PARTIAL REGULARITY FOR VECTORIAL LOCAL-NONLOCAL PROBLEMS
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ABSTRACT. We establish sharp interior regularity for solutions to vectorial, nonlinear local-nonlocal systems.

1. INTRODUCTION

Operators that couple a local and a nonlocal diffusion term naturally arise in the modeling of processes
combining continuous and jump-type behavior [33], and in recent years they have been studied with increasing
attention, both for their analytical structure and for this modeling relevance. The prototype of this class is the
case where a local Laplacian diffusion is coupled with a fractional Laplacian diffusion

—Au+ (—A)’u.

For this class of operators, several aspects of the elliptic and parabolic theory have by now been thoroughly
investigated, including Green function estimates, boundary Harnack principles, maximum principles, and reg-
ularity properties, both in the elliptic and in the parabolic setting; since the literature on the linear theory is
by now vast, we only refer to [I6, 17, @, 10, 22| [45] and the references therein for a detailed account. More
recently, attention has turned to nonlinear counterparts: first to models preserving the linear local structure
while allowing more general stochastic nonlocal terms [I1], and then, more substantially, to mixed quasilinear
operators modeled on

_Apu + (_Aq)suv D, q € (11 OO), s € (07 1);

a number of existence and qualitative results have been obtained, covering both variational and nonvariational
formulations; see, for instance, [4} B, 12| [I8], 2T, 29, 31l 32]. The regularity theory for these operators is shaped
by the balance between the local and nonlocal components, and this balance in turn depends on the relation
between p, ¢ and s; the present paper adds to this general picture by showing how this interplay manifests itself
for vector-valued solutions with quadratic growth. In the scalar case, this balance has already been made precise:
De Filippis & Mingione indeed established in [23] the interior Holder continuity of Du via perturbation methods
under the structural condition p > sq, as this assumption ensures that at small scales the local operator —A,u
dominates the nonlocal one (—A,)%u, so that the regularizing effect of the equation is essentially governed by
its local part. Consequently, solutions inherit the same type of regularity of solutions to purely local operators,
namely the C1:%regularity for some non-explicit o € (0, 1), which does not exceed the optimal Hélder exponent
of the gradient of p-harmonic functions [3, [6] 28]. The gradient Holder regularity in the complementary regime
p < sq was recently treated by Biswas and Topp [I3] through viscosity methods.

We initiate, in this paper, the study of quasilinear vectorial mixed operators by treating the quadratic
growth case, namely p = g = 2, allowing for a class of local and nonlocal terms more general than the model
operators, see 1) and the related assumptions and . Although this is only the first step
toward the more general theory we aim to develop, it already exhibits the essential difficulties of the vectorial
local-nonlocal interaction, whose treatment requires a substantially new combination of classic local partial
regularity methods, developed for the vectorial setting, and nonlocal tail estimates, adapted here to interact
with them. We show that regularity of v and of its gradient Du hold on the very same regular set, whose singular
complement has Hausdorff dimension explicitly bounded, and that on this set a full scale of results is available,
improving as the assumptions on the local term are strengthened: from BMO and VMO regularity of u, up to
its continuity and Hélder continuity, and finally to Lipschitz continuity, continuity and Holder continuity of the
gradient itself; none of these improvements requires any additional regularity on the nonlocal term, which is
allowed to remain as irregular and non-coercive as in our basic assumptions throughout.

2020 Mathematics Subject Classification. Primary 35B65; Secondary 35R11, 35J47, 35M10.


https://orcid.org/0000-0002-7663-1090
https://orcid.org/0000-0002-2683-4025

PARTIAL REGULARITY FOR VECTORIAL LOCAL-NONLOCAL PROBLEMS 2

Our main novelties can be summarized as follows:

e we work in the vectorial setting and study the partial regularity of solutions (Theorems to[2.8]), ob-
taining everywhere regularity under additional structural assumptions on the local term (Theorem ;

e we allow for very general nonlocal operators, possibly irregular and non-coercive (see 7);

e we obtain sharp regularity results in terms of the right-hand side of the equation, with explicit Holder
exponents together with quantitative local estimates that also keep track of the nonlocal tail of the

solution (for instance, see (2.15)) and (2.24) and the related regularity results).

The present paper provides, to the best of our knowledge, the first systematic development of the vectorial
regularity theory for mixed local-nonlocal systems. Its closest predecessor is the recent vectorial theory for
purely nonlocal systems developed by De Filippis, Mingione & Nowak in [25], where classical tools from the
local partial regularity theory — excess decay, tail estimates, blow-up procedures and harmonic approximation
— were implemented for the first time in a genuinely nonlocal vectorial setting. Here we show that, in the
mixed regime, the local component can be exploited as the leading operator, while the nonlocal part can be
treated as a lower-order perturbation even under minimal assumptions, namely without regularity or coercivity
on the integrand, so that under appropriate assumptions on the local part solutions retain the highest regularity
dictated by the local theory. This dominance, however, has a natural limit at the level of the gradient: under
the sole structural assumptions on the nonlocal term, the Holder exponent of Du cannot in general exceed
a threshold dictated by s, reflecting the fact that differentiating the equation makes the lack of regularity of
the nonlocal term visible; remarkably, this threshold turns out to be sharp, matching the optimal boundary
regularity known for nonlocal equations. When the nonlocal term is assumed to have the natural structure of
the fractional Laplacian, this limitation disappears entirely, and the full, sharp Holder regularity of the gradient
is recovered.

The precise setting we work in is the following: let n, N € N, with n > 2 and N > 1, let Q C R" be open,
let u: R® — RY and let f:Q — RY be a measurable function. We deal with systems of the form

(1.1) Quu+Qiu=f inQ,
where QY is the local operator given by
QYu(z) = —div(A(z,u)Du),

and Q% is the nonlocal operator defined by

(1.2) leu(x) = 2P.V./ <I>(a:,y, u(x), u(y),u(x) — u(y))

n

dy

[z — g2 s €(0,1);

here P.V. denotes the Cauchy principal value.

The coefficients A(z, z) = {A%ﬁ (z, 2)}?]52 :llnN t QOXRY — RPVXN are Carathéodory functions satisfying

the Legendre and the boundedness conditions
(1.3) (A(z,2)6,6) > AT e]?, Az, 2)| <A,

for almost all z € Q, every z € RY and ¢ = {5?}?5117::;21\7 € R™Y, for some constant A > 1. We refer to
Paragraph for the relevant notational conventions.

As for the nonlocal term @ : R 3N — RN ®(z,y,u,v,t) = {®%(z,y,u,v,t)},_, n, we assume that it
has linear growth in the t-variable o

(1.4) |®(z,y,u,v,t)| < vt
for some v > 0, and it satisfies the symmetry properties

{q)(xvyvuavat) = @(y,x,v, u, t)

1.5
( ) (D(x7y7uava _t) = —(D(.I‘, y,U,U,t)

for almost every z,y € R”, all u,v € RY and ¢t € RY: no additional regularity is required on the nonlocal term.

We consider weak solutions to equation (L.1)), i.e., functions u € VVS)C2 (Q;RY) N L1, that satisfy the weak
formulation of (1.1f):
dx dy

10 [ @ wpuDgdr+ [ [ oyute) ). uw) - uw) - (o) - o) o
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:/wadx

for all smooth test functions with compact support in Q, ¢ € C°(;RY). Here, we employ the notation L3,

for the tail space
1 . 1 n.pNY . ‘U}(.’B)l
LQS.—{weLIOC(R,R )./Rnwda:<oo .

To better illustrate the main results of the paper, we state the following two model theorems, the first
concerning the Holder continuity of solutions.

Theorem 1.1 (Partial Holder continuity). Let u € W,22(Q; RN) N L, be a weak solution to (T1)), with (L.3)-

loc

in force. Suppose that A(-,--) satisfies the continuity assumption
(1.7) |A(z,u) — A(y,v)| < Aw(|z —y| + [u—v|) for allz,y € X and u,v € RV,
for some modulus of continuity w : [0,00) — [0,1]. Then there exists an open set Q, C Q with Hausdorff
dimension dimy (Q\ Q) <n—2—C for some ¢ >0 if n >3, and Q, = Q if n = 2 such that, if
fe L"/(zfﬁo)(Q;RN) for some By € (0,1),

loc
then
u € C’%f”(Qu;RN) .

If in addition A(z,u) = A(x) is independent of u, then full reqularity holds, i.e., Q, = .
The next model theorem addresses the quantitative Holder continuity of the gradient.

Theorem 1.2 (Partial gradient Holder continuity). Let u € W,22(Q;RN) N LY, be a weak solution to (T.1)),

ocC

with (T.3)-(T.5) in force. Let B € (0,1), and suppose that A(-,-) fulfils (L.7) with w(r) = rP. If
ferL P (@RY),

loc

then
ue Cl,min{[ﬁ,Z(l—s)}(Qu_RN)

loc

with Q,, as in Theorem . In particular, if A(z,u) = A(x), then full gradient reqularity holds. If in addition
the nonlocal term is of the form

(1.8) O(x,y,u,v,t) =alx —y)t

for some matriz-valued function a : R™ — RY*N such that

(1.9) a(z) =a(—z) and |a(z)| <v, forall z € R",
then

(1.10) ue CLP(Q,RY).

We refer to Section [2] for the precise statements of the results, where we also provide finer quantitative
estimates. We now briefly comment on these results. Theorem provides a quantitative Holder continuity
result for solutions, in analogy with the purely local equation [34]:

—div(A(z,u) Du) = f € LV QRY) = we %P Q,RN).

loc loc

This result is essentially sharp, as can be seen by a simple scaling argumentﬂ This behavior is not surprising
since, as already mentioned, the local operator Qh represents the leading term in 7 and therefore it is this
component that ultimately dictates the regularity of solutions.

Another key feature of our approach, which relies precisely on the dominance of the local operator, is that
we do not impose regularity or coercivity assumptions on the nonlocal term ®. In particular, we do not require
the usual coercivity condition

O(x,y,u,v,t) -t > clt], c>0;
this is particularly relevant in applications, where the nonlocal term may exhibit irregular or poorly structured
behavior, see for instance [33].

1See Theorem where a slightly weaker integrability condition on f is assumed in terms of a Marcinkiewicz space.
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We also recall that everywhere regularity may fail in the vectorial setting, even when the coefficients
u — A(z,u) are analytic [34, Chapter II1.3]. On the other hand, when the u-dependence on the coefficients is
dropped, everywhere regularity is then recovered.

Turning to gradient regularity, Theorem [1.2] establishes the Holder continuity of Du with an explicit Holder
exponent dictated by the integrability of f. However, under such low assumptions on the nonlocal term, the
exponent cannot in general exceed the threshold C12(1=%) in the regime s > 1 /2 for such general nonlocal terms
Q4!. This reflects the fact that, in the mildly local regime s > 1/2, the lack of regularity of the nonlocal term
influences the regularity of u at the level of the gradient, in view of the fact that the proof implicitly involves
differentiating equation . We also emphasize that the threshold 2(1 — s) is consistent with the optimal
regularity expected in this setting. In particular, it coincides with the sharp boundary regularity exponent
established for solutions to nonlocal equations, see [I], and this highlights the role of the nonlocal operator in
limiting the attainable gradient regularity, even when the equation exhibits a predominantly local character.

On the other hand, when we impose structural assumptions on ®, namely when it has the form described
in (T.8)-(L.9), this limitation on the exponent disappears in (L.10); thus, we recover the full, sharp Hélder
continuity of the gradient

FelTQRY) = weCt?(QuRY) forall g€ (0,1).
The prototypical example of ® fulfilling f is the fractional Laplacian (—A)*u, for which ®(x, y, u,v,t) =
D(t)=t.

Outline of the proof. The proof proceeds in several steps and follows, in principle, a perturbative approach
as in [4, 23], but carried out in a finer and more quantitative form, making the interplay between the local and
nonlocal operators more explicit.

As in the classical regularity theory for purely local systems, the first step consists in establishing higher
integrability of the gradient, namely Du € LIQOJEC in Proposition The delicate point here is to keep explicit
track of the dependence on the growth factor v associated with the nonlocal term in , see Remark

The next step is to prove an approximate harmonicity property for solutions—see Proposition [5.3] The key
observation is that if w solves in the ball B,(zg) € €, then the blow-up function u,(z) = u(zo + ox)
solves a similar equation in which the nonlocal term is multiplied by the factor 0>(! =), see equation . More
explicitly, in the case f = 0, the function u, is solution of

QY+ 0" Q5 u, =0 in By

with coefficient matrix A, and ®, still satisfying the structural assumptions to . Consequently, by
choosing the radius o sufficiently small, the nonlocal contribution in this equation can be made arbitrarily small,
see Lemma

At the same time, the higher integrability result obtained in the first step guarantees that the L*t¢-norm of
Du, remains uniformly controlled for any small radii o — this is the reason of the care in tracking the dependence
on the size of the nonlocal term v. This allows us to apply the approximate harmonicity Lemma [3.5] see also
; hence u is quantitatively close to a harmonic function, which in turn leads to a quantitative decay
estimate for the excess functional — see Paragraph and Proposition [5.6

From this point on, the proof of the regularity of u follows a more standard route. In particular, we exploit
the recently developed machinery of potential theory to control the source term f, together with suitable decay
estimates for the nonlocal tail over shrinking balls, see Lemma [3.6] and Lemma [7.6]

Plan of the paper. In Section [2] we state the main results of the paper in full detail, while Section [3] provides
the notation and some preliminary results. In Section 4| we prove the Caccioppoli inequality and the higher
integrability of solutions. Section [5]is devoted to the proof of approximate harmonicity of solutions and the
excess decay estimate, which will be the starting point of the proofs for the main results. In Section [6] we
characterize the regular set of solutions and we provide the proof of the results involving the regularity of w,
while in Section [7] we study the regularity of the gradient Du. Finally, in Section [§ we discuss in detail the
everywhere regularity of solutions in the case of u-independent coefficients.
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2. MAIN RESULTS

In this section we state in full detail the results of the paper. Unless otherwise stated, we shall assume that
(2.1) ferLX (QRY) for some x > 2.,

loc

where we set

2n <9 2n <9
n n
(2.2) 2, =4 n+2 , =4 n-2 .
any number in (1,2) n=2 any number in (2, +00) n=2

The exponent x can be auxiliary: in the results where f is assumed to belong to a Marcinkiewicz space, x is
chosen below the corresponding Marcinkiewicz exponent, as explained after (3.5). We denote by data the set
of parameters

(2.3) data = {n,N,s, A, x}.

Also, we shall always assume that A(zx, ) is uniformly continuous; namely, there exists a modulus of continuity
wy(+) such that

(2.4) |A(z,u) — A(z,v)| < Awy(Ju —v|) for almost all z € Q and u,v € RY.

Our first two main results are concerned with BMO and VMO regularity of solutions to (1.6)). These are stated
in terms of a smallness assumption on the z-mean oscillation of A(:,--). Specifically, for any ball B, (x¢) C €,
we define the averaged vector field

(2.5) Wi ep2)i= f. Al do
r(xO)
then, for every z(y € € and for some ry > 0, we define
(2.6) En(Aizg) =  sup jf A, 2) = (A) . oy (2)] d
0€(0,70]: B, (20)CQ, J By, (z0) ¢
zeRN 20

the x-mean oscillation of A(-,--).

Theorem 2.1 (Partial BMO Regularity). Let u € W22(Q; RN)YNLL, be a local weak solution to (L.1)). Suppose

loc

that A(-,-) satisfies (1.3)), , and that ® fulfills (1.4), . Then there exist constants
ey, = ep(data,wy(+)) € (0,1), dp = dp(data) € (0,1),

such that the following implication holds: if for every compact set K € Q) there exist radiira,ry € (0, dist(K, 0Q))
such that

(2.7) sup E,, (4;xz0) < do,
roEK
and
1/x
(2.8) sup t* (][ |f1X dx) < e,
z0€K, Bi(zo)
0<t<ry

where X is as in , then there exists an open set Q, C Q such that Q, = Q if n = 2, while for n > 3,
dimy(Q\ Q) <n—-2-¢
with ¢ = ((data, max{v,1}) € (0,1), and
(2.9) u € BMOioc(Q2;RY) .
Under assumptions stronger than , we are also able to obtain VMO-regularity of solutions.
Theorem 2.2 (Partial VMO Regularity). Under the assumptions and notations of Theorem if f satisfies

1/x
(2.10) lim 92<][ [fIX dm) =0 locally uniformly in x € Q,
By ()

o—0t
x as in (2.1)), then
u € VMO (Qy; RY) .
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Our next results deal with continuity of solutions and their gradient. In order to state them, we introduce
the (truncated) Riesz-type potential of f:

o 1/X dQ
(2.11) Iéyx(mo,a) = / QO“(][ |f|Xd:1:> —
0 By, (o) Y

for zp € Q2 and ¢ > 0. For xy = 1, the definition reduces to the averaged form of the classical truncated Riesz
potential, which can be evaluated both on functions and, by replacing |f| dx with a measure, on locally finite
signed measures. For xy > 1, Ié)x is a y-averaged counterpart of the truncated Riesz potential and retains the
same natural scaling properties, mutatis mutandis; see [24, Chapter 4].

Theorem 2.3 (Partial continuity). Under the assumptions and notations of Theorem suppose that f fulfills
(2.12) lim I ~(20) =0 locally uniformly in €2;

oc—0*+
then
u € CO(Q; RY).

For what concerns Holder continuity of solutions, this can be quantified whenever the right-hand side of
(1.1)) belongs to a certain Marcinkiewicz, or weak-Lebesgue, space M™(Q; RY) (often denoted by L™°(£; RY)).
Specifically, we say that f € M™(Q;RY), for m > 1, if

(2.13) LA e vy = iglg A {z e |f(z)] > A} < oo.

We recall that standard interpolation theory [43, Theorem 3.18.8] yields
(2.14) feL™QRY) = fe M™(RY), mel, )
and M™(Q;RYN) C L™=¢(Q;RN) for £ € (0,m — 1], see also (3.5)).

Theorem 2.4 (Quantified partial Holder regularity). Assume that (1.3)—(1.5) and (2.4) are in force, and let
u € VVloc (RY)YN LY, be a local weak solution to (L.1)), with s € (0,1). Let By € (0,1) and assume that

(2.15) fe MM QRN

loc
Then there exists a constant §g = dp(data, By) € (0,1) with the following property. If, for every compact set
K € Q, there ezists a radius r4 = ra(K) > 0 such that
(2.16) sup E,, (4;xz0) < do,
roEK
then there exists an open set 0, C Q such that Q,, = Q if n =2, while, if n > 3,
dimy(@\ Q) <n—2-(, ¢ =((data max{y,1}) € (0,1),

and

ue ClPQ,;RY).

loc

Finally, for every xo € S, there exist radii ry, < 04,/2 such that BQQIO (zo) € Q, and

1/2
_ 2
(2.17)  [Wlcoso(p,,, @) < €00 ( ][B |u = (W), @) dff)

em(ﬂﬂo)
+ CQ1 Po—2s Tall(u —(u )ngo (z0)3 Boug (xO)) tc Hf”/\/tn/(?—ﬁo)(BQQwo (z0))?
with constant ¢ = c¢(data, fy).

Observe that if A(-,--) satisfies the continuity condition (1.7]), then it certainly fulfills (2.16]), since by
(2.5)—(2.6)) and (|1.7) one easily deduces for every K € Q
sup Er(A;x0) < Aw(r) =299
roEK

uniformly. Therefore, taking also into account , Theorem is a stronger version of Theorem

We also stress that, for general coefficients A(x,u), the radii r,,, 0», may depend also on the solution w.
More precisely, they must fulfill the excess decay conditions and (6.6). However, in the case A(z,u) = A(x)
these conditions are no longer necessary, hence ry,, 04, Will become independent of u, so that the quantitative
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estimate ([2.17)) becomes particularly useful for compactness arguments. We also stress that estimate (2.17)) is a
direct consequence of a more general bound involving a maximal operator applied to f. We refer to Theorem [6.1]
and to equation (6.14)) below for the precise statement.

For what concerns gradient regularity of solutions, we need to make the following stronger assumptions on
A(+, ). Specifically, we shall assume that there exists another modulus of continuity wy( ) such that

(2.18) |A(z,u) — Ay, u)| < Aw(|z —y)) for all 2,y € Q and u € RV .

In order to obtain Lipschitz continuity of solutions, a standard condition to impose on the moduli of continuity
wy,wy 1s that they satisfies the so-called the Dini property

(2.19) /0 w(o) d—; < 00

Theorem 2.5 (Partial Lipschitz continuity) Let u € WIOC (G RN)YN LY, be a local weak solution to (L.1)), for

( 1). Assume that ([1.3)-(1.4) and are in force, that w,(-),w () fulfill the Dini continuity property
, and that f € LIOC(Q;RN) is such that for every KK € Q there exists vy = ry(K) > 0 such that

(2.20) sup I/ K(@o,Tp) <00

roEK

Then there exists an open set ,, C Q, with Q,, = Q in dimension n = 2, satisfying dimy (2\ Q,) <n—2—(,
¢ = ¢(data, max{v,1}) € (0,1) in higher dimension n > 3, such that

Du € LS, (Q,; RY).

Moreover, for every xog € $Q,, there exist three radii Ty, 7y, and 0y, such that Tz, < ry0/4, Toy < 020/8;
B, (w0) € Qu, By, (7o) €, and

1/2 1/2
@2) DUl iy <e( £, ulae)we( £ ) et o
N 0)) Bar (o) Byy, (z0) H Lx 0 HL (Bry (%0))

+or[ra2 Tail(u— (), (s0); Br., (70)) + 052 Tail (u = (u)5,,, (a): Bos, (v0)) |
for all r € (0,7,,], with constant ¢ = c¢(data, max{v,1}).
Observe that, by the absolute continuity of the Lebesgue integral, condition implies
;E%I{,x(mva) =0 forevery z €.

By upgrading this hypothesis to uniform convergence, we attain gradient continuity of solutions. This is the
content of the following

Theorem 2.6 (Partial gradient continuity). Under the assumptions of Theorem suppose additionally that
(2.22) lim I{X( -,0) =0 locally uniformly in §;
o—0
then
Du € C%(Q;RY).
We point out that (2.22)) is satisfied, for instance, under the Lorentz-space assumption
f e L (BRY),

see [30, Lemma 3]. L} (Q;RY) consists of the measurable functions f : @ — RN such that

loc
Ml = [ Al €25 17@)] > " < o0
and the local variant is defined in the usual way. We recall that, by standard interpolation theory [43, Proposition
8.1.8], we have the continuous embeddings
LY(Q) — L™Y(Q) — L™(Q) for any ¢ > n.

The next theorem concerns Holder continuity of the gradient up to the threshold 2(1 — s) in the case s > 1/2
for general nonlocal terms merely satisfying (1.4) and .
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Theorem 2.7 (Partial C'#-regularity 1). Let u € VVll 2(Q RN) ﬂ L, be a local weak solution to (L.1)), for
€ (0,1). Let B € (0,1), and assume that A(-,--) satisfies (1.3 and (2.18) with

(2.23) wi(r) = wy(r) = Tﬂ 7
that ® satisfies (1.4) and , and
(224) f c M;lo/cl B) (Q RN)

Then there exists an open set Q, C Q, with Q, = Q when n = 2, dimu(Q\ Q) < n-2-¢, ¢ =
¢(data, max{v,1}) € (0,1) if n > 3, such that

ue G oy mY)

Moreover, for every xo € S, there exist three radii Ty, T4y, 0ny Such that 7oy < 140 /4, T2y < 020/8, By, (T0) €
Qu, Bag,, (70) € Q, and the quantitative estimates

1/2 1/2
225) 1Dl e, DuPae) ve( £ puPar) s ellaeon,, e
2 (%0) By, (zo)

+ CTay 13" Tail(u — (W) B, (20)} By, (20)) + ¢Ta, 0,0 Tail(u — (u)BgzO (@)} Boug (€0)) 5

rag

for all r € (0,74,], and

1/2
—— min —s 2
(226) [DU]CO‘min{ﬁ’2(l_s)}(BFmO/S(lEO)) S C |:7‘x0 {B,Q(l )} <][ ( ) |D’U, — (DU)BF(EO ($0)| dx)
P (T0
148 ~1—2s
+ HDuHLC’C(B;mO (3'30)) + (1 4+ Tglr;o 2 )HDUHLOO(B,;J_O (wo))

+ ||fHMn/<1—ﬁ>(BFm0 (z0)) T 7725 Tail(u — (u)p By, (w0); Bra, (z0)) + 1}
hold true, with ¢ = c(data, max{v, 1}, ).

Under additional assumptions on ®, we are instead able to obtain C''# regularity, regardless of the value
of s € (1/2,1). For the reader’s convenience, we write them once again. We assume that there exists a matrix
valued function a : R® — RY", a = {as g}*#=LN such that

a(z) = a(—2)

(2.27) z€eR™,
la(z)] < v

and

(2.28) O(z,y,v,w,t) =alx —y)t.

Theorem 2.8 (Partial C17 regularity II). Let u € Wli’f(Q;RN) N L, be a local weak solution to (1.1)), for
€ (0,1). Let B € (0,1), and assume that A(-,-) satisfies (1.3)),(2.4), (2.18) and (2.23). Suppose also that ® is
of the form (2.27)—(2.28), and that
ng"/(l 5)(9 RN)

loc
Then there exists an open set ,, C Q, with Q, = Q if n = 2 and dimy(Q\ Q) <n—-2-Cifn > 3,
¢ = ((data, max{v, 1}), such that
(2.29) ue CLP(Q,;RY)

loc

and for every xo € Sy, there exist radit Ryy = T1y/32 < Tuy < Tay < 01z, Such that Ba,,, (zo9) € Q, estimate
(2.25) holds, and we have

(2.30) [Dulco.s(Br,, (@) < C1s

where Cy depends on data, max{v, 1}, B, Tz, T'zwos Oy, and on any upper bound for ||f||Mn/(1_ﬁ>(B ) Tail(u—

exq (zo

(U)BALRW (z0)> B4RIO (1‘0))7 ||Du||L°<>(B;mO (z0))"
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We conclude this section by emphasizing that, in the u-independent setting A(z,u) = A(x), we obtain
full-regularity and the quantitative estimates in Theorems [2.4H2.8| no longer exhibit the implicit dependence
on u through the radii of the balls on which the estimates are stated. Instead, the solution u only enters the
estimates explicitly through its L'-norm and its tail, as specified in the statement below. This feature provides a
powerful tool in compactness arguments for the family of operators , since it yields uniform local regularity
estimates that are well suited for passing to the limit along sequences of solutions with controlled L! and tail
bounds. We decided to regroup all the results in the following statement:

Theorem 2.9 (Full regularity in the u-independent case). Assume that A(x,u) = A(zx) does not depend on
w. Then each of the preceding partial regularity results, namely Theorems to holds under the same
assumptions with the same conclusions, but with Q, = Q, and all the corresponding local estimates are also
valid on arbitrary compact subsets of . The same full-regularity conclusion also applies to the forthcoming
Theorem [6.1.

Moreover, the radii involved in the local estimates of the corresponding theorems can be chosen independently
of u. More precisely, for every xo € Q, the initial radii o5, and 5, can be chosen depending only on d =
dist(xg, 09),data, max{v, 1} and

 7a(+), fo, and any upper bound on || f| n/c-50)(B, 3 (a0)) for Theorem .

1/x
o 74(-), Bo, and any upper bound on  sup >~ <][ |f]X dx) for Theorem|6.1| ;
2€B4/2(%0) By (x)
0<t<d/4

e w, () and any upper bound on ||I{X( d/4)|| Lo (B, 5(x0)) for Theorem '
* B and any upper bound on || f|| pn/a-8)(Byy 4 (x0)) fOT Theorems and 2.8

The radii T4, (for Theorems and@) and Ry, (for Theorem@) can also be chosen independently of
u. Since they are chosen not larger than g,, they inherit the corresponding dependences of oz, listed above; in
Theorem one may take Ry, := 7y, /32.

3. NOTATION, FUNCTIONS SPACES AND PRELIMINARY RESULTS

In the following section we collect a few basic definitions, and we recall a few standard inequalities and
properties which we shall use throughout the paper.

3.1. Notation. We denote by ¢ a generic constant larger or equal than one, possibly varying from line to line,
whose relevant dependencies will be emphasized using parentheses: for instance, ¢ = ¢(n,s) will mean that ¢
depends on n and s. In order to simplify the notation for various dependencies, we shall denote by data the
set of given by . On the other hand, we shall often keep explicit the dependence on the constant v due to
scaling reasons (see Proposition for instance). Special occurrences of constants will be denoted by ¢1, c.,
¢ or the like. We also write w, = |B;| the Lebesgue measure of the unit ball on R"; N = {1,2,3,...}, while
No = NuU{0}.

As we deal with vector-valued functions and want to avoid componentwise notation as much as possible,
we distinguish the scalar product in RY from that in R"*Y ~ R"V. Namely, for &, u € RY and p,q € R™V, we
set

N n N
o= & (pa) =YY pa
a=1 i=1 a=1

Vectors in R" are regarded as column vectors, while vectors in RV are regarded as row vectors. With this
convention, gradients of scalar functions are matrices with n rows and one column, whereas gradients of vector-
valued functions are matrices with n rows and N columns. More precisely, if u = (u!,...,u""), then the a-th
column of Du is Du®. Integrals and averages of vectors and matrices are taken componentwise.

For tensors A € R™>"N and matrices & € R™V, typically gradients of vector-valued functions, we use the

shorthand A¢ for the matrix in R™ whose components are

n N
(Ag)?:ZZAfjﬁff, i=1,...,n, a=1,...,N.

j=1p=1
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With E C R” being a measurable set with positive, finite measure 0 < |E| < 400, and with F' € L'(E;RY),

£ > 1, we shall denote by
1
(Fg = ][ F(z)dx := —/ F(zx)dx
B |El JE

its integral average. For p € (1,00), we write p’ = p/(p — 1) for its Holder conjugate.
We denote by W2(Q; RY) the Sobolev space of vector-valued functions W'2(Q;RY) := {u € L*(Q;RY) :

Du € L*(Q;R"Y)}, where Du denotes the distributional gradient of u. Accordingly, I/Vlif (2;RY) denotes the

class of functions u such that u € W2(A4;RY) for every open set A compactly contained in 2: A € Q, while
WL2(Q; RY) denotes the subspace of functions with compact support in 2. We will also denote by [w]WS,Q(BT)

the s-fractional seminorm
|w(z) —w(y)]®
[ Ws2 / / |£E— |n+28 dx dy

3.2. Function spaces. In this section we are going to consider measurable maps F : U — R, ¢ € N\ {0} and
U C R" measurable, not necessarily bounded, n € N, n > 2, and define several regularity function spaces where
F' can belong to.

The (L2-)excess of F' € L?(U;R*) on balls is classically defined as

(3.1) E(F; By(x0)) = <][BQ(IO) |F — (F) 5, (0| dx)1/2

it By(xo) C U. It is very standard to see that

) 1/2 1/2
(3.2) <][ |F = (F)p, zo)] dx) < <][ IF— 2 dx>
B, (o) ¢ By (o)

holds true for any z € R’. As an immediate consequence of (3.2)), for every By(z1) C By(x2) not necessarily
concentric balls, we deduce

(3.3) E(F; By(a1)) < (g)”/QE(F;BT(xQ))-

As we are only interested in local results, we localize the classic definition of the BM O space in the following
way: for F € L?(U;RY) as above and a threshold rq € (0, 4+00], we set
E,, (F;xo) = sup E(F;Bg(xo));

0€(0,mo]:

BQ(wO)QU
notice that for 0 < 7o < 1 < 400, By (F;20) < 400 if and only if E, (F;x9) < +00. Motivated by this fact,
we say that F(-) is

e BMO inU (F € BMO(U;R")) if these exist ¢ > 0 and rg > 0 such that E, (F;zg) < c for a.e. z¢ € U;
we set in this case
Flpyow) = sup Erg(Fiwo) = sup E(F; By(o))
o€

0€(0,ro]:
By (z0)CU

where sup is the essential supremum;
e locally BMO in U (F € BMO,.(U;RY)) if it is BMO in K for every compact subset K € U;
e VMO in 29 € U if
lim E,(F;z9) =0;

r—0+

e locally VMO in U (F € VMO, (U;R?)) if E,.(-) converges to zero locally uniformly in U, that is, for
every K € U, E,(-) converges to zero uniformly in K.

Remark 3.1. Our definition of BMO uses the L?-excess for simplicity, but it is equivalent to the more
classical one employing the L!-excess, see [44, Section 1.3]. Note that, as a consequence of our definition,
F € BMOy,.(U;RY) if and only if for every K € U there exists a threshold 7 € (0, dist(K,dU)) such that
E, . (F; -) is bounded in K. Moreover notice that F' € VMO,.(U;RY) if and only if for every K € U and
d > 0, there exists a non-negative 7 = 7(J, K) < dist(K, 9U) such that supg Er(-) < 4.
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Let F' € C°(U; R"); we say that w : [0,00) — [0,1] is a modulus of continuity for F if w(-) is a concave,
non-decreasing function such that w(0) = hmr_)0+ w(r) =0, and

)=
|F(£IZ) |<Aw(|xfy\), x,yEU,

for some A > 0. We recall that F' if Dini-continuous if w(-) satisfies (2.19). Notice that if § € (0,1/2] and
Ry > 0, using the monotonicity of w( )

0 4 1 00 _ 57 IRy do 1 2Ry do
w(d'Ry) < ———— w(0'R, / — + —w(R / —
— (") log(1/6) ; (Ro) sir, © log2 (Fo) Ry ©

1 oo n§iTIR, do 2Ro do B 1 2Ro do
. < 2 “0% 0% w0

Suppose that F belongs to the Marcinkiewicz, or weak-Lebesgue, space M™(U;R"), i.e. - ) holds. By
prescribing the decay of the measure of the super-level set, cake-layers formula implies a precise decay of the
averages of F. Let indeed F be in M™(U;R’) for some m > 1; then for every x € [1,m) and every ball
Bpr(z¢) C U, there holds

1/x X 1/m 1/
(3.5) <][ |F|X dx) < [ } BRI Y™ 1P| pp ot -
Br(xo) m— x M (Br(ao)iR¢)
Notice that assumptions (2.15) and (2.24]) imply 1} for a suitable exponent y > 2,: 1n the case of (2.15) we
can choose 2, < x < n < n and in the case of we can choose 2, < x < —— < n. In dimension

2— 0o 1-p

n = 2, whenever a Marcinkiewicz assumption with exponent depending on Sy is used, the auxiliary exponent
2, € (1,2) is chosen after fy, sufficiently close to 1, so that the interval (2., 2/(2 — 89)) is non-empty. We
conclude this paragraph with two elementary inequalities.

Lemma 3.2 (Fractional embedding). Let s € (0,1) and Br(zo) C R™. Assume that w € WH2(Bg(zo)RN);
then w € W*2(Bg(xo); RN) with

1 w(r) —w(y )‘2 c(n, ) 2(1— 2
(3.6) 2 (B(n / ][ [wiw) = ww)” ;. dy < ——LR% S>][ |Dw|? da .
|BR(‘/'EO)| [ ]W (BR( 0 BR $0 BR(I()) |x - "ﬂ+28 1 BR(QT()) ‘

Proof. By a scaling argument, we may assume that o = 0, R = 1. We first extend w from B; to R" via the
spherical inversion map. Specifically, let

w(x) xr € B
w(z) = T "
and with some work one can show that
(3.7) 1Dl 25,y < c(n, N)[[Dwl| 25,

see for instance [I4, Proposition 3.9.1]. Via a change of variables, the fundamental theorem of calculus, Fubini’s
theorem and (| ., we obtain

|2 / / —w(z +x)|?
drdy < dz dx
/Bl /;1 ‘x - y|n4>2S Bl Bz |Z|nﬂ‘>25
d
By /B, |z[nt2(s
|Di(x + tz)? dodt ————
/Bg/ /Bl | | |n+2 s—1)

N
S/ 2(s—1 / |Dw|* dw < i )/ [Dul’ da,
B |z|n+ (é_ ) L—s B
which proves ([3.6]). O

The following interpolation inequality can be found in [42] Theorem 6.23].
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Lemma 3.3. Let s € (0,1), R > 0 and Br(wg) C R". If u € W*2(Bgr(x0)) and ¢ € WH>®(Bg(xy)), then
up € W*2(Bgr(z0)) and (if o is not identically zero)
(3.8) [ulywe2(pp(ag)) < ()Pl Loo (B (o)) [||80||Z§o(BR(xO))HDSDHSLoo(BR(xO))HUHLP(BR(IO)) + [U]WS»Z(BR(zo))} :

3.3. Nonlinear potentials of Riesz-type. We shall repeatedly use the following elementary comparison
between the x-averaged truncated Riesz-type potential introduced in (2.11),

R 1/x d
1o ) = [ g(][ 7 dw) de,
’ 0 B, (x0) 0

and its dyadic counterpart. In particular, the continuous potential controls the sum of the corresponding
quantities over a geometric sequence of radii, as well as the related one-scale supremum.

Lemma 3.4. Let f € LX(Bar(wg);RY) for some x > 1 and some ball Bag (7o) C R"; let moreover a € (0,1/)
and T € (0,1/2] be a parameter. Then, setting R; = 7' R for j € Ng, B; = Bg,(x0), and R_1 = 2R, we have

0 1/x
(3.9 Z Ry <][ |f1X dm) < cIﬁ_’X(xO, R; 1) for all 7€ Ny
=7 B;
and
1/x
(3.10) sup ta( f fl"drc) < Tl (w0, Ry 1),
te(0,Ry] Bi(wo)

where both the constants depend only on n,x and T.

Proof. Recalling that R; = 77 R, we have

0o 1/x 1 oo /X rRj_1 dQ
R ][ xd;;;) <= Ra<][ de> / do
-Z; ’ < B; 7 log(1/7) 2 J 5, | f] . :
J=J J=J
rn/x & /le < 1/x do /X
ST 0 ][ de) Lo 1 (20,Ri
log(l/T) ]Z:; R; By (w0) |f| 0 log(l/T) a,x( 0 7 1)

which proves (3.9). For the proof of (3.10), we observe that if 0 < ¢ < R;, then we may find j > 7 such that
Rj1 <t < Rj; we thus have

1/x 1/x
" ( f f|><d:c) < /xR ( £ dx) 7
By (zo) Bj(zo)

and the proof is completed by applying (3.9). |

3.4. A-harmonic vectorial approximation. In the due course of the proof, we will exploit the quantitative
harmonic type approximation; the version we are going to use is a small variation of the very clean and sharp
version that can be found in [20]. We recall that, for a ball B and a tensor A as in the statement below, we say
that a function h € W12(B;RY) is A-harmonic if it solves

—div(ADh) =0 in B, ie., ]l (ADh,Dy)dx =0 for all p € C°(B).
B

Lemma 3.5 (Harmonic approximation Lemma). Let n > 2,N > 1 and A € R2N*nN peo o constant tensor
satisfying for some A > 1

(3.11) (A& E) > A2 and  |A|S A forall§ e R™Y.
Let B CR™ be a ball and assume that uw € WY2(B;RY) is a function satisfying

(3.12) ][ |Dul**¢ da < ¢,
B
for some { >0 and ¢y > 1. If u is also approzimately A-harmonic, in the sense that it satisfies

][ (ADu, Dy) dx
B

S eM|| D¢l pec(py for allp € C(B;RY)
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for some € >0 and M > 0, there exists a (unique) A-harmonic function h € u + Wol’Z(B;IRN) such that
][ |Du — Dh|? dz < ¢¢/0+9) [1+M?],
B

for a constant ¢ depending only n, N, A, and cg.

Proof. The Lemma follows from the main Theorem of [20] and the subsequent Remark, choosing p = 2,q = 2+,
using our assumption (3.12)) and performing basic algebraic manipulations. |

3.5. Nonlocal tail. An important quantity is the generalization of the so-called tail, namely for v > 0, we
shall use the ~y-tail defined by

. eal
3.13 Tail, (u; Br(zo)) = RW/ S e A B
( ) ’Y( ( 0)) R\ B (20) |x _ x0|n+23

for zop € R™ and R > 0. When « = 2s, this is the classical Tail term introduced in [27, [38], and for brevity we
set

(3.14) Tailog (u; BR(xO)) = Tail(u; BR(J?())) = Tail, (u; BR(xO)) = RV Tail(u; BR(xo)) .
Let us recall a few properties concerning the tail: clearly, whenever this is defined,
(3.15) Tail, (u + A\v; Br(zo)) < Tail, (u; Br(wo)) + || Tail, (v; Br(wo))

for A € R, but also

n Wy, nwny

1 Tail(l; B = Tail,(1; B = — " RV,
(3.16) ail(1; Br(zo)) T+ 25 ail, (1; Br(zo)) T+ 2 R
Note moreover that the y-tail increases as the radius of the ball decreases:

(3.17) 0<Ri <Ry = Tail, (u; Br,(z)) < Tail, (u; Bg, (2)) .

The proof of the following Lemma is a consequence of [25] Lemma 3.2] and (3.14]).

Lemma 3.6. Let w € Li,. There exists ¢ = c(n,s) > 1 such that

. o\ L. o
(3.18) Tail,(w — (w)p,; B,) < ¢ (;) Tail,(w — (w)p,; Br) + c—][ |w — (w)p,|dx
B,

X d
+c %][ |w—(w)Bu|dgc—'u
0 1 B, M

if B, € B, CR" are concentric balls. Moreover, if B,(x1) C B,(z2) are not necessarily concentric balls, then
. o\" r n+2s .
(319)  Taily(w — (w)p,(ay); Be(x1)) < ¢ (;) (m> Tail,(w — (W)B, (zs); Br(22))
r

+CQ772S( ) ][ |w7 (w)Br(w2)|d‘T’
Q BT(IQ)

and

; . A% " Ky . v—2s (" n][
(3.20) Tail, (w; By(21)) < C(r) (r P x2|) Tail, (w; B, (x2)) + co (Q) o |w| dz .

3.6. A modified excess. For our approach we need to introduce a modified excess, incorporating the non-
locality in a weighted tail-type term: we set

, 1/2
&y (w; By(x0)) = <][B - |w — (W) B, (20)] dx) + Taily(w — (w) B, (w); Be(20))

(3.21) = E(w; Bg(mo)) + Taily(w — (W) B, (x0)} Bg(aco)) ,

where Tail, is defined in (3.13), and E(-) is the local L?-excess defined in (3.1).
Moreover, the map x — &, (w; B,(x)) is continuous-see, for instance, [25, Proposition 3.4] for the continuity
of the Tail-term, and therefore of Tail, by (3.14).

We now prove two properties; the first one shows that our modified excess enjoys, qualitatively, the same
behavior as the standard excess under enlargement of the integration domain.
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Lemma 3.7. Letw € L& (Q;RN)NLL, and suppose that v > 2s. Then, for every couple of radii 0 < o <1 <1,

loc
there holds

(3.22) &y (w; BQ(-TO)) < ¢(n, S)(;)”/Q(ﬁ’7 (w; Br(xo)) .

Proof. Let us denote, for a moment, w, = w — (w)p, (z,) for r € (0, 0]. First observe that by , Holder’s
inequality and , we get
1/2
lw, |2 dx)

o Y
Tail, (wg; Bg(xo)) < c(g> Tail, (wr; Br(xo)) + c% <][
T T8 B,(z0)

T
+ceﬂ/ u‘Qs(][ wulzdx)
4 BM(WU)

o\" o' Yz
< c(f> Tail, (w;; Br(z0)) +02<][ |w,|? dx)
r 725\ J B, (0)

1/2 . d
_i_cg'yrn/Q(][ |’w7«|2d$> / M—Zs—n/Q ap
B (o) 0 K

AR 0" P 25+n/2 1/2
(3.23) §c(;> Taily (ws; B (o)) +Cr28{1+ (§> K]{Br(m) wTPdm)

for some constant ¢ = ¢(n, s). Recalling that o <r <1 and v > 2s, we get

1/2d7/i

o n/2
Taily (w: By(ro)) < ¢ () Taids (s B (wo)) +e0™* (7)) By (w; Br(ao))

merging this inequality with the obvious estimate for the excess part of &, (using also (3.2)), we deduce
B22). 0

The second property we prove justifies the fact that, qualitatively, the behavior of the modified excess
E,(-) is dictated by the decay of the excess only.

Lemma 3.8. Let w € L}, and suppose that v > 2s as in the previous Lemma. Then

limsupE(w; Bg(xo)) =0 = lim sup Taily(w — (w)BQ(IO); Bg(afo)) =0
o—0t o—0t
so that, in particular
(3.24) limsup &, (w; By(xo)) > 0 = lim sup E (w; By(z0)) > 0.
0—07F 0—0+

Proof. The proof the first implication follows again from (3.18]), which implies, for any ¢ € (0,7) (see the first
inequality in (3.23); here we use the same notation as there)

) 1/2
|’LU - (’LU)BT(JCO) | dl‘) ]
(o)

Y " —2s 2 1/2 d/J
+co 1 |w—(w)3#(zo)‘ dx -
e Bu(x()) H

and it is clear that we only need to check that the latter term is vanishing as ¢ — 0. However, supposing the
lim sup of the integral as ¢ — 07 is +o00 (otherwise the product, trivially, goes to zero), we can use de 'Hopital
rule and get, as v — 2s > 0,

” , 12 4
lim sup Q’Y/ ,U25<][ lw — (w)B“(IO)| dx) o
0—0t o B, (z0) ®
1 ) 1/2
< lim sup o 2571 <][ w— (W)B (s dx)
0—0t 797771 B, (z0) ’ ( e 0)‘

97—28 9 1/2
= lim sup (][ ‘w — (W) B, (x0)| dx) =0.
By (zo)

0—0t Y

1 1
Tail, (w - (w)Be(wo); BQ(:L"O)) <co” - Tail,y(w,«; Br(:co)) + 7425<]{3
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The second implication is obvious by the definitions of E(-) and &,(-). O

4. CACCIOPPOLI’S INEQUALITY AND HIGHER INTEGRABILITY

The first main result of this section is a Caccioppoli-type inequality. For our future purposes, we prove
it for a wider class of operators than (I.I). Specifically, let A : © x RN x R™M — RN A(z,z,p) =
{AY(z, z, p)}ffllf::‘;lN be a Carathéodory function satisfying the quadratic growth and ellipticity assumptions
(4.1) |A(@,2,p)| <AL +pl)  and  (A(z,2,p).p) 2 A7 (Ip]* — 1),
for almost all z €  and all z € RY,p € R*V, for a given constant A > 0. Moreover, let f be as in (2.1 and
G = {G9}25 N s a vector field in L2, (Q; R™N).

We consider local weak solutions to
(4.2) —div A(z,u, Du) + Q3u = f +divG in
that is, functions u € VVI1 2(9 RN) N L}, that satisfy

dx dy
[ D0 Doyt + [ 0 pule).ul).ute) ) - (ole) = o) ot

:/Qf.gadx+/Q<G,Ds0>d$

Lemma 4.1 (Caccioppoli’s inequality). Let u € W,o2(Q;RN) N L, be a weak solution to ([&.2) with the as-

loc

sumptions (1.4), (L.5) and (4.1)) in force. Then there exists a mdzus ro = ro(data,v) € (0,1) such that for any
ball B, = B.(x) € Q with 0 < r < 1o, and for all o € (0,1) and ug € RN

1 v
. n 2 < B 9
43) o ][B | Dyl dx_c((l_a)2r2+(1_U)28T28)][BTu wo|? da

or

2/x
+%V¢’_23Tail(u—uo;B,.)][ |u—uo|da:+cr2<][ |f|Xda:> —|—c][ [1G]? +1] dz
(L—o)nts B, B,

r

for all test functions ¢ € W12(Q; RY).

holds true with a constant ¢ depending on data.

Remark 4.2. We remark that the constant ¢ appearing in (4.3) is independent of v. The only implicit
dependence on v in Lemma is in the radius rg, which has to satisfy

1 1/[2(1-s5)]
. < mi —_ .
(4.4) 0<r0mm{1’<c(data)y) }

In particular, for v < 1, we may take ro(data,v) = 1.

Proof of Lemma /.. Tt is sufficient to prove the estimate for uy = 0, for otherwise the function u — g is a weak
solution to fdiv(Ao(:z:,v,Dv)) + Q@OU = f 4+ div G, where Ay(z, z,p) = A(x, z + ug, p) still satisfies and
Do (z,y,v,w,t) = O(x,y,v + up, w + ug, t) satisfies and . We fix 0 € (0,1) and two intermediate radii
or <7 <7y <r,and we define 7y = (11 + 72)/2 and 7o = (372 + 71)/4, so that 71 < 71 < 7o < To.

Let 1 be a cut-off function n € C°(Bs,) such that 0 <7 <1, n =1in Bz, and ||[Dn]|, < ¢/(m2 — 71).
Take ¢ = (u— (u)B,,)n* as a test function in ([4.2). Using (L5)), we get

(45) (O1) + (O) / f<pd3:—|—/ (GD@)dx:/ (A(z,u, Du), D) da

B, B,

/ / (z,y, u(), u(y), u(z) — u(y)) - (p(z) — (y)) %

dxd
+2/n\B / (z,y,u u(y),u(x)—u(y))w(x)ﬁ: () + D)+ (III).
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We estimate separately each term in via Holder’s inequality and, after recalling ([2.1] . that implies
X' < 2*, using Sobolev’s inequality we obtam

(O = </B f "'X‘”)l/x( | - (u>B,2)n\X’dx)” :

T2

1/x ) 1/2
< ¢(n, N, )(/ Fik d:c) 7_21+n/27n/>< (2/ |Du|*n* dx + 4/ |u— (u)B,, dx)
B, B, B,

2/x
(16) <o / IDu?de + et N 0) 2D ( [ gppean) e o [ ian,

Ty —T1)?

r To

where in the last mequahty we used Young’s inequality for § > 0 to be chosen later, and triangle inequality too.
Then, by Young’s inequality and the triangle inequality, we similarly compute

(O2) =/B <G,Du>n2dﬂc+2/ (G, Dn) (u = (u) .., )n du

s B.,

35/ |Du|2772dx+c(n,N,5)/ |G|? dx +M/ lul? dx
B B

T2 B;. ( T1)2

again for § > 0 to be chosen. Next, by (4.1)) we deduce

(I) ZA_l/ (|Du|2—1)772 dx—QA/ (1+\Du|)|Dn|\u—(u)BT2|nd$
B B

T2

T2 T2
A 1
ZAfl/ \Dul?n?de — A1 — 2 | Dufrp? da:—c(A)/ |u—(u)BT |2|D77|2dx
B 2 B B ?
7'2 T2 T2
—2A/ |Dnl|u = (W), |n da
T2
Afl
> |Du\2n2 dr — %/ |u|2dx —cC
2 BT2 <T2 - Tl) B"Q

where we have used Young’s inequality several times, the assumptions on 7 and the triangle inequality. Using
, Hoélder’s inequality, the product rule ) and ., we infer

s f / ju(e )I\w() W)l 4, 4,

\x —y[rte

S l/[ ]s,2;BT2 [SD}S,Z;BT2

V. 9 2(1—s) 2s
< Sl +er IPEEIDE [ e P  P1
T2
2 cv 2
< cvlul; . —&—7/ u—(u)p, | dr
[ ] ,2;Br, (7_2 _7_1)25 B, | ( )B 2|
§cz/7’2(1*5)/ | Dul? dx+ciyz/ |u|? d
(2 —7)% Jp

T2 T2

with ¢ = ¢(n, s). Finally, using (1.4]), by using
i Br,) < Tail(u; By,) +c(n, s)|(u)p

797

and the fact that, for © € Bz, = Bz,(z9) and y € R™ \ B,,(zg), one has

Tail(u— (u)p

|

Ty — T2

’7'27|£C*1’0| T N
— —ly — x| =

(4.7) ly — x| > — x| > ly — ol

T2
(as 2|y — 2| < |y — xo| + 72|z — 20| < 72|y — To| + |y — To||z — x0|), We estimate

cumnger [ [ i) - @ ) — @ ) — 005, P e
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(4.7) n+2s
] CV( T2 ) + 7228[Tail(u—(U)BT2;BT2)/ lu— (u)p,,|dx

T2 —T1 72

+ Tail (1; BTQ)/ |U - (u)B,, |2d4

T2

326 CI/TQn |:T 1( B )/ | |d </ ‘ |d >2 / | |2d :|
———- | Tail(u; B, u| ax + ujax | + u|” ax
T (2Tt B B, B.

T2 2 2

Jensen n
< CW—Q[Tail(u;Bm)/ |u|dx—|—/ |u|2dx}

(7—2 - Tl)n+2s T2 BTZ

(3.20) cvTy H rn /
< ———— || Tail(w; B,) + — udx}/ uda:+/ u|? dx
(7-2 _ Tl)n+2s ( 7") 7.2n B, | | B | | B ‘ |

(4.8) gcw{Tail(u;BT)/ |u|dz+/ |u|2dx}
B,

(7-2 -7 )n+23

Inserting ([4.6)—(4.8)) into (4.5, choosing § = A~!/8, multiplying both members by " and recalling that n = 1
on B, and r < rg, we find

_ 1 v
Dul?de < évrt s)/ Du2da:+c< + )/ ul? dz
L L - ) S,

T1 T2

cvr®
4+ ————— | Tail(u; B / udm+/ u%lx}
(Tz—ﬁ)n+28[ (us 5) BT| | B u

2/x
| f|X d:c> +c/ (1G] +1] da
By

remnn( [
B

with ¢ and ¢ depending only on data; now we choose 19 < 1 such that

7 r

T

o 20-s) 1

cvrg <3

(which yields (4.4))) and we apply the well-known “simple, but fundamental Lemma” by Giaquinta & Giusti
[35, Lemma 1] (see also [37, Lemma 6.1]) to reabsorb the first integral on the right-hand side, getting

1 v
Dul? dx < ( )/ 24
/ 1D i < e (i + ) [,

2/x
cv n
—————— Tail(u; B, d n+2(1-%) / Xd / 241)de.
+(1_U)n+2sr28 ail(u; )/ luldz +cr Br|f| T +ec r“G\ +1] dx

r

After taking averages, this is the desired estimate. O

Our next goal is to show that, under suitable integrability assumptions on f, G, we have higher integrability
of the gradient of solutions to . Before stating such result, we anticipate a useful lemma to rewrite the
right-hand side of in divergence form by using classical potential theory for the Poisson equation. More
precisely, we have

Lemma 4.3. Let f € LX(Bgr(xg)), with x > 2.. Then there exist an exponent ¢ > 2 and a vector field
F € L1(Bg(x);R"™) such that f = div F in distributional sense, and satisfying

1/q 1/x
(49) (f wrrae) " sconor(f irac)
BR(ID) BR(wO)

If 2, < x <n, one may take

n
g=x"= 0> 2,

while if x > n, one may take any number g > 2 (actually, for x > n one might even take ¢ = +00).
Proof. We extend f to the whole space by setting f = 0 in R™ \ Br(z(). Consider the function

w= [ Ta-fe)dy,
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where I' is the fundamental solution of the Laplace equation in R™. It follows that —Aw = f, and classical
potential estimates ([36] Section 7.8], [39, Section 2]) give |Dw| < ¢(n)Ii(|f]). The assertion follows now by
setting F' = —Dw, and taking into account the Hardy—Littlewood—Sobolev inequality and its standard localized
consequences. If 1 < x < n, this is immediate as x* > 2 by x > 2,. If x > n, we fix ¢ > 2 and choose

nq "
= Qx = S 2*’ n), =
Xo =g = T 2em), 4= Xxo
and using the previous case with exponent xo and Hélder’s inequality gives (4.9)). Finally, if x > n, one can use
Hélder’s inequality applied to the kernel |z — y|*~™. O

The main result of this section is the following:

Proposition 4.4 (Higher integrability of the gradient). Let u € I/Vlif (G RN)YN LY, be a weak solution to ([4.2)),
under assumptions (L.4)—(L.5), (4.1) in force, and f = div F as above. Then there exist constants

¢ =((data,max{r,1}) >0 and c=c(data, max{v,1}) >1

such that, if F,G € L2 (Q; R™N), then |Du| € L215(Q), with quantitative estimate

loc loc

1/(2+¢) 1/2 2t 1/(2+¢)
(4.10) (][ | Du|*T¢ dx) < c<][ | Dul? daz) + c<]l [|1F|+1G| +1] dx)
Bry /2 B:ar, Bary

+ cvRy ™ Tail(u — () Bapy Bar,) -
This holds for all Bag, = Bar,(x0) € Q with Ry < ro(v) < 1 satisfying (4.4).

The proof of Proposition is very similar to that of [I5l Proposition 3.4], our starting point being (4.3).
For the sake of completeness, we sketch the full proof.

We start by proving a reverse Holder inequality, in the same spirit as [15, Lemma 3.3]. To this end, we fix
a parameter 7 > 0, depending only on s, satisfying

(4.11) max{s,1/2} <7 < 1.
Proposition 4.5 (Reverse Holder’s inequality). Let u € WL2(Q;RN) N L, be a weak solution to [@A.2), under

loc

assumptions (L4)—~(L.5), (4.1)) in force. Suppose that f = div F, with F,G € L% _(Q;R™). Let r < ro(v), where
ro(v) is the threshold appearing in Lemma zo € Q, and let £ € N be such that

B2Z+1T($0) €N and PARRYS <1.

Then there exists a constant ¢ = ¢(data) such that

V2 (n+2)/n
(4.12) ][ |Du|2 dr <c (1 + 7) (][ |Du|2n/(n+2) dz)
B2 0 B,

(n+2)/n 2'r
=+ 5[(][ ‘Du|2n/(n+2) dm) +/ Ml—ZT(][
By r B

287 I3

(n+2)/n
|Du|2n/(n+2) d.’IJ) d/’L:|
W

20y

+0 |:l/ r(2r) 7 Tail(u — (u)5 'BQer)] + C][ [|1F|* + |G + 1] d

r

holds for all § € (0, 1].

Proof. In view of Lemmaand (4.9), we may assume that f = 0 by replacing G with F'+ G, where f = div F;
we omit the center of the various balls under consideration. We want to estimate the terms on the right-hand
side of (4.3) with o =1/2 and ug = (u)p,. By Sobolev and Hélder inequalities, we have

(4.13)

5 1/2 S n
][ [u — (u)B, ()| dz < <][ |u — (u)BT(x0)| dx) <¢(n,N) r<][ |Du|2 /(n+2) g
BT(wO) B'r(aj(]) B

r ($0)

)("+2)/ [2n]
using (3.18)), we can estimate the tail term as follows:

r~®Tail(u — (u)p,; B,) < c(2'7) 7" Tail(u — (u)p s Boe,)
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247' d/,(/
+ 0(267“)_28][ |u — (U)BzeJ dx + c/ ,u_QS][ |u — (u)BM| dx ? .
B 4 T

26y ' B

Using the previous estimate, Poincaré’s inequality and then repeated use of weighted Young’s inequality, we get
g y

vr 2 Tail (u — (U)B,,,;Br)][ lu — (u)B,|dz
B,
< cv[r(?er)_zs Tail(u — (u)p By, s Baer )

2l
+r(2€r)1_23][ |Du| dx + r/ ul_Qs][
B Vi s B

d
|Du|dx'u}][ |Du| dx
2 B,

9 2
<5 [VT(er)fQS Tail(u — (u)p By, i Boe, )} +52<][ |Dudx)
BZ“T
24r 2 2.2 (90,.\2(1—2s) 2.2 2
d 1 2
(4.14) +53{/ uHS][ |Du|dmu} +c{+w( r) +WK][ Du|dx>
r B 2 o1 d2 d3 B,

“w

for §; € (0,1], i = 1,2,3. Moreover, for u < 2% < 1 we may bound p'=2° < p'=?7 thanks to ({.11)), so by
Hélder’s inequality applied with measure dA(u) = p! =27 %", we compute

2

</T22W128][B |Du| dx %)Qg/rzzrdk(u) /T2£T<]€B |Dudx> dA\(p)

W Iz

2T 2t 2 du
4.15 < 1=2r ][ Duldz | -+
9 B 27—1/r ! ( B Dulde p

I

in the last inequality we used that 7 > 1/2 by - Combmlng , choosing 61 = §, = § and
63 = (27 — 1)2r2(7=1§ and finally using the facts r2(2¢7)2(1=29) 2 2 <landr'~—7 <1by [@11), we
infer

vr~ 2 Tail(u — (u)p,; By) lu — (u)p, |dr < &|vr(2fr)=2s Tail(u— (u)p By, Baey ) ’
B

2 2t 2 2
+5<][ |Du|dx) +5/ u”f(][ |Du|dm) du (H”)(][ |Du|dm>
B r B H 5 .

u
with ¢ depending on n, N and s. To conclude, it suffices to use Caccioppoli’s inequality (4.3) with the choice
o=1/2, up = (u)p,, which, together with (4.13)), (4.15) and Hélder’s inequality gives

2 (n+2)/n
][ |Dul? dz < c(1+”+2”1)<][ | Du| 2/ (n+2) dm) +c][ [|FI? + G2 + 1] da
B,)a N B, B

al(f T

(n+2)/n 2f (n+2)/n d‘LL
|Du‘2n/(n+2) d:l?) +/ 'UIZT(][ |Du|2n/(n+2) dI) :|
and using that v/r?(*=1) < ¢(data) by (#.4), we get the desired outcome. |

20y

1

26r K

2
46 {1/7‘ (257,)723 Tail(u - (u)Bng; BQZT):| s

We are now in the position to prove Proposition[4.4] whose proof is based on the reverse Holder’s inequality
(4.12) and an exit time argument as in [19] [40] and [I5, Proposition 3.4].

Proof of Proposition[{.} In the following, we set

|[F| = |F| + |G| +1,
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and we fix two constants ¢ > 0 and M > 1 depending only on data and max{v, 1}, to be determined later.
Given Ry and zg as in the statement of the proposition, for all R and = € Q such that Br(z) C Bpr,(zo), we set

3 1/(24¢)
Y (7, R) = (f |F|2+¢ da:)

1/2 ~ 1/2
U (7, R) = <][ Du|2dx> +M <][ |F|2d:c> ,
Br(%) Br()
and

2°R 1 g,11/2 wlv) — (u N
(416)  T(z,R) = U MQT(][ |Du|27dx> “] +VR/ ) = W
R B, (x) p R™\Byep(z) |y — |

where y =n/(n+2) € [1/2,1) and £ = ¢(R) € N is such that
Ry

(4.17) - S2R<Ry;
we also set
(4.18) =@, R)=7"(z,R)+Yn(Z,R)+T(z,R).
We fix two radii r1, 79 > 0 such that
R
(4.19) 70 <r<r2< R
and define the quantity
— R
(4.20) Ao == sup {E(w,R) : T € By (x0), 2 16T1 <R< 20}
Step 1: Upper bound for \y. Let
- R
(4.21) z € By, (zo) and 2 16“ <R< 70 ;
we have Bgr(Z) C Bag, (o), and for this reason
2R\ 7/ (2+¢) 32Ry \ /2
(4.22) Y(z,R) < (—0) Y(x0,2Ro) < (T . ) Y(x0,2Ry) .
2 —T1

Moreover, by ([#.17)-([4.21)), we have Boe1(Z) C Bag,(70), so that for all R < p < 2°R, we similarly have

1/~ 1/~
32Ry \"/7
(][ |Du|2”dy) < cm) () (][ |Du2wy) .
B,.(7) r2— T Barg (z0)

In particular, by (4.11) and R < Ry < 1, we get

2'R Vv 4 2 n+2
[ () < (2L papay,
R B, () 12 T2 —" Bar, (z0)

where we also estimated the last integral using Holder’s inequality, since v = n/(n + 2) < 1. Again, using the

inclusion Boer15(Z) C Bag, (%), we may use (3.19), (4.21]) and Poincaré’s inequality to deduce

lu(y) = (W), @]
vR _n+2s
R™\Byep(@) |y — T

dy =vR(2°R)™% Tail(u — (U)BQZR(i); Bng(f))

2R,

S CVR(QRQ)_ZS (m

n+2s
) Tail(u — (&) Byp, (20); B2k (T0))

o 2R\
+cvR(2'R) 28(24—]3) ]{3 lu = (W) By, (w0)| d
2R

2R,

T2 —T1

n+2s
< CI/R( ) (2Ro)™** Tail(u — () Byry (20); B2Ro (20))

2 n+1 1/2
+ cuR(ZeR)_QS((J;OI)%)n < ][B - | Du? dm) ;
2Ro (To
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here ¢ = ¢(n, N, s). Since 2°R < Ry < 1, by ([&.11)) we estimate (2°R)~2* < (2R)™%" < R™?7, whence from the
above inequality we find

lu(y) — (u)B,, ()| 2Ry \"+2s _
VR ot dy < cv R(—22 )T (2R0) 7 Tail (u — () by (w0 Bana (20)
RN\Byep(@) |y — 7| T2 =71
2R, n+1 1/2
+cu(nf2)Tl<][ |Du|2dx)
R Bag, (z0)
2Ry \mt2s 1-25 s
< cy(r2 — 7”1) (2Ro) Tall(u - (“)ano (z0); B2Ro (mo))
32R, \n+2r—1 1/2
(4.23) + cy( 0 ) (][ | Dul? dac) )
r2—T1 Barg (%0)

with ¢ = c(n N s), where in the last inequality we also used and n+1>n+ (2r — 1) > n by ({@.11).

Combining (4.22] -, we thus find

(4.24) Ao

=
=0

2 n+2
<CM<3RO) =
9o —T1

where ¢ = ¢(n, N, s), and we have set

) 1/(2+0) 1/2
= <][ |F|2+e dz) + (][ | Dul? dx)
Bar (z0) Bar (z0)

+v (2R0)1728 Tail(u — (U)BzRo(xo); BQRO (xo)) .
Step 2: Exit time and Vitali covering. Let A > )\g, and define

(4.25)

(1]
|

E\ = {x € By, (z0) : sup U (Z,R) > )\} )
OSRS%

By definition (4.20)), we have

— R
S BTl(x0)7 R e |:T216T1,20:| - \I/M(l‘,R) < Ao <A
On the other hand, for every x € E), there exists an exit radius R, € (0, 77"21_6“) such that
R
(4.26) Uy, R,) =X  and WMCLR)SAﬁnaHIEG(Rm7£),

By Vitali’s covering argument, we may find a countable collection of pairwise disjoint balls { Bag, ()} 7, with
cardinality #7 < fN, with centers {x;};cs C Ex and radii {R;};es such that
(4.27) E\ C U Bigr,(z;) UN,
JjeET

with A negligible. For notational simplicity, we set B; = B, (2;), and denote by K B; = Bgp, (z;) for K > 0.
For all j € 7, let us pick ¢; = {(R;) € N satisfying

@g%mg%.
Since R; < Ry/8, it follows that £; > 3 for all j € J, and 24+1B; = Byti+ip, (xj) € Bar,(x0)-

We aim to estimate the measure |B;|. By (4.26]), we have that either

2y 3 2y
(4.28) <][ |Du|2d:c) > — or M (][ de:v> > =
B 2 . 2

J J

holds true. Assume that the first condition in (4.28]) is in force. This information coupled with (4.12) (with
r = 2R;) gives

1
(4.29) A2<C(1+Vj) |Dul* da M+5{V2R-(2€7+1R»)_25Tail(u—(u)B s Bye, 1 )r
. = 5 28, J J 2zj+1Rj7 25T R,
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1/ 2% T R 1/ du -
+5{<][ Du|27dz> +/ u”f(f |Du|27dz:> ] +c]l |F|? dx;
2% B; 2R; B, () w 2B;

furthermore, thanks to (4.26)), for all © > R; we have

f o puray<,
Bu(z;)

while, by (4.16)), (4.18), (4.20) and the fact that A > Ay, we have

fu(y) — (Wgty 1|

) n+2s
R™\2% 1 B; ly —x;

v2R; (29 R;) 7 Tail(u — (u)ye; 41 3291 B)) = v2R; dy < T(z;,2R;)

< E(zj,2R;) <A,

and
_ S(z;,2R;)2 _ N
F 2 dr < [ ($]7 J < .
Jos, e VR Ve

Using the last three estimates in (4.29) together with Holder’s inequality, yields
2 1/~ A2
)\QSC(l—I—é)(]éBj |Du|27dx> +CW+C(5/\2.

Hence we fix § small enough and M large enough, both depending only on data, max{v, 1}, so as to obtain

1/~
N <e(l+ V)2<][ | Du|*Y dac) )
2B,

from which it follows, for any x > 0,

c(1+v)>

(4.30) 1B, < =%

1 2y
/“mmmﬁﬁﬁgff DUl do + e(1 4+ 1) k2| By
2Bj 2Bjﬁ{|Du|>,‘i)\}

by choosing x = k(data, max{v,1}) € (0,1) so that ¢(1 + v)?7x% < 1/2, from ([4.30]) we get
c(1+v)> /
AT 2B;N{|Du|>kA}

with ¢ = ¢(data). If, on the other hand, the second condition in (4.28)) holds true, then trivially (recall that
now M is fixed depending on the data)

(4.31) |B,| < |Du|? dx

C ~
Bl< g [ PP,
B;

and arguing as before we find x = x(data, max{v,1}) € (0,1) small enough such that

(4.32) IB,| < %/ B[ da
A JB,n{1E|>kA}
(clearly we can suppose that the two small constants x in (4.31]) and (4.32)) are the same). In any case, from
(4.31) and (4.32) we deduce
c(1+v)» /
A% 2B;n{|Du|>rA}

From this point the proof is standard, thus we only sketch the main points; for the details see [2], [8, Section
8], [15 Section 5.2] with the appropriate modifications. We observe that (4.27) implies

(4.33) |B;| < | Du|* da + %/2 |F|? dz .

B;in{|F|>kr\}

(4.34) B, (zo) N{|Du| > A} CE) C U 10B; up to a negligible set,
FISV

and this can be easily proven considering Lebesgue points of the gradient in By, (xo) N {|Du| > A}.
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Step 3: The A-inequality. From now on we denote B,,, B,, for short, omitting their center z9. As {2B;} is
a pairwise disjoint family and U ez 2Bj C By,, summing (4.33) over j € J yields

) 7 2 2
(4.35) | Bj] <€ |Du|*Y dx + — i |F'|* dx .
]%:7 )\Q’Y BTQQ{‘D“|>’”~)\} )‘2 BTQO{\F|>I~§)\}

On the other hand, by (4.26]), we have ¥,/ (x;, R) < A if R > R;, hence

(4.36) / |Dul?dz < N*|10B;|  for all j € J;
10B;

from (4.34)—(4.36)) we infer
/ |Dul? da < Z/ |Duf? dz < 10"\* > | B
By, N{|Du|>\} jeg jeg
and combining the latter inequality with (4.35]), we obtain

1 2 ~
/ \Dul?dzx < %/ \Dul?" da + c/ |F)da,
By N{|Du|>\} By {|Du|>kA} By M{|F|>KA}

that is
(4.37) / |\ Dul? de < CAHW/ Dl d + c/ P2 da

Ux(r1) wx (72) Frx(r2)
(where now ¢ may also depend on max{v, 1}) where we have introduced the sets

Ur(r) = {z € B,(w) : |Du|(z) > A},  Fa(r) ={z € By(w0) : |F| > \}.
Step 4: Integration and conclusion. To ensure that all the quantltles we are considering are finite, for any
t > 0 we should define the truncated functions
|Dul; = min{\Du\,t} and \F\t = min {|F|,t}

and proceed as in [§]; we shall instead proceed formally and let the reader follow [8, Section 8] to implement
the necessary changes needed to make the proof rigorous. Let us multiply (4.37) by AS~!, where ¢ > 0 is as in

the statement, and then integrate it with respect to A over (A9, +00) to obtain, after changing variables in the
two integrals on the right-hand side,

/ /\C/ |Du|2da:—
Ao Ux(r1)

< ;/Oo >\C+2(1—7)/ |Du|* dz ar + 7/ )\C/ |F|2
K227 )5 Un (r2) A Fa(ra)

C C
. — Du2+<dx+—/ F|**C dx
—[c+m1—wm<ﬂ%' | & Jp, !

with ¢, k depending on data and max{v, 1}; in the last estimate we used Fubini’s layer formula twice. On the

other hand, recalling (4 7-, we have

)\ R ¢(n+2)
/ )\C/Tl ‘D’U,|2 0 |Du|2dx§§( 0 ) ‘ |'—'C+2.

To —T1

T2

Combining these two estimates and again using Fubini’s formula yields

+oo
/ |Du|>T¢ do = C/ )\</ | Du? dx@
B 0 Ut

< ¢ |Dul**¢ dz + = |F1> dx + ¢ _fo_ C(n+2)|B zdt?
T [C+2(1 =9)]kS Jp KS B, o —T1 fo ’

this inequality is valid for any ri,re fulfilling (4.19). Finally we conclude by choosing ¢ > 0 depending on
data, max{v, 1} such that

T2

c( 1
Cr2(l— ) = 2’
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as we are in the position to apply the aforementioned [37, Lemma 6.1] to reabsorb |, B | Du|**¢ dx; this gives,
v
after dividing by |Bg,|, and recalling the definition of Zg in (4.25)), the desired estimate. O

5. LINEARIZATION AND EXCESS DECAY
In this section, we fix B,y(zo) € Q and we assume that u satisfies
(5.1) &y (u; By(wo)) < €9

for some ¢ = gg(data, wy(-)) € (0,1) to be determined later, where £, () is the y-excess defined in (3.21)). We
also assume that A(-,--) fulfills the BM O-condition

(5.2) E., (A;20) <94,
for some radius r4 € (0,1), and 6 = d(data) € (0,1) to be chosen later, where E,.(4;x) is defined in (2.6].

We carry out a blow-up procedure at a point z¢ € © within the ball B,(xg), where ¢ < min{rg,r4}. Here
r4 is the radius from and 7o = ro(data,v) € (0,1) satisfies ; ro will be further reduced in due course
of the proof.

In this section, unlike in the previous ones, we will always make the center of the balls explicit when it is
xo and we will use the notation By 4, B1, etc., for balls centered at the origin.

From now on, we fix a parameter
(5.3) v = ~y(s) such that max{2s,1} < v < 2,
and for &, = &, (u; By(z0)), we set

u(xo + ox) — (U)Bg(wo) 0% f(zo + ox) '

(5.4) u(x) = : gy = B
Note that
(55) (g, =0, f lufdr <
1 B
and, by a change of variables, we have
1
(5.6) Tail, (ug; B1) = Tail(ug; Bi) = - Tail(u — (u)p,(z); Bo(o)) < 0*77;

&y
the last inequality is due to the definition of y-excess in (3.21]) and (3.14]). By setting
Az, 2) = A(zo + oz, (u)Bg(%) +&,2)

and
P (xg + oz, 20 + 0y, (u + Ev, (u + Ew, Et
<I>g(x,y,v7w,t) _ ( 0 4 0 oy ( )BQ(JCO) Y ( )Bg(xo) Y Y ) , QIQll = %l ,
&, e
straightforward computations (via change of variables) show that u, is a weak solution to
(5.7) —div(Ay(-,up) Duy) + 0* Q3 u, = f,  in Bi.

Furthermore, it is straightforward to verify that A, (-, ) still satisfies (1.3]), and that ®, continues to satisfy
(L) (L), that is

(5.8) (Ap(m,2)€,€) > A™H¢)?, |A,(2z,2)| <A forae. € By and z € RY,

and, for a.e. z,y € R, all u,v € RN and t € RN

{‘I).Q(‘ra y7u7vvt) = (bg(yaxa Ua U,t)

5.9
( ) (DQ(‘I,y,U,U,*t) = 7(I)Q(x7y7uavat)

9 |¢Q(w7yvv7w7t)| Sl/|t|
In addition, if A(-,--) satisfies (5.2)), then a simple change of variables shows that A,(-, ) also fulfills

1/2
(5.10) (][ |Ag(z, 2) — (AQ)BG(Z)|2 dm) <6, forallo <ra/oand z € RV .
B

o
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Moreover, by (2.4), we have that u — A,(x,u) is uniformly continuous (uniformly in z), with modulus of
continuity given by

(5.11) Wyp(t) =wy(&4t) fort>0.
Remark 5.1. From now on, possibly reducing o, we will always assume that
(5.12) c(data)re" ™y <1 and 27w <1,

where c¢(data) > 1 is the constant appearing in (4.4]). This choice is possible due to the bound in (5.3]). Conse-
quently, all quantitative constants from the previous sections (in particular, those in the Caccioppoli inequality
of Lemma [4.1] and the gradient higher integrability of Proposition [4.4) applied to u, will be independent of p.

Indeed, (5.8) holds, and the nonlocal term @, in (5.7) satisfies (5.9) while being multiplied by ¢>'~*), yielding
(5.13) 0*1=91®, (2, y,u,v,t)| < rg(l_s)u|t| <|t|, forallteR.

Moreover, for the rescaled equation, the threshold radius appearing in (4.4) effectively becomes 1 for any choice
of p < rg; this allows us to apply (4.10) directly to the function wu,.

5.1. Small potential regime. In this paragraph, we further assume that we are in the so-called small potential
regime, which means that

1/x
(5.14) g2<]€3 - |f1X dx) < €*&,(u; Bo(x0))

for some constant ¢* € (0,1) depending on data to be determined later. In particular, by definition of f, in

(5.4), this implies
1/x
(5.15) <][ fg|de) <e*<1.
B,

We claim that, under assumption (5.14)), there exists §; = d;(data) such that the higher integrability property
(5.16) / | Du,|? dz +/ | Du,|> Tt da < c(data)
Bi/2 1/2

holds true if ¢ < ro. To prove it, let us fix y € By 9; since u, solves (5.7)) with (5.8) and (5.9)—(5.13)) in force,
from Caccioppoli inequality (4.3) with ug = 0 and v replaced by 0*(1=9)y < 1, we obtain the energy inequality

(5.17) ][ | Du,|* dx
Bl/S(y)

2/x
< c][ |ug|2dx+CQZ(l—S)yTail(uQ;Bl/4(y))][ |ug|d:r:+c(][ | folX dm) +c,
31/4(?/) 31/4(9) 31/4 y)

with ¢ = c(data) due to Remark |[5.1} Next observe that, for any o € (1/32,1/4) and all y € By /5, we have
B,(y) C Bjy. It then follows by (3.20]) and (5.5)—(5.6|) that

92(1*S)yTail(ug;Bo(y)) < c(n,s)g2(175)y[Tail(uQ;Bl) —|—/ [uol dx}

By
< e(n,)0* v < e(n, s)rg v < eln, s)
where the last inequality due to (5.12)); a similar estimate holds if we replace u, with u, — (u,) By s(y)" using

this time (3.19) and (3.15)—(3.16]). Therefore, using Holder’s inequality, (5.15]), (5.5) and the last estimate, from
(5.17) we infer

][ |Du,|*dz < c(data).
Bi/s(y)

Then, using (#.10) (with v replaced by 0*(*=*)v by (5.13)) and (4.9), if we set §; = min{¢,e} (which only
depends on data thanks to Remark , we have

1/(2461) 1/2 1/x
(£ ipupas) " Cse( £ ipuas) vere( £ i)
Bi/32(y) Bi/s(y) By
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+ec 92(175)V Tail(ug - (uQ)Bl/S(y); Bl/S (y)) ’

which, estimating as before, yields

(5.18) ][ |Du,|* ™ dx < c(data).
B1/32(y)

By the arbitrariness of y € By, (5.16)) can be obtained from (5.18) and a standard covering argument.

It is useful to introduce the following notation: for ® a kernel as in (1.4), and ¢ € C°(R™; RY), we write

dx dy
|z — y[rt2s

619 (Qued = [ [ S, u)ul) - uw) - (o) - o)

In view of the quantitative approximation lemma, the next lemma shows the core of our paper: namely, it shows
why the nonlocal term can be treated as a perturbative term, and it can be made arbitrarily small by taking o
suitably small.

Lemma 5.2. There exists a constant ¢, depending only on data, such that if v = v(s) is given by (5.3)), and
(5.15) is in force, then

(5.20) |20 (@b g, ) | < ve* T IDG] s
for all functions ¢ € 030(81/4;RN).
Proof. Let ¢ be as in the statement: by the symmetry property in ((1.5)),

n dl‘ d
(@l = | | /| Pl ) o) — o)) - (o) — o)

dedy
+ 2/"\31/4 /31/4 Dy (,y,up(), up(y), up(x) — up(y)) - o() EErE=h (I)+(I1).

Using (5.9)), the triangle inequality and (3.6, we have
(D] < V[UQ]WS,Z(BlM)[‘P]Ws,2(31/4) < C(n»S)V||DU9||L2(Bl/4) HDSD||L2(31/4) < C’/||D90||Loo(31/4) )
where the last inequality follows from ([5.16)) and the constant ¢ depends only on data. Next we observe that

for x € Byjy and y € R™ \ By, we have 2|z — y| > |y|; by using this information, the triangle inequality and
again (5.9), we get, for a constant ¢ ultimately depending only on data,

[ dy [ug(y)]
ani<er| [ [ w@lle@lde+ [ Lay [ o) da
L SR\ B, s |y | +2s By, ¢ R™\B, /s |y|t2s Bis
[ 1/2 1/2 |up ()
<cv / [u,|? dx / lip|? dx —I—/ il . dy/ lp(x)| dx
_( B, ¢ ) ( Biy ) R\ By /2 |y| +2 By

[ 1/2 [uo(y)]
<cv (/ U de) +/ © dy| | De|| ;e .
I B | g| R"\B1 s ‘y|n+25 H ||L (B1/4)

We conclude the proof of ([5.20) by estimating the first term between parentheses by (5.5)) and the second one
as follows, using ({5.6)):

[ Ol ey [ Ll
R\ B /» |y B1\Bi s |y :

<o 2 [ gy < ) (7 1)

B

Multiplying the estimates above by 02>(1=%) and recalling that ¢>*=7 > 1, 0>~ < >~ by (5.3) yields
(5.20). 0
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5.2. Approximate harmonicity. With Lemma [5.2] at our disposal , we now want to apply Lemma with
(5.21) A=A, = (A,)5(0),

where (A,)p, (2) was defined in (2.5)); A, clearly satisfies by (5.8). To this end, we first prove the following
Proposition 5.3 (Quantified approximate harmonicity). Let u,, A, be given by and , respectively.
Assume that , and are in force. Then we have

(522) | (AuDup D)da| < con(e.5" 20, IDel 15,
1/4

for all p € C°(By,4;RY), where ¢ = c(data) and
(523) Sl(Qa €*a €0, 5) = VQQ_’Y + E* + [wu (60)]1/2 + J.
Proof. Given ¢ € 030(31/4;RN), we have for X € By /4

</IQDuQ(J;),D<p(x)> = <Ag(x,ug(ac))Dug(a:),Dgo(x» + <(/Ig — Ay(z, ug(m)))DuQ(x),Dgo(x» ,

so that, integrating over B; /4 and using the weak formulation (5.7)), we obtain

< |0 (@Q5 g )

nl

‘ / <fIQDuQ, Dgp> dx + ’ fo-pdx
By By

[ A= Adau) 1Dl IDel do = (1) + (D) + (111).
1/4

The term (I) is estimated using Lemma Moreover, by Holder’s inequality, (5.15)), and since ||<P||Loe(Bl/4) <
||D‘P||L°o(31/4) being ¢ compactly supported, we have

(5.24) (1) < ||fQHL><(Bl) ||‘P||Loo(31/4) <c(n) 5*||D90||Loo(31/4) ;

for the last term we use the triangle inequality and split

(11T < /B |4, — Ay(z,0)||Duy|| Do di + / |A(2,0) — Ay(z, up)||Dug||Deg| dz = (IV) + (V).
1/4

Byy

By Holder’s inequality, (5.10) and (5.21)) (recalling that 1/4 < r4/o as 0 < ro(data,v,r74) < 14), and by (5.16))

we infer

1/2
e 2
)< ([ 1= 40 @) 1Dt 1D o,
1/4

1/2
1 2
S(/B 4o = Ao(=, 0) dw) 1D¢l e (2,,) < €O NPl 5,
1/4

with ¢ = c¢(data). Then, by the uniform continuity of A, (5.11)), Holder’s and Jensen’s inequalities, (5.16)), the
boundedness of wy () <1, (5.5) and then (5.1]), we deduce

(V)< clDelmion,y [ tollue)) Dl do
By

1/2
<o £ wolleedds)  1Dulagp, 0 1DPli~i5,,
1

1/2
<clone( £, udan)] 106~

1/2
< ¢ [wu (& (1 Bo(@0) )| 1D¢l ey ) < lnlc0)] " IDGN e s

where ¢ = ¢(data). Combining all these estimates, we get the desired estimate. O
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By the previous proposition, we are ready to apply the approximate harmonicity lemma [3.5f owing to
(5.16) and (5.22)), there exist a small exponent ¥ = ¥(data) € (0,1] and ¢ = ¢(data) such that

(5.25) / |Du, — Dv,|? dz < c[s1(0, €%, €0, 5)]19 ,
By
for all 0 < p < ro(data,v,r4), where v, € u, + WOI’Q(Bl/4; R™) is the unique solution to

(5.26) {di’(AQDvg) =0 in By

Vo = Up on 331/4 ’
here A, is given by (5.21)). By standard elliptic regularity theory (see [34, Remark 2.2, Chapter I11]) and (5.16)),
for all £ € N we have

(5.27) ||Dk1;g||Loo( < c(k, A)[[Dvll 12 < c(k,A)||Dug||L2(Bl/4) < ¢(k,data);

Biss) — Biys) = <

the second inequality comes from testing the weak formulation of (5.26]); with u, —wv,, and performing standard
computations, using the ellipticity and growth assumptions (5.8]).

Now let 7 € (0,1/64) to be fixed later, and estimate &, (u,; B;) by considering separately its two components.

By (5.25) and (5.27)), we find

1/2 1/2 1/2
(][ | Du,|? dx) < <][ |Du, — Duv,|? da:) + <][ | Du,|? dx)
B, B, B,

1/2
< c(n)T—n/Q(][B |Du, — Duv,|? dm> + ||Dvg\|Lm(Bl/8)
1/4

(5.28) <cr 2 [sl(g7 e, eo, (5)}19/2 +c,

with ¢ = ¢(data). Moreover, by Poincaré’s inequality and a change of variables,
1/2

1 , 1/2 , 1/2
_— u—(u)g (o dx) :(][ u, — (u dx) SCT<][ Du 2dx> ,
I re G A ) p, Ite ™ (s 5

¢ = ¢(n), which, coupled with ([5.28)) implies

1/2
(5.29) (][ | |u— (“)Bw(mo>|2 dx) < cr{rn/z [31(9,5*’50,(5)]19/2 + 1} &y (u; By(wo))
B‘re(mo

again with ¢ depending on data. Next, using (3.18) with w = u, (remember that (u,)z = 0), (5.5)-(5.6), we
may estimate the y-tail term as follows:

1~ d
Tail, (up, — (up)B,; B-) < ¢7” Tail, (uy; By) + 677]1 |uol dz + c/ T2S ][ lup — (UQ)BJ da 22
By T M B, 12
(5.30) et et [1 + / u_2s][ lup — (ug)Bu| dx } .
T B, H

We estimate separately the last integral, thanks to the triangle, Holder’s and Poincaré’s inequalities, ({5.5)),

and (520):

1 1/16 1
_2s dp —2s dp —2s dp

/ pu2 ][ ]ug—(ug)B ’dw—g/ pu2 ][ ’ug—(ug)B“‘dx——&-Q/ u2 ][ lup| de —
T B, . H T B H 1/16 B K

1z 2

/16 4 12 4
< c¢(n) —— |Du, — Dv,|* dz w
T /’LQS_I B ¢ ¢ 1%

I

/16 4 1/2 d

w

+c(n)/ <][ |Dv 2dx> —
. kB t\Ug, 2 7

k

1 12 4
+2/ ,u_28<][ ug|2dx) e
1/16 B K

"
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1/16 d
S ¢ [Sl(Qa 5*750,6)}0/2/ ul—QS—n/2 ﬁ

I
1/16 d 1 d
—2s QH —25—n/2 H
+¢||Dv,|| 7 oo / pl=2 = +c/ I —
1Del= 0 T Iz 1/16 I
(5.31) < c(data){Tl_Qs_"/2[sl(g, e, e0,0)]P/2 4+ 7172 4 1} _
On the other hand, using (3.14) and a change of variables, we have
y—2s
Tail - :B.) =7 Tail(u, — ‘B)=—— Tail(u-— : B
ai ’Y(UQ (uo) B, 3 ) T ali (ug (ug)B,; ) EW(U;BQ(QTO)) al (u (U)Bm(a:o)v Q(IO))
92577
5.32 - ¢ Tail (u— ‘B, .
( ) & (u; By(xo)) at 'Y(u (U)Bm(%), Q(xO))

Plugging (|5.31)) into (5.30) and in turn merging with (5.32)) yields

E(u; B,(x .
7(923950))Tallv (ug — (ug)BT;BT)

& By(av))
- QQS—'y

(5.33) = 077{1 + 71722 g (0, €%, 80, 0)]7/2 072 + Tl_zsg’y_zs} &y (u; By(x0))
recalling that 1 < ¢7~2% from (5.3). Finally, combining (5.29) and (5.33), and using that 77 < 7 by (5.3)) and

7 < 1, we arrive at

(5:34) (w5 Bry(wo)) < e {r1 72 510, % 20,8)] "/ (14 777220772 4 74 722N E (w5 By (a0))

Tail, (u — (u)B,,(w); Bro(To)) =

|:T'yg23—'y + 7_')/{7_1—25—71/2[81(Q7 5*780’6)]19/2 + 7_1—23 + 1}:|

where ¢ = ¢(data). As a consequence of the above estimate, we can prove the following

Proposition 5.4 (Excess decay in the small potential regime). Let u € VV&)’Q(Q; RN) N L, be a weak solution

C

to (L.1)) under assumptions (L.3) to (1.5)), let f satisfy (2.1) and let By(zo) € Q. Then for every 8 € (0,1),

there exist small constants

(5.35)

e* =¢e"(data, 8), dp = dp(data,f), ep=¢o (data,ﬁ,wu( . )), r1 = ri(data, 8,v) € (0,1), 7 =r7(data,f)
such that if

A(-, ) satisfies (2.4) and the BMO-condition (5.2)) for some 6 < §y and radius r4 > 0,

o the ball has radius 0 < min{rg,r1,74}, with ro satisfying (4.4) and (5.12)),
o the excess is small at the initial scale, that is (5.1) holds,
o the system is in the small potential regime, that is (5.14) holds;

then there holds the ~y-excess decay estimate

1
(5.36) &y (u; Bro(x0)) < 7°&, (u; By(x0)) < i&,(u; By(x0)) -
Proof. We start from ([5.34)): factoring out 77 and grouping the terms appropriately, we obtain
(5.37) &y (u; Bry(wo)) < Tﬁ{érl_ﬁ (T_"/Q[sl(g, £*,0,0)]"/% + 1) (1 + 7'“’_25,97_25) } &y (u; By(x0))
with ¢ depending on data. We now fix 7 = 7(data, 5) > 0 so small that
1 1 1

. 175 < — B < _ < _

(5.38) Ty T Tew

then, given the dependence v = ~(s) and ¥ =¥
(0,1) so that

—~

data) € (0, 1), we may choose a small radius r; = r1(data, 8,v) €

1
(5.39) 7_“/7251;{725 + T—n/2 (Vrfffy)ﬂ/Q < Z

then we choose gy = gg(data, 8, wy(-)) small enough such that

1
(5.40) /2 wu(eo)ﬁ/4 < 1
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and finally we pick small parameters £*, dy as in (5.35) fulfilling
/2 _ 1

(5.41) 772 [e* + 8]

Combining the content of (5.39) to (5.41)) into (5.23) yields, by sub-additivity,

77”/2[51(97 6*760,5)]19/2 <1
for all p <7y and § < dg. Inserting this estimate and 1 into , yields . O
5.3. Large potential regime. Let us now assume that is violated, that is

1/x
(5.42) #(f ( )Ifl"dx> > &, (w3 Bylo)

holds; for g € (0,1) now &* is the fixed constant, depending on data and (3, given by Proposition As a
simple application of (3.22]), we infer the following

Proposition 5.5 (Excess decay in the large potential regime). Let u € Wli)’f(ﬂ; RN)YN L, be as in Proposition
and assume that By(zo) € Q, 0 < 1o, 7o as in the beginning of Sectz’on@ and satisfying (5.12), are such
that (5.42)) is in force. Then, for every T € (0,1], we have

—n/2 1/x
c(n, s)T
(5.3) & (s Bryfon) < U2 (f )
€ By (o)
5.4. Conclusion. We now combine Propositions [5.4) and [5.5 and implement a standard iteration procedure to
deduce the following conditional excess decay estimate:

Proposition 5.6 (Excess decay). Let u € W,"2(Q;RN) N LL, be a weak solution to (L) under assumptions

loc

(1.3) to (1.5) and let f satisfy (2.1). Fiz 8 € (0,1), v as in (5.3), and let B,(xo) € Q. There exists a smallness
parameter €, = e5(data,wy( ), 8), a small radius r1 = r1(data,v, 8) € (0,1), a small constant 69 = dg (data, 3)
and a large constant ¢ = c¢(data, 8) > 1 such that if

o A(-,-) satisfies (2.4) and the BMO condition (5.2)) for some § <y and ra > 0;

o the ball has radius 0 < min{rg,r1,74}, with ro satisfying (4.4) and (5.12));
e the following smallness condition at the initial scale holds:

(5.44) &y (u; Bo(z0)) + P t? ( ]€3

then there exists T = T(data, 3) such that 77 < 1/2 and

1/x
| fIX dx) <es;

t($0)

1/x
(5.45) & (u; Brrtip(x0)) < 77E, (w5 Box y(20)) + c(Tkg)2<][ |f1X dz)
BT]CQ(I())
for all k € Ny, and
o\ B 1/x
(5.46) & (u Bofan)) < o(2) &, (s Byan)) e sup (o if1a)
P o<t<p By (x0)
for every 0 < o < p < p. Moreover
(5.47) sup &, (u; B(wo)) < c(data, 8)es .

t<p

Proof. For 8 € (0,1) as in the statement, we take ¢*(data, §8),e0(data, 8,w,(-)), 7(data, ), r1(data, 8, v) the
corresponding constants from Proposition and we fix 4 as

-n/24—
63:€S(data7wu(')7ﬁ):%|:%:| la

where ¢(n, s) is the constant in (5.43); notice that e, < g9/4. Now, for ¢ < min{rg,r1,74}, combining the
estimates from Propositions [5.4] and we get

. 8 . CT_”/2 ) N 1/x
(5.48) Ey(u; Bro(wo)) < 77, (u; By(z0)) + - - |f|X dx
BQ Zo
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for ¢ depending on the data. Using (5.44]), we can estimate the right-hand side as

8 cr /2, 1/x 5 /2 €0 €0 €
T 57(U§BQ($O)) + 0 ][ . |f|X dx < |:T + = ]55 <4+ 2L
Zo

=0
e* 4 4 2’
we are in a position to use again the decay estimate (5.48) with 7o replacing g, as (5.1]) holds in B, ,(z¢) and,
repeating the argument, we get that for every k € Ny,

&y (u; By y(wg)) < %0
1/x
1<)

so that (5.45)) is proved; moreover, by iterating this estimate we deduce that, for every 4,5 € Ny with j > 4,

&y (s Brrriy(20)) < 7€, (u; Brrg(0)) + C(Tk9)2<][ (z0)
Brkg xo

Jj—1 1/x
& (u; Bryg(x0)) < 7PU0E, (w3 Bray(wo)) + Y 7PU1H) (r’“g)Q( ][ |f|><da:>
B_k ,(z0)

k=i
N . 1/x
< Tﬁ(a—%)gﬁ (u; Brig(xo)) R — sup tQ(][ | f1X dx)
1-7158 Ti—1o<t<Tip By (zo)

(if i = j we agree that the summation and the supremum are both zero). Now the conclusion is standard: to
prove (5.46]), we first consider when o < Tp, and in thls case there are j,k € N, with j > k + 1, such that
It <o < 19p < tFt1p < p < 7Fp: at this point by (3 , using the previous estimate with ¢ = k + 1, with
the same agreement on the supremum,

&y (u§ B, (xO)) < ¢(n, 5)7_7%57 (u§ Bra‘g(l’o))

1/x
<c¢(n,s)T"% [Tﬁ(j—k—l)gv (w; Brrsio(w0)) + ¢ sup t2 <][ | f|X dx) ]
o By (zo)

1-— Tﬁ Ti—1lp<t<rhk+1

8 1/x
Sc[(a) & (u; Bp(xo)) + sup t2<][ Iflxdz> ]
P o<t<p By (zo0)

with now ¢ = ¢(data, §), since ’7'] k=1 < 7 2(c/p) < c(a/p). In the case o € [Tp,p] the conclusion is again

standard by (3.22 - Using (5.44) in (5.46) immediately leads to O

6. REGULAR SET AND THEREIN REGULARITY OF SOLUTIONS

For u € W22 (Q; RN) N L, a fixed local solution to (T.1)), under the assumptions of Theorem and vy as

loc

in (5.3), let us define the 7- smgular set
Qsing,y = {20 € Q : limsup &, (u; By (o)) > 0} .

0—0t

Taking into account (3.24]) from Lemma with ¢ defined in Proposition we have
Qsing,y € {0 € Q : limsup E(u; By(zg)) > 0}
o—0t

and
Qging,y C {xo € Q : limsup Q_[”_(2+C)] / \Du|2+< dx > 0} .
By (z0)

0—0t

The latter inclusion follows from Poincaré’s inequality

) (2+¢)/2
<][ |~ ()5, (20)] dl“) < ¢(n, C)Q“C‘”/ |Dul**¢ dx .
Be(xo) Bg(xo)

Therefore Qging 4 = () in dimension n = 2, while, if n > 3, the classical Giusti lemma [34, Chapter IV, Theorem
2.2] gives

dlm?—[ (Qsing,fy) <n-2- C .
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6.1. A general construction. We now record a construction that will be used with different choices of the
parameter 5 € (0,1). Fix 8 € (0,1) and let €, = e5(data,w,(-),H), 1 = ri(data, 5,v), Jp = do(data) and
7 = 7(data, 3) be the quantities provided by Proposition We assume that the smallness hypotheses
and hold with this value of §y and with &, := £,/2. Let also rg satisfy and .

We fix a compact exhaustion (K;);en of © such that K; € int(K;11) for every i € N. For every i € N there
exist radii 74 (K;), rp(K;) € (0, dist(K;, 092)) such that and hold on K;; we set
(6.1) 75(K;) = min {rwl,rf(m),m(m), %dist(Ki,(?Q)} :
and then
(62)  Kyigi= {x € int(K;) : 3o, € (0,75(K;)) such that By, (x) € Q and &, (u; B, (z)) < 53/2}
and

(6.3) Qu.pg = U Kuig.

ieN
By the continuity of x — &, (u; B,(x)) for fixed p (see the discussion after (3.21)) the set €2, 5 is open. Moreover,
if zg € Q\ Qy 3, then

limsup &, (u; Bo(xo)) > =
0—0t 2

Indeed, otherwise, since xy € int(K;) for some 4, one could choose p < Tg(K;) sufficiently small so that
By(zo) € Q and &,(u; By(x0)) < €4/2, which would imply zo € K,;3 C Q43, a contradiction. Hence
Q\ Q.5 C Qing ~; consequently, Q\ Q, g3 =0 if n = 2 while, if n > 3,

(6.4) dimy (Q\ Q) <n—2-C.

The next proofs rely on the following observation. Let z¢ € €, g; then, there exist i = i(z¢) € N and a radius
0z, € (0,75(K;)) such that By, (z9) € Q and

(6.5) &y (U§B@mo (1’0)) %S .

<
By the already mentioned continuity of the map x — &, (u; By, ()), there exists a small radius ry, < 04,/8
such that B,, (zo) € int(K;), By, (T) € Q for every T € B,, (7o) and

_ > _
(6.6) &, (u; By,, (x)) < ; for every = € B, (70);
since g, < 7f(K;) and = € K;, assumption (2.8, applied with K = K;, gives
Ux .
(6.7) sup t2<][ [fIX dw) <=,
T€By, (v0)  \JBu(@) 2
0<t< 0z

Therefore the assumption (5.44) of Proposition holds on every ball B, (z) with # € B, (2¢). Moreover,
(2.7) gives the required coefficient smallness and, since also 9., < min{rg,r;}, all assumptions of Proposition
are fulfilled on such balls. Therefore Proposition [5.6] yields

(6.8) sup &, (u; Bi(Z)) < c(data, B) e, ,
0<t<pz,
. ) 1/x
(6.9) &y (u; B, (@) <77, (u; Birg,, (2)) + (7" 04,) (]{B - |f1X d33> for all k € No,
TkaO z

and

o B 1/x
(6.10) & (ui o) < o () e, (B @) + w2 ps1va)

P t<p B (z)

for all 0 < o < p < gy, and all & € B, (x0); all the constants ¢ depend on the data and j, but not on 7.
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Proof of Theorem (2.1 The proof is essentially a consequence of Proposition However, due to the local
nature of assumptions (2.7)—(2.8), the argument is slightly more delicate than in the standard setting, and we
therefore provide the details.

We use the construction above with 8 = 1/2. Thus €; = e4(data, wy(-)), 1 = r1(data,v), dy = Jp(data),
and the smallness parameter in the statement of the theorem is chosen as &, := £,/2; we also set Q, := Q1 /5.
By the construction above, Q, is open, Q\ Q, = 0 if n = 2, while, if n > 3, estimate holds. It remains to
prove (2.9); the case A(z,u) = A(z) will be treated separately in Section

Let now K € §,. For every zy € K we have radii g,, > 0 and r,, < g,,/8 satisfying for every
T € B, (xo). The radii r;, may depend on zy and may degenerate along K; we therefore use compactness:
there exist points x1, ..., %, € K such that the union of Brwj (75) covers K; we set then rx = mini<j<p r2; > 0.
We claim that
E,, (u;T) < c(data) e, for every 7 € K .
Indeed, if z € K, then Z € BTJj (z;) for some j € {1,...,m}. Since rg < ry; < 04, estimate , applied

with z; in place of zg, gives

E,. . (u;T)= sup E(u; Bt(i:)) < sup &, (u;Bt(j)) < c¢(data)es ;
0<t<rg 0<t<rg

thus, by the definition in Paragraph u € BMO(K;RY). Since K € §,, was arbitrary, this proves (2.9). O

Proof of Theorem[2.4 We again fix 8 € (0,1), say 8 = 1/2, and apply the construction described at the
beginning of the section. Indeed, assumption (2.10) implies the validity of (2.8)) on every compact subset of 2,
for some radius 7y > 0 depending on the compact set. In particular, estimate (6.10) holds for all0 < o < p < gg,

with a constant ¢ = ¢(data) independent of € B, (z¢). Hence

’I"IO

& (uiBa() < o(2) &, B,0) + csupe?( . Ifl"dx>1/x.

t<p

Taking the supremum with respect to z € B, (7o) and then the limsup as ¢ — 07, with p fixed, we obtain

1/x
limsup sup &, (u; B, (E)) <c¢ sup t? (][ Wik dx) .
o), B (z)

o—0* :Z’EBT»IO (zo) iEB,.ZO (
t<p
Letting p — 0% and using ([2.10)), we obtain
(6.11) lim &, (u; Bs(+)) =0 uniformly in B, (7o)

o—0t

This implies u € VMO0 (2; RY) by a covering argument analogous to the one used in the proof of Theorem

21 O
Proof of Theorem[2.3 Again, we fix 8 € (0,1), say 8 = 1/2. Thanks to (3.10), we see that (2.12)) implies

1/x
lim sup t2< ][ |f]X dx) =0 locally uniformly in €,
Bi(+)

0—0% <o

that in turn implies the validity of for some radius ry > 0, so that holds true.

Now, let 7 = 7(data) € (0,1) be as given at the beginning of the Section for the choice 8 = 1/2. We set
0j = 7704, and we write, for short, B;(T) = B, (%), &(T) = &,(u; By, (%)) for € B, (%0); then by using
and recalling the bound before we deduce

1 5 1/x
&) < 6@ +eds(f 1)

forall j € Ngand all T € B,,, (z9). For i,k € N, k > 4, summing over j = 4,i+1, ..., k, changing the summation
variable and enlarging the summation on the right-hand side, we obtain
k+1 k+1

k 1/x
D &i(a) < &) +%Z€j(5) —I—CZQ?(][B " |f|de>
j=i j=i j=1 i\Z
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and, after reabsorbing,
k+1

1/x
Ze ) < 28i(% —i—cZg](][ f|de) :
J‘T)

the constant ¢ depends here only on data. Now, for the same indices, by telescopic summation, using the above
estimate and 7 we get

k+1

1/2
(612) |( )Bk $)— B(a:)| <Z| Bji1(z) — Bj(i)| ST"Z(][B() }U—(U)Bj(i)|2dx>

j=i
1/x
<c&(z -I-ngj(][ |f|Xd;v> <c&(z )+cI «(&,20i-1) .

As the right-hand side of vanishes uniformly in B, (7o) thanks to and (2.12), it follows that the
sequence of maps {Z — (u)p, (m)}zEN satisfies the Cauchy condition with respect to the uniform convergence in
B, (wo). As (u)p,(z) — u(Z) for i — +o0, for a.e. T by Lebesgue’s point theorem, this implies that u agrees
a.e. with a continuous function. ]

The next result is a slightly more general version of Theorem [2:4]

Theorem 6.1 (Partial Holder continuity). Let 8y € (0,1), and assume that for every compact set K € €, there
exists a radius Ry = Ry(K) > 0 such that f satisfies

1/x
(6.13) sup 2P0 <][ |f]X da:) < 00
Bt(ibg)

xo€EK,
0<t<Ry

suppose moreover that A(-,--) satisfies (2.4]). There exists a small constant §y = dp(data, By) such that if for
every compact K € ), there exists a radius r4 = ra(K) > 0 for which (5.2)) holds uniformly for xo € K, then

CO ,Bo (Q RN)

loc

where €, is the open set given by (6.2)) 7 6.3]) for the choice B = (1+ 5o)/2. Moreover, for every xo € §,, there
exist radii 0 < ry, < 04, such that B, (mo) € Qu, Bay,, (70) € Q, and

1/2
(614) [u]oo,ﬁo(Brzg (z0)) < 09;050 <][B - ‘u — (u) Boy, (z0) ’ d$>
Qx( z

2 ) 2—
+c o) %P0 Tail (u — (w)B,,, (20); Beu, (z0)) + ¢ HMgzﬁgc[f]||Loo(B% (=0’
where ¢ = ¢(data, fy), v = v(s) is fized as in (5.3)), and we set
1/x
(6.15) Mz;ﬁ(’ [f](Z) := sup t>~Fo <][ [f1 dx) .
t€(0,0] B ()

Assumption (6 is verified if f € Mﬁ){sz 50)((2 RY), in which case the quantitative estimate (2.17) holds
true.

Proof. We let 8 = (1+ f)/2 and define Q, = Qy, (143,)/2 as in 7; we fix, according to this value of 3,
es = es(data,wy(+),Bo), r1 = r1(data, fp,v) and dy = dp(data, By) as at the beginning of this Section. We then
fix a generic xy € §2,; as described in Paragraph there exists an index ¢ = i(x) such that xo € int(kK;) and
we let now r4 to be the constant r4(K;) given from the assumption of the Theorem. Moreover, from it
follows immediately that there exists a radius 0 < ry < Ry such that ( is satisfied on K; with &, = €,/2;
moreover we can suppose 7y < dist(K;, 9Q)/4. Using the general constructlon of Paragraph [6.]] ‘ we may find
radii 75, < 0s,/8 such that (6.10) holds and By, (Z) C Bay,, (70) € Q for all z € B, (7o)

We now choose 9 = 9(data, 3y) € (0,1/16) such that c¥$=Fo = c9(1=50)/2 < 1/2, with ¢ = c(data, )
exactly the constant appearing in (6.10)); thus, by choosing o = Jp for 0 < p < g,, in (6.10]), we find

1/x
(6.16) &y (u; By, (7)) < %19605 (u; B,(Z)) + ¢ p supt*~Fo <][ |f]X d:c) for all 7 € B, (o),
t<p B

+(Z)
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with ¢ = ¢(data, ). Now, for 0 < p < p, we define the fractional maximal operators

M2 (z) := sup t=&, (u; By(2))

o .

6.17 te(p,pl ,

(6.17) Mg(’(a_c) = sup t770E, (u; B(Z))
t€(0,p]

an ol f](Z) is defined by ultiplying y (9p)~ 0, and by taking the supremum for p €
dMQXB defined by (6.15)). Multipl (6.16) by (9p)~? db ki h f
(020 /[2K], 020 /2] for k € N\ {0, 1} we deduce
1
B _
§MQZO/[2’€L@10/2( ) +cd” ﬂOMﬁmf&[ﬂ(m)

1 1
B = B 2 -
S §M1909m0/[2k]7799m0 /2 (l') + §M79(;:c0 /2791,0 /2( ) + CMgm ﬁ(;( [f}(.’lf) ’

z)

IN

Bo
Mﬁgzo /[2k]7"9@m0 /2(

forall z € B, (z0), where we also used that ¥ depends on data and /3;. By reabsorbing terms, we get

B = B - 2 =\ -
Mg, /2b 0 2E) < Mip 2.0, /2(®) + M R 11(@):
since, using the definition in (6.17)) and the fact that ¥ = J(data, By), we have

Mg‘;zo/g,g%/g(i‘) < C(Qwo/Q)_Bogv (u; BQIO/Q(@) = ngﬁ & (u; 3910/2(@) )

combining the two estimates above, we obtain

M3 ooy 2 (@) < €050, (s By, y2(2)) + e MG A A, (B (20))”

with ¢ = c(data, f), for all € B, (70). On the other hand recalling that |Z — zo| < 12y < 04,/8 < 1/8, we
have B, /2(Z) C B, (20); hence we may use and (3.19)) in and get

&, (u; nga/g(s_c)) <cé&, (u; B,,, (xo)) forall 7 € B, (z0)
— recall that v — 2s > 0. Combining the two estimates above, letting & — oo, and expanding the definition of

Ey(+), we get

MPo () < CQ;OBUE,Y (u;B

02/ (o)) + [ M3, 5[]

Qzg:X ||L°°(BT'10 (z0))

1/2
SCQ;U’3°<][ lu—(u)p Qmo(a:o)’ dx)
ngo(xo)

4 0910725*/80 Tall(’u, —_ (U)Bemo (250)7 BQmo (1'0)) —+ C||M§Toﬂ§< HLoo(BT (10)) ,
)

0z

which is valid for every & € B, (7o), with ¢ = c(data, f).

This estimate implies the desired Bp-Holder continuity of w and the local estimate (6.14]) via Campanato’s
characterization of Holder continuity [34, Chapter 3.1] since, by the very definition of M45° and &,(-) in (6.17)

and (3.21]), we have
1/2
8 _ _ 2
M, (@) =0 ’30(][3 . [u— (u)B, ()] dl‘)

for every t € (0, 04,/2], and € B, (70). Finally, thanks to , if - holds, then we have, for y as chosen
after (3.5)

1/x
12 (][B - |fX dm) < c(n7BO)HfHM"/@*ﬁO)(Bt(:E)) < ¢(n, 30)||f”/\/1n/<27130)(329$0 (20))
+(T

forall z € B, (z0) and all 0 < t < g4, hence (6.13)) is valid, and we have

27
HMgwﬁg’( ||LOO(BTI0 (=) < C(n7BO)Hf”M"/(?—Bo)(BZQwO (z0)) -

From this inequality, (6.14) and using that o] < 04, by (5.3)) as 0., < 1, estimate (2.17) follows; local Hélder
regularity follows using a covering argument similar to that employed in the proof of Theorem [2.1] |
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7. GRADIENT REGULARITY OF SOLUTIONS

We start with some preliminary remarks; in particular, let us verify the validity of Theorem whenever
assumptions (2.18) and (2.20) are in force, and consequently derive a Holder estimate in the reference ball
B, (x9) for every exponent fy € (0, 1).

Let us now fix By = Bo(s) € (0,1) \ {2s} such that
(7.1) 2s <1+ By — 1+ 6y—2s>0,

and let ¢y € Q,,, where £, is the open set given by (6.2)—(6.3)) for the choice 8 = (1+55)/2. Let dg = do(data, 5o)
be the small constant appearing in Theorem By assumption (2.18]) and the fact that wy(-) is a modulus
of continuity, we may choose rq = r4 (data, Bo,wx( ), dist(K, 89)) € (0,1) such that (5.2)) holds uniformly for
To € K, as

(12 sw B(Aag) = s swp (A = (), (2)]de < Ausr)
zo€EK 20€K 0€(0,r]:By(20)CQ, J By(zo) ¢
2z€RYN 240

Moreover, by (2.20) and (3.10)), condition (6.13) is satisfied, with Ry = min{1,dist(X,09Q)}/2; hence all the
hypotheses of Theorem are fulfilled. Let now 7., and g, be the radii provided by Theorem with
0 <7z < 0s/8 such that B, (z9) € Qy, Bag,, (z0) € Q. Using again (3.10)), we have
2-8 f
HM@mo&[‘ﬂHLw(Bmo (z0)) = c(n’IBO’X)HII’X(.’ 22QJCD)HLO"(BWD (z0))"

Therefore, estimate (6.14)) gives
1/2
_ 2 Bo—28 s
[u]co’ﬁo(Bva (z0)) < CQ%BO <][B - }u _ (U)ngo (w0)| dx) + CQ;O Bo—2 Tall(u — (U)Bezo (z0)> ngo (1‘0))
ey \T0O

te HI{X(.’ 299:0) HL°°(BM0 (@0))

< co,M?

Zo

(7.3) "_C”I{,X("29$0)||L<>°(B%0 (z0))’

|Du||L2(BQw0 (z0)) + 092560725 Tail(u - (U>Bgl.0 (z0)3 B.on (‘TO))

where ¢ = ¢(data, 8p). In the last inequality we used Poincaré’s inequality and the fact that Q;O_BO <1.

7.1. A gradient comparison estimate. Let us take a point = € Brw0/2($0) and a radius 0 < r < ry, /4.
Accordingly, we define
(7.4) A= A(z,u(z)).

Here and in what follows, u denotes its continuous representative in 2, so that A(z,u(z)) is well-defined for
every ¥ € B”O /2(20), thanks to what proved at the beginning of the Section. Accordingly, with a slight abuse
of notation, we shall write [u]-0,5, for the Hélder seminorm of this representative. In particular, the pointwise
values u(r) and u(7) appearing below are well defined for every z,7 € B,., (7o)

Consider h € WH2(B,.(z); RY) solving
(7.5) fdiv(/iDh) =0 in BT(:E)_ 7
h=u on 0B, (T)

and we extend h outside B,.(Z) by setting
(7.6) h=wu inR"\ B.(%).

Let us now prove the following comparison estimate.

Proposition 7.1 (Comparison estimate). Let u € VVli’f(Q;RN) N L, be a local weak solution to (1.1) under

the assumptions (L.3) and (T.4)-(T.F), and let xo,Z,74,,7 and h € WL2(B,.(2);RY) be as above. Then the
following comparison estimate holds:
1/2
| Dul? dx)

(7.7) (]{w) |Du — Dh|? dw) " [ IAC4(-) = Al 5,0y + 720 (]{9

2r (T)
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—I—cr(][ |fI?
B (z)

where ¢ = c(data, max{v, 1}), and A is given by (7.4).
Proof. Using the coercivity and growth assumptions (1.3)) (which are also inherited by A), and testing (1.1]) and
(7.5) with uw — h, we get

1
- |Du—Dh|2d:c§/
A Jp, @) B (%)

1/2,
dx) +erl™2s Tail(u - (u)Br(i); B, (i)) ,

(A(Du — Dh), Du — Dh) dx = / (ADu, Du — Dh) dz
B (7)

= /Bm) <[21 — A(z, u(x))] Du, Du — Dh> dx + /Br(w) (A(x, u(x))Du, Du — Dh) dx

= /137-(50) <[fl — Az, u(x))]DU, Du — Dh> dr + /BT.(;;) Fo(u—h)de — (Qu,u— By

(7.8) = () +{I)+ (III);
we recall the notation introduced in (5.19)). By Hélder’s inequality, we get

D < [JAG,u(+)) - AHLN(BT@) /Bm |Du||Du — Dh|dx

- 1/2 1/2
(79) < cIAC D) = Al 2(f, i) ([ puDaar)

and by Holder’s and Sobolev’s inequalities
1/2. 1/2*
fI* dx) ( |u —n|* dm)

(ID)] < e(n)yrm/> (][
B, (z)
1/2
I d:c) ( |Du — Dh|? dx) .
B.(Z)

(7.10) < e(n)r™/? <][
B, (z)
Then, by using (L.5) and recalling that w — h = 0 in R™ \ B,(z) by (7.6), we get

dydz
(7.11) (II1) /B%(I /Bm@) o2 uly), u(z), uly) = u(z) - [(w=h)y) = (= M)E)] = rms

dydz
_ 9 /B . / iy P2 )0 00) ) (= W) s =5 (D + (1D,

Using (1.4)), Holder’s inequality and the fractional Sobolev inequality (3.6, we have
(LI | < e(n)v[ulwez (s, (2)) (v = hlwe2(B,, @)

1/2 1/2
(7.12) < ¢(n,s)vr2d=s) </ | Dul? dx) </ |Du — Dh|? dm) )
B, () B,.(%)

where in the last line we also used that Du = Dh in Bs,.(Z) \ B.(Z) by (7.6). Then, by using the elementary
inequalities

(7.13) ly — Z| < 4|y — 2, for y € R™ \ By, (%) and z € B,.(Z),
together with (1.4)), (3.16]), Holder’s and Poincaré’s inequalities, we get

i <ev [ qw=n@{ [ () = 0]+ 06) = 005,0) e f

B,.(z)
|(u—h)(z)|dz+c7“_2s/ |u — hllu — (u) g, ()| dz
B.(2)
1/2
< epn/2-2s Tail(u — (u) g, (z); Bar () (/ |u — h|? dz)
B, (z)

12 1/2
+c7°_23</ |u—h|2dz> (/ u— (“)Br(z)|2d’z>
B, (%) B-(®)

—cr 2 Tail(u — (U)BT(E); B2r(9f)) /

By (%
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1/2
< er™?H72Tail (u — (u) g, (2); Bar (7)) (/ ( )|Du—Dh|2 dz)
B, (z

1/2 1/2
(7.14) + cpn/2+20-s) (/ |Du — Dh|? dz) (f |Duf? dz) ;
Br(i) B27‘(£)

with ¢ = ¢(n, s, max{v, 1}). Combining (7.9)—(7.12)) and (7.14]) with (7.8), and dividing both sides of the resulting
1/2
inequality by r™/? ( / |Du — Dh|? d:v) (which may be assumed to be nonzero) yields our desired estimate
B (%)

1/2 1/2
<][ |Du — Dh|2dx> < c{||A(~,u( ) — AHLOO(B @) T 7"2(15)} <][ Du|2dz>
B,.(z) " Bar (%)

1/2.
+ CT(][ ik dw) +er' ™ Tail(u — (u)p,(z); Br (7)) ,
B(2)

where ¢ = ¢(n, s,max{v, 1}, A), where we also used (3.17)), and that

1 forn >3

n o n
2, 2 any number > 1 forn =2 7
this concludes the proof. O

Before proving the above-stated theorems on the gradient, we establish a few preparatory lemmas. Using
the comparison estimate (7.7)), we can prove the following excess decay estimate for Du.

Proposition 7.2 (Excess decay estimate). Under the notation and assumptions of Pmposition we have
_ 0 ry\n/2 _ s _
(7.15)  E(Du; B,(2)) < CL + <E> [HA(.7u( ) — AHLOO(BT(E)) + 20 )HE(Du;BQ,.(a:))

r n/2 _ s
Fe(2) AU = Al 5,y + 7207 ]| (D), )|

(5" (f, 0

for every 0 < p < r < rgy /2, where ¢c = ¢(data, max{v, 1}), and E(Du; B,(x)) is the excess functional defined
by (3.1).

Proof. As h € W12(B,(z)) is a solution to a system with constant coefficients, a standard decay estimate is

2 0\ 2 9
][Bg(az) ’Dh o (Dh)Be(i)‘ dl‘ S C(i) ][Br(m) }Dh’ - (Dh’)B,(i)| dﬂfa

r

1/2, "
2. dx) +e (g) /27"1_23 Tail(u - (U)BT(:E); Br(i‘)) )

for every 0 < o < r, where ¢ = ¢(n, N, A), see [34] Chapter III, Theorem 2.1 & Remark 2.3]. Using stan-
dard algebraic manipulations taking into account (3.2)) and the subadditivity several times, the previous decay
estimate and standard manipulations yield

r

2 n
(7.16) ][ Du— (Du)p |2 do < c(2 ][ Du— (Du)y o [Pdz+c ][ |Du— Dh)?dz
Be(i)| 5,0 () Br(@' 5.0 <Q> B.(®)

with ¢ = ¢(n, N, A) (see, for instance, the proof of Proposition 3.2 for § = 1 in [7], although the problem
considered there is different). Combining (7.16) with (7.7)), we get

1/2
E(Du; By(z)) < c9<][ |Du — (Du) (m>|2dx>
"\ JB,(z) "

s i 1/2
e (g) 14600 = AL, + 7207 (J{Lz o dm)
r\n/2 1/2. r\"/2 | s . _
te (E) r(é,.@) £ dw) e (E) T Tail (u — (u) g, (2); Br(2)) |



PARTIAL REGULARITY FOR VECTORIAL LOCAL-NONLOCAL PROBLEMS 39

for all 0 < ¢ < r; using (3.2) and the elementary inequality

1/2
<][ |Du|2dx) < ¢ E(Du; By, (Z)) +c‘(Du)BZT(i,)’
BQT(E)
then yields our desired result ((7.15)). O

Now we take advantage of the Holder continuity of w in order to refine the tail estimate: this is the content
of the next proposition.

Proposition 7.3 (Tail estimate for Hélder continuous functions). Let w € C%#(Bg(z¢)) N L, for some
B € (0,1]. Then for every T € Br/a(x0), and every radius 0 < r < R/4, we have

r~ Tail(w — (w) g, (z); Br(Z)) < ¢ R™?* Tail(w — (W) By (xo); Br(20))

2 f 25 At
+C[w]co,ﬁ(3R(I0)) l:R’B_ s -l-/ M’H_ s ] ,
,
for a constant ¢ = ¢(n, s).

Proof. By (3.18]), we have for ¢ = ¢(n, s)
ro2s Tail(w — (W) B, (z); Br(:f)) <cR™% Tail(w — (w)BRM(i); BR/4(:E))

d

R/4
—2s —2s o
rer e @sgeldre [ w0 o @] 2.
Brya(%) r B, (%) 1%

By the B-Hélder continuity of w, and since Br/4(%) € Br(o), we have

][ ‘w - (w)BR/4(i’){ dr < [w]CO’B(BR(Io))RB )
Br/a(Z)

and s R
—2s du o
/ p? ][B - |w — (w)Bu(;zc)]d:r;7 < [w]CO’f*(BR(%))/ o it

I
As Br/4(Z) € Br(xo), and R — |T — 20| > R/2, we further estimate via (3.19)

Tail(w — (w)BR/4(aE)§BR/4<i')) < cTail(w — (w)BR(Io);BR<x0)) + C][B o) ‘w — (’LU)BR(IO)‘ dx
r(zo

< cTail(w — (w)BR(zo);BR(xo)) + c[w]oo,g(BR(zo)) R?,

merging the content of these displays, we get the desired estimate. O

7.2. Lipschitz continuity of solutions. We are now ready to prove the Lipschitz regularity of solutions to
. The estimates established above provide the two ingredients needed for the iteration: the excess decay
estimate , which controls the oscillation of Du at smaller scales in terms of its oscillation at larger scales,
and the tail estimate of Proposition [7.3] which allows us to handle the nonlocal contribution with sufficient
precision by using the local Holder estimate already obtained in Theorem[6.1} We shall combine these estimates
with a suitable choice of the Holder exponent 3y in order to absorb the lower-order terms and obtain a uniform
bound for the gradient excess.

Proof of Theorem[2.5 As in the previous subsections, we shall consider Z € BM0 /2(20) and a radius 0 < r <
Tzo/4 so that Ba. () C By, (7o) € . As remarked at the beginning of this section (see the discussion
preceding equation (7.3])), we are working under assumptions that are stronger than those leading to Theorem

thus by (2.4), (2.18) and the monotonicity of w,
||A('7u( ) — AHLOO(BT(;E)) < sup : |A(xau($)) - A(y,u(y))’

z,y€B, (T
< swp [A(ru(e) - AwuG)|+ s [Alyu@) - Aly,ul)]
z,y€B,(T) z,y€B, ()
(17) <Afuutr) +en( s fut) —uta)])|.
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and then using that u € C%%(B,(z)), we get

(7.13) 1461 0) = All o,y < Afenlr) F ([l o ™) |
If we now define
(7.19) wgy (1) = we(r) + wa ([ coso B, (o) ”™) + 72077,

then combining (7.15)) and (7.18]) yields

(7.20) E(Du; B,()) < c[f + (2)”/2% m} E(Du; By, (%)) + ¢ (2)”/ "0 (1) (D), )|

()" (0

for all 0 < p <7 < 1y, /4, where ¢ = ¢(data, max{v, 1}).

1/2. r\"n/2
2, dx) +C(E> r' 7 Tail(u — (u)p,(z); B () ,

Let us now consider a radius 7 < ry, /4 (that we use as smallness parameter) and a parameter 7 € (0,1/16)
to be chosen later and we specialize the previous estimate to points & € Br(zp). We build the shrinking sequence
of radii g; = 7'r for r <7 and i € Ny, and subsequently set

(7.21) B; = B,, (%), ki:=|(Du)g|.

First we observe that for m € Ny, we have by telescopic summation (see [7, Equation (4.5)])

(7.22) kmir < ko + Y ][
i=0’ B

enlarging the domain of integration, using Holder’s inequality and the definition of F(Du; B;). Next, by applying
(7.20)) with the choice ¢ = g;4+1 and 7 = g;/2, we obtain

|Du — (Du)p, |de < ko+7 "> _ E(Du; B;)
=0

i+1

(7.23) E(Du; Bis1) < c[T /2 wﬂo(f)} E(Du; B;)

1/2.
+er [wo(@i)ki +oi ( ][B |fI> dw) +o0; > Tail(u — (u)p, ,4(z); Bp./2(%))

where ¢ = c(data, max{v,1}). We now first choose 7 = 7(data, max{r,1}) € (0,1/16), and then choose the

radius 7 < r;, /4, depending on data, max{v, 1} and also on wy(- ), wu("), [u]co.60(B,. (a,)) Sufficiently small so
z0

that

(7.24) C|:7' + 72 wg, (F)} <

| —

In particular, recalling that 8y = Bo(s) is fixed, by definition of wg, in ((7.19)), the monotonicity of w, and the
Holder estimate (7.3), the radius 7 depends on data, max{v, 1},wx(-),wu(*); O HI{;X(', 1)

upper bound on E(u; By, (o)) and the tail term Tail(u — (U)BQIO (z0)} Bo, (70))-

Next, by using ([7.24)), equation (7.23)) becomes

||LOC(Q) and on an

1/2.
1 o _
B(Du Bin) < 3B(DwB) 4l (el + o £ 1P o)+ 0 Tasd (0= (), o Baald)

1 ' 1/2,

< §E(DU; B;) + c[wgo(gi)ki + QZ'(][B | )% dx) + 0 [7";025 Tail(u — (U)Brmo (z0)> Bra, (20))

1 , 1
Bo—2s Bo—2s
(7.25) - |Bo — 25| o lleos s, oy (1 * |80 — 25| )ng [ulcosos,,, m»H

for all i € Ny, with ¢ = ¢(data, max{v, 1}). In the last line we used Proposition With r=p;/2 and R = ry,;
moreover, since [y # 2s, we computed
/TIO pbo=2s ap ngizs +o" "
01/2 [/ |Bo — 25
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By summing (7.25)) for ¢ € {0,1,...,m — 1} for m € N and performing simple algebraic manipulations, similar
to those from Proof of Theorem we get

m m m—1 [eS) 1/2.
1
ZE:O E(Du; B;) < E(Du; By) + B EO (Du; B;) + ¢ ZE:O wg, (0:) ki + c;:O Qi<][3i Nk d:c)

+ clulgo.so (g 4 (@0)) Z o T C{ oo Tail(u — (w)B,,, (w0); Brs, (o)) + ng_%[“}corﬂo(gmo (zg)):| Z Qi
with ¢ = ¢(data, max{u7 1}). Reabsorbing the first term of the right-hand side, and using that

o0 oo
> o= 3= clasta,max{y 1)), and smilarly S oF2  o(data, max{, 1))+
] =0 =0

due to By = Bo(s) and ( ., we find

m m—1 1/2,
(7.26) ZE(Du B;) < 2E(Du; By) + ¢ Z wp, (0i) ki + CZ Qz<][ £ dx)
B;

=0 =0 =0
+c [u]CO,gO(BT (mo))r[r’&’_% + rf"_%] +erry;?*Tail(u — (u)B,, , (@0)i Bra (z0)),

with constant ¢ = c(data, max{r,1}). Combining (7.26) and ( with . ) for 7=0, a =1, we get
m—1

ki1 < ko + ¢ E(Du; Bo(2)) + ¢ > wg,(ei)ki + || T (-,
=0

+c [u]CU,BO(BmO @) [7’80*25 + 'rffg*QS] +er r;(fs Tail(u — (U)Bwo (20)i Bray (20))

Tzo ) || L (B, (20))

m—1

(727) = MO +c Z Wpq (Ql) ki 5
=0

with the obvious definition for My, and with ¢ = ¢(data, max{v, 1}). We now claim that
(7.28) ky <2My for all m € Ny,
provided that we choose the radius 7 > 0 sufficiently small.

We proceed by induction: the case m = 0 is trivial by the definition of M. Let us suppose the claim is
true for m =0, 1,...,mg for some mgy € Ny, and prove it for mg + 1. By (7.27) and the inductive hypothesis,

(7.20) in < Mo ¢St (00)ks < My [HQcZwﬁo 0]
=0

with ¢ = ¢(data, max{v, 1}). Using the standard estimate (3.4)), recalling that
Bo = Po(s), 7 = 7(data, max{y,1}) < 1/16,

by the expression of (7.19), using (3.4) and the Dini continuity of wx(-),w,( ), we may reduce the size of 7 in
such a way that

1 o dQ 1 Q[U]CO,ﬂO(B” (IO))fBU dQ ,'72(1—8) 1
(7.30) wg, (0i) < / wxg—+7/ o welo) =+ ———— < —.
Zl Lm0 < qourirny Jy 9O Blegtir) o (0 T T <5

Combining (7.30) with (7.29)), we deduce ky,,+1 < 2My, which proves the claim (|7.28)).
Now, for all Lebesgue points T € B,.(zg) of Du, by (7.28) we have

(7.31) |Du(z)| = liin km < 2M, = ||Du||Loo (o)) < 2Mo -
Recalling (7.21) and (3.2)), for all Z € B,.(x¢), we estimate
1/2
ko + E(Du; B, (%)) < c(n) (][ | Dul? dm)
Bar(x0)
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since B, (Z) C Ba,(x0); we then insert the estimate (7.3]) into (7.31)), expand the expression (7.27)) of My, and
use that, since (5.3)) holds, 1+ By —2s > 0 and r < 75, < 95, < 1,
T.I:,r,ﬁ072s + 7,,58725] S ,’,1+ﬁ0*28 + T:]E.:ﬂ()*?‘s S 2

and similarly
Q;yo—ﬁg—2sr[r/30—2$ + ,rgg—Qs] < 2‘9;0—43 < 29;028 .
This yields
—n/2 —n/2
1Dull L (5, oy < €721 DUl 25, (a0)) + € 02?1 Dull 25, (o))

+c HI{X( + crr;fs Tail(u — (u)BMO (z0)} Brag (20))

g 7"ro)HLo@(Bm0 (z0))
n CTQ;OQS Tall(u — (’U,)Bgm0 (z0)3 BQ:E() (370)) )

with ¢ = ¢(data, max{v, 1}), and with r < 7 < r, /4 fulfilling (7.24) and (7.30). This completes the proof of
(2.21) (with 75, := 7). O

Remark 7.4. Taking advantage of the Lipschitz continuity of u, we can improve ([7.20)). As we want to make
use of Theorem [2.5in (7.17), we start from points € By, /2(70) and radii 7 < 75, /4 and get

(7~32) HA(-, u(- )) - AHLoo(BT(j)) <A {UJX(T) + wy ([U]COJ(B;ZO (zo))r)} ’
with A as in (7.4). Additionally, we can apply Proposition with 8 = 1, thus getting
(7.33) 717 Tail(u — (u)p,(z); B, () < ey Tail(u — (u)p,, (w0); Br., (€0))
_1-2; 0y dp
+CT|:T$O 9+/T I SILL:||DU|LOC(BT‘.7:U(IO)).

Substituting this into (7.15), and taking into account that ‘(Du)B2 (i,)’ <N Dullpoe (s, (2g))» SiVes
. Fao

(7.34) E(Du; BQ(JE)) < C{f + (;)n/2w1(r)}E(DU;Bzr($)) +c (;)R/Q{Wl(T”D“uw(BWO (%0))

f

1/2,
ver(firpnas) " erm o . oo B (0)
B (z)

‘FZO

~1—2s T 1-2s d'u

for 0 < o < r < 7y,/4, with ¢ = ¢(data, max{v, 1}), and where w;(-) is defined in (7.19) with 5y = 1, that is

wl(r) = wx(r) + wu([u]Cm(BF (zo))’r) + 7“2(1_3).

zo

We recall that u is the continuous representative of the Lebesgue class in §2,,.

7.3. Gradient continuity of solutions. We prove here the continuity of the gradient under the additional
assumption that the Riesz potential of the datum tends to zero locally uniformly as the radius vanishes. The
proof is divided into two steps: first we show that the local excess of the gradient vanishes locally uniformly at
small scales. Then, by summing the decay estimate along a dyadic sequence of radii, we prove that the
corresponding averages of the gradient form a Cauchy sequence; the conclusion then follows as in the proof of
Theorem Again, g € Q, and 0 < 7y < 74,/4 < 04,/16 are such that B, (z9) € Qy, Bag,, (z9) € 2 and
the local estimate holds.

Proof of Theorem[2.6 Step 1: A VMO-type result. We first prove a local VMO-type estimate for Du, uniform
in By, /4(x0). Specifically, we show that for every e € (0,1), there exists a radius r. < 7,,/4 small enough and
independent of z € B, /4(o), such that

1/2
(7.35) E(Du; B,(z)) = (]{3 . | Du — (DU)BT(I)dex) <e
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for all € (0,7.] and for all z € B;z0/4(xo). To this end, let us fix R, > 0, to be determined in the course of
the proof, and let > 0 be arbitrary with with 0 < 2r < R, < 7,,/2. By this choice and (3.9), we have

1/2.
( £ dx) <] (#.20) < eT] (5. R.)
B,.(7)

and clearly E(Du; By, (Z)) < 2||Du||L,,Q(BFm0 (wo)) for all T € By, /4(xo). Let us now fix 7. € (0,1) to be chosen

later, and combine the last two estimates with (7.34]), choosing ¢ = 7.7. Recalling the monotonicity of wy(-)
and that r < R. < 7,,/2, we thus obtain

~ —-n =1—2s "o —2s d
(7.36) E(Du, BTE’I"(:Z')) S C |:T€ + TE /2 |:W1(R5) + Rs’f';o 2 + . Su<13R T/ Ml 2 ::|:| ||Du||L(X)(BFzO (x()))
<rs<R. T

+ e "1 (%, Re) + ERe 7,2 Tail (u — (W)B,,, (20); Bra, (20))

with ¢ depending on data and max{v,1}. We can now fix 7. and R.: for € > 0 fixed, we choose
€

(7.37) e
42| Dull e, (o)) + 1

and then we select R, > 0 independent of  such that

T d €
,n/Q[ 1-2s O 1-2s j} D < £
Te wi(Re) + Rty +0<ST11<10RE7"/T M M | UHLoo(B% @) = 1z

(this is possible since supy,.<r_ 7 f:mo pl=2s % N0 as R. — 0) and
RE 7?;025 Tall(u — (U)szo (930)’ szo (Z‘O)) S % .
Moreover, thanks to our assumption (2.22), we may further reduce R, independently of Z, in such a way that
. _ €
(7.3%) (3R <
merging the content of equations (|7.37))—(7.38]) with (7.36[), we obtain

E(Du; B;.»(z)) <e forallr < R./2, forall z € By, ja(z0),
that is (7.35)) with r. = 7. R. /2.

Step 2: Du s continuous. We let T € BF10/4(1‘0), and let 7 € (0,1/2) a parameter and Ry < 7,,/2 a radius

both be determined later; we set, for i € N g; = 7°Ry, B;(Z) = B,,(Z). In order to prove that Du is continuous,
it suffices to show that

(7.39) z— {(Du)Bi(f)}ieNo is a Cauchy sequence, uniformly in By, /4(0)
(see indeed the argument at the end of the proof of Theorem applied to Du).
Let us prove (|7.39)). First observe that, for 1 < k < m, using the definition of g; and Hélder’s inequality

m—1 m—1

(7.40) [(Dw) g 2y = (D) | < D ][ |Du— (Du) . )| dw < 77 Y E(Du; Bi(z))
i=k ¥ Bit1 i=k

see for instance (6.12]). We then make use of (7.34)) with ¢ = p;4+1 and r = p;/2 for i € Ny, together with
|(Du) g, )| < 1Dullpoe (B, (2o)) @nd the fact that wy is monotone increasing, so that we find
i Tz

E(Du; By (%)) < é {T + T’"/le(gi)}E(DU; Bi(z)) + 07771/2001(&')||DU||Lao(BMO (o))

e
B;(z)

—n/2, -1-2s —nj2 "o 124 At
(7.41) ter 0i Ty, HD“HLOO(B%O(%))JFCT Qz/ iz " ”DUHLOC(BMO(xO))’

0i/2

1/2.
2 dw) +er 2, 7ol Tail(u — (U)szo (w0); Bra, (20))
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where ¢, ¢ depend on data and max{v, 1}. We now fix 7 = 7(data, max{v, 1}) and then R; > 0, both indepen-
dent of Z, such that
1
¢ {7’ + 7'7"/2w1(R1)} < 7
Combining this information with (7.41]), using ws (0;) < w1 (R1) and recalling that now 7 depends on data gives

E(Du; Bi1(2)) < 5 B(Du; Bi(x)) + cwi(0)1Dull o5, (a0))

2 e Ty dp
+CQz‘<][ LfI dl") +CQi/ 1w = Dull oo (B, ()
Bi(z) Qit+1 K 0

+ coiT,, [Tall(u—( )B.

Tzq

N =

(z0)} By (fEO)) + onHDu”LOO(B;zU (xo))] :

We take the sum over ¢ = k,...,m and, after changing variables and enlarging summations on the right-hand
side, we get

m—+1 m s
1
N " B(Du; By( <3 > E(Du; Bi(2)) + | Dull o (5, (20 D w1(01)
i=k+1 i=k i=k

2 1z Z 25 Apt
g(][ 7] *dx) telDulpeis, o gz/ 2s dit
B;i(z) g ) Qit1 H

+ Tyt [Tail(u — (WB,,, (20)} Bra, (z0)) + FIOHDUHLOO(B%U (zo))] Z 0i;
i=k

o
i

reabsorbing the first term on the right-hand side, letting m — +oo, using the definition of the radii g;, the
choice of 7 = 7(data, max{v, 1}) and the fact that Ry < 7,,, the above inequality entails
1/2.
dx)

(7.42) ZE (Du; Bi(7)) < 2E(Du; By(7)) +c|Dull s s,,, (o) Zwl (0; —l—cZgl(][
+ecT [ v 2 Tail(u — (u )Bno(mo);Bmo( 0)) +T10 ||DU||L<><>(B,1U(xO))]

+ellDullpo s, m»Z@z/

Qi+1

Now we recall that, by (3.4) (w1 (-) is indeed a modulus of continuity) and (3.9)),

> Ok—1 dt o) ) 1/2, ;
> wile) < C/ w(t)— and > Qi(][ LfI dﬂﬂ) <cli (%, 06-1),
i=k 0 t i=k Bi(2)
and we notice that
= o g dp kmin{1,2(1—s)} ~2(1—s) Tz
Z 0i p — <c(s,7)T : T [log =+ k} .
i=k Qit1 H Ry
Indeed, if s # 1/2, then
Ta _1-2s _ 1-2s
/ 0 pt A _ Tay " Cigi < c(s,7)max {7} >, 0} >}
it o 1-2s

so that, recalling that ¢; < Ry < 7, /2 and that 2(1 —s) > 0,

Zgl/ j Zgl max {,rl 297921 23} < (s, 7) ,Fi(ol—s) max {Tk’TZk(l—s)};

Qi+1 /u’

if s =1/2, then

fIO . ) 1
/Q w”dp = log z+1R logR +(Z+1)log;,
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so that
E i Ty ) _
gl/gl+1 1du§c(T)R1 ;:kT (logR—;’ +z+1> < CTgyT [log R +k+1

Inserting this mformatlon into (7.42)) yields

~ Qk—1 dt - B
(7.43) ZE (Du; Bi(%)) < 2B(Du: By(®)) +|Du o, (””O”/o ant) T+ et (7,06 1)

+ C’ral:o 2s [Tk Tail(u _ ( )B;IO (:L’o); Bf‘zo (-rO)) + Tkmin{1,2(1—5)} |:10g R + k‘j| HD’U’HLOO(BTIO (fl’o)):| 5

with ¢, ¢ depending on data and max{v, 1}. By Step 1, see (7.35)), we have that
lim E(Du;B(z)) =0 uniformly in Z € By, /4(z0) -
k—o00 o

Using this information, the Dini continuity of wy(-), (2.22), and since 7 = 7(data, max{v,1}) € (0,1/16), from
(7.43) we deduce that for any € > 0 we may find k. > 0, independent of Z, such that
sup E(Du; BZ(E)) < 7" forall k > k;
i—k TE€Bry /4(T0)

substituting this estimate into ((7.40) gives
‘(Du)Bk(i) (Du) g, @) ’ <e forall k. <k <mandallz€ By, i(zo),
so that (7.39) is proved, thus completing the proof. O

7.4. Gradient Holder continuity. Carefully tracking the dependences in the previous proof gives the proof
of Theorem [2.7] once the data are sufficiently regular.

Proof of Theorem[2.7 We fix an exponent x such that 2, < x < n; since n < n/(1— ), this choice is admissible

in (3.5) with m =n/(1 — 8). By (2.1) and (3.5), we have for # € B, (o) and r < 1y,

1/2. 1/x
(7.44) f(£ ieae) (o iran) < 0 B oo o
B, (z) B, (z)

which in particular implies

f .
||Il,x( " T‘TO)HLW(BTZO (z0)) < C(na B)”f”/\/l"/(l—ﬂ)(Bho (x0)) ?
combining this inequality with (2.21)), the new Lipschitz continuity estimate ([2.25) follows.

Let us now fix # € By /4(2z0), and let r < 7;,/4. Rewriting estimate (7.34) using (7.44) and also
E(Du; Boy (7)) < 2||Dull oo, o)) due to the inclusion Ba,(Z) C By, (z0), yields

(wo)) T C’"BHf||Mn/<1*B>(B% (20))

g

(745 B(DuiB,@) < oL B(Du B) +o () L Iul e,

Tag
+err 2 Tail(u— (u)p,, (a0); Br,, (20)) +CT[’"1 28+/ p = == 1Du oo 5, (xo»}’
s

where we can redefine
w () = {1 + 1Dulf s, (zo))]rmm{ﬂ,zu_s)},

We now notice the elementary inequality

Tag d .
- |:r;0—25+/ M1—2s::| Sc(l—|—77;0_25)7‘mm{ﬁ’2(1_5)}~

valid for every r € (0,74,/4]: the only non-trivial case in when s = 1/2, and in this case we can estimate

Tag -
T/ pdp = rlog 0 < e(B)rk Pr?
r r
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as B < 1. If we insert this into ((7.45]), after multiplying both sides by 0™? and factoring out the smallest power
of r appearing in the error terms, namely r™{15:2(0=5)} > - after a few algebraic manipulations, we are lead to

1/2
2
(7.46) (/ |Du — (Du)Bg(iﬂ dm)
Bo(@)
~ , n/2+1 5 \/?
< Cpn/2tmin{5.2(1-5)} | o e (/ Du — (Du) 5. - dx) ,
(r) Bar(2) | B2v~(w)‘

where we set
. ) .
C = c¢(data, max{v, 1}, B) ||Du||Ltf(B% on + T2V IDUl e, oy

+ Hf”Mn/(l—M(BQmO (zo)) T 77;025 Tail(u — (u)Bm0 (z0)} Brag (z0)) + 1] .

Therefore, by setting

1/2
2
d(0) = ¢z(0) = (/ ’Du - (D“)BQ(_@)‘ dm)
B, (2)
from ([7.46)) we have, absorbing the powers of 2 into the constants,

(7.47) o) <c(2)""

for all 0 < p < R = 2r < 7,,/2, as the estimate is trivial for ¢ € (R/2, R]. Additionally, by means of (3.2) it
is immediate to verify that ¢ — ¢(p) is a monotone function. This observation and (7.47)) allow us to apply a
standard iteration lemma [34, Lemma 2.1, Chapter III], which yields

¢(R) + CéRn/2+min{B,2(175)}.

Fao/4 ~ .
o(r) <c [(r )n/(ngm?n/J[B)Q(ls)} + C} p/2+min{3,2(1-s)} ;
o >

from this estimate and (3.2), since By, /4(%) C Br, (o), we get
E(Du; B (7)) < c[f;Omin{ﬁ’Q(l_s)} E(Du; Bs,, (z0)) + 6} pin{8,2(1-s)}

for all 0 < r < 7,,/4 and all & € By, 4(20), where ¢ = c(data, max{r, 1}, 5). This estimate then yields our
desired result (2.26) by Campanato’s characterization of Holder continuity [34, Chapter 3.1]. |

We now move on to the proof of Theorem to this end, we need to improve the exponent 2(1 — s)
appearing in the scale factor of the comparison estimate ([7.7). This in turn boils down to improving the
nonlocal estimates (7.11]), and , and this is where we will use the particular form of the nonlocal
term Q4! given by (2.28) and the newfound Holder continuity of Du obtained in Theorem

Before proving Theorem [2.8] we introduce the following notation and make a preliminary remark. Under
assumption (2.28)), we write Q3 = Q1L
Remark 7.5. For any affine function ¢ : R® — RY | following [41, Remark 3.4], we show that
(7.48) Q=0 inR"

that holds in the P.V. sense if s > 1/2. In fact, write /(z) = Mz + b, for some matrix M € RY*" and vector
b € RY. Then, for all z € R", we have

(7.49)
dy dy / dz
— ) (b(x) — ¢ 7 = -y Mz —y) ——————— = Mz ——- =0,
[ ale =) (60~ 0) =P = [ ale =) M=) = = [ ) are
where the last equality stems from
d
/naaﬁ(Z)MﬁijZVLiZS =0 foralla,f=1,...,N,j=1,...,n,

since the integrand is odd by (2.27)); these integrals are to be meant in the P.V. sense. From (7.49)), equa-
tion (|7.48)) follows.
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Let us now introduce the following shorthand notation. For xy € (2 and ¢ > 0, we define the affine function
(7.50) lag,o(®) = Lo(2) = (U) B, (z0) + (D) g, (4, (T — Z0), x eR"™.
In the following, we will use several times the following inequality: for all y € R™ and 0 < ¢ < r, we have
r n r n
151 Voo ool @ 2 (5) £ u taaldot () o al £ |Du (Duyg o
Y B, (x0) 0 B, (x0)

To prove it, without loss of generality we may assume that zy = 0, and we set (u), = (u)p, and €, = ly ,;
then observe that , (Du), zdz =0, so we have
e

[l — | (z) =

][ [u(z) + Du(z) x — (u), — (Du),. | dz
B

e

][B [u(z) = (u)r — (Du),z 4+ Du(z) v — (Du), x| dz

e

<f lu- i)+ (D), - (Dw) ]l

e

r\”n
< (= — _
_(Q) ][ fu—toldz+ (= |x|]l |Du — (Du), | dz
and (|7.51]) follows.

Lemma 7.6. Let 0 < Ry < 1, and let u € WY (Bg, (z0); RY) N L, ; suppose that s > 1/2. Then there exists a
constant ¢ = c¢(n, N, s) such that

2s
(7.52) Tail(u — Ly s Br(xo)) <c (%) Tail(u — Uy RS BR(I()))

R\ 2s dp Ry 2s—1 dp
+C/r <ﬁ> ]imo)'u_éx”’“'dquT/r (ﬁ) ]imo) [ = Dol 27

P25 r\ 28
+c (E> ][BR(zo) |U—£zo,R|dx+c<E) R][B 20) ‘Du— Du BR $0)‘daj

R

for all0 <r < R < Ry. In particular, by Poincaré’s inequality, there holds

2s
(7.53) Tail(u — Lo s B,»(JZQ)) <ec (%) Tail(u —Lyy R BR(JC()))

R\ 2s—1 7\ 28
+cr/r (;) ~7{3;L(zo ‘DU— Du B w (o) ’dx +C(R> R Br(x0) ’Du_(Du)BR(wO)’daj'

Proof. By translation, we may assume that zo = 0 and set ¢, = £y ,. The proof follows the argument of [26]
Lemma 3.2]; since the replacement of the constant averages (u)p, by the affine maps £, produces additional
terms involving the oscillation of Du, we include the details. We split

Tail(u — 4,; B, grQS/ lu— | ——5= +r25/ lu — | ——5=
( ) Re\Bp | |n+2s Br\B, | ‘n+25

7\ 28
< (—) Tail(u — (g; Bg +r25/ (27 [E—— +r25/ lu— £, ———
R ( ) | ‘n+2s Br\B, | |n+2s

Rn\BR
We call the last two integrals T} and T5, respectively. We first study the case r < R/4. Hence, there exist
v € (1/4,1/2] and an integer k > 2 such that 7 = y*R. By telescoping and exploiting that v € (1/4,1/2] and

(7.51) multiple times, we get
dz
T1<C7"2&Z/ |€’YR z+1R|W

"\Br

252][ |u—

"R 2][ — (Du) | d
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r\ 28 7 28
(7.54) +c(E) ][BRu€R|dx+cR(R) ][BR|Du(Du)R|dz;

we remark that above we used (3.16|), also replacing 2s with 2s — 1, which are admissible since s > 1/2. Now
we shorten

(7.55) G(p) = ][ lu—£,|dz, H(p) := ]lB |Du — (Du)p| dx

P P

and we notice that for every i € {1,...,k — 1} and every u € [y*R,7v* "' R], by (7.51), (3.2) and the fact that
v € (1/4,1/2], we have G(v'R) < ¢ G(u) + cpuH (p) and H(y'R) < ¢ H(u). Consequently,

() Seemse [ () a0 e [ () a0 2

I
and, recalling that 2s > 1,

(;)QSRIZX:;H(ViR) < cr/TR (2)257111(#) %“

Using the first estimate to bound the first term on the right-hand side in (7.54]), we have
o 25 Bl
@50 (1) > ]{9 lutnlda
=1 YR
R 2s d R 25—1 d
gc/ (f) ][ |uf£#|d:r—'u+cr/ (i) ][ |Du — (Du),| dz £
r 2 B H r 1% B 1%

W W

while using the second one yields
k—1 R
r 28 r2s—1 du
(7.57) (—) R ][ Du— (Du)_, p| dzx < cr/ <7) ][ Du — (Du) | dz
R ; Bip ’ K R’ r Y B, ‘ “| 1%
with ¢ = ¢(n, N, s). Combining (7.56)—(7.57)) with (7.54), we get

R\ 2s du R\ 2s—1 dp
Tlﬁc/r (;) ]{B”u—fu|dmu+cr/r (;) ]{B;L|Du—(Du)#‘d:EM

2s 2s
+c(i) ][ |u—€R|dfc+c(i) R][ |Du — (Du) | d,
R Br R Br
with ¢ = ¢(n, N, s). Next we estimate T5: by telescoping and using again that v € (1/4,1/2], we find
k—1 de k
(7.58) Ty < r? / lu — ] ——= < c(n,s) 72’25][ |u — £,| de .
AL L

i=0 y—ir v

On the other hand, for 0 < i < k, by telescoping and using (7.51)) and that v € (1/4,1/2], we find

(7.59) ]{B lu— £ dx < CZ ]i U —LCymp|dz 4+ cy'r Z ]i | Du — (Du)v,mrldx,
=i m=0 =g m=0

with ¢ = ¢(n, N). Merging the content of (7.58))—(7.59)), and using Fubini’s theorem on discrete sums, we obtain

k i k i
T < cZ’st Z ]é | —Ly—m,| da + 0271(23_1)7“ Z ][B |Du — (Du) -, |dx
i=0 m=0" By-m, i=0

m=0 Ny

k 00 b .
<c Z ][ | —Ly—m,| dx Z ¥ Ler Z ][ ]Du — (D“)fmr’ dx Z ~i(2s=1)
m=0" B,—m, m =07 B —m, =

1=

k k
(7.60) <c Z szs][ | — Ly, |dx +cr Z A (25—1) ][ ’Du - (Du)v,mT’ dx
m=0 B

=M m=0 YT
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with ¢ = ¢(n, N, s), since v € (1/4,1/2] and 2s > 1, and thus we can majorize the geometric sums. Now we
estimate as after (7.55): form = 0,..., k—1,if u € [y, v~ (" Dr] we again have G(y~™r) < ¢ G(p)+cpH (1)
and H(y~™r) < cH(u). Since v25™ = (r/u)?*, 1425~ ~ r(r/p)?5~1 for p € [y~™r,y~("+Dr], we obtain

(o) 3 G <o / ’ () 6t % +er [ : (5)" L e (5) et

m=0
and
k

(7.62) S e mern <e [ () a2 e (5) By,

m=0

Inserting (|7.61))—(7.62) into (7.60)), we obtain

TQSC/R(;)2S][B \u—ﬁMdmdf—Fc (%)28][3 |u — Cr|dx
T w R

R ry\2s—1 dﬂ r 28
+cr/r (;) ][Bu|Du(Du)M|dzM+cR(R) ][BR|DU(DU)R|d$,

where ¢ = ¢(n, N, s). Merging the estimates for T} and T3 proves (7.52) when r < R/4.
For R/4 < r < R, using (7.51)) we simply have

d
Tléc][ Iu—ERlderchs][ |Du—(Du)R|da:/ %
Br Br R"\Bg |:,C|” s

< c(;)%]{% |u—€R|dw+c(;)25R]{BR |Du — (Du) | de .

and

ngcr*”/ |u—€r|d:£§c][ \u—€R|d:£+c][ [{r — €| dx
Br\Br- Br Br

< c(%)2S ]{33 u—fzﬂdm—&—c(;)zsR]{BR |Du — (Du)g| dz.

Now we move on to the proof of Theorem [2.8

Proof of Theorem[2.8 Theorem already covers the case s < 1/2; we may therefore assume throughout the
proof that s > 1/2. The argument is a bootstrap on the differentiability exponent: Theoremindeed provides
the initial regularity Du € C%P for every 8 < 2(1 — s). The special structure of the nonlocal term then allows,
at each step, to use the already known Holder regularity of Du to improve the decay of the nonlocal tail by
a further amount 2(1 — s). This is due to the cancellation of affine functions in the frozen nonlocal operator,
which allows the tail to be estimated in terms of the oscillation of Du, rather than of u itself. All the estimates
below are performed on the regular set ), obtained in Theorem the bootstrap does not change this set,
but only improves the Holder exponent of Du on compact subsets of €2,,.

We prove the theorem by induction; more precisely, we show that for every k € Ny,
(7.63) Theorem [2.8 holds for every § € (0, min{2(k + 1)(1 — s),1}).

The statement for k£ = 0 follows from Theorem since it covers the range 0 < 8 < 2(1 — s). Assume that
holds for some ko € Ny (such that 2(kg + 1)(1 — s) < 1); let us prove it for kg + 1. Let 0 < 5 <
min{2(ko +2)(1 —s),1}; if 5 < 2(ko 4+ 1)(1 — s), then the conclusion is trivial by the inductive hypothesis; thus
we may assume that

2(kg+ 1)(1 —s) < 8 <min{2(kg + 2)(1 — s),1}.
Choose fy < 2(ko + 1)(1 — s) so close to 2(ko + 1)(1 — s) that 5 < By + 2(1 — s); we also choose By # 2s — 1.
Since the assumption f € ./\/lﬁ)/c(lfﬁ) implies f € ./\/lﬁ)/c(lfﬁo), we obtain Du € Cloo’fo (©,) and in particular, for

every o € §Qy, after setting R,, = 7z,/32,
(7.64) [Du]co.s0(Ban,, (@o)) < Cho -
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Let now T € BRa:O /a(®0) and 0 <7 < Ry, /32 be fixed, and also let £z 2, = 2, be the affine function defined in
(7.50)).

We go back to estlmate and we improve the estimate for the term (I11) = (Q"u,u — h))_;; by using

, the linearity of Q™! - and (| ., we get
((QZI’M, w—h)y = Q5 (u—ta),u— h>>n1

- aly = 2)|(u - i l)(2)] - [ — B)(y) — () ()] — T
el )~ - @] [ ) - - 0]
dydz
=/, / oy W A )0) = (= )] - (=) E)

(7.65) = (IV)1 + ( IV

Using , ) and -, we find

|(IV)1| <c [u — ZQT]WS,2(32T(E)) [u — h}WﬁvQ(B%(i))
) 1/2 1/2
—ertt ([ iy fir) ([ pu-Dias)
B () Bar(Z)
1/2
< cCy, rn/2+ﬁo+2(1—8)</ |Du — Dh|2 dx) 7
B,.(%)

with ¢ = ¢(n, N, s,max{v, 1}), where in the last inequality we used (7.6 and (7.64). Then, by (2.27)), (3.16]),
(7.6), (7.13), Holder’s and Poincaré’s inequalities (which are applicable as (2,)p,, (z) = (u) B, (z)) We get

—h)(z u(y) — w(z) — by, (2 L z
vt e [ =m0 = )+ 06) — (2 s
= er Tt b B @) [ (@I rer [ bty s

1/2
< opn/22s Tail(u — by Bgr(f)) (/ lu — h? dx)
B,(%)

1/2 1/2
+c7‘25</ |u—h|2dx> (/ lu — Lo, |? das)
B, (z) B2 (Z)

< cer™?H72 Tail (u — £yy; By (7)) (/
B, (%)

1/2 ) 1/2
+ cr/2H201=9) </ |Du — Dh)? dx) <][ |Du— (Du) g, ()| dx)
B,.(z) B (Z)

< C’I"n/2+1_28 Tail(u — €2T;B2T(i‘)) (/
B

»(2)

1/2
|Du — Dthm)

1/2
|Du — Dh|? dm)
(%)

1/2
B (z)

with ¢ = ¢(data, max{v, 1}), where in the last inequality we used (7.64)). Then, by using the tail property (7.53)

and (7.64)), we get

r2s Tail(u — Llay; BQT(E))

Ra, d
< cR,"Tail(u— (g, ; Br,, (7)) + c/ w ][ | Du — (DU)B”(E:){ dz 2
T B

Ruq d
< CR;OQS Tail(u — ngo ; BRIO (i’)) —+ CCko / #1725%30 ?/”L + CCkoRslc;25+,80

r
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< CR;OQS Tail(u — g, ; Br,, (i’)) + ¢ C, (R}ﬁgszrB" + r1725+ﬁ") ,
where ¢ = ¢(n, N, s). Moreover, by (3.19) and since s > 1/2, we estimate
R, 2 Tail(u — (g, ; Br,, (T))
dx
< cR?Tail(u — =) Br, (Z D . T
S Clyg ail (u (U)BRzo (z)» PRa, (QZ‘)) +c |( U)BRIO (w)‘ /"\BRmU @) |.’E _ j|n+2sfl
(7.66) < CR;{?S Tail(u — (u)Bmw0 (20); BiR,, (z0)) + CR;;QSHDUHLN(BMO (20))

for all z € Bg, (7o), where ¢ = c(n, N, s). We merge the content of (7.65)(7.66)), (7.33), and (7.64), obtaining

’«leu7 u— h’»} S crn/2+l{R;025 Tail(u - (U)B4RIO (ZL’O)’ B4Rzo (Z‘O)) + R;o_stDuHLOC(B

+e Okg (Rslc;28+50 + T1*25+ﬁ0) } </
B

(7.67) < Cp, /2 Hmin{1Bo+2(1-5)} (/
B

rap (70))

1/2
|Du — Dh|? dx)
r(Z)

1/2
|Du — Dh|? dx)
~(Z)
for all z € Bg, (7o), and 0 < r < R,,/32, with the obvious definition for C,. We now combine (7.8)(7.10),
(7.67), (7.44) and performing the same algebraic manipulations we obtain the improved comparison estimate

1/2
(/ |Du—Dh|2dx)
B, (z)

_ ) 1/2
< Crn/Z{ ”A(, u( . )) - A”Loo(BT(j)) + Ckormm{lﬁo-‘rﬂl—s)}} <][ \Du|2 d.’E)
B, (T)

+ Crn/2+5 ||f||Mn,/(1—B)(BQIO (z0))

< e 2 (IDul o ayy + D7+ Crgr ™52 Dl 5,y

g (T0)

+crn/?tP ||f||M"/<1*B)(B@mo (z0))

(7.68) < Cpr/?tP

for all 0 < r < R,,/32, where in the last line we used (7.32)), (2.23)), and the choice 8 < min{1, 8y + 2(1 — )},
with the obvious definition for C,. Equation (7.68) together with (7.16) gives

1/2 o\ /2 12
(7.69) (/ |Du — (Du) g (j)|2 dw) <c <7> (/ |Du — (DU)B (97:)‘2 dx) + C;m?“n/2+6 :
By(®) ¢ r B (%) "

this holds for all # € Bg, (o) and 0 < ¢ <r < Ry, /32. Equation (7.69) together with the standard iteration
argument already used after (7.47) imply

_ 1 _ ~ 1 ~
E(Du; B,(z)) < C[BE(DU; Bg,, (%)) + Cko} P < c|:Fiﬁ||Du||Lo°(BFm0 @) T Cko} rP

Zo Zo

for all r < R, and € B, (20), with ¢ = c¢(data, max{v, 1}, 3). This estimate and Campanato’s characteriza-
tion of Hélder continuity prove that Du € C2 (B R., (T0)) With quantitative estimate (2.30)), and this completes

loc

the inductive step, and hence the proof. O

7.5. Hierarchy of radii and admissible balls. For the reader’s convenience, we summarize the hierarchy
of radii used throughout the preceding proofs: several local scales have been introduced at different stages of
the argument, each with a specific role. The following recap wants to collect their mutual relations and the
corresponding ball inclusions, so that the localization arguments above can be read without ambiguity. For an
exhaustion of compact sets K; € () as defined at the beginning of the Chapter, we define the threshold

73(K;) := min {ro,rl,rf(Ki),rA(Ki), i dist(Ki,aQ)} :
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this is the maximal scale on the compact set K; at which the smallness assumptions on the coefficients and on
the datum are valid, and at which the structural restrictions involving ro and r; can be used. If zg € Q, g,
then, by definition, there are i = i(z) € N and 0 < g,, < 73(K;) such that
€
xg € Ki, BQIO (xo) (& BQQIO ({IJ()) (& Q7 Sw(u; BQIO (xo)) < ES .
The radius g, is the initial scale at which Proposition is applied. Next, by the continuity of z —
&y (u; By, (x)), we choose a radius 0 < 7, < 04,/8 so small that

B, (%0) € int(kK;), B, (z) €N and Ey(u; By, (7)) < =

0ag
for every Z € B,, (zo): this is the localization radius, as it allows us to apply Proposition uniformly with
center T € B,, (zo) and initial scale g,,. In particular, for such centers, B,, (Z) C Bz, (20) € Q.

In the gradient estimates we shall further reduce the working scale. We choose 0 < 75, < r;,/4, and
this radius is the scale on which the Lipschitz estimate is obtained. It is chosen small enough to satisfy the
smallness conditions required in the iteration/summation procedures, and it guarantees the inclusions B,.(Z) C
Boz, (z0) C By, (7o) if T € By, (z0) and 0 < 7 < 74, and B2.(Z) C By, (20) if 0 < r < 74,/4 and
S Bmo /2(w0). Finally, in the bootstrap arguments for higher gradient regularity Theorem we have to
reduce the radius once more and choose 0 < R, < 7,,. This is the scale on which the already established C'1+%
estimate is used as an input for the next step of the bootstrap. If z € Bg, /4 (xg) and 0 < r < R,,/8, then
By (z) C Br,,j2(%0) C Br,,(%0) C Br,, (20). Thus the complete hierarchy of radii is

T _ T 0. _
O<Rx0:%§7’mo§%§£<Qmo<7’g(Ki),
and all balls appearing in the local and nonlocal estimates are contained in the region where the previously
established estimates are available.

8. FULL REGULARITY FOR u-INDEPENDENT LOCAL OPERATORS

Suppose that A(z,u) = A(z), where A(-) satisfies the assumptions of the main theorems. In this case,
the modulus of continuity in the wu-variable is trivial, that is, w,(-) = 0. Returning to the approximate
harmonicity result in Proposition we note that the point xy and the radius ¢ no longer need to satisfy
the smallness assumption : this is because only enters through condition , which in the current
setting is automatically satisfied for any choice of €y. Consequently, for the remainder of the proofs, we may
take Q, = Q.

Let us now track dependence of the radii. First, to verify the assumptions of Theorems [2.1] to 2.4] and
the radii have to satisfy the requirements of Paragraph except for the smallness condition (6.5) and its
uniform version . More precisely, if zg € Q, we may set d = dist(xzq, Q) and choose

0z, = Min {ro,rl,rf(Bd/Q(xo)),TA(Bd/Q(:EO)), i d, ;} :
we then set 7, := 0,,/4. With this choice, for every = € B, (z0), we have By, (Z) C Ba,, (z0) € Q. Thus
the balls B,, (z), with x € B, (o), are all admissible, compare with Paragraph In this case the choice
of g, and r,, depends only on dist(xo, 99), the structural radii 79,1, and the local radii ry(-),74(-), but
not on u. Additionally, in the case of Theorems and we can actually quantify r;(-), as by
and . Indeed, r; has to satisfy , and in our case a sufficient condition can be obtained from the
maximal quantity appearing in in the case of Theorem [6.1f we have, since B, (zo) C Basa(wo) and

020 < 1(Bga(wo)) = 1y, if 7y is smaller than d/4,

1/x 1/x 1/x
sup t2<][ |f1X dat) < sup tQ(][ LfIX dx) <7y’ sup 2= (][ |1 dx)
iEBTzO (z0) B (Z) fEBd/z(xo) By (x) feBd/z(QfU) By (z)

0<t< 0z 0<t<ry 0<t<d/4
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and the latter quantity is smaller than %55 (data, By) — and thus (6.7) is ensured — as soon as 'y is small enough,
with the dependences stated in Theorem Similarly for Theorem [2.4]

1/x
sup t2<][ ) |f|X daj) < CT?U Hf||M”/(2_ﬁ°)(3d/2(wo)) .
(z0) By (z)

Z€B,,,
0<t<oz,
For Theorems the coefficient radius r4 can also be quantified. Here the local BM O-smallness condition
(5.2) is no longer an additional restriction: it follows directly from the global modulus of continuity (2.18)).
More precisely, if 0 < r4 < d/4, then
sup By, (A;x) < Awy(ra) < do(data, Bo(s)),
z€Bg/2(x0)

where dp(data, Bo(s)) comes from Proposition and it corresponds to the choice of By(s) in (7.1]), provided
that r4 < d/4 is sufficiently small; in particular, r 4 depends only on dist(xg, 92), data and wy(-). Finally, we
quantify 7, in the settings of Theorems and again taking ry < d/4, all balls B,(x) with z € Bg/(7o)
and 0 < ¢ < 7y are contained in Bsg/4(xo) € ; thus

1/x
/
sup )t2<]{3(z)|f|xdz> < erg[ T Cod/D] 1w s, o)

z€Bgy2(xo
0<t<ry
by (3.10)), for Theorem In order to have the latter quantity smaller than &,(data, 3o(s)) and, in this way,
have the datum smallness required in the preliminary construction (2.8)) satisfied (this is employed after (7.2))), it
is sufficient to choose ¢ smaller than a constant depending on d, data and a bound on ||I{X( S d/)|| Lo (B, (x0))-

In the setting of Theorems by (3.5)), we have

1/x
2 1+8
swp (£ 1)< e oo o
2€By s (w0) By(z) ! (Bsara(@o))

0<t<ry
Thus it is enough to choose 7y < d/4 so small, depending on d, data, 4 and any bound on || || ygn/c -8
such that

B3q/4(%0))>

c(B) 1PN Fllavans =9 By (o)) < Eb(data, Bo(s)),

for the same reason just explained. Finally, the radius 7 = 7, has to satisfy the conditions (7.24) and (7.30));
recalling that w,(-) =0, it is then easy to check that 7, will depend only on the quantities stated in Theorem
the very same reasoning applies to the radius R,, = 7,/8 appearing in Theorem
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