, by
* (to + w(s), o(s)) if ¢ € [bg, crral,
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where we recall that the first coordinate function is given by f. By our choice of b; such a curve
is continuous, starting at (¢p,o(cx)) and ending at (tg,o(cx4+1)). Moreover it is immediate to see
that this curve is piecewise causal using (3.2) and (3.3) and in fact piecewise null; the first piece is
future directed as u’ > 0, whereas the second part is past directed since w’ < 0. We then have that

Ly(Br) = u(br) — u(cx) +w(bp) — w(cr)

by Ckt1
:/ u'(s)ds / w'(s) ds
Ck bk

bk . .
= [T 191wl + 0. mtwu 0(0(s))) b(s) 9 (s) ds

+/bck+1 ] (ols) + 0,6 \/gm (to + w(s), 0(c(s))) &i(s) 6 (s)ds
S/bk(K—i—E (to + u())V/h(5(s), 5(5)) ds

Ck

Ck+1
+/ (K +¢)Cl(to +w(s))vh ) ds.

b

We now recall that both u and w take values in [0, min(e, d;/2)), thus we can bound the function C
in both integrands by its supremum over the interval [to, tg + min(e,d;/2)). Therefore we get that

Ck+1

(ﬁk) (K +¢) Vh ))ds sup C(s)

€lto,to+min(e,0:/2))

< (K + 5)Lh(0|[ck,ck+1]) sup  C(s).
S/E[to,to-‘ra)

For each k € {0,...,N — 1} we can build such a curve f; and each of them can be concatenated,
since the endpoint of Sj is the starting point of ;1. We then get a piecewise causal curve (. q
from o(c) to o(d) such that

N-1 N-1
#(Bea) = Z 7(B (K +¢) Z Ly (0|(cy,cr0])  SUD C(s)
k=0 k=0 s'€[to,to+e)

= (K +¢e)Ln(ojq) sup C(s).
/G[to,t0+5)

As this holds on every interval [c, d] of the original partition of [a,b], we can again concatenate all
the curves (3.4 to get a piecewise causal curve 8 joining p to ¢ which, by additivity of Ly and Ly,
will satisfy

A

dy(p,q) < Ly(B) < (K +e)Lu(o) sup C(s) < (K +e)(dn(p,q) +¢') sup  C(s).
s'€lto,to+e) s'€lto,to+e)

Sending € — 0 and then ¢’ — 0, and using continuity of the function C' we get that
ds(p,q) < Kdn(p, q)- u
Corollary 3.6. For a cosmological spacetime N = (0, Tmax) X M and ty € (0, Tmax), we have that
dy((to, ), (t0,y)) < dio(, ).

Proof. The cosmological time function ¢ is a temporal function whose gradient has constant norm
—1, hence applying Theorem 3.5 to the level set {t = ¢} immediately yields the claim. |
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Lemma 3.7. Let N = (0, Tax) X M be a cosmological spacetime, s,t € (0, Tmax) and z,y € M. Fix
to € (0, Tmax). Then R

dg((t, ), (5,9)) < |t —to| + |s — to| + dey (2, ).
In particular, if there exists some to € (0, Tmax) such that diamdtO(M) is bounded above by D, then
diamdg(N) is bounded above by 2Tmax + D.

Proof. Consider the points (¢, ), (to, ), (to,y) and (s,y) and use the triangle inequality for cig and
Corollary 3.6. [ ]

The next result gives a Lipschitz bound from above for the null distance in terms of the taxi
distance defined in (3.1).

Corollary 3.8. Let N = (0, Timax) X M be a cosmological spacetime with compact slices satisfying
assumption (A). Fiz to € [0, Tmax] and define C = maxg(o ... C(t), where C(t) is defined as in
Lemma 3.3. For any pair of points (t,x),(s,y) € N it holds that

dg((t, ), (5,y)) < max(1, O) (|t = s| + diy (2, y))-
Proof. Applying triangle inequality yields that

ng((t,(l?), (57 y)) S ng((t,:lj'), (t7y)) + ng((ta y)? (87 y))
o((t,2), (t,y)) + |t — 5|

where in the second line we used the fact that (¢,7) and (s,y) must be causally related and thus
their null distance is equal in absolute value to the difference of their time coordinate and in the
third line we used Corollary 3.6. We now employ Corollary 3.4 to get

di(w,y) + [t — s| < C(t)dey (2, y) + |t — ]
< Cdyy (2, y) + |t — s
< ma’X(LC)(dtO(xay) + ’t - S’)?

which concludes the proof. |

We now work our way towards a lower bound in terms of the taxi distance. The first step in
this direction is given by the following:

Proposition 3.9. Let N = (0, Tiax) X M be a cosmological spacetime with compact slices satisfying
assumption (A). Fiz tg € [0, Tmax] and denote ¢ = miny . 1C(t), where C(t) is defined as in
Lemma 3.3. For any pair of points (t,x),(s,y) € N it holds that

~

dg((tv x)v (37 y)) zc: dto(xa y)'

Proof. Consider any piecewise causal curve = ;... [0, between the two points and orient each
piece f3; so that it is future directed. We can assume then that j3;: [t},t5] — N with t{ < ¢} is of
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the form 5;(t) = (¢,04(t)). We have that

k
By =) t—1
i=1

> Z / Q ht() 0
=1 tl
k t%
ZCE:/ VG ) dt = ¢ - Ly, (o),
=171

where ¢ is just the projection of the curve 8 on the factor M, given by the concatenation of all the
curves o; with appropriate orientation. Notice that ¢ joins x to y and has therefore length greater
or equal to dy,(z,y). Hence we found that

L(B) > ¢ diy(x,y),
thus taking the infimum over all piecewise causal curves joining (¢, z) to (s,y) yields
dy((t,), (5,9)) > ¢ - diy (2, ),
concluding the proof. |

Corollary 3.10. Let N = (0, Tmax) X M be a cosmological spacetime with compact slices satisfying
assumption (A) and fix to € [0, Tmax|. For any pair of points (t,x), (s,y) € N we have that

dg((t,x), (s,y)) > min (1

35 ) () +1s =1,

) > c-dy(x,y). On the other hand, by
the properties of the null distance, we know that dy((t,z),(s,y)) > |s —t|. Summing these two
inequalities and dividing by 2 yields

Proof. The previous proof showed that czg((t, x),(s,y)
Ly

dg((t, ), (s,y)) = 5 [s — ] + 5 o (%, 9)-

L\'J\»—l

Taking the minimum value between 1/2 and ¢/2 we can estimate from below and prove the claim. W
We now have all the needed tools to prove Theorem 1.1:
Proof of Theorem 1.1. Consider the map
it (N,dg) > ([0, Tmax] x M, d)
(t,x) —— (t,x)

Then Corollary 3.8 and Corollary 3.10 ensure that this map is a bi-Lipschitz embedding; in par-
ticular, the map i extends to a bi-Lipschitz map j: (N,dy) — ([0, Tmax] X M, d). Notice that the
space ([0, Tmax] X M, d) is compact as d induces the product topology and that j is an homeomor-
phism onto its image with the property that j(IV) is closed. This implies that j(IV) is compact and
therefore so is N.
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To conclude the proof, we notice that i(N) = N is dense in ([0, Tmax| x M, d) and recalling that
j extends ¢ to the completion N in such a way that j(N) is closed we see that

[0, Tinax] X M = clg(N) C cla(§(N)) = j(N).
Hence j is surjective and thus a bi-Lipschitz homeomorphism, which proves the second claim. W

As a consequence of Lemma 3.1, and Theorem 1.1, we have that cosmological spacetimes with
compact slices and satisfying assumption (A), are causally-null compactifiable.

4 Monotonic convergence of null distances

We consider a sequence of cosmological spacetimes as in Definition 2.1 having the same base space,
that is, we consider the manifold N = (0, Tmax) X M and a sequence of Lorentzian metrics defined
as

gj = —dt* + hj(t,x),

where each tensor h;(t,x) satisfies the assumptions described in Definition 2.1. We will suppress
the dependency on ¢, x to ease the notation.

Our main goal is to give some conditions on the metric tensors h; in order to ensure that the
induced null distances are monotonically increasing in j and converging to a distance. We then
show that the sequence of Lorentzian manifolds we are considering actually converges in the future
developed sense (cf. Definition 2.19) to the limit space. This is analogous to what is done in
[PS25] for the Riemannian case, where the authors study sequences of Riemannian manifolds whose
distances are monotonically converging to a limit distance and show that the convergence, under
compactness assumptions, holds both in the uniform and Gromov-Hausdorff sense.

4.1 Future developed convergence and proof of Theorem 1.2

We show that a generic spacetime with regular cosmological time and its completion always satisfy
the initial data property up to replacing the minimum in the definition with an infimum:

Lemma 4.1. Let (N,g) be a spacetime with regular cosmological time. Consider its associated

timed-metric space (N, dg,7,) and call M = 79_1(0) its initial level set. Then we have

74(p) = inf{dy(p,q) | g€ M},  Vp€EN.

Moreover, for every point p € N, the infimum is actually attained. If in addition M is compact, the
same is true for all p € N.

Proof. First of all, take p € N, ¢ € M and consider sequences {p,}, {¢.} in N converging, respec-
tively, to p and g. By the properties of the null distance, |74(pn) — 74(qn)| < dg(pn,qn). Taking

A

limits in both sides we get 74(p) < dg(p, q), therefore 7,(p) < inf{d,(p,q) : ¢ € M}.

Now take a point p € N and consider one generator 7, as in [AGH98, Theorem 1.2}, i.e., a
future directed timelike curve ~,: (0,74(p)] = N such that v,(74(p)) = p and 74(yp(s)) = s, for
every s € (0,74(p)]. Consider the extension of such a generator to M (which exists because v, is
1-Lipschitz with respect to cZg). Its initial point is g == 7,(0) € M. Now consider a sequence {gy }
of points in the image of ~, such that 7,(¢,) — 0 as n — oco. One has

~ ~

dg(p,q) = lim dy(p,qn) = lim (74(p) — 74(an)) = 74(p),

=1
n—oo
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which proves the other inequality for every p € N, with the infimum being attained by ¢. If p € N,
we consider a sequence of points {p,} in N converging to p. For each p,,, we know there is a point
gn € M which satisfies dgy(pn, gn) = 74(pn). We therefore have

inf{dy(p,q) | ¢ € M} < dy(p,qn) < dg(p,pn) + dg(Prs an) = dg(p. Pn) + 74(Pn).

Taking the limit as n — 400 we see that the right hand side converges to 74(p), thus proving the
missing inequality for all points p € N.

Finally, assume that M is compact and consider p € N. Take a sequence {p,} in N converging
to p. For each n € N we have, by the previous step, that 74(p,) = ng(pn,Tn) for some r, € M.
By the compactness of M, the sequence 1, admits a converging subsequence, which we denote the
same for simplicity, to some ¢ € M. Therefore,

Tg(p) = lim Tg(pn) = nh—{go 62g(pnyrn) = dg(p, Q)'

n—oo

So for every p € N we have that 7,(p) > inf{(ig(p, q) : ¢ € M}, and the opposite inequality was
already proved. Moreover, in both cases the infimum is achieved, so it is a minimum. |

As an immediate corollary, we deduce that every causally-null compactifiable spacetime and
every cosmological spacetime with compact slices satisfying assumption (A) has the distance from
initial data property as in Definition 2.11. Equivalently, the timed metric space (I, czg, 7,) is future
developed according to Definition 2.13. Moreover, it is homeomorphic to the topological product
[0, Tmax] X M. Now, we prove future developed convergence (cf. Definition 2.19) when considering
a sequence of Lorentzian metrics on the same space which induce an increasing sequence of null
distances.

In the setting of [PS25, Theorem 3.2] one actually gets uniform and Gromov-Hausdorff conver-
gence of the sequence to the limit space. To apply such a result to our sequence of cosmological
spacetimes, we will show that a sufficient condition for the null distances to be increasing is given by
having the sequence of Riemannian tensors on the spatial slices increase with j € N. To get conver-
gence to a compact metric space, we moreover assume a uniform tensor bound on the Riemannian
metrics.

Theorem 4.2. For each j € N, let N = (0, Tmax) X M be a cosmological spacetime with compact
slices and Lorentzian metric g; = —dt2—|-h Denote by h;; the restriction of h; to the level sets of t.
Assume that the sequence satisfies assumption (B). Then the sequence of null distances cij i the
metric completions (Nj,d ) converges pointwise to a distance do. Moreover, (N, dw) is compact,
so the convergence is uniform.

Proof. The sequence of tensors h;; = hj|y, being increasing with j implies that j-causal vectors
are (j —1)-causal, i.e., the causal cones for g; are contained in the causal cones for gj_1. As a conse-
quence, the sequence d of corresponding null distances is also increasing (see [AB22, Lemma 4.15]).
Similarly, the null dlstance dg induced by §:= —dt2+ h is greater than each of the d s. As a
consequence, d converges pointwise to some function d,, and d <dy < d The fact that deo is a
distance can be shown using the fact that the d s are dlstances and that the diameters diamg; (V)
are uniformly bounded [PS25, Lemma 2.5]. Indeed diamg; (N) < Tmax +diamg, (M), which is finite.

Now, Theorem 1.1 ensures that the completions of (N, dg) and (N, d,) are both homeomorphic
to [0, Tmax] X M with the product topology. As di < do < cig, the topology induced by ds is
equivalent to the product topology in [0, Tmax] X M and, in particular, (N,ds) is compact. By
[PS25, Theorem 3.2] we then have uniform convergence. |

One can extend the previous result by proving that the sequence converges in the future devel-
oped sense to the final space, which we do in the following proposition:
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Proposition 4.3. Let N; be a sequence of cosmological spacetimes as in Theorem 4.2. Consider the
sequence of associated metric spaces (Nj,d;) along with their initial level sets M = t=1(0). Then
the sequence (Nj,dj, M) converges in the metric pair sense to the metric pair (Noo, doo, M).

Proof. We know that we have monotonic uniform convergence of the distances dj to doo. In partic-
ular, for any € > 0 we have that for j big enough it holds that

doo — € < dj < doo.

We fix such a j € N. Employing Proposition 2.14 we consider the space Z = ([0, Tmax] X M x
[0,e/2],dz) with isometric embeddings fj: N; — Z and foo: Nooc — Z given, respectively, by
fi(z) = (z,¢/2) and fwx(z) = (2,0) where, by Theorem 1.1, we identify notationally the sets
Nj = Noo = [0, Tmax) X M. As a consequence we have

dIZ{(f](N])’foo(Noo)) < 6/2'

Recall that the distance dz is built in such a way that dz((z,s), (y,t)) < deo(z,y) + |s —t|. In
particular, we see that if we restrict the embeddings f; and fu to ({0} x M,dj5) and ({0} x
M, dw)pr), Tespectively, we get that

Az (@), fool®)) < dool,3) + /2 = /2 ¥a € M,
hence
A% (fi(M), foo(M)) < /2.

This implies that -
dIZ{(f]'(Nj)v foo(Noo)) + dIZ{(f](M)v foo(M)) <eg,

therefore estimating the metric pair distance between (N, cij, M) and (Neo, doo, M) by . Hence we
get convergence of the sequence as 7 — +oc. |

Theorem 4.4. Let (N,g;) be a sequence of cosmological spacetimes with compact slice and fized
underlying manifold N = (0, Tmax) X M. Assume, moreover, that the sequence a?j of associated null
distances s increasing and their extensions to the metric completions are converging uniformly to
a distance do,. Then the function t satisfies

t(p) = min{dw(p,q) | ¢€{0} x M},  VpeN.

Proof. Uniform convergence implies that the metric do, induces the same topology on N as any of
the d;. By Lemma 4.1, we know that

t(p):min{cfj(p,q) | qE{O}xM}, Vp € N,Vj € N.

Consider p € N. For each j € N, let ¢; € {0} x M be points attaining the minimum. Consider a
deo-converging subsequence, which we denote the same for simplicity and let ¢ be its limit. Then

t(p) = d;j(p,q;) = jlggo dj(p,q;) = dos(p, q),

where the last inequality follows by uniform convergence. As a consequence, we have that ¢(p) >
min{de(p,r) | 7 € {0} x M}.

On the other hand, the function ¢ is 1-Lipschitz for all metrics cij and thus for do, as well. If we
fix a point r € {0} x M we have that ¢(r) = 0 and thus

doo(p, ) > [t(p) — t(r)] = t(p).

Taking the infimum over all r € {0} x M yields the missing inequality. |
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Proof of Theorem 1.2. From Theorem 4.2 we get that the sequence converges uniformly to the com-
pact limit space (N, ds). Using Theorem 4.4 we get that the limit space is indeed future developed
according to Definition 2.11. Thus, by Proposition 4.3 we get that the sequence converges in the
future developed sense as in Definition 2.19. We can then employ [Per26, Theorem 1.5] to conclude
that the sequence converges in the intrinsic timed-Hausdorff sense as in [SS24, Definition 4.22]. W

4.2 Causally-null limit spaces

We now investigate the relation between the limit distance from Theorem 1.2 and the notion of
causally-null distance associated to a timed metric space presented in [CP26, Def. 5.1]. We briefly
recall the definition:

Definition 4.5. Given a timed metric space (X, d, 7), we define the relation <, as follows:

p<irq <= d(p,q) =1(q) —7(p),

which defines a causal order (cf. [CP26, Proposition 4.1]). We then define the causally-null distance
dd,T by

N
dar(p,q) =inf Y |7(p;) — 7(pi-1)]
=1

where the infimum runs over all finite collections of points {pi}i]io, where pg = p and py = ¢, and
pi, Pi—1 are causally related, possibly alternating past with future:

Pi <drPi-1 O P; >qrDpi—1, 1€{l,...,N}

In [CP26, Proposition 1.9] it is shown that cidﬁ is a pseudo-distance which is always greater than
or equal to d. We say that (X, d, 1) is causally-null if cidﬂ. =d.

4.2.1 Proof of Theorem 1.3

All spacetimes with regular cosmological time functions have associated metric spaces which are
causally-null (cf. [CP26, Proposition 5.6]). However, if we consider the (compact) completion
(N, cf) of the associated metric space of a causally-null compactifiable spacetime (N, g) and endow
it with the causal relation given in Definition 4.5, it is not always true that it is causally-null (see
Example 5.6). However, with some additional assumption of “causal connectivity” of the completed
space we can guarantee that the completion is causally-null:

Proposition 4.6. Consider a timed metric space (N, d, 7). Suppose that the completion (N, a?)
endowed with the causal relation as in Definition 4.5 satisfies the following assumption: for every
point p € N, all of its neighborhoods contain a different point ¢ € N such that p <dr qorq=<qrDp.
Then the space is causally-null.

Proof. From [CP26, Proposition 1.9] we only need to prove the opposite inequality, i.e., that d> cidj.
To this end, let p and ¢ be two points in N. By our assumption, we can replace them by two points
p' and ¢’ which are arbitrarily close to the original points and causally related to them. As the
points are now contained in the original spacetime, we know that for any € > 0 there exists a chain
of points {¢;}, such that, setting gy := p" and ¢, 41 = ¢’, we have ¢; < ;41 or ¢iy1 < g; for all
i €{0,...,m} and

m

Z 17(q:) — 7(qi+1)] < Cf(p,, q) +e.
i=0
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Since points that are causally related with respect to < will also be causally related with respect to
<4,r and we took the points p’ and ¢’ to be in relation with p and g respectively, adding the points
p and ¢ to the chain will yield a valid chain to compute the dj ,-distance:

dir(p,q) < |r(p) = 70| + > _Im(@) = (@ip1)| + |7(d) — 7(q)|
=0

< |r(p) —7@)| +dW,d) + e+ |r(a) — 7(d)].
Sending € — 0% we get
di-(p.q) < |r(p) = 7| +d(¥.¢) + |7(q) — 7(d)].

By continuity we can then send p’ — p and ¢’ — ¢ getting czdjT(p, q) < d(p, q), which was the missing
inequality. |

The previous result allows us to immediately prove Theorem 1.3:

Proof of Theorem 1.3. By the previous proposition, it is sufficient to show that each point of the
completion is the limit of a sequence of points in the interior which are <;,-related to it. As we
know from Theorem 1.1, we can identify the completion with the product space [0, Tmax] X M, where
the added points coincide with the set {0, Timax} x M. Clearly, if a point belongs to the interior
the property is true. Let us assume that the point is of the form (0, x) for some x € M; the case
(Tmax, ) is completely analogous. We can consider the sequence of points {(7max/"n, ) }n>2, which
always lies in the original space and see that it clearly converges to (0,x) as n — +oo. Fixing any
n € N, we build the sequence {(Tmax/kn,z)}r>1 and notice that for every k > 1 we have

<Tmax I‘) < (Tmax .%') — Li ((Tmax .fL') (Tmax .%')) _ Tmax k - 1
kn '/ — \ n’ kn ")\ n’ on k i
Taking the limit as £k — +o0o gives
5 Tmax Tmax Tmax
— [max < Imax
d((O,:I:),( . ,1:)) . = (0,2) <4r ( " ,:U),

which shows that the points of the sequence are <, ;-related to (0, z). Hence the previous proposition
applies and the completion is causally-null. |

4.2.2 Proof of Theorem 1.4

As a first step towards proving Theorem 1.4, in the following lemma we prove that the causal
relation <g; is actually the extension of the causal relation < of the spacetime (0, Tynax) X M to the
spacetime with boundary [0, Tyax] X M:

Lemma 4.7. Consider the metric completion ([0, Tmax] X M, (f) of a cosmological spacetime with
compact slices and satisfying assumption (A). Then, for any two points p = (tp, xp),q = (tq, z4) we
have that

A~

d(p,q) =71(q) — 7(p) <= p=gq or I~ f.d. causal curve from p to q,

where by causal curve we mean a CO curve which is causal on the interior of its domain.

Proof. The implication “ <= " is immediate: if p and q are related by a future directed causal curve
v, then the curve is contained in the interior of the manifold except at most for its endpoints. For any
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two points 7(t) and 7(s) along the curve with ¢ < s we know that d(v(t),v(s)) = 7(y(s)) — 7(7(t))
and thus letting the points approach the endpoints we get the conclusion.

Conversely, suppose that ci(p, q) = tq — tp. Notice that in particular this implies that 0 < ¢, <
tq < Tmax and moreover t, = t, if and only if p = q. We therefore assume that ¢, < t,. We consider
the pair of points p. = (t, + ¢, 2p) and ¢ = (t; — €, z4) with € € (0, (¢, + t;)/2) and notice that we
have R X

d(p,pe) = 7(pe) —7(p) = € = 7(q) — 7(¢c) = d(q, ¢c),

as shown in Theorem 1.3. Clearly then p. and ¢. belong to the original spacetime (0, Tax) X M,
which is causally-null. This means that we can find a piecewise causal curve 4. joining the points
pe and ¢ such that, on denoting by {pf}; its breakpoints, we have that

~

Z ‘T p’L szrl)} S d(p67q6) + €.

On the other hand, as the curve is piecewise causal, the left hand side coincides with the Lj-length
of the curve 7.. By adding the two vertical segments joining p to p. and g to g we get a curve .
such that

Li(ye) = 26 + Li(3:) < 3¢+ d(p-, ¢.).

As ¢ — 0, the term d(pg,qa) converges to cZ(p, q). In particular the sequence of curves has uni-
formly bounded Lj length. Up to reparametrization we can then assume that the curves are all
parametrized over the interval [0, 1] with uniformly bounded metric speed. In particular the se-
quence {7} is equi-Lipschitz with respect to d. As the metric completion is compact, we can
apply Ascoli-Arzela Theorem and get, up to subsequence, a uniform limit Lipschitz curve - joining
p to q. We now notice that by lower semicontinuity of the length functional Lj with respect to
pointwise convergence we get that

Li(7y) < liminf Li(v.) < d(p, q).

e—0

As the opposite inequality is always true, we have shown that v is a cf—minimizing Lipschitz curve
in the metric completion joining p to q. We now aim to show that v is indeed a causal curve. To
do so we notice that, for any ¢t < s € [0, 1], we have

tq_tp:dA(P) q) = Li(v)
= Li("Wo,g) + Ld(t,s) + Ld(Ws,17)
> d(p, (1)) + d(v(t),7(s)) + d(v(s). q
> [r(v(t) — () + [T(v(s)) = T(v@)] + [7(q) — T(7(s))]

Z‘tq_tﬂz tg = tp.

~—

This implies that all the previous estimates are actually equalities; in particular we have proven
that

Li(ye.) = d(v(1),7(9)) = [7(3(8)) = 7(7(s))] (4.1)
Setting ¢ = 0 we see that

Li(vj0,9) = d(p.7(5)) = [7((s)) =ty

Notice that on the left hand side we have a non-decreasing, non-negative function; moreover when
s = 1 the right hand side equals ¢, —t,. This implies that 7(y(s))—t, is never negative: if it were, by
continuity it would vanish at some later time since for s = 1 it is positive, whereas by monotonicity
the left hand side would be non-zero. Hence we can write

T(v(s)) = tp + Ld(V0,9))>
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which shows that 7(y(s)) is a non-decreasing function along the curve. As «y is a Lipschitz curve, we
can reparametrize it by arclength, so that it is never locally constant. With such a reparametrization
we actually get that 7 is strictly increasing along the curve and in particular for ¢ € (0, ci(p, q)) the
curve is contained in the original spacetime. As the null distance encodes causality, from (4.1)
we have that for each t < s € (0,d(p,q)) it holds y(t) < y(s). Since the spacetime is globally
hyperbolic, we can apply [KS18, Lemma 2.21] and conclude that the curve is causal in the classical
sense (almost everywhere). To replace this curve by a smooth one, we can take points along it
converging to p and ¢ respectively and join them by geodesics, which exist by global hyperbolicity.
The same limit curve argument will provide a curve between p and ¢ which will be a geodesic and
thus smooth in the interior of the spacetime. |

We could wonder whether or not sequences as in Theorem 1.2 converge to a limit space which is
causally-null. To answer this question, we firstly need to understand what the causally-null distance
on the limit space is going to be. As the time function on the limit space is just the cosmological
time function of the sequence, we only need to study the causal relation <, », which is done in
the following proposition:

Proposition 4.8. Let (X, cij, T) be a sequence of timed metric spaces with increasing distances and
assume that they converge pointwisely to a distance ds. The causal relation <q4__  defined on the
limit space (X,d~,T) coincides with the intersection of all causal relations <djr-

Proof. For any two points p,q € X, we know that p <;_ - ¢ if and only if

doo(pyq) = 7(q) — 7(p).

Since do is the limit of the increasing sequence of distances d}, for each j € N it holds that

doo(p, q) > dj(p,q) > 7(q) — 7(p),

where the second inequality follows as 7 is 1-Lipschitz for all distances ch. From here it is immediate
to see that p <4 ; ¢q if and only if p <j, r ¢ for all j € N. |

This tells us that the causally-null distance cidooﬂ. on the limit space is the null distance computed
with respect to the intersection of all causal relations, using the cosmological time function 7.

On the other hand, one can define another causal relation on the limit space: with the assumption
(B), the sequence of metrics g; is converging pointwise to a non necessarily smooth tensor guc.
Regardless of smoothness, this tensor induces a Lorentzian metric on each tangent space, as the
vector 0y is of constant Lorentzian squared norm —1 for all the metrics g; and thus for g, as well;
as vectors that are spacelike for at least one of the metricg; will be spacelike for the tensor g, the
limit metric will have signature (—,+...,+) at each point. Following [Gra+20, Def. 2.3] (building
up on [Burl5] for the Riemannian case) we define a causal curve in [0, Timax] X M to be an absolutely
continuous curve 7y such that % is causal almost everywhere with respect to the metric go, and
future directed if goo(§,0:) < 0 almost everywhere. We can then define the causal relation <., in
the same fashion as smooth spacetimes:

Definition 4.9. Let g, be the possibly non-continuous metric tensor obtained as the pointwise
limit of the metric tensors g;. We define the associated causal relation <., in N as

P <00 ¢ <= T absolutely continuous future directed causal curve from p to q.

In [Gra+20], following [CG12], it is shown that for metrics that are at least Lipschitz continuous,
in particular for the metrics g;, this notion of causality coincides with the classical one defined by
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means of piecewise smooth causal curves. For g,, one can then define the associated null distance
doo as in Definition 2.3 with respect to the cosmological time 7 by means of this causal relation.

In the following proposition we show that d is indeed a distance and the associated metric
space to (IV, g) is causally-null. Moreover, we also show that the causal relation <4 - induced
by dOo coincides with the intersection of all the causal relations <djr induced by the distances d],
as happened with <;__ -

Proposition 4.10. Let (N, g;) be a sequence of cosmological spacetimes satisfying assumption (B)
and denote by do the null distance associated to the limit tensor go. Then the completed space
(N, ds) is causally-null, i.e., doo = dg,_ . Moreover, <j._ = ﬂj <d;r, s0 that <j, =<a, -

Proof. From the inequalities g1 < goo < g we deduce that <;2<, and <,o2<j, where we recall
that all causal relations are built by means of absolutely continuous curves. Consequently, we have
0?1 < czoo < dg; in particular a?oo is a definite distance. Since we know that dl and dg are Lipschitz
equivalent, we have that dso is Lipschitz equivalent to them as well. In particular it induces the
manifold topology and, analogously to what is shown in Theorem 1.1, the completions are bi-
Lipschitz equivalent, and therefore they have the same topology. Lastly, we can extend the relation
< to the relation <j__ r on the metric completion. By the same reasoning as in Theorem 1.3 one
can see that the completed space (I, cfoo) is causally-null.

For the second part of the statement, we firstly see that the inclusion <j_ ,C ﬂj <d;r is
immediate: if p <., ¢ we have that cioo(p, q) = 7(q) — 7(p). Since cfj < ds we have that d]( p,q) =
7(q) — 7(p) and thus p <4, » ¢ for all j € N. Conversely, if p <4, - q for all j € N by Lemma 4.7
there exists a sequence of C curves {v;}; joining p to ¢ such that each ~; is g;-causal in the interior
of the spacetime. As the metrics are increasing, we have that the sequence {;}; is gi-causal in the
interior; moreover it is easy to see that endowing the manifold N with the Riemannian metric tensor
s = dt? + hi(t,x) all of these curves, parametrized over the interval [t,,t,] with the coordinate ¢
as their parameter, are Lipschitz with constant /2 and contained in the compact set [tp,tq] x M.
This allows us to apply the limit curve theorem (cf. [Min08, Theorem 3.1]) and find an absolutely
continuous future directed causal curve v which is the uniform limit (with respect to the distance
induced by s) of a subsequence of {;};. Since the original sequence had the property that for each
k € N the subsequence {v;};>k is a sequence of g causal curves, for any £ € N we could consider a
tail of the sequence we extracted by applying the limit curve theorem with respect to the metric g1
such that all of the curves are gi-causal; applying once again the limit curve theorem we would get
a subsequence converging to a gi-causal absolutely continuous curve. Since the first subsequence we
extracted was already converging to v we deduce that the limit is the same and that ~ is gi-causal
for all k& € N, which means that gi(¥,%) < 0 almost everywhere. Taking the limit as k — 400 we get
that the curve is go-causal as well and thus p <., ¢, which then immediately implies p <j._-q. B

As an immediate application we can prove Theorem 1.4:

Proof of Theorem 1.4. In the previous proposition we proved that <j. r=<d.,-. In particular, we
have ddw ddoo,r On the other hand we know that (NV,ds) is causally- null and thus des =
dj.. - [ |
5 Examples

In this last section we discuss the results we obtained by applying them to some examples and
showing where the assumptions are needed in order for them to hold.
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More precisely, in Example 5.1 we apply Theorem 1.2 to an example featured in [AB22, Example
5.7] to show that one can conclude uniform and future developed convergence of a sequence of
smooth spacetimes without necessarily requiring that their metric tensor converge uniformly. Next
in Example 5.5 we show that by dropping the assumptions made in Theorem 1.2 one can possibly
end up with a limit space whose topology is different than the one of the sequence and, in particular,
is non-compact. In Example 5.6 we also show that without the assumption in Proposition 4.6 we
can build causally-null compactifiable spacetimes with completions that are not causally-null and
in Example 5.8 we show that even a uniform limit of causally-null spaces need not be causally-null.
Lastly, in Example 5.9 we see that for non-smooth tensors as in Proposition 4.10 it is necessary
to lower the regularity class of causal curves to absolutely continuous ones for Proposition 4.10 to
hold.

Ezample 5.1. We apply our result to one example in the warped product case presented in [AB22,
Example 5.7]. This is an instance where one cannot apply [AB22, Theorem 1.4] to study the conver-
gence of the distances as the warping functions are not converging uniformly; however Theorem 4.2
still applies: consider a compact Riemannian manifold (M, h) and a smooth increasing function
w: [0,1] = (0,1] with u = ug € (0,1) on the interval [0,1/2] and u(1) = 1, with «/(1) = 0. We then
consider the Lorentzian manifold N = (0,2) x M with metrics

gj = —dt* + f;(t)h,

where

u(ity  ifte [o, ﬂ ,

1
1 ifte(,,l].
]

Notice that the metrics h; = f;(t)h are a sequence of increasing metrics which are uniformly
bounded by the metric A. Then Theorem 1.2 applies and we get future developed convergence;
moreover the corresponding null distances converge uniformly, even though the warping functions
do not converge uniformly. Indeed, they are converging to the function

i) = {uo ift =0,

1 else,

fi(t) =

which is discontinuous.

The condition h;; < h; featured in assumption (B) is necessary: without it we can build
sequences that converge to a limit space with a different, non-compact topology. We build such an
example in Example 5.5 starting from a sequence of warped products. To prove that the limit is
indeed not compact we firstly need some technical tools to explicitly compute the null distance in
the warped product case. We start with the following lemma:

Lemma 5.2. Let (M, h) be a compact connected Riemannian manifold and let N = (0, Tmax) X M
have Lorentzian metric g = —dt>+ f(t)? h, where the warping function f: (0, Tmax) — R is smooth
and strictly increasing. If p,q € N are such that J—(p) N J~ (q) = &, then there is no piecewise
causal curve joining p and q which has minimal null length.

Proof. Consider two points p; = (t;, ;) € N with ¢; < ¢5 that are not causally related. Let us show
that if  is a piecewise causal curve joining them with minimal null length, then the maximum value
of its t-component is equal to ts.

Indeed, assume otherwise that v = («, 8): [0,1] — N is a piecewise causal curve joining p; and
p2 with null length L(v) = d(p1,p2) and t* := maxt(y(s)) > ta (see Figure 1). Consider one of
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the points p* = ~(s*) in the image of v such that #(p*) = t*. Let p— = ~(s™) be the last point
before p* with t-coordinate to, and pt = ~(s™) the first point after p* with t-coordinate to. In
particular, t(v(s)) > to for every s € (s7,s). Moreover, 7|(,- o) is future directed and |(s» o+) is
past directed. As v is piecewise causal (in fact piecewise null by [SV16, Lemma 3.20]), one has

'Y‘ s+) / flo (5(8),5(8)) ds
)dM( ,.7}+)—dt2(33‘ T )Zd(p_,pﬂ,

where in the last inequality we used Theorem 3.5.
Now, the null length of v is equal to the sum of the lengths of its segments, i.e.,

A~

L(v) = L0Vl0,5) + LOV (s 50)) + Ll st 1)) > d(p,p™) + (o™, %) + d(p™, 0) = d(p, q),

which contradicts the minimality of yv. With this argument we have also proved that if the breakpoint
between two consecutive segments of a piecewise causal curve is in their future, then there exists a
strictly shorter piecewise causal curve with the same endpoints.

As a consequence, if a piecewise causal curve joining the two points is minimal, it cannot have
more than one breakpoint: if it had at least two, there would be two consecutive segments that are
respectively future and past directed and thus the previous argument would yield that the curve is
not minimal. As the points are not causally related, the curve needs to have exactly one breakpoint.
If the two segments are future and past directed, respectively, the previous argument applies again.
Thus, the segments need to be past and future directed, respectively; however, this would contradict
the assumption that the causal pasts do not intersect. |

We next give a formula to compute the null distance on warped products with an increasing
warping function. This improves the one featured in [AB22, Example 5.7] by providing an explicit
expression in terms of the warping function and the given points.

Proposition 5.3. Let (M,h) be a compact connected Riemannian manifold. Consider the man-
ifold N = (0, Tmax) X M with Lorentzian metric g = —dt*> + f(t)® h, where the warping function
(0, Tmax) — RT is smooth and (non necessarily strictly) increasing. If p,q € N are such that
A=J (p)NnJ (q) =2, then

d(p,q) :tp—}—tq—}—lii%f(s) <dM(gjp’$q)_ pfcéz)_/oq;zz)) (5.1)

0

and in particular the integrals are finite. If, on the other hand, A # &, then t achieves a mazimum
in A at a point r, and

ci(p, q) =t, +ty —2t,.

Proof. First of all, the finiteness of the integrals is a consequence of [SV16, Lemma 3.23], which
characterizes when points in a warped product are causally related: a point r = (¢,,x,) is in the
intersection of the causal pasts of p and ¢ if and only if

tp d tq d
dM(xpaxT) < a5 and dM<.iL‘q,{ET) < 78
i, f(s)

¢, f(s)

In particular, if there is some t* € (0, Tpax) such that

b dg ta (g

e T e T = ),
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Figure 1: Situation described in the proof of Lemma 5.2. The point p* has greater t-component
than those of p; and po, from which one deduces that the piece of the curve from p~ to p* cannot
be minimal. Therefore, the whole curve cannot be minimal.

then there exists a point x* € M such that r := (t*,2*) is in the intersection of the causal pasts of
p and ¢. Indeed, consider a minimal curve 3 in M joining z, and x,. If any of the integrals above
alone (say, without loss of generality, the one involving p) is greater than or equal to ds(zp, z4),
take any point z* on 8 such that the other integral (in our case, the one involving ¢) is greater than
dn(z*,xg). For the other case, when both integrals are strictly smaller than d/(zp, ), consider
z* to be the unique point on 3 such that das(xp, 2*) equals the integral above involving p.

So from J~(p) N J~(q) = @ one deduces that there is no t* as above. Thus

b ds ta (g

o 1) Jo F0)

and in particular both integrals are finite. The converse implication, namely that (5.2) implies that
the intersection of the causal pasts is empty, is easily seen to be true by using triangular inequality.

<dn(zp, xq) < 00, (5.2)

We proceed now to prove equation (5.1) in the case J~(p) N J~(¢) = @. To that end, let again
v = (e, 8): [0,1] = N be a piecewise causal curve joining two points p and g whose pasts do not
intersect. We will prove that there exists a piecewise null curve ¥ joining the same points, which
is not longer than =, and whose first and last segments 4; and 7, have minimal ¢-component ¢*
strictly smaller than the minimal ¢-component ¢,;, of .

First, we show that v can be assumed to have null first and last segments. Indeed, for the first
segment notice that v, which is continuous, starts in the closed set J~(p) U J*(p) and eventually
leaves it. Therefore, there is a maximal value s such that p; = v(s) € J~(p) UJ " (p). Moreover, p;
is in the topological boundary of J~(p) U J*(p) and, by standard causality theory, there is a null
curve joining p with p; which is therefore d-minimizing. To sum up, the concatenation of such a
curve with ’y\[s’l] is a piecewise causal curve joining p and g whose first segment is null and it is not
longer than . Similarly one proceeds with the last segment.

So, without loss of generality, assume that v is piecewise causal with first and last segments
being null. Let t* € (0, tmin) and define 4 = (&, §) in the following way: first we set its spatial part
to be the same as that of 7v. About the time component, we define it so that the first segment, 71, of
7 is the past directed null curve starting at p whose endpoint has t-component &(51) = ¢* and the
last segment, 7,, is the (future directed) null curve whose endpoint is ¢ and whose starting point
has t-component &(5,—1) = t*. These curves can be constructed by solving the corresponding ODE
as in the proof of Theorem 3.5. For the remaining part of the curve 7, one can take any piecewise
null curve joining 4(81) with §(8,-1) with t-component between t* and tp,ip.

The existence of these two segments (or, more precisely, that their parameters do not overlap,
i.e., §1 < §,-1) is a consequence of (5.2):

Lo(®) > duslapag) > [ [ L Blos) + Ln(Ble. ).
o prd w f(s) o f(s) ot nob
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In other words, the length of 3 is big enough for the null curve to go down from ¢, to t* (it “spends”
a spatial length equal to the first integral above) and then up from t* to ¢, (spatial length equal to
the second integral).

By construction, a(s) < a(s), whenever s € [51, 5,—1] whereas, being both 4 and v piecewise
null, one has that &(s) < a(s) in the first and last segments of 7.

Comparing the null lengths of v and 74 is now immediate:

b b
i(y) > / Fa()\/h(B(s). A(s) ds > / F@)\/h(B(s). B(s)) ds = L(7),

so v is indeed not longer than v. We can estimate from below the length of the curve 4 by dividing
it into three parts: its first segment, its last one, and the rest. We have

L(%) = L(31) 4 L(rest) + L(3n) = t, — t* + / F(@(s)\/h(B(s),8(s)) ds + t, — t*
2tp+itg— 2" + f(t7) Lh(m[élﬁnq])‘

The length of the restriction of 5 to [51, §,—1] is the total length of 5 minus the parts corresponding
to the first and last segments, i.e.,

r ds ta ds
= f(s) e f(s)
Putting everything together and knowing that das(xp, zq) < Ly(5), we have

Lh(6|[§1,§n71]) = Lh(ﬁ) -

* * tpﬁ_ tqﬁ
L(y) >ty 4ty — 2t +f(t)<dM(xp’xq)_ o f(s) /t f(8)>'

As this estimate holds for every t* € (0, tpin), we can let t* — 07, Taking the infimum over all
piecewise causal curves joining p and ¢ one deduces

7 tp tq

For the converse inequality, let 5 be a geodesic in M between z, and z,. For 2t* < min{t,, t,},
we build a piecewise causal curve ¥ = (a, ) as before: we take the first and last segments to be
null, with minimal ¢-component t* and, respectively, past-directed and future-directed; the rest of
the curve is piecewise causal with t-component between ¢* and 2t*. Then

tr ds ta ds .
dy (Tp, Tq) — e —— = Lu(Bi[5,,5,_11) = A (1, Tn—1)-

v f(s) v f(s)
Multiplying the right hand side by f(t*) we get by Theorem 3.5
FOE) dr (1, F0-1) = dp (F1,F01) 2 d(7(51),3(3n-1)),
and by the triangle inequality,
d(p.q) < d(p.7(31)) +d(3(51), 7(3n-1)) + d((F(3n-1). )

b ds fi ds
Stp+tq—2t*+f(t*)<dM(xp’xq>_ - f<s>_/t* f<s>>’

which, by the arbitrariness of ¢* > 0, concludes the proof of the case J~(p) N J ™ (q) = 2.
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For the case J~(p) N J~(q) # @ we have two “subcases”: either p and ¢ are causally related or
they are not. In the former case, say p < ¢, we have ¢, = t,, where we recall that ¢, is the maximum
t-component in A := J(p)NJ (¢) = J (p). Thus, t, +t, — 2t, = t, — t,, which we know [SV16,
Lemma 3.11] coincides with the null distance between p and gq.

So assume A # @ and that p and ¢ are not causally related. Set tmax = max{t,,t,}. Being M
compact, the time function ¢ is a regular cosmological time function by Lemma 3.1. In particular,
N is globally hyperbolic, which in turn implies that causal pasts and futures are closed. So consider
a point z = (t,,x,) € A and the subset of A of points whose t-component is greater than or equal
to t,. This set is closed and contained in the compact set [t.,tmax] X M, so it is itself compact.
The continuity of ¢ gives now the existence of a maximum in such a set, and thus in A. Call ¢, the
maximum and r € A a point where it is attained.

It is clear now that ci(p, q) < tp+t,—2t,, as the right hand side is the null length of the piecewise
causal curve going down from p to 7 and then up from r to ¢q. For the converse inequality we would
like to follow a similar reasoning as in the precedent part of the proof. The difference is that now

v ds ta g
du(zp,zg) = | =+ | +=

t, [f(s) i, f(s)
so that a piecewise causal curve cannot be “improved” by going as close to ¢t = 0 as wanted, as
opposed to what happened in the case A = @.

So consider a piecewise causal null curve v = (o, 3) from p to ¢. If its minimum ¢-value is
lower than or equal to t,, then L(y) > t, + t, — 2t,. On the other hand, if its minimum ¢-value is
strictly greater than ¢, we build another piecewise null curve ¥ = (&, 8) in the same spirit as before,
i.e., whose first segment goes from p down until &(5;) = ¢, and whose last segment goes up to ¢
from @&(S,—1) = t,. The rest of the curve (if there is anything left), can be chosen to be piecewise
null with t-component between ¢, and min «. By the same comparison as before, one deduces that
ty +tg—2t, < L(3) < L(%). So also d(p, q) > tp +tqg — 2t,.

|

Remark 5.4. If in the setting of Proposition 5.3 the warping function is decreasing instead of
increasing, the proof can be immediately adapted to show that if the set B := J*(p) N JT(q) is
empty then

A Tmax dS Tmax dS
d(p,q) = 2Tmax — tp — tg + lim  f(s <d 2y T _/ _/ )
() p T s e Fs) | dn( P q) t f(s) tq f(s)

and if B # &, defining ¢, to be the minimum value of ¢ in B we have

A~

d(p,q) = 2t, —t, — t,.

Ezample 5.5. Let (M, h) be a compact Riemannian manifold and consider in N = (0, Typax) X M the
sequence of Lorentzian metrics given by g; = —dt?+ h;(t), where h;(t) = (1+tj)h. The sequence of
induced null distances czj in N is increasing by [AB?Q, Lemma 4.15]. Theorem 1.1 ensures that the
metric completion (NN}, d;) of each metric space (NN, d;) is compact, but we cannot apply Theorem 1.2
as the sequence of tensors is not uniformly bounded as in assumption (B). Indeed, the sequence of
distances czj in N converges pointwisely to the distance do given for p = (t,,z,) and ¢ = (t4, z4),
by

tp + tq + du(wp, Tq), @ # T,

Ity — gl Ip = Tq-

doo ((tm Tp), (tgs xq)): {

In particular (Neo, doo), Wwhere Noo = [0, Timax] X M, is not compact.
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Proof. For z,, = x4 we have p < ¢ or ¢ < p and thus cij (p, q): |t, — 4], for every j € N.

So let us assume x, # z,. We will show that for j big enough, their j-causal pasts do not
intersect. Indeed, the intersection of their causal pasts is
ta ds
and  dy(xq, z) §/ - }

The integrals are bounded above by In(1+ jt,)/j or In(1+ jt,)/J, respectively, so it suffices to have
j big enough so that the sum of these bounds is strictly smaller than d/(zp, z4) to have an empty
intersection.

Ji(p)nJ;(q) = {(tml‘r) Hdag (2p, @) < /t p 1+ js

So for big enough j, we can apply the first part of Proposition 5.3 to have

d;(p,q) =ty +tq + du( ) /tp ds /tq s jooo oy ( )
(p,q) = Tp, Lg) — — — - Tp, Lg).
\P>, 4 p T lg M\Zp; Tq o 1+js o 1+js p T lg M\ZTp, Tq

This implies that (N, ds) is not compact. Indeed, consider a sequence {p, = (tn,zn)} C N
such that ¢, = k& > 0 is constant and the points x,, € M are all distinct. Then doo(pp, pm) > 2k,
VYm # n. In particular, such a sequence admits no ds.-converging subsequence, as no subsequence
is even dso-Cauchy. |

Ezample 5.6. In general, the extension of a null distance in a causally-null compactifiable spacetime
need not be causally-null if the “causal accessibility” condition featured in Proposition 4.6 is not
assumed. Indeed, let ¢ > 0 and consider in the Minkowski plane, with respect to (¢, x)-coordinates,
the points (0, —1), (1,0) and (0,1 + &) (see Figure 2). Consider the (open) subset A of Minkowski
plane bounded by the triangle formed by joining these points by straight lines. This is a causally-null
compactifiable spacetime in which the null distance coincides with the restriction of the null distance
in Minkowski plane, i.e., d(p,q) = max{|7(p) — 7(¢)|, |z, — 4|}. In particular, this distance is bi-
Lipschitz equivalent to the Euclidean distance and, therefore, the metric completion of the open
triangle with respect to the null distance is just the closed triangle A.

The induced causal relation in the completion is given by

p<irq = d(p.q) =7(q) — 7(p).

In particular, it coincides in A with the usual causal relation, something that we already knew
because d encodes causality in A. However, consider r = (1 +¢£,0) € A\A. It is clear from
7(r) = 0 and the expression of <j,, that p <j, r <= p =r. For the converse relation we have

r<dirp < d(p, r) = max{T(p), |z, — (1 + 8)\} =7(p) <= 7(p)+2xp>1+e¢.

However, apart from r, no point in A satisfies such condition, as the angle of the triangle at the
point 7 is less than 45 degrees, whereas joining any point satisfying the condition above to the point
r would make a (clockwise) angle with the z-axis bigger than 45 degrees and thus it would not be
contained in A.

As a consequence, if p # r there is no <;j r-alternating sequence as in Definition 4.5 joining p and
r. Therefore, the induced causally-null distance d&,r from r is always infinite, whereas the extension
of the original null distance to the metric completion was bounded. In other words, d #* CZJ,T in A.
Notice that the point r does not satisfy the accessibility condition required in Proposition 4.6 for
the completion of a causally-null compactifiable spacetime to be causally-null, namely, that each
neighborhood U of r (in the topology of the metric completion) admits a point p € ANU such that
b SJ,T rorr SdA,T D.
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(1,0)

(0,-1) @

r=(0,1+¢)

Figure 2: Situation described in Example 5.6. The point 7, in the metric boundary of the triangle,
is not related to any point in the completion with the causal relation < -. Therefore, r is at infinite
dj --distance from any other point in A.

Remove

P

Figure 3: Situation described in Example 5.7. Points p and ¢ are timelike related with respect to
any Lorentzian metric g, = —dt? + a®dz? with a < 1, but they are not even causally related with
respect to g;.

Ezample 5.7. In Proposition 4.10 one proves the equality ﬂj <,;j=< for the case of a sequence
of cosmological spacetimes. In this example we show that the inclusion C is not true for general
spacetimes. Specifically, consider the subset N of R? obtained after erasing a horizontal closed half-
line (see Figure 3; the same result can be achieved by removing just one point). Consider, for every
j € N, the Lorentzian metric on N given by g; = —dt* + (1 — %j)de, and call goo == —dt® + dz?,
i.e., goo is just the restriction of the Minkowski metric to N. The causal cones in this sequence
are decreasing with j (with respect to inclusion) and the “limit cones” are the usual ones. It is
now immediate to check that the points p,q in Figure 3 are causally related with respect to every
metric g;, but they are unrelated with respect to goo. In other words, () ;< 77 <oo. The issue here is
that, even if for each j € N there is a gj-causal curve between p and ¢, the sequence of them is not
contained in any compact and the Euclidean distance (which is the one induced by the Riemannian
metric tensor s as as in the proof of Proposition 4.10) is not proper, so one cannot invoke the limit
curve theorem as in the aforementioned proof. Notice, however, that the equa}ity ﬂj <i=<de,r
from Proposition 4.8 is still true. Furthermore, in this case the null distance do, induced by the
limit tensor g, coincides with the pointwise limit do, of the null distances dj.

Ezxample 5.8. In this example we show that the uniform monotone limit of causally-null distances
need not be causally-null. Indeed, consider again [AB22, Example 5.7] as in Example 5.1. By
Proposition 4.10 we know that <..=<g4_ ; and thus cigoo = Cidoo,r- However, in the aforementioned
paper, the authors prove that cfgoo # do. As a consequence, d, does not coincide with the distance
it induces via Definition 4.5 or, in other words, it is not causally-null.

Ezample 5.9. In Definition 4.9 we define <., by means of absolutely continuous curves which are
almost everywhere g..-causal and future directed and mention that, for Lipschitz metrics, this
causal relation coincides with the classical one. In this example we show that the equality < _ =
; <d,,r featured in Proposition 4.10 would not be true if <o, were defined by means of (piecewise)
smooth curves. To that end, we prove that such an equality does not even hold in the interior,
ie., <oF# ﬂj <;. Consider the “fat” Cantor set C, obtained by removing from the segment [0, 1]
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the middle interval of length a < 1/3 and recursively the middle intervals of length a™ from the
remaining intervals. This set is, as the usual Cantor set, closed with empty interior; however, it has
measure 1 — Y7 a"2""1 = =3¢ > (. Now consider the characteristic function y on R\C, and
any positive number b > 0. As C, is closed, 1 + by is lower semicontinuous. One can approximate
1+ bx from below by a monotone increasing sequence of smooth functions f; > 1. Now, consider
(M, h) compact and Riemannian, as usual, and the sequence of smooth Lorentzian metric tensors
g; = —dt* + fj(t)h on N = (0,1) x M, i.e., each term is a warped product with warping function
fj. The limit tensor goo = —dt? + (14 bx(t))h is discontinuous whenever ¢ € C,,. Consider now two
numbers t; < to € C, such that they are not both the endpoints of the same erased segment from
[0,1]. Then between t; and to there are uncountably many points in C, and in fact C, N (t1,t2) has
positive measure. Finally, consider two points, p = (¢1,z) and ¢ = (t2,y), such that there exists an
absolutely continuous curve 7: [t1,t3] — N from p to ¢ satisfying goo(¥,%) = 0 and goo(0t,¥) > 0,
almost everywhere. In other words, 7 is a future directed goo-null curve in the sense of [Gra-+20].
Then ~ cannot be piecewise smooth, as in fact any representative of its derivative, extended to the
full interval [t1, to], is discontinuous on a positive measure set of times (see Figure 4). Consequently,
p <s ¢ when the relation is defined by absolutely continuous curves, but not when defined by
piecewise smooth ones. On the other hand, p <; ¢, for every j.

3.0r

251

20

0.5

-1.0 -0.5 0.0 0.5 1.0

Figure 4: Future cone of the origin in the non-compact case M = R with respect to the tensor go.
with parameters a = 1/4, b = 4. The boundary curves are null curves whose derivative is either 1
or 5. The set of times where the derivative “jumps” has positive measure. To use this example for
a compact spatial slice one can just consider M = S'.
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