A SLICING APPROACH TO STRESS-STRAIN DUALITY

VIRGINIA DE CICCO AND GIOVANNI SCILLA

ABSTRACT. The classical Kohn-Temam stress-strain pairing (A : Eu) for symmetric
tensors A and u € BD is typically formulated under summability assumptions on the
divergence of A. This excludes stress fields whose divergence has singular surface contri-
butions, as occurs at cracks and material interfaces in continuum mechanics. We define
and study stress-strain pairings for bounded symmetric divergence-measure tensor fields.
For general u € BD, we introduce a slicing pairing ((A : Eu))= for tensor fields satis-
fying a directional BV -type condition with respect to a finite frame =. The definition
is based on a one-dimensional disintegration strategy, and despite this construction, the
new pairing enjoys analogous properties of the usual pairing (A : Eu), such as the abso-
lutely continuity with respect to |Fu| and the Gauss-Green formulas. We also identify
several situations in which the pairing is independent of the choice of frame =, includ-
ing the relevant case in which the stress field A belongs to BV. While a distributional
stress-strain pairing can be defined naturally for bounded BD functions, it cannot be
extended to the unbounded setting, since the truncation techniques available in BV fail
in BD. The slicing pairing is consistent with the distributional one whenever the latter
is defined, while being more general even for bounded u. Indeed, its existence does not
require the compatibility condition | Div A|(Syu \ Ju) = 0 which is necessary for the dis-
tributional definition. This allows the treatment of stress fields interacting with diffuse
micro-cracking.

1. INTRODUCTION

The mathematical formulation of the duality between stress and strain tensor fields
represents a cornerstone in the variational analysis of inelastic behaviors, such as perfect
plasticity, damage, and fracture mechanics. In the classical framework established by Kohn
and Temam in [29)], the definition of a pairing (A : Eu) between a bounded symmetric
stress tensor A € LOO(Q;]R?{,IXHN ) and a strain tensor Fu associated with a displacement
u € BD() crucially requires that the divergence of the stress tensor satisfies Div A €
LY (©;RY). The only available notion is the classical distributional definition of pairing

(see |30, Ch. II, Sec. 7.3] and [29])

(1.1) ((A: Fu), ¢) ::—/ngu-DivAda:—/QA: [u® Vel dz,

for every ¢ € C°(Q2), where ® denotes the symmetrized tensor product between vectors.
Most developments in elasto-plasticity have been formulated under assumptions ensuring
that the admissible stresses remain within the scope of the classical theory, in particular
requiring summable divergence. Within the framework of functions with bounded defor-
mation, these issues have been extensively investigated through variational approaches.
In the context of plasticity, a foundational contribution is provided by Dal Maso, De Si-
mone and Mora [24], who developed a general theory of quasistatic evolution for linearly
elastic—perfectly plastic materials.
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2 V. DE CICCO AND G. SCILLA

Nevertheless, in several areas of applied sciences and engineering, tensor fields naturally
arise whose divergence contains jump (surface) terms. For instance, in composite elastic
bodies, jumps in the stress across interfaces describe surface forces associated with ad-
hesion and debonding phenomena, and the corresponding pairing with the displacement
field represents interfacial work. In fracture mechanics, cracks induce discontinuities in the
stress field, while the pairing (A : Fu) accounts for bulk elastic energy as well as fracture
and crack-opening energy (see [10,26,27]). In fluid dynamics, shocks in conservation laws
produce concentration effects in the divergence of stress-flux fields (see [12,/13]). These
examples show that the symmetric stress-strain pairing in BD is not only mathemati-
cally natural, but also essential for modeling realistic systems involving cracks, interfaces,
plasticity, and concentrated forces. In particular, they illustrate how jump contributions
in the divergence operator naturally encode surface and interface forces within a unified
variational framework.

On the other hand, starting from the seminal paper [5], the pairing theory in BV
has undergone significant developments in recent years, driven by applications in several
contexts ([12}|14) 15,1922} 25]), which suggest possible extensions of the classical BD
theory to more irregular stresses and divergences. Indeed, the original motivation of [5]
was the variational approach to elasto-plasticity (see [4,6,(7]).

Inspired by these recent advances, we address the problem of defining a general pairing
(A : Eu). The ideas developed in the aforementioned works allow one to treat the case
of bounded BD functions rather naturally through a distributional formulation. The
extension to arbitrary BD functions is more delicate, as the available techniques break
down in the absence of truncation arguments and must be replaced by a different approach.

Our results. Motivated by this perspective, we aim to extend the classical definition
in order to include bounded symmetric tensor fields A with divergence measure.

We start by introducing a pairing in BD for bounded functions (see, for instance, [18,
Theorem 3.1] for an example of a function of this type). In this case, a natural definition
of pairing between A and Eu would be the distribution (A : Eu) € D'(Q2) acting as

(1.2) ((A: Eu),p) ::—/Qgpu*-dDivA—/QA:(u@Vgo)dx,

for every ¢ € C2°(Q2), where u* is the precise representative of u defined on Q\ (Sy \ Ju)
by (2.7). However, although |Div A| < ##N~1 the term Jo ¢ u* - dDiv A may fail to be
well defined, since it is not known whether SV =1(S,\ Ju) = 0 (see Section (§

lof bounded deformation))). To overcome this issue, we require the assumption

(H.) | Div® A[(Su\ Ju) =0,

where Div® A denotes the singular part of the measure Div A, so that u* turns out to be
defined | Div A]-a.e. (see discussion in Section . From a physical standpoint, condition
stipulates that any singular internal or external force concentrations (represented
by the measure Div A) cannot be distributed on the diffuse, irregular boundary regions
where u lacks a clean jump. Instead, singular forces must be strictly concentrated along
well-defined interfaces or crack surfaces. This assumption is perfectly compatible with
the modern variational models of fracture and cohesive zones, but it excludes the case of
diffuse micro-cracking.

The distribution is shown to be a Radon measure (see Theorem and to satisfy
the Gauss-Green formula (see Theorem [5.8)).
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On the other hand, the boundedness of u is a rather restrictive modeling assump-
tion, especially in brittle fracture mechanics, so that it seems natural to treat the case of
unbounded BD functions. However, a further difficulty arises in this setting, since the dis-
tributional definition is no longer directly applicable, as it would require a truncation
argument which is not available in BD. The use of slicing techniques to overcome this
type of difficulty is reminiscent of the definitions of the spaces of generalized functions of
bounded deformation GBD and GSBD introduced by Dal Maso [23], where generalized
deformations are characterized through suitable one-dimensional sections.

This observation naturally leads us to introduce, for general BD functions, a slicing-
based definition of pairing. We impose a structural assumption ensuring one-dimensional
BV regularity of the components of a symmetric matrix A along a “frame” - that is, a
suitable finite set of directions & € = - namely, A € BVZ (L RYXY) (see (6.4)). This

Sym
allows us to establish a Fubini-type formula that reduces the pair?ng to one-dimensional
contributions. The argument relies on slicing along directions £ € = and on the fact that,
for a.e. y € &, the scalar projections ﬂg(t) :=u(y +t€) - € belong to BVlOC(Qg), where Qg
is a one dimensional slice of €.
A preliminary, but crucial, result is a slicing formula for the distributional pairing

for u € L2 (;RY), as

(1.3) (A:Bu) =) 2N Q% @ (af, Dis)L Q5
£eE

in the sense of measures (see Theorem , where ® ¢ denotes the generalized product of
measures, see Section (§ . Here, ag(s) := a4 (y +s€) and af are the coefficients
of A with respect to the dual base of {§ ® £}¢c=. In fact, the proof is obtained by
disintegrating separately the Lebesgue, Cantor and jump parts. The handling of the
Cantor part is more delicate and requires that |[E“u|(Sa) = 0; i.e. the Cantor part of Eu
does not charge the set of the essential discontinuities of A.

Now, for a general BD function, we introduce a new pairing, denoted by ((A : Fu))=z,
taking as the starting point. More precisely, given A &€ BV%"(Q;RQ{,IEN ) and u €
BD(), we define the linear functional ((A : Eu))=z: C°(2) — R by

: Fu))= = £(s)d(as, Dat) (s N=1(y).
(14 (A Bw)s, ¢) EGZE/L(/%%Ud(y,Dy)())M )

The resulting object is well defined, depends on the frame = and is consistent with the
bounded case. This is the content of the following theorem (see Theorem |7.2|and Theorem
for more precise statements), which is the main result of the paper.

Theorem 1.1. Let A € BVZ(Q; Ré\{,anN) and u € BD(QY). Then the slicing pairing ((A :
Eu))= is a Radon measure in 2, absolutely continuous with respect to |Eu|, and a Gauss-
Green formula holds on sets of finite perimeter. Moreover, if u € BD(Q) N L=(Q;RY)
such that |Eu|(Sa) = 0, and holds, then ((A : Eu))z coincides with the pairing
defined in ,' i.€e.,

((A: Fu))z = (A: Eu),

in the sense of measures.

The construction is not intrinsic in this level of generality, as the pairing ((A : Eu))= de-
pends on the choice of the finite frame =. This dependence is an unavoidable consequence
of the slicing approach, since the directional BV assumptions are imposed only along the
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directions of Z. Although such coordinate dependence may at first seem at odds with the
objectivity expected in continuum mechanics, it provides the flexibility needed to accom-
modate singularities of Div A. We identify several situations in which the pairing becomes
intrinsic and is therefore independent of the chosen frame (see Remarks and and
Appendix . In particular, this occurs when A € BV(Q;Ré\yfran) N LOO(Q;R?{,QN), in
which case the slicing construction reconstructs the intrinsic measure A* : Eu.

Notice that the slicing pairing is well-defined without requiring the compatibility as-
sumption , even for bounded u. This allows the treatment of diffuse micro-cracking,
which is excluded from the framework of the distributional formulation.

A particularly illuminating step for developing the previous analysis, which is of inde-
pendent interest, was a preliminary slicing decomposition of the pairing (A, Du) between
bounded tensor fields with measure-valued divergence and u € BV (€; RY), as studied in
[25]. This is achieved by exploiting the slicing theory in BV, which characterizes BV func-
tions through their one-dimensional sections and allows for a corresponding disintegration
of the measure Du. This study relies on several key features of BV functions, which are
not available in BD: the coarea formula, the chain rule together with truncation argu-
ments, the fact that a vector-valued BV function can be characterized componentwise in
terms of scalar BV functions (which in turn implies that the pairing can be decomposed
as the sum of the corresponding scalar pairings), and the property S#V=1(S, \ Jy) = 0.

In the last part of the paper, we introduce a new notion of pairing ((AP : EPu))z
between the deviatoric parts of A and Fu, which can be compared with the one studied
in |30, Lemma 7.3] and [29, Theorem 3.2]. The main difficulty is that, to the best of
the authors’ knowledge, no slicing result is currently available for EPu (see [8, Example
10.1]). This lack of a slicing theory is consistent with the fact that the deviatoric part of
the strain does not satisfy the rank-one property, which is essential for slicing arguments.
Nevertheless, we are able to give a “mixed” definition of ((A” : EPu))z for u € BD(9)
and A € L>(; ]Ré\yfran) with divergence measure (see (8.3)).

Finally, in Section [J] we discuss a simple two-dimensional example of Griffith-type
Mode I opening configuration, modeling a pre-existing crack in the reference configura-
tion. The stress tensor considered therein has a singular Div A with respect to .#2, hence
the classical Kohn—Temam pairing theory does not apply and it does not allow one to
compute the mechanical work across the interface. By contrast, the framework developed
in this paper naturally captures the interfacial contribution.

Organization of the paper. In Section [2| we collect preliminaries on BV, BD, and di-
vergence measure fields, including slicing and disintegration results. Section |3]is devoted
to slicing formulas for divergence and normal traces. In Section 4| we establish the slicing
representation of the pairing in the BV setting for scalar and vector-valued functions.
Sections develop the extension to tensor fields and BD functions, including the def-
inition of the pairing via slicing and the analysis of the unbounded case. In Section
we compare our results with the classical theory, and extend it to (bounded) tensor fields
with divergence measure. Finally, in Section [9] we discuss an example.

2. PRELIMINARIES

Vectors and matrices. If a,b € RV, we write a - b for the Euclidean scalar product,
and we denote by |a] = \/a - a the associated norm.
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We write RVXN for the set of real N x N matrices, and denote by RY*N that of all

sym
real symmetric N x N matrices. The components A;; of a matrix A are defined by

Aij =€; Aej .
Given two matrices A and B € RV*Y | we consider the Frobenius scalar product A : B =

tr(ATB), where AT is the transpose of A, trA is its trace, i.e. trA = Zf\il A;;, and we
denote by |A| =+ A : A the associated norm. Note that

(2.1) trA| < VN|A].

We recall that for any two vectors a,b € RY, a® b := ab?” € RY*V stands for the
tensor product, while a® b denotes the symmetric matrix %(a@ b+b®a). We may also
write

N
A= Z Aijei®ej.
ij=1
The following identities (see, e.g., [28) Section 3]) easily follow from the definitions and
the properties of the tensor and scalar products:

(2.2) A:(vow)=A:(vw)=v-(Aw)=w-(Av),
for every v,w € RY and A € Ré\}f,élN .
For every A € RV*N let us denote by AP the deviatoric part of A, defined by
1
(2.3) AP = A — ~ (trA)L,

where I is the identity matrix. Recalling that the Frobenius scalar product is bilinear,
and that A : I = tr A (so that, in particular, I: I = N), we easily deduce from ({2.3)) the
well-known identity (see, e.g., [30, eq. (7.41)])

1
(2.4) AD:BD:A:B—NtrAtrB.

Measures. The following definitions and basic facts about measures can be found, e.g.,
in [3, Chapters 1 and 2].

We denote by £V and #“ the Lebesgue measure and the a-dimensional Hausdorff
measure in RY for some o € [0, N], respectively. Unless otherwise stated, a measurable
set is a .ZN-measurable set. It is well known that #V~1 = #ZN=1 on each hyperplane
Q8 C RY (see [3} eq. (2.37)]). Unless otherwise specified, @ C R" is an open set.

Following the notation of [3], we denote by Mi,c(€2; R™) and M(€2;R™) the spaces of
vector-valued Radon measures and finite Radon measures on €2, respectively. In the case
of scalar measures (m = 1), we will shorten the notation and use the symbols Mj,.(2)
and M(Q).

For matrix valued measures we will use the notation M. (Q; RY*N) M(Q; RN*N),
Mioe(REEY) and M(QRYEN).

We recall the definition of generalized product of two measures (see, e.g., |3, Definition
2.27)).

Definition 2.1. Let E ¢ RN, F C RM be open sets, let i be a positive Radon measure
on E, and let x — vy be a family of finite R™-valued Radon measures on F' such that
x +— vy(B) is p-measurable for every Borel set B C F'. Assume that

/ vz |(F) du(x) < 400 VE €FE open.
E/
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We define the R™-valued Radon measure pp @ vy on E X F by setting

(L @mvy)(B) = / </ xB(z,y) duz(y)> du(z), for all Borel sets B C K X F,
E\JF

where K C E is compact.

Moreover, if f is a positive or negative Borel function, or if f € LY(E x F,u @ vy),
then the integration formula

(25 fadip o)) = [ ([ ) dua),
ExF E\JF
holds.
We denote by L}L(Q;RN ) the space of RV-valued functions that are integrable with

respect to p on 2, and by L}L 1oc (€ RY) the space of functions that belong to L}L(K; RM)
for every compact set K C 2. In the scalar-valued case, we omit the target space and

simply write L'(Q, ) and LL (2, p).

Approximate limits. The following basic definitions and results can be found, e.g., in
[3, Sections 3.6 and 4.5].
We say that a function u € L%OC(Q; RN) has an approzimate limit z € RN at 2 € Q if

1
li I _ —0-
v+ 2N (B, (x)) /Br(x) [u(y) — =l dy =0;

in this case we say that = is a Lebesgque point of u. The set Sy C € of points where this
property does not hold is called the approximate discontinuity set of u, and, thanks to
Lebesgue’s differentiation theorem, we know that .#V(S,) = 0. For any z € Q\ S, the
approximate limit z is uniquely determined and is denoted by z =: a(z).

Given u € L1 (4 RY), we say that = € Q is an approzimate jump point of u if there

loc
exist a,b € RN, a # b, and a unit vector v € RY such that

1
lim ——F—— —aldy=0
,,_lféh D?N(Bi(x)) /Bm)lu(y) al dy )
(2.6) 1
lim ————— —b|dy=0
T_1>I(I)1+ ZN(B; (2)) /BT.‘(ac) lu(y) | dy )

where BE(z) := {y € B,(z) : £(y — z)-v > 0}. The triplet (a, b,v), uniquely deter-
mined by up to a permutation of (a,b) and a change of sign of v, is denoted by
(ut(z),u (z),vu(z)). The set of approximate jump points of u is denoted by Jy, and it
clearly satisfies J, C Syu. It is easy to check that J, and S, are Borel sets, and 1, u™ and
u~ are Borel functions.

Finally, for u € L%OC(Q; RY) we define the precise representative of u in x € 0 as
1

u*x::lim/ u(y) dy,
(z) r—0t LN (B (%)) JB,(2) )
whenever the limit exists. It is then clear that

u(x) z € Q\ Su,
(2.7) u’(z) = { ut(z) + u ()

5 r € Jyu.
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A priori, it is not clear whether u* is well posed in Sy \ Jy, in general. However, for
sufficiently regular functions it is known that Sy \ Jy is suitably small (for instance, when
u is a function of bounded variation, see [3, Theorem 3.78]).

Let u € LY(Q;RY), and consider the sequence
(2.8) Ue =Nk U= (1 ¥ UL, Ne ¥ U, ...,Ne *UN),
where n.(z) = E%,n(%) and 7 is a positive symmetric mollifier. Then, combining |3,
Proposition 3.64(b) and Proposition 3.69(b)] we get
(2.9) u. — u*  pointwise in Q\(Sy\Ju) as € — 0.

All the previous definitions extend verbatim to the setting of matrix-valued functions.

Slicing of functions of bounded variation. For a detailed treatment of the theory of
BV functions, we refer the reader to the monograph [3]. The vector space of all functions
of bounded variation in 2 will be denoted by BV (Q;RY). In addition, BViy.(Q;RY) will
denote the class of functions belonging to BV (;RY) for every € € Q.

Let us fix £ € RY and & the hyperplane orthogonal to &. For every E C RN and for
every y € &€+ we denote Eg ={seR:y+stcE}and by B¢ := {y € & : E§ # 0}.
Given u : Q — R, for any & € RV \ {0} and y € &€+, we define

ug(s) =u(y+s&) forse Qf/
Ifu:Q— RN, for any £ € RV \ {0} and y € &+, we define
ﬂg(s) =u(y+sg)-& forse Qf/

We first state a well-known result on the slicing of directional derivatives (see [3, The-
orem 3.103 and 3.107)).

Proposition 2.2. Let v € LY(Q) and let € € SN=1. The following conditions are equiva-
lent:

(a) Dgv € M(Q);
b) for LN"1a.e. y € QO the function v8 belongs to BV Q%) and
Y Y

/Q£ De|(9) LV (y) < 0.

If these conditions are satisfied, then
(2.10) Dgv=Duv- & =2N1LQ @ DS

i.€.,

(2.11) /ngdng = /Q£ (/95 gongvg) dLN"Yy),  for every ¢ € C.(Q).

Moreover, if f € L'(S, |Dgv|), then

©.12) [ siper= [ ( [ fgd%) 1),

Yy
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Functions of bounded deformation. We collect some definitions and basic results
about functions of bounded deformation. We refer the reader to [30] for a comprehensive
treatment on the topic.

We denote by BD(Q)) the space of functions of bounded deformation in €, i.e., u €
BD(Q) if u € L'(RY) and Eu € M(Q;RYXYN), where Eu := (Du + Du”)/2 and
Du is the distributional derivative of u. In addition, BD),.(£2) will denote the class of
functions belonging to BD(Y') for every ' € Q. In general we have that J,, C Sy. While
for a function u € BV (Q;RY) we have #N~1(S, \ Ju) = 0, the inclusion can be strict
for a function u € BD(Q) (see [1, Remark 6.3]). However, by [1, Theorem 6.1], the set
Su \ Ju of discontinuity points of u which are not jump points is | Ev|-negligible for every
v € BD(Q); i.e., |Ev|-almost every x € 2 is either a Lebesgue point or a jump point for
u (see |1, Proposition 6.1]).

A sequence (ug)ren in BD(2) converges strictly to a function u € BD(Q) if

u, —u in LY(Q,RY),
Fuj, = Fu in the sense of measures,
|Eug|(Q2) — |Eu|().
The following result (see [7, Theorem 1.3] and |30, II-Theorem 3.3]) concerns the ap-

proximation of a function u € BD(2) by a sequence of smooth functions.

Theorem 2.3. For every u € BD(RQ) there exists a sequence (u;,) C C®(;RYN)NBD(Q)
such that uy — u strictly. In particular, if u € BD(Q)NL>®(Q;RY), then [ukll oo (rry <
3llull o (rny for every k. If, in addition, Q0 is bounded and with Lipschitz boundary, the
same result holds with C*°(Q; RN) N BD(Q) in place of C*=(;RN) N BD(R).

The properties of the trace operator on open sets with Lipschitz boundaries (see also,
e.g., |30, Chapter II] for the analogous classical result on C'! boundaries) are collected in
the theorem below, which is due to Babadjian [9].

Theorem 2.4. [9, Theorem 3.2 and Proposition 3.4] Let Q2 C RN be a bounded open set
with Lipschitz boundary. There exists a unique linear continuous mapping

v : BD(Q) — LY(0Q;RY)
such that the following integration by parts formula holds: for every u € BD(Q) and
p € CLRY),

(2.13) /u@Vgoda:+/<,0dEu:/ y(u) © voed#AN L
Q Q o0
where vq is the outer unit normal to 0. In addition,
(i) it holds that
y(u) = ulpq  for all u € C°(Q;RY) N BD(Q);

(i) the trace is continuous with respect to the strict convergence of BD(): if u €
BD(Q) and (u) C BD(R2) is such that up, — u strictly in BD(Y), then vy(ug) —
v(u) strongly in L}N_ll_ag(aQ; RM).

Remark 2.5. Notice that formula (2.13)) implies the following

(2.14) /u-Div@dm—i—/@: dEu:/ P : (y(u) ©vg)d#AN 1,
Q Q o0
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with ® € Cl(Q;Rg,Ile). Indeed, let ® = (y;;), and note that each ;; is a test function

in (2.13). We then have, writing (2.13) componentwise with ¢ = ¢;;, summing over the
indices 4, j and using y;; = @ji,

Z/ 901] @ VQ)Z] dNt = Z/ Uj jSDZj + u; ZSDZJ dx + Z/ ‘;Oz] Eu
= Z/ Uj Z @gpij dx + Z/ Pij d(Eu)Z-j
i 2 ij 79

= Z/ u;(Div ®); dox + 2/ ij d(Eu);
i 79 ij 7
which corresponds to ([2.14)).

The existence of one-sided Lebesgue limits on countably N ~!-rectifiable subsets of Q
for functions of bounded deformation is proved in the following result.

Proposition 2.6. |9, Proposition 4.1] Let u € BD(Q2), and ¥ be an oriented countably
N rectifiable subset of Q. Then, for 7N -almost every x € 3, there exist one-sided
Lebesgue limits u%(:ﬂ) with respect to the approzimate unit normal vs(x) to X; that is,

i [ u(y) — g (2)] dy = 0,
N JBE (s (@))

where Bpi(w,ug(x)) ={y € By(z) : £(y —z) -vx(x) > 0}. In addition, we have the
representation
EuLY = (uf) —ug) ovs V1LY,

Since for every u € BD(f) the jump set Jy is a countably ¥ ~l-rectifiable Borel set
(see |1, Proposition 3.5]), by Proposition applied with ' = J,, we obtain the following
decomposition of the Radon measure Fu

(2.15) Fu=e(u)ZY + Eu=e(u) 2" 4+ (ut —u ] vy J, + Eu,

where e(u) is the density of the absolutely continuous part of Fu with respect to £V,
FE*u is the singular part, F°u is the Cantor part and vanishes on Borel sets B with
AN~ B) < 400. We also introduce the space LD(f) of such functions u € BD()
complying with

(2.16) Fu=e(u)Z".
Recalling the notation of Section [2| (§ [Slicing of functions of bounded variation)), the

space BD(Q2) can be characterized using one-dimensional sections (see [1, Section 3 and
Prop. 3.2], |30, Chap. II, Section 2.2] and [3, Proposition 2.26 and Theorem 2.28]).

Proposition 2.7. Let u € BD(Q) and let £ € RN with &€ # 0. Then the following two
conditions hold for 7N ~'-almost every y € Q¢:

(i) fag is defined and coincides with ﬁg L-almost everywhere in Qg;
(ii) @5 € BV(Q5) (and so 4§ € L2, (95)).
Moreover,

(2.17) Eug-g:/Qg Dk da N (y), |Eug - €| :/m |Das| dotN " (y),
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as measures in ). In particular, for every bounded Borel function g : 2 — R the map
(2.18) Y /s gé(s) dDﬂg(s)
Q'y

is AN~ -measurable on QF.
We recall the Structure Theorem for BD functions, see |1, Theorem 4.5].
Theorem 2.8. Let u € BD(R) and let £ € RY with € # 0. Then
()
E'ug &= /QE DU dAN " (y),  |ETug-€| = /Qg | D dt™ " (y);
(i4) for AN~ -almost every y € QF, the functions ﬁg and ﬁg belong to BV(QS) and

coincide £ -almost everywhere on Qg; the measures |Dﬁ§| and |Dﬁ§| coincide on
Qg, and
e(u)(y+t&)€-€ = Vdg(t) = (ag)/(t) for Lt-ae. te Qg
(iii)
Elug ¢ = / Dl dA N y),  [Bug-g| = / [DYg| A (y);
Q¢ ¢
(i)
(Jg)y = Jﬁs for AN ae. Y € Q’g,
Yy
ut(y+t€)- €= (a8 (t) = lim a5(s),

Y sott Y
u(y +t€) - &= (a5) () = lim i(s),

and for every t € (Jﬁ)g where the normals to Jy and Jﬁg are oriented so that
Y
va-€>0andve =1;
Y

()
@19)  Bug-g= [ Da§an ), Pugegl= [ D4 ).

We say that u € BD(QQ) is a special function with bounded deformation, and we write
u € SBD(Q), if the measure E“u is zero; that is, [E*u|(Q\ Ju) = 0. SBDP(Q), p > 1, is
defined as the space of SBD functions such that e(u) € LP(; Ré\{,anN) and N7 Jy) <
+00.

Vector and matrixz fields with divergence measure. We introduce the spaces of
bounded vector and matrix fields whose distributional divergence is a finite Radon measure
in 2. Namely,

DM (;RY) = {A e L®(Q;RY) :divA € M)},
and
DM>®(Q;RVN) := {A € L®(Q;RVN) : DivA € M(Q;RY)} |
DM>(Q;REXN) := {A € L®(QRYXN) : DivA € M(Q;RY)} .

Sym Sym

(2.20)

Here, Div A denotes the distributional divergence of A, defined componentwise by
Div A := (divAq,...,divAy),
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where A; is the j-th column of A and
N

div A ;:Zﬁ, j=1,...,N.
i=1 t

We will denote by DM (Q;RY), DM, (Q; RV*N) and DMfg’C(Q;Rg,éN) the corre-
sponding local spaces.
Let A € DM™(Q;RY), and let © 4 be the jump set of the measure |div A, i.e.

div A|(B,
Op = {ZL‘ e 0: limsupw > 0};
r—0t r

it is a Borel set, o-finite with respect to s#V~1. Moreover, the following decomposition
for the measure div A holds:

div A = div® A + div® A + div’ A,

where div® A < £V, div® A(B) = 0 for every set B C Q with #N~1(B) < 400, div’ A <
N1 0 4. Finally, div A(B) = 0 for every Borel set B C Q with #V~1(B) = 0.
Now, we turn to matrix-valued fields. We recall that, for every Borel set B, the estimate

N
(2.21) |DivA|(B) <> |divA|(B)
=1

holds (see, e.g., |3, p. 4]).
The following result shows that the divergence measure of A is absolutely continuous
with respect to N1, see [25, Proposition 2.5].

Proposition 2.9. Let A € DM>®(;RYN*N) and let B C Q2 be a Borel measurable set
such that ##N=1(B) = 0. Then |DivA|(B) = 0.

As a consequence, the set

Oa:=<x€Q: limsu
A { p ’I“Nil

r—0t

DAL= ),

is a Borel set, o-finite with respect to s, Moreover, the measure Div A admits the
decomposition

Div A = Div® A + Div¢ A + Div/ A,
where Div?* A < ZN. Dive A(B) = 0 for every Borel set B with #V~1(B) < 400, and
Div/ A < AN~ 0O4.
The following lemma provides an approximation result for stress fields.
Lemma 2.10. Given A € DM>™(Q; RY*N)  there exists { Ay} C C®(Q;RVN*N) such that
(i) A — A in LY(Q; RNV,
(@) || Akl Loo(ryxny < 3| Al poo(mnxny for every k;

)
(7i7) sup/ | Div Ag| dz < +oo;
keN JQ
(iv) Div Ay —* Div A as Radon measures on 2.
Proof. Applying the approximation theorem of Chen-Frid [12, Theorem 1.2] to each col-
umn Aj of A, j=1,...,N, we find A € C>(;RYN) such that Ajr — Ajin L' and
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Jo | div Aj | de — |div Aj|(Q) for each j. Define Ay := (Ayy,...,Any). Then (i) and
(1) follow immediately, while (7i7) is a consequence of (2.21)) and the fact that

sup/ |div A | dx < 400.
keN JQ
For what concerns (iv), from (i) we have

lim /Ak:VLpdmz/A:chdm for every ¢ € CH(Q;RY),
Q Q

k—+4o0

so that the assertion follows from a standard density argument of C}(£; RY) in C.(Q; RY)
with respect to the L>(Q; RY) norm, and the bound (). O

Normal traces. We first recall the definition of traces of the normal component of a
vector field C € DM™(; R), which can be defined as distributions Tr™(C, ) on every
oriented countably #V~lrectifiable set ¥ C Q (see [2,5,[12]). According to [2], given a
domain € € Q of class C!, the trace of the normal component of C on 0§ is defined in
the distributional sense by

(2.22) (Tr(C,09), ¢) ::/ C-wd:c+/ pddivC,  Vpe CZ(Q).
Q/ Q/

It is shown in [2, Proposition 3.2] that this distribution is in fact induced by an L*>°
function on 9, which we continue to denote by Tr(C, 9¢'), i.e.,

(2.23) (Tr(C,09), ) = / ©Tr(C,09) dott™N 1,
oY

and satisfies the estimate
| Te(C, 0| Lo 90y < IC | Loo (i)

Now, since ¥ is oriented and countably .V ~lrectifiable, we can find countably many
oriented C* hypersurfaces ¥;, with classical normal vectors vy, and pairwise disjoint Borel
sets E; C ¥; such that N ~1(X\ |, E;) = 0. Moreover, we may assume, without loss of
generality, that for each ¢ there exist two open, bounded sets ;, 2, with C' boundaries
and exterior normal vectors v, and Vo respectively, such that E; C 09Q; N 08, and

vy, (z) = vo,(z) = —vo (2) Vx € E;.

We then define the orientation on X by setting vs(x) := vy, (x) for # N 1l-ae x € E;.
Using the localization property established in [2, Proposition 3.2], the normal traces of C
on X are defined by

(2.24) Tr—(C,X) := Tr(C,09;), TrH(C,%):=-Tr(C,09), AN —ae onE,.
These two normal traces belong to L>®(X, # N 1Y) (see |2, Proposition 3.2]) and satisfy
(2.25) divOLY = [Tv7(C,%) - Tt~ (C, )] VLY.

For our purposes, we need to extend definition (2.22)) to a matrix-valued field. Given a
domain ' as above, we define the trace of the normal component of A € DM (€; RV*V)
on €Y in the distributional sense as the N-tuple of scalar distributions

Tr(A, Q) == (Tr(Al, 0'), Tr(As,0), ..., Tr(Ay, am) .
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Then, recalling (2.22]), we have
N

(Tr(A,09), @) =Y (Tr(A;,00), ¢;)
(2.26) i=j
= A:chdx—i—/ @ -dDiv A, Vi € C°(Q;RY).
Q Qf
Therefore, this distribution is induced by a vector-valued L™ function on 92’ (which we
still denote by Tr (A, 9€')), the estimate
| Tr (A, 0) || Lo 0wy < Al Lo (rimnxn)
holds, together with the localization property
Tr(A,0Q;) = Tr(A,09,) #N"! —ae on E,

it /' is a Borel subset of 021 N 0€)y and vq, = vq, on E. This allows us to define the
normal traces of A on X by
(2.27)

Tr (A, X) :=Tr(A,0Q;), Trt(A,%):=—-Tr(A,00),  #V'—aec onkE,

thus extending |2, Definition 3.3] to a matrix-valued field. These two normal traces belong

to L;;NflLE(Z;RN) and, arguing as for |2, Proposition 3.4(ii)] with minor changes, we
have
(2.28) DivV ALY = [Tr"(A, %) - Tr (A, X)] V1LY,

A brief review for the pairing. In [19] (see also [5,12]), the pairing between a vector
field A € DM™>() and the measure gradient of a scalar function v € BV (Q) is defined
as the linear functional (A, Du) : C2°(€2) — R given by

(2.29) ((A,Du), ¢) = —/ u oddiv A — / uA-Vodz,
Q Q

under the assumption u* € LY(Q, |div A|).

Remark 2.11. We observe that if |div A| € BV(Q)*, then for every u € BV () we have
u* € L1(,]div A]) (see [16, Lemma 4.7]).

The distribution (A, Du) is a Radon measure in 2, absolutely continuous with respect
to |Dul (see [19, Theorem 4.12]), hence the identity
(2.30) div(uA) = v*div A + (A, Du)

holds in the sense of measures in ).
The following representation result can be found in |19, Theorem 4.12 and Remark 3.4]
and |14, Theorem 3.5].

Theorem 2.12. Let A € DM™(;RY) and u € BViee(Q) with u* € Li (Q,|div Al).
Then the measure (A, Du) admits the following decomposition.:

(i) absolutely continuous part: (A, Du)® = A - Vu LN;
TrH (A, J,) +Tr (A, J,

( 7J)+ ( ’J)(u"'fu_)ij_ll_Ju;

(i) jump part: (A, Du)’ = 5

(iii) Cantor part:

(A, Du)°L(Q\ Sa) = A-DUL(Q\ Sa),

where S 4 is the approrimate discontinuity set of A.
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In particular, if
(2.31) |Dul(Sa) =0,
then

(A,Du)* = A- D, in Q.
Moreover, if N = 1, the above assumption is not needed. Finally, if A € BV(Q;RY) N
L®(Q;RN), (and so [2.31)) is satisfied), then

(A,Du) = A" - Du,

in the sense of measures.

Remark 2.13. Assumption excludes the possibility that the Cantor part of the
measure Du charges the essential discontinuity set of the field, precisely the situation in
which no canonical pointwise representative of A is available. We also point out that this
assumption is automatically satisfied in the one-dimensional setting. Indeed, if N = 1 and
a € DM>(Q), then a € BV (22)NL>®(Q2), and the set S, reduces to the jump set J,, which
is at most countable. Since the Cantor part D®u of the derivative of a one-dimensional
BV function is a non-atomic measure, it does not charge countable sets, and therefore

holds. Consequently, if N = 1 the identity
(a, Du)® = a D
holds without any additional assumption.
The following Gauss-Green theorem is proved in [19, Theorem 5.1]

Theorem 2.14. Let A € DML (RY), u € BVipo(RY), and assume thatu* € L (RN, |div A|).

loc

Let E C RN be a bounded set of finite perimeter. Then the following Gauss—Green formau-
las hold:

/ u*ddivA—i—/ (A, Du) :—/ T (A, 0*E)ut dN 1,
El E? O*E

/ u*ddivA+/ (A, Du) = —/ Tr (A, 0"E)u~ daN 71,
ElU0*E ElU0*E o*E

where E' denotes the measure-theoretic interior of E, and Tr*(A,9*E) are the normal
traces of A when O*E is oriented with respect to the interior unit normal vector.

In particular for N = 1 we have the following corollary.

Corollary 2.15. Let a,u € BVioc(R) and assume that u* € LL (R,|Dal). Let F C R
be a bounded set of finite perimeter (i.e., a finite union of bounded intervals). Then the
following Gauss—Green formulas hold:

[ e [ o)== 3wttt

SEOFF
/ u*dDa + / (a,u') = Z a” (s)v(s)u™(s).
FlUo*F Fluo*F SCO*F

In this case, Trt(a,0*F) = at(s)v(s) and Tr™ (a,0*F) = —a~(s)v(s) are the normal
traces of a and for every s € O*F, v(s) is the interior unit normal.
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We recall the definition of pairing between a matrix-valued field A and the matrix
derivative of a function in BV (€; RY), recently introduced in [25].
Let A € DM*(; RY*N) and u € BV (€;RY) be such that u* € L! (;RY). Then

| Div A
the linear functional (A : Du): C2°(Q2) — R defined by

(2.32) ((A: Du), ¢) ::—/cpu*-dDivA—/A:[u@VLp]d:B
Q Q
is well-defined. Moreover, it is straightforward to check that
N
(2.33) (A:Du)=> (A;,Du;),
j=1

where for every j € {1,...,N} (Aj, Duj) is the pairing (2.29) between the j-th column
A of A and the j-th component u; of u. Note that each scalar pairing (A;, Du;) on
the right-hand side is well defined, since the assumption u* € L|1Div A|(Q;RN ) implies

u; € LY(Q;|div A;]) for every j € {1,...,N}.

Remark 2.16. We notice that if [div Aj;| € BV(Q2)* for every j € {1,...,N}, then for
every u € BV (;RY) by [16, Lemma 4.7] we have uj € LY(9,|div A;|) and so by (2.21)

N
/u*-dDivA‘ gZ/\u;yd\divAj\<+oo.
Q —le

As an immediate consequence of the representation (2.33)), the pairing (2.32)) inherits
the main properties of the scalar pairing (2.29)). These properties are summarized in the
following theorem (see [25, Theorem 3.2]).

Theorem 2.17. Let A € DM (; RY*N) gnd u € BV (Q;RY) with u* € L‘lDiVA‘(Q;RN).
Then, the distribution (A : Du) defined in (2.32) is a Radon measure in S, absolutely con-

tinuous with respect to |Dul|, and it satisfies for every open set U € )
|(A : Du)|[(B) < [|[Allpeeuny|Dul(B)  for every Borel set B C U.
Moreover, div(ATu) € M(Q;RY) and the identity
div(ATu) =u* -DivA + (A : Du)

holds, in the sense of measures, in 2.

The following is the main decomposition theorem for the pairing measure, see [25,
Theorem 3.7].

Theorem 2.18. Let A € DM (Q;RV*N) andu € BV (Q;RY) withu* € L|1DivA|(Q5RN)'
Then the measure (A : Du) admits the following decomposition:
(i) absolutely continuous part: (A : Du)® = A : Vu.ZV;

(ii) jump part: (A : Du)! = T (A, Ju) ;ﬁ_(A’ Ju) | (ut —u") N,
(iii) Cantor part: (A : Du)°(Q\ Sa) = A : D°ul_(Q\ Sa), where Sa is the approz-
imate discontinuity set of A. In particular, if
(2.34) |D%ul(Sa) = 0,
then

(A:Du)®=A:D, in .



16 V. DE CICCO AND G. SCILLA

3. SLICING PROPERTIES OF VECTOR FIELDS WITH MEASURE-VALUED DIAGONAL
DERIVATIVES

In this section we introduce the class of essentially bounded vector fields with measure-
valued diagonal derivatives, namely vector fields whose diagonal components of the distri-
butional Jacobian are Radon measures. We investigate their slicing properties and show
that the measure-valued diagonal derivatives admit a one-dimensional representation in
terms of the distributional derivatives of the corresponding slices. This yields a slicing for-
mula for the divergence measure of the vector field and, as a consequence, a representation
formula for the normal trace on oriented rectifiable sets.

Let A € L*(Q;RY), and assume that

(H) D; A" € M(RQ) for every i € {1,...,N}.

In this case we have

N
divA =) D;A" € M(Q).

i=1
Remark 3.1. By Proposition , applied with v = A® and € = e;, condition is
equivalent to the following slicing characterization: for every i € {1,...,N}

(ANg € BV (Qi) for N 1-ae. y € Q%

e Pt

This implies that (A%)% € L2 (Q%) for £V tae. y € QO

loc

(H)

Q) dLN 1 (y) < +oo.

We introduce the class of essentially bounded vector fields satisfying :
(3.1) BVdcﬁg(Q;RN) ={A e L®(QRY): D;A" € M(Q) for every i € {1,...,N}}.

The notation “diag” emphasizes that only the diagonal entries of the distributional Ja-
cobian are required to be Radon measures, while no information is assumed on the off-
diagonal derivatives D; A, i # j.

It is immediate to check that

BV (RY) N L®(;RY) € BVgS, (RY) € DM (Q;RY).

Remark 3.2. The second inclusion above is, in general, strict. For instance, let Q :=
(=1,1)* and A = A(z1,22) == (f(z1 — 22), f(z1 — 22)), where

o sin(%), ifs#0,
f(s)'_{o, ifs—=0.

Then, divA = 0 € M(Q), whereas D1A! & M(Q2) and DA% ¢ M(Q). Indeed, f ¢
BV(—1,1). Moreover, for every s € (—1,1), (AN)2L(t) = f(t—z2) = sin(ﬁ) for t # xa,
hence (A')8L ¢ BV (—1,1). Therefore, the first condition in fails.

We first prove the following representation formula for the divergence measure.

Proposition 3.3. Let A € BV (; RN). Then for every ¢ € Ce(Q) we have

N
. _ €; s 7 €e; s N*l .
(32) /Q%"dde—;/Qei (/Q o5 (5) . D((A4)3) >> 42 y)
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i.e.,

N
(3.3) divA =) " 2N 1L Q% @ D((A)gLOS
i=1
as measures on §2.
Proof. For every i = 1,..., N, by assumption and (2.10)), applied with v = A® and
£ = e;, we get . .
D A" = N1 Q8 @y D((A");)LQy!

N

as measures on ). Summing over ¢ = 1,..., N, and recalling that div A = ZDiAi, we
i=1

deduce (3.3)). Formula ({3.2)) follows by testing against ¢ € C.(2). 0

We next derive a slicing formula for the normal trace of fields in BV, (€; RM).

Proposition 3.4. Let A € BVdOi‘;g(Q;RN). Let Q' € Q be an open set with C' boundary.

Then for every test function ¢ € C.(£2)
(3.4)
N

[ oemaomyaat==3 [ [ () @ rameee | 2V ),
o0 Set e

where Vs € {=1,1} is the normal of () oriented with respect to the interior unit

normal vector and satisfies the relation

(3.5) Vi) (s) = —sign (v (y + se;) - €;) .

The sign convention for a one-dimensional slice interval (a,b) C ()g is the following:
the interior normal is 1 at a and —1 at b.

Proof. First, we assume that ¢ € C1(£2). In order to prove (3.4)), we recall that by (2.22)
and (2.23)) we have

(3.6) / ©Tr(A, o) daN—1 = A-Vgodw+/ pddiv A.
oY QO

Q/
For every fixed i € {1,2,...,N} and for #N~lae. y € e;, integrating by parts (see
[21, Theorem 6.3]) we have

/ (@5 (s)(AN)i(s) ds = _/ _¢8(s)dD((A))(s)
(Ql)yl (Ql)yl
o Z . Sozi (8)((Az)zl)+(s) V(Q/)Zi (8) .

s€0(Y)y"

Furthermore, by Fubini’s Theorem,
(3.7) Ao dr = / (/ . (Az)zl(S)(gOZZ)/(S) ds) difl(y) )
9% e \J(Q)y’

Now, integrating over ;- and summing up i, taking into account (3.7) and (3.2) we obtain

N
[ Aveda= - /Q pddivA-Y /L ST AN () vy () 951 (5) | 42V (),
i=1"¢%i

sG@(Q’)Zi
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whence, in view of (3.6, (3.4) follows. For a general ¢ € C.(2), using coarea formula
[3, Theorem 2.93], we find

N
Z/L > (A5 () vgryes ()25 () 42N (y)

i=1"%" \seo()5i

N
; N—1
5.5 < Al el 2 | #o@g)az )

N
= [[All oo @irm) el e () Z/a@ vy - e dN L (y)
=1

< N A oo () 22N (O ol oo () »
so that the conclusion follows by a standard density argument. O
Proposition 3.5. Let A € BV (€ RN) and let ¥ C Q be an oriented countably 7N ~1-
rectifiable set with unit normal vs,. Then for every test function ¢ € C.(2) we have

N
39 [ emHAn ot =3 [ {30 (056 g (65 () | a2 ),
=17 \sexy!
where Vsei € {=1,1} is the normal of Xi oriented with respect to vs, and satisfies the
relation
Vsei (s) =sign (vs(y + se;) - €;).

Proof. The assertion (3.9) follows by combining (3.4) and (2.24)). O

We now extend the previous results to matrix-valued fields. Since the divergence of a
matrix field is defined columnwise, the relevant assumption is that each column satisfies
the condition . More precisely, given A € L(§); RN XN ), we assume that

(H) D;A;j € M(RQ) for every 4,5 € {1,...,N}.
In this case we have N
(DivA); =) D;A;; € M(Q).
i=1

Remark 3.6. Let A € L'(Q;RY*N). Then, by Proposition applied with v = A;; and
£ = e;, condition holds if and only if for every i,5 € {1,..., N}

(Aij)st € BV(Q5) for LN ae yeef,
(H')

(95) d2N () < +oo.

[ Iptayg

€;

This implies that (A;;)y" € Lis, () for LN-lae ye Qe

loc

We introduce the class
Bngag(Q;RNXN) = {A e L®(Q; RVNY . D;A;j € M(Q) for every i,j € {1,... ,N}} .

In view of definition (3.1), A € BVg?ag(Q;RN *NY) if and only if each column A; €
BVgo (GRY), j=1,...,N.
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It is immediate to check that
BV (;RYN) 0 L2 (Q; RV*N) € BV, (4 RV*N) € DM>™(Q; RM*Y),

We conclude this section by noting that slicing formulas for the divergence and traces of
matrix fields in ng?ag(ﬁ; RN*N) can be directly obtained from the corresponding results
for vector fields.

Proposition 3.7. Let A € BVﬁ?ag(Q;RNXN). For every ¢ € C.(;RY) we have that
N

/QSO-dDivA = Z /eL (/Qu (05) (s) dD(A;;) (s)) LLN ().

Proof. It is sufficient to note that

N
@-dDivA = /gp-ddiVA-

and then use (3.2)). O

Proposition 3.8. Let A € BV, . (¢4 RNXNY . Then, for every test function @ € C.(;RY)
and every oriented countably N 1-rectifiable set ¥ C €,

1,7=1

N
(310) (Tr™(A,%),¢)= > /L D (Aps) () ves () (@)5is) | ALV (),
e seE';"

where vge € {—1,1} is the normal of Z§ oriented as
Y
vye(s) = sign (vs(y + s€) - €).

Proof. Assertions (3.10|) follows from (3.9)), once we recall that, by definition,
N

(TrE (A, %), ) = Z (TrE (A}, %), ¢;)

4. SLICING FORMULAS FOR PAIRINGS WITH BV FUNCTIONS
In this section we establish slicing formulas for the pairing measure between divergence-
measure fields and BV functions. First, for vector fields belonging to BVd‘ﬁg(Q; RM), we
show that the pairing measure (A, Du) admits a representation in terms of the one-
dimensional pairings associated with the corresponding slices.
Theorem 4.1. Let A € BVg: (GRY). If u € BV(Q) with u* € L'(,|div A) and
(2.31) holds, then we have

N .
| wda.pu) - > / % ( L 86 a Du) <s>) a2V (),

for every ¢ € C.(R2), i.e.
N
(4, Du) = S (VL Q%) @ (A, Dug)L(OS)
=1
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as measures in €.

Since the pairing measure admits the standard decomposition into absolutely continu-
ous, Cantor, and jump parts, it suffices to establish the result separately for each compo-
nent. We observe that the only point where the additional assumption is required
is the slicing formula for the Cantor part.

Proposition 4.2. Let A € BV (GRY). Ifu € BV(Q) with u* € L'(Q,|div A), we
have

(4.1) /(pd (A, Du)? Z/ (/ (5)((A%)S, DuSi)® ds > 4N 1(y)

for every ¢ € C.(Q).
Proof. From Theorem [2.12{i) and Fubini’s Theorem we have

N
/ wd(A, Du)®* = / YA -Vudr = Z/ @A O da
Q Q ; Q

- Z / ( g 8O Y ds> V),

and (4.1)) follows again from Theorem [2.12] (i) with N = 1. O

Proposition 4.3. Let A € BVgS (%RY). If u € BV(Q) with u* € L'(Q,|div Al), then
for every ¢ € C.(Q) we have

/wz (A, Du)i — Z/ /J (s)d((AD)S, DuSyi(s) | d2V(y).

Proof. We subdivide the proof into steps.
Step 1. We first consider the case u = yp, where F' C €0 is a set of finite perimeter. Then
xr € BV () N L>®(Q). Using Theorem [2.12{ii) with u = yp, we get

(A, Dyr) = Tr™(A,0 F)—;—Tr (A,0°F)

since J, = 0*F, x} =1 and x5z =0 A#N~la.e. in 0*F. Then, in view of (3.9) and using
that 0*(Fy7) = (9" F)y, we obtain

; N ANei T (g ANei) (g
/Q pia.Dxry =3 [ Z @(S)« AMORR(ES IO PPET

AN o F

N
Y [ T e Do) | ae ),

. e: .
=1 7% \seo(Fyh)

where in the latter equality we invoked Theorem [2.12(ii) for N = 1.
Step 2. We now address the general case u € BV () with u* € L1(Q,|div A]).
First, it is easy to verify that for Z'-a.e. t € R

(4.2) {u>t}y ={us' >t} for ZN " lae yeef.
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Now, setting F; := {u > t}, by Step 1, coarea formula [19, Theorem 4.2] and (4.2)) we
obtain

| eacapup = [ caapn= [ [ oA D
-/ Z [ ( [ #5 CA5, DX(FO;Z-V‘(s)) 12N ()
—Z A ( L 2 A, Dx(Ft);m(s)dt) Az )
—Z -/ ( LLnn d((Ai)ger{u;m})j(s)dt) 42N

i\e; uez S N-1 )
—Z/ /J ($)d((A%), Dusyi(s) | d2™(y)

This concludes the proof. O
As a final step, we derive a slicing formula for the Cantor part of the pairing measure.

Proposition 4.4. Let A € BV, (& RN). If u € BV(Q) with u* € LY(Q,|div A|) and
([2-31) holds, then for every ¢ € Co(Q) we have

N

= Z/L (/Qel (pZi(s) d((Ai)Zi,DuZi)C(S)) d.,fN_l(y).

=1

(4.3) /Q ¢ d(A, Du)°

Proof. We recall that, since ) holds, one has (A, Du) = A - D on €, as stated in
Theorem [2.12(iii). Then by [3 Theorem 3.108] for D - e;, we obtain

/ngd(A,Du)C:/ngﬁ-chu:Z/ng(ﬁei)d(Dcu-ei)
= Z/ </ (5) (A5 (s )ch(uzi)(s)) dLN " y),

so that applying Theorem [2.12[(iii) in dimension one and Remark we conclude that

Z / ( / () (A1) (s >dDC<uzi><s>> 22V (y)

- Z -/ ( L 0 accas: Du‘*)%s)) 2N (y).

This proves (4.3]). O

We now address the pairing (A : Du), defined in w , and investigate whether an
analogous slicing representation can be obtained. Formula ED plays a fundamental role
in this analysis, as it allows us to reduce the vectorial pairing to a finite sum of scalar
pairings. Consequently, the desired slicing formula follows from Theorem provided
that each column of A satisfies assumption stated above.
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By applying Theorem to every vector field A; and using (2.33)), we obtain the
following result.

Theorem 4.5. Let A € BV, (4 RYN). Ifu e BV(Q;RY) with u* € L|1DivA|(Q;RN)
and |Du|(Sa) =0, then we have

N
Jeica:pi=3 | ( L soz%s)((Az-j);aD(uj);wds> 42N ().

ij=17¢€
for every ¢ € C.(Q).

Remark 4.6. We observe that, if A € BV (Q;RY*N) 0 L(Q; RV*N) (and so (2.34) is
satisfied), then
(A:Du)=A": Du,

in the sense of measures.

5. A PAIRING FOR TENSOR FIELDS AND BOUNDED BD FUNCTIONS

We start by introducing a pairing in BD for bounded functions. Given a symmetric
matrix field A € DM*(€; Rg,IfIN) and u € BD(Q)NL>®(£;RY), a natural definition would
be the analogue of (2.32)), where the term A : [u® V] is replaced by A : [u® V] in view
of the symmetry of A. However, since it is not known whether #VN=1(S, \ Jy) = 0 for
every u € BD(Q), the term [, ¢ u* - dDiv A may fail to be well-defined. This motivates
the assumption

(H.) | Div* Al(Su \ Ju) = 0.

Here, Div® A denotes the singular part of the measure Div A. Since .ZV(Sy \ Ju) = 0,
condition (H,)) is equivalent to

| Div A|(Sy \ Ju) = 0.

Remark 5.1. Assumption can be interpreted as a natural compatibility condition
between the singular part of the divergence of the stress tensor A and the fine structure of
the displacement field u. Indeed, a characteristic property of BD functions ensures that
|Eu|(Su \ Ju) = 0, so that the strain measure does not detect the non-jump part of the
singular set of u. In this perspective, condition requires that the singular part of
Div A does not charge the same set, namely the portion of Sy that is invisible to the strain.
This ensures that concentrated forces are confined to the physically relevant jump set Jy,
where a well-defined notion of interfacial interaction is available, thereby guaranteeing a
consistent coupling between kinematic and static singularities.
Assumption is satisfied, for instance, in the following cases:

(i) u € BV (;RY), by Proposition since N 71(Sy \ Ju) = 0;

(ii) |DivA| < £,

(iii) u € SBDP($;RY) for some p > 1, since also in this case SV ~1(Sy \ Ju) = 0 (see

[18, Theorem 4.1]).

Under assumption (H.|), the precise representative u* of u (see (2.7))) is well defined
| Div Al-a.e. in Q.
This allows us to introduce the following definition. For every A € DM*°(£; Rg,rffv ) and

u € BD(Q)NL>®(; RY) satisfying we define the linear functional (A : Fu): C°(2) —
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R by

(5.1) ((A:Eu), ¢ ::—/ngu*-dDivA—/ﬂA: [u® Vo] dz.

The definition above is consistent with the classical notion of pairing introduced by
Temam in the case of fields with summable divergence, as shown in the following remark.

Remark 5.2. If Div A < £V we retrieve Temam’s definition of pairing
(5.2) ((A: FEu), ¢) ::—/gou-DivAdm—/ A:[ueo Vyldr,
Q Q

(see [30, Ch. II, Sec. 7.3] and [29]). Indeed, in this case u* = u .#V-a.e. and dDiv A =
Div A dz, so that (5.1)) reduces to (5.2]). Moreover, the distribution is well defined under
the assumptions that € is a bounded Lipschitz subset of R and DivA € LY (;RY),

since u € BD(Q)) C L%(Q;RN) (see [30, Ch. II, Sec. 2.4, Theorem 2.2]). Hence,

by Holder’s inequality, u € L|1Div A|(Q;RN ). Temam proved that this distribution is a

bounded Radon measure on € (see [29, Proposition 1.1] and 30, Lemma 7.3]).
Theorem 5.3. Let A € DM™®(Q;RYXN) andu € BD(Q)NL>®(Q;RY) satisfy (). Then

Sym
the distribution (A : Eu) defined in (5.1) is a Radon measure in ), absolutely continuous
with respect to |Eul, and it holds that

(5.3) |(A 2 Bu)|(B) < ||Al|zeo@)|Eul(B)  for every Borel set B C U € Q.
Moreover, div(Au) € M(2) and the following integration by parts formula holds

(5.4) div(Au) =u*-DivA 4 (A : Eu)

in the sense of measures in 2.

Proof. In this case, we follow the approach of |12, Theorem 3.1]. Let (Aj) be the sequence
of Lemma and let (ug) be the sequence approximating u given in Theorem 2.3, Since

<Ak =+ Az

5 uk) V= Ay :e(pug) — pAy ie(ug) ae. in Q, for every p € CH(Q),

arguing as in |12] we can prove that

A, + AT
/Q|div (k—gkuk>|d:n
Ak+A£ 1
~ sup /Q BT ) Vede: pe CHO), ol <1

(5.5) < 3|[ull fos (r) SUP {/QAk te()da: e CHORY), (9]l < 1}
# Al g e ] [ etw) s ddes o€ CHORYEY), ol <1

< B{HUHLOO(Q;RN)/Q‘DiVAk|d95+ ||A||Loo(Q;Ré\}’,anN)He(uk)HLl(Q;Rg’,anN } ,

where in the first inequality we used as test functions ¢ = @p—r—"5—— and ¢ =
||ukHLOO(Q;]RN)
A  ALHAT
CTAT o v We note that by Lemma|2.10the sequence vy, := ——5—%uy converges to
LOO(Q;Rsyél )
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v := Au in the L'-convergence. Moreover, the functional v fQ v - Vydz is continuous
with respect to the L'-convergence. Hence, we get

Ay + AT
| div(Au)|(Q) <liminf / div <k+kuk>’ dz
Q

k——+o00

2

S 3 {HuHLoo(Q;RN) iug/{; ‘ DiVAk’ dr + ”A|’L°°(Q,ngéN)‘Eu’<Q)} < 400,
S

where in the latter we used Lemmal\W(iii) and Theorem Since Au € L>®(Q;RY),
we conclude that Au € DM*(Q; RY). We subdivide into steps the rest of the proof.
Step 1. First, we assume that u is Lipschitz continuous on compact subsets of 2. We
claim that (5.4) holds in the form
(5.6) div(Au) =u-DivA + A : e(u) £V,
in the sense of measures on (2. From Lemma[2.10[iv), we have Div A, —=* Div A as Radon
measures on (). Then
u-DivAp+Ap: Vu Y ~*u-DivA+ A:e(u) 2N  in M(Q).

Moreover, div(Afu) — div(Au) in D'(Q). Collecting these facts, we can compute the
limit, in the sense of distributions, of the identity

div(ATu) =u-DivA, + A : Vu,,
so that

div(Au) =u-DivA + A : e(u)
holds in the sense of distributions. Since C}(€2) is dense in C.(2), the same identity holds
in the sense of measures.
Step 2. Let u € BD(Q) N L>®(;RY), and let (u.). be a sequence of mollifications of u
as in (2.8]). Then, by Step 1, we have
div(Au.) =u, -DivA + A :e(u.) 2N in M(Q).

Moreover, combining ([2.9) with , we deduce u. — u* |Div Al-a.e. in Q as € — 0.
By the Dominated Convergence Theorem applied with respect to the measure Div A,
we obtain

(5.7) u. -DivA =" u*-DivA ase — 0in M(Q).

Arguing as for (5.5]), we deduce that the sequence (div(Au.)). is equibounded in M (Q')
for every Q' € Q. Indeed,

/Q div(Au.)|dz < 3 {]1ull L up)| Div AIR) + [ All e gz | Eul(©) } -

sym
Since div(Au.) converges to div(Au) in the sense of distributions, it follows that

(5.8) div(Au.) —=* div(Au) as e — 0in M(Q).

Collecting (5.7) and (5.8), and using ([5.6) with u = u. together with the definition of
pairing (5.1)), we obtain

(5.9) A :e(u.) " div(Au) —u* -DivA = (A: Fu) ase — 0in M(Q),

which shows that (A : Fu) is a Radon measure on €. This also yields (5.4). The proof
of (5.3]) relies on an approximation argument based on the sequence (u:)s>o introduced

above. Let U C Q be an open set, K € U be a compact set, and let p € C.(U) be a test
function with supp ¢ C K. There exists rg > 0 such that K, := K + B,(0) C U for every



STRESS-STRAIN DUALITY VIA SLICING 25

r € (0,r0). Let r € (0,79) be such that |Fu|(0K,)=0. Indeed, this property holds for
almost every r. Then, by (5.9),

(A s B, )] < ol Al it | Je(u)] de
— el oo a0 | All e vy BRI
whence, passing to the limit as r — 0,

(A s Eu)[(K) < [[A]l )| Eu|(K).

NXxN
U§Rsym

Finally, (5.3)) follows by the regularity of measures |(A : Fu)| and |Eu| for every Borel set

BcCU. O
Remark 5.4. If A € L=(Q;RYXN) with Div A € L2(Q;RY) and u € LD(Q) N L (Q; RY)
with e(u) € L($; Ré\{,ran), then

(A: Eu)=A:e(u)ZV,
in the sense of measures (see [30, Chap. II, Sect. 7, eq. (7.40)]).
Proposition 5.5. Let A € DM>®(Q;RYXN) u € BD(Q) N L®(;RY) such that (L)

Sym
holds, and let ¥ C Q be an oriented countably Y~ -rectifiable set. Then Au € DM™>(Q;RN)
and the normal traces of Au on ¥ are given by

(5.10) Trt(Au, ) = ut - TrH (A, %), V! —ae inX,
where u* are the traces of u on ¥ defined in Proposition[2.6, Moreover,
(5.11) div(Au)L Jy = [u" - TrH (A, Jy) —u™ - Tr (A, Jy)] VL Jy.

Proof. The fact that Au € DM (;RY) is due to (5.4). We will show (5.10) only for Tr™,
since the argument for Tr" is analogous. Recalling the notation of Section 2] (§ Norma4
@, we may assume that Jy is oriented with vy on Jy, N Y. We adapt the argument
of [25, Proposition 3.4] for u € BV (Q;RN) N L= (Q; RY).
Namely, we perform a blow-up argument around each point x € 3 such that
(a) z € Q\ (Su \ Ju), v € E; for some i, the set E; has density 1 at =, and z is a
Lebesgue point of both Tr™ (A, ¥) and Tr™ (Au, ) with respect to V=1L 9€;

(b) |DivA|LQi(Bo(z)) = o(eV™Y)  and |div(Au)|LQ;(B:(z)) = o(eV71) as
e —0.
Note that #N~1l-ae. x € X\ (Sy \ Ju) satisfies (a) and (b), as a consequence of [3|
Theorem 2.56 and (2.41)] since A and Au have measure divergence. In order not to
overburden the notation, we set u™(z) := u(z) if z € Q\ Sy.

Let n € C®(RY) be a cut-off function, with suppn C B1(0), such that 0 < n < 1,
and for every € > 0 set 1.(y) :=n (%) We will use both the definitions of trace
and . In particular, for £ small enough, we can choose 1. and ¢ = u™ (x)n. as test
functions in ([2.22)) and (2.26)), respectively. Note that Ve (y) = u™(z) ® Vn.(y), hence by
we have

A:Ve(y) = A:(u(z) O Vi(y) = u (z) - (AVie(y)) = Vie(y) - (Au™(2)) .
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Then, for € > 0 small enough, we can write

1
eN-1

- ENl /QZ Vie(y) - Ay)uly) dy + gN% /Q Ne(y) ddiv(Au)

a1
_
(5.12) eN=t
1 —
- le/Q Vie(y) - [A(y)uly) — A(y)u (z)] dy
1

LQV[Tr(Au’aQZA) —u”(2) - Tr(A, 9%)] n-(y) d™N " (y)

] 1 I
o @A) - i [ @) - apiva)

+ /Q i 1 (y) d[div(Au) — u™(z) - Div A](y)

= Ji(e) + Ja(e).

Using the change of variables z = (y — ) /e, as ¢ — 0 the left-hand side of this equality
converges to

T (Au D))~ u (o) T (AD)] [ nf2)d (),
where 11, is the tangent plane to ¥; at x. Clearly n can be chosen in such a way that
fl'lx ndsAN=1 > 0.
Therefore, in order to prove for Tr™ it suffices to show that the two integrals
Ji(e) and Ja(g) on the right hand side of converge to 0 as € — 0.
With the change of variables z = (y — ) /e we have that

Ji(e) = o Az +ez)u(z+ez) —u (2)] - Vn(z)dz,

where

As £ — 0, these sets locally converge to the half-space P, := {z € RY : z.v(z) < 0},
hence

lim |lu(z +ez) —u (z)|dz = lim lu(z +ez) —u (x)|dz=0
e—0 QENBy e—0 P:NB;

(see |3, Remark 3.85]) so that

N < Nl gy [Vl [ Jato+22) = w (@) dz 0.
QeNB;

As for Js(g), using (b) we have

| Div A[(B:(z)) | div(Aw)[(Bc(x))

limsup |J2(¢)| < limsup [u™ (z)| + lim sup =0,

N-1 N-1
e—0 e—0 € e—0 I3
so that Ja(¢) — 0 and the proof is complete. The representation formula (5.11)) is an
immediate consequence of (5.10) and (2.28)). O

We are now ready to state the main decomposition theorem for the pairing measure.

Theorem 5.6. Let A € DM>®(Q;RYXN) and u € BD(Q) N L*>®(Q;RY) satisfying (TL.]).

Sym
Then the measure (A : Eu) admits the following decomposition:
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(i) absolutely continuous part: (A : Eu)® = A : e(u) £V;
Tr (A, Jy) +Tr (A, Jy
( ’J);r ( ’J)-(qu—ui)ij*ll_Ju;

(i) jump part: (A : Eu)! =
(iii) Cantor part: if, in addition,
(He) |[E“u|(Sa) =0,
then (A : Eu)® = A : E°u.

Proof. For the proof, we adapt the arguments from [12, Theorem 3.2] and [19, Theorem
3.3].
We first prove assertion (7). Let z € £ be such that the limit

1 .
) /B,,(x) d(A = Bu)(y)

exists, and

_[E*ul(Br (7))
(5.13) o "%IN(BT) -

lims gy [, AW )~ AG) el dy =0,
Note that .ZN-almost every = € Q has this property. We fix 7 > 0 such that
(5.14) |E®u|(0B,(x)) =0.

Let u. := 7. *xu be as in ([2.8]). Then we have e(u.) = 1. * e(u) + 1. * E%u and, using also
the fact that |n. x E*u| < n. x |[E®u|, for every ¢ € C.(B,(z)) we can estimate

/ p()d(A : Eu)(y) - / o) Ax) - e(u)(x) dy
By (z) ()

<

/ o)A : Bu)(y) - / o) Aly) : e(u)(y) dy
By ()

By (x)

+/ lo(y) [A(y) : ne x e(u)(y) — A(z) : e(u)(z)]| dy
By (z)

+ llpll oo (B, (@) [ Al oo (@ 2 /B()ns*lEsu(y)!dy-

sym
Taking into account (5.9)), and the fact that
hewe(w) 2N = e(u) ZN gk |Brul 2N Bl

(see, e.g., |3, Theorem 2.2]), together with (5.14)), passing to the limit as ¢ — 0 in the
estimate above we get

/ o)A : Eu)(y) - / o(y) Ax) : e(u)(z) dy
By (x)

B,(x)

< / o(y) [A(y) : e(w)(y) — Ax) : e(u)(@)]] dy
By (x)

+ el oo (8, (@) ANl oo (2 v [ BP0l (B (2)) -

sym
Since ¢ is arbitrary, we can choose a sequence (@), With [|pg|lpe (B, (2)) < 1 and ¢ — 1
pointwise on B,(z), and write an estimate as above with ¢ in place of ¢. Then, dividing
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both the sides by .V (B,) and passing to the limit as & — +o0, by virtue of Lebesgue’s
Dominated Convergence Theorem we obtain

1
|$N(Br) /Br(w) d(A : Eu)(y) — A(z) : e(u)(x)
1

=< [A(y) : e(u)(y) — A(z) : e(u)(z)| dy

ZN(By) /Br(a:)
HAHLOO(Q;RS{\;QN

Z5(B,)
Now, letting 7 — 0 and using (5.13)), we finally get

1 1 : u = X).ea)xr
}%%/&(x)d(A-E ) = A2) : e(u)(x).

L E*u|(B,(x)).

whence (i) follows.
Let us prove (ié). Since, by virtue of Theorem it holds that (A : Eu) < |Ful, it is
clear that (A : Eu)’ is supported in Jy. From (5.4) and (5.11) we have that

(A:Eu) = (A: Eu)lLJ, =div(Au)LJ, —u*-DivAL.J,
= [u" Tr™ (A, Ju) —u™ T (A, Jy)] 2V L Jy

+ —
- % [Tt (A, Jy) — T (A, Jo)] 251 )y

+ —
_Ir (Av‘]u);rTr Bela) (wr —wry AN,

and the proof is complete.

As for (7ii), we may adapt the proof of [19, Theorem 3.3(iii)]. Let Fu = o |Eu| be
the polar decomposition of Fu. By assumption , the approximate limit A of A exists
|E€ul-a.e. in . Hence, setting p := (A : Fu), to prove the equality in (ii7) we have to
show that

d|Z‘l‘fu| (z) = d|dEIuCu\ (z) = A(z) : ou(z) for |[Eul-a.e. x € Q.

We recall that |E¢ul-a.e. z € () satisfies
(h1) |Eu|(By(x)) > 0 for every r > 0;

(h2) the‘;;jt; }I(L%) (BB
03) N B )~ B Bw|(B )

A(y) s ouly) — A(z) : ou(x)| d|E°ul(y) = 0.

1
(h4) lim ———————— /
=0 [Eu|(Br(2)) JB, ()
We fix any of such points « € €2, and choose r > 0 such that
(5.15) |E/u| (0B, (z)) =0 and |E%|(8B,(x))=0.

Let n € C®°(RY) be a symmetric convolution kernel with support in the unit ball, and

denote by 7:(z) := e Vn(Z). It is well known (see, e.g., [3]) that 7. * Bu = 7. * Eu +
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ne * Biu + 0. * E°u. Hence for every ¢ € C.(RY) with support in B,(z) it holds

1
1Eeu|(B,(x)) / o ¢(y)A(y) : ne x Eu(y) dy

1 ~ ‘u
BB Sy, WA u@ B

1 c
< BB ) o) CWAW 7 B dy

(5.16)

1 ~ ‘u
BB o, WA u@ B

1 )
[ Wlloo l Al g, o / 0o+ | Bl dy
[Eu[(B, () LB, @RNEY) [,

1
Gl Al w/ ne * | E%ul dy,
Bl (B, (2)) L (B, RN [, T

where in the last inequality we used that ‘775 * Etu‘ < n. x| Etul for t = a,j. We note that

by (B-15)

lim ne * |EPu| dy = |Eu|(B,(x)), lim Ne * |E%u| dy = |[E®a|(B(z)) .
e—0 By (x) e—0 B(z)
Furthermore,

/ SW)A(Y) : 7 * Euly) dy = / 0 * (6A)](y) : ouly) dIEul(y).
() ()

Hence by taking the limit as ¢ — 0 in ([5.16) we obtain

1
Beul(B, @) / ) W)

1 ~ -
BB Sy, WA u@ B

1
< T~ /1 7 N\ o0
< BB, () ° /BM

1
158, (@) 1Ol 1A o 5, oymig 17 u|(B,(z))

P R
|E<u|(B;(2))

Taking the supremum on ¢, with ||¢||s < 1, on the left hand side we get

Ay): ou(y) - A) : oul@)| dIEul(y)

H‘?HooHAHLoo(BT(x);RS{VyélN)‘Eau’(Br@)) .

\ECU\ ( )

IECul z)) /B

|E u\( r(x)),
|Ecul(B, ()

ou(y) — A(x) : ou(z)| dE|(y)

|E%u| (B, (7))
Al oo (5, ()2 + [Beu|(B,(z)) A oo (B, (@) RN -
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Now, by taking » — 0 and using (h3)-(h4) we get (4i7). The proof is concluded. O
Remark 5.7 (BV matrix-valued fields). Let u € BD(Q)NL>®(;RY). If A € BV, (Q; Rg,éN)ﬂ
L2 (4 RYXN), then A € DM, (4 RYXN) and, by (2.26),

’I‘ri(A, Ju) = A}—Lul/u N _ae in Jy.

In addition, the jump part of (A : Eu) can be written as

AT A A A
(A : Eu) = % cBlu=Aj : Ea
We notice that, if A € BV ({; RS]\;IXHN) N L8 Rg,éN), (hence is satisfied), then

(A:FEu)=A":Fu,
in the sense of measures.

Finally, the following theorem establishes the validity of the Gauss-Green formulas for
the pairing on sets of finite perimeter.

Theorem 5.8. Let A € DM, (RY; RYXN) and u € BDioo(RY) N L2 (RY; RY) satisfying

(). Let F c RN be a bounded set of finite perimeter. Then the following Gauss-Green
formulas hold

(5.17) /u*-dDivA—i— d(A:Eu):—/ ut - TrT (A, 0*F)daN 1,
F1

Ft O*F

(5.18)/ u"-dDiv A +/ d(A : Eu) = —/ u -Tr (A, 0°F)ds#N 1,
Fluo*F Fluo*F O*F

where u™ are the traces of u on O*F defined in Proposition and Tr* (A,0*F) are the
normal traces of A when 0*F is oriented with respect to the interior unit normal vector.

Remark 5.9. Let A € CYRY;RYXN) and u € BDyo(RY) N L (RY;RY). Let O c RY

Sym

be a set with Lipschitz boundary. Then (IL]) is satisfied, and Tr* (A, 09Q) = —Avq. By
(5.17) we obtain

/u~DivAd:c+/ A dEu:/ v (u) - (Avg) dsaN 1t
Q Q B19)
Since by (2.2)) we have

v () (Avg) = A (v (u) © vo),

we conclude that
(5.19) / u-DivAd:c+/A: dEu = A (yT(u) @ug)d#N L.
Q Q o0

Thus, formula (5.17)) yields the Gauss-Green formula (2.14]) for DM fields and bounded
BD functions, and consequently generalizes Babadjian’s result (see Theorem and for-
mula (2.13))) as well as the Strang-Temam theorem (see Remark [2.5).

Proof of Theorem[5.8 We argue as in the proof of [25, Theorem 1.3]. Since F' is bounded,
up to consider a bounded extension domain compactly containing F', we may assume with-
out loss of generality that A € DM™®(RY; RYXN) and that u € BD(RN) N L= (RN ; RY).

sym
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Recall that xp € BV(RY), that the reduced boundary 9*F is countably #N~1-
rectifiable, and that

. 1
(5.20) XF = XF1+ 5X0F-

Define the vector field B := Au. Then yrB has compact support, and therefore
div(xrB)(RY) = 0

(see [17, Lemma 3.1]).

Furthermore, by Theorem the field B belongs to DM>(RY;RY). Hence, applying
the pairing theory for scalar BV functions recalled in Section [ and taking xr and B in
place of v and A in , we obtain

(5.21) /RN X ddiv B = —(B, Dxr)(RY).

By the definition of normal traces, together with (2.25)) and (5.10)), we have

(5.22) divBLO*F = (u" - Tr*(A,0°F) —u™ - Tr (A, 0*F)) #N ' LO*F.
Combining ([5.20)) and (5.22)), we can rewrite (5.21]) as
(5.23)
1
/ YoddivB = [ ddivB+ / (u' - Tr (A, 0°F) — u™ - Tr (A, 9" F)) doeN .
RN F! o F

On the other hand, concerning the right-hand side of (5.21f), by [19, Remark 4.4] and
since |Dxr| = #N"LLO*F, we obtain

TrH(B,0*F) + Tr~ (B, 0*F)
2

N9 F.

(B, Dxr) =
Noting that u® € L%NflLa*F(a*F;RN), since u € L>®°(RN;RY) implies that its traces
are essentially bounded on 0*F', and applying (5.10]), we deduce that

(5.24) (B, Dxp)(RY) = /a *F;[u+.’1‘r+(A,8*F)+u_«’I‘r‘(A,a*F)] AN,

Finally, inserting ([5.23)) and (5.24)) into (5.21]), simplifying the resulting expression, and
recalling the definition of B, we obtain

(5.25) /ddiv(Au):—/ ut - TrT (A, 0°F) ds™N L.
F1 O*F

Using now (5.4) together with the pairing (A : Eu), the left-hand side of (5.25) can be
rewritten as

/ d(u*-DivA + (A : Eu)) :—/ ut - Tt (A, 0°F) daN 1
Fl o F
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This concludes the proof of (5.17). In order to prove (5.18) it suffices to note that, by
(5.25)

/ ddiv(Au)
Fluo*F

:/ ddiv(Au)+/ [u™ - Tr™(A,0°F) —u - Tr (A, 0*F)] d#V ™!
F1 O*F
:—/ ut - Trt(A,0°F) doN 1
+/ [u™ Tt (A, 0°F) —u™ - Tr (A,0*F)] do'N 1,
*F

hence (j5.18) follows. O

6. SLICING FORMULAS FOR THE PAIRING WITH BOUNDED BD FUNCTIONS

In this section, we aim to derive a slicing formula for the pairing defined in .
To this end, we introduce an assumption analogous to , which is motivated by the
representation of the distributional divergence of a symmetric matrix field as a linear
combination of suitable directional derivatives.

We fix a set = C SV~ ! with |Z| = N(NH) such that {€® & : £ € E} is a basis of Ré\{,rﬁlN.
We shall refer to such a set as a frame. A standard choice is

=={eri=1.. N} u {2 1<i<j<N}

\/5 >~
where {eq,...,ex} is the canonical basis of RV,
Let {B¢ }£e~ C ]Ré\}[,IXHN denote the dual basis, defined by

B¢ : (n®n) = iy VEneE.

Let A € LL (RYXN). Then, for a.e. x € 2, we have

sym
Za )(ERE),

£c=
where the coefficients aé are given by
(6.1) ab(z) :== A(z) : BE, VEcE

Lemma 6.1. Let E be a frame and A € Li. ($; Rg,élN). Then, the divergence of A admits
the decomposition

(6.2) DivA =) (Dea)¢  in D'(;RY),
=

where, for every & € 2, D§a5 denotes the distributional derivative of a® in the direction €.
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Proof. For every ¢ € C°(Q;RY), since the matrix A is symmetric, we have A : V¢ =
A : e(p) and then, from the distributional definition of divergence, we have

(Div A, ) / A

:—Z/ J(E2E) : e(9)(a) da

=
(6.3)
=— ()€ - &) dx
;/
=3 | a€(@)Deit () da = (S (Dea) €.,
geE ge=
since Dg¢® = & - (Dp(2)€) = € - (Dp(x)"€) = e(p)€ - €. O

However, in order to give a meaning to a slicing formula for the pairing (5.1)), we shall
require a stronger regularity on the directional derivatives Dga£ of the coefficients, namely
that they are Radon measures. This leads to the following assumption:

(H") Dea® € M(Q) for every £ € =.

By Proposition [2.2] this is equivalent to the following assumptions: for all £ € =
a§ € BV(Q5) for #NLae. ye &t

(H")
/5 | DaS|(908) dN () < +oo,

where, with a slight abuse of notation, we set
af/(s) = ab(y +s£), s€ Qg

This implies that ag e Ly (Qg)

loc
We are led to introduce the class (depending on Z)

(6.4) BVZ(QRVXN) .= {A € L RVAN) . Deat € M(Q) for every € € 5} .

sym Sym

We notice that, if A € BV ({; Rg,ﬁlN) N L>( Rg,;;N) then the coefficients defined by

(6-1) belong to BV (2) N L>®(2), and Dea® € M(Q) for every £ € SV~! (see [3, Theorem
3.107]). Therefore, taking into account also (6.2) we deduce that
BV (Q; RN N L2 (Q; RY XN € BVE(Q;RYXN) € DM (Q; RYXN).

sym Sym sym Sym

Remark 6.2. The first inclusion is strict. To see this, consider  := (—1,1) x (=1,1) C R?
the function h: (-1,1) = R

h(t) := {Zin(i) ’ ig

and the stress tensor field
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where H denotes the Heaviside function. Then A € L>(Q;RZ%2), but A & BV (Q;RZ%2).
Indeed,

(d)
DQQA]_]_ = —T ¢ LlOC((_17 1)), for To 7é 0
2
so this distributional derivative cannot be represented by a finite Radon measure. Let

= :={ej,e2, el\'/ge? }. A simple computation shows that

a® = Sin(l/l'?)? a® = H(1:2 - 1/2)7 a vz =0,
so that

e]teg

De,a® =0, De,a® = 04,—1/2}, D%a Vi =0.
Hence, A € BVZ’(£; ngxn%) Finally, note that
Div A = (0, 5{302:1/2}) .
Proposition 6.3. Let A € BV (Q;RYXN). For every ¢ € C.(;RY) we have that

Sym

(6.5) /cp dDiv A = Z/L (/ s) dDaS(s )) 42N 1(y),

and, for every u € BD(Q) N L=, RY) and ¢ € C.(), it holds
(6.6) /Qwu* -dDivA = Z/L </Q€ gpg(s)(u*)g(s) dDaé(s)) dLNy).
ge= v

Proof. We first prove the identity (6.5)). For every ¢ € C,(Q;RY), by assumption (H”)) we
may apply (2.11)) with ¢ = ¢ - & and v = af to obtain

/Qgp.nggas = /gL (/Qg @5(5) dDa§(5)> dLN " (y).

The claim follows by summing over all £ € =. Finally, assertion follows by

/Qgpu dDiv A SEZE/Qgp(u ) d(Dga®),

which is a consequence of ([6.2) and the boundedness of u, and by Proposition applied
with f = ¢(u*- &) and v =a O

Now, we establish slicing formulas for the traces of DM*°-fields.

Proposition 6.4. Let A € BVX(Q;RYNXN) and ¥ € Q be an oriented countably N ~1-

sym

rectifiable set. Then, for every test function ¢ € C.(;RY), we have

67)  (Tr*(A,%), @) = Z / > (@)H(3) v () 24(s) | 2V (w):

=J&t
5625

(6.8) Tro (A, ) AN LS =) VL8 @ (a5)*(s) v vye(s s)€ AL XS,
£e=
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as measures on X, where vye € {—1,1} is the normal of Ef, oriented as
Yy
(6.9) vye(s) = sign (vs(y + s€) - £) -

Finally, for every v € L,l;/fN—ll_Z(Q; RY)

(6.10) /ZTF(A, D) -vdANT =)

£e=

L > (@) () vge(s) 05(s) | A2V Hy).

5625

Proof. We first prove that for every open set ' ¢ RY with C! boundary, and for every
test function ¢ € CH(Q;RY),
(6.11)

/ o Te(A 00 AN == Y (a5 () e (s) 95(s) | LN (w).
o0 ez’ s€d()§

In order to prove (6.11]), we recall that by (2.26]) and (2.23))

/ - Tr(A,0Q)dw#N1 = A:Vgod:c+/ @-dDivA, Ve e CHQRY).
aQ/ Ql

Q/
Then, by (6.5) and an analogous computation as in (6.3]) we get

/ @ - Tr(A,00)da N1
o

- Z/ (/ ) @5(3) dDag(s) +/ ) ag(s)(gbg)’(s) ds) di_l(y) )
ce= /€ (@) @)y
Now, for every fixed £ € = and for N ~la.e. y € &, integrating by parts we have
[ a6 6 ds =~ [ S0 dDae 3 (@) (555450,
() (@3 € @)

which inserted in (6.12]) gives (6.11]). Arguing as in the proof of (3.8)), we deduce the anal-
ogous identity for every ¢ € C.(Q;RY). From this and a standard localization argument,

see (2.27)), we immediately get (6.7)) which, in turn, implies . In particular, (6.10))
follows from and ([2.5)). O

The following theorem provides a slicing representation for the pairing (5.1)).

(6.12)

Theorem 6.5. Let A € BV%O(Q;Ré\y[éN) and u € BD(Q) N L¥(;RY) be such that
assumptions and hold. Then, for every ¢ € C.(Q2), we have

: Eu) = £(s)d(as, Dib) (s N=1iy).
©13) [ pdapu) é/&/ggwymdw,zﬁy)())w )

Proof. We subdivide the proof into steps.
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Step 1 (Lebesgue part). From Theorem [2.18(i) and Fubini’s Theorem,
/ wd(A : Eu)® = / @A :e(u)d2LN (z)
Q Q

=>. /Q pat () (e(u)(x)€ - €) L™ (x)

ge=

> /& </Qe “5(8)@5)'(5)@5(8)&) 4N 1(y)
£eE s

= E '3 s Clg ’I:Lg a s N_1
565/L (/Qggoy( ) y’D y) d)d,,?f (y),

where we used Theorem (1) for N = 1, since ﬁf, is bounded and so it belongs to
Ll(Qg, |Da§|) and this concludes the proof of Step 1.

Step 2 (Jump part). From Theorem [5.6/(ii), (6.10) with v := p(ut — u™), and Theo-
rem [2.12](ii), we get

/cpd(A:Eu)J: QO’I‘I‘ (A7Ju)+rI‘r (A7Ju) -(u+—u_)d%N_1
Q

Ju 2

=3 [ | X A0 @) (@0 - @79) | 42 w)
5 =

=Y ©S(s) d(as, DSy (s) | ALV (y),
ge=’& \7/

g

where in the last equality we used again Theorem [2.12|(ii) for N = 1.
Step 8 (Cantor part). We recall that, under assumption (Hg), by Theorem [5.6(iii) the
representation (A : Fu)¢ = A : Eu holds. From this and (2.19), we have

/Q wd(A : Eu)® = /Q ¢A:dECu:&Z; /Q pat d(E°ug - €)

-/ ( | #eee chaf,(s)) 4L y).

ge=

Now, by applying Theorem [2.12(iii) in dimension one and Remark we obtain

Z /{J_ (/Qg @5(8)(%)(5) chﬂg(s)> 4N 1(y)
geE b
— ;/l (/Qg 5 (s) d(ag,Dag)C(3)> 4LV 1(y)

and this concludes the proof of (6.13)). O
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7. PAIRING FOR (POSSIBLY) UNBOUNDED BD FUNCTIONS

A natural extension of the pairing defined in would be to consider possibly un-
bounded functions u € BD({2), requiring that u* € L‘lDiV A‘(Q;RN ), still under assump-
tion . In this case, the functional in would remain well defined; however, in
general, it would fail to be a Radon measure. We recall that the strategy developed in
[21, Proposition 4.4] to remove the assumption u € L>(£; R"V) - namely, passing to trun-
cations - does not apply in the present setting, since BD is not closed under truncations,

even smooth ones.

7.1. A new pairing by slicing. In this section, we introduce an alternative definition
of pairing, which is given by slicing.

First, we study the measurability of the one-dimensional pairing. Let us fix a frame
Z, a matrix A € BVX(Q;RYXN), and a function u € BD(R). For every & € = and for

Sym
AN ae y e QF let (ag, Dﬂg) denote the one-dimensional pairing on QS between the

locally bounded BV function ag and the measure derivative Dﬁg of the BV function 225

By Theorem this pairing admits the representation
(7.1) (a§, Diil) = (a$)*Dii§

in the sense of measures on Qf/ However, in what follows, we prefer to keep the pairing
notation.

Lemma 7.1. For every € € E and for every test function ¢ € C.(Q2), the function
v [ () dlaf. D)o
Y

is N1 _measurable on QF.

Proof. By modifying the function aé on a set of Lebesgue measure zero, we may assume
that a® is a Borel function on € and that ag € BVlOC(Qg) for every y € Qf. For every
x € Q) we define

1 [* 1"

vi(x) := lim sup — / af(x + 7€) dr and vt () := limsup — / ab(x + 7€) dr.
p—0t+ P Jo p—0t P J—p

By Fubini’s theorem vi and v are Borel functions on 2. Therefore F := {z € Q : vi (x) #

vt (z)} is a Borel set. For every y € Q¢ we have for every s € Qg

1 s+p 1 s
(vi)g(s) = lim sup / ag(T) dr and (’Uf)g(s) = limsup — / ag(T) dr
p—0t P Js p—0t P Js—p

and

(W3)5(s) = (v0)5(s) = ab(s) ZL'-ae. in Qf

thanks to Lebesgue’s differentiation theorem. By elementary properties of BV functions
of one variable, for every y € Q¢ this implies

1ot
pl_i)r(r)1+ 2 /S_p ’ag(T) — (vi)g(s) dr =0, for every s € Qg \ Fyg,

(a§)+(s) = (Ui)g(s) and (a§)~(s) = (v°)(s), for every s € Qg N FyE
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This implies that

(Ui)g(s) , for every s € Qf, \ Fg§7
{ , for everysGQf,ﬂFg§7

S A
dDug(s)

¢
Y ot @y (s)

is N ~1-measurable on Q¢, by using (2.18) with the Borel function g(z) := ¢p(r)—+—5——.
This concludes the proof. ]

Given a frame =, a matrix A € BVZ(Q; RYXY) and a function u € BD(Q), we define

sym

the slicing pairing as the linear functional ((A : Eu))z: C°(2) — R by

(7.2) (A : Eu)) Z/L (/ ) d(a§, Di )(5)) 22Ny,

Theorem 7.2. Let A € BVX(Q;RYXNY) and u € BD(QQ). Then

sym
(1) the slicing pairing ((A : Eu))z is a Radon measure in Q and
(A:Eu))z=) 2N L0 @ (af, Das)L QS

ge=

in the sense of measures;
(ii) the measure ((A : Eu))= is absolutely continuous with respect to |Eul|, and it
holds that

(7.3) |((A: Eu))=|(B) < Ce[|Al|peo@mrxny|Eul(B)  for every Borel set B C U € {2,

where Cg := (max||B£||> |=];
£eE

(iii) (consistency) if u € BD(2) N L=®(Q;RN) such that and hold, then
((A : Eu))z coincides with the pairing defined in (5.1); i.e.,
((A: Eu))z = (A : Eu),
in the sense of measures.
Finally, if u € BD(Q) and A € BV (Q;RYXN) N L= (QRYXY), then

((A:Eu))z =A": Eu,

in the sense of measures.
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Proof. As for (i), we note that for every & € = and for J#V~ 1—ae y € &5, by () we
have ay € BVIOC(Qg) N LS (Qg) and, by Proposition (13), uy € BVlOC(Qﬁ). Therefore,

loc
for such y, the pairing (ay, Dug) is well defined and is a Radon measure in €2;. Moreover,
for every Borel set B C U &€ ) we have

(@, DASI(BS) < a§1| )| D (B5) < max [BENA] ey | D (55

Let ¢ € C°(Q). For every & € = and for #Vla.e. y € €+, we estimate

< Il oo (e I(af, Dag)(€25).

| #5651 dtas. D))

Y

Hence the map
v [ (e dias D))
Yy

(which is s#N~1-measurable on Q¢ by Lemma belongs to L' (0¢), thanks to the above
estimate and to (2.17). Therefore, the linear functional on C2°(2) defined by (7.2)) is well
defined and satisfies the estimate

(A Bz < el (o 1B ) DA oz > . 1P1(95) a2

sym

Using ([2.17)), we obtain
[(((A: E))z, ¢)| < C= ol Lo (@) |Al] oo (v vy [E| ().

sym

In particular, the functional is bounded with respect to the sup norm on C2°(Q2) and thus
extends uniquely to a bounded linear functional on C,.(£2). Therefore, it can be represented
by a Radon measure, still denoted by ((A : Eu))=. By construction, its action on test
functions is exactly given by , which directly translates to the representation formula
in ().

For what concerns (i7), for every Borel set B C U € 2 we have
(A : Bu))=|( <Z/L (/ ,Da§)|(s)> 22N (y)

. N—1
< Z/ a5l oo ()| DT (B5) A2V 71 (y) < C2l|All e v | B0l (B).
£cE
Assertion (7i7) is an immediate consequence of the analysis developed in Section |§|
particular, it is a consequence of the boundedness of u, of the assumptions (H| and .,
R

of Theorem (6 and definition . Finally, if A € BV(Q Ré\}f,IXHN ) L9 Ry N, then
23

by Theorem [2.8| for every u € BD(Q) and for every ¢ € C.(2) we get
/¢A* dEu—Z/ B ®RE: dEu—Z/ )d(Eué - €)(x)
£e= =

= £(s) (ab)*(s s (s N-1 u))=
5EE;/L</%soy<><y><>dD y<>) a2V () = (A Bu)s,

where we used Theorem 2.12] for N = 1. O
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Remark 7.3. If A € WHHQ; RYXN) N L2 (Q; RYXN) and u € BD(RQ), then

sym sym
((A: Eu))z = A : Eu,

in the sense of measures in Q, since for every & € = and for ZN"a.e. y € €+ we have

(ay, Duy) = ay dDuy in the sense of measures in Q
Moreover, if A € BV (Q;RYXN) and u € LD(Q), it holds that

Sym

(A: Eu))z = A :e(u).ZV,
in the sense of measures, since for every € € Z and for DSfN Lae. y € &- we have
(ay, Duy) = af/(uy) £ in the sense of measures in QE (see (2 ) (see [30, Remark 7.6]).

Remark 7.4 (Invariance of the slicing pairing for BV matrix ﬁelds). We emphasize that
the previous definition depends on the particular choice of the set =, which affects also
the singularities of the chosen field A. We recall that = is a finite set of directions
required to reconstruct a symmetric matrix from rank-one symmetric matrices. If we
select an alternative frame Z' and reconstruct the functional, we obtain a different object.
The invariance is recovered under suitable regularity assumptions. For instance, if A €

BV (; ]RS]\;QN ) N L8 Rg,élN ), then the definition is independent of =, since the
slicing formula reconstructs the integral [, ¢ A* : dFu, which is intrinsically coordinate-
independent (see the last assertion of Theorem . In this case, we use the notation
((A : Eu)) for the pairing. For non-smooth fields (such as those exhibiting fractures
or microstructural shear bands aligned with the grid Z), the pairing captures the

concentrations of energy along the directions of =.
Remark 7.5. We observe that, given two different sets of directions = and Z’, the conditions
A € BVR(Q;RYXN) and A € BVZ(Q; RYXN)

sym Sym

do not, in general, imply that A € BV(Q;RY*N). However, in Appendix [A| we identify

Sym
an algebraic condition ensuring that A € BV(Q; Rg,rle ) when N = 2. In this case, by
Remark we further have that

((A: Eu))z = (A : Eu))=

The following result is a consequence of the standard decomposition of the pairing
measure in its Lebesgue, jump and Cantor parts.

Proposition 7.6. Given A € BVZ(Q; Rg,IfIN) and u € BD(Q), for every ¢ € C.(Q) we
have

<((A Eu Z:/L (/Q& ag(s) (ﬂg)’(s) ds> dngl(y)

_Z/L (/Qg (s) (a8, D) (s) ds) dLN " (y);

£eE

<((A: Z/ 5(8)(a§) () vye (s) (@) (s) — (a5) 7 (5)) | 42V (y)

Y
E€E seJ &

= Z/l (/QE 21C d(aivDﬂiV(s)) A2 y);

£eE
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((A: Eu)) Z/L (/Qﬁ o5 (s ) d( 5,Da§)0(3)> diﬂN—l(y).

7.2. The Gauss-Green formula for the slicing pairing. We begin by establishing
a preliminary result that will be instrumental in proving the Gauss-Green formula for
possibly unbounded BD functions. Specifically, we extend Proposition to this setting.

Proposition 7.7. Let A € BVX(Q;RYXN). For every u € BD(RQ), the assumptions

Sym
(7.4) u* - € € LYQ,|Deat|) for every €€ Z,

and

(7.5) / (/5 |(d§)*|(s) d|Da§|(s)> dLN " y) < +oo for every £ €=,
&H\/Qp

are equivalent. Moreover, under either of the equivalent conditions above, we have

(7.6) /u -dDivA = Z/l (/ (s) dDdS(s )) dLN ().

Proof. The equivalence between (7.4) and (7.5 is an immediate consequence of ([2.10))
combined with [3, Corollary 2.29], and ({2.5) with f = |u* - £]|, which yield

* € — HE)* I3 N-— =
[ gl dipeet| - /£ ) ( /| 1 |<s>d|Day|<s>> LN 1(y) for every € € 2.

By (6.2), (7.4), (2.12) with v = a® and f = u*- ¢, we get
/u*.dDivA:/Z(u*-g)d(Dga Z/ u* - £) d(Dga®)
Q Qeex

ge=
—Z/ (/ a€)* (s) dDaS (s )) dLN1(y) .
€ QE
£eE
This concludes the proof of (7.6)). ]

The next proposition provides a Gauss-Green formula by slicing, which will be the key
ingredient in the proof of the Gauss-Green formula, see Theorem below.

Proposition 7.8. Let A € BVOOIOC(RN RYXNY and u € BDioo(RY). Let F C RN be a

Sym
bounded set of finite perimeter. Assume that

(7.7) /l </(F1)5 \(@5)*|(s) d]Da§|(s)> dLN"Yy) < +o0 for every €€ =.
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Then the following Gauss-Green formulas by slicing hold

s > < JAC N0 dDa§<s>> Az )+ [ diA: Bw):

==

S T @ e @ | a2 ).

ge=E" s€(9*F)§

as)* (s aS(s N-1 : Bu))=
CEDY /. ( L 78 (0 S >) a2+ [ (A )

=S [ T @ @ @) | a2,
¢e27 \ se(orp)s
where
vpe(s) = —sign (vr(y + 5§) - §).

Proof. We only prove (|7.8)), the proof of the other one being similar. For every & € = and
for £N=1la.e. y € &+, by Corollary we get

[ @ e)apai(s) + [ (e Di) () == 30 (@)1 () vgepg ) 1) (),
(F1)y (FY)y sG(B*F)g !
Yy
where we used that, for £V ~1ae. y € ¢, 8*(Fy€) = (8*F)§ and (F1)§ = (Fyg)1 We will

integrate over &1 and sum over & € Z. Notice that the finiteness of the integral on the
right hand side is ensured by the (7.7) and (7.2)). By using ([7.2]) we have

: Eu))=z = as, Dag)(s N- .
[, daspa==37 [ (/(Fl)gf“ <, D) >> )

£e=

This concludes the proof of ([7.8]). The second identity ((7.9) follows analogously by using
the second formula in Corollary ]

We now combine the previous results to derive the Gauss-Green formula for possibly
unbounded BD functions.

Theorem 7.9. Let A € BV (RV;RYXN) and u € BDyo(RY). Let F C RN be a

= sym
bounded set of finite perimeter. Assume that

(7.10) u*-€ € LL (RN, |Dgat|) for every & € E, ut € L;foll_a*F,loc(RN;RN)’

where ut are the traces of u on O*F defined in Proposition [2.6. Then

/ u*-dDivA+/ d((A:Eu))Ez—/ ut - Trt (A, 0" F)dwN 1,
F1 F1 o*F

/ u*-dDivA—i—/ d((A : Bu))s —/ u - Te (A, 0°F) doN
Fluo*F Fluo*F o*F

where Te™ (A, 0*F) are the normal traces of A on O*F oriented by the interior unit normal
vector.
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Proof. By the second assumption in (7.10) and (6.10) with v = u™, we obtain

£ ot " N-1 _ et e\t N—1
[ BN =30 [ S G0 o) | 42V )
3= sE@*Fé’:
Combining these facts with Propositions [7.7] and we obtain the two Gauss-Green
formulas stated above. 0

Remark 7.10. If F C RY is a bounded open set with Lipschitz boundary, then the second
assumption in ([7.10]) is satisfied (see Theorem and it holds

/u*-dDivA—i—/ d((A:Eu))E:—/ T (u) - Trt (A, 0F) dN 1.
F F oF

Remark 7.11. Let A € C*(RY;RYXN), then is satisfied, and Tr* (A, 00Q) = —Avg.

sym

Let u € BDyy(RY), then the smoothness of A implies that u = u* #"-a.e. and u €
L|1DivA|,1oc(RN3RN)' By (5.17) and (2.2)) we obtain that

(7.11) /u~DivAda:+/A: dEu:/ A:(yT(u) Oug)d#N L.
Q Q 9]

Thus, identity ([7.11]) extends the Gauss-Green formula ([2.14]). Moreover, it provides an

extension of (5.19) to BD functions that are not necessarily bounded.

8. COMPARISON WITH THE KOHN-TEMAM PAIRING IN PLASTICITY THEORY

We refer to |30, Ch. II, Sec. 7] and [29]. Let 2 be a bounded and Lipschitz subset of

RY. Define
$(Q) = {A e L2(RYXN) . DivA e LN (;RY), AP € LOO(Q;IR{NXN)},

sym

and

U(Q) = {u € BD(Q): divuc L2(Q)}.
Recall that, by for every u € H'(Q; RY),
AP eP(u) = A :e(u) - %tr(e(u)) trA.
Observe that, for u € U(Q),
EPu=Fu- %(div u)l, trEu=divu,

and that trA divu € LY(Q). Hence, for u € U(2) and A € X(Q), one can define the
following distributions (see |30, Definitions 7.42-7.43]):

(8.1) ((A: Eu),p) ::—/Q<pu-DivAdx—/QA:(u®V<p)dx,
and

D . D 1 :
(8.2) (A" : EPu),p) := —N/ngtrA divudz + ((A : Eu), ),

for every ¢ € C°(Q).
It is proved that, whenever u € U(£2) and A € (), the distributions defined in ({8.1J)-
(8.2) are bounded Radon measures on € (see |30, Lemma 7.3] and [29, Theorem 3.2]).
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Now, we will extend the notion of the pairing to stresses with divergence measure.
We give a new definition of (AP : EPu) by using the slicing approach of the previous
section only for the term (A : Fu) and by assuming the minimal conditions for the well-
posedness of the remaining term.

Let u € BD(2) (so that divu is a Radon measure) and let A € BV%O(Q;]RS]\;QN). We
define the following distribution: for every ¢ € C2°(Q2),

(AP : EPu))z, @) :=

- fypwadavw+ Y [ </ 25 (s) d(af, i) <s>) 4LV ).

Ee=

(8.3)

Theorem 8.1. Let A € BVX(Q;RYXN) andu € BD(Q). Then the distribution (AP : EPu))=

Sym
is a Radon measure in Q, absolutely continuous with respect to |Eu|, and there exists a

positive constant 5’3 such that
(8.4) N
(AP : EPu))z|(B) < Cz|| Al mv<vy|Eul(B)  for every Borel set B C U € (.

Moreover, if Q is a bounded and Lipschitz subset of RN, for every u € U(2) N L>®(;RY)
and A € BVX(QRYXN) N X(Q) (and so assumption (H)) is satisfied) such that ()

Sym

holds, the measure (AP : EPu))z coincides with the pairing defined in (8.2)); i.e.,
(8.5) ((AP : EPu))z = (AP : EPu),

in the sense of measures. Finally, if u € C*(Q;RY) and A € BV%O(Q;RQ,IXHN) N 3(Q),
then

1
(8.6) (AP : EPu))=z = (A :e(u)— NUA tr(e(u))).,?fN = AP eP(u) 2N,
Proof. To prove condition (8.4)), let us note that, by (7.3]) and (2.1)),
1
(AP : EPu))=|(B) < N/ tr Ald[divu| + [((A : Eu))=|(B)
B
1 .
< yltr Allzee | divul(B) + Ce[|All oo iy gy vy | Eul(B)
< (14 CIAl gz [ Eul(B).

Assertion (B.5)) follows by Theorem [7.2{(iii), Remark and ({8.2)).
On the other hand, by (8.5 we get

(AP : EPu))= = (A : e(u) - %trA tr(e(u))).2".

The second equality in follows from ([2.4)). O

9. AN EXAMPLE: A GRIFFITH-TYPE MODE I OPENING CONFIGURATION

To illustrate the physical relevance of our framework and to highlight how it overcomes
the limitations of the classical Kohn-Temam theory, we consider a simple two-dimensional
example describing a displacement jump across an interface, modeling a pre-existing crack
(i.e., a displacement discontinuity) in the reference configuration.
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Let Q = (—1,1)2 C R? be the reference domain, divided into two subdomains by
the interface I' = {z € Q : xo2 = 0}, with vp = es. We define a displacement field
u € BD(Q) N L*(Q; R?) representing a normal opening with amplitude v > 0

@) = (i)

where H denotes the Heaviside function. Note that u € SBV (£;R?), and
Fu=[ut-u]o vp LT = (’yt%”ll_F) (e2 ®e3).

The jump of u across the interface is purely normal (Mode I opening, see |11]), since it
is aligned with the normal direction to the interface and no tangential slip occurs. We
consider a piecewise constant stress tensor, defined as

0 0 ot if 9 >0,
A X)) = olx =
(z) <0 U(@)) ’ (22) {0‘ if 29 <0,
with 0% € R. This tensor corresponds to a Griffith-type normal traction state across the
interface, with no shear components. Note that A € BV (Q; Rfyxrﬁ) N L>(Q; Rfyxnzl)
In this setting, the divergence of A is a vector-valued measure concentrated on the
interface I', namely

. 0
DivaA = ((U+ - O’)%lLI) :

The singularity of Div A with respect to .£? prevents the application of the classical Kohn-
Temam pairing theory, which consequently cannot be used to evaluate the mechanical work
across the interface. The framework developed in this paper overcomes this limitation by
naturally capturing the interfacial contribution.

Since A € BV (Q;R%%2), by Remark we have

Sym
+ —
(A:Eu)=A":Fu= %yﬁﬂll_ﬂ

This identity provides a consistent definition of the interfacial work associated with the
discontinuity of the displacement field. Moreover, it shows that the generalized Gauss—
Green formula (Theorem remains valid even in the presence of singular divergences,
thereby ensuring global energy balance on singular sets where classical divergence integra-
bility fails.

Indeed, for the Lipschitz subdomain F := (—%, %)2 C Q (see Figure , the generalized
Gauss—Green formula reads

(9.1) / u*-dDiv A +/ d(A : Fu) = / ut - (Atvp)dH.
F F oF

Now, evaluating both sides over the domain F' yields a perfect identity. Specifically, the
left-hand side combines the singular divergence and the interfacial work contributions
along the crack line I':
(9.2)
- Y - ot +o

/u*-dD1vA+/ d(A:Eu):/ ~(ocT -0 )d’Hl—i—/ ————ydH' =0T,

F F FAr For 2
which perfectly matches the right-hand side boundary integral, where a non-vanishing
traction trace ut - (Atvp) = yo occurs exclusively along the upper edge of F. Indeed,
on this portion of the boundary one has vr = ez, u = ves, and ATvp = 0T es, while the
contributions from the lower and the lateral edges of F' vanish.
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Ot

LT el e

FIGURE 1. The reference configuration 2 with the interface I' and the
Lipschitz subdomain F' crossing the interface.

APPENDIX A. A SUFFICIENT CONDITION FOR BV REGULARITY

We identify a sufficient condition, based on a control of the directional derivatives of A
with respect to frames, that guarantees the BV regularity of A.
Let & = {vy,...,vp} and & = {wy,...,w,} be two frames of Ré\}f,é}N, where n =

w. A symmetric tensor field A admits the representations

n n
A = E avivi®vi: E aWjo(X)Wj.
i1 j=1

The change of frame is described by a matrix G € R™*" through the algebraic relation
n

Vi Qv = Z G;jw; ® wj, which implies
j=1

(A.1) a%i = Z Grja“*.
k=1

Assume (H”)) for both the frames, namely
(A.2) Dy,a¥i =: p; € M(Q), Dy,a™ =1v; € M(Q) Vi, j=1,2,...,n.

Expanding the directional derivatives (A.2)) in terms of the Cartesian basis {e, }\_; (using
also (A.1))) yields a linear system of 2n equations for the N x n unknown distributional
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derivatives De a%%, a=1,... N, k=1,...,n
N
Z(vi~ea)Deaa"i:Mi7 i=1,...,n,
a=1
n N
ZZG’W w;j - eg) Deya’* = vy, j=1,...,n.
k=1 8=1

If the associated coefficient matrix has trivial kernel, then each distributional derivative
De,av* can be written as a linear combination of the Radon measures p; and v;. In
particular, aV# € BV (Q2) for every k = 1,...,n, and hence A € BV ({; Ré\}f,éN).

In particular, for N = 2, the system is square (2n = Nn = 6), and the condition reduces
to the invertibility of the associated matrix

V] el Vi€ 0 0 0 0
0 0 Vo - €] Vg - €2 0 0
M = 0 0 0 0 V3 - el V3 - €2
Guwi-er Guwi-ex Goawi-er Goywi-ex Gziwi-ep Gziwy-e
Giowa-e1 Giawa-ex Goawz-e; Gapwy-ey Gzwr-ep Gzpws-er
Giswz-er Gizwz-ex Gogwz-e; Gazwsg-ex Gyzws-e; G33ws - e
i.e.,

det(M) # 0,
which can be interpreted as a joint non-degeneracy condition on the two frames = and
=’, ensuring that all Cartesian partial derivatives are uniquely determined by the coupled
system.
As a by-product of the previous argument, we obtain the following proposition.

Proposition A.1. Let 2 = {v1,vy,v3} and Z' = {w1, wy, w3} be two frames of RZ2,

and M € R%*® be defined as above. Assume that det(M) # 0. If A € BV (Q;RY2) N
BV (Q;R2X2), then A € BV (Q;R2X2) N L>(Q; R2X2).

Sym sym sym

Remark A.2. For N > 3 one has 2n < Nn, and the resulting system is underdetermined;
hence two frames do not provide enough equations to determine all Cartesian partial
derivatives. In general, one needs with respect to sufficiently many (at least N)
frames in generic position so that the associated linear system becomes square, and its
invertibility is ensured by a suitable non-degeneracy (rank) condition.
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