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Abstract
We prove existence of u € C* (ﬁ; ]R") satisfying

detVu(z)=f(z) z€Q
{ u(z)=x x €00

where k > 1 is an integer, Q is a bounded smooth domain and f € C* (ﬁ)
satisfies

/ f (z) dz = meas Q
Q

with no sign hypothesis on f.

1 Introduction
In this article, we discuss the existence of u : @ C R® — R” such that

{ detVu(z)=f(z) 2€Q

u(zr)=x x € 0N o

where 2 is a bounded smooth domain. Clearly the divergence theorem implies
that a necessary condition for solving (1) is

/ f (z) de = meas ). (2)
Q

When f > 0, this problem has generated a considerable amount of work since the
seminal article of Moser [11], notably by Banyaga [1], Dacorogna [3], Reimann
[12], Tartar [15], Zehnder [17]. The next important step appeared in Dacorogna-
Moser [6], where the regularity problem was handled, in particular it was shown
that if f € C™* (Q), then a mapping u can be found in C™ 1% (©; Q) . Posterior



contributions can also be found in Burago-Kleiner [2], Mc Mullen [9], Riviere-
Ye [13] and Ye [16]. It should be emphasized that, when f > 0, the solution is
necessarily a diffeomorphism.

The aim of this article is to remove the hypothesis f > 0 and to consider
any f satisfying (2), with no restriction on its sign. Of course the solution will
then not be a diffeomorphism; although if f > 0, and under further restrictions,
it can be a homeomorphism. Our main result is the following (cf. Theorem 2
for a more general statement).

Theorem 1 Let k > 1 be an integer, Q C R™ be the unit ball and f € CF (ﬁ)
with

/ f (x) dz = meas Q.
Q

Then there exists u € C* (ﬁ; R”) verifying

det Vu(z) = f(x) ze€f
{ u(zr)=x x € 0.

Our proof cannot use the flow method introduced by Moser and does not
use either the fixed point method developed in [6]. It is more constructive.
Some extensions of this theorem, in particular to more general domains €2, are
considered below (cf. Propositions 11 and 12). We also point out that our
method does not produce, as the one in [6] did when f > 0, a gain in regularity.

We should also emphasize that when f is negative in some part, then it

might be that u (ﬁ) ¢ Q. This indeed happens if f < 0 in some part of 9Q (cf.
Proposition 4).

We would now like to conclude with a qualitative remark. If g > 0 and

/Qf(a?)dx:/ﬂg(x)da

then the theorem is still valid (cf. Theorem 2) and there exists a solution of

{ g (u(z))det Vu (z) = f (z) z€Q

(3)
u(x)=x x € 0N

with no restriction on the sign of f. However if g vanishes in at least one point,
and even if f = 1, then the problem becomes, in general, unsolvable. More
precisely, if f =1 (or more generally if f > 0), then the following assertions are
true (see Proposition 8).

(i) If g has at least one zero, then there is no C'! solution of (3).

(ii) If g > 0 and has only a countable number of zeroes, then there exists a
continuous (but not C') weak solution of (3).



2 Notations

We gather here the main notations that will be used throughout the article. We
let 2,0 C R™ be bounded open sets.

- Balls in R™ are denoted by
Be(z) ={yeR": |y —z| < e}

and when © = 0 we just write B, instead of B.(0).
- For g € C°(R"), ® € CY(Q;R") and = € Q, we let, as in differential
geometry,
D (g)(x) := g(P(x)) det VO(x).

- The set diffeomorphisms of class (k,«), k > 1 an integer and « € [0, 1], is
denoted by

Diff**(Q;0) := {®: ® € C**((,0) and @' € C**(0;Q)} .
If a = 0, we simply write Diff* (Q;0).
- For homeomorphisms, we let

Hom(Q;0) := {®: @ € C°(Q;0) and &' € C°(0; Q) } .

- For A C R™, the characteristic function of A is defined as

La(z) = 1 ifzed
A@=N 0 e a

- In many instances, we will write, for g € C¥(R") and f € C*(Q2), supp(g —

f) C Q meaning that the support of [g|g — f] is contained in .

3 Main result

The main result of our paper (also valid in the framework of Holder spaces C*:®)
is the following one.

Theorem 2 Let k > 1 be an integer and @ C R™ be an open set, such that Q
is C**+1_diffeomorphic to By . Let also g € C*(R™) and f € C*(Q) be such that

inf g(x) >0 and f:/g.
Q

zeRn Q

Then there exists ® € C*(Q;R™) such that

®*(g)=f nQ
d=id on 0N.



Moreover ® has the extra following three properties.
(i) If supp(g — f) C Q, then ® can be defined so that supp(® — id) C Q.
(i3) If f > 0, then ® can be chosen so that ® € C*(Q; Q).

(iii) If f > 0 and f~(0) N Q is countable, then ® can be defined so that
® € Hom(2; Q).

Remark 3 (i) By “Q is C**1-diffeomorphic to By ” we mean that there exists
®; € Diff* ! (R"; R") such that

and

inf det V®,(x) > 0.
TER™

In particular By is Ck+1-diﬁeom0rphic to B .

(#i) Throughout the article we will assume n > 2. When n = 1, the result is
trivial and the solution is unique.

(iii) If f is negative in some part of OL), then any ® must go out of Q (cf.
Proposition 4L However if, for example, f > 0 on 09, then ® can be chosen so
that ® () = Q. For details we refer to Kneuss [8]. Note that when n = 1, the

condition f >0 on 0S), is not sufficient to guarantee that ® (ﬁ) cQ.

The proof is rather long and relies on the results of Sections 5, 6 and 7.
However in order to motivate all the technical lemmas of these sections, we now
give the proof of the theorem, based on these intermediate results.

Proof. We split the proof into seven steps. In the course of the proof, we use
several times (32), namely

(PoW)* =T" 0 O".

Step 1. Since Q2 is C*+1-diffeomorphic to By , there exists ®; € Diff**1 (R™;R™)
with ®;(B;) = Q and
inf det V®;(x) > 0.
rcR”
Step 2 (positive radial integration). Applying Lemma 26 to ®%(f) € C*(By),
we find that there exists @y € Diff*(By; B;) satisfying

(®10P2)"(f)(0) >0 and supp(P2 —id) C By
with

/T s @1 0 y)*(f)(s—)ds > 0, for every z £ 0 and r € (0,1].  (4)
0

]

/Bl(qho%)*(f)/& w0 = [ 1

Notice that



Step 3 (radial solution). Applying Lemma 17 to ®7(g) and (@1 o ®2)*(f),
we infer that there exists ®3 € C*(By;R") such that

(@10 ®@3)*(g) = (P10 P2)*(f) in By
(I)g =id on aBl .

This is possible, since inf,ecrn 5 (g)(x) > 0, (@1 0 D2)*(f)(0) > 0,

/Bl‘b’{(g)=/Qg=/ﬂf=/31q>>{(f):/Bl(@lo%)*(f)

and (4) holds.
Step 4 (conclusion). By the previous steps, we have that

P:=P 0300, 0® € CHOQ;R")

satisfies

o*(g) = f in©
d =id on 0f

since
*(g) = [(‘I’l o ‘1’2)_1}* o [®1 0 B3]" (g)
= [(@1o @z)*lr o [@ 0 Bo]* (f) = f.
Step 5. We now discuss (i). If supp(g — f) C €, then
Supp(®3 (9) — (B, 0 ®5)*(f)) C By
Therefore, by Lemma 17 (i), we can define ®3 such that
supp(®3 —id) C B .

Finally, we get
supp(® —id) C Q.

Thus Statement (i) is established.

Step 6. We now consider Statement (ii). Since f > 0, we have ($10P5)*(f) >
0 and then by Lemma 17 (ii), we can choose ®3 € C*(By; By). Eventually we
get ® € C*(Q; Q).

Step 7. As far as (iil) is concerned, we have from Lemma 17 (iii) that
®3 € Hom(By; By). Since ®; € Diﬁ””%ﬁ;ﬁ) and ®, € Diff**(By; By), we
have the claim. m



4 Remarks, extensions and related results

In this section Q C R™ is a bounded connected open set.
We start by showing that if f < 0 in some parts of 92, then any solution of

{ O (g)=f inQ

® =id on 0f (5)

must go out of Q, more precisely ® () ¢ Q.

Proposition 4 Let Q C R™ be a bounded open set of class C and ® € C(Q; R™)
with ® =1id on 9. If there exists T € O such that det VO(T) < 0 then

(Q) ¢ Q. (6)
Proof. Step 1 (simplification). By hypothesis there exists ¥ € Diff! (By; ¥(B;))
with ¥(0) = 7 and
(i) ¥(By N {z, = 0}) C 9Q
(ii) ¥(By N {z, > 0}) C Q
(iii) W(By N {z, < 0}) C ().
Therefore using that ®(Z) = 7, we can choose € > 0 small enough so that
®:B.N{z, >0} - R",
B(x) = T (2(¥(2)))
is well defined. We observe that ® satisfies
®=id on B.N{z, =0} and detV®(0) = det VO(Z) < 0. (7)

To prove (6) it is enough to show that

®(Be N{zn > 0}) C {z, <0}, (8)

for a certain 0 < € < e.

Step 2. We now show (8). Using (7), we immediately obtain

%(0) — det VB(0) = det VB(z) < 0

and therefore by continuity, there exists 0 < ¢/ < e such that
0%,
oz,

<0 inB.. (9)

Combining (9) and the fact that ®,,(0) = 0 (by (7)) we get (8). m

We next prove, under suitable assumptions, that a classical solution of (5)
is necessarily a weak solution (see Definition 5 and Lemma 7). We then prove
that g and f do not play the same role in (5) (see Proposition 8).



Definition 5 Let g, f € C°(Q). We say that ® € Hom(Q; Q) is a weak solution
of (5) if

(10)

f(b(E)g = [, [ for every open E C Q
P =id on 0.

Remark 6 If ® ¢ Hom(Q; ), then the right notion of weak solution of (5) is
with the first equation in (10) replaced (see [7] page 106) by

/f(x)dx=/ g(y) deg(®, E,y)dy
E n

where deg stands for the topological degree (see Appendix).

Lemma 7 Suppose that g, f € C°(Q) and ® € C1(Q; Q) NHom(Q; Q). Then ®
s a classical solution if and only if ® is a weak solution.

Proof. It will be seen in Proposition 31 that, if ® € C*(€; ) NHom(Q; Q) and
® = id on 99, then det V®(z) > 0 and

int ((det Vo) ! (0)) = 0. (11)

(i) Suppose that ® is a classical solution of (5) and let E C Q be an open
set. Consider
Ei =FEn{zeQ:detVP(z) > 0}
Ey:=En{zecQ:detVP(x)=0}.

Since g(®(x)) det V®(z) = f(z), we have f = 0 in Ey. By Sard theorem (see

(72))
meas (P(Ey)) = 0.

Thus, by the change of variables formula and ® being one to one, we obtain

/(I) E /q) E E /<I> E /‘1) Eo
( ) ( +U 0) ( +) ( )
( +) +

Hence @ is a weak solution of (5).

(ii) Assume now that ® is a weak solution of (5). Let z € Q be such that
det V®(z) > 0. Then ® € Diff*(B, (z); ® (B,. (x))) for some suitable small 7.
By the assumptions and the change of variables formula, for every 0 < p < 7,
we have

/Bp(z)g(é (y)) det V@ (y)dy = A(BP(@)Q(Z) dz = /Bp(z)f(z) d.




Letting p — 0 we obtain
9(® (2)) det VO(x) = f (x).
By continuity, we conclude that the above equality holds true for every
x € closure {y € Q : det VO(y) > 0} = Q

in view of (11). m
We now show that in our problem (5), the functions g and f do not play the
same role.

Proposition 8 The following three statements hold true.

(i) If g € CO(R™), f € C°(Q), f >0 and g~ (0) N Q # 0, then there exists
no solution ® € C*(Q;R™) to (5).
(ii) Let f,g € C°(Q) satisfy

f>0, g>0 and /f:/g.
Q Q

If there exists a weak solution of (5), then
int(g~*(0) N Q) = 0. (12)

(iii) Let Q be C%-diffeomorphic to By and f,g € C1(Q) be such that
f>0, ¢g>0, ¢ %0)NQ is countable and / f= / qg.
Q Q

Then there exists a weak solution of (5).

Proof. (i) We proceed by contradiction. Assume that ® € C1(;R"?) is a
solution of (5). Since ® = id on 052, then (see (74))

®(Q2) D Q.

Thus, there exists z € Q such that ®(z) € Q and g(®(z)) = 0, which is the
desired contradiction, since

9(®(2))det VO(2) = f (2) > 0.

(ii) Let ® € Hom(Q; Q) satisfy (10) with f > 0. If (12) is not true, then
there exists B¢(z) such that

B.(z) c g 1 (0)Nn Q.

Let E = @71 (B.(2)) C Q which is open (and non-empty) by continuity of ®.

From (10) we get that
0< / f= / 9=0,
E 3(E)



which is absurd.

(i4i) From Theorem 2 iii) we find that there exists ¥ € C1(Q; Q)NHom(; Q),
such that
U*(fy=¢g and ¥ =id on 00.

For every open set F C () we have, from Lemma 7,

Juw = oo

Then, ® := U~ satisfies (10). m

In the following proposition, we state a necessary condition (see (13)) for
the existence of a one to one solution of (5). Moreover, we show that not all
solutions of (5), verifying (13), are one to one. Notice that Lemma 28 shows
that if ® € C°(;R™) is one to one and ® = id on 9, then ® € Hom(Q; Q).

Proposition 9 Let

CO(R™ c'(0 inf = .
g€ CORM), feC@), inf gz)>0 and /Qf /Qg

zER?

Then the following claims hold true.
(i) If ® € C1(Q;R™) is a one to one solution of (5), then
f>0 and int(f71(0))=0. (13)

(ii) If f satisfies (13), then not all solutions ® € C*(;R™) of (5) are one
to one.

Proof. (i) By Lemma 28, we have that ® € Hom(£; Q). Applying Proposition
31, we have the claim.

(ii) We provide a counterexample in two dimensions. Let f € C'(B;) be
such that f >0,

f7H0) = {(t,0) : t € [1/2,3/4]}, f =1 on a neighborhood of 0

and, for z # 0,
1
/ sf(si)ds = 1
0 2

]

Define next « : By \ {0} — [0, 1], through

a(z)?

ol
—5 :A sf(sm)ds.

As in the proof of Lemma 17, the function

O(x) :=a(zr)—

]



is in C'(By; By) with
®*(1)=f and ®=id on 0B;.
Since ®(1/2,0) = ®(3/4,0), then ® is not one to one. m
The next proposition can be proved with the same techniques as the one

developed here and we refer to [8] for details.

Proposition 10 Let k > 1 be an integer, g € C*(R™) and f € C*(B;) satisfy
inf g(z) >0 and / g= f
zER™ B B

Then there existy = y(n, k, g, f) and e = €(n, k, g, f) such that for every hy, hy €
C¥(By) satisfying

/ hi=/ g and ||hi— fllex <€ 1=1,2
B B4
there exist ®p,, € C*(By;R"), i = 1,2, with

5, (9) =hi and @5, =id on 0B

and
[®h, — Pnyllox < llhe — hallok -

We conclude this section with two extensions of Theorem 2 (cf. [8]) to more
general domains €. For example domains with a finite number of holes or general
domains but with only a finite number of connected components where f is not
positive.

Proposition 11 Let k > 1 be an integer. Let Q be an open set such that Q is
CFH1_diffeomorphic to

L N
By \ | Bs, (x:)
i=1

with Bs,(z;) pairwise disjoint and contained in By, and denote by ®1 such a
diffeomorphism. If g € C*(R™) and f € C*(Q) satisfy

inf g(z) >0, f>0 in dTHUN.,0Bs, (2,))
zeR™

|i=]s

then there exists ® € C*(Q; R™) verifying (5).
The following three properties also hold.
(i) If supp(g — f) C 2, then @ can be defined so that supp(® — id) C Q.
(i) If f >0 or if f > 0 on 0N, then ® can be chosen so that ® € CF(Q; Q).

(ii) If f > 0 and f~1(0) N Q is countable, then ® can be defined so that
® € Hom(£2; Q).

and

10



Proposition 12 Let k > 1 be an integer. Let Q be an open set of class C* and
suppose that f,g € C*(Q) satisfy

g>0inQ, f>00n00 and /f:/g.
Q Q

Suppose that Wy, .-+, Wy, are open sets such that

W; € Q and W; is C*1 diffeomorphic to B, 1<i<m
WinW; =0 1<i#j<m
fH(=00,0)) UL, Wi

Then, there exists ® € C*(; Q) solution of (5).
Moreover, if supp(g—f) C Q, then ® can be defined so that supp(®—id) C Q.

5 Preliminary results

We now recall a result of [6].

Theorem 13 (Dacorogna-Moser theorem) Let k > 1 be an integer, Q be a
bounded connected open set of class CF and let f,g € CF(Q) be such that

f-g>0inQ and /f:/g.
Q Q
Then there exists ® € Diff*® (; Q) such that

¥(g)=f 0
® =id on 0N2.
Furthermore, if supp(g— f) C Q, then ® can be chosen so that supp(®—id) C Q.

We have as an immediate corollary the following.

Corollary 14 Let k > 1 be an integer, f,g € C*(Q) and let V C Q be a
connected open set such that

f-g>0inV, /fz/g and supp(f —g) C V.
v 1%
Then there exists ® € Diff*(V, V) such that
®*(g)=finV and supp(®—id) C V.
Proof. We surely can find an open set W of class C* such that

W cV and supp(f—g)CW.

Using Theorem 13, we have the claim. m

11



Proposition 15 Let k > 1 be an interger and R > 1. Let also f,g € C*(Bg)
be such that f,g > 0 in Br and

Sttt = e

There exists ® € Diff*(Bg; Br) such that

d=id on 0B1 UOBR.

Proof. We decompose the proof into two steps.

Step 1. Since f — g € C*(Bg), then, for example, f—g € Ck=11/2(BR);
therefore, using Lemma 16, there exists u € C*1/2(Bp;R™) (in particular in
C*(Bg;R™)) such that

diviu)=f—g in Bpg
u=>0 on 0B; UJBg.

Step 2. Let v € C*([0,1] x Br;R™), v(t,z) = vi(z), be defined by

Using classical results about ODE;, recalling that v; = 0 on 0B1 UJBg , we have,
for every t € [0, 1], that

U, € Diﬂk(?R; Bgr) and ¥, =id on dB; UOBg.

Finally, it can be easily shown, see e.g. [5] p. 540, that ® := W, verifies (14). m

In Proposition 15 we used the following lemma.

Lemma 16 Let k > 0 be an integer, a € (0,1) and R > 1. Let also f €
C*(BR) be such that

[ =] =0
B Br
There exists u € C¥T19(Bg; R™) such that
div(u) = f in Bg (15)
u=0 on 0By UOBg.

12



Proof. We split the proof into four steps.

Step 1. Using a classical result about the divergence, see e.g. [5] p. 531,
there exist w; € CF1(By;R") and v € C**1.2(Bg; R™) such that

div(wl) = f in B1
{ w; =0 on 0B; (16)

and (o) =
div(v) = in Bgr
{ v=10 on JBg. (17)
Step 2. Let wy € C*¥*1(By;R") be defined by wy := w; — v. Using (16)
and (17), we obtain
diV(wg) =0 in B1
{ Wy = —V on 0B;. (18)

Since div(wq) = 0, there exists, by Poincaré lemma (see e.g. [4]),
H = (Hij)1<icj<n € R/
with Hij € Ok+2’a(§1) and
wy = rot™ H

where
rot* H = ((vot* H)q,-- -, (rot™ H),,)

and -
. — 0Hj; <~ 0H;;
(rot H)izz oz, - Z a2,
j=1 +1

j=i
Step 8. Forall1 <i< j<nlet ﬁij € C**22(Bg) be such that
ﬁij = Hij in E
Let also ¢ € C*°(R™) be such that

{ d) =1 in B(1+R)/2
d) =0 in (B(1+2R)/3)C.

Finally let w € C*+12(Bg;R") be defined by w := rot*(¢H).

Step 4. Let us show that u € C¥*1(Bg;R"™) defined by u := v + w verifies
(15). Using (17), we have

div(u) = div(v) + div(w) = f+ 0= f in Bg.
Using the definition of ¢ we have w = 0 on dBg and therefore, using (17),

u=v+w=0on0Bg.

13



Using again the definition of ¢ we obtain w = rot*(H) = rot*(H) = ws in B; .
Combining this with (16) and (18) we have

u=v+w=v+wy=w; =0ondBy,

which concludes the proof of the lemma. m

In Step 3 of the proof of our main theorem (Theorem 2), we used the following
lemma.

Lemma 17 (Radial solution) Let k > 1 be an integer, g € Ck(R™) and f €
C*(By) be such that inf,cgn g(x) > 0, f(0) > 0,

Juo= !

and, for every x #0 and r € (0,1],

T

/07“ s"f(s—)ds > 0. (19)

||
Then there exists ® € C*(By; R™) verifying

®*(g) =f in By
d =id on 8B1 .

The three following statements are also valid.
(i) If supp(g — f) C By then ® can be chosen so that

supp(® —id) C B; .

(i) If for every x #0 and r € [0,1],

/1 3"_1f(s£)ds >0 (20)

||
then ® can be assumed in C*(By; By). In particular (20) is always verified if
f=o.
(ii3) If
f>0 and f7'(0)N By is countable, (21)
then ® can be assumed in Hom(By; By).

Remark 18 Notice that the assumption f~1(0)N By countable can be weakened
as
x
on ot
]

does not contain intervals for every x % 0.

14



Proof. Step 1 (definition of an auwziliary function). Since f(0) > 0 and (19)
holds, we can find 0 < e < 1/6 such that

1
f>0in By, and 151;8/26 s"_lf(s;—‘)ds > 0. (22)
We define n € C*°([0,1];[0,1]) as

n(s) =

1 if0<s<e
0 if2e<s<1.

If supp(g — f) C By (in particular f > 0 on 0B;) we modify the definition of €
and 7 as follows. We assume that

1 f0<s<eorl—-e<s<l1
n(s) = .
0 if2e<<s<1-—2¢

where 0 < € < 1/6 is such that
- 1—2e¢ T
f>0in BoU(Br\ Bia) and min / Sl s >0 (29
x 2€

Define next f: By \ {0} — R as

e fy s T () f (s ds
f=) f(|33|) . fol s 1(1 —n(s))ds '

It is easy to see that f € C*(By \ {0}) and, by (22) or (23), f > 0. We now

define B
h(z) == n(lz)) f(z) + A = n(lz)) f ().
Observe that h satisfies
h>0on By, h=fin B,
fol s”_lh(sﬁ)ds = fol s"‘lf(sﬁ)ds, for every x # 0

(24)

and is in C*(By). Furthermore, if supp(g— f) C By then h = f in a neighborhood
of 631 .

Step 2. Define

ho := min h(z), go:= inf g(z) >0,

z€B, z€R"
" T
m := min{gg,ho}/2 and A :=max max s"H(s—)ds < oo.
{90, R}/ e mae [ 577 ()

Define R > 1 large enough in order to have

mR™

n

> A.

15



We now construct a function g € C*(Bg) such that § > m in Bg,

g=h inBi,

/Blg=/31§ and /BR9=/BR§- (25)

Using (24), we first observe [, h = [; g and so the first identity in (25) is
automatically verified. Let h € C*(Bg) be an extension of h such that h > m
in Bg. For all € > 0 let p. € C°°(R™) be such that 0 < p. < 1 and

_J 1 in By;
Pe=1 0 in (Biyo).
For all € > 0 small enough, it is clear that there exists a unique D(¢) € R such

that the function 7 o
.56 = peh + (1 - pE)D(G) € Ck(BR)

/ ge = / g.
Br Br

It is easy to see that we can choose €; small enough in order to have

verifies

D(er) > m.

The function g := g, has all the required properties.
Since g,g > 0, 9,9 € C*(Bg) and (25) holds, there exists, using Proposition
15, &, € Diff*(Bg; Bg) such that

{ ®i(g) =g inBg (26)

(I)l = ld on 6B1 U 8BR

Since § > m in By, we have, by definition of R, that
R x
/ s"1g(s)ds > A. (27)
0 ||

Step 3 (radial solution). Let o : By \ {0} — R be such that

a(z) ||
/ s"_lﬁ(si)ds = / s"_lf(si)ds. (28)
0 0

|| ||

Since g > 0, by (19), (27) and the definition of A, « is well defined and satisfies
a € [0, R]. Moreover using again (19), a(z) > 0if 2 € By \ {0}. Using (24) (and
the fact that g = f in a neighborhood of 0By if supp(g — f) C By), we get

(i) a(z) = |z| in Be,

(ii) a(x) =1 on 9B; (and a(z) = |z| in a neighborhood of 9By if supp(g —
f) C Bl))7
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(iii) if (20) holds then « € [0,1],
(iv) if (21) holds, then

a(x) # a(rz), for every x € By \ {0} and r € [0, 1). (29)
Thus, by the implicit function theorem, we have that the function o €

C*(By \ {0}), since g > 0 and a(x) > 0 if z € By \ {0}. Moreover, since
a(x) = |z| in B, in fact the function * — a(z)/|z| is C*(B;). Let us show that

is in C*(By;R™) and verifies

®5(9)=/f in B
(I>2 =id on 831 .

In fact, by the properties of a, it easily follows that ®; € C*(B1; Br) (and
®y € CF(By; By) if (20) holds). We also see that ®; = id on 9B; (and also on a
neighborhood of 0B; if supp(g — f) C Bi1). Appealing to Lemma 19, we obtain

2) Xn: aa(;) ;. (30)

Computing the derivative of (28) with respect to z;, we get

Z/ oe, ) <H5|||> *

! |zl0i; — 5
= |a" " f (=) JFZ/ ) <|x|2|> ds,

where d;; = 1 if i = j, ;; = 0 otherwise. Multiplying by z; the above equality,
adding up the terms with respect to ¢ and using

a"H(2)g(P2(x

[#16:5 — 7o

n —_ 2 J
o[ ) =0 1<i<n
: |z
i=1

we obtain
n

o zxza‘? ) = lal" f(a).

This equality, together with (30), implies that ®3(g) = f.
Step 4 (conclusion). Defining ® € C*(By;R™) by

O =)0y,
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it is obvious to see that

d*(g)=f in B
® =id on 0B .

Indeed
% (g) = (@10 P2)"(9) = 23(P1(9)) = 3(9) = .

Step 5. It remains to prove the statement (iii). We claim that ® is one to
one. From (29), we already know that it is one to one on By \ {0}. By (28) and
the assumption (21), we obtain

=®(0) # ®(z), foreveryx e B\ {0}.

Hence ® is one to one. Moreover, by (74) in the Appendix, ® is onto and thus
(S Horn(Bl;Bl). | |

In Step 3 of the previous lemma, we used the following elementary result.

Lemma 19 Let A € CY(By) and ® € CY(By;R"), ®(z) := A(z)z. Then
det VO(z) = A"( AL i
et VO(x) )+ Z:z: axl

In particular, if X(z) = a(x)/|z|, for some «, then

det VO(x) = o' (@) Z ng—gi(x)

EJI
=1

Proof. Since V& = AId+VA ® z and VA ® z is a rank-one matrix, the first
equality holds true. The second one easily follows. m

6 Uniform concentration of mass
We start with an elementary lemma.

Lemma 20 Let ¢ € C°([0,1]; By). Then for every € > 0 such that ¢(]0,1]) +
B. C By, there exists ®. € Diff*(By; B,) satisfying

®.(c(0)) =c(1) and supp(®. —id) C ¢([0,1]) + B..
Proof. For every € > 0 such that ¢([0,1]) + B C B; define 5. € C§°(R"; [0, 1])

such that
1 in BE/4
T 0 i (B

Set, for a € R",
Na,e(®) = ne(z — a).
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We then have
6[[Vna.ellco = 6[[Vnellco < 1/2, (31)

for a suitable 6 = d(¢) > 0. Let z; € By, 1 <1i < N, with z; = ¢(0), zn = ¢(1),
be such that

z;€c([0,1]) 1<i<N
|xi+17$i|<5 1§Z§N*1

and define
O, (x) ==+ 0y, () (Tiz1 —x;), 1<i<N-1.

Since (31) holds and supp(®; — id) C ¢([0,1]) + B C By, we have det V&; > 0
and ®; = id on dB; . Therefore ®; € Diff*(By; By ), by Theorem 29. Moreover
D, (x;) = 241. Then the diffecomorphism @, := ®y_1 0 --- 0o ®; has all the
required properties. m

Before stating the main result of this section, we need some notations and
elementary properties of pullbacks and connected components.

Notation 21 Let Q C R™ be open and bounded. If f € C°(Q), we adopt the
following notations

F*=f71(0,00)) and F~ = f~'((~00,0)).
Moreover, if x € F* then
F;t is the connected component of F* containing x.

In the following lemma we state, without proof, some basic properties of
pullbacks.

Lemma 22 (Properties of pullbacks) Let Q C R™ be open and bounded and
f e C°%Q), ® e Diff' (% Q) with detV® > 0, z € FT, y € F~. Lelting
f:=®*(f), we have

O NES) = By

Y (F,) = Fgiy

Lféuw@U)

In particular, if ® =id on OU, the following holds

szLWU)

Moreover, if ®1,®y € CH(R™;R"), then

and, for any open U C €,

(B 0 By)* = B 0 BT (32)
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The following one is a trivial result about the cardinality of the connected
components of super (sub) level sets of continuous functions and we state it for
the sake of completeness.

Lemma 23 Let f € C°(By). Let {F, };cr+ and {F,, }jer- be the connected
components of F* respectively of F~. Then It and I~ are at most countable.

Moreover, if |[IT| = oo or |I™| = oo, then
k k
- + +y _ - - - _
klirgo meas(F \z:LJl F/)=0 or klingo meas(F \]L:JI F,)=0
respectively.

One of the key lemmas in our proof of the main theorem is the following,
which allows to concentrate the mass and to distribute it uniformly.

Lemma 24 (Uniform concentration of mass) Let k > 1 be an integer, f €
Ck(E) and z € FT. Suppose that Ay and Ay are two closed sets with non-empty
interior such that

A; Cint(Ay) C Ay C FFnBy.

Then, for every small € > 0, there exists ®. f a, a, € Dift*(By; By) (which will
be simply denoted ®.) satisfying the following properties

supp(®. —id) C F; ' N By and / QI (f) :/ f
FF Fr

DX (f)llco is uniformly bounded with respect to e (33)
r(f)=C. inAy, C. constant (34)
0<®;(f)<Cc in Ay\ Ay (35)
S+ f/meas(Ar) z€ Ay
lim @ (/)(@) = 0 re(FXnB)\ A (30)
f(x) elsewhere
Ccmeas(A;) < - f and 151(1) N OI(f) = - f (37)

X
S—

| s < e a0, (38)

||

Remark 25 A similar result holds true if Ay, A2 C F,~. The changes are
straightforward. In particular, (35), (37) and (38) are replaced by

Cef(b:(f)<0 inAg\Al,

€
e—0 Ay Fy

C. meas(A;) > f and lim OX(f) = f
Fy
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and
T

1
| s = —e a0,
respectively.

Proof. We split the proof into two steps.
Step 1 (simplification). Using Corollary 14, it is sufficient to prove the
existence of f. € C*(By), such that
fe>0 in Ff
supp(f — fe) C FXf N By
fFj fe= fFj f

satisfying also (33)-(38) with ®Z(f) replaced by fe.
Step 2 (definition of f.). In the following we adopt the following notations:

1
2max{1, M, 2m/ meas(A;)}

M :=sup|f], m:z/ f and k:=
B, Fi
Let 0 < €; < 1/4 be such that A; + B,, C int(A3) and let n. € C>(By;[0,1)),
0 < e < e, satisfy
ne=1 in Ay and suppn. C A; + B..

We claim that there exists a family of closed sets K., such that

Ay C K. CF nB (39)
K.CKo ifée <e (40)
UK. =F nB (41)
€>0

Flersapwonx < ke (42)

In fact since f = 0 in OF,f N By and f is uniformly continuous, for every € > 0
there exists 6 = ¢ (¢) > 0 such that

|f(y)| < ke Vye [(OFFNBy)+Bs|]NB;.

Then it is clear that there exists a family of closed sets {K.} satisfying (39),
(40) and (41) and

(F;'_ mBl—ke) \KE C [(aF;_ ﬂBl) —I—Bg] QE,

which implies (42).
Let f., € small, be defined as follows:

f L nece + (1 - ne)kﬁ in A2
o Eke+ (1 —¢&)f  elsewhere
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where & € C*°(By; [0, 1]) is such that
éezlinKea SupprCF:_ﬂBl

and C. is the constant which guarantees that

/F; Je= P I

We claim that f. has all the required properties. Obviously f. € C*(B),
supp(f — fe) C FF N By and (34) holds. Using

limn. =1 and limé& =1+
50 e A, e~>0€6 FInB;>»

(the last one holding by (40) and (41)) the definition of C. and the dominated
convergence theorem, we get

lin% C. = m/meas(A;) (43)
and thus
m/meas(A;) x € A
111’I(l)f6: 0 QI‘G(F;_mBl)\Al
f elsewhere

and (36) follows.
Let us prove (33) and (35). From (43), we can find ez < €; such that for
every € < €9,

ke < e <m/(2meas(4;1)) < C. < 2m/meas(4;).
Then, (35) follows by the very definition of f., and, for every € < ez, we get
fe>0 in B and |f]lco < max{M,2m/meas(A;)} (44)

and (33) follows.

The properties in (37) are easily implied by (33), (36) and fe > 0 in F.
To prove (38), first notice that, by definition of f., f. = ke in K.\ As. Then,
using the definition of f. and (42), we get that

Jel(prap,pona,< ke

This inequality, together with (44), implies that, for every e < €3 and every
x #0,

T x

1 1—ke 1
/o "N (L g, (s )ds < / <1F;\A2fe><3*>d3+/1 Qo)

|| || ke |z|
1—ke 1
< / keds —|—/ max{M, 2m/ meas(A;)}ds
0 1—ke
< ke + max{M,2m/ meas(A;) tke < €

and (38) follows. m

22



7 Positive radial integration

In this section we show how to modify the distribution of mass of f € C*(B)
satisfying || B, f >0, in order to have strictly positive integrals on every radius.
This is the central part of our argument.

Lemma 26 (Positive radial integration) Let k > 1 be an integer and f €
C*(By) be such that
f>0. (45)
By
Then there exists ® € Diff™(By; By) such that ®*(f)(0) > 0, supp(® —id) C By

and

s"_1¢*(f)(s%)ds >0, foreveryx#0 andr € (0,1]. (46)
0 T

Remark 27 (i) If f > 0, the proof is straightforward; it already ends after Step
1.

(i) If f1 satisfies (46) with a certain ® as in the lemma, then every f > fi
satisfies (46) with the same ®. Indeed,

" (f1)(x) = f1(®())det VO(z) < f(®(z)) det VO(z) = ©*(f)(x).
>0

(i11) If, in addition to (45), f > 0 on OB1, we can find with a similar
argument (see [8] for details) ® satisfying in addition
x

1
/ s"_ltb*(f)(sm)ds >0, foreveryx#0 andr€]0,1].

Proof. Since the proof is rather long, we divide it into nine steps. The following

three facts will be crucial.

(a) For fixed a,b € By, there exists, from Lemma 20, ® € Diff*(By; By)
such that ®(a) = b. This will be used in Steps 1 and 5.

(b) From Lemma 24, we concentrate the mass contained in connected com-
ponents of £ and F'~ in balls or sectors of cones. This will be used in Steps 6
and 8.

(¢) From Remark 27 (ii), it is sufficient to prove the result for a function
f1 < f. This will be used in Steps 2, 3 and 7.

Step 1. Without loss of generality, we can assume f(0) > 0. In fact, sup-
pose that f(0) < 0. We prove that there exists a diffeomorphism ®; such that
o1 (f)(0) > 0. Since fBl f > 0, there exists a € Bj such that f(a) > 0. By

Lemma 20, there exists ®; € Diff>(By; By) such that

supp(®; —id) C By and @4(0) =a.
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Since ®5(f)(0) = f(a)det V®1(0) > 0, we have the claim. From now on, we
write f in place of ®%(f). Moreover, we assume F~ # (), otherwise the proof is
already done.

Step 2. We show that we can assume that f € C°°(B;). First extend f so
that f € C¥(R") and let f. = f * ¢, where ¢ is a positive mollifier. For every
o > 0 there exists €y(o) such that

|fe(z) — f(z)| < o for every € <ep(c) and every x € By . (47)

Define h, € C*°(B;) by
hg = féo((f) — 0.
Using Step 1 and (47), there exists o > 0 such that h, verifies

he >0, hy(0)>0 and h, < /.
By

Using Remark 27 (ii) we have the assertion. For now on we write f instead of
ho.

Step 3. We now show that we can assume that

/ >0, (48)
Bi\F;

where, we recall, FJ is the connected component of F'T containing 0. In fact,
by Steps 1 and 2 and (45), if §; > 0 is small enough we have that Bys, C F

and
/ f>0. (49)
B1\Bus,

Let n € C*°(]0,1];[0,1]) be such that

1 ifr<déordd <r<l1
n(r)= .
0 1f2(51§7“§3(51.

If HS' is the connected component containing 0 of
H* :=={x € By : n(lz]) f (x) > 0},

we have that Bs, C Hi C Bas, . Using (49), we get

Loz f an=[  s>0

Since nf < f, we may, according to Remark 27 (ii), proceed replacing f with

nf.
Step 4 (choice of N connected components of F*\ Fi"). Let Ff i€ It,
x; € B\ F", be the pairwise disjoint connected components of F*\ F . Notice

24



that It is not empty by Step 3 and it is at most countable, see Lemma 23. We
claim that there exists N € N such that

[, 1+[ >0 (50)
UN L R F-

In fact, suppose that IT is infinite (otherwise the assertion is trivial because of
(48)) and let, using (48), € > 0 be such that

/ f>e (51)
Bi\F"

Then, since f is bounded, there exists N € N such that (see Lemma 23)

/ f —/ f<e. (52)
FH\UN FS,; E

Combining (51) and (52), we deduce that (50) holds true.

Step 5. In this step we move the N connected components selected in the
previous step, in order that they contain sectors of cone having the same axis.
Choose y € F~, let Fa;';, ,F;"N be the connected components of F'+ defined
in the previous step and let p > 0 be such that B, C F0+ .

Step 5.1 (displacement of the points x;). Applying N + 1 times Lemma 20,
it is easy to define ®y € Diff>*(By; By), with

supp(®2 —id) C By \ B, ,

such that
Ti=0, (z;), 1<i<N and 7:=®;'(y)
satisfying
~ ~ ~ T v .
p<|z1] <---<|Tn| <]yl <1 and ﬁ:ﬁ, 1<i<N.
T Y

To be complete, we also define zg = 29 = 0.

Step 5.2 (definition of the sectors of cone). If § > 0 let K5 be the closed
cone having aperture 0, vertex 0 and axis R,y and define

fi=®5(f).

Since

f(@)>0,0<i<N and f(y) <0,

then there exists § > 0 small enough such that

Fi| — |Ti] > 46, 0<i<N—1 and [§]— |Zn|> 46
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with L
Bss C Fyf

Kas N (B, |25 \ Bjz;|-s) C ﬁ{ , 1<i<N
K250 (Bygly2s \ By —s) € Fy -

Using Lemma 22 and (50), we get that fsatisﬁes

/ [+ f>o (53)
uf’le;i F-

From now on we write f, x; and y in place of f: ®5(f), T; and y, respectively
(see the figure below).

Step 6 (concentration of the positive mass in the cone sectors). From now
on, if o € (—§/2,0] we use the following notations

S := Baso
7 = Ksto N (Bia,4o40 \ Blaj), 1<i<N
57 = Kseo 0 (Byrose \ Byico)-
For the sake of simplicity, if o = 0 we write Sy, S; and S in place of S5, S? and
SO, respectively. Let
B3, = ‘I’e7f,so7sg °© (I)e,f,Sl,Sf -0 ‘I’e,f,sN,sg, )

where ®_ ¢ 5. g5, 7=0,---, N, is the C diffeomorphism obtained by Lemma
24 applied to f, Ff, Ay = S;, Ay = S?. Notice that supp(®3,. —id) C By .
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By (34), (37) and (53), there exists € such that the constants C; ¢ satisfy the
inequality

N
ZCLE meas(S;) +/ f>0.
i=1 =
Denoting h := @3 -(f) we have that h satisfies

T

h=f inB \UY,F}, H =F",
Ff=H], / f= h, 0<i<N,
k2 K2 F;’ F;

h=Ciz>0 inS;, 0<i<N, (54)

/UN Svh+/7h>0. (55)

i=1
From now on, we write f, ®3 and C; in place of h,®3z and C;z, 0 <7 < N.

Step 7 (modification of f in order to have F'~ connected). Extend f so that
f € C®(R"™), define f: R™ — R,

f(z) := min{f(z),0}

and let f, = f* ., where ¢ is a positive mollifier. By continuity of f, for every
o > 0 there exists €y(o) such that

|fe(z) — f(z)] < o for every e <ey(o) and every z € Bj . (56)
Defining h, € C*°(By), h, = feo(o) — o, we have, using (56), that
ho(@) < f(z) = min{/(2),0} < [(2).
For every o € (0,9/8), let &, € C>(By;0,1]) be such that
£, =11in UY, (S7\S77) and supp & C UN (827 \ S;2)

and
{x € By \UN,S; : & () <1} is connected. (57)

Moreover let f, : By — R be defined as

folz) == { (1—& (@) f(x) if zeUlyS;
T -G @)ha (@) ifx e (U S
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It is easy to verify that f, is of class C*° and that it satisfies the following

properties:
[ = ho(z) < min{f(z),0} < f(z) ifz € By \UN,5%,
<0< f(2) if o € UY (527 \ S7),
folx) | =0< f(z) if 2 € UiLo(S7\ S;77),
< f() if x € UL, (S77\ ;%)
| =flz)=C; if z € 5,27, for some i € {0, -

where C; are as in (54); in particular, f, < f. We moreover have

F, ={z€B; : f(x) <0} ={z EE\UiiOSi : fo(z) <0}
={z e B \UY,S;: (1 —&(2)he(x) < 0}
={re B\ Uf\LOS’i 2 o () < 1},

which is a connected set by (57); we thus have that
F; c B \UYN,S; and F, is connected.

Notice that (55), (56) and (58) imply that we can choose ¢ such that

N
ZcimeaS(S;QU)-l-/ fo':/ fcr+ fo’>0,
=1 Fy UN 572 Fy

lim / fs+/ fs =/ f+ {1 f>o.
s—0Tt va:1s;2s Fr U?,lei o

since

N},

From now on, we write f in place of f,, since f, < f and Remark 27 (ii) holds.

Step 8 (concentration of the negative mass). We finally concentrate the

negative mass around y.

Step 8.1 (preliminaries). Let 7 € (0,0/2]. Using Remark 25 (with A; =
S=20-7 and Ay = S7279) and recalling that, by Step 7, F,” = F~, we have, for

e small enough, ®7 . € Diff>(By; By) satisfying the following properties.

supp(®; . —id) C F'" N By

| @rn=[ 1
) .

(PL)(f)=CI <0 in§7277

and
CT < (®7)°(f) <0 in 5727\ §727~
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Jp f/meas(S72T) ifxe ST

lim(@7,)" () () = 0 itz e (F~ 0B\ 820
‘ f(z) elsewhere
(61)
CT meas(S™277) > f (62)
e
/1 s"_l(lpf\sfw(<I>Z7E)*(f))(s|z—|)ds > —e, for every x # 0. (63)
0

Step 8.2 (choice of € and 7). We first choose € small enough in order to
have

26—20
/ s"1Cods —€> 0. (64)
0

We claim that there exists 7 such that
N ~
ZC’i meas(S; 27) + CZ meas(S™27) > 0. (65)
i=1

In fact, for every A € (0, 1) there exists 7 € (0,0/2] such that

meas (S‘QU) 1
< .
meas (S72077) T 1— A

Using (62), we have that, for every A € (0,1) and 7 = 7()\) as in (66),

meas (5_2‘7)
meas (S727-7)

meas(S™2777) > S f.
e

CI meas(S~27) = CZ meas(S~277)

1
> (OT
_Cel—)\ —1-A

By this inequality and (59), choosing A sufficiently small, we have that there
exists 7 such that (65) holds true. From now on we write f,e, &4 and C_ in
place of (@ZE) (f),e (I)ZE and C7 .

Step 8.3 (summary). Using (54), (60), (63), (64), (65) f satisfies the following
properties

f=Co>0 in S;% =By o, (67)
f=C;>0inS% 1<i<N (68)
f=C_inS27 and C_<f<0inS 2\ 85727 (69)

N

N
Z/S% f +/s f= ZCZ' meas(S; *7) + C_ meas(S™27) > 0 (70)
i=1""i —2 =1

xT

20—20 1
/ s"1Cyds —|—/ s" 7 (1p-\g-20 f) (s7=)ds > 0. (71)
0 0

||
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Step 9 (conclusion). Let

<I>:<I)10<I>20<I>3o<1>4.

Note that by construction supp(® —id) C B; . Because of all successive replace-
ments of f in Steps 1-8 by new f, the lemma has to be proved for ® = id. From
(67), we have f(0) > 0. We finally show (46). We split into three parts

Step 9.1. If r < 20 — 20, (67) implies directly the assertion

Step 9.2. Now, suppose that either z € Ks_o, and r € (20 — 20,1]
x € Ks_o, and r € (20 — 20, [y| + 20]. Then (71) implies

[ttt tias= [Co e ps s+ [t nis s
= [ g s [ 5 s 1) (s s
0 0 |z| 0 |z|

20—20 1
> C()/ s"tds +/ Sn_l(].F—\S—ch)( e |)d8 > 0.
0 0

Step 9.8. It remains to consider the case z € K5_a,, 7 € (|y|+ 20, 1]. Under
these assumptions, we have

s 1 Bl
/0 (s s
r - T 7‘ - T T -
= [ et s+ [y e Dlsds+ [t ae
26—20 1
> {Co/o Sn71d8+/0 Snl(lF\S?af)(Sl;)ds}

+ 13n_1(1u§‘f:13;20f)( T)ds + 15 Y(1g—20 f)(s ) > 0.
0 || ||

x
s—)ds
]

In fact, the positivity of the first sum follows from (71). The second one is also
positive, since, from (69)

! n—1 € ! n—1
| s nads + [ s s s

N 1 1
e x e x
25 Ci/o 5 lls;za(sm)ds—ﬁ—C’,/o s 115_26(3m)d5
i=1

and the positivity of the right hand side is guaranteed by (70) and the fact that
S;72% and S~27 are sectors of a radial cone centered at 0. This concludes the
proof. m
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8 Appendix

We begin recalling some results on the topological degree (see e.g. [7] or [14] for
further details).

Let © be a bounded open set of R?, ® € C1(Q;R") and
Zy = {x € Q:det V®(x) = 0}.
Then for every p € R™ such that
p ¢ ©(09) U O(Zs),

we define the integer deg(®, <, p) as

deg(®,9,p) := Z sign(det V&(z)),
z€Q:D(z)=p

with the convention deg(®,Q,p) =0 if {x € Q: &(z) = p} = 0. -
It is possible to extend the definition of deg(®,, p) to ® € C°(Q;R™) and
p ¢ ®(0N), in particular using Sard theorem which states that
meas(®(Zs)) = 0. (72)

In this framework, the following two properties hold.
(i) If &, ¥ € CO(; R™) with ® = ¥ on 99, then for every p ¢ ®(99),

deg(®, 2, p) = deg(¥,Q,p). (73)

(i) If ® € CO(%R™), p ¢ ®(0N) and deg(P,Q,p) # 0, then there exists
x € Q such that ®(z) = p.

In particular, if ® € C°(Q;R") and ® = id on 052, then
®(Q)D>Q and Q) DO (74)
As an application of these properties, we have the following lemma.

Lemma 28 Let Q be a bounded, connected and open set in R"™ and let ® €
CO(;R™) be one to one, such that ® = id on Q. Then ® € Hom(Q; Q).

Proof. By the boundedness of Q and the continuity of ®, if FF C Q is closed
then ®(F) is closed, too. Since ® is one to one, then

® € Hom(Q; ¢(Q)).

Let us prove that ®(Q2) = Q. Due to (74), it is enough to prove that ®(Q) C Q.
By a classical result (see e.g. [7] Proposition 7.18) we have that ®(9Q) =
O(®(Q)). Thus, since ® = id on 9N, we get

90 = d(®(Q)) and B(Q) NIQ = 0. (75)
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Suppose by contradiction that ®(z) € ()¢ for some z € . Since ® is the
identity map on 02, we have that = € 2. Let now consider y € €2 such that
d(y) € Q (such a y surely exists by (74)) and let ¢ € C9([0,1];€) be a path
connecting z and y. Then, by continuity, there exists ¢ € (0,1) such that
D(c(t)) € 99, contradicting (75). m

We now provide a sufficient condition for the invertibility of functions in
CH(Q;R™). A similar result can be found in Meisters-Olech [10].

Theorem 29 Let Q be a bounded open set in R™ and let ® € C(Q;R™) be such
that
{ det V& >0 in Q

® =id on 0f2.
Then ® € Diff' (Q; Q).

Remark 30 Under the weaker hypotheses det V® > 0, ® = id on 9Q and
Zy N does not have accumulation point, it can be proved that ® € CH; Q)N
Hom(Q; Q), see [8].

Proof. We divide the proof into two steps.
Step 1. We first prove that ®(Q) = Q. Using (74), we know that

o(02) D Q.

Let us show the reverse inclusion, i.e., ®(2) C §2. We first prove that ®(2) C

and then conclude. By contradiction, let € Q be such that ®(x) ¢ Q. By
definition of the degree and (73), we get

0 < deg(®,Q, ®(x)) = deg(id, 2, P(z)) = 0;

which is absurd.

To conclude, suppose that x € Q and ®(z) € 2\ Q = 9. By the inverse
function theorem, which can be applied since det V®(x) > 0, there exists a
neighborhood of = such that the restriction of ® on this set is one to one and
onto a neighborhood of ®(z) € 9. In particular, this implies the existence of
y € Q such that ®(y) ¢ Q, which contradicts what has just been proved.

Step 2. Since ®(Q) = Q and @ = id on 02, we have that
o(Q) = Q.

Moreover, ®(0Q) N ®(Q) = NN Q = @. Thus, it suffices to show that the
restriction of ® to {2 is one to one to conclude. We reason by contradiction. We
assume that there exists p € @ which is the image of at least two elements in
Q. By (73), it follows that

2 < deg(®,Q,p) = deg(id, 2,p) =1

which is the desired contradiction. m

We also have a necessary condition for ® to be a C'' homeomorphism.
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Proposition 31 Let Q@ C R™ be a bounded open set and ® € C'(;Q) N
Hom(9; Q) with ® = id on 0Q. Then

det V®(x) >0 inQ and int(Zg)=0.

Proof. We split the proof into two steps.

Step 1. We show that det V& > 0. By contradiction, suppose that there
exists y € Q such that det V®(y) < 0. By continuity, without loss of generality,
we can assume that y € Q. In particular, y ¢ Zs and since ® is one to one, we

obtain
D(y) ¢ D(Zp) UDP(00N) = P(Zg) U ON.

By definition of deg(®, 2, ®(y)) and since ® = id on 9, we have

1=deg(®,Q,®(y)) = > sign(det VP(2)).
21 0(2)=0(y)

Since sign(det V®(y)) = —1 the above equality implies that ®~1(®(y)) is not a
singleton, which is absurd.

Step 2. We prove that int(Zg) = 0. By contradiction, suppose that int(Zg) #
(. By continuity of ®~!, we have

® (int(Zg)) = (27) " (int(Zs)) # 0,

contradicting Sard theorem. m

We conclude with some other necessary conditions.

Proposition 32 Let Q be a bounded open set in R™ and let ® € C*(Q;R") be
such that

detV® >0 in
. (76)
® =id on 0f2.
Then
int(®(02)) = Q. (77)
Moreover, the following statement
int(Zg) =0, (78)
implies L
(Q) = Q. (79)

Finally, if (78) does not hold, then there exists one ® € C'(S;R™) such that
o(0) i Q.

Proof. We divide the proof into three steps.
Step 1. We already know that ®(Q) D Q and thus

int(®(Q)) > Q.
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Let us show the reverse inclusion. We proceed by contradiction and assume
that int(®(2)) N Q¢ # 0. Therefore there exist y and € such that

B (y) C int(®(Q)) N (Q)° c #(Q) N (Q)°.
We also have, as in the proof of Theorem 29, that
O(x)eQ, ifxd¢ ZsUON
which is equivalent to ® ((Zp U 9Q)“) C Q. This implies
B, (y) C ®(Zs)

which contradicts (72).

Step 2. Let us next show that (78) implies (79). If x € Zg N Q, then
there exists z, ¢ Zg U 09 such that xz, — z. Using Step 1, we also have
P ((Zo UON)) C Q and hence ®(z,,) € €, which leads to ®(x) € Q; and thus
®(Zg) C Q. Hence we have shown that ®(2) C Q. Since the reverse inclusion
() D Q is always true, we have (77).

Step 3. We show that (79) may fail if (78) does not hold. Set Q@ = B(0,1)
and n = 2, consider

D(x1,22) := p(af + 23) (21, 22) + n(af + 23)(21,0)
where
p,m € C>([0,1;Ry)
suppp C (1/2,1], suppn C (0,1/2)
p>0in[0,1], p=1in [3/4,1]
n(1/4) = 4.

Let us verify the hypotheses of the proposition. Obviously, ® € C'(Q;R") and
supp(® —id) C By . Let us now check that det V® > 0. We separately consider
two cases.

Case 1 (1/2 < |z|> < 1). A straightforward computation implies that

det VO(z) = (227p’ + p)(223p" + p) — 4atadp”
= daia3p” + 22’ ppl + p* — dafadp”
=2z pp’ + p* > 0.
Case 2 (0 < |z|* < 1/2). By definition of ® it immediately follows that
det V& = 0. Thus, det V& > 0.

We have the claim, since

©(1/2,0) = n(1/4)(1/2,0) = (2,0) ¢ B

This concludes the proof of the proposition. m
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