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Abstract. We establish sharp interior regularity for solutions to vectorial, nonlinear local-nonlocal systems.

1. Introduction

Operators that couple a local and a nonlocal diffusion term naturally arise in the modeling of processes
combining continuous and jump-type behavior [33], and in recent years they have been studied with increasing
attention, both for their analytical structure and for this modeling relevance. The prototype of this class is the
case where a local Laplacian diffusion is coupled with a fractional Laplacian diffusion

−∆u+ (−∆)su.

For this class of operators, several aspects of the elliptic and parabolic theory have by now been thoroughly
investigated, including Green function estimates, boundary Harnack principles, maximum principles, and reg-
ularity properties, both in the elliptic and in the parabolic setting; since the literature on the linear theory is
by now vast, we only refer to [16, 17, 9, 10, 22, 45] and the references therein for a detailed account. More
recently, attention has turned to nonlinear counterparts: first to models preserving the linear local structure
while allowing more general stochastic nonlocal terms [11], and then, more substantially, to mixed quasilinear
operators modeled on

−∆pu+ (−∆q)
su, p, q ∈ (1,∞), s ∈ (0, 1);

a number of existence and qualitative results have been obtained, covering both variational and nonvariational
formulations; see, for instance, [4, 5, 12, 18, 21, 29, 31, 32]. The regularity theory for these operators is shaped
by the balance between the local and nonlocal components, and this balance in turn depends on the relation
between p, q and s; the present paper adds to this general picture by showing how this interplay manifests itself
for vector-valued solutions with quadratic growth. In the scalar case, this balance has already been made precise:
De Filippis & Mingione indeed established in [23] the interior Hölder continuity of Du via perturbation methods
under the structural condition p > sq, as this assumption ensures that at small scales the local operator −∆pu
dominates the nonlocal one (−∆q)

su, so that the regularizing effect of the equation is essentially governed by
its local part. Consequently, solutions inherit the same type of regularity of solutions to purely local operators,
namely the C1,α-regularity for some non-explicit α ∈ (0, 1), which does not exceed the optimal Hölder exponent
of the gradient of p-harmonic functions [3, 6, 28]. The gradient Hölder regularity in the complementary regime
p ≤ sq was recently treated by Biswas and Topp [13] through viscosity methods.

We initiate, in this paper, the study of quasilinear vectorial mixed operators by treating the quadratic
growth case, namely p = q = 2, allowing for a class of local and nonlocal terms more general than the model
operators, see (1.1)–(1.2) and the related assumptions (1.4) and (1.5). Although this is only the first step
toward the more general theory we aim to develop, it already exhibits the essential difficulties of the vectorial
local-nonlocal interaction, whose treatment requires a substantially new combination of classic local partial
regularity methods, developed for the vectorial setting, and nonlocal tail estimates, adapted here to interact
with them. We show that regularity of u and of its gradient Du hold on the very same regular set, whose singular
complement has Hausdorff dimension explicitly bounded, and that on this set a full scale of results is available,
improving as the assumptions on the local term are strengthened: from BMO and VMO regularity of u, up to
its continuity and Hölder continuity, and finally to Lipschitz continuity, continuity and Hölder continuity of the
gradient itself; none of these improvements requires any additional regularity on the nonlocal term, which is
allowed to remain as irregular and non-coercive as in our basic assumptions throughout.
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Our main novelties can be summarized as follows:

• we work in the vectorial setting and study the partial regularity of solutions (Theorems 2.1 to 2.8), ob-
taining everywhere regularity under additional structural assumptions on the local term (Theorem 2.9);

• we allow for very general nonlocal operators, possibly irregular and non-coercive (see (1.4)–(1.5));
• we obtain sharp regularity results in terms of the right-hand side of the equation, with explicit Hölder
exponents together with quantitative local estimates that also keep track of the nonlocal tail of the
solution (for instance, see (2.15) and (2.24) and the related regularity results).

The present paper provides, to the best of our knowledge, the first systematic development of the vectorial
regularity theory for mixed local-nonlocal systems. Its closest predecessor is the recent vectorial theory for
purely nonlocal systems developed by De Filippis, Mingione & Nowak in [25], where classical tools from the
local partial regularity theory – excess decay, tail estimates, blow-up procedures and harmonic approximation
– were implemented for the first time in a genuinely nonlocal vectorial setting. Here we show that, in the
mixed regime, the local component can be exploited as the leading operator, while the nonlocal part can be
treated as a lower-order perturbation even under minimal assumptions, namely without regularity or coercivity
on the integrand, so that under appropriate assumptions on the local part solutions retain the highest regularity
dictated by the local theory. This dominance, however, has a natural limit at the level of the gradient: under
the sole structural assumptions on the nonlocal term, the Hölder exponent of Du cannot in general exceed
a threshold dictated by s, reflecting the fact that differentiating the equation makes the lack of regularity of
the nonlocal term visible; remarkably, this threshold turns out to be sharp, matching the optimal boundary
regularity known for nonlocal equations. When the nonlocal term is assumed to have the natural structure of
the fractional Laplacian, this limitation disappears entirely, and the full, sharp Hölder regularity of the gradient
is recovered.

The precise setting we work in is the following: let n,N ∈ N, with n ≥ 2 and N ≥ 1, let Ω ⊂ Rn be open,
let u : Rn → RN , and let f : Ω → RN be a measurable function. We deal with systems of the form

(1.1) Ql
Au+Qnl

Φu = f in Ω,

where Ql
A is the local operator given by

Ql
Au(x) = −div

(
A(x, u)Du

)
,

and Qnl
Φ is the nonlocal operator defined by

(1.2) Qnl
Φu(x) := 2P.V.

ˆ
Rn

Φ
(
x, y, u(x), u(y), u(x)− u(y)

) dy

|x− y|n+2s
, s ∈ (0, 1) ;

here P.V. denotes the Cauchy principal value.

The coefficients A(x, z) = {Aαβ
ij (x, z)}α,β=1,...,N

i,j=1,...,n : Ω×RN → RnN×nN are Carathéodory functions satisfying
the Legendre and the boundedness conditions

(1.3) ⟨A(x, z)ξ, ξ⟩ ≥ Λ−1 |ξ|2 , |A(x, z)| ≤ Λ ,

for almost all x ∈ Ω, every z ∈ RN and ξ = {ξαi }
α=1,...,N
i=1,...n ∈ RnN , for some constant Λ ≥ 1. We refer to

Paragraph 3.1 for the relevant notational conventions.
As for the nonlocal term Φ : R2n+3N → RN , Φ(x, y, u, v, t) = {Φα(x, y, u, v, t)}α=1,...,N , we assume that it

has linear growth in the t-variable

(1.4) |Φ(x, y, u, v, t)| ≤ ν|t|
for some ν > 0, and it satisfies the symmetry properties

(1.5)

{
Φ(x, y, u, v, t) = Φ(y, x, v, u, t)

Φ(x, y, u, v,−t) = −Φ(x, y, u, v, t)
,

for almost every x, y ∈ Rn, all u, v ∈ RN and t ∈ RN ; no additional regularity is required on the nonlocal term.

We consider weak solutions to equation (1.1), i.e., functions u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s that satisfy the weak
formulation of (1.1):

(1.6)

ˆ
Ω

⟨A(x, u)Du,Dφ⟩ dx+

ˆ
Rn

ˆ
Rn

Φ
(
x, y, u(x), u(y), u(x)− u(y)

)
·
(
φ(x)− φ(y)

) dx dy

|x− y|n+2s
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=

ˆ
Ω

f · φdx

for all smooth test functions with compact support in Ω, φ ∈ C∞
c (Ω;RN ). Here, we employ the notation L1

2s

for the tail space

L1
2s :=

{
w ∈ L1

loc(Rn;RN ) :

ˆ
Rn

|w(x)|
1 + |x|n+2s

dx < ∞
}
.

To better illustrate the main results of the paper, we state the following two model theorems, the first
concerning the Hölder continuity of solutions.

Theorem 1.1 (Partial Hölder continuity). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a weak solution to (1.1), with (1.3)–
(1.5) in force. Suppose that A(·, ··) satisfies the continuity assumption

(1.7) |A(x, u)−A(y, v)| ≤ Λω
(
|x− y|+ |u− v|

)
for all x, y ∈ Ω and u, v ∈ RN ,

for some modulus of continuity ω : [0,∞) → [0, 1]. Then there exists an open set Ωu ⊆ Ω with Hausdorff
dimension dimH(Ω \ Ωu) ≤ n− 2− ζ for some ζ > 0 if n ≥ 3, and Ωu = Ω if n = 2 such that, if

f ∈ L
n/(2−β0)
loc (Ω;RN ) for some β0 ∈ (0, 1) ,

then

u ∈ C0,β0

loc

(
Ωu;RN

)
.

If in addition A(x, u) ≡ A(x) is independent of u, then full regularity holds, i.e., Ωu = Ω.

The next model theorem addresses the quantitative Hölder continuity of the gradient.

Theorem 1.2 (Partial gradient Hölder continuity). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a weak solution to (1.1),

with (1.3)–(1.5) in force. Let β ∈ (0, 1), and suppose that A(·, ··) fulfils (1.7) with ω(r) = rβ. If

f ∈ L
n/(1−β)
loc (Ω;RN ) ,

then

u ∈ C
1,min{β,2(1−s)}
loc (Ωu;RN ) ,

with Ωu as in Theorem 1.1. In particular, if A(x, u) ≡ A(x), then full gradient regularity holds. If in addition
the nonlocal term is of the form

(1.8) Φ(x, y, u, v, t) = a(x− y)t

for some matrix-valued function a : Rn → RN×N such that

(1.9) a(z) = a(−z) and |a(z)| ≤ ν, for all z ∈ Rn ,

then

(1.10) u ∈ C1,β
loc (Ωu;RN ) .

We refer to Section 2 for the precise statements of the results, where we also provide finer quantitative
estimates. We now briefly comment on these results. Theorem 1.1 provides a quantitative Hölder continuity
result for solutions, in analogy with the purely local equation [34]:

−div
(
A(x, u)Du

)
= f ∈ L

n/(2−β0)
loc (Ω;RN ) =⇒ u ∈ C0,β0

loc (Ωu;RN ) .

This result is essentially sharp, as can be seen by a simple scaling argument1. This behavior is not surprising
since, as already mentioned, the local operator Ql

A represents the leading term in (1.1), and therefore it is this
component that ultimately dictates the regularity of solutions.

Another key feature of our approach, which relies precisely on the dominance of the local operator, is that
we do not impose regularity or coercivity assumptions on the nonlocal term Φ. In particular, we do not require
the usual coercivity condition

Φ(x, y, u, v, t) · t ≥ c |t|2 , c > 0 ;

this is particularly relevant in applications, where the nonlocal term may exhibit irregular or poorly structured
behavior, see for instance [33].

1See Theorem 2.4, where a slightly weaker integrability condition on f is assumed in terms of a Marcinkiewicz space.
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We also recall that everywhere regularity may fail in the vectorial setting, even when the coefficients
u 7→ A(x, u) are analytic [34, Chapter II.3]. On the other hand, when the u-dependence on the coefficients is
dropped, everywhere regularity is then recovered.

Turning to gradient regularity, Theorem 1.2 establishes the Hölder continuity of Du with an explicit Hölder
exponent dictated by the integrability of f . However, under such low assumptions on the nonlocal term, the
exponent cannot in general exceed the threshold C1,2(1−s) in the regime s > 1/2 for such general nonlocal terms
Qnl

Φ . This reflects the fact that, in the mildly local regime s > 1/2, the lack of regularity of the nonlocal term
influences the regularity of u at the level of the gradient, in view of the fact that the proof implicitly involves
differentiating equation (1.1). We also emphasize that the threshold 2(1 − s) is consistent with the optimal
regularity expected in this setting. In particular, it coincides with the sharp boundary regularity exponent
established for solutions to nonlocal equations, see [1], and this highlights the role of the nonlocal operator in
limiting the attainable gradient regularity, even when the equation exhibits a predominantly local character.

On the other hand, when we impose structural assumptions on Φ, namely when it has the form described
in (1.8)–(1.9), this limitation on the exponent disappears in (1.10); thus, we recover the full, sharp Hölder
continuity of the gradient

f ∈ L
n/(1−β)
loc (Ω;RN ) =⇒ u ∈ C1,β

loc (Ωu;RN ) for all β ∈ (0, 1).

The prototypical example of Φ fulfilling (1.8)–(1.9) is the fractional Laplacian (−∆)su, for which Φ(x, y, u, v, t) =
Φ(t) = t .

Outline of the proof. The proof proceeds in several steps and follows, in principle, a perturbative approach
as in [4, 23], but carried out in a finer and more quantitative form, making the interplay between the local and
nonlocal operators more explicit.

As in the classical regularity theory for purely local systems, the first step consists in establishing higher

integrability of the gradient, namely Du ∈ L2+ζ
loc in Proposition 4.4. The delicate point here is to keep explicit

track of the dependence on the growth factor ν associated with the nonlocal term in (1.4), see Remark 5.1.
The next step is to prove an approximate harmonicity property for solutions–see Proposition 5.3. The key

observation is that if u solves (1.1) in the ball Bϱ(x0) ⋐ Ω, then the blow-up function uϱ(x) := u(x0 + ϱx)

solves a similar equation in which the nonlocal term is multiplied by the factor ϱ2(1−s), see equation (5.7). More
explicitly, in the case f = 0, the function uϱ is solution of

Ql
Aϱ

uϱ + ϱ2(1−s)Qnl
Φϱ

uϱ = 0 in B1

with coefficient matrix Aϱ and Φϱ still satisfying the structural assumptions (1.3) to (1.5). Consequently, by
choosing the radius ϱ sufficiently small, the nonlocal contribution in this equation can be made arbitrarily small,
see Lemma 5.2.

At the same time, the higher integrability result obtained in the first step guarantees that the L2+ζ-norm of
Duϱ remains uniformly controlled for any small radii ϱ – this is the reason of the care in tracking the dependence
on the size of the nonlocal term ν. This allows us to apply the approximate harmonicity Lemma 3.5, see also
(5.25); hence u is quantitatively close to a harmonic function, which in turn leads to a quantitative decay
estimate for the excess functional – see Paragraph 5.2 and Proposition 5.6.

From this point on, the proof of the regularity of u follows a more standard route. In particular, we exploit
the recently developed machinery of potential theory to control the source term f , together with suitable decay
estimates for the nonlocal tail over shrinking balls, see Lemma 3.6 and Lemma 7.6.

Plan of the paper. In Section 2 we state the main results of the paper in full detail, while Section 3 provides
the notation and some preliminary results. In Section 4 we prove the Caccioppoli inequality and the higher
integrability of solutions. Section 5 is devoted to the proof of approximate harmonicity of solutions and the
excess decay estimate, which will be the starting point of the proofs for the main results. In Section 6 we
characterize the regular set of solutions and we provide the proof of the results involving the regularity of u,
while in Section 7 we study the regularity of the gradient Du. Finally, in Section 8 we discuss in detail the
everywhere regularity of solutions in the case of u-independent coefficients.
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2. Main results

In this section we state in full detail the results of the paper. Unless otherwise stated, we shall assume that

(2.1) f ∈ Lχ
loc(Ω;R

N ) for some χ > 2∗ ,

where we set

(2.2) 2∗ =


2n

n+ 2
n > 2

any number in (1, 2) n = 2

, 2∗ =


2n

n− 2
n > 2

any number in (2,+∞) n = 2

.

The exponent χ can be auxiliary: in the results where f is assumed to belong to a Marcinkiewicz space, χ is
chosen below the corresponding Marcinkiewicz exponent, as explained after (3.5). We denote by data the set
of parameters

(2.3) data = {n,N, s,Λ, χ} .
Also, we shall always assume that A(x, ·) is uniformly continuous; namely, there exists a modulus of continuity
ωu( · ) such that

(2.4)
∣∣A(x, u)−A(x, v)

∣∣ ≤ Λωu

(
|u− v|

)
for almost all x ∈ Ω and u, v ∈ RN .

Our first two main results are concerned with BMO and VMO regularity of solutions to (1.6). These are stated
in terms of a smallness assumption on the x-mean oscillation of A(·, ··). Specifically, for any ball Br(x0) ⊆ Ω,
we define the averaged vector field

(2.5) (A)Br(x0)
(z) :=

ˆ
Br(x0)

A(x, z) dx ;

then, for every x0 ∈ Ω and for some r0 > 0, we define

(2.6) Er0(A;x0) = sup
ϱ∈(0,r0]:Bϱ(x0)⊆Ω,

z∈RN ,z ̸=0

ˆ
Bϱ(x0)

∣∣A(x, z)− (A)Bϱ(x0)
(z)

∣∣ dx ,
the x-mean oscillation of A(·, ··).

Theorem 2.1 (Partial BMO Regularity). Let u ∈ W 1,2
loc (Ω;RN )∩L1

2s be a local weak solution to (1.1). Suppose
that A(·, ·) satisfies (1.3), (2.4), and that Φ fulfills (1.4), (1.5). Then there exist constants

εb = εb
(
data, ωu( · )

)
∈ (0, 1), δ0 = δ0(data) ∈ (0, 1),

such that the following implication holds: if for every compact set K ⋐ Ω there exist radii rA, rf ∈ (0,dist(K, ∂Ω))
such that

(2.7) sup
x0∈K

ErA(A;x0) < δ0,

and

(2.8) sup
x0∈K,
0<t≤rf

t2
(ˆ

Bt(x0)

|f |χ dx

)1/χ

< εb,

where χ is as in (2.1), then there exists an open set Ωu ⊆ Ω such that Ωu = Ω if n = 2, while for n ≥ 3,

dimH(Ω \ Ωu) ≤ n− 2− ζ

with ζ = ζ(data,max{ν, 1}) ∈ (0, 1), and

(2.9) u ∈ BMOloc(Ωu;RN ) .

Under assumptions stronger than (2.8), we are also able to obtain VMO-regularity of solutions.

Theorem 2.2 (Partial VMO Regularity). Under the assumptions and notations of Theorem 2.1, if f satisfies

(2.10) lim
ϱ→0+

ϱ2
(ˆ

Bϱ(x)

|f |χ dx

)1/χ

= 0 locally uniformly in x ∈ Ω,

χ as in (2.1), then
u ∈ VMOloc(Ωu;RN ) .
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Our next results deal with continuity of solutions and their gradient. In order to state them, we introduce
the (truncated) Riesz-type potential of f :

(2.11) Ifα,χ(x0, σ) :=

ˆ σ

0

ϱα
(ˆ

Bϱ(x0)

|f |χ dx

)1/χ
dϱ

ϱ

for x0 ∈ Ω and σ > 0. For χ = 1, the definition reduces to the averaged form of the classical truncated Riesz
potential, which can be evaluated both on functions and, by replacing |f | dx with a measure, on locally finite
signed measures. For χ > 1, Ifα,χ is a χ-averaged counterpart of the truncated Riesz potential and retains the
same natural scaling properties, mutatis mutandis; see [24, Chapter 4].

Theorem 2.3 (Partial continuity). Under the assumptions and notations of Theorem 2.1, suppose that f fulfills

(2.12) lim
σ→0+

If2,χ(·, σ) = 0 locally uniformly in Ω ;

then
u ∈ C0(Ωu;RN ) .

For what concerns Hölder continuity of solutions, this can be quantified whenever the right-hand side of
(1.1) belongs to a certain Marcinkiewicz, or weak-Lebesgue, spaceMm(Ω;RN ) (often denoted by Lm,∞(Ω;RN )).
Specifically, we say that f ∈ Mm(Ω;RN ), for m ≥ 1, if

(2.13) ∥f∥mMm(Ω;RN ) := sup
λ>0

λm
∣∣{x ∈ Ω : |f(x)| ≥ λ

}∣∣ < ∞ .

We recall that standard interpolation theory [43, Theorem 3.18.8] yields

(2.14) f ∈ Lm(Ω;RN ) =⇒ f ∈ Mm(Ω;RN ), m ∈ [1,∞)

and Mm(Ω;RN ) ⊆ Lm−ε(Ω;RN ) for ε ∈ (0,m− 1], see also (3.5).

Theorem 2.4 (Quantified partial Hölder regularity). Assume that (1.3)–(1.5) and (2.4) are in force, and let

u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a local weak solution to (1.1), with s ∈ (0, 1). Let β0 ∈ (0, 1) and assume that

(2.15) f ∈ Mn/(2−β0)
loc (Ω;RN ) .

Then there exists a constant δ0 = δ0(data, β0) ∈ (0, 1) with the following property. If, for every compact set
K ⋐ Ω, there exists a radius rA = rA(K) > 0 such that

(2.16) sup
x0∈K

ErA(A;x0) < δ0,

then there exists an open set Ωu ⊆ Ω such that Ωu = Ω if n = 2, while, if n ≥ 3,

dimH(Ω \ Ωu) ≤ n− 2− ζ, ζ = ζ(data,max{ν, 1}) ∈ (0, 1) ,

and
u ∈ C0,β0

loc (Ωu;RN ) .

Finally, for every x0 ∈ Ωu, there exist radii rx0
≤ ϱx0

/2 such that B2ϱx0
(x0) ⋐ Ω, and

(2.17) [u]C0,β0 (Brx0
(x0)) ≤ c ϱ−β0

x0

(ˆ
Bϱx0

(x0)

∣∣u− (u)Bϱx0
(x0)

∣∣2 dx)1/2

+ c ϱ1−β0−2s
x0

Tail
(
u− (u)Bϱx0

(x0);Bϱx0
(x0)

)
+ c ∥f∥Mn/(2−β0)(B2ϱx0

(x0))
,

with constant c = c(data, β0).

Observe that if A(·, ··) satisfies the continuity condition (1.7), then it certainly fulfills (2.16), since by
(2.5)–(2.6) and (1.7) one easily deduces for every K ⋐ Ω

sup
x0∈K

Er(A;x0) ≤ Λω(r)
r→0−−−→ 0

uniformly. Therefore, taking also into account (2.14), Theorem 2.4 is a stronger version of Theorem 1.1.
We also stress that, for general coefficients A(x, u), the radii rx0

, ϱx0
may depend also on the solution u.

More precisely, they must fulfill the excess decay conditions (6.5) and (6.6). However, in the case A(x, u) = A(x)
these conditions are no longer necessary, hence rx0 , ϱx0 will become independent of u, so that the quantitative
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estimate (2.17) becomes particularly useful for compactness arguments. We also stress that estimate (2.17) is a
direct consequence of a more general bound involving a maximal operator applied to f . We refer to Theorem 6.1
and to equation (6.14) below for the precise statement.

For what concerns gradient regularity of solutions, we need to make the following stronger assumptions on
A(·, ··). Specifically, we shall assume that there exists another modulus of continuity ωx( · ) such that

(2.18)
∣∣A(x, u)−A(y, u)

∣∣ ≤ Λωx(|x− y|) for all x, y ∈ Ω and u ∈ RN .

In order to obtain Lipschitz continuity of solutions, a standard condition to impose on the moduli of continuity
ωx, ωu is that they satisfies the so-called the Dini property

(2.19)

ˆ 1

0

ω(ϱ)
dϱ

ϱ
< ∞ .

Theorem 2.5 (Partial Lipschitz continuity). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a local weak solution to (1.1), for
s ∈ (0, 1). Assume that (1.3)–(1.4) and (2.18) are in force, that ωu( · ), ωx( · ) fulfill the Dini continuity property
(2.19), and that f ∈ Lχ

loc(Ω;RN ) is such that for every K ⋐ Ω there exists rf = rf (K) > 0 such that

(2.20) sup
x0∈K

If1,χ(x0, rf ) < ∞ .

Then there exists an open set Ωu ⊆ Ω, with Ωu = Ω in dimension n = 2, satisfying dimH(Ω \ Ωu) ≤ n− 2− ζ,
ζ = ζ(data,max{ν, 1}) ∈ (0, 1) in higher dimension n ≥ 3, such that

Du ∈ L∞
loc(Ωu;RN ) .

Moreover, for every x0 ∈ Ωu, there exist three radii r̄x0
rx0

and ϱx0
such that r̄x0

≤ rx0
/4, rx0

≤ ϱx0
/8,

Brx0
(x0) ⋐ Ωu, B2ϱx0

(x0) ⋐ Ω, and

(2.21) ∥Du∥L∞(Br(x0))
≤ c

(ˆ
B2r(x0)

|Du|2 dx
)1/2

+ c

(ˆ
Bϱx0

(x0)

|Du|2 dx
)1/2

+ c
∥∥If1,χ( · , rx0)

∥∥
L∞(Brx0

(x0))

+ c r
[
r−2s
x0

Tail
(
u− (u)Brx0

(x0), Brx0
(x0)

)
+ ϱ−2s

x0
Tail

(
u− (u)Bϱx0

(x0), Bϱx0
(x0)

)]
for all r ∈ (0, r̄x0

], with constant c = c(data,max{ν, 1}).

Observe that, by the absolute continuity of the Lebesgue integral, condition (2.20) implies

lim
σ→0

If1,χ(x, σ) = 0 for every x ∈ Ω .

By upgrading this hypothesis to uniform convergence, we attain gradient continuity of solutions. This is the
content of the following

Theorem 2.6 (Partial gradient continuity). Under the assumptions of Theorem 2.5, suppose additionally that

(2.22) lim
σ→0

If1,χ( · , σ) = 0 locally uniformly in Ω ;

then

Du ∈ C0(Ωu;RN ) .

We point out that (2.22) is satisfied, for instance, under the Lorentz-space assumption

f ∈ Ln,1
loc (Ω;R

N ) ,

see [30, Lemma 3]. Ln,1
loc (Ω;RN ) consists of the measurable functions f : Ω → RN such that

∥f∥Ln,1(Ω;RN ) :=

ˆ ∞

0

λ |{x ∈ Ω : |f(x)| > λ}|1/n < ∞

and the local variant is defined in the usual way. We recall that, by standard interpolation theory [43, Proposition
8.1.8], we have the continuous embeddings

Lq(Ω) ↪→ Ln,1(Ω) ↪→ Ln(Ω) for any q > n.

The next theorem concerns Hölder continuity of the gradient up to the threshold 2(1 − s) in the case s > 1/2
for general nonlocal terms merely satisfying (1.4) and (1.5).
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Theorem 2.7 (Partial C1,β-regularity I). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a local weak solution to (1.1), for
s ∈ (0, 1). Let β ∈ (0, 1), and assume that A(·, ··) satisfies (1.3),(2.4) and (2.18) with

(2.23) ωx(r) = ωu(r) = rβ ,

that Φ satisfies (1.4) and (1.5), and

(2.24) f ∈ Mn/(1−β)
loc (Ω;RN ) .

Then there exists an open set Ωu ⊆ Ω, with Ωu = Ω when n = 2, dimH(Ω \ Ωu) ≤ n − 2 − ζ, ζ =
ζ(data,max{ν, 1}) ∈ (0, 1) if n ≥ 3, such that

u ∈ C
1,min{β,2(1−s)}
loc (Ωu;RN ) .

Moreover, for every x0 ∈ Ωu, there exist three radii r̄x0 rx0 , ϱx0 such that r̄x0 ≤ rx0/4, rx0 ≤ ϱx0/8, Brx0
(x0) ⋐

Ωu, B2ϱx0
(x0) ⋐ Ω, and the quantitative estimates

(2.25) ∥Du∥L∞(Br(x0))
≤ c

( ˆ
B2r(x0)

|Du|2 dx
)1/2

+ c

(ˆ
Bϱx0

(x0)

|Du|2 dx
)1/2

+ c ∥f∥Mn/(1−β)(Bϱx0
(x0))

+ c r̄x0
r−2s
x0

Tail
(
u− (u)Brx0

(x0);Brx0
(x0)

)
+ c r̄x0

ϱ−2s
x0

Tail
(
u− (u)Bϱx0

(x0);Bϱx0
(x0)

)
,

for all r ∈ (0, r̄x0
], and

(2.26) [Du]C0,min{β,2(1−s)}(Br̄x0/8(x0))
≤ c

[
r̄−min{β,2(1−s)}
x0

( ˆ
Br̄x0

(x0)

∣∣Du− (Du)Br̄x0
(x0)

∣∣2 dx)1/2

+ ∥Du∥1+β
L∞(Br̄x0

(x0))
+

(
1 + r̄1−2s

x0

)
∥Du∥L∞(Br̄x0

(x0))

+ ∥f∥Mn/(1−β)(Br̄x0
(x0))

+ r̄−2s
x0

Tail
(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ 1

]
hold true, with c = c(data,max{ν, 1}, β).

Under additional assumptions on Φ, we are instead able to obtain C1,β regularity, regardless of the value
of s ∈ (1/2, 1). For the reader’s convenience, we write them once again. We assume that there exists a matrix

valued function a : Rn → RN2

, a = {aα,β}α,β=1,...,N such that

(2.27)

a(z) = a(−z)

|a(z)| ≤ ν
z ∈ Rn ,

and

(2.28) Φ(x, y, v, w, t) = a(x− y) t .

Theorem 2.8 (Partial C1,β regularity II). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a local weak solution to (1.1), for
s ∈ (0, 1). Let β ∈ (0, 1), and assume that A(·, ··) satisfies (1.3),(2.4), (2.18) and (2.23). Suppose also that Φ is
of the form (2.27)–(2.28), and that

f ∈ Mn/(1−β)
loc (Ω;RN ) .

Then there exists an open set Ωu ⊆ Ω, with Ωu = Ω if n = 2 and dimH(Ω \ Ωu) < n − 2 − ζ if n ≥ 3,
ζ = ζ(data,max{ν, 1}), such that

(2.29) u ∈ C1,β
loc (Ωu;RN )

and for every x0 ∈ Ωu, there exist radii Rx0
= r̄x0

/32 ≤ r̄x0
≤ rx0

≤ ϱx0
such that B2ϱx0

(x0) ⋐ Ω, estimate

(2.25) holds, and we have

(2.30) [Du]C0,β(BRx0
(x0)) ≤ C1 ,

where C1 depends on data,max{ν, 1}, β, r̄x0 , rx0 , ϱx0 , and on any upper bound for ∥f∥Mn/(1−β)(Bϱx0
(x0))

, Tail
(
u−

(u)B4Rx0
(x0);B4Rx0

(x0)
)
, ∥Du∥L∞(Br̄x0

(x0))
.



PARTIAL REGULARITY FOR VECTORIAL LOCAL-NONLOCAL PROBLEMS 9

We conclude this section by emphasizing that, in the u-independent setting A(x, u) = A(x), we obtain
full-regularity and the quantitative estimates in Theorems 2.4–2.8 no longer exhibit the implicit dependence
on u through the radii of the balls on which the estimates are stated. Instead, the solution u only enters the
estimates explicitly through its L1-norm and its tail, as specified in the statement below. This feature provides a
powerful tool in compactness arguments for the family of operators (1.1), since it yields uniform local regularity
estimates that are well suited for passing to the limit along sequences of solutions with controlled L1 and tail
bounds. We decided to regroup all the results in the following statement:

Theorem 2.9 (Full regularity in the u-independent case). Assume that A(x, u) ≡ A(x) does not depend on
u. Then each of the preceding partial regularity results, namely Theorems 2.1 to 2.8, holds under the same
assumptions with the same conclusions, but with Ωu = Ω, and all the corresponding local estimates are also
valid on arbitrary compact subsets of Ω. The same full-regularity conclusion also applies to the forthcoming
Theorem 6.1.

Moreover, the radii involved in the local estimates of the corresponding theorems can be chosen independently
of u. More precisely, for every x0 ∈ Ω, the initial radii ϱx0 and rx0 can be chosen depending only on d =
dist(x0, ∂Ω), data,max{ν, 1} and

• rA( · ), β0, and any upper bound on ∥f∥Mn/(2−β0)(Bd/2(x0))
for Theorem 2.4;

• rA( · ), β0, and any upper bound on sup
x∈Bd/2(x0)

0<t≤d/4

t2−β0

(ˆ
Bt(x)

|f |χ dx

)1/χ

for Theorem 6.1 ;

• ωx( · ) and any upper bound on ∥If1,χ( · , d/4)∥L∞(Bd/2(x0)) for Theorem 2.5;

• β and any upper bound on ∥f∥Mn/(1−β)(B3d/4(x0)) for Theorems 2.7 and 2.8.

The radii r̄x0
(for Theorems 2.5, 2.7 and 2.8) and Rx0

(for Theorem 2.8) can also be chosen independently of
u. Since they are chosen not larger than ϱx0 , they inherit the corresponding dependences of ϱx0 listed above; in
Theorem 2.8 one may take Rx0 := r̄x0/32.

3. Notation, functions spaces and preliminary results

In the following section we collect a few basic definitions, and we recall a few standard inequalities and
properties which we shall use throughout the paper.

3.1. Notation. We denote by c a generic constant larger or equal than one, possibly varying from line to line,
whose relevant dependencies will be emphasized using parentheses: for instance, c = c(n, s) will mean that c
depends on n and s. In order to simplify the notation for various dependencies, we shall denote by data the
set of given by (2.3). On the other hand, we shall often keep explicit the dependence on the constant ν due to
scaling reasons (see Proposition 4.4 for instance). Special occurrences of constants will be denoted by c1, c∗,
c̄ or the like. We also write ωn = |B1| the Lebesgue measure of the unit ball on Rn; N = {1, 2, 3, . . . }, while
N0 = N ∪ {0}.

As we deal with vector-valued functions and want to avoid componentwise notation as much as possible,
we distinguish the scalar product in RN from that in Rn×N ≃ RnN . Namely, for ξ, µ ∈ RN and p, q ∈ RnN , we
set

ξ · µ =

N∑
α=1

ξαµα , ⟨p, q⟩ =
n∑

i=1

N∑
α=1

pαi q
α
i .

Vectors in Rn are regarded as column vectors, while vectors in RN are regarded as row vectors. With this
convention, gradients of scalar functions are matrices with n rows and one column, whereas gradients of vector-
valued functions are matrices with n rows and N columns. More precisely, if u = (u1, . . . , uN ), then the α-th
column of Du is Duα. Integrals and averages of vectors and matrices are taken componentwise.

For tensors A ∈ RnN×nN and matrices ξ ∈ RnN , typically gradients of vector-valued functions, we use the
shorthand Aξ for the matrix in RnN whose components are

(Aξ)αi =

n∑
j=1

N∑
β=1

Aαβ
ij ξβj , i = 1, . . . , n, α = 1, . . . , N .
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With E ⊆ Rn being a measurable set with positive, finite measure 0 < |E| < +∞, and with F ∈ L1(E;Rℓ),
ℓ ≥ 1, we shall denote by

(F )E ≡
ˆ
E

F (x) dx :=
1

|E|

ˆ
E

F (x) dx

its integral average. For p ∈ (1,∞), we write p′ = p/(p− 1) for its Hölder conjugate.
We denote by W 1,2(Ω;RN ) the Sobolev space of vector-valued functions W 1,2(Ω;RN ) :=

{
u ∈ L2(Ω;RN ) :

Du ∈ L2(Ω;RnN )
}
, where Du denotes the distributional gradient of u. Accordingly, W 1,2

loc (Ω;RN ) denotes the

class of functions u such that u ∈ W 1,2(A;RN ) for every open set A compactly contained in Ω: A ⋐ Ω, while
W 1,2

c (Ω;RN ) denotes the subspace of functions with compact support in Ω. We will also denote by [w]W s,2(Br)

the s-fractional seminorm

[w]
2
W s,2(Br)

:=

ˆ
Br

ˆ
Br

|w(x)− w(y)|2

|x− y|n+2s
dx dy .

3.2. Function spaces. In this section we are going to consider measurable maps F : U → Rℓ, ℓ ∈ N \ {0} and
U ⊆ Rn measurable, not necessarily bounded, n ∈ N, n ≥ 2, and define several regularity function spaces where
F can belong to.

The (L2-)excess of F ∈ L2(U ;Rℓ) on balls is classically defined as

(3.1) E
(
F ;Bϱ(x0)

)
:=

(ˆ
Bϱ(x0)

∣∣F − (F )Bϱ(x0)

∣∣2 dx)1/2

if Bϱ(x0) ⊆ U . It is very standard to see that

(3.2)

(ˆ
Bϱ(x0)

∣∣F − (F )Bϱ(x0)

∣∣2 dx)1/2

≤
(ˆ

Bϱ(x0)

|F − z|2 dx
)1/2

holds true for any z ∈ Rℓ. As an immediate consequence of (3.2), for every Bϱ(x1) ⊆ Br(x2) not necessarily
concentric balls, we deduce

(3.3) E
(
F ;Bϱ(x1)

)
≤

( r
ϱ

)n/2

E
(
F ;Br(x2)

)
.

As we are only interested in local results, we localize the classic definition of the BMO space in the following
way: for F ∈ L2(U ;Rℓ) as above and a threshold r0 ∈ (0,+∞], we set

Er0

(
F ;x0

)
:= sup

ϱ∈(0,r0]:
Bϱ(x0)⊆U

E
(
F ;Bϱ(x0)

)
;

notice that for 0 < r0 < r1 ≤ +∞, Er0(F ;x0) < +∞ if and only if Er1(F ;x0) < +∞. Motivated by this fact,
we say that F ( · ) is:

• BMO in U (F ∈ BMO(U ;Rℓ)) if these exist c ≥ 0 and r0 > 0 such that Er0(F ;x0) ≤ c for a.e. x0 ∈ U ;
we set in this case

[F ]BMO(U) = sup
x0∈U

Er0

(
F ;x0

)
= sup

ϱ∈(0,r0]:
Bϱ(x0)⊆U

E
(
F ;Bϱ(x0)

)
where sup is the essential supremum;

• locally BMO in U (F ∈ BMOloc(U ;Rℓ)) if it is BMO in K for every compact subset K ⋐ U ;
• VMO in x0 ∈ U if

lim
r→0+

Er

(
F ;x0

)
= 0 ;

• locally VMO in U (F ∈ VMOloc(U ;Rℓ)) if Er( · ) converges to zero locally uniformly in U , that is, for
every K ⋐ U , Er( · ) converges to zero uniformly in K.

Remark 3.1. Our definition of BMO uses the L2-excess for simplicity, but it is equivalent to the more
classical one employing the L1-excess, see [44, Section 1.3]. Note that, as a consequence of our definition,
F ∈ BMOloc(U ;Rℓ) if and only if for every K ⋐ U there exists a threshold rK ∈ (0, dist(K, ∂U)) such that
ErK (F ; · ) is bounded in K. Moreover notice that F ∈ VMOloc(U ;Rℓ) if and only if for every K ⋐ U and
δ > 0, there exists a non-negative r̄ = r̄(δ,K) < dist(K, ∂U) such that supK Er̄( · ) ≤ δ.
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Let F ∈ C0(U ;Rℓ); we say that ω : [0,∞) → [0, 1] is a modulus of continuity for F if ω( · ) is a concave,
non-decreasing function such that ω(0) = limr→0+ ω(r) = 0, and

|F (x)− F (y)| ≤ Λω
(
|x− y|

)
, x, y ∈ U,

for some Λ > 0. We recall that F if Dini-continuous if ω( · ) satisfies (2.19). Notice that if δ ∈ (0, 1/2] and
R0 > 0, using the monotonicity of ω( · )

∞∑
i=0

ω(δiR0) ≤
1

log(1/δ)

∞∑
i=1

ω(δiR0)

ˆ δi−1R0

δiR0

dϱ

ϱ
+

1

log 2
ω(R0)

ˆ 2R0

R0

dϱ

ϱ

≤ 1

log(1/δ)

[ ∞∑
i=1

ˆ δi−1R0

δiR0

ω(ϱ)
dϱ

ϱ
+

ˆ 2R0

R0

ω(ϱ)
dϱ

ϱ

]
=

1

log(1/δ)

ˆ 2R0

0

ω(ϱ)
dϱ

ϱ
.(3.4)

Suppose that F belongs to the Marcinkiewicz, or weak-Lebesgue, space Mm(U ;Rℓ), i.e. (2.13) holds. By
prescribing the decay of the measure of the super-level set, cake-layers formula implies a precise decay of the
averages of F . Let indeed F be in Mm(U ;Rℓ) for some m ≥ 1; then for every χ ∈ [1,m) and every ball
BR(x0) ⊆ U , there holds

(3.5)

( ˆ
BR(x0)

|F |χ dx

)1/χ

≤
[ χ

m− χ

]1/m
|BR|−1/m∥F∥Mm(BR(x0);Rℓ) .

Notice that assumptions (2.15) and (2.24) imply (2.1) for a suitable exponent χ > 2∗: in the case of (2.15) we

can choose 2∗ < χ <
n

2− β0
< n and in the case of (2.24) we can choose 2∗ < χ <

n

1− β
< n. In dimension

n = 2, whenever a Marcinkiewicz assumption with exponent depending on β0 is used, the auxiliary exponent
2∗ ∈ (1, 2) is chosen after β0, sufficiently close to 1, so that the interval (2∗, 2/(2 − β0)) is non-empty. We
conclude this paragraph with two elementary inequalities.

Lemma 3.2 (Fractional embedding). Let s ∈ (0, 1) and BR(x0) ⊆ Rn. Assume that w ∈ W 1,2(BR(x0)RN );
then w ∈ W s,2(BR(x0);RN ) with

(3.6)
1

|BR(x0)|
[w]

2
W s,2(BR(x0))

=

ˆ
BR(x0)

ˆ
BR(x0)

|w(x)− w(y)|2

|x− y|n+2s
dx dy ≤ c(n,N)

1− s
R2(1−s)

ˆ
BR(x0)

|Dw|2 dx .

Proof. By a scaling argument, we may assume that x0 = 0, R = 1. We first extend w from B1 to Rn via the
spherical inversion map. Specifically, let

w̃(x) =


w(x) x ∈ B1

w
( x

|x|2
)

x ∈ Rn \B1,

and with some work one can show that

(3.7) ∥Dw̃∥L2(B4)
≤ c(n,N)∥Dw∥L2(B1)

,

see for instance [14, Proposition 3.9.1]. Via a change of variables, the fundamental theorem of calculus, Fubini’s
theorem and (3.7), we obtainˆ

B1

ˆ
B1

|w̃(x)− w̃(y)|2

|x− y|n+2s
dx dy ≤

ˆ
B1

ˆ
B2

|w̃(x)− w̃(z + x)|2

|z|n+2s
dz dx

≤
ˆ
B1

ˆ
B2

ˆ 1

0

|Dw̃(x+ tz)|2 dt dz

|z|n+2(s−1)
dx

=

ˆ
B2

ˆ 1

0

ˆ
B1

|Dw̃(x+ tz)|2 dx dt dz

|z|n+2(s−1)

≤
ˆ
B1

dz

|z|n+2(s−1)

ˆ
B3

|Dw̃|2 dx ≤ c(n,N)

1− s

ˆ
B1

|Dw|2 dx,

which proves (3.6). □

The following interpolation inequality can be found in [42, Theorem 6.23].
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Lemma 3.3. Let s ∈ (0, 1), R > 0 and BR(x0) ⊆ Rn. If u ∈ W s,2(BR(x0)) and φ ∈ W 1,∞(BR(x0)), then
uφ ∈ W s,2(BR(x0)) and (if φ is not identically zero)

(3.8) [uφ]W s,2(BR(x0))
≤ c(n, s)∥φ∥L∞(BR(x0))

[
∥φ∥−s

L∞(BR(x0))
∥Dφ∥sL∞(BR(x0))

∥u∥Lp(BR(x0))
+ [u]W s,2(BR(x0))

]
.

3.3. Nonlinear potentials of Riesz-type. We shall repeatedly use the following elementary comparison
between the χ-averaged truncated Riesz-type potential introduced in (2.11),

Ifα,χ(x0, R) =

ˆ R

0

ϱα
(ˆ

Bϱ(x0)

|f |χ dx

)1/χ
dϱ

ϱ
,

and its dyadic counterpart. In particular, the continuous potential controls the sum of the corresponding
quantities over a geometric sequence of radii, as well as the related one-scale supremum.

Lemma 3.4. Let f ∈ Lχ(B2R(x0);RN ) for some χ ≥ 1 and some ball B2R(x0) ⊆ Rn; let moreover α ∈ (0, n/χ)
and τ ∈ (0, 1/2] be a parameter. Then, setting Rj = τ jR for j ∈ N0, Bj = BRj (x0), and R−1 = 2R, we have

(3.9)

∞∑
j=ȷ̄

Rα
j

(ˆ
Bj

|f |χ dx

)1/χ

≤ c Ifα,χ(x0, Rȷ̄−1) for all ȷ̄ ∈ N0

and

(3.10) sup
t∈(0,Rȷ̄]

tα
(ˆ

Bt(x0)

|f |χ dx

)1/χ

≤ c Ifα,χ(x0, Rȷ̄−1) ,

where both the constants depend only on n, χ and τ .

Proof. Recalling that Rj = τ jR, we have

∞∑
j=ȷ̄

Rα
j

( ˆ
Bj

|f |χ dx

)1/χ

≤ 1

log(1/τ)

∞∑
j=ȷ̄

Rα
j

(ˆ
Bj

|f |χ dx

)1/χ ˆ Rj−1

Rj

dϱ

ϱ

≤ τ−n/χ

log(1/τ)

∞∑
j=ȷ̄

ˆ Rj−1

Rj

ϱα
(ˆ

Bϱ(x0)

|f |χdx
)1/χ

dϱ

ϱ
=

τ−n/χ

log(1/τ)
Ifα,χ(x0, Rȷ̄−1)

which proves (3.9). For the proof of (3.10), we observe that if 0 < t ≤ Rȷ̄, then we may find j ≥ ȷ̄ such that
Rj+1 < t ≤ Rj ; we thus have

tα
(ˆ

Bt(x0)

|f |χ dx

)1/χ

≤ τ−n/χRα
j

(ˆ
Bj(x0)

|f |χ dx

)1/χ

,

and the proof is completed by applying (3.9). □

3.4. A-harmonic vectorial approximation. In the due course of the proof, we will exploit the quantitative
harmonic type approximation; the version we are going to use is a small variation of the very clean and sharp
version that can be found in [20]. We recall that, for a ball B and a tensor A as in the statement below, we say
that a function h ∈ W 1,2(B;RN ) is A-harmonic if it solves

−div
(
ADh) = 0 in B, i.e.,

ˆ
B

⟨ADh,Dφ⟩ dx = 0 for all φ ∈ C∞
c (B) .

Lemma 3.5 (Harmonic approximation Lemma). Let n ≥ 2, N ≥ 1 and A ∈ RnN×nN be a constant tensor
satisfying for some Λ ≥ 1

(3.11) ⟨Aξ, ξ⟩ ≥ Λ−1|ξ|2 and |A| ≤ Λ for all ξ ∈ RnN .

Let B ⊆ Rn be a ball and assume that u ∈ W 1,2(B;RN ) is a function satisfying

(3.12)

ˆ
B

|Du|2+ζ
dx ≤ c0 ,

for some ζ > 0 and c0 ≥ 1. If u is also approximately A-harmonic, in the sense that it satisfies∣∣∣∣ˆ
B

⟨ADu,Dφ⟩ dx
∣∣∣∣ ≤ εM∥Dφ∥L∞(B) for all φ ∈ C∞

c (B;RN )
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for some ε > 0 and M > 0, there exists a (unique) A-harmonic function h ∈ u+W 1,2
0 (B;RN ) such thatˆ

B

|Du−Dh|2 dx ≤ c εζ/(1+ζ)
[
1 +M2

]
,

for a constant c depending only n,N,Λ, ζ and c0.

Proof. The Lemma follows from the main Theorem of [20] and the subsequent Remark, choosing p = 2, q = 2+ζ,
using our assumption (3.12) and performing basic algebraic manipulations. □

3.5. Nonlocal tail. An important quantity is the generalization of the so-called tail, namely for γ > 0, we
shall use the γ-tail defined by

(3.13) Tailγ
(
u;BR(x0)

)
:= Rγ

ˆ
Rn\BR(x0)

|u(x)|
|x− x0|n+2s

dx ,

for x0 ∈ Rn and R > 0. When γ = 2s, this is the classical Tail term introduced in [27, 38], and for brevity we
set

(3.14) Tail2s
(
u;BR(x0)

)
≡ Tail

(
u;BR(x0)

)
=⇒ Tailγ

(
u;BR(x0)

)
= Rγ−2s Tail

(
u;BR(x0)

)
.

Let us recall a few properties concerning the tail: clearly, whenever this is defined,

(3.15) Tailγ
(
u+ λv;BR(x0)

)
≤ Tailγ

(
u;BR(x0)

)
+ |λ| Tailγ

(
v;BR(x0)

)
for λ ∈ R, but also

(3.16) Tail
(
1;BR(x0)

)
=

nωn

1 + 2s
, Tailγ

(
1;BR(x0)

)
=

nωn

1 + 2s
Rγ−2s .

Note moreover that the γ-tail increases as the radius of the ball decreases:

(3.17) 0 < R1 ≤ R2 =⇒ Tailγ
(
u;BR2

(x)
)
≤ Tailγ

(
u;BR1

(x)
)
.

The proof of the following Lemma is a consequence of [25, Lemma 3.2] and (3.14).

Lemma 3.6. Let w ∈ L1
2s. There exists c = c(n, s) ≥ 1 such that

(3.18) Tailγ
(
w − (w)Bϱ

;Bϱ

)
≤ c

(ϱ
r

)γ

Tailγ
(
w − (w)Br

;Br

)
+ c

ϱγ

r2s

ˆ
Br

|w − (w)Br
| dx

+ c

ˆ r

ϱ

ϱγ

µ2s

ˆ
Bµ

|w − (w)Bµ | dx
dµ

µ

if Bϱ ⋐ Br ⊆ Rn are concentric balls. Moreover, if Bϱ(x1) ⊆ Br(x2) are not necessarily concentric balls, then

(3.19) Tailγ
(
w − (w)Bϱ(x1);Bϱ(x1)

)
≤ c

(ϱ
r

)γ( r

r − |x1 − x2|

)n+2s

Tailγ
(
w − (w)Br(x2);Br(x2)

)
+ c ϱγ−2s

( r
ϱ

)n
ˆ
Br(x2)

∣∣w − (w)Br(x2)

∣∣ dx ,
and

(3.20) Tailγ
(
w;Bϱ(x1)

)
≤ c

(ϱ
r

)γ( r

r − |x1 − x2|

)n+2s

Tailγ
(
w;Br(x2)

)
+ cϱγ−2s

( r
ϱ

)n
ˆ
Br(x2)

|w| dx .

3.6. A modified excess. For our approach we need to introduce a modified excess, incorporating the non-
locality in a weighted tail-type term: we set

Eγ
(
w;Bϱ(x0)

)
:=

(ˆ
Bϱ(x0)

∣∣w − (w)Bϱ(x0)

∣∣2 dx)1/2

+ Tailγ
(
w − (w)Bϱ(x0);Bϱ(x0)

)
= E

(
w;Bϱ(x0)

)
+ Tailγ

(
w − (w)Bϱ(x0);Bϱ(x0)

)
,(3.21)

where Tailγ is defined in (3.13), and E( · ) is the local L2-excess defined in (3.1).
Moreover, the map x 7→ Eγ(w;Bϱ(x)) is continuous–see, for instance, [25, Proposition 3.4] for the continuity

of the Tail-term, and therefore of Tailγ by (3.14).

We now prove two properties; the first one shows that our modified excess enjoys, qualitatively, the same
behavior as the standard excess under enlargement of the integration domain.
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Lemma 3.7. Let w ∈ L2
loc(Ω;RN )∩L1

2s and suppose that γ ≥ 2s. Then, for every couple of radii 0 < ϱ ≤ r ≤ 1,
there holds

(3.22) Eγ
(
w;Bϱ(x0)

)
≤ c(n, s)

( r
ϱ

)n/2

Eγ
(
w;Br(x0)

)
.

Proof. Let us denote, for a moment, wr = w − (w)Br(x0) for r ∈ (0, ϱ]. First observe that by (3.18), Hölder’s
inequality and (3.2), we get

Tailγ
(
wϱ;Bϱ(x0)

)
≤ c

(ϱ
r

)γ

Tailγ
(
wr;Br(x0)

)
+ c

ϱγ

r2s

(ˆ
Br(x0)

|wr|2 dx
)1/2

+ c ϱγ
ˆ r

ϱ

µ−2s

( ˆ
Bµ(x0)

|wµ|2 dx
)1/2

dµ

µ

≤ c
(ϱ
r

)γ

Tailγ
(
wr;Br(x0)

)
+ c

ϱγ

r2s

(ˆ
Br(x0)

|wr|2 dx
)1/2

+ cϱγrn/2
(ˆ

Br(x0)

|wr|2dx
)1/2 ˆ r

ϱ

µ−2s−n/2 dµ

µ

≤ c
(ϱ
r

)γ

Tailγ
(
wr;Br(x0)

)
+ c

ϱγ

r2s

[
1 +

( r
ϱ

)2s+n/2
](ˆ

Br(x0)

|wr|2 dx
)1/2

(3.23)

for some constant c = c(n, s). Recalling that ϱ ≤ r ≤ 1 and γ ≥ 2s, we get

Tailγ
(
wϱ;Bϱ(x0)

)
≤ c

(ϱ
r

)γ

Tailγ(wr;Br(x0)) + c ϱγ−2s
( r
ϱ

)n/2

Eγ

(
w;Br(x0)

)
;

merging this inequality with the obvious estimate for the excess part of Eγ (using also (3.2)), we deduce
(3.22). □

The second property we prove justifies the fact that, qualitatively, the behavior of the modified excess
Eγ( · ) is dictated by the decay of the excess only.

Lemma 3.8. Let w ∈ L1
2s and suppose that γ ≥ 2s as in the previous Lemma. Then

lim sup
ϱ→0+

E
(
w;Bϱ(x0)

)
= 0 =⇒ lim sup

ϱ→0+
Tailγ

(
w − (w)Bϱ(x0);Bϱ(x0)

)
= 0

so that, in particular

(3.24) lim sup
ϱ→0+

Eγ
(
w;Bϱ(x0)

)
> 0 =⇒ lim sup

ϱ→0+
E
(
w;Bϱ(x0)

)
> 0 .

Proof. The proof the first implication follows again from (3.18), which implies, for any ϱ ∈ (0, r) (see the first
inequality in (3.23); here we use the same notation as there)

Tailγ
(
w − (w)Bϱ(x0);Bϱ(x0)

)
≤ c ϱγ

[
1

rγ
Tailγ

(
wr;Br(x0)

)
+

1

r2s

(ˆ
Br(x0)

∣∣w − (w)Br(x0)

∣∣2 dx)1/2]
+ c ϱγ

ˆ r

ϱ

µ−2s

(ˆ
Bµ(x0)

∣∣w − (w)Bµ(x0)

∣∣2 dx)1/2
dµ

µ

and it is clear that we only need to check that the latter term is vanishing as ϱ → 0+. However, supposing the
lim sup of the integral as ϱ → 0+ is +∞ (otherwise the product, trivially, goes to zero), we can use de l’Hôpital
rule and get, as γ − 2s ≥ 0,

lim sup
ϱ→0+

ϱγ
ˆ r

ϱ

µ−2s

(ˆ
Bµ(x0)

∣∣w − (w)Bµ(x0)

∣∣2 dx)1/2
dµ

µ

≤ lim sup
ϱ→0+

1

γϱ−γ−1
ϱ−2s−1

(ˆ
Bϱ(x0)

∣∣w − (w)Bϱ(x0)

∣∣2 dx)1/2

= lim sup
ϱ→0+

ϱγ−2s

γ

(ˆ
Bϱ(x0)

∣∣w − (w)Bϱ(x0)

∣∣2 dx)1/2

= 0 .



PARTIAL REGULARITY FOR VECTORIAL LOCAL-NONLOCAL PROBLEMS 15

The second implication is obvious by the definitions of E( · ) and Eγ( · ). □

4. Caccioppoli’s inequality and higher integrability

The first main result of this section is a Caccioppoli-type inequality. For our future purposes, we prove
it for a wider class of operators than (1.1). Specifically, let A : Ω × RN × RnN → RnN , A(x, z, p) =

{Aα
i (x, z, p)}

α=1,...,N
i=1,...,n be a Carathéodory function satisfying the quadratic growth and ellipticity assumptions

(4.1)
∣∣A(x, z, p)

∣∣ ≤ Λ
(
1 + |p|

)
and ⟨A(x, z, p), p⟩ ≥ Λ−1

(
|p|2 − 1

)
,

for almost all x ∈ Ω and all z ∈ RN , p ∈ RnN , for a given constant Λ > 0. Moreover, let f be as in (2.1) and

G = {Gα
i }

α=1,...,N
i=1,...,n is a vector field in L2

loc(Ω;RnN ).

We consider local weak solutions to

(4.2) −divA(x, u,Du) +Qnl
Φu = f + divG in Ω

that is, functions u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s that satisfy

ˆ
Ω

⟨A(x, u,Du), Dφ⟩ dx+

ˆ
Rn

ˆ
Rn

Φ(x, y, u(x), u(y), u(x)− u(y)) ·
(
φ(x)− φ(y)

) dx dy

|x− y|n+2s

=

ˆ
Ω

f · φdx+

ˆ
Ω

⟨G,Dφ⟩ dx ,

for all test functions φ ∈ W 1,2
c (Ω;RN ).

Lemma 4.1 (Caccioppoli’s inequality). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a weak solution to (4.2) with the as-
sumptions (1.4), (1.5) and (4.1) in force. Then there exists a radius r0 = r0(data, ν) ∈ (0, 1) such that for any
ball Br ≡ Br(x0) ⋐ Ω with 0 < r ≤ r0, and for all σ ∈ (0, 1) and u0 ∈ RN

(4.3) σn

ˆ
Bσr

|Du|2 dx ≤ c
( 1

(1− σ)2r2
+

ν

(1− σ)2sr2s

) ˆ
Br

|u− u0|2 dx

+
c

(1− σ)n+2s
ν r−2s Tail

(
u− u0;Br

) ˆ
Br

|u− u0| dx+ c r2
(ˆ

Br

|f |χ dx

)2/χ

+ c

ˆ
Br

[
|G|2 + 1

]
dx

holds true with a constant c depending on data.

Remark 4.2. We remark that the constant c appearing in (4.3) is independent of ν. The only implicit
dependence on ν in Lemma 4.1 is in the radius r0, which has to satisfy

(4.4) 0 < r0 ≤ min

{
1,

(
1

c(data) ν

)1/[2(1−s)] }
.

In particular, for ν ≪ 1, we may take r0(data, ν) ≡ 1.

Proof of Lemma 4.1. It is sufficient to prove the estimate for u0 = 0, for otherwise the function u−u0 is a weak
solution to −div

(
A0(x, v,Dv)

)
+Qnl

Φ0
v = f + divG, where A0(x, z, p) = A(x, z + u0, p) still satisfies (4.1) and

Φ0(x, y, v, w, t) = Φ(x, y, v + u0, w+ u0, t) satisfies (1.4) and (1.5). We fix σ ∈ (0, 1) and two intermediate radii
σ r ≤ τ1 < τ2 ≤ r, and we define τ̃1 = (τ1 + τ2)/2 and τ̃2 = (3 τ2 + τ1)/4, so that τ1 < τ̃1 < τ̃2 < τ2.

Let η be a cut-off function η ∈ C∞
c (Bτ̃2) such that 0 ≤ η ≤ 1, η ≡ 1 in Bτ̃1 , and ∥Dη∥∞ ≤ c/(τ2 − τ1).

Take φ = (u− (u)Bτ2
)η2 as a test function in (4.2). Using (1.5), we get

(4.5) (O1) + (O2) :=

ˆ
Bτ2

f · φdx+

ˆ
Bτ2

⟨G,Dφ⟩ dx =

ˆ
Bτ2

⟨A(x, u,Du), Dφ⟩ dx

+

ˆ
Bτ2

ˆ
Bτ2

Φ(x, y, u(x), u(y), u(x)− u(y)) · (φ(x)− φ(y))
dx dy

|x− y|n+2s

+ 2

ˆ
Rn\Bτ2

ˆ
Bτ2

Φ(x, y, u(x), u(y), u(x)− u(y)) · φ(x) dx dy

|x− y|n+2s
=: (I) + (II) + (III) .
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We estimate separately each term in (4.5): via Hölder’s inequality and, after recalling (2.1)–(2.2) that implies
χ′ ≤ 2∗, using Sobolev’s inequality we obtain

(O1) ≤
(ˆ

Bτ2

|fη|χ dx

)1/χ(ˆ
Bτ2

∣∣(u− (u)Bτ2
)η
∣∣χ′

dx

)1/χ′

≤ c(n,N, χ)

(ˆ
Bτ2

|f |χ dx

)1/χ

τ
1+n/2−n/χ
2

(
2

ˆ
Bτ2

|Du|2η2 dx+ 4

ˆ
Bτ2

∣∣u− (u)Bτ2

∣∣2|Dη|2 dx
)1/2

≤ δ

ˆ
Bτ2

|Du|2η2 dx+ c(n,N, χ, δ) rn+2(1−n
χ )

(ˆ
Br

|f |χ dx

)2/χ

+
c

(τ2 − τ1)2

ˆ
Bτ2

|u|2 dx ,(4.6)

where in the last inequality we used Young’s inequality for δ > 0 to be chosen later, and triangle inequality too.
Then, by Young’s inequality and the triangle inequality, we similarly compute

(O2) =

ˆ
Bτ2

⟨G,Du⟩η2 dx+ 2

ˆ
Bτ2

⟨G,Dη⟩
(
u− (u)Bτ2

)
η dx

≤ δ

ˆ
Bτ2

|Du|2η2 dx+ c(n,N, δ)

ˆ
Br

|G|2 dx+
c(n,N, δ)

(τ2 − τ1)2

ˆ
Bτ2

|u|2 dx ,

again for δ > 0 to be chosen. Next, by (4.1) we deduce

(I) ≥ Λ−1

ˆ
Bτ2

(
|Du|2 − 1

)
η2 dx− 2Λ

ˆ
Bτ2

(
1 + |Du|

)
|Dη||u− (u)Bτ2

| η dx

≥ Λ−1

ˆ
Bτ2

|Du|2η2 dx− Λ−1 − Λ−1

2

ˆ
Bτ2

|Du|2η2 dx− c(Λ)

ˆ
Bτ2

∣∣u− (u)Bτ2

∣∣2|Dη|2 dx

− 2Λ

ˆ
Bτ2

|Dη|
∣∣u− (u)Bτ2

∣∣η dx
≥ Λ−1

2

ˆ
Bτ2

|Du|2η2 dx− c

(τ2 − τ1)2

ˆ
Bτ2

|u|2 dx− c ,

where we have used Young’s inequality several times, the assumptions on η and the triangle inequality. Using
(1.4), Hölder’s inequality, the product rule (3.8) and (3.6), we infer

−(II) ≤ ν

ˆ
Bτ2

ˆ
Bτ2

|u(x)− u(y)| |φ(x)− φ(y)|
|x− y|n+2s

dx dy

≤ ν [u]s,2;Bτ2
[φ]s,2;Bτ2

≤ ν

2
[u]

2
s,2;Bτ2

+ c ν

[
∥η2∥2(1−s)

L∞ ∥Dη2∥2sL∞

ˆ
Bτ2

∣∣u− (u)Bτ2

∣∣2 dx+ ∥η2∥2L∞ [u]
2
s,2;Bτ2

]
≤ c ν[u]

2
s,2;Bτ2

+
c ν

(τ2 − τ1)2s

ˆ
Bτ2

∣∣u− (u)Bτ2

∣∣2 dx
≤ c ν r2(1−s)

ˆ
Bτ2

|Du|2 dx+
c ν

(τ2 − τ1)2s

ˆ
Bτ2

|u|2 dx ,

with c = c(n, s). Finally, using (1.4), by using

Tail
(
u− (u)Bτ2

;Bτ2

)
≤ Tail

(
u;Bτ2

)
+ c(n, s)|(u)Bτ2

|

and the fact that, for x ∈ Bτ̃2 = Bτ̃2(x0) and y ∈ Rn \Bτ2(x0), one has

(4.7) |y − x| ≥ τ2 − |x− x0|
τ2

|y − x0| ≥
τ2 − τ̃2

τ2
|y − x0| ≈

τ2 − τ1
τ2

|y − x0|

(as τ2|y − x| ≤ τ2|y − x0|+ τ2|x− x0| ≤ τ2|y − x0|+ |y − x0||x− x0|), we estimate

−(III) ≤ c ν

ˆ
Rn\Bτ2

ˆ
Bτ̃2

[
|u(x)− (u)Bτ2

||u(y)− (u)Bτ2
|+ |u(x)− (u)Bτ2

|2
] dx dy

|x− y|n+2s
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(4.7)

≤ c ν
( τ2
τ2 − τ1

)n+2s

τ−2s
2

[
Tail

(
u− (u)Bτ2

;Bτ2

) ˆ
Bτ2

∣∣u− (u)Bτ2

∣∣ dx
+ Tail (1;Bτ2)

ˆ
Bτ2

∣∣u− (u)Bτ2

∣∣2 dx]
(3.16)

≤ c ντn2
(τ2 − τ1)n+2s

[
Tail

(
u;Bτ2

)ˆ
Bτ2

|u| dx+

(ˆ
Bτ2

|u| dx
)2

+

ˆ
Bτ2

|u|2 dx
]

Jensen
≤ c ντn2

(τ2 − τ1)n+2s

[
Tail

(
u;Bτ2

)ˆ
Bτ2

|u| dx+

ˆ
Bτ2

|u|2 dx
]

(3.20)

≤ c ντn2
(τ2 − τ1)n+2s

[[
Tail

(
u;Br

)
+

rn

τn2

ˆ
Br

|u| dx
] ˆ

Br

|u| dx+

ˆ
Br

|u|2 dx
]

≤ c νrn

(τ2 − τ1)n+2s

[
Tail

(
u;Br

) ˆ
Br

|u| dx+

ˆ
Br

|u|2 dx
]
.(4.8)

Inserting (4.6)–(4.8) into (4.5), choosing δ = Λ−1/8, multiplying both members by rn and recalling that η ≡ 1
on Bτ1 and r ≤ r0, we findˆ

Bτ1

|Du|2 dx ≤ c̄ ν r
2(1−s)
0

ˆ
Bτ2

|Du|2 dx+ c
( 1

(τ2 − τ1)2
+

ν

(τ2 − τ1)2s

)ˆ
Br

|u|2 dx

+
c ν rn

(τ2 − τ1)n+2s

[
Tail

(
u;Br

) ˆ
Br

|u| dx+

ˆ
Br

|u|2 dx
]

+ c rn+2(1−n
χ )

(ˆ
Br

|f |χ dx

)2/χ

+ c

ˆ
Br

[
|G|2 + 1

]
dx

with c and c̄ depending only on data; now we choose r0 ≤ 1 such that

c̄ ν r
2(1−s)
0 ≤ 1

2

(which yields (4.4)) and we apply the well-known “simple, but fundamental Lemma” by Giaquinta & Giusti
[35, Lemma 1] (see also [37, Lemma 6.1]) to reabsorb the first integral on the right-hand side, gettingˆ

Bσr

|Du|2 dx ≤ c
( 1

(1− σ)2r2
+

ν

(1− σ)2sr2s

)ˆ
Br

|u|2 dx

+
c ν

(1− σ)n+2sr2s
Tail

(
u;Br

)ˆ
Br

|u| dx+ c rn+2(1−n
χ )

(ˆ
Br

|f |χ dx

)2/χ

+ c

ˆ
Br

[
|G|2 + 1

]
dx .

After taking averages, this is the desired estimate. □

Our next goal is to show that, under suitable integrability assumptions on f,G, we have higher integrability
of the gradient of solutions to (4.2). Before stating such result, we anticipate a useful lemma to rewrite the
right-hand side of (4.2) in divergence form by using classical potential theory for the Poisson equation. More
precisely, we have

Lemma 4.3. Let f ∈ Lχ(BR(x0)), with χ > 2∗. Then there exist an exponent q > 2 and a vector field
F ∈ Lq(BR(x0);Rn) such that f = divF in distributional sense, and satisfying

(4.9)

(ˆ
BR(x0)

|F |q dx
)1/q

≤ c(n, χ, q)R

(ˆ
BR(x0)

|f |χ dx

)1/χ

.

If 2∗ < χ < n, one may take

q = χ∗ :=
nχ

n− χ
> 2 ,

while if χ ≥ n, one may take any number q > 2 (actually, for χ > n one might even take q = +∞).

Proof. We extend f to the whole space by setting f ≡ 0 in Rn \BR(x0). Consider the function

w =

ˆ
Rn

Γ(x− y)f(y) dy ,
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where Γ is the fundamental solution of the Laplace equation in Rn. It follows that −∆w = f , and classical
potential estimates ([36, Section 7.8], [39, Section 2]) give |Dw| ≤ c(n) I1(|f |). The assertion follows now by
setting F = −Dw, and taking into account the Hardy–Littlewood–Sobolev inequality and its standard localized
consequences. If 1 < χ < n, this is immediate as χ∗ > 2 by χ > 2∗. If χ ≥ n, we fix q > 2 and choose

χ0 = q∗ =
nq

n+ q
∈ (2∗, n), q = χ∗

0

and using the previous case with exponent χ0 and Hölder’s inequality gives (4.9). Finally, if χ > n, one can use
Hölder’s inequality applied to the kernel |x− y|1−n. □

The main result of this section is the following:

Proposition 4.4 (Higher integrability of the gradient). Let u ∈ W 1,2
loc (Ω;RN )∩L1

2s be a weak solution to (4.2),
under assumptions (1.4)–(1.5), (4.1) in force, and f = divF as above. Then there exist constants

ζ = ζ(data,max{ν, 1}) > 0 and c = c
(
data,max{ν, 1}

)
≥ 1

such that, if F,G ∈ L2+ζ
loc (Ω;RnN ), then |Du| ∈ L2+ζ

loc (Ω), with quantitative estimate

(4.10)

( ˆ
BR0/2

|Du|2+ζ dx

)1/(2+ζ)

≤ c

( ˆ
B2R0

|Du|2 dx
)1/2

+ c

(ˆ
B2R0

[
|F |+ |G|+ 1

]2+ζ
dx

)1/(2+ζ)

+ c νR1−2s
0 Tail

(
u− (u)B2R0

;B2R0

)
.

This holds for all B2R0 ≡ B2R0(x0) ⋐ Ω with R0 ≤ r0(ν) ≤ 1 satisfying (4.4).

The proof of Proposition 4.4 is very similar to that of [15, Proposition 3.4], our starting point being (4.3).
For the sake of completeness, we sketch the full proof.

We start by proving a reverse Hölder inequality, in the same spirit as [15, Lemma 3.3]. To this end, we fix
a parameter τ > 0, depending only on s, satisfying

(4.11) max{s, 1/2} < τ < 1.

Proposition 4.5 (Reverse Hölder’s inequality). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a weak solution to (4.2), under
assumptions (1.4)–(1.5), (4.1) in force. Suppose that f = divF , with F,G ∈ L2

loc(Ω;RnN ). Let r < r0(ν), where
r0(ν) is the threshold appearing in Lemma 4.1, x0 ∈ Ω, and let ℓ ∈ N be such that

B2ℓ+1r(x0) ⋐ Ω and 2ℓ+1r ≤ 1 .

Then there exists a constant c = c(data) such that

(4.12)

ˆ
Br/2

|Du|2 dx ≤ c
(
1 +

ν2

δ

)(ˆ
Br

|Du|2n/(n+2) dx

)(n+2)/n

+ δ

[(ˆ
B

2ℓr

|Du|2n/(n+2) dx

)(n+2)/n

+

ˆ 2ℓr

r

µ1−2τ

(ˆ
Bµ

|Du|2n/(n+2) dx

)(n+2)/n
dµ

µ

]
+ δ

[
ν r(2ℓr)−2s Tail

(
u− (u)B

2ℓr
;B2ℓr

)]2
+ c

ˆ
Br

[
|F |2 + |G|2 + 1

]
dx

holds for all δ ∈ (0, 1].

Proof. In view of Lemma 4.3 and (4.9), we may assume that f ≡ 0 by replacing G with F +G, where f = divF ;
we omit the center of the various balls under consideration. We want to estimate the terms on the right-hand
side of (4.3) with σ = 1/2 and u0 = (u)Br

. By Sobolev and Hölder inequalities, we have
(4.13)ˆ

Br(x0)

|u− (u)Br(x0)| dx ≤
( ˆ

Br(x0)

∣∣u− (u)Br(x0)

∣∣2 dx)1/2

≤ c(n,N) r
(ˆ

Br(x0)

|Du|2n/(n+2) dx
)(n+2)/[2n]

;

using (3.18), we can estimate the tail term as follows:

r−2s Tail
(
u− (u)Br

;Br

)
≤ c (2ℓr)−2s Tail

(
u− (u)B

2ℓr
;B2ℓr

)
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+ c (2ℓr)−2s

ˆ
B

2ℓr

|u− (u)B
2ℓr

| dx+ c

ˆ 2ℓr

r

µ−2s

ˆ
Bµ

∣∣u− (u)Bµ

∣∣ dx dµ

µ
.

Using the previous estimate, Poincaré’s inequality and then repeated use of weighted Young’s inequality, we get

ν r−2s Tail
(
u− (u)Br ;Br

) ˆ
Br

|u− (u)Br | dx

≤ c ν

[
r(2ℓr)−2s Tail

(
u− (u)B

2ℓr
;B2ℓr

)
+ r(2ℓr)1−2s

ˆ
B

2ℓr

|Du| dx+ r

ˆ 2ℓr

r

µ1−2s

ˆ
Bµ

|Du| dx dµ

µ

]ˆ
Br

|Du| dx

≤ δ1

[
ν r(2ℓr)−2s Tail

(
u− (u)B

2ℓr
;B2ℓr

)]2
+ δ2

(ˆ
B

2ℓr

|Du| dx
)2

+ δ3

[ˆ 2ℓr

r

µ1−2s

ˆ
Bµ

|Du| dx dµ

µ

]2
+ c

[
1

δ1
+

ν2r2(2ℓr)2(1−2s)

δ2
+

ν2r2

δ3

](ˆ
Br

|Du| dx
)2

(4.14)

for δi ∈ (0, 1], i = 1, 2, 3. Moreover, for µ ≤ 2ℓr ≤ 1 we may bound µ1−2s ≤ µ1−2τ thanks to (4.11), so by

Hölder’s inequality applied with measure dλ(µ) = µ1−2τ dµ
µ , we compute(ˆ 2ℓ r

r

µ1−2s

ˆ
Bµ

|Du| dx dµ

µ

)2

≤
ˆ 2ℓr

r

dλ(µ)

ˆ 2ℓr

r

(ˆ
Bµ

|Du| dx
)2

dλ(µ)

≤ r1−2τ

2τ − 1

ˆ 2ℓr

r

µ1−2τ

(ˆ
Bµ

|Du| dx
)2

dµ

µ
;(4.15)

in the last inequality we used that τ ≥ 1/2 by (4.11). Combining (4.14)–(4.15), choosing δ1 = δ2 = δ and
δ3 = (2τ − 1)2r2(2τ−1)δ and finally using the facts r2(2ℓr)2(1−2s) ≤ (2ℓr)2(2−2s) ≤ 1 and r1−τ ≤ 1 by (4.11), we
infer

ν r−2s Tail
(
u− (u)Br ;Br

) ˆ
Br

|u− (u)Br | dx ≤ δ
[
ν r(2ℓr)−2s Tail

(
u− (u)B

2ℓr
;B2ℓr

)]2
+ δ

(ˆ
B

2ℓr

|Du| dx
)2

+ δ

ˆ 2ℓ r

r

µ1−2τ

(ˆ
Bµ

|Du| dx
)2

dµ

µ
+

c (1 + ν2)

δ

(ˆ
Br

|Du| dx
)2

with c depending on n,N and s. To conclude, it suffices to use Caccioppoli’s inequality (4.3) with the choice
σ = 1/2, u0 = (u)Br , which, together with (4.13), (4.15) and Hölder’s inequality gives

ˆ
Br/2

|Du|2 dx ≤ c
(
1 +

ν2

δ
+

ν

r2(s−1)

)(ˆ
Br

|Du|2n/(n+2) dx

)(n+2)/n

+ c

ˆ
Br

[
|F |2 + |G|2 + 1

]
dx

+ δ

[(ˆ
B

2ℓr

|Du|2n/(n+2) dx

)(n+2)/n

+

ˆ 2ℓ r

r

µ1−2τ

( ˆ
Bµ

|Du|2n/(n+2) dx

)(n+2)/n
dµ

µ

]
+ δ

[
ν r (2ℓr)−2s Tail

(
u− (u)B

2ℓr
;B2ℓr

)]2
,

and using that ν/r2(s−1) ≤ c(data) by (4.4), we get the desired outcome. □

We are now in the position to prove Proposition 4.4, whose proof is based on the reverse Hölder’s inequality
(4.12) and an exit time argument as in [19, 40] and [15, Proposition 3.4].

Proof of Proposition 4.4. In the following, we set

|F̃ | := |F |+ |G|+ 1 ,
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and we fix two constants ζ > 0 and M ≥ 1 depending only on data and max{ν, 1}, to be determined later.
Given R0 and x0 as in the statement of the proposition, for all R and x̄ ∈ Ω such that BR(x̄) ⊆ BR0

(x0), we set

Υ(x̄, R) :=

(ˆ
BR(x̄)

|F̃ |2+ζ dx

)1/(2+ζ)

ΨM (x̄, R) :=

(ˆ
BR(x̄)

|Du|2 dx
)1/2

+M

(ˆ
BR(x̄)

|F̃ |2 dx
)1/2

,

and

T (x̄, R) :=

[ˆ 2ℓR

R

µ1−2τ

(ˆ
Bµ(x̄)

|Du|2γ dx
)1/γ

dµ

µ

]1/2
+ ν R

ˆ
Rn\B

2ℓR
(x̄)

∣∣u(y)− (u)B
2ℓR

(x̄)

∣∣
|y − x̄|n+2s dy ,(4.16)

where γ = n/(n+ 2) ∈ [1/2, 1) and ℓ = ℓ(R) ∈ N is such that

(4.17)
R0

2
≤ 2ℓR < R0 ;

we also set

Ξ(x̄, R) := Υ(x̄, R) + ΨM (x̄, R) + T (x̄, R) .(4.18)

We fix two radii r1, r2 > 0 such that

(4.19)
R0

2
≤ r1 < r2 ≤ R0

and define the quantity

(4.20) λ0 := sup

{
Ξ(x̄, R) : x̄ ∈ Br1(x0),

r2 − r1
16

< R ≤ R0

2

}
.

Step 1: Upper bound for λ0. Let

(4.21) x̄ ∈ Br1(x0) and
r2 − r1

16
< R ≤ R0

2
;

we have BR(x̄) ⊆ B2R0
(x0), and for this reason

(4.22) Υ(x̄, R) ≤
(2R0

R

)n/(2+ζ)

Υ(x0, 2R0) ≤
( 32R0

r2 − r1

)n/2

Υ(x0, 2R0) .

Moreover, by (4.17)–(4.21), we have B2ℓ+1R(x̄) ⊆ B2R0
(x0), so that for all R ≤ µ ≤ 2ℓR, we similarly have( ˆ

Bµ(x̄)

|Du|2γ dy
)1/γ

≤ c(n)
( 32R0

r2 − r1

)n/γ
(ˆ

B2R0
(x0)

|Du|2γ dy
)1/γ

.

In particular, by (4.11) and R ≤ R0 ≤ 1, we get
ˆ 2ℓR

R

µ1−2τ

(ˆ
Bµ(x̄)

|Du|2γ dy
)1/γ

dµ

µ
≤ c(n, s)

( 32R0

r2 − r1

)n+2
ˆ
B2R0

(x0)

|Du|2 dy ,

where we also estimated the last integral using Hölder’s inequality, since γ = n/(n + 2) < 1. Again, using the
inclusion B2ℓ+1R(x̄) ⊆ B2R0(x0), we may use (3.19), (4.21) and Poincaré’s inequality to deduce

νR

ˆ
Rn\B

2ℓR
(x̄)

∣∣u(y)− (u)B
2ℓR

(x̄)

∣∣
|y − x̄|n+2s dy = νR(2ℓR)−2s Tail

(
u− (u)B

2ℓR
(x̄);B2ℓR(x̄)

)
≤ c νR(2R0)

−2s
( 2R0

2R0 − |x̄− x0|

)n+2s

Tail
(
u− (u)B2R0

(x0);B2R0(x0)
)

+ c νR(2ℓR)−2s
(2R0

2ℓR

)n
ˆ
B2R0

|u− (u)B2R0
(x0)| dx

≤ c νR
( 2R0

r2 − r1

)n+2s

(2R0)
−2s Tail

(
u− (u)B2R0

(x0);B2R0(x0)
)

+ c νR(2ℓR)−2s (2R0)
n+1

(2ℓR)n

(ˆ
B2R0

(x0)

|Du|2 dx
)1/2

;
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here c = c(n,N, s). Since 2ℓR ≤ R0 ≤ 1, by (4.11) we estimate (2ℓR)−2s ≤ (2ℓR)−2τ ≤ R−2τ , whence from the
above inequality we find

ν R

ˆ
Rn\B

2ℓR
(x̄)

|u(y)− (u)B
2ℓR

(x̄)|
|y − x̄|n+2s dy ≤ c ν R

( 2R0

r2 − r1

)n+2s

(2R0)
−2s Tail

(
u− (u)B2R0

(x0);B2R0(x0)
)

+ c ν
(2R0)

n+1

Rn+2τ−1

(ˆ
B2R0

(x0)

|Du|2 dx
)1/2

≤ c ν
( 2R0

r2 − r1

)n+2s

(2R0)
1−2s Tail

(
u− (u)B2R0

(x0);B2R0
(x0)

)
+ c ν

( 32R0

r2 − r1

)n+2τ−1
(ˆ

B2R0
(x0)

|Du|2 dx
)1/2

,(4.23)

with c = c(n,N, s), where in the last inequality we also used (4.21) and n + 1 > n + (2τ − 1) > n by (4.11).
Combining (4.22)–(4.23), we thus find

(4.24) λ0 ≤ cM
( 32R0

r2 − r1

)n+2

Ξ0 ,

where c = c(n,N, s), and we have set

(4.25) Ξ0 :=

(ˆ
B2R0

(x0)

|F̃ |2+ζ dx

)1/(2+ζ)

+

(ˆ
B2R0

(x0)

|Du|2 dx
)1/2

+ ν (2R0)
1−2s Tail

(
u− (u)B2R0

(x0);B2R0
(x0)

)
.

Step 2: Exit time and Vitali covering. Let λ ≥ λ0, and define

Eλ :=

{
x̄ ∈ Br1(x0) : sup

0≤R≤ r2−r1
16

ΨM (x̄, R) > λ

}
.

By definition (4.20), we have

x ∈ Br1(x0), R ∈
[
r2 − r1

16
,
R0

2

]
=⇒ ΨM (x,R) ≤ λ0 ≤ λ .

On the other hand, for every x ∈ Eλ, there exists an exit radius Rx ∈
(
0, r2−r1

16

)
such that

(4.26) ΨM (x,Rx) = λ and ΨM (x,R) ≤ λ for all R ∈
(
Rx,

R0

2

)
.

By Vitali’s covering argument, we may find a countable collection of pairwise disjoint balls {B2Rj
(xj)}j∈J , with

cardinality ♯J ≤ ♯N, with centers {xj}j∈J ⊆ Eλ and radii {Rj}j∈J such that

(4.27) Eλ ⊆
⋃
j∈J

B10Rj
(xj) ∪N ,

with N negligible. For notational simplicity, we set Bj = BRj (xj), and denote by KBj = BKRj (xj) for K > 0.
For all j ∈ J , let us pick ℓj = ℓ(Rj) ∈ N satisfying

R0

2
≤ 2ℓjRj ≤ R0 .

Since Rj < R0/8, it follows that ℓj ≥ 3 for all j ∈ J , and 2ℓj+1Bj = B2ℓj+1Rj
(xj) ⊆ B2R0

(x0).

We aim to estimate the measure |Bj |. By (4.26), we have that either

(4.28)

( ˆ
Bj

|Du|2 dx
)1/2

≥ λ

2
or M

(ˆ
Bj

|F̃ |2 dx
)1/2

≥ λ

2

holds true. Assume that the first condition in (4.28) is in force. This information coupled with (4.12) (with
r = 2Rj) gives

(4.29) λ2 ≤ c
(
1 +

ν2

δ

)(ˆ
2Bj

|Du|2γ dx
)1/γ

+ δ
[
ν 2Rj(2

ℓj+1Rj)
−2s Tail

(
u− (u)B

2
ℓj+1

Rj

;B2ℓj+1Rj

)]2
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+ δ

[(ˆ
2ℓjBj

|Du|2γ dx
)1/γ

+

ˆ 2ℓj+1Rj

2Rj

µ1−2τ

(ˆ
Bµ(xj)

|Du|2γ dx
)1/γ

dµ

µ

]
+ c

ˆ
2Bj

|F̃ |2 dx ;

furthermore, thanks to (4.26), for all µ ≥ Rj we haveˆ
Bµ(xj)

|Du|2 dy ≤ λ2 ,

while, by (4.16), (4.18), (4.20) and the fact that λ ≥ λ0, we have

ν 2Rj (2
ℓj+1Rj)

−2s Tail
(
u− (u)2ℓj+1Bj

; 2ℓj+1Bj

)
= ν 2Rj

ˆ
Rn\2ℓj+1Bj

|u(y)− (u)2ℓj+1Bj
|

|y − xj |n+2s dy ≤ T (xj , 2Rj)

≤ Ξ(xj , 2Rj) ≤ λ ,

and ˆ
2Bj

|F̃ |2 dx ≤ [Ξ(xj , 2Rj)]
2

M2
≤ λ2

M2
.

Using the last three estimates in (4.29) together with Hölder’s inequality, yields

λ2 ≤ c
(
1 +

ν2

δ

)(ˆ
2Bj

|Du|2γ dx
)1/γ

+ c
λ2

M2
+ c δ λ2 .

Hence we fix δ small enough and M large enough, both depending only on data,max{ν, 1}, so as to obtain

λ2 ≤ c(1 + ν)2
(ˆ

2Bj

|Du|2γ dx
)1/γ

,

from which it follows, for any κ > 0,

(4.30) |Bj | ≤
c(1 + ν)2γ

λ2γ

ˆ
2Bj

|Du|2γ dx ≤ c(1 + ν)2γ

λ2γ

ˆ
2Bj∩{|Du|>κλ}

|Du|2γ dx+ c(1 + ν)2γκ2γ |Bj | ;

by choosing κ = κ(data,max{ν, 1}) ∈ (0, 1) so that c(1 + ν)2γκ2γ ≤ 1/2, from (4.30) we get

(4.31) |Bj | ≤
c(1 + ν)2γ

λ2γ

ˆ
2Bj∩{|Du|>κλ}

|Du|2γ dx

with c ≡ c(data). If, on the other hand, the second condition in (4.28) holds true, then trivially (recall that
now M is fixed depending on the data)

|Bj | ≤
c

λ2

ˆ
Bj

|F̃ |2 dx ,

and arguing as before we find κ = κ(data,max{ν, 1}) ∈ (0, 1) small enough such that

(4.32) |Bj | ≤
c

λ2

ˆ
Bj∩{|F̃ |>κλ}

|F̃ |2 dx

(clearly we can suppose that the two small constants κ in (4.31) and (4.32) are the same). In any case, from
(4.31) and (4.32) we deduce

(4.33) |Bj | ≤
c(1 + ν)2γ

λ2γ

ˆ
2Bj∩{|Du|>κλ}

|Du|2γ dx+
c

λ2

ˆ
2Bj∩{|F̃ |>κλ}

|F̃ |2 dx .

From this point the proof is standard, thus we only sketch the main points; for the details see [2], [8, Section
8], [15, Section 5.2] with the appropriate modifications. We observe that (4.27) implies

(4.34) Br1(x0) ∩ {|Du| > λ} ⊆ Eλ ⊆
⋃
j∈J

10Bj up to a negligible set,

and this can be easily proven considering Lebesgue points of the gradient in Br1(x0) ∩ {|Du| > λ}.
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Step 3: The λ-inequality. From now on we denote Br1 , Br2 for short, omitting their center x0. As {2Bj} is
a pairwise disjoint family and

⋃
j∈J 2Bj ⊆ Br2 , summing (4.33) over j ∈ J yields

(4.35)
∑
j∈J

|Bj | ≤
c(1 + ν)2γ

λ2γ

ˆ
Br2

∩{|Du|>κλ}
|Du|2γ dx+

c

λ2

ˆ
Br2

∩{|F̃ |>κλ}
|F̃ |2 dx .

On the other hand, by (4.26), we have ΨM (xj , R) ≤ λ if R ≥ Rj , hence

(4.36)

ˆ
10Bj

|Du|2 dx ≤ λ2|10Bj | for all j ∈ J ;

from (4.34)–(4.36) we inferˆ
Br1

∩{|Du|>λ}
|Du|2 dx ≤

∑
j∈J

ˆ
10Bj

|Du|2 dx ≤ 10nλ2
∑
j∈J

|Bj |

and combining the latter inequality with (4.35), we obtainˆ
Br1∩{|Du|>λ}

|Du|2 dx ≤ c(1 + ν)2

λ2γ−2

ˆ
Br2

∩{|Du|>κλ}
|Du|2γ dx+ c

ˆ
Br2

∩{|F̃ |>κλ}
|F̃ |2 dx ,

that is ˆ
Uλ(r1)

|Du|2 dx ≤ c λ2−2γ

ˆ
Uκλ(r2)

|Du|2γ dx+ c

ˆ
Fκλ(r2)

|F̃ |2 dx(4.37)

(where now c may also depend on max{ν, 1}) where we have introduced the sets

Uλ(r) =
{
x ∈ Br(x0) : |Du|(x) > λ

}
, Fλ(r) =

{
x ∈ Br(x0) : |F̃ | > λ

}
.

Step 4: Integration and conclusion. To ensure that all the quantities we are considering are finite, for any
t ≥ 0 we should define the truncated functions

|Du|t = min
{
|Du|, t

}
and |F̃ |t = min

{
|F̃ |, t

}
and proceed as in [8]; we shall instead proceed formally and let the reader follow [8, Section 8] to implement
the necessary changes needed to make the proof rigorous. Let us multiply (4.37) by λζ−1, where ζ > 0 is as in
the statement, and then integrate it with respect to λ over (λ0,+∞) to obtain, after changing variables in the
two integrals on the right-hand side,ˆ ∞

λ0

λζ

ˆ
Uλ(r1)

|Du|2 dx dλ

λ

≤ c

κζ+2−2γ

ˆ ∞

κλ0

λζ+2(1−γ)

ˆ
Uλ(r2)

|Du|2γ dx dλ

λ
+

c

κζ

ˆ ∞

κλ0

λζ

ˆ
Fλ(r2)

|F̃ |2 dx dλ

λ

≤ c

[ζ + 2(1− γ)]κζ

ˆ
Br2

|Du|2+ζ dx+
c

ζκζ

ˆ
Br2

|F̃ |2+ζ dx

with c, κ depending on data and max{ν, 1}; in the last estimate we used Fubini’s layer formula twice. On the
other hand, recalling (4.24)–(4.25), we haveˆ λ0

0

λζ

ˆ
Ur1

λ

|Du|2 dx dλ

λ
≤ λζ

0

ζ

ˆ
Br2

|Du|2 dx ≤ c

ζ

( R0

r2 − r1

)ζ(n+2)

|BR0 |Ξ
ζ+2
0 .

Combining these two estimates and again using Fubini’s formula yields
ˆ
Br1

|Du|2+ζ dx = ζ

ˆ +∞

0

λζ

ˆ
Ur1

λ

|Du|2 dx dλ

λ

≤ c ζ

[ζ + 2(1− γ)]κζ

ˆ
Br2

|Du|2+ζ dx+
c

κζ

ˆ
BR0

|F̃ |2+ζ dx+ c

(
R0

r2 − r1

)ζ(n+2)

|BR0
|Ξζ+2

0 ;

this inequality is valid for any r1, r2 fulfilling (4.19). Finally we conclude by choosing ζ > 0 depending on
data,max{ν, 1} such that

c ζ

[ζ + 2(1− γ)]κζ
≤ 1

2
,
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as we are in the position to apply the aforementioned [37, Lemma 6.1] to reabsorb
´
Br2

|Du|2+ζ dx; this gives,

after dividing by |BR0
|, and recalling the definition of Ξ0 in (4.25), the desired estimate. □

5. Linearization and excess decay

In this section, we fix Bϱ(x0) ⋐ Ω and we assume that u satisfies

(5.1) Eγ
(
u;Bϱ(x0)

)
≤ ε0

for some ε0 = ε0(data, ωu( · )) ∈ (0, 1) to be determined later, where Eγ( · ) is the γ-excess defined in (3.21). We
also assume that A(·, ··) fulfills the BMO-condition

(5.2) ErA(A;x0) ≤ δ,

for some radius rA ∈ (0, 1), and δ = δ(data) ∈ (0, 1) to be chosen later, where Er(A;x0) is defined in (2.6).

We carry out a blow-up procedure at a point x0 ∈ Ω within the ball Bϱ(x0), where ϱ ≤ min{r0, rA}. Here
rA is the radius from (5.2) and r0 = r0(data, ν) ∈ (0, 1) satisfies (4.4); r0 will be further reduced in due course
of the proof.

In this section, unlike in the previous ones, we will always make the center of the balls explicit when it is
x0 and we will use the notation B1/4, B1, etc., for balls centered at the origin.

From now on, we fix a parameter

(5.3) γ = γ(s) such that max{2s, 1} < γ < 2 ,

and for Eγ ≡ Eγ(u;Bϱ(x0)), we set

(5.4) uϱ(x) :=
u(x0 + ϱx)− (u)Bϱ(x0)

Eγ
, fϱ(x) :=

ϱ2f(x0 + ϱx)

Eγ
.

Note that

(5.5) (uϱ)B1
= 0 ,

ˆ
B1

|uϱ|2 dx ≤ 1

and, by a change of variables, we have

(5.6) Tailγ
(
uϱ;B1

)
= Tail

(
uϱ;B1

)
=

1

Eγ
Tail

(
u− (u)Bϱ(x0);Bϱ(x0)

)
≤ ϱ2s−γ ;

the last inequality is due to the definition of γ-excess in (3.21) and (3.14). By setting

Aϱ(x, z) = A
(
x0 + ϱx, (u)Bϱ(x0)

+ Eγz
)

and

Φϱ(x, y, v, w, t) =
Φ
(
x0 + ϱx, x0 + ϱy, (u)Bϱ(x0) + Eγv, (u)Bϱ(x0) + Eγw, Eγt

)
Eγ

, Qnl
ϱ ≡ Qnl

Φϱ
,

straightforward computations (via change of variables) show that uϱ is a weak solution to

(5.7) −div
(
Aϱ(·, uϱ)Duϱ

)
+ ϱ2(1−s)Qnl

ϱ uϱ = fϱ in B1 .

Furthermore, it is straightforward to verify that Aϱ(·, ··) still satisfies (1.3), and that Φϱ continues to satisfy
(1.4)–(1.5), that is

(5.8) ⟨Aϱ(x, z) ξ, ξ⟩ ≥ Λ−1|ξ|2, |Aϱ(x, z)| ≤ Λ for a.e. x ∈ B1 and z ∈ RN ,

and, for a.e. x, y ∈ Rn, all u, v ∈ RN and t ∈ RN

(5.9)

{
Φϱ(x, y, u, v, t) = Φϱ(y, x, v, u, t)

Φϱ(x, y, u, v,−t) = −Φϱ(x, y, u, v, t)
, |Φϱ(x, y, v, w, t)| ≤ ν|t| .

In addition, if A(·, ··) satisfies (5.2), then a simple change of variables shows that Aϱ(·, ··) also fulfills

(5.10)

(ˆ
Bσ

∣∣Aϱ(x, z)− (Aϱ)Bσ
(z)

∣∣2 dx)1/2

≤ δ, for all σ ≤ rA/ϱ and z ∈ RN .
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Moreover, by (2.4), we have that u 7→ Aϱ(x, u) is uniformly continuous (uniformly in x), with modulus of
continuity given by

(5.11) ωu,ϱ(t) := ωu(Eγt) for t ≥ 0 .

Remark 5.1. From now on, possibly reducing r0, we will always assume that

(5.12) c(data)r
2(1−s)
0 ν ≤ 1 and r2−γ

0 ν ≤ 1 ,

where c(data) ≥ 1 is the constant appearing in (4.4). This choice is possible due to the bound in (5.3). Conse-
quently, all quantitative constants from the previous sections (in particular, those in the Caccioppoli inequality
of Lemma 4.1 and the gradient higher integrability of Proposition 4.4) applied to uϱ will be independent of ϱ.

Indeed, (5.8) holds, and the nonlocal term Φϱ in (5.7) satisfies (5.9) while being multiplied by ϱ2(1−s), yielding

(5.13) ϱ2(1−s)|Φϱ(x, y, u, v, t)| ≤ r
2(1−s)
0 ν|t| ≤ |t| , for all t ∈ R.

Moreover, for the rescaled equation, the threshold radius appearing in (4.4) effectively becomes 1 for any choice
of ϱ ≤ r0; this allows us to apply (4.10) directly to the function uϱ.

5.1. Small potential regime. In this paragraph, we further assume that we are in the so-called small potential
regime, which means that

(5.14) ϱ2
( ˆ

Bϱ(x0)

|f |χ dx

)1/χ

< ε∗Eγ
(
u;Bϱ(x0)

)
for some constant ε∗ ∈ (0, 1) depending on data to be determined later. In particular, by definition of fϱ in
(5.4), this implies

(5.15)

( ˆ
B1

|fϱ|χ dx

)1/χ

≤ ε∗ < 1 .

We claim that, under assumption (5.14), there exists δ1 = δ1(data) such that the higher integrability propertyˆ
B1/2

|Duϱ|2 dx+

ˆ
B1/2

|Duϱ|2+δ1 dx ≤ c(data)(5.16)

holds true if ϱ ≤ r0. To prove it, let us fix y ∈ B1/2; since uϱ solves (5.7) with (5.8) and (5.9)–(5.13) in force,

from Caccioppoli inequality (4.3) with u0 = 0 and ν replaced by ϱ2(1−s)ν ≤ 1, we obtain the energy inequality

(5.17)

ˆ
B1/8(y)

|Duϱ|2 dx

≤ c

ˆ
B1/4(y)

|uϱ|2 dx+ c ϱ2(1−s)ν Tail
(
uϱ;B1/4(y)

) ˆ
B1/4(y)

|uϱ| dx+ c

(ˆ
B1/4(y)

|fϱ|χ dx

)2/χ

+ c ,

with c = c(data) due to Remark 5.1. Next observe that, for any σ ∈ (1/32, 1/4) and all y ∈ B1/2, we have
Bσ(y) ⊆ B1. It then follows by (3.20) and (5.5)–(5.6) that

ϱ2(1−s)ν Tail
(
uϱ;Bσ(y)

)
≤ c(n, s)ϱ2(1−s)ν

[
Tail

(
uϱ;B1

)
+

ˆ
B1

|uϱ| dx
]

≤ c(n, s)ϱ2−γν ≤ c(n, s)r2−γ
0 ν ≤ c(n, s) ,

where the last inequality due to (5.12); a similar estimate holds if we replace uϱ with uϱ − (uϱ)B1/8(y)
, using

this time (3.19) and (3.15)–(3.16). Therefore, using Hölder’s inequality, (5.15), (5.5) and the last estimate, from
(5.17) we infer ˆ

B1/8(y)

|Duϱ|2dx ≤ c(data) .

Then, using (4.10) (with ν replaced by ϱ2(1−s)ν by (5.13)) and (4.9), if we set δ1 = min{ζ, ϵ} (which only
depends on data thanks to Remark 5.1), we have(ˆ

B1/32(y)

|Duϱ|2+δ1 dx

)1/(2+δ1)

≤ c

(ˆ
B1/8(y)

|Duϱ|2 dx
)1/2

+ c+ c

(ˆ
B1

|fϱ|χdx
)1/χ
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+ c ϱ2(1−s)ν Tail
(
uϱ − (uϱ)B1/8(y);B1/8(y)

)
,

which, estimating as before, yields

(5.18)

ˆ
B1/32(y)

|Duϱ|2+δ1 dx ≤ c(data) .

By the arbitrariness of y ∈ B1/2, (5.16)) can be obtained from (5.18) and a standard covering argument.

It is useful to introduce the following notation: for Φ a kernel as in (1.4), and φ ∈ C∞
c (Rn;RN ), we write

(5.19) ⟪Qnl
Φu, φ⟫nl :=

ˆ
Rn

ˆ
Rn

Φ(x, y, u(x), u(y), u(x)− u(y)) · (φ(x)− φ(y))
dx dy

|x− y|n+2s
.

In view of the quantitative approximation lemma, the next lemma shows the core of our paper: namely, it shows
why the nonlocal term can be treated as a perturbative term, and it can be made arbitrarily small by taking ϱ
suitably small.

Lemma 5.2. There exists a constant c, depending only on data, such that if γ = γ(s) is given by (5.3), and
(5.15) is in force, then

(5.20)
∣∣∣ϱ2(1−s)⟪Qnl

ϱ uϱ, φ⟫nl
∣∣∣ ≤ c νϱ2−γ∥Dφ∥L∞(B1/4)

,

for all functions φ ∈ C∞
c (B1/4;RN ).

Proof. Let φ be as in the statement: by the symmetry property in (1.5),

⟪Qnl
ϱ uϱ, φ⟫nl =

ˆ
B1/4

ˆ
B1/4

Φϱ

(
x, y, uϱ(x), uϱ(y), uϱ(x)− uϱ(y)

)
·
(
φ(x)− φ(y)

) dx dy

|x− y|n+2s

+ 2

ˆ
Rn\B1/4

ˆ
B1/4

Φϱ

(
x, y, uϱ(x), uϱ(y), uϱ(x)− uϱ(y)

)
· φ(x) dx dy

|x− y|n+2s
:= (I) + (II) .

Using (5.9), the triangle inequality and (3.6), we have

|(I)| ≤ ν[uϱ]W s,2(B1/4)
[φ]W s,2(B1/4)

≤ c(n, s)ν∥Duϱ∥L2(B1/4)
∥Dφ∥L2(B1/4)

≤ c ν∥Dφ∥L∞(B1/4)
,

where the last inequality follows from (5.16) and the constant c depends only on data. Next we observe that
for x ∈ B1/4 and y ∈ Rn \ B1/2, we have 2|x − y| ≥ |y|; by using this information, the triangle inequality and
again (5.9), we get, for a constant c ultimately depending only on data,

|(II)| ≤ c ν

[ˆ
Rn\B1/2

dy

|y|n+2s

ˆ
B1/4

|uϱ(x)| |φ(x)| dx+

ˆ
Rn\B1/2

|uϱ(y)|
|y|n+2s

dy

ˆ
B1/4

|φ(x)| dx
]

≤ c ν

[(ˆ
B1

|uϱ|2 dx
)1/2(ˆ

B1/4

|φ|2 dx
)1/2

+

ˆ
Rn\B1/2

|uϱ(y)|
|y|n+2s

dy

ˆ
B1/4

|φ(x)| dx
]

≤ c ν

[(ˆ
B1

|uϱ|2 dx
)1/2

+

ˆ
Rn\B1/2

|uϱ(y)|
|y|n+2s

dy

]
∥Dφ∥L∞(B1/4)

.

We conclude the proof of (5.20) by estimating the first term between parentheses by (5.5) and the second one
as follows, using (5.6):

ˆ
Rn\B1/2

|uϱ(y)|
|y|n+2s

dy = Tail
(
uϱ;B1

)
+

ˆ
B1\B1/2

|uϱ(y)|
|y|n+2s

dy

≤ ϱ2s−γ + 2n+2s

ˆ
B1

|uϱ(y)|dy ≤ c(n)
(
ϱ2s−γ + 1

)
.

Multiplying the estimates above by ϱ2(1−s) and recalling that ϱ2s−γ > 1, ϱ2(1−s) < ϱ2−γ by (5.3) yields
(5.20). □
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5.2. Approximate harmonicity. With Lemma 5.2 at our disposal , we now want to apply Lemma 3.5 with

(5.21) A ≡ Āϱ := (Aϱ)B1(0),

where (Aϱ)Bσ (z) was defined in (2.5); Āϱ clearly satisfies (3.11) by (5.8). To this end, we first prove the following

Proposition 5.3 (Quantified approximate harmonicity). Let uϱ, Aϱ be given by (5.4) and (5.21), respectively.
Assume that (5.1), (5.3) and (5.14) are in force. Then we have

(5.22)

∣∣∣∣ˆ
B1/4

〈
ĀϱDuϱ, Dφ

〉
dx

∣∣∣∣ ≤ c s1(ϱ, ε
∗, ε0, δ)∥Dφ∥L∞(B1/4)

for all φ ∈ C∞
c (B1/4;RN ), where c = c(data) and

(5.23) s1(ϱ, ε
∗, ε0, δ) = νϱ2−γ + ε∗ + [ωu(ε0)]

1/2 + δ .

Proof. Given φ ∈ C∞
c (B1/4;RN ), we have for X ∈ B1/4〈

ĀϱDuϱ(x), Dφ(x)
〉
=

〈
Aϱ(x, uϱ(x))Duϱ(x), Dφ(x)

〉
+

〈(
Āϱ −Aϱ(x, uϱ(x))

)
Duϱ(x), Dφ(x)

〉
,

so that, integrating over B1/4 and using the weak formulation (5.7), we obtain∣∣∣∣ˆ
B1/4

〈
ĀϱDuϱ, Dφ

〉
dx

∣∣∣∣ ≤ ∣∣∣ϱ2(1−s)⟪Qnl
ϱ uϱ, φ⟫nl

∣∣∣+ ∣∣∣∣ ˆ
B1/4

fϱ · φdx

∣∣∣∣
+

ˆ
B1/4

∣∣Āϱ −Aϱ(x, uϱ)
∣∣|Duϱ||Dφ| dx = (I) + (II) + (III) .

The term (I) is estimated using Lemma 5.2. Moreover, by Hölder’s inequality, (5.15), and since ∥φ∥L∞(B1/4)
≤

∥Dφ∥L∞(B1/4)
being φ compactly supported, we have

(5.24) (II) ≤ ∥fϱ∥Lχ(B1)
∥φ∥L∞(B1/4)

≤ c(n) ε∗∥Dφ∥L∞(B1/4)
;

for the last term we use the triangle inequality and split

(III) ≤
ˆ
B1/4

∣∣Āϱ −Aϱ(x, 0)
∣∣|Duϱ||Dφ| dx+

ˆ
B1/4

∣∣Aϱ(x, 0)−Aϱ(x, uϱ)
∣∣|Duϱ||Dφ| dx =: (IV ) + (V ) .

By Hölder’s inequality, (5.10) and (5.21) (recalling that 1/4 ≤ rA/ϱ as ϱ ≤ r0(data, ν, rA) ≤ rA), and by (5.16)
we infer

(IV ) ≤
(ˆ

B1/4

|Āϱ −Aϱ(x, 0)|
2
dx

)1/2

∥Duϱ∥L2(B1/4)
∥Dφ∥L∞(B1/4)

≤ c

(ˆ
B1/4

|Āϱ −Aϱ(x, 0)|
2
dx

)1/2

∥Dφ∥L∞(B1/4)
≤ c δ ∥Dφ∥L∞(B1/4)

,

with c = c(data). Then, by the uniform continuity of Aϱ (5.11), Hölder’s and Jensen’s inequalities, (5.16), the
boundedness of ωu,ϱ( · ) ≤ 1, (5.5) and then (5.1), we deduce

(V ) ≤ c ∥Dφ∥L∞(B1/4)

ˆ
B1/4

ωu,ϱ

(
|uϱ|

)
|Duϱ| dx

≤ c

(ˆ
B1

ωu,ϱ(|uϱ|)2 dx
)1/2

∥Duϱ∥L2(B1/4)
∥Dφ∥L∞(B1/4)

≤ c

[
ωu,ϱ

(ˆ
B1

|uϱ| dy
)]1/2

∥Dφ∥L∞(B1/4)

≤ c
[
ωu

(
Eγ

(
u;Bϱ(x0)

))]1/2
∥Dφ∥L∞(B1/4)

≤ c
[
ωu(ε0)

]1/2∥Dφ∥L∞(B1/4)
,

where c = c(data). Combining all these estimates, we get the desired estimate. □
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By the previous proposition, we are ready to apply the approximate harmonicity lemma 3.5: owing to
(5.16) and (5.22), there exist a small exponent ϑ = ϑ(data) ∈ (0, 1] and c = c(data) such that

(5.25)

ˆ
B1/4

|Duϱ −Dvϱ|2 dx ≤ c
[
s1(ϱ, ε

∗, ε0, δ)
]ϑ

,

for all 0 < ϱ < r0(data, ν, rA), where vϱ ∈ uϱ +W 1,2
0 (B1/4;RN ) is the unique solution to

(5.26)

{
−div

(
ĀϱDvϱ

)
= 0 in B1/4

vϱ = uϱ on ∂B1/4

;

here Āϱ is given by (5.21). By standard elliptic regularity theory (see [34, Remark 2.2, Chapter III]) and (5.16),
for all k ∈ N we have

(5.27) ∥Dkvϱ∥L∞(B1/8)
≤ c(k,Λ)∥Dvϱ∥L2(B1/4)

≤ c(k,Λ)∥Duϱ∥L2(B1/4)
≤ c(k, data) ;

the second inequality comes from testing the weak formulation of (5.26)1 with uϱ−vϱ, and performing standard
computations, using the ellipticity and growth assumptions (5.8).

Now let τ ∈ (0, 1/64) to be fixed later, and estimate Eγ(uϱ;Bτ ) by considering separately its two components.
By (5.25) and (5.27), we find( ˆ

Bτ

|Duϱ|2 dx
)1/2

≤
(ˆ

Bτ

|Duϱ −Dvϱ|2 dx
)1/2

+

( ˆ
Bτ

|Dvϱ|2 dx
)1/2

≤ c(n)τ−n/2

(ˆ
B1/4

|Duϱ −Dvϱ|2 dx
)1/2

+ ∥Dvϱ∥L∞(B1/8)

≤ c τ−n/2
[
s1(ϱ, ε

∗, ε0, δ)
]ϑ/2

+ c ,(5.28)

with c = c(data). Moreover, by Poincaré’s inequality and a change of variables,

1

Eγ(u;Bϱ(x0))

(ˆ
Bτϱ(x0)

∣∣u− (u)Bτϱ(x0)

∣∣2 dx)1/2

=

(ˆ
Bτ

∣∣uϱ − (uϱ)Bτ

∣∣2 dx)1/2

≤ c τ

(ˆ
Bτ

|Duϱ|2 dx
)1/2

,

c = c(n), which, coupled with (5.28) implies

(5.29)

(ˆ
Bτϱ(x0)

∣∣u− (u)Bτϱ(x0)

∣∣2 dx)1/2

≤ c τ
{
τ−n/2

[
s1(ϱ, ε

∗, ε0, δ)
]ϑ/2

+ 1
}
Eγ

(
u;Bϱ(x0)

)
,

again with c depending on data. Next, using (3.18) with w = uϱ (remember that (uϱ)B1
= 0), (5.5)–(5.6), we

may estimate the γ-tail term as follows:

Tailγ
(
uϱ − (uϱ)Bτ ;Bτ

)
≤ c τγ Tailγ(uϱ;B1) + c τγ

ˆ
B1

|uϱ| dx+ c

ˆ 1

τ

τγ

µ2s

ˆ
Bµ

∣∣uϱ − (uϱ)Bµ

∣∣ dx dµ

µ

≤ c τγϱ2s−γ + c τγ
[
1 +

ˆ 1

τ

µ−2s

ˆ
Bµ

∣∣uϱ − (uϱ)Bµ

∣∣ dx dµ

µ

]
.(5.30)

We estimate separately the last integral, thanks to the triangle, Hölder’s and Poincaré’s inequalities, (5.5),
(5.25) and (5.27):

ˆ 1

τ

µ−2s

ˆ
Bµ

∣∣uϱ − (uϱ)Bµ

∣∣ dx dµ

µ
≤
ˆ 1/16

τ

µ−2s

ˆ
Bµ

∣∣uϱ − (uϱ)Bµ

∣∣ dx dµ

µ
+ 2

ˆ 1

1/16

µ−2s

ˆ
Bµ

|uϱ| dx
dµ

µ

≤ c(n)

ˆ 1/16

τ

1

µ2s−1

(ˆ
Bµ

|Duϱ −Dvϱ|2 dx
)1/2

dµ

µ

+ c(n)

ˆ 1/16

τ

1

µ2s−1

( ˆ
Bµ

|Dvϱ|2 dx
)1/2

dµ

µ

+2

ˆ 1

1/16

µ−2s

( ˆ
Bµ

|uϱ|2 dx
)1/2

dµ

µ
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≤ c
[
s1(ϱ, ε

∗, ε0, δ)
]ϑ/2 ˆ 1/16

τ

µ1−2s−n/2 dµ

µ

+ c∥Dvϱ∥L∞(B1/8)

ˆ 1/16

τ

µ1−2s dµ

µ
+ c

ˆ 1

1/16

µ−2s−n/2 dµ

µ

≤ c(data)
{
τ1−2s−n/2[s1(ϱ, ε

∗, ε0, δ)]
ϑ/2 + τ1−2s + 1

}
.(5.31)

On the other hand, using (3.14) and a change of variables, we have

Tailγ
(
uϱ − (uϱ)Bτ

;Bτ

)
= τγ−2s Tail

(
uϱ − (uϱ)Bτ

;Bτ

)
=

τγ−2s

Eγ(u;Bϱ(x0))
Tail

(
u− (u)Bτϱ(x0);Bτϱ(x0)

)
=

ϱ2s−γ

Eγ(u;Bϱ(x0))
Tailγ

(
u− (u)Bτϱ(x0);Bτϱ(x0)

)
.(5.32)

Plugging (5.31) into (5.30) and in turn merging with (5.32) yields

Tailγ
(
u− (u)Bτϱ(x0);Bτϱ(x0)

)
=

Eγ(u;Bϱ(x0))

ϱ2s−γ
Tailγ

(
uϱ − (uϱ)Bτ ;Bτ

)
≤ c

Eγ(u;Bϱ(x0))

ϱ2s−γ

[
τγϱ2s−γ + τγ

{
τ1−2s−n/2[s1(ϱ, ε

∗, ε0, δ)]
ϑ/2 + τ1−2s + 1

}]
= c τγ

{
1 + τ1−2s−n/2 [s1(ϱ, ε

∗, ε0, δ)]
ϑ/2 ϱγ−2s + τ1−2sϱγ−2s

}
Eγ

(
u;Bϱ(x0)

)
,(5.33)

recalling that 1 ≤ ϱγ−2s from (5.3). Finally, combining (5.29) and (5.33), and using that τγ ≤ τ by (5.3) and
τ ≤ 1, we arrive at

(5.34) Eγ(u;Bτϱ(x0)) ≤ c
{
τ1−n/2 [s1(ϱ, ε

∗, ε0, δ)]
ϑ/2

(
1 + τγ−2sϱγ−2s

)
+ τ + τγ+1−2sϱγ−2s

}
Eγ

(
u;Bϱ(x0)

)
,

where c = c(data). As a consequence of the above estimate, we can prove the following

Proposition 5.4 (Excess decay in the small potential regime). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a weak solution
to (1.1) under assumptions (1.3) to (1.5), let f satisfy (2.1) and let Bϱ(x0) ⋐ Ω. Then for every β ∈ (0, 1),
there exist small constants
(5.35)
ε∗ = ε∗(data, β), δ0 = δ0(data, β), ε0 = ε0

(
data, β, ωu( · )

)
, r1 = r1(data, β, ν) ∈ (0, 1), τ = τ(data, β)

such that if

• A(·, ··) satisfies (2.4) and the BMO-condition (5.2) for some δ ≤ δ0 and radius rA > 0,
• the ball has radius ϱ ≤ min{r0, r1, rA}, with r0 satisfying (4.4) and (5.12),
• the excess is small at the initial scale, that is (5.1) holds,
• the system is in the small potential regime, that is (5.14) holds;

then there holds the γ-excess decay estimate

(5.36) Eγ
(
u;Bτϱ(x0)

)
≤ τβEγ

(
u;Bϱ(x0)

)
≤ 1

2
Eγ

(
u;Bϱ(x0)

)
.

Proof. We start from (5.34): factoring out τβ and grouping the terms appropriately, we obtain

(5.37) Eγ
(
u;Bτϱ(x0)

)
≤ τβ

{
c̄ τ1−β

(
τ−n/2[s1(ϱ, ε

∗, ε0, δ)]
ϑ/2 + 1

)(
1 + τγ−2sϱγ−2s

)}
Eγ

(
u;Bϱ(x0)

)
with c̄ depending on data. We now fix τ = τ(data, β) > 0 so small that

(5.38) τ1−β ≤ 1

4 c̄
τβ ≤ 1

2
, τ ≤ 1

64

then, given the dependence γ = γ(s) and ϑ = ϑ(data) ∈ (0, 1), we may choose a small radius r1 = r1(data, β, ν) ∈
(0, 1) so that

(5.39) τγ−2srγ−2s
1 + τ−n/2

(
νr2−γ

1

)ϑ/2 ≤ 1

4

then we choose ε0 = ε0(data, β, ωu( · )) small enough such that

(5.40) τ−n/2 ωu(ε0)
ϑ/4 ≤ 1

4
,
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and finally we pick small parameters ε∗, δ0 as in (5.35) fulfilling

(5.41) τ−n/2
[
ε∗ + δ0

]ϑ/2 ≤ 1

2
.

Combining the content of (5.39) to (5.41) into (5.23) yields, by sub-additivity,

τ−n/2
[
s1(ϱ, ε

∗, ε0, δ)
]ϑ/2 ≤ 1

for all ϱ ≤ r1 and δ ≤ δ0. Inserting this estimate and (5.38)1 into (5.37), yields (5.36). □

5.3. Large potential regime. Let us now assume that (5.14) is violated, that is

(5.42) ϱ2
( ˆ

Bϱ(x0)

|f |χ dx

)1/χ

> ε∗Eγ
(
u;Bϱ(x0)

)
holds; for β ∈ (0, 1) now ε∗ is the fixed constant, depending on data and β, given by Proposition 5.4. As a
simple application of (3.22), we infer the following

Proposition 5.5 (Excess decay in the large potential regime). Let u ∈ W 1,2
loc (Ω;RN )∩L1

2s be as in Proposition
5.4, and assume that Bϱ(x0) ⋐ Ω, ϱ ≤ r0, r0 as in the beginning of Section 5 and satisfying (5.12), are such
that (5.42) is in force. Then, for every τ ∈ (0, 1], we have

(5.43) Eγ
(
u;Bτϱ(x0)

)
≤ c(n, s)τ−n/2

ε∗
ϱ2
(ˆ

Bϱ(x0)

|f |χ dx

)1/χ

.

5.4. Conclusion. We now combine Propositions 5.4 and 5.5 and implement a standard iteration procedure to
deduce the following conditional excess decay estimate:

Proposition 5.6 (Excess decay). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a weak solution to (1.1) under assumptions
(1.3) to (1.5) and let f satisfy (2.1). Fix β ∈ (0, 1), γ as in (5.3), and let Bϱ(x0) ⋐ Ω. There exists a smallness
parameter εs = εs(data, ωu( · ), β), a small radius r1 = r1(data, ν, β) ∈ (0, 1), a small constant δ0 = δ0 (data, β)
and a large constant c = c(data, β) ≥ 1 such that if

• A(·, ··) satisfies (2.4) and the BMO condition (5.2) for some δ ≤ δ0 and rA > 0;
• the ball has radius ϱ ≤ min{r0, r1, rA}, with r0 satisfying (4.4) and (5.12);
• the following smallness condition at the initial scale holds:

(5.44) Eγ
(
u;Bϱ(x0)

)
+ sup

t≤ϱ
t2
( ˆ

Bt(x0)

|f |χ dx

)1/χ

≤ εs ;

then there exists τ = τ(data, β) such that τβ ≤ 1/2 and

(5.45) Eγ
(
u;Bτk+1ϱ(x0)

)
≤ τβEγ

(
u;Bτkϱ(x0)

)
+ c

(
τkϱ

)2( ˆ
B

τkϱ
(x0)

|f |χ dx

)1/χ

for all k ∈ N0, and

(5.46) Eγ
(
u;Bσ(x0)

)
≤ c

(σ
ρ

)β

Eγ
(
u;Bρ(x0)

)
+ c sup

σ≤t≤ρ
t2
( ˆ

Bt(x0)

|f |χ dx

)1/χ

for every 0 < σ ≤ ρ ≤ ϱ. Moreover

(5.47) sup
t≤ϱ

Eγ
(
u;Bt(x0)

)
≤ c(data, β) εs .

Proof. For β ∈ (0, 1) as in the statement, we take ε∗(data, β), ε0(data, β, ωu( · )), τ(data, β), r1(data, β, ν) the
corresponding constants from Proposition 5.4 and we fix εs as

εs = εs
(
data, ωu( · ), β

)
=

ε0
4

[c(n, s)τ−n/2

ε∗

]−1

,

where c(n, s) is the constant in (5.43); notice that εs ≤ ε0/4. Now, for ϱ ≤ min{r0, r1, rA}, combining the
estimates from Propositions 5.4 and 5.5, we get

(5.48) Eγ
(
u;Bτϱ(x0)

)
≤ τβEγ

(
u;Bϱ(x0)

)
+

c τ−n/2

ε∗
ϱ2
(ˆ

Bϱ(x0)

|f |χ dx

)1/χ
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for c depending on the data. Using (5.44), we can estimate the right-hand side as

τβEγ
(
u;Bϱ(x0)

)
+

c τ−n/2

ε∗
ϱ2
(ˆ

Bϱ(x0)

|f |χ dx

)1/χ

≤
[
τβ +

c τ−n/2

ε∗

]
εs ≤

ε0
4

+
ε0
4

≤ ε0
2
,

we are in a position to use again the decay estimate (5.48) with τϱ replacing ϱ, as (5.1) holds in Bτϱ(x0) and,
repeating the argument, we get that for every k ∈ N0,

Eγ
(
u;Bτkϱ(x0)

)
≤ ε0

2

Eγ
(
u;Bτk+1ϱ(x0)

)
≤ τβEγ

(
u;Bτkϱ(x0)

)
+ c

(
τkϱ

)2(ˆ
B

τkϱ
(x0)

|f |χ dx

)1/χ ,

so that (5.45) is proved; moreover, by iterating this estimate we deduce that, for every i, j ∈ N0 with j ≥ i,

Eγ
(
u;Bτjϱ(x0)

)
≤ τβ(j−i)Eγ

(
u;Bτ iϱ(x0)

)
+ c

j−1∑
k=i

τβ(j−1−k)
(
τkϱ

)2( ˆ
B

τkϱ
(x0)

|f |χ dx

)1/χ

≤ τβ(j−i)Eγ
(
u;Bτ iϱ(x0)

)
+

c

1− τβ
sup

τj−1ϱ≤t≤τ iϱ

t2
( ˆ

Bt(x0)

|f |χ dx

)1/χ

(if i = j we agree that the summation and the supremum are both zero). Now the conclusion is standard: to
prove (5.46), we first consider when σ < τρ, and in this case there are j, k ∈ N, with j ≥ k + 1, such that
τ j+1ϱ < σ ≤ τ jϱ ≤ τk+1ϱ < ρ ≤ τkϱ: at this point by (3.22), using the previous estimate with i = k + 1, with
the same agreement on the supremum,

Eγ
(
u;Bσ(x0)

)
≤ c(n, s)τ−

n
2 Eγ

(
u;Bτjϱ(x0)

)
≤ c(n, s)τ−

n
2

[
τβ(j−k−1)Eγ

(
u;Bτk+1ϱ(x0)

)
+

c

1− τβ
sup

τj−1ϱ≤t≤τk+1ϱ

t2
( ˆ

Bt(x0)

|f |χ dx

)1/χ]

≤ c

[(σ
ρ

)β

Eγ
(
u;Bρ(x0)

)
+ sup

σ≤t≤ρ
t2
(ˆ

Bt(x0)

|f |χ dx

)1/χ]
,

with now c = c(data, β), since τ j−k−1 ≤ τ−2(σ/ρ) ≤ c (σ/ρ). In the case σ ∈ [τρ, ρ] the conclusion is again
standard by (3.22). Using (5.44) in (5.46) immediately leads to (5.47). □

6. Regular set and therein regularity of solutions

For u ∈ W 1,2
loc (Ω;RN )∩L1

2s a fixed local solution to (1.1), under the assumptions of Theorem 2.1, and γ as
in (5.3), let us define the γ-singular set

Ωsing,γ =
{
x0 ∈ Ω : lim sup

ϱ→0+
Eγ(u;Bϱ(x0)) > 0

}
.

Taking into account (3.24) from Lemma 3.24, with ζ defined in Proposition 4.4, we have

Ωsing,γ ⊆
{
x0 ∈ Ω : lim sup

ϱ→0+
E(u;Bϱ(x0)) > 0

}
and

Ωsing,γ ⊆
{
x0 ∈ Ω : lim sup

ϱ→0+
ϱ−[n−(2+ζ)]

ˆ
Bϱ(x0)

|Du|2+ζ dx > 0
}
.

The latter inclusion follows from Poincaré’s inequality(ˆ
Bϱ(x0)

∣∣u− (u)Bϱ(x0)

∣∣2 dx)(2+ζ)/2

≤ c(n, ζ)ϱ2+ζ−n

ˆ
Bϱ(x0)

|Du|2+ζ dx .

Therefore Ωsing,γ = ∅ in dimension n = 2, while, if n ≥ 3, the classical Giusti lemma [34, Chapter IV, Theorem
2.2] gives

dimH(Ωsing,γ) ≤ n− 2− ζ .
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6.1. A general construction. We now record a construction that will be used with different choices of the
parameter β ∈ (0, 1). Fix β ∈ (0, 1) and let εs = εs(data, ωu( · ), β), r1 = r1(data, β, ν), δ0 = δ0(data) and
τ = τ(data, β) be the quantities provided by Proposition 5.6. We assume that the smallness hypotheses (2.7)
and (2.8) hold with this value of δ0 and with εb := εs/2. Let also r0 satisfy (4.4) and (5.12).

We fix a compact exhaustion (Ki)i∈N of Ω such that Ki ⋐ int(Ki+1) for every i ∈ N. For every i ∈ N there
exist radii rA(Ki), rf (Ki) ∈ (0,dist(Ki, ∂Ω)) such that (2.7) and (2.8) hold on Ki; we set

(6.1) r̄β(Ki) := min
{
r0, r1, rf (Ki), rA(Ki),

1

4
dist

(
Ki, ∂Ω

)}
,

and then

(6.2) Ku,i,β :=
{
x ∈ int(Ki) : ∃ϱx ∈

(
0, r̄β(Ki)

)
such that Bϱx(x) ⋐ Ω and Eγ(u;Bϱx(x)) < εs/2

}
and

(6.3) Ωu,β :=
⋃
i∈N

Ku,i,β .

By the continuity of x 7→ Eγ(u;Bϱ(x)) for fixed ϱ (see the discussion after (3.21)) the set Ωu,β is open. Moreover,
if x0 ∈ Ω \ Ωu,β , then

lim sup
ϱ→0+

Eγ(u;Bϱ(x0)) ≥
εs
2
.

Indeed, otherwise, since x0 ∈ int(Ki) for some i, one could choose ϱ < r̄β(Ki) sufficiently small so that
Bϱ(x0) ⋐ Ω and Eγ(u;Bϱ(x0)) < εs/2, which would imply x0 ∈ Ku,i,β ⊂ Ωu,β , a contradiction. Hence
Ω \ Ωu,β ⊆ Ωsing,γ ; consequently, Ω \ Ωu,β = ∅ if n = 2 while, if n ≥ 3,

(6.4) dimH(Ω \ Ωu,β) ≤ n− 2− ζ .

The next proofs rely on the following observation. Let x0 ∈ Ωu,β ; then, there exist i = i(x0) ∈ N and a radius
ϱx0

∈ (0, r̄β(Ki)) such that Bϱx0
(x0) ⋐ Ω and

(6.5) Eγ
(
u;Bϱx0

(x0)
)
<

εs
2
.

By the already mentioned continuity of the map x 7→ Eγ(u;Bϱx0
(x)), there exists a small radius rx0

≤ ϱx0
/8

such that Brx0
(x0) ⋐ int(Ki), Bϱx0

(x̄) ⋐ Ω for every x̄ ∈ Brx0
(x0) and

(6.6) Eγ
(
u;Bϱx0

(x̄)
)
<

εs
2

for every x̄ ∈ Brx0
(x0) ;

since ϱx0
< rf (Ki) and x̄ ∈ Ki, assumption (2.8), applied with K = Ki, gives

(6.7) sup
x̄∈Brx0

(x0)

0<t≤ϱx0

t2
( ˆ

Bt(x̄)

|f |χ dx

)1/χ

<
εs
2
.

Therefore the assumption (5.44) of Proposition 5.6 holds on every ball Bϱx0
(x̄) with x̄ ∈ Brx0

(x0). Moreover,

(2.7) gives the required coefficient smallness and, since also ϱx0 < min{r0, r1}, all assumptions of Proposition
5.6 are fulfilled on such balls. Therefore Proposition 5.6 yields

(6.8) sup
0<t≤ϱx0

Eγ(u;Bt(x̄)) ≤ c(data, β) εs ,

(6.9) Eγ
(
u;Bτk+1ϱx0

(x̄)
)
≤ τβEγ

(
u;Bτkϱx0

(x̄)
)
+ c

(
τkϱx0

)2( ˆ
B

τkϱx0
(x̄)

|f |χ dx

)1/χ

for all k ∈ N0 ,

and

(6.10) Eγ
(
u;Bσ(x̄)

)
≤ c

(σ
ρ

)β

Eγ
(
u;Bρ(x̄)

)
+ c sup

t≤ρ
t2
( ˆ

Bt(x̄)

|f |χ dx

)1/χ

for all 0 < σ ≤ ρ ≤ ϱx0 and all x̄ ∈ Brx0
(x0); all the constants c depend on the data and β, but not on x̄.
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Proof of Theorem 2.1. The proof is essentially a consequence of Proposition 5.6. However, due to the local
nature of assumptions (2.7)–(2.8), the argument is slightly more delicate than in the standard setting, and we
therefore provide the details.

We use the construction above with β = 1/2. Thus εs = εs(data, ωu( · )), r1 = r1(data, ν), δ0 = δ0(data),
and the smallness parameter in the statement of the theorem is chosen as εb := εs/2; we also set Ωu := Ωu,1/2.
By the construction above, Ωu is open, Ω \ Ωu = ∅ if n = 2, while, if n ≥ 3, estimate (6.4) holds. It remains to
prove (2.9); the case A(x, u) ≡ A(x) will be treated separately in Section 8.

Let now K ⋐ Ωu. For every x0 ∈ K we have radii ϱx0
> 0 and rx0

≤ ϱx0
/8 satisfying (6.8) for every

x̄ ∈ Brx0
(x0). The radii rx0 may depend on x0 and may degenerate along K; we therefore use compactness:

there exist points x1, . . . , xm ∈ K such that the union of Brxj
(xj) coversK; we set then rK := min1≤j≤m rxj

> 0.

We claim that

ErK (u; x̄) ≤ c(data) εs for every x̄ ∈ K .

Indeed, if x̄ ∈ K, then x̄ ∈ Brxj
(xj) for some j ∈ {1, . . . ,m}. Since rK ≤ rxj

≤ ϱxj
, estimate (6.8), applied

with xj in place of x0, gives

ErK (u; x̄) = sup
0<t≤rK

E
(
u;Bt(x̄)

)
≤ sup

0<t≤rK

Eγ
(
u;Bt(x̄)

)
≤ c(data)εs ;

thus, by the definition in Paragraph 3.2, u ∈ BMO(K;RN ). Since K ⋐ Ωu was arbitrary, this proves (2.9). □

Proof of Theorem 2.2. We again fix β ∈ (0, 1), say β = 1/2, and apply the construction described at the
beginning of the section. Indeed, assumption (2.10) implies the validity of (2.8) on every compact subset of Ω,
for some radius rf > 0 depending on the compact set. In particular, estimate (6.10) holds for all 0 < σ ≤ ρ ≤ ϱx0

,
with a constant c = c(data) independent of x̄ ∈ Brx0

(x0). Hence

Eγ
(
u;Bσ(x̄)

)
≤ c

(σ
ρ

)β

Eγ
(
u;Bρ(x̄)

)
+ c sup

t≤ρ
t2
( ˆ

Bt(x̄)

|f |χ dx

)1/χ

.

Taking the supremum with respect to x̄ ∈ Brx0
(x0) and then the limsup as σ → 0+, with ρ fixed, we obtain

lim sup
σ→0+

sup
x̄∈Brx0

(x0)

Eγ
(
u;Bσ(x̄)

)
≤ c sup

x̄∈Brx0
(x0),

t≤ρ

t2
(ˆ

Bt(x̄)

|f |χ dx

)1/χ

.

Letting ρ → 0+ and using (2.10), we obtain

(6.11) lim
σ→0+

Eγ
(
u;Bσ( · )

)
= 0 uniformly in Brx0

(x0) .

This implies u ∈ VMOloc(Ωu;RN ) by a covering argument analogous to the one used in the proof of Theorem
2.1. □

Proof of Theorem 2.3. Again, we fix β ∈ (0, 1), say β = 1/2. Thanks to (3.10), we see that (2.12) implies

lim
ϱ→0+

sup
t≤ϱ

t2
(ˆ

Bt( · )
|f |χ dx

)1/χ

= 0 locally uniformly in Ω ,

that in turn implies the validity of (2.8) for some radius rf > 0, so that (6.9) holds true.
Now, let τ = τ(data) ∈ (0, 1) be as given at the beginning of the Section for the choice β = 1/2. We set

ϱj = τ jϱx0
, and we write, for short, Bj(x̄) = Bϱj

(x̄), Ej(x̄) = Eγ(u;Bϱj
(x̄)) for x̄ ∈ Brx0

(x0); then by using

(6.9) and recalling the bound before (5.45) we deduce

Ej+1(x̄) ≤
1

2
Ej(x̄) + c ϱ2j

(ˆ
Bj(x̄)

|f |χ dx

)1/χ

for all j ∈ N0 and all x̄ ∈ Brx0
(x0). For i, k ∈ N, k > i, summing over j = i, i+1, . . . , k, changing the summation

variable and enlarging the summation on the right-hand side, we obtain

k+1∑
j=i

Ej(x̄) ≤ Ei(x̄) +
1

2

k+1∑
j=i

Ej(x̄) + c

k∑
j=i

ϱ2j

(ˆ
Bj(x̄)

|f |χ dx

)1/χ
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and, after reabsorbing,
k+1∑
j=i

Ej(x̄) ≤ 2Ei(x̄) + c

∞∑
j=i

ϱ2j

( ˆ
Bj(x̄)

|f |χ dx

)1/χ

;

the constant c depends here only on data. Now, for the same indices, by telescopic summation, using the above
estimate and (3.9), we get∣∣(u)Bk(x̄) − (u)Bi(x̄)

∣∣ ≤ k∑
j=i

∣∣(u)Bj+1(x̄) − (u)Bj(x̄)

∣∣ ≤ τ−n
k+1∑
j=i

( ˆ
Bj(x̄)

∣∣u− (u)Bj(x̄)

∣∣2 dx)1/2

(6.12)

≤ c Ei(x̄) + c

k∑
j=i

ϱ2j

(ˆ
Bj(x̄)

|f |χ dx

)1/χ

≤ c Ei(x̄) + c If2,χ(x̄, 2ϱi−1) .

As the right-hand side of (6.12) vanishes uniformly in Brx0
(x0) thanks to (6.11) and (2.12), it follows that the

sequence of maps {x̄ 7→ (u)Bi(x̄)}i∈N satisfies the Cauchy condition with respect to the uniform convergence in
Brx0

(x0). As (u)Bi(x̄) → u(x̄) for i → +∞, for a.e. x̄ by Lebesgue’s point theorem, this implies that u agrees
a.e. with a continuous function. □

The next result is a slightly more general version of Theorem 2.4.

Theorem 6.1 (Partial Hölder continuity). Let β0 ∈ (0, 1), and assume that for every compact set K ⋐ Ω, there
exists a radius Rf = Rf (K) > 0 such that f satisfies

(6.13) sup
x0∈K,

0<t≤Rf

t2−β0

(ˆ
Bt(x0)

|f |χ dx

)1/χ

< ∞ ;

suppose moreover that A(·, ··) satisfies (2.4). There exists a small constant δ0 = δ0(data, β0) such that if for
every compact K ⋐ Ω, there exists a radius rA = rA(K) > 0 for which (5.2) holds uniformly for x0 ∈ K, then

u ∈ C0,β0

loc (Ωu;RN ) ,

where Ωu is the open set given by (6.2)–(6.3) for the choice β = (1+ β0)/2. Moreover, for every x0 ∈ Ωu, there
exist radii 0 < rx0

≤ ϱx0
such that Brx0

(x0) ⋐ Ωu, B2ϱx0
(x0) ⋐ Ω, and

(6.14) [u]C0,β0 (Brx0
(x0))

≤ c ϱ−β0
x0

(ˆ
Bϱx0

(x0)

∣∣u− (u)Bϱx0
(x0)

∣∣2 dx)1/2

+ c ϱγ−2s−β0
x0

Tail
(
u− (u)Bϱx0

(x0);Bϱx0
(x0)

)
+ c

∥∥M2−β0
ϱx0

,χ[f ]
∥∥
L∞(Brx0

(x0))
,

where c = c(data, β0), γ = γ(s) is fixed as in (5.3), and we set

(6.15) M2−β0
ϱ,χ [f ](x̄) := sup

t∈(0,ϱ]

t2−β0

( ˆ
Bt(x̄)

|f |χ dx

)1/χ

.

Assumption (6.13) is verified if f ∈ Mn/(2−β0)
loc (Ω;RN ), in which case the quantitative estimate (2.17) holds

true.

Proof. We let β = (1+ β0)/2 and define Ωu = Ωu,(1+β0)/2 as in (6.2)–(6.3); we fix, according to this value of β,
εs = εs(data, ωu( · ), β0), r1 = r1(data, β0, ν) and δ0 = δ0(data, β0) as at the beginning of this Section. We then
fix a generic x0 ∈ Ωu; as described in Paragraph 6.1, there exists an index i = i(x0) such that x0 ∈ int(Ki) and
we let now rA to be the constant rA(Ki) given from the assumption of the Theorem. Moreover, from (6.13) it
follows immediately that there exists a radius 0 < rf ≤ Rf such that (2.8) is satisfied on Ki with εb = εs/2;
moreover we can suppose rf ≤ dist(Ki, ∂Ω)/4. Using the general construction of Paragraph 6.1, we may find
radii rx0

≤ ϱx0
/8 such that (6.10) holds and Bϱx0

(x̄) ⊂ B2ϱx0
(x0) ⋐ Ω for all x̄ ∈ Brx0

(x0).

We now choose ϑ = ϑ(data, β0) ∈ (0, 1/16) such that c ϑβ−β0 = c ϑ(1−β0)/2 ≤ 1/2, with c = c(data, β0)
exactly the constant appearing in (6.10); thus, by choosing σ = ϑρ for 0 < ρ ≤ ϱx0

in (6.10), we find

(6.16) Eγ
(
u;Bϑρ(x̄)

)
≤ 1

2
ϑβ0Eγ

(
u;Bρ(x̄)

)
+ c ρβ0 sup

t≤ρ
t2−β0

(ˆ
Bt(x̄)

|f |χ dx

)1/χ

for all x̄ ∈ Brx0
(x0) ,
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with c = c(data, β0). Now, for 0 < ρ̃ ≤ ρ, we define the fractional maximal operators

(6.17)


Mβ0

ρ̃,ρ(x̄) := sup
t∈(ρ̃,ρ]

t−β0Eγ
(
u;Bt(x̄)

)
Mβ0

ρ (x̄) := sup
t∈(0,ρ]

t−β0Eγ
(
u;Bt(x̄)

) ,

and M2−β0
ϱ,χ [f ](x̄) is defined by (6.15). Multiplying (6.16) by (ϑρ)−β0 , and by taking the supremum for ρ ∈

(ϱx0
/[2k], ϱx0

/2] for k ∈ N \ {0, 1}, we deduce

Mβ0

ϑϱx0
/[2k],ϑϱx0

/2(x̄) ≤
1

2
Mβ0

ϱx0
/[2k],ϱx0

/2(x̄) + c ϑ−β0M2−β0
ϱx0

,χ[f ](x̄)

≤ 1

2
Mβ0

ϑϱx0
/[2k],ϑϱx0

/2(x̄) +
1

2
Mβ0

ϑϱx0
/2,ϱx0

/2(x̄) + cM2−β0
ϱx0

,χ[f ](x̄) ,

for all x̄ ∈ Brx0
(x0), where we also used that ϑ depends on data and β0. By reabsorbing terms, we get

Mβ0

ϑϱx0
/[2k],ϑϱx0

/2(x̄) ≤ Mβ0

ϑϱx0
/2,ϱx0

/2(x̄) + cM2−β0
ϱx0 ,χ

[f ](x̄) ;

since, using the definition in (6.17) and the fact that ϑ = ϑ(data, β0), we have

Mβ0

ϑϱx0
/2,ϱx0

/2(x̄) ≤ c(ϱx0
/2)−β0Eγ

(
u;Bϱx0

/2(x̄)
)
= c ϱ−β0

x0
Eγ

(
u;Bϱx0

/2(x̄)
)
,

combining the two estimates above, we obtain

Mβ0

ϑϱx0/[2k],ϱx0/2
(x̄) ≤ c ϱ−β0

x0
Eγ

(
u;Bϱx0/2

(x̄)
)
+ c

∥∥M2−β0
ϱx0

,χ[f ]
∥∥
L∞(Brx0

(x0))
,

with c = c(data, β0), for all x̄ ∈ Brx0
(x0). On the other hand, recalling that |x̄− x0| ≤ rx0

≤ ϱx0
/8 ≤ 1/8, we

have Bϱx0
/2(x̄) ⊆ Bϱx0

(x0); hence we may use (3.3) and (3.19) in (3.21) and get

Eγ
(
u;Bϱx0

/2(x̄)
)
≤ c Eγ

(
u;Bϱx0

(x0)
)

for all x̄ ∈ Brx0
(x0)

– recall that γ − 2s ≥ 0. Combining the two estimates above, letting k → ∞, and expanding the definition of
Eγ( · ), we get

Mβ0

ϱx0/2
(x̄) ≤ c ϱ−β0

x0
Eγ

(
u;Bϱx0

(x0)
)
+ c

∥∥M2−β0
ϱx0 ,χ

[f ]
∥∥
L∞(Brx0

(x0))

≤ c ϱ−β0
x0

( ˆ
Bϱx0

(x0)

∣∣u− (u)Bϱx0
(x0)

∣∣2 dx)1/2

+ c ϱγ−2s−β0
x0

Tail
(
u− (u)Bϱx0

(x0);Bϱx0
(x0)

)
+ c

∥∥M2−β0
ϱx0

,χ[f ]
∥∥
L∞(Brx0

(x0))
,

which is valid for every x̄ ∈ Brx0
(x0), with c = c(data, β0).

This estimate implies the desired β0-Hölder continuity of u and the local estimate (6.14) via Campanato’s
characterization of Hölder continuity [34, Chapter 3.1] since, by the very definition of Mβ0

ϱ and Eγ( · ) in (6.17)
and (3.21), we have

Mβ0

ϱx0
/2(x̄) ≥ σ−β0

(ˆ
Bσ(x̄)

∣∣u− (u)Bσ(x̄)

∣∣2 dx)1/2

for every t ∈ (0, ϱx0
/2], and x̄ ∈ Brx0

(x0). Finally, thanks to (3.5), if (2.15) holds, then we have, for χ as chosen

after (3.5)

t2−β0

(ˆ
Bt(x̄)

|f |χ dx

)1/χ

≤ c(n, β0)∥f∥Mn/(2−β0)(Bt(x̄))
≤ c(n, β0)∥f∥Mn/(2−β0)(B2ϱx0

(x0))

for all x̄ ∈ Brx0
(x0) and all 0 < t ≤ ϱx0

, hence (6.13) is valid, and we have∥∥M2−β0
ϱx0

,χ[f ]
∥∥
L∞(Brx0

(x0))
≤ c(n, β0)∥f∥Mn/(2−β0)(B2ϱx0

(x0))
.

From this inequality, (6.14) and using that ϱγx0
≤ ϱx0

by (5.3) as ϱx0
≤ 1, estimate (2.17) follows; local Hölder

regularity follows using a covering argument similar to that employed in the proof of Theorem 2.1. □
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7. Gradient regularity of solutions

We start with some preliminary remarks; in particular, let us verify the validity of Theorem 6.1 whenever
assumptions (2.18) and (2.20) are in force, and consequently derive a Hölder estimate in the reference ball
Brx0

(x0) for every exponent β0 ∈ (0, 1).

Let us now fix β0 = β0(s) ∈ (0, 1) \ {2s} such that

(7.1) 2s < 1 + β0 ⇐⇒ 1 + β0 − 2s > 0 ,

and let x0 ∈ Ωu, where Ωu is the open set given by (6.2)–(6.3) for the choice β = (1+β0)/2. Let δ0 = δ0(data, β0)
be the small constant appearing in Theorem 6.1. By assumption (2.18) and the fact that ωx( · ) is a modulus
of continuity, we may choose rA = rA

(
data, β0, ωx( · ), dist(K, ∂Ω)

)
∈ (0, 1) such that (5.2) holds uniformly for

x0 ∈ K, as

(7.2) sup
x0∈K

Er(A;x0) = sup
x0∈K

sup
ϱ∈(0,r]:Bϱ(x0)⊆Ω,

z∈RN ,z ̸=0

ˆ
Bϱ(x0)

∣∣A(x, z)− (A)Bϱ(x0)
(z)

∣∣ dx ≤ Λωx(r)
r→0−−−→ 0.

Moreover, by (2.20) and (3.10), condition (6.13) is satisfied, with Rf = min{1, dist(K, ∂Ω)}/2; hence all the
hypotheses of Theorem 6.1 are fulfilled. Let now rx0

and ϱx0
be the radii provided by Theorem 6.1, with

0 < rx0
≤ ϱx0

/8 such that Brx0
(x0) ⋐ Ωu, B2ϱx0

(x0) ⋐ Ω. Using again (3.10), we have∥∥M2−β0
ϱx0 ,χ

[f ]
∥∥
L∞(Brx0

(x0))
≤ c(n, β0, χ)

∥∥If1,χ(·, 2ϱx0
)
∥∥
L∞(Brx0

(x0))
.

Therefore, estimate (6.14) gives

[u]C0,β0 (Brx0
(x0)) ≤ c ϱ−β0

x0

(ˆ
Bϱx0

(x0)

∣∣u− (u)Bϱx0
(x0)

∣∣2 dx)1/2

+ c ϱγ−β0−2s
x0

Tail
(
u− (u)Bϱx0

(x0);Bϱx0
(x0)

)
+ c

∥∥If1,χ(·, 2ϱx0)
∥∥
L∞(Brx0

(x0))

≤ c ϱ−n/2
x0

∥Du∥L2(Bϱx0
(x0))

+ c ϱγ−β0−2s
x0

Tail
(
u− (u)Bϱx0

(x0);Bϱx0
(x0)

)
+ c

∥∥If1,χ(·, 2ϱx0
)
∥∥
L∞(Brx0

(x0))
,(7.3)

where c = c(data, β0). In the last inequality we used Poincaré’s inequality and the fact that ϱ1−β0
x0

≤ 1.

7.1. A gradient comparison estimate. Let us take a point x̄ ∈ Brx0/2
(x0) and a radius 0 < r ≤ rx0/4.

Accordingly, we define

(7.4) Ā = A
(
x̄, u(x̄)

)
.

Here and in what follows, u denotes its continuous representative in Ωu, so that A(x̄, u(x̄)) is well-defined for
every x̄ ∈ Brx0

/2(x0), thanks to what proved at the beginning of the Section. Accordingly, with a slight abuse

of notation, we shall write [u]C0,β0 for the Hölder seminorm of this representative. In particular, the pointwise
values u(x) and u(x̄) appearing below are well defined for every x, x̄ ∈ Brx0

(x0).

Consider h ∈ W 1,2(Br(x̄);RN ) solving

(7.5)

{
−div

(
ĀDh

)
= 0 in Br(x̄)

h = u on ∂Br(x̄)
,

and we extend h outside Br(x̄) by setting

(7.6) h ≡ u in Rn \Br(x̄).

Let us now prove the following comparison estimate.

Proposition 7.1 (Comparison estimate). Let u ∈ W 1,2
loc (Ω;RN ) ∩ L1

2s be a local weak solution to (1.1) under
the assumptions (1.3) and (1.4)–(1.5), and let x0, x̄, rx0

, r and h ∈ W 1,2(Br(x̄);RN ) be as above. Then the
following comparison estimate holds:

(7.7)

( ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2

≤ c
[∥∥A(·, u( · ))− Ā

∥∥
L∞(Br(x̄))

+ r2(1−s)
](ˆ

B2r(x̄)

|Du|2 dx
)1/2
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+ c r

(ˆ
Br(x̄)

|f |2∗ dx
)1/2∗

+ c r1−2s Tail
(
u− (u)Br(x̄);Br(x̄)

)
,

where c = c(data,max{ν, 1}), and Ā is given by (7.4).

Proof. Using the coercivity and growth assumptions (1.3) (which are also inherited by Ā), and testing (1.1) and
(7.5) with u− h, we get

1

Λ

ˆ
Br(x̄)

|Du−Dh|2 dx ≤
ˆ
Br(x̄)

⟨Ā(Du−Dh), Du−Dh⟩ dx =

ˆ
Br(x̄)

⟨ĀDu,Du−Dh⟩ dx

=

ˆ
Br(x̄)

〈[
Ā−A(x, u(x))

]
Du,Du−Dh

〉
dx+

ˆ
Br(x̄)

〈
A(x, u(x))Du,Du−Dh

〉
dx

=

ˆ
Br(x̄)

〈[
Ā−A(x, u(x))

]
Du,Du−Dh

〉
dx+

ˆ
Br(x̄)

f · (u− h) dx− ⟪Qnl
Φu, u− h⟫nl

=: (I) + (II) + (III) ;(7.8)

we recall the notation introduced in (5.19). By Hölder’s inequality, we get

|(I)| ≤
∥∥A(·, u( · ))− Ā

∥∥
L∞(Br(x̄))

ˆ
Br(x̄)

|Du| |Du−Dh| dx

≤ c(n)∥A
(
·, u( · )

)
− Ā∥

L∞(Br(x̄))
rn/2

(ˆ
Br(x̄)

|Du|2 dx
)1/2 (ˆ

Br(x̄)

|Du−Dh|2 dx
)1/2

,(7.9)

and by Hölder’s and Sobolev’s inequalities

|(II)| ≤ c(n)rn/2∗
(ˆ

Br(x̄)

|f |2∗ dx
)1/2∗(ˆ

Br(x̄)

|u− h|2
∗
dx

)1/2∗

≤ c(n)rn/2∗
(ˆ

Br(x̄)

|f |2∗ dx
)1/2∗(ˆ

Br(x̄)

|Du−Dh|2 dx
)1/2

.(7.10)

Then, by using (1.5) and recalling that u− h ≡ 0 in Rn \Br(x̄) by (7.6), we get

(7.11) (III) = −
ˆ
B2r(x̄)

ˆ
B2r(x̄)

Φ
(
y, z, u(y), u(z), u(y)− u(z)

)
·
[
(u− h)(y)− (u− h)(z)

] dy dz

|y − z|n+2s

− 2

ˆ
Br(x̄)

ˆ
Rn\B2r(x̄)

Φ
(
y, z, u(y), u(z), u(y)− u(z)

)
· (u− h)(z)

dy dz

|y − z|n+2s
=: (III)1 + (III)2 .

Using (1.4), Hölder’s inequality and the fractional Sobolev inequality (3.6), we have

|(III)1| ≤ c(n)ν[u]W s,2(B2r(x̄)) [u− h]W s,2(B2r(x̄))

≤ c(n, s)ν r2(1−s)

(ˆ
B2r(x̄)

|Du|2 dx
)1/2(ˆ

Br(x̄)

|Du−Dh|2 dx
)1/2

,(7.12)

where in the last line we also used that Du = Dh in B2r(x̄) \ Br(x̄) by (7.6). Then, by using the elementary
inequalities

(7.13) |y − x̄| ≤ 4|y − z|, for y ∈ Rn \B2r(x̄) and z ∈ Br(x̄) ,

together with (1.4), (3.16), Hölder’s and Poincaré’s inequalities, we get

|(III)2| ≤ c ν

ˆ
Br(x̄)

|(u− h)(z)|
{ˆ

Rn\B2r(x̄)

(
|u(y)− (u)Br(x̄)|+ |u(z)− (u)Br(x̄)|

) dy

|y − x̄|n+2s

}
dz

= c r−2s Tail
(
u− (u)Br(x̄);B2r(x̄)

) ˆ
Br(x̄)

|(u− h)(z)| dz + c r−2s

ˆ
Br(x̄)

|u− h||u− (u)Br(x̄)| dz

≤ c rn/2−2s Tail
(
u− (u)Br(x̄);B2r(x̄)

)(ˆ
Br(x̄)

|u− h|2 dz
)1/2

+ c r−2s

(ˆ
Br(x̄)

|u− h|2 dz
)1/2 (ˆ

Br(x̄)

|u− (u)Br(x̄)|
2 dz

)1/2
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≤ c rn/2+1−2s Tail
(
u− (u)Br(x̄);B2r(x̄)

)(ˆ
Br(x̄)

|Du−Dh|2 dz
)1/2

+ c rn/2+2(1−s)

(ˆ
Br(x̄)

|Du−Dh|2 dz
)1/2( ˆ

B2r(x̄)

|Du|2 dz
)1/2

,(7.14)

with c = c(n, s,max{ν, 1}). Combining (7.9)–(7.12) and (7.14) with (7.8), and dividing both sides of the resulting

inequality by rn/2
( ˆ

Br(x̄)

|Du−Dh|2 dx
)1/2

(which may be assumed to be nonzero) yields our desired estimate

(ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2

≤ c

{∥∥A(
·, u( · )

)
− Ā

∥∥
L∞(Br(x̄))

+ r2(1−s)

}(ˆ
B2r(x̄)

|Du|2 dz
)1/2

+ c r

(ˆ
Br(x̄)

|f |2∗ dx
)1/2∗

+ c r1−2s Tail
(
u− (u)Br(x̄);Br(x̄)

)
,

where c = c(n, s,max{ν, 1},Λ), where we also used (3.17), and that

n

2∗
− n

2
=

1 for n ≥ 3

any number > 1 for n = 2
;

this concludes the proof. □

Before proving the above-stated theorems on the gradient, we establish a few preparatory lemmas. Using
the comparison estimate (7.7), we can prove the following excess decay estimate for Du.

Proposition 7.2 (Excess decay estimate). Under the notation and assumptions of Proposition 7.1, we have

(7.15) E
(
Du;Bϱ(x̄)

)
≤ c

[
ϱ

r
+
( r
ϱ

)n/2[∥∥A(·, u( · ))− Ā
∥∥
L∞(Br(x̄))

+ r2(1−s)
]]
E
(
Du;B2r(x̄)

)
+ c

( r
ϱ

)n/2[∥∥A(·, u( · ))− Ā
∥∥
L∞(Br(x̄))

+ r2(1−s)
]∣∣(Du)B2r(x̄)

∣∣
+ c

( r
ϱ

)n/2

r

(ˆ
Br(x̄)

|f |2∗ dx
)1/2∗

+ c
( r
ϱ

)n/2

r1−2s Tail
(
u− (u)Br(x̄);Br(x̄)

)
,

for every 0 < ϱ ≤ r ≤ rx0/2, where c = c(data,max{ν, 1}), and E(Du;Br(x)) is the excess functional defined
by (3.1).

Proof. As h ∈ W 1,2(Br(x̄)) is a solution to a system with constant coefficients, a standard decay estimate isˆ
Bϱ(x̄)

∣∣Dh− (Dh)Bϱ(x̄)

∣∣2 dx ≤ c
(ϱ
r

)2
ˆ
Br(x̄)

∣∣Dh− (Dh)Br(x̄)

∣∣2 dx ,
for every 0 < ϱ ≤ r, where c = c(n,N,Λ), see [34, Chapter III, Theorem 2.1 & Remark 2.3]. Using stan-
dard algebraic manipulations taking into account (3.2) and the subadditivity several times, the previous decay
estimate and standard manipulations yield

(7.16)

ˆ
Bϱ(x̄)

∣∣Du− (Du)Bϱ(x̄)

∣∣2 dx ≤ c
(ϱ
r

)2
ˆ
Br(x̄)

∣∣Du− (Du)Br(x̄)

∣∣2 dx+ c
( r
ϱ

)n
ˆ
Br(x̄)

|Du−Dh|2 dx ,

with c = c(n,N,Λ) (see, for instance, the proof of Proposition 3.2 for β = 1 in [7], although the problem
considered there is different). Combining (7.16) with (7.7), we get

E
(
Du;Bϱ(x̄)

)
≤ c

ϱ

r

(ˆ
Br(x̄)

∣∣Du− (Du)Br(x̄)

∣∣2 dx)1/2

+ c
( r
ϱ

)n/2 [∥∥A(·, u( · ))− Ā
∥∥
L∞(Br(x̄))

+ r2(1−s)
](ˆ

B2r(x̄)

|Du|2 dx
)1/2

+ c
( r
ϱ

)n/2

r

(ˆ
Br(x̄)

|f |2∗ dx
)1/2∗

+ c
( r
ϱ

)n/2

r1−2s Tail
(
u− (u)Br(x̄);Br(x̄)

)
,
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for all 0 < ϱ ≤ r; using (3.2) and the elementary inequality( ˆ
B2r(x̄)

|Du|2 dx
)1/2

≤ cE
(
Du;B2r(x̄)

)
+ c

∣∣(Du)B2r(x̄)

∣∣
then yields our desired result (7.15). □

Now we take advantage of the Hölder continuity of u in order to refine the tail estimate: this is the content
of the next proposition.

Proposition 7.3 (Tail estimate for Hölder continuous functions). Let w ∈ C0,β(BR(x0)) ∩ L1
2s for some

β ∈ (0, 1]. Then for every x̄ ∈ BR/2(x0), and every radius 0 < r ≤ R/4, we have

r−2s Tail
(
w − (w)Br(x̄);Br(x̄)

)
≤ cR−2s Tail

(
w − (w)BR(x0);BR(x0)

)
+ c [w]C0,β(BR(x0))

[
Rβ−2s +

ˆ R

r

µβ−2s dµ

µ

]
,

for a constant c = c(n, s).

Proof. By (3.18), we have for c = c(n, s)

r−2s Tail
(
w − (w)Br(x̄);Br(x̄)

)
≤ cR−2s Tail

(
w − (w)BR/4(x̄);BR/4(x̄)

)
+ cR−2s

ˆ
BR/4(x̄)

∣∣w − (w)BR/4(x̄)

∣∣ dx+ c

ˆ R/4

r

µ−2s

ˆ
Bµ(x̄)

∣∣w − (w)Bµ(x̄)

∣∣ dx dµ

µ
.

By the β-Hölder continuity of w, and since BR/4(x̄) ⊆ BR(x0), we haveˆ
BR/4(x̄)

∣∣w − (w)BR/4(x̄)

∣∣ dx ≤ [w]C0,β(BR(x0))R
β ,

and ˆ R/4

r

µ−2s

ˆ
Bµ(x̄)

∣∣w − (w)Bµ(x̄)

∣∣ dx dµ

µ
≤ [w]C0,β(BR(x0))

ˆ R

r

µβ−2s dµ

µ
.

As BR/4(x̄) ⊆ BR(x0), and R− |x̄− x0| ≥ R/2, we further estimate via (3.19)

Tail
(
w − (w)BR/4(x̄);BR/4(x̄)

)
≤ c Tail

(
w − (w)BR(x0);BR(x0)

)
+ c

ˆ
BR(x0)

∣∣w − (w)BR(x0)

∣∣ dx
≤ c Tail

(
w − (w)BR(x0);BR(x0)

)
+ c [w]C0,β(BR(x0)) R

β ;

merging the content of these displays, we get the desired estimate. □

7.2. Lipschitz continuity of solutions. We are now ready to prove the Lipschitz regularity of solutions to
(1.1). The estimates established above provide the two ingredients needed for the iteration: the excess decay
estimate (7.20), which controls the oscillation of Du at smaller scales in terms of its oscillation at larger scales,
and the tail estimate of Proposition 7.3, which allows us to handle the nonlocal contribution with sufficient
precision by using the local Hölder estimate already obtained in Theorem 6.1. We shall combine these estimates
with a suitable choice of the Hölder exponent β0 in order to absorb the lower-order terms and obtain a uniform
bound for the gradient excess.

Proof of Theorem 2.5. As in the previous subsections, we shall consider x̄ ∈ Brx0/2
(x0) and a radius 0 < r ≤

rx0/4 so that B2r(x̄) ⊂ Brx0
(x0) ⋐ Ωu. As remarked at the beginning of this section (see the discussion

preceding equation (7.3)), we are working under assumptions that are stronger than those leading to Theorem
6.1; thus by (2.4), (2.18) and the monotonicity of ωu∥∥A(·, u( · ))− Ā

∥∥
L∞(Br(x̄))

≤ sup
x,y∈Br(x̄)

∣∣A(x, u(x))−A(y, u(y))
∣∣

≤ sup
x,y∈Br(x̄)

∣∣A(x, u(x))−A(y, u(x))
∣∣+ sup

x,y∈Br(x̄)

∣∣A(y, u(x))−A(y, u(y))
∣∣

≤ Λ

[
ωx(r) + ωu

(
sup

x,y∈Br(x̄)

|u(y)− u(x)|
)]

,(7.17)
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and then using that u ∈ C0,β0(Br(x̄)), we get

(7.18)
∥∥A(·, u( · ))− Ā

∥∥
L∞(Br(x̄))

≤ Λ
[
ωx(r) + ωu

(
[u]C0,β0 (Brx0

(x0))r
β0
)]

.

If we now define

(7.19) ωβ0
(r) := ωx(r) + ωu

(
[u]C0,β0 (Brx0

(x0))r
β0
)
+ r2(1−s) ,

then combining (7.15) and (7.18) yields

(7.20) E
(
Du;Bϱ(x̄)

)
≤ c

[
ϱ

r
+
( r
ϱ

)n/2

ωβ0(r)

]
E
(
Du;B2r(x̄)

)
+ c

( r
ϱ

)n/2

ωβ0(r)
∣∣(Du)B2r(x̄)

∣∣
+ c

( r
ϱ

)n/2

r

(ˆ
Br(x̄)

|f |2∗ dx
)1/2∗

+ c
( r
ϱ

)n/2

r1−2s Tail
(
u− (u)Br(x̄);Br(x̄)

)
,

for all 0 < ϱ ≤ r ≤ rx0
/4, where c = c(data,max{ν, 1}).

Let us now consider a radius r̄ ≤ rx0
/4 (that we use as smallness parameter) and a parameter τ ∈ (0, 1/16)

to be chosen later and we specialize the previous estimate to points x̄ ∈ Br̄(x0). We build the shrinking sequence
of radii ϱi = τ ir for r ≤ r̄ and i ∈ N0, and subsequently set

(7.21) Bi ≡ Bϱi
(x̄), ki :=

∣∣(Du)Bi

∣∣ .
First we observe that for m ∈ N0, we have by telescopic summation (see [7, Equation (4.5)])

(7.22) km+1 ≤ k0 +

m∑
i=0

ˆ
Bi+1

∣∣Du− (Du)Bi

∣∣ dx ≤ k0 + τ−n
m∑
i=0

E(Du;Bi) ,

enlarging the domain of integration, using Hölder’s inequality and the definition of E(Du;Bi). Next, by applying
(7.20) with the choice ϱ = ϱi+1 and r = ϱi/2, we obtain

(7.23) E(Du;Bi+1) ≤ c
[
τ + τ−n/2 ωβ0

(r̄)
]
E(Du;Bi)

+ c τ−n/2

[
ωβ0

(ϱi)ki + ϱi

( ˆ
Bi

|f |2∗ dx
)1/2∗

+ ϱ1−2s
i Tail

(
u− (u)Bϱi/2

(x̄);Bϱi/2(x̄)
)]

where c = c(data,max{ν, 1}). We now first choose τ = τ(data,max{ν, 1}) ∈ (0, 1/16), and then choose the
radius r̄ ≤ rx0

/4, depending on data,max{ν, 1} and also on ωx( · ), ωu( · ), [u]C0,β0 (Brx0
(x0)) sufficiently small so

that

(7.24) c
[
τ + τ−n/2 ωβ0(r̄)

]
≤ 1

2
.

In particular, recalling that β0 = β0(s) is fixed, by definition of ωβ0 in (7.19), the monotonicity of ωu and the

Hölder estimate (7.3), the radius r̄ depends on data,max{ν, 1}, ωx( · ), ωu( · ), ϱx0
, ∥If1,χ(·, 1)∥L∞(Ω)

and on an

upper bound on E(u;Bϱx0
(x0)) and the tail term Tail(u− (u)Bϱx0

(x0);Bϱx0
(x0)).

Next, by using (7.24), equation (7.23) becomes

E(Du;Bi+1) ≤
1

2
E(Du;Bi) + c

[
ωβ0

(ϱi)ki + ϱi

(ˆ
Bi

|f |2∗ dx
)1/2∗

+ ϱ1−2s
i Tail

(
u− (u)Bϱi/2

(x̄);Bϱi/2(x̄)
)]

≤ 1

2
E(Du;Bi) + c

[
ωβ0

(ϱi)ki + ϱi

(ˆ
Bi

|f |2∗ dx
)1/2∗

+ ϱi

[
r−2s
x0

Tail
(
u− (u)Brx0

(x0);Brx0
(x0)

)
+

1

|β0 − 2s|
ϱβ0−2s
i [u]C0,β0 (Brx0

(x0))
+
(
1 +

1

|β0 − 2s|

)
rβ0−2s
x0

[u]C0,β0 (Brx0
(x0))

]]
(7.25)

for all i ∈ N0, with c = c(data,max{ν, 1}). In the last line we used Proposition 7.3 with r = ϱi/2 and R = rx0 ;
moreover, since β0 ̸= 2s, we computed

ˆ rx0

ϱi/2

µβ0−2s dµ

µ
≤

rβ0−2s
x0

+ ϱβ0−2s
i

|β0 − 2s|
.
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By summing (7.25) for i ∈ {0, 1, . . . ,m− 1} for m ∈ N and performing simple algebraic manipulations, similar
to those from Proof of Theorem 2.3, we get

m∑
i=0

E(Du;Bi) ≤ E(Du;B0) +
1

2

m∑
i=0

E(Du;Bi) + c

m−1∑
i=0

ωβ0
(ϱi)ki + c

∞∑
i=0

ϱi

( ˆ
Bi

|f |2∗ dx
)1/2∗

+ c [u]C0,β0 (Brx0
(x0))

∞∑
i=0

ϱ1+β0−2s
i + c

[
r−2s
x0

Tail
(
u− (u)Brx0

(x0);Brx0
(x0)

)
+ rβ0−2s

x0
[u]C0,β0 (Brx0

(x0))

] ∞∑
i=0

ϱi ,

with c = c(data,max{ν, 1}). Reabsorbing the first term of the right-hand side, and using that

∞∑
i=0

ϱi =

∞∑
i=0

τ ir = c(data,max{ν, 1})r, and similarly

∞∑
i=0

ϱ1+β0−2s
i = c(data,max{ν, 1})r1+β0−2s

due to β0 = β0(s) and (7.1), we find

(7.26)

m∑
i=0

E(Du;Bi) ≤ 2E(Du;B0) + c

m−1∑
i=0

ωβ0
(ϱi)ki + c

∞∑
i=0

ϱi

(ˆ
Bi

|f |2∗ dx
)1/2∗

+ c [u]C0,β0 (Brx0
(x0))

r
[
rβ0−2s + rβ0−2s

x0

]
+ c r r−2s

x0
Tail

(
u− (u)Brx0

(x0);Brx0
(x0)

)
,

with constant c = c(data,max{ν, 1}). Combining (7.26) and (7.22) with (3.9) for ȷ̄ = 0, α = 1, we get

km+1 ≤ k0 + cE
(
Du;Br(x̄)

)
+ c

m−1∑
i=0

ωβ0
(ϱi)ki + c

∥∥If1,χ( · , rx0
)
∥∥
L∞(Brx0

(x0))

+ c [u]C0,β0 (Brx0
(x0))

r
[
r̄β0−2s + rβ0−2s

x0

]
+ c r r−2s

x0
Tail

(
u− (u)Brx0

(x0);Brx0
(x0)

)
=: M0 + c

m−1∑
i=0

ωβ0
(ϱi) ki ,(7.27)

with the obvious definition for M0, and with c = c(data,max{ν, 1}). We now claim that

(7.28) km ≤ 2M0 for all m ∈ N0 ,

provided that we choose the radius r̄ > 0 sufficiently small.

We proceed by induction: the case m = 0 is trivial by the definition of M0. Let us suppose the claim is
true for m = 0, 1, . . . ,m0 for some m0 ∈ N0, and prove it for m0 + 1. By (7.27) and the inductive hypothesis,

km0+1 ≤ M0 + c

m0∑
i=0

ωβ0
(ϱi)ki ≤ M0

[
1 + 2c̄

∞∑
i=0

ωβ0
(ϱi)

]
,(7.29)

with c̄ = c̄(data,max{ν, 1}). Using the standard estimate (3.4), recalling that

β0 = β0(s), τ = τ(data,max{ν, 1}) ≤ 1/16 ,

by the expression of (7.19), using (3.4) and the Dini continuity of ωx( · ), ωu( · ), we may reduce the size of r̄ in
such a way that

(7.30)

∞∑
i=0

ωβ0
(ϱi) ≤

1

log(1/τ)

ˆ 2r̄

0

ωx(ϱ)
dϱ

ϱ
+

1

β0 log(1/τ)

ˆ 2[u]
C0,β0 (Brx0

(x0))
r̄β0

0

ωu(ϱ)
dϱ

ϱ
+

r̄2(1−s)

1− τ2(1−s)
≤ 1

2c̄
.

Combining (7.30) with (7.29), we deduce km0+1 ≤ 2M0, which proves the claim (7.28).

Now, for all Lebesgue points x̄ ∈ Br(x0) of Du, by (7.28) we have

(7.31) |Du(x̄)| = lim
m→∞

km ≤ 2M0 =⇒ ∥Du∥L∞(Br(x0))
≤ 2M0 .

Recalling (7.21) and (3.2), for all x̄ ∈ Br(x0), we estimate

k0 + E
(
Du;Br(x̄)

)
≤ c(n)

(ˆ
B2r(x0)

|Du|2 dx
)1/2
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since Br(x̄) ⊂ B2r(x0); we then insert the estimate (7.3) into (7.31), expand the expression (7.27) of M0, and
use that, since (5.3) holds, 1 + β0 − 2s > 0 and r ≤ rx0

≤ ϱx0
≤ 1,

r
[
rβ0−2s + rβ0−2s

x0

]
≤ r1+β0−2s + r1+β0−2s

x0
≤ 2

and similarly

ϱγ−β0−2s
x0

r
[
rβ0−2s + rβ0−2s

x0

]
≤ 2ϱγ−4s

x0
≤ 2ϱ−2s

x0
.

This yields

∥Du∥L∞(Br(x0))
≤ c r−n/2∥Du∥L2(B2r(x0))

+ c ϱ−n/2
x0

∥Du∥L2(Bϱx0
(x0))

+ c
∥∥If1,χ(·, rx0

)
∥∥
L∞(Brx0

(x0))
+ c r r−2s

x0
Tail

(
u− (u)Brx0

(x0);Brx0
(x0)

)
+ c rϱ−2s

x0
Tail

(
u− (u)Bϱx0

(x0);Bϱx0
(x0)

)
,

with c = c(data,max{ν, 1}), and with r ≤ r̄ ≤ rx0
/4 fulfilling (7.24) and (7.30). This completes the proof of

(2.21) (with r̄x0 := r̄). □

Remark 7.4. Taking advantage of the Lipschitz continuity of u, we can improve (7.20). As we want to make
use of Theorem 2.5 in (7.17), we start from points x̄ ∈ Br̄x0

/2(x0) and radii r ≤ r̄x0
/4 and get

(7.32)
∥∥A(·, u( · ))− Ā

∥∥
L∞(Br(x̄))

≤ Λ
[
ωx(r) + ωu

(
[u]C0,1(Br̄x0

(x0))
r
)]

,

with Ā as in (7.4). Additionally, we can apply Proposition 7.3 with β = 1, thus getting

(7.33) r1−2s Tail
(
u− (u)Br(x̄);Br(x̄)

)
≤ c r r̄−2s

x0
Tail

(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ c r

[
r̄1−2s
x0

+

ˆ r̄x0

r

µ1−2s dµ

µ

]
∥Du∥L∞(Br̄x0

(x0))
.

Substituting this into (7.15), and taking into account that
∣∣(Du)B2r(x̄)

∣∣ ≤ ∥Du∥L∞(Br̄x0
(x0))

, gives

(7.34) E
(
Du;Bϱ(x̄)

)
≤ c

[
ϱ

r
+
( r
ϱ

)n/2

ω1(r)

]
E
(
Du;B2r(x̄)

)
+ c

( r
ϱ

)n/2
{
ω1(r)∥Du∥L∞(Br̄x0

(x0))

+ c r

(ˆ
Br(x̄)

|f |2∗ dx
)1/2∗

+ c r r̄−2s
x0

Tail
(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ c r

[
r̄1−2s
x0

+

ˆ r̄x0

r

µ1−2s dµ

µ

]
∥Du∥L∞(Br̄x0

(x0))

}
,

for 0 < ϱ ≤ r ≤ r̄x0
/4, with c = c(data,max{ν, 1}), and where ω1( · ) is defined in (7.19) with β0 = 1, that is

ω1(r) := ωx(r) + ωu

(
[u]C0,1(Br̄x0

(x0))r
)
+ r2(1−s).

We recall that u is the continuous representative of the Lebesgue class in Ωu.

7.3. Gradient continuity of solutions. We prove here the continuity of the gradient under the additional
assumption that the Riesz potential of the datum tends to zero locally uniformly as the radius vanishes. The
proof is divided into two steps: first we show that the local excess of the gradient vanishes locally uniformly at
small scales. Then, by summing the decay estimate (7.20) along a dyadic sequence of radii, we prove that the
corresponding averages of the gradient form a Cauchy sequence; the conclusion then follows as in the proof of
Theorem 2.3. Again, x0 ∈ Ωu and 0 < r̄x0

≤ rx0
/4 ≤ ϱx0

/16 are such that Brx0
(x0) ⋐ Ωu, B2ϱx0

(x0) ⋐ Ω and

the local estimate (2.21) holds.

Proof of Theorem 2.6. Step 1: A VMO-type result. We first prove a local VMO-type estimate for Du, uniform
in Br̄x0

/4(x0). Specifically, we show that for every ε ∈ (0, 1), there exists a radius rε ≤ r̄x0/4 small enough and

independent of x̄ ∈ Br̄x0
/4(x0), such that

(7.35) E
(
Du;Br(x̄)

)
=

( ˆ
Br(x̄)

∣∣Du− (Du)Br(x̄)

∣∣2 dx)1/2

< ε
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for all r ∈ (0, rε] and for all x̄ ∈ Br̄x0/4
(x0). To this end, let us fix Rε > 0, to be determined in the course of

the proof, and let r > 0 be arbitrary with with 0 < 2r ≤ Rε ≤ r̄x0/2. By this choice and (3.9), we have

r

( ˆ
Br(x̄)

|f |2∗ dx
)1/2∗

≤ c If1,χ(x̄, 2r) ≤ c If1,χ(x̄, Rε)

and clearly E(Du;B2r(x̄)) ≤ 2∥Du∥L∞(Br̄x0
(x0))

for all x̄ ∈ Br̄x0/4
(x0). Let us now fix τε ∈ (0, 1) to be chosen

later, and combine the last two estimates with (7.34), choosing ϱ = τεr. Recalling the monotonicity of ω1( · )
and that r ≤ Rε ≤ r̄x0/2, we thus obtain

(7.36) E(Du;Bτεr(x̄)) ≤ c̃

[
τε + τ−n/2

ε

[
ω1(Rε) +Rεr̄

1−2s
x0

+ sup
0<r≤Rε

r

ˆ r̄x0

r

µ1−2s dµ

µ

]]
∥Du∥L∞(Br̄x0

(x0))

+ c̃ τ−n/2
ε If1,χ(x̄, Rε) + c̃ Rε r̄

−2s
x0

Tail
(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
,

with c̃ depending on data and max{ν, 1}. We can now fix τε and Rε: for ε > 0 fixed, we choose

(7.37) τε =
ε

4c̃ ∥Du∥L∞(Br̄x0
(x0))

+ 1
,

and then we select Rε > 0 independent of x̄ such that

τ−n/2
ε

[
ω1(Rε) +Rεr̄

1−2s
x0

+ sup
0<r≤Rε

r

ˆ r̄x0

r

µ1−2s dµ

µ

]
∥Du∥L∞(Br̄x0

(x0))
≤ ε

4c̃

(this is possible since sup0<r≤Rε
r
´ r̄x0

r
µ1−2s dµ

µ ↘ 0 as Rε → 0) and

Rε r̄
−2s
x0

Tail
(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
≤ ε

4c̃
.

Moreover, thanks to our assumption (2.22), we may further reduce Rε, independently of x̄, in such a way that

(7.38) τ−n/2
ε If1,χ(x̄, Rε) <

ε

4c̃
;

merging the content of equations (7.37)–(7.38) with (7.36), we obtain

E
(
Du;Bτεr(x̄)

)
< ε for all r ≤ Rε/2 , for all x̄ ∈ Br̄x0/4

(x0) ,

that is (7.35) with rε = τεRε/2.

Step 2: Du is continuous. We let x̄ ∈ Br̄x0/4
(x0), and let τ ∈ (0, 1/2) a parameter and R1 ≤ r̄x0/2 a radius

both be determined later; we set, for i ∈ N ϱi = τ iR1, Bi(x̄) = Bϱi(x̄). In order to prove that Du is continuous,
it suffices to show that

(7.39) x̄ 7→
{
(Du)Bi(x̄)

}
i∈N0

is a Cauchy sequence, uniformly in Br̄x0/4
(x0)

(see indeed the argument at the end of the proof of Theorem 2.3, applied to Du).

Let us prove (7.39). First observe that, for 1 ≤ k < m, using the definition of ϱi and Hölder’s inequality

(7.40)
∣∣(Du)Bk(x̄)

− (Du)Bm(x̄)

∣∣ ≤ m−1∑
i=k

ˆ
Bi+1

∣∣Du− (Du)Bi(x̄)

∣∣ dx ≤ τ−n
m−1∑
i=k

E
(
Du;Bi(x̄)

)
,

see for instance (6.12). We then make use of (7.34) with ϱ = ϱi+1 and r = ϱi/2 for i ∈ N0, together with
|(Du)Bi(x̄)

| ≤ ∥Du∥L∞(Br̄x0
(x0))

and the fact that ω1 is monotone increasing, so that we find

E
(
Du;Bi+1(x̄)

)
≤ c̃

{
τ + τ−n/2ω1(ϱi)

}
E
(
Du;Bi(x̄)

)
+ c τ−n/2ω1(ϱi)∥Du∥L∞(Br̄x0

(x0))

+ c τ−n/2ϱi

( ˆ
Bi(x̄)

|f |2∗ dx
)1/2∗

+ c τ−n/2ϱi r̄
−2s
x0

Tail
(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ c τ−n/2ϱi r̄

1−2s
x0

∥Du∥L∞(Br̄x0
(x0))

+ c τ−n/2ϱi

ˆ r̄x0

ϱi/2

µ1−2s dµ

µ
∥Du∥L∞(Br̄x0

(x0))
,(7.41)



PARTIAL REGULARITY FOR VECTORIAL LOCAL-NONLOCAL PROBLEMS 44

where c, c̃ depend on data and max{ν, 1}. We now fix τ = τ(data,max{ν, 1}) and then R1 > 0, both indepen-
dent of x̄, such that

c̃
{
τ + τ−n/2ω1(R1)

}
≤ 1

2
.

Combining this information with (7.41), using ω1(ϱi) ≤ ω1(R1) and recalling that now τ depends on data gives

E
(
Du;Bi+1(x̄)

)
≤ 1

2
E
(
Du;Bi(x̄)

)
+ c ω1(ϱi)∥Du∥L∞(Br̄x0

(x0))

+ c ϱi

( ˆ
Bi(x̄)

|f |2∗ dx
)1/2∗

+ c ϱi

ˆ r̄x0

ϱi+1

µ1−2s dµ

µ
∥Du∥L∞(Br̄x0

(x0))

+ c ϱir̄
−2s
x0

[
Tail

(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ r̄x0

∥Du∥L∞(Br̄x0
(x0))

]
.

We take the sum over i = k, . . . ,m and, after changing variables and enlarging summations on the right-hand
side, we get

m+1∑
i=k+1

E
(
Du;Bi(x̄)

)
≤ 1

2

m∑
i=k

E
(
Du;Bi(x̄)

)
+ c∥Du∥L∞(Br̄x0

(x0))

∞∑
i=k

ω1(ϱi)

+ c

m∑
i=k

ϱi

(ˆ
Bi(x̄)

|f |2∗ dx
)1/2∗

+ c ∥Du∥L∞(Br̄x0
(x0))

∞∑
i=k

ϱi

ˆ r̄x0

ϱi+1

µ1−2s dµ

µ

+ c r̄−2s
x0

[
Tail

(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ r̄x0

∥Du∥L∞(Br̄x0
(x0))

] ∞∑
i=k

ϱi ;

reabsorbing the first term on the right-hand side, letting m → +∞, using the definition of the radii ϱi, the
choice of τ = τ(data,max{ν, 1}) and the fact that R1 ≤ r̄x0 , the above inequality entails

(7.42)

∞∑
i=k

E
(
Du;Bi(x̄)

)
≤ 2E

(
Du;Bk(x̄)

)
+ c ∥Du∥L∞(Br̄x0

(x0))

∞∑
i=k

ω1(ϱi) + c

∞∑
i=k

ϱi

( ˆ
Bi(x̄)

|f |2∗ dx
)1/2∗

+ c τk
[
r̄1−2s
x0

Tail
(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ r̄2(1−s)

x0
∥Du∥L∞(Br̄x0

(x0))

]
+ c ∥Du∥L∞(Br̄x0

(x0))

∞∑
i=k

ϱi

ˆ r̄x0

ϱi+1

µ1−2s dµ

µ
.

Now we recall that, by (3.4) (ω1( · ) is indeed a modulus of continuity) and (3.9),

∞∑
i=k

ω1(ϱi) ≤ c

ˆ ϱk−1

0

ω1(t)
dt

t
and

∞∑
i=k

ϱi

( ˆ
Bi(x̄)

|f |2∗ dx
)1/2∗

≤ c If1,χ(x̄, ϱk−1) ,

and we notice that
∞∑
i=k

ϱi

ˆ r̄x0

ϱi+1

µ1−2s dµ

µ
≤ c(s, τ)τkmin{1,2(1−s)}r̄2(1−s)

x0

[
log

r̄x0

R1
+ k

]
.

Indeed, if s ̸= 1/2, then
ˆ r̄x0

ϱi+1

µ1−2s dµ

µ
=

r̄1−2s
x0

− ϱ1−2s
i+1

1− 2s
≤ c(s, τ)max

{
r̄1−2s
x0

, ϱ1−2s
i

}
so that, recalling that ϱi ≤ R1 ≤ r̄x0

/2 and that 2(1− s) > 0,

∞∑
i=k

ϱi

ˆ r̄x0

ϱi+1

µ1−2s dµ

µ
≤ c(s)

∞∑
i=k

ϱi max
{
r̄1−2s
x0

, ϱ1−2s
i

}
≤ c(s, τ) r̄2(1−s)

x0
max

{
τk, τ2k(1−s)

}
;

if s = 1/2, then ˆ r̄x0

ϱi+1

µ−1 dµ = log
r̄x0

τ i+1R1
= log

r̄x0

R1
+ (i+ 1) log

1

τ
,
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so that
∞∑
i=k

ϱi

ˆ r̄x0

ϱi+1

µ−1 dµ ≤ c(τ)R1

∞∑
i=k

τ i
(
log

r̄x0

R1
+ i+ 1

)
≤ c r̄x0

τk
[
log

r̄x0

R1
+ k + 1

]
.

Inserting this information into (7.42) yields

(7.43)

∞∑
i=k

E
(
Du;Bi(x̄)

)
≤ 2E

(
Du;Bk(x̄)

)
+ c̃ ∥Du∥L∞(Br̄x0

(x0))

ˆ ϱk−1

0

ω1(t)
dt

t
+ c̃ If1,χ(x̄, ϱk−1)

+ c r̄1−2s
x0

[
τk Tail

(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ τkmin{1,2(1−s)}r̄x0

[
log

r̄x0

R1
+ k

]
∥Du∥L∞(Br̄x0

(x0))

]
,

with c, c̃ depending on data and max{ν, 1}. By Step 1, see (7.35), we have that

lim
k→∞

E
(
Du;Bk(x̄)

)
= 0 uniformly in x̄ ∈ Br̄x0/4

(x0) .

Using this information, the Dini continuity of ω1( · ), (2.22), and since τ = τ(data,max{ν, 1}) ∈ (0, 1/16), from
(7.43) we deduce that for any ε > 0 we may find kε > 0, independent of x̄, such that

∞∑
i=k

sup
x̄∈Br̄x0

/4(x0)

E
(
Du;Bi(x̄)

)
< τnε for all k ≥ kε ;

substituting this estimate into (7.40) gives∣∣(Du)Bk(x̄)
− (Du)Bm(x̄)

∣∣ < ε for all kε ≤ k < m and all x̄ ∈ Br̄x0
/4(x0) ,

so that (7.39) is proved, thus completing the proof. □

7.4. Gradient Hölder continuity. Carefully tracking the dependences in the previous proof gives the proof
of Theorem 2.7, once the data are sufficiently regular.

Proof of Theorem 2.7. We fix an exponent χ such that 2∗ < χ < n; since n < n/(1−β), this choice is admissible
in (3.5) with m = n/(1− β). By (2.1) and (3.5), we have for x̄ ∈ Brx0

(x0) and r ≤ rx0

(7.44) r

(ˆ
Br(x̄)

|f |2∗ dx
)1/2∗

+ r

(ˆ
Br(x̄)

|f |χ dx

)1/χ

≤ c(n, β)rβ∥f∥Mn/(1−β)(Br(x̄))
,

which in particular implies∥∥If1,χ( · , rx0
)
∥∥
L∞(Brx0

(x0))
≤ c(n, β)∥f∥Mn/(1−β)(Bϱx0

(x0))
;

combining this inequality with (2.21), the new Lipschitz continuity estimate (2.25) follows.

Let us now fix x̄ ∈ Br̄x0
/4(x0), and let r ≤ r̄x0/4. Rewriting estimate (7.34) using (7.44) and also

E
(
Du;B2r(x̄)

)
≤ 2∥Du∥L∞(Br̄x0

(x0))
due to the inclusion B2r(x̄) ⊂ Br̄x0

(x0), yields

(7.45) E
(
Du;Bϱ(x̄)

)
≤ c

ϱ

r
E
(
Du;B2r(x̄)

)
+ c

( r
ϱ

)n/2
{
ω1(r)∥Du∥L∞(Br̄x0

(x0))
+ c rβ∥f∥Mn/(1−β)(Br̄x0

(x0))

+ c r r̄−2s
x0

Tail
(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ c r

[
r̄1−2s
x0

+

ˆ r̄x0

r

µ1−2s dµ

µ

]
∥Du∥L∞(Br̄x0

(x0))

}
,

where we can redefine

ω1(r) =
[
1 + ∥Du∥βL∞(Br̄x0

(x0))

]
rmin{β,2(1−s)}.

We now notice the elementary inequality

r

[
r̄1−2s
x0

+

ˆ r̄x0

r

µ1−2s dµ

µ

]
≤ c

(
1 + r̄1−2s

x0

)
rmin{β,2(1−s)}.

valid for every r ∈ (0, r̄x0/4]: the only non-trivial case in when s = 1/2, and in this case we can estimate

r

ˆ r̄x0

r

µ−1 dµ = r log
r̄x0

r
≤ c(β)r̄1−β

x0
rβ
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as β < 1. If we insert this into (7.45), after multiplying both sides by ϱn/2 and factoring out the smallest power
of r appearing in the error terms, namely rmin{β,2(1−s)} ≥ r, after a few algebraic manipulations, we are lead to

(7.46)

(ˆ
Bϱ(x̄)

∣∣Du− (Du)Bϱ(x̄)

∣∣2 dx)1/2

≤ Ĉrn/2+min{β,2(1−s)} + c
(ϱ
r

)n/2+1
(ˆ

B2r(x̄)

∣∣Du− (Du)B2r(x̄)

∣∣2 dx)1/2

,

where we set

Ĉ = c(data,max{ν, 1}, β)
[
∥Du∥1+β

L∞(Br̄x0
(x0))

+
(
1 + r̄1−2s

x0

)
∥Du∥L∞(Br̄x0

(x0))

+ ∥f∥Mn/(1−β)(Bϱx0
(x0))

+ r̄−2s
x0

Tail
(
u− (u)Br̄x0

(x0);Br̄x0
(x0)

)
+ 1

]
.

Therefore, by setting

ϕ(ϱ) ≡ ϕx̄(ϱ) :=

(ˆ
Bϱ(x̄)

∣∣Du− (Du)Bϱ(x̄)

∣∣2 dx)1/2

from (7.46) we have, absorbing the powers of 2 into the constants,

(7.47) ϕ(ϱ) ≤ c
( ϱ

R

)n/2+1

ϕ(R) + c ĈRn/2+min{β,2(1−s)} .

for all 0 < ϱ ≤ R = 2r ≤ r̄x0/2, as the estimate is trivial for ϱ ∈ (R/2, R]. Additionally, by means of (3.2) it
is immediate to verify that ϱ 7→ ϕ(ϱ) is a monotone function. This observation and (7.47) allow us to apply a
standard iteration lemma [34, Lemma 2.1, Chapter III], which yields

ϕ(r) ≤ c

[
ϕ(r̄x0/4)

(r̄x0
)n/2+min{β,2(1−s)} + Ĉ

]
rn/2+min{β,2(1−s)} ;

from this estimate and (3.2), since Br̄x0
/4(x̄) ⊆ Br̄x0

(x0), we get

E(Du;Br(x̄)) ≤ c
[
r̄−min{β,2(1−s)}
x0

E
(
Du;Br̄x0

(x0)
)
+ Ĉ

]
rmin{β,2(1−s)}

for all 0 < r ≤ r̄x0/4 and all x̄ ∈ Br̄x0/4
(x0), where c = c(data,max{ν, 1}, β). This estimate then yields our

desired result (2.26) by Campanato’s characterization of Hölder continuity [34, Chapter 3.1]. □

We now move on to the proof of Theorem 2.8; to this end, we need to improve the exponent 2(1 − s)
appearing in the scale factor of the comparison estimate (7.7). This in turn boils down to improving the
nonlocal estimates (7.11), (7.12) and (7.14), and this is where we will use the particular form of the nonlocal
term Qnl

Φ given by (2.28) and the newfound Hölder continuity of Du obtained in Theorem 2.7.

Before proving Theorem 2.8, we introduce the following notation and make a preliminary remark. Under
assumption (2.28), we write Qnl

Φ = Qnl
a .

Remark 7.5. For any affine function ℓ : Rn → RN , following [41, Remark 3.4], we show that

(7.48) Qnl
a ℓ = 0 in Rn

that holds in the P.V. sense if s ≥ 1/2. In fact, write ℓ(x) = Mx + b, for some matrix M ∈ RN×n and vector
b ∈ RN . Then, for all x ∈ Rn, we have

ˆ
Rn

a(x− y)
(
ℓ(x)− ℓ(y)

) dy

|y − x|n+2s
=

ˆ
Rn

a(x− y)M(x− y)
dy

|y − x|n+2s
=

ˆ
Rn

a(z)Mz
dz

|z|n+2s
= 0 ,

(7.49)

where the last equality stems fromˆ
Rn

aαβ(z)Mβjzj
dz

|z|n+2s
= 0 for all α, β = 1, . . . , N , j = 1, . . . , n,

since the integrand is odd by (2.27); these integrals are to be meant in the P.V. sense. From (7.49), equa-
tion (7.48) follows.



PARTIAL REGULARITY FOR VECTORIAL LOCAL-NONLOCAL PROBLEMS 47

Let us now introduce the following shorthand notation. For x0 ∈ Ω and ϱ > 0, we define the affine function

(7.50) ℓx0,ϱ(x) ≡ ℓϱ(x) := (u)Bϱ(x0) + (Du)Bϱ(x0)
(x− x0), x ∈ Rn .

In the following, we will use several times the following inequality: for all y ∈ Rn and 0 < ϱ ≤ r, we have

(7.51) |ℓx0,ϱ − ℓx0,r|(x) ≤
( r
ϱ

)n
ˆ
Br(x0)

|u− ℓx0,r| dx+
( r
ϱ

)n

|x− x0|
ˆ
Br(x0)

∣∣Du− (Du)Br(x0)

∣∣ dx .
To prove it, without loss of generality we may assume that x0 = 0, and we set (u)r = (u)Br and ℓϱ = ℓx0,ϱ;
then observe that

´
Bϱ

(Du)r x dx = 0, so we have

|ℓϱ − ℓr|(x) =

∣∣∣∣∣
ˆ
Bϱ

[u(z) +Du(z)x− (u)r − (Du)r x] dz

∣∣∣∣∣
=

∣∣∣∣∣
ˆ
Bϱ

[u(z)− (u)r − (Du)rz +Du(z)x− (Du)r x] dz

∣∣∣∣∣
≤
ˆ
Bϱ

|u− ℓr|(z)dz +
∣∣[(Du)ϱ − (Du)r]x

∣∣
≤

( r
ϱ

)n
ˆ
Br

|u− ℓr| dz +
( r
ϱ

)n

|x|
ˆ
Br

|Du− (Du)r| dz

and (7.51) follows.

Lemma 7.6. Let 0 < R0 ≤ 1, and let u ∈ W 1,1(BR0
(x0);RN )∩L1

2s; suppose that s > 1/2. Then there exists a
constant c = c(n,N, s) such that

(7.52) Tail
(
u− ℓx0,r;Br(x0)

)
≤ c

( r

R

)2s

Tail
(
u− ℓx0,R;BR(x0)

)
+ c

ˆ R

r

( r

µ

)2s
ˆ
Bµ(x0)

|u− ℓx0,µ| dx
dµ

µ
+ c r

ˆ R

r

( r

µ

)2s−1
ˆ
Bµ(x0)

∣∣Du− (Du)Bµ(x0)

∣∣ dx dµ

µ

+ c
( r

R

)2s
ˆ
BR(x0)

|u− ℓx0,R| dx+ c
( r

R

)2s

R

ˆ
BR(x0)

∣∣Du− (Du)BR(x0)

∣∣ dx
for all 0 < r ≤ R ≤ R0. In particular, by Poincaré’s inequality, there holds

(7.53) Tail
(
u− ℓx0,r;Br(x0)

)
≤ c

( r

R

)2s

Tail
(
u− ℓx0,R;BR(x0)

)
+ c r

ˆ R

r

( r

µ

)2s−1
ˆ
Bµ(x0)

∣∣Du− (Du)Bµ(x0)

∣∣ dx dµ

µ
+ c

( r

R

)2s

R

ˆ
BR(x0)

∣∣Du− (Du)BR(x0)

∣∣ dx .
Proof. By translation, we may assume that x0 = 0 and set ℓϱ = ℓ0,ϱ. The proof follows the argument of [26,
Lemma 3.2]; since the replacement of the constant averages (u)Bρ

by the affine maps ℓρ produces additional
terms involving the oscillation of Du, we include the details. We split

Tail
(
u− ℓr;Br

)
≤ r2s

ˆ
Rn\BR

|u− ℓr|
dx

|x|n+2s
+ r2s

ˆ
BR\Br

|u− ℓr|
dx

|x|n+2s

≤
( r

R

)2s

Tail
(
u− ℓR;BR

)
+ r2s

ˆ
Rn\BR

|ℓR − ℓr|
dx

|x|n+2s
+ r2s

ˆ
BR\Br

|u− ℓr|
dx

|x|n+2s
.

We call the last two integrals T1 and T2, respectively. We first study the case r ≤ R/4. Hence, there exist
γ ∈ (1/4, 1/2] and an integer k ≥ 2 such that r = γkR. By telescoping and exploiting that γ ∈ (1/4, 1/2] and
(7.51) multiple times, we get

T1 ≤ c r2s
k−1∑
i=0

ˆ
Rn\BR

∣∣ℓγiR − ℓγi+1R

∣∣ dx

|x|n+2s

≤ c
( r

R

)2s k−1∑
i=1

ˆ
BγiR

|u− ℓγiR| dx+ c
( r

R

)2s

R

k−1∑
i=1

ˆ
BγiR

|Du− (Du)γiR| dx
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+ c
( r

R

)2s
ˆ
BR

|u− ℓR| dx+ cR
( r

R

)2s
ˆ
BR

∣∣Du− (Du)R
∣∣ dx ;(7.54)

we remark that above we used (3.16), also replacing 2s with 2s − 1, which are admissible since s > 1/2. Now
we shorten

(7.55) G(ρ) :=

ˆ
Bρ

|u− ℓρ| dx, H(ρ) :=

ˆ
Bρ

∣∣Du− (Du)ρ
∣∣ dx

and we notice that for every i ∈ {1, . . . , k − 1} and every µ ∈ [γiR, γi−1R], by (7.51), (3.2) and the fact that
γ ∈ (1/4, 1/2], we have G(γiR) ≤ cG(µ) + c µH(µ) and H(γiR) ≤ cH(µ). Consequently,( r

R

)2s k−1∑
i=1

G(γiR) ≤ c

ˆ R

r

( r

µ

)2s

G(µ)
dµ

µ
+ c r

ˆ R

r

( r

µ

)2s−1

H(µ)
dµ

µ

and, recalling that 2s > 1, ( r

R

)2s

R

k−1∑
i=1

H(γiR) ≤ c r

ˆ R

r

( r

µ

)2s−1

H(µ)
dµ

µ
.

Using the first estimate to bound the first term on the right-hand side in (7.54), we have

(7.56)
( r

R

)2s k−1∑
i=1

ˆ
BγiR

|u− ℓγiR| dx

≤ c

ˆ R

r

( r

µ

)2s
ˆ
Bµ

|u− ℓµ| dx
dµ

µ
+ c r

ˆ R

r

( r

µ

)2s−1
ˆ
Bµ

|Du− (Du)µ| dx
dµ

µ
,

while using the second one yields

(7.57)
( r

R

)2s

R

k−1∑
i=1

ˆ
BγiR

∣∣Du− (Du)γiR

∣∣ dx ≤ c r

ˆ R

r

( r

µ

)2s−1
ˆ
Bµ

∣∣Du− (Du)µ
∣∣ dx dµ

µ

with c = c(n,N, s). Combining (7.56)–(7.57) with (7.54), we get

T1 ≤ c

ˆ R

r

( r

µ

)2s
ˆ
Bµ

|u− ℓµ| dx
dµ

µ
+ c r

ˆ R

r

( r

µ

)2s−1
ˆ
Bµ

∣∣Du− (Du)µ
∣∣ dx dµ

µ

+ c
( r

R

)2s
ˆ
BR

|u− ℓR| dx+ c
( r

R

)2s

R

ˆ
BR

∣∣Du− (Du)R
∣∣ dx ,

with c = c(n,N, s). Next we estimate T2: by telescoping and using again that γ ∈ (1/4, 1/2], we find

T2 ≤ r2s
k−1∑
i=0

ˆ
Bγ−i−1r\Bγ−ir

|u− ℓr|
dx

|x|n+2s
≤ c(n, s)

k∑
i=0

γi2s

ˆ
Bγ−ir

|u− ℓr| dx .(7.58)

On the other hand, for 0 ≤ i ≤ k, by telescoping and using (7.51) and that γ ∈ (1/4, 1/2], we find

(7.59)

ˆ
Bγ−ir

|u− ℓr| dx ≤ c

i∑
m=0

ˆ
Bγ−mr

|u− ℓγ−mr| dx+ c γ−ir

i∑
m=0

ˆ
Bγ−mr

∣∣Du− (Du)γ−mr

∣∣ dx ,
with c = c(n,N). Merging the content of (7.58)–(7.59), and using Fubini’s theorem on discrete sums, we obtain

T2 ≤ c

k∑
i=0

γi2s
i∑

m=0

ˆ
Bγ−mr

|u− ℓγ−mr| dx+ c

k∑
i=0

γi(2s−1)r

i∑
m=0

ˆ
Bγ−mr

|Du− (Du)γ−mr| dx

≤ c

k∑
m=0

ˆ
Bγ−mr

|u− ℓγ−mr| dx
∞∑

i=m

γi2s + c r

k∑
m=0

ˆ
Bγ−mr

∣∣Du− (Du)γ−mr

∣∣ dx ∞∑
i=m

γi(2s−1)

≤ c

k∑
m=0

γm2s

ˆ
Bγ−mr

|u− ℓγ−mr| dx+ c r

k∑
m=0

γm(2s−1)

ˆ
Bγ−mr

∣∣Du− (Du)γ−mr

∣∣ dx(7.60)
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with c = c(n,N, s), since γ ∈ (1/4, 1/2] and 2s > 1, and thus we can majorize the geometric sums. Now we
estimate as after (7.55): for m = 0, . . . , k−1, if µ ∈ [γ−mr, γ−(m+1)r] we again have G(γ−mr) ≤ cG(µ)+cµH(µ)
and H(γ−mr) ≤ cH(µ). Since γ2sm ≈ (r/µ)2s, rγ(2s−1)m ≈ r(r/µ)2s−1 for µ ∈ [γ−mr, γ−(m+1)r], we obtain

(7.61)

k∑
m=0

γm2sG(γ−mr) ≤ c

ˆ R

r

( r

µ

)2s

G(µ)
dµ

µ
+ c r

ˆ R

r

( r

µ

)2s−1

H(µ)
dµ

µ
+ c

( r

R

)2s

G(R),

and

(7.62)

k∑
m=0

γm(2s−1)H(γ−mr) ≤ c

ˆ R

r

( r

µ

)2s−1

H(µ)
dµ

µ
+ c

( r

R

)2s−1

H(R).

Inserting (7.61)–(7.62) into (7.60), we obtain

T2 ≤ c

ˆ R

r

( r

µ

)2s
ˆ
Bµ

|u− ℓµ| dx
dµ

µ
+ c

( r

R

)2s
ˆ
BR

|u− ℓR| dx

+ c r

ˆ R

r

( r

µ

)2s−1
ˆ
Bµ

∣∣Du− (Du)µ
∣∣ dx dµ

µ
+ cR

( r

R

)2s
ˆ
BR

∣∣Du− (Du)R
∣∣ dx ,

where c = c(n,N, s). Merging the estimates for T1 and T2 proves (7.52) when r ≤ R/4.

For R/4 ≤ r ≤ R, using (7.51) we simply have

T1 ≤ c

ˆ
BR

|u− ℓR| dx+ c r2s
ˆ
BR

∣∣Du− (Du)R
∣∣ dx ˆ

Rn\BR

dx

|x|n+2s−1

≤ c
( r

R

)2s
ˆ
BR

|u− ℓR| dx+ c
( r

R

)2s

R

ˆ
BR

∣∣Du− (Du)R
∣∣ dx ,

and

T2 ≤ c r−n

ˆ
BR\Br

|u− ℓr| dx ≤ c

ˆ
BR

|u− ℓR| dx+ c

ˆ
BR

|ℓR − ℓr| dx

≤ c
( r

R

)2s
ˆ
BR

|u− ℓR| dx+ c
( r

R

)2s

R

ˆ
BR

∣∣Du− (Du)R
∣∣ dx .

□

Now we move on to the proof of Theorem 2.8.

Proof of Theorem 2.8. Theorem 2.7 already covers the case s ≤ 1/2; we may therefore assume throughout the
proof that s > 1/2. The argument is a bootstrap on the differentiability exponent: Theorem 2.7 indeed provides
the initial regularity Du ∈ C0,β for every β ≤ 2(1− s). The special structure of the nonlocal term then allows,
at each step, to use the already known Hölder regularity of Du to improve the decay of the nonlocal tail by
a further amount 2(1 − s). This is due to the cancellation of affine functions in the frozen nonlocal operator,
which allows the tail to be estimated in terms of the oscillation of Du, rather than of u itself. All the estimates
below are performed on the regular set Ωu obtained in Theorem 2.7; the bootstrap does not change this set,
but only improves the Hölder exponent of Du on compact subsets of Ωu.

We prove the theorem by induction; more precisely, we show that for every k ∈ N0,

(7.63) Theorem 2.8 holds for every β ∈ (0,min{2(k + 1)(1− s), 1}).
The statement for k = 0 follows from Theorem 2.7, since it covers the range 0 < β ≤ 2(1 − s). Assume that
(7.63) holds for some k0 ∈ N0 (such that 2(k0 + 1)(1 − s) < 1); let us prove it for k0 + 1. Let 0 < β <
min{2(k0 +2)(1− s), 1}; if β < 2(k0 +1)(1− s), then the conclusion is trivial by the inductive hypothesis; thus
we may assume that

2(k0 + 1)(1− s) ≤ β < min{2(k0 + 2)(1− s), 1}.
Choose β0 < 2(k0 + 1)(1 − s) so close to 2(k0 + 1)(1 − s) that β < β0 + 2(1 − s); we also choose β0 ̸= 2s − 1.

Since the assumption f ∈ Mn/(1−β)
loc implies f ∈ Mn/(1−β0)

loc , we obtain Du ∈ C0,β0

loc (Ωu) and in particular, for
every x0 ∈ Ωu, after setting Rx0

= r̄x0
/32,

(7.64) [Du]C0,β0 (B4Rx0
(x0))

≤ Ck0
.
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Let now x̄ ∈ BRx0/4
(x0) and 0 < r ≤ Rx0/32 be fixed, and also let ℓx̄,2r = ℓ2r be the affine function defined in

(7.50).

We go back to estimate (7.8) and we improve the estimate for the term (III) = ⟪Qnl
a u, u− h⟫nl; by using

(7.48), the linearity of Qnl
a , (2.27)–(2.28) and (7.6), we get

⟪Qnl
a u, u− h⟫nl = ⟪Qnl

a (u− ℓ2r), u− h⟫nl
=

ˆ
B2r(x̄)

ˆ
B2r(x̄)

a(y − z)
[
(u− ℓ2r)(y)− (u− ℓ2r)(z)

]
·
[
(u− h)(y)− (u− h)(z)

] dy dz

|y − z|n+2s

− 2

ˆ
Br(x̄)

ˆ
Rn\B2r(x̄)

a(y − z)
[
(u− ℓ2r)(y)− (u− ℓ2r)(z)

]
· (u− h)(z)

dy dz

|y − z|n+2s

=: (IV )1 + (IV )2 .(7.65)

Using (2.27), (3.6) and (7.6), we find

|(IV )1| ≤ c [u− ℓ2r]W s,2(B2r(x̄)) [u− h]W s,2(B2r(x̄))

= c r2(1−s)

(ˆ
B2r(x̄)

∣∣Du− (Du)B2r(x̄)

∣∣2 dx)1/2(ˆ
B2r(x̄)

|Du−Dh|2 dx
)1/2

≤ cCk0
rn/2+β0+2(1−s)

(ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2

,

with c = c(n,N, s,max{ν, 1}), where in the last inequality we used (7.6) and (7.64). Then, by (2.27), (3.16),
(7.6), (7.13), Hölder’s and Poincaré’s inequalities (which are applicable as (ℓ2r)B2r(x̄) = (u)B2r(x̄)) we get

|(IV )2| ≤ c

ˆ
Br(x̄)

|(u− h)(z)|
{ˆ

Rn\B2r(x̄)

(
|u(y)− ℓ2r(y)|+ |u(z)− ℓ2r(z)|

) dy

|y − x̄|n+2s

}
dz

= c r−2s Tail
(
u− ℓ2r;B2r(x̄)

) ˆ
Br(x̄)

|(u− h)(z)| dx+ c r−2s

ˆ
Br(x̄)

|u− h||u− ℓ2r| dx

≤ c rn/2−2s Tail
(
u− ℓ2r;B2r(x̄)

)(ˆ
Br(x̄)

|u− h|2 dx
)1/2

+ c r−2s

(ˆ
Br(x̄)

|u− h|2 dx
)1/2(ˆ

B2r(x̄)

|u− ℓ2r|2 dx
)1/2

≤ c rn/2+1−2s Tail
(
u− ℓ2r;B2r(x̄)

)(ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2

+ c rn/2+2(1−s)

(ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2 ( ˆ

B2r(x̄)

∣∣Du− (Du)B2r(x̄)

∣∣2 dx)1/2

≤ c rn/2+1−2s Tail
(
u− ℓ2r;B2r(x̄)

)(ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2

+ cCk0
rn/2+β0+2(1−s)

(ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2

,

with c = c(data,max{ν, 1}), where in the last inequality we used (7.64). Then, by using the tail property (7.53)
and (7.64), we get

r−2s Tail
(
u− ℓ2r;B2r(x̄)

)
≤ cR−2s

x0
Tail

(
u− ℓRx0

;BRx0
(x̄)

)
+ c

ˆ Rx0

r

µ1−2s

ˆ
Bµ(x̄)

∣∣Du− (Du)Bµ(x̄)

∣∣ dx dµ

µ

+ cR1−2s
x0

ˆ
BRx0

(x̄)

∣∣Du− (Du)BRx0
(x̄)

∣∣ dx
≤ cR−2s

x0
Tail

(
u− ℓRx0

;BRx0
(x̄)

)
+ cCk0

ˆ Rx0

r

µ1−2s+β0
dµ

µ
+ cCk0

R1−2s+β0
x0
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≤ cR−2s
x0

Tail
(
u− ℓRx0

;BRx0
(x̄)

)
+ cCk0

(
R1−2s+β0

x0
+ r1−2s+β0

)
,

where c = c(n,N, s). Moreover, by (3.19) and since s > 1/2, we estimate

R−2s
x0

Tail
(
u− ℓRx0

;BRx0
(x̄)

)
≤ cR−2s

x0
Tail

(
u− (u)BRx0

(x̄);BRx0
(x̄)

)
+ c

∣∣(Du)BRx0
(x̄)

∣∣ ˆ
Rn\BRx0

(x̄)

dx

|x− x̄|n+2s−1

≤ cR−2s
x0

Tail
(
u− (u)B4Rx0

(x0);B4Rx0
(x0)

)
+ cR1−2s

x0
∥Du∥L∞(Br̄x0

(x0))
(7.66)

for all x̄ ∈ BRx0
(x0), where c = c(n,N, s). We merge the content of (7.65)–(7.66), (7.33), and (7.64), obtaining∣∣⟪Qnl

a u, u− h⟫∣∣ ≤ c rn/2+1

{
R−2s

x0
Tail

(
u− (u)B4Rx0

(x0);B4Rx0
(x0)

)
+R1−2s

x0
∥Du∥L∞(Br̄x0

(x0))

+ cCk0

(
R1−2s+β0

x0
+ r1−2s+β0

)}( ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2

≤ C̃k0
rn/2+min{1,β0+2(1−s)}

(ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2

(7.67)

for all x̄ ∈ BRx0
(x0), and 0 < r ≤ Rx0/32, with the obvious definition for C̃k0 . We now combine (7.8)–(7.10),

(7.67), (7.44) and performing the same algebraic manipulations we obtain the improved comparison estimate(ˆ
Br(x̄)

|Du−Dh|2 dx
)1/2

≤ c rn/2
{
∥A(·, u( · ))− Ā∥L∞(Br(x̄))

+ C̃k0r
min{1,β0+2(1−s)}

}( ˆ
B2r(x̄)

|Du|2 dx
)1/2

+ c rn/2+β∥f∥Mn/(1−β)(Bϱx0
(x0))

≤ c rn/2
{(

∥Du∥βL∞(Br̄x0
(x0))

+ 1
)
rβ + C̃k0r

min{1,β0+2(1−s)}
}
∥Du∥L∞(BRx0

(x0))

+ c rn/2+β∥f∥Mn/(1−β)(Bϱx0
(x0))

≤ Ĉk0
rn/2+β(7.68)

for all 0 < r ≤ Rx0
/32, where in the last line we used (7.32), (2.23), and the choice β < min{1, β0 + 2(1− s)},

with the obvious definition for Ĉk0
. Equation (7.68) together with (7.16) gives

(7.69)

(ˆ
Bϱ(x̄)

|Du− (Du)Bϱ(x̄)
|2 dx

)1/2

≤ c
(ϱ
r

)n/2+1
(ˆ

Br(x̄)

|Du− (Du)Br(x̄)
|2 dx

)1/2

+ Ĉk0
rn/2+β ;

this holds for all x̄ ∈ BRx0
(x0) and 0 < ϱ ≤ r ≤ Rx0/32. Equation (7.69) together with the standard iteration

argument already used after (7.47) imply

E
(
Du;Br(x̄)

)
≤ c

[
1

Rβ
x0

E
(
Du;BRx0

(x̄)
)
+ Ĉk0

]
rβ ≤ c

[
1

Rβ
x0

∥Du∥L∞(Br̄x0
(x0))

+ Ĉk0

]
rβ

for all r ≤ Rx0
and x̄ ∈ BRx0

(x0), with c = c(data,max{ν, 1}, β). This estimate and Campanato’s characteriza-

tion of Hölder continuity prove that Du ∈ C0,β
loc (BRx0

(x0)) with quantitative estimate (2.30), and this completes
the inductive step, and hence the proof. □

7.5. Hierarchy of radii and admissible balls. For the reader’s convenience, we summarize the hierarchy
of radii used throughout the preceding proofs: several local scales have been introduced at different stages of
the argument, each with a specific role. The following recap wants to collect their mutual relations and the
corresponding ball inclusions, so that the localization arguments above can be read without ambiguity. For an
exhaustion of compact sets Ki ⋐ Ω as defined at the beginning of the Chapter, we define the threshold

r̄β(Ki) := min

{
r0, r1, rf (Ki), rA(Ki),

1

4
dist(Ki, ∂Ω)

}
:
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this is the maximal scale on the compact set Ki at which the smallness assumptions on the coefficients and on
the datum are valid, and at which the structural restrictions involving r0 and r1 can be used. If x0 ∈ Ωu,β ,
then, by definition, there are i = i(x0) ∈ N and 0 < ϱx0

< r̄β(Ki) such that

x0 ∈ Ki, Bϱx0
(x0) ⋐ B2ϱx0

(x0) ⋐ Ω, Eγ(u;Bϱx0
(x0)) <

εs
2
.

The radius ϱx0
is the initial scale at which Proposition 5.6 is applied. Next, by the continuity of x 7→

Eγ(u;Bϱx0
(x)), we choose a radius 0 < rx0

≤ ϱx0
/8 so small that

Brx0
(x0) ⋐ int(Ki), Bϱx0

(x̄) ⋐ Ω and Eγ(u;Bϱx0
(x̄)) <

εs
2

for every x̄ ∈ Brx0
(x0): this is the localization radius, as it allows us to apply Proposition 5.6 uniformly with

center x̄ ∈ Brx0
(x0) and initial scale ϱx0

. In particular, for such centers, Bϱx0
(x̄) ⊂ B2ϱx0

(x0) ⋐ Ω.

In the gradient estimates we shall further reduce the working scale. We choose 0 < r̄x0
≤ rx0

/4, and
this radius is the scale on which the Lipschitz estimate is obtained. It is chosen small enough to satisfy the
smallness conditions required in the iteration/summation procedures, and it guarantees the inclusions Br(x̄) ⊂
B2r̄x0

(x0) ⊂ Brx0
(x0) if x̄ ∈ Br̄x0

(x0) and 0 < r ≤ r̄x0 , and B2r(x̄) ⊂ Br̄x0
(x0) if 0 < r ≤ r̄x0/4 and

x̄ ∈ Br̄x0/2
(x0). Finally, in the bootstrap arguments for higher gradient regularity Theorem 2.8, we have to

reduce the radius once more and choose 0 < Rx0
≤ r̄x0

. This is the scale on which the already established C1,β0

estimate is used as an input for the next step of the bootstrap. If x̄ ∈ BRx0
/4(x0) and 0 < r ≤ Rx0

/8, then

B2r(x̄) ⊂ BRx0/2
(x0) ⊂ BRx0

(x0) ⊂ Br̄x0
(x0). Thus the complete hierarchy of radii is

0 < Rx0
=

r̄x0

32
≤ r̄x0 ≤ rx0

4
≤ ϱx0

32
< ϱx0 < r̄β(Ki),

and all balls appearing in the local and nonlocal estimates are contained in the region where the previously
established estimates are available.

8. Full regularity for u-independent local operators

Suppose that A(x, u) ≡ A(x), where A( · ) satisfies the assumptions of the main theorems. In this case,
the modulus of continuity in the u-variable (2.4) is trivial, that is, ωu( · ) ≡ 0. Returning to the approximate
harmonicity result in Proposition 5.3, we note that the point x0 and the radius ϱ no longer need to satisfy
the smallness assumption (5.1): this is because (5.1) only enters through condition (5.40), which in the current
setting is automatically satisfied for any choice of ε0. Consequently, for the remainder of the proofs, we may
take Ωu ≡ Ω.

Let us now track dependence of the radii. First, to verify the assumptions of Theorems 2.1 to 2.4 and 6.1,
the radii have to satisfy the requirements of Paragraph 6.1, except for the smallness condition (6.5) and its
uniform version (6.6). More precisely, if x0 ∈ Ω, we may set d = dist(x0, ∂Ω) and choose

ϱx0
= min

{
r0, r1, rf (Bd/2(x0)), rA(Bd/2(x0)),

1

4
d,

1

2

}
;

we then set rx0
:= ϱx0

/4. With this choice, for every x̄ ∈ Brx0
(x0), we have Bϱx0

(x̄) ⊂ B2ϱx0
(x0) ⋐ Ω. Thus

the balls Bϱx0
(x), with x ∈ Brx0

(x0), are all admissible, compare with Paragraph 7.5. In this case the choice

of ϱx0 and rx0 depends only on dist(x0, ∂Ω), the structural radii r0, r1, and the local radii rf ( · ), rA( · ), but
not on u. Additionally, in the case of Theorems 2.4 and 6.1, we can actually quantify rf ( · ), as by (6.15)
and (3.5). Indeed, rf has to satisfy (2.8), and in our case a sufficient condition can be obtained from the
maximal quantity appearing in (6.15) in the case of Theorem 6.1: we have, since Brx0

(x0) ⊂ Bd/2(x0) and

ϱx0
≤ rf (Bd/2(x0)) = rf , if rf is smaller than d/4,

sup
x̄∈Brx0

(x0)

0<t≤ϱx0

t2
(ˆ

Bt(x̄)

|f |χ dx

)1/χ

≤ sup
x̄∈Bd/2(x0)

0<t≤rf

t2
(ˆ

Bt(x̄)

|f |χ dx

)1/χ

≤ rβ0

f sup
x̄∈Bd/2(x0)

0<t≤d/4

t2−β0

(ˆ
Bt(x̄)

|f |χ dx

)1/χ
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and the latter quantity is smaller than 1
2εs(data, β0) – and thus (6.7) is ensured – as soon as rf is small enough,

with the dependences stated in Theorem 2.9. Similarly for Theorem 2.4,

sup
x̄∈Brx0

(x0)

0<t≤ϱx0

t2
(ˆ

Bt(x̄)

|f |χ dx

)1/χ

≤ c rβ0

f ∥f∥Mn/(2−β0)(Bd/2(x0))
.

For Theorems 2.5–2.8, the coefficient radius rA can also be quantified. Here the local BMO-smallness condition
(5.2) is no longer an additional restriction: it follows directly from the global modulus of continuity (2.18).
More precisely, if 0 < rA ≤ d/4, then

sup
x∈Bd/2(x0)

ErA(A;x) ≤ Λωx(rA) < δ0(data, β0(s)) ,

where δ0(data, β0(s)) comes from Proposition 5.6 and it corresponds to the choice of β0(s) in (7.1), provided
that rA ≤ d/4 is sufficiently small; in particular, rA depends only on dist(x0, ∂Ω), data and ωx( · ). Finally, we
quantify rf in the settings of Theorems 2.5 and 2.7; again taking rf ≤ d/4, all balls Bϱ(x) with x ∈ Bd/2(x0)
and 0 < ϱ ≤ rf are contained in B3d/4(x0) ⋐ Ω; thus

sup
x∈Bd/2(x0)

0<t≤rf

t2
( ˆ

Bt(x)

|f |χ dx

)1/χ

≤ c rf
∥∥If1,χ( · , d/4)∥∥L∞(Bd/2(x0))

by (3.10), for Theorem 2.5. In order to have the latter quantity smaller than εb(data, β0(s)) and, in this way,
have the datum smallness required in the preliminary construction (2.8) satisfied (this is employed after (7.2)), it

is sufficient to choose rf smaller than a constant depending on d, data and a bound on ∥If1,χ( · , d/4)∥L∞(Bd/2(x0)).

In the setting of Theorems 2.7–2.8, by (3.5), we have

sup
x∈Bd/2(x0)

0<t≤rf

t2
( ˆ

Bt(x)

|f |χ dx

)1/χ

≤ c(β) r1+β
f ∥f∥Mn/(1−β)(B3d/4(x0)) .

Thus it is enough to choose rf ≤ d/4 so small, depending on d, data, β and any bound on ∥f∥Mn/(1−β)(B3d/4(x0)),

such that

c(β) r1+β
f ∥f∥Mn/(1−β)(B3d/4(x0)) < εb(data, β0(s)) ,

for the same reason just explained. Finally, the radius r̄ = r̄x0
has to satisfy the conditions (7.24) and (7.30);

recalling that ωu( · ) ≡ 0, it is then easy to check that r̄x0
will depend only on the quantities stated in Theorem

2.9; the very same reasoning applies to the radius Rx0
= r̄x0

/8 appearing in Theorem 2.8.
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[16] Z.-Q. Chen, P. Kim, R. Song, Z. Vondraček: Sharp Green function estimates for ∆ + ∆α/2 in C1,1 open sets and their
applications. Illinois J. Math. 54 (2010), n. 3, 981–1024.
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