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Abstract. The classical Kohn-Temam stress-strain pairing (A : Eu) for symmetric
tensors A and u ∈ BD is typically formulated under summability assumptions on the
divergence of A. This excludes stress fields whose divergence has singular surface contri-
butions, as occurs at cracks and material interfaces in continuum mechanics. We define
and study stress-strain pairings for bounded symmetric divergence-measure tensor fields.
For general u ∈ BD, we introduce a slicing pairing ((A : Eu))Ξ for tensor fields satis-
fying a directional BV -type condition with respect to a finite frame Ξ. The definition
is based on a one-dimensional disintegration strategy, and despite this construction, the
new pairing enjoys analogous properties of the usual pairing (A : Eu), such as the abso-
lutely continuity with respect to |Eu| and the Gauss-Green formulas. We also identify
several situations in which the pairing is independent of the choice of frame Ξ, includ-
ing the relevant case in which the stress field A belongs to BV . While a distributional
stress-strain pairing can be defined naturally for bounded BD functions, it cannot be
extended to the unbounded setting, since the truncation techniques available in BV fail
in BD. The slicing pairing is consistent with the distributional one whenever the latter
is defined, while being more general even for bounded u. Indeed, its existence does not
require the compatibility condition |DivA|(Su \ Ju) = 0 which is necessary for the dis-
tributional definition. This allows the treatment of stress fields interacting with diffuse
micro-cracking.

1. Introduction

The mathematical formulation of the duality between stress and strain tensor fields
represents a cornerstone in the variational analysis of inelastic behaviors, such as perfect
plasticity, damage, and fracture mechanics. In the classical framework established by Kohn
and Temam in [29], the definition of a pairing (A : Eu) between a bounded symmetric
stress tensor A ∈ L∞(Ω;RN×N

sym ) and a strain tensor Eu associated with a displacement
u ∈ BD(Ω) crucially requires that the divergence of the stress tensor satisfies DivA ∈
LN (Ω;RN ). The only available notion is the classical distributional definition of pairing
(see [30, Ch. II, Sec. 7.3] and [29])

(1.1) ⟨(A : Eu) , φ⟩ := −
∫
Ω
φu ·DivA dx−

∫
Ω
A : [u⊙∇φ] dx ,

for every φ ∈ C∞
c (Ω), where ⊙ denotes the symmetrized tensor product between vectors.

Most developments in elasto-plasticity have been formulated under assumptions ensuring
that the admissible stresses remain within the scope of the classical theory, in particular
requiring summable divergence. Within the framework of functions with bounded defor-
mation, these issues have been extensively investigated through variational approaches.
In the context of plasticity, a foundational contribution is provided by Dal Maso, De Si-
mone and Mora [24], who developed a general theory of quasistatic evolution for linearly
elastic–perfectly plastic materials.
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Nevertheless, in several areas of applied sciences and engineering, tensor fields naturally
arise whose divergence contains jump (surface) terms. For instance, in composite elastic
bodies, jumps in the stress across interfaces describe surface forces associated with ad-
hesion and debonding phenomena, and the corresponding pairing with the displacement
field represents interfacial work. In fracture mechanics, cracks induce discontinuities in the
stress field, while the pairing (A : Eu) accounts for bulk elastic energy as well as fracture
and crack-opening energy (see [10,26,27]). In fluid dynamics, shocks in conservation laws
produce concentration effects in the divergence of stress-flux fields (see [12, 13]). These
examples show that the symmetric stress-strain pairing in BD is not only mathemati-
cally natural, but also essential for modeling realistic systems involving cracks, interfaces,
plasticity, and concentrated forces. In particular, they illustrate how jump contributions
in the divergence operator naturally encode surface and interface forces within a unified
variational framework.

On the other hand, starting from the seminal paper [5], the pairing theory in BV
has undergone significant developments in recent years, driven by applications in several
contexts ([12, 14, 15, 19–22, 25]), which suggest possible extensions of the classical BD
theory to more irregular stresses and divergences. Indeed, the original motivation of [5]
was the variational approach to elasto-plasticity (see [4, 6, 7]).

Inspired by these recent advances, we address the problem of defining a general pairing
(A : Eu). The ideas developed in the aforementioned works allow one to treat the case
of bounded BD functions rather naturally through a distributional formulation. The
extension to arbitrary BD functions is more delicate, as the available techniques break
down in the absence of truncation arguments and must be replaced by a different approach.

Our results. Motivated by this perspective, we aim to extend the classical definition
(1.1) in order to include bounded symmetric tensor fields A with divergence measure.

We start by introducing a pairing in BD for bounded functions (see, for instance, [18,
Theorem 3.1] for an example of a function of this type). In this case, a natural definition
of pairing between A and Eu would be the distribution (A : Eu) ∈ D′(Ω) acting as

(1.2) ⟨(A : Eu), φ⟩ := −
∫
Ω
φu∗ · dDivA−

∫
Ω
A : (u⊙∇φ) dx,

for every φ ∈ C∞
c (Ω), where u∗ is the precise representative of u defined on Ω \ (Su \ Ju)

by (2.7). However, although |DivA| ≪ H N−1, the term
∫
Ω φu∗ · dDivA may fail to be

well defined, since it is not known whether H N−1(Su \Ju) = 0 (see Section 2 (§ Functions
of bounded deformation)). To overcome this issue, we require the assumption

(H∗) |DivsA|(Su \ Ju) = 0,

where DivsA denotes the singular part of the measure DivA, so that u∗ turns out to be
defined |DivA|-a.e. (see discussion in Section 5). From a physical standpoint, condition
(H∗) stipulates that any singular internal or external force concentrations (represented
by the measure DivA) cannot be distributed on the diffuse, irregular boundary regions
where u lacks a clean jump. Instead, singular forces must be strictly concentrated along
well-defined interfaces or crack surfaces. This assumption is perfectly compatible with
the modern variational models of fracture and cohesive zones, but it excludes the case of
diffuse micro-cracking.

The distribution (1.2) is shown to be a Radon measure (see Theorem 5.3) and to satisfy
the Gauss-Green formula (see Theorem 5.8).
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On the other hand, the boundedness of u is a rather restrictive modeling assump-
tion, especially in brittle fracture mechanics, so that it seems natural to treat the case of
unbounded BD functions. However, a further difficulty arises in this setting, since the dis-
tributional definition (1.2) is no longer directly applicable, as it would require a truncation
argument which is not available in BD. The use of slicing techniques to overcome this
type of difficulty is reminiscent of the definitions of the spaces of generalized functions of
bounded deformation GBD and GSBD introduced by Dal Maso [23], where generalized
deformations are characterized through suitable one-dimensional sections.

This observation naturally leads us to introduce, for general BD functions, a slicing-
based definition of pairing. We impose a structural assumption ensuring one-dimensional
BV regularity of the components of a symmetric matrix A along a “frame” - that is, a
suitable finite set of directions ξ ∈ Ξ - namely, A ∈ BV∞

Ξ (Ω;RN×N
sym ) (see (6.4)). This

allows us to establish a Fubini-type formula that reduces the pairing to one-dimensional
contributions. The argument relies on slicing along directions ξ ∈ Ξ and on the fact that,

for a.e. y ∈ ξ⊥, the scalar projections ûξy(t) := u(y+ tξ) · ξ belong to BVloc(Ω
ξ
y), where Ω

ξ
y

is a one dimensional slice of Ω.
A preliminary, but crucial, result is a slicing formula for the distributional pairing (1.2)

for u ∈ L∞(Ω;RN ), as

(1.3) (A : Eu) =
∑
ξ∈Ξ

L N−1 Ωξ ⊗M (aξy, Dûξy) Ωξ
y,

in the sense of measures (see Theorem 6.5), where ⊗M denotes the generalized product of

measures, see Section 2 (§ Measures). Here, aξy(s) := aξ(y+sξ) and aξ are the coefficients
of A with respect to the dual base of {ξ ⊗ ξ}ξ∈Ξ. In fact, the proof is obtained by
disintegrating separately the Lebesgue, Cantor and jump parts. The handling of the
Cantor part is more delicate and requires that |Ecu|(SA) = 0; i.e. the Cantor part of Eu
does not charge the set of the essential discontinuities of A.

Now, for a general BD function, we introduce a new pairing, denoted by ((A : Eu))Ξ,
taking (1.3) as the starting point. More precisely, given A ∈ BV∞

Ξ (Ω;RN×N
sym ) and u ∈

BD(Ω), we define the linear functional ((A : Eu))Ξ : C
∞
c (Ω) → R by

(1.4) ⟨((A : Eu))Ξ , φ⟩ :=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy)(s)

)
dL N−1(y).

The resulting object is well defined, depends on the frame Ξ and is consistent with the
bounded case. This is the content of the following theorem (see Theorem 7.2 and Theorem
7.9 for more precise statements), which is the main result of the paper.

Theorem 1.1. Let A ∈ BV∞
Ξ (Ω;RN×N

sym ) and u ∈ BD(Ω). Then the slicing pairing ((A :
Eu))Ξ is a Radon measure in Ω, absolutely continuous with respect to |Eu|, and a Gauss-
Green formula holds on sets of finite perimeter. Moreover, if u ∈ BD(Ω) ∩ L∞(Ω;RN )
such that |Ecu|(SA) = 0, and (H∗) holds, then ((A : Eu))Ξ coincides with the pairing
defined in (1.2); i.e.,

((A : Eu))Ξ = (A : Eu),

in the sense of measures.

The construction is not intrinsic in this level of generality, as the pairing ((A : Eu))Ξ de-
pends on the choice of the finite frame Ξ. This dependence is an unavoidable consequence
of the slicing approach, since the directional BV assumptions are imposed only along the
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directions of Ξ. Although such coordinate dependence may at first seem at odds with the
objectivity expected in continuum mechanics, it provides the flexibility needed to accom-
modate singularities of DivA. We identify several situations in which the pairing becomes
intrinsic and is therefore independent of the chosen frame (see Remarks 7.4 and 7.5, and
Appendix A). In particular, this occurs when A ∈ BV (Ω;RN×N

sym ) ∩ L∞(Ω;RN×N
sym ), in

which case the slicing construction reconstructs the intrinsic measure A∗ : Eu.
Notice that the slicing pairing is well-defined without requiring the compatibility as-

sumption (H∗), even for bounded u. This allows the treatment of diffuse micro-cracking,
which is excluded from the framework of the distributional formulation.

A particularly illuminating step for developing the previous analysis, which is of inde-
pendent interest, was a preliminary slicing decomposition of the pairing (A, Du) between
bounded tensor fields with measure-valued divergence and u ∈ BV (Ω;RN ), as studied in
[25]. This is achieved by exploiting the slicing theory in BV , which characterizes BV func-
tions through their one-dimensional sections and allows for a corresponding disintegration
of the measure Du. This study relies on several key features of BV functions, which are
not available in BD: the coarea formula, the chain rule together with truncation argu-
ments, the fact that a vector-valued BV function can be characterized componentwise in
terms of scalar BV functions (which in turn implies that the pairing can be decomposed
as the sum of the corresponding scalar pairings), and the property H N−1(Su \ Ju) = 0.

In the last part of the paper, we introduce a new notion of pairing ((AD : EDu))Ξ
between the deviatoric parts of A and Eu, which can be compared with the one studied
in [30, Lemma 7.3] and [29, Theorem 3.2]. The main difficulty is that, to the best of
the authors’ knowledge, no slicing result is currently available for EDu (see [8, Example
10.1]). This lack of a slicing theory is consistent with the fact that the deviatoric part of
the strain does not satisfy the rank-one property, which is essential for slicing arguments.
Nevertheless, we are able to give a “mixed” definition of ((AD : EDu))Ξ for u ∈ BD(Ω)
and A ∈ L∞(Ω;RN×N

sym ) with divergence measure (see (8.3)).
Finally, in Section 9, we discuss a simple two-dimensional example of Griffith-type

Mode I opening configuration, modeling a pre-existing crack in the reference configura-
tion. The stress tensor considered therein has a singular DivA with respect to L 2, hence
the classical Kohn–Temam pairing theory does not apply and it does not allow one to
compute the mechanical work across the interface. By contrast, the framework developed
in this paper naturally captures the interfacial contribution.

Organization of the paper. In Section 2 we collect preliminaries on BV , BD, and di-
vergence measure fields, including slicing and disintegration results. Section 3 is devoted
to slicing formulas for divergence and normal traces. In Section 4 we establish the slicing
representation of the pairing in the BV setting for scalar and vector-valued functions.
Sections 5-7 develop the extension to tensor fields and BD functions, including the def-
inition of the pairing via slicing and the analysis of the unbounded case. In Section 8
we compare our results with the classical theory, and extend it to (bounded) tensor fields
with divergence measure. Finally, in Section 9 we discuss an example.

2. Preliminaries

Vectors and matrices. If a,b ∈ RN , we write a · b for the Euclidean scalar product,
and we denote by |a| =

√
a · a the associated norm.
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We write RN×N for the set of real N × N matrices, and denote by RN×N
sym that of all

real symmetric N ×N matrices. The components Aij of a matrix A are defined by

Aij := ei ·Aej .

Given two matrices A and B ∈ RN×N , we consider the Frobenius scalar product A : B =
tr(ATB), where AT is the transpose of A, trA is its trace, i.e. trA =

∑N
i=1Aii, and we

denote by |A| =
√
A : A the associated norm. Note that

(2.1) |trA| ≤
√
N |A| .

We recall that for any two vectors a,b ∈ RN , a ⊗ b := abT ∈ RN×N stands for the
tensor product, while a⊙b denotes the symmetric matrix 1

2(a⊗b+b⊗ a). We may also
write

A =
N∑

i,j=1

Aijei ⊗ ej .

The following identities (see, e.g., [28, Section 3]) easily follow from the definitions and
the properties of the tensor and scalar products:

(2.2) A : (v ⊙w) = A : (v ⊗w) = v · (Aw) = w · (Av) ,

for every v,w ∈ RN and A ∈ RN×N
sym .

For every A ∈ RN×N let us denote by AD the deviatoric part of A, defined by

(2.3) AD = A− 1

N
(trA)I ,

where I is the identity matrix. Recalling that the Frobenius scalar product is bilinear,
and that A : I = trA (so that, in particular, I : I = N), we easily deduce from (2.3) the
well-known identity (see, e.g., [30, eq. (7.41)])

(2.4) AD : BD = A : B− 1

N
trA trB .

Measures. The following definitions and basic facts about measures can be found, e.g.,
in [3, Chapters 1 and 2].

We denote by L N and H α the Lebesgue measure and the α-dimensional Hausdorff
measure in RN for some α ∈ [0, N ], respectively. Unless otherwise stated, a measurable
set is a L N -measurable set. It is well known that H N−1 = L N−1 on each hyperplane
Ωξ ⊂ RN (see [3, eq. (2.37)]). Unless otherwise specified, Ω ⊆ RN is an open set.

Following the notation of [3], we denote by Mloc(Ω;Rm) and M(Ω;Rm) the spaces of
vector-valued Radon measures and finite Radon measures on Ω, respectively. In the case
of scalar measures (m = 1), we will shorten the notation and use the symbols Mloc(Ω)
and M(Ω).

For matrix valued measures we will use the notation Mloc(Ω;RN×N ), M(Ω;RN×N ),
Mloc(Ω;RN×N

sym ) and M(Ω;RN×N
sym ).

We recall the definition of generalized product of two measures (see, e.g., [3, Definition
2.27]).

Definition 2.1. Let E ⊂ RN , F ⊂ RM be open sets, let µ be a positive Radon measure
on E, and let x 7→ νx be a family of finite Rm-valued Radon measures on F such that
x 7→ νx(B) is µ-measurable for every Borel set B ⊂ F . Assume that∫

E′
|νx|(F ) dµ(x) < +∞ ∀E′ ⋐ E open.
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We define the Rm-valued Radon measure µ⊗M νx on E × F by setting

(µ⊗M νx)(B) :=

∫
E

(∫
F
χB(x, y) dνx(y)

)
dµ(x), for all Borel sets B ⊂ K × F,

where K ⊂ E is compact.

Moreover, if f is a positive or negative Borel function, or if f ∈ L1(E × F, µ ⊗M νx),
then the integration formula

(2.5)

∫
E×F

f(x, y) d(µ⊗M νx)(x, y) =

∫
E

(∫
F
f(x, y) dνx(y)

)
dµ(x),

holds.
We denote by L1

µ(Ω;RN ) the space of RN -valued functions that are integrable with

respect to µ on Ω, and by L1
µ,loc(Ω;RN ) the space of functions that belong to L1

µ(K;RN )
for every compact set K ⊂ Ω. In the scalar-valued case, we omit the target space and
simply write L1(Ω, µ) and L1

loc(Ω, µ).

Approximate limits. The following basic definitions and results can be found, e.g., in
[3, Sections 3.6 and 4.5].

We say that a function u ∈ L1
loc(Ω;RN ) has an approximate limit z ∈ RN at x ∈ Ω if

lim
r→0+

1

L N (Br(x))

∫
Br(x)

|u(y)− z| dy = 0 ;

in this case we say that x is a Lebesgue point of u. The set Su ⊂ Ω of points where this
property does not hold is called the approximate discontinuity set of u, and, thanks to
Lebesgue’s differentiation theorem, we know that L N (Su) = 0. For any x ∈ Ω \ Su the
approximate limit z is uniquely determined and is denoted by z =: ũ(x).

Given u ∈ L1
loc(Ω;RN ), we say that x ∈ Ω is an approximate jump point of u if there

exist a,b ∈ RN , a ̸= b, and a unit vector ν ∈ RN such that

(2.6)

lim
r→0+

1

L N (B+
r (x))

∫
B+

r (x)
|u(y)− a| dy = 0,

lim
r→0+

1

L N (B−
r (x))

∫
B−

r (x)
|u(y)− b| dy = 0,

where B±
r (x) := {y ∈ Br(x) : ±(y − x) · ν > 0}. The triplet (a,b,ν), uniquely deter-

mined by (2.6) up to a permutation of (a,b) and a change of sign of ν, is denoted by
(u+(x),u−(x),νu(x)). The set of approximate jump points of u is denoted by Ju, and it
clearly satisfies Ju ⊂ Su. It is easy to check that Ju and Su are Borel sets, and ũ, u+ and
u− are Borel functions.

Finally, for u ∈ L1
loc(Ω;RN ) we define the precise representative of u in x ∈ Ω as

u∗(x) := lim
r→0+

1

L N (Br(x))

∫
Br(x)

u(y) dy,

whenever the limit exists. It is then clear that

(2.7) u∗(x) =

ũ(x) x ∈ Ω \ Su,
u+(x) + u−(x)

2
x ∈ Ju.
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A priori, it is not clear whether u∗ is well posed in Su \ Ju, in general. However, for
sufficiently regular functions it is known that Su \ Ju is suitably small (for instance, when
u is a function of bounded variation, see [3, Theorem 3.78]).

Let u ∈ L1(Ω;RN ), and consider the sequence

(2.8) uε := ηε ∗ u = (ηε ∗ u1, ηε ∗ u2, . . . , ηε ∗ uN ) ,

where ηε(x) := 1
εN

η(xε ) and η is a positive symmetric mollifier. Then, combining [3,
Proposition 3.64(b) and Proposition 3.69(b)] we get

(2.9) uε → u∗ pointwise in Ω\(Su\Ju) as ε → 0.

All the previous definitions extend verbatim to the setting of matrix-valued functions.

Slicing of functions of bounded variation. For a detailed treatment of the theory of
BV functions, we refer the reader to the monograph [3]. The vector space of all functions
of bounded variation in Ω will be denoted by BV (Ω;RN ). In addition, BVloc(Ω;RN ) will
denote the class of functions belonging to BV (Ω′;RN ) for every Ω′ ⋐ Ω.

Let us fix ξ ∈ RN and ξ⊥ the hyperplane orthogonal to ξ. For every E ⊂ RN and for

every y ∈ ξ⊥ we denote Eξ
y := {s ∈ R : y + sξ ∈ E} and by Eξ := {y ∈ ξ⊥ : Eξ

y ̸= ∅}.
Given u : Ω → R, for any ξ ∈ RN \ {0} and y ∈ ξ⊥, we define

uξy(s) := u(y + sξ) for s ∈ Ωξ
y.

If u : Ω → RN , for any ξ ∈ RN \ {0} and y ∈ ξ⊥, we define

ûξy(s) := u(y + sξ) · ξ for s ∈ Ωξ
y.

We first state a well-known result on the slicing of directional derivatives (see [3, The-
orem 3.103 and 3.107]).

Proposition 2.2. Let v ∈ L1(Ω) and let ξ ∈ SN−1. The following conditions are equiva-
lent:

(a) Dξv ∈ M(Ω);

(b) for L N−1-a.e. y ∈ Ωξ the function vξy belongs to BV (Ωξ
y) and∫

Ωξ

|Dvξy |(Ωξ
y) dL

N−1(y) < ∞.

If these conditions are satisfied, then

(2.10) Dξv = Dv · ξ = L N−1 Ωξ ⊗M Dvξy ;

i.e.,

(2.11)

∫
Ω
φdDξv =

∫
Ωξ

(∫
Ωξ

y

φξ
ydDvξy

)
dL N−1(y) , for every φ ∈ Cc(Ω).

Moreover, if f ∈ L1(Ω, |Dξv|), then

(2.12)

∫
Ω
fdDξv =

∫
Ωξ

(∫
Ωξ

y

fξ
y dDvξy

)
dL N−1(y) .
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Functions of bounded deformation. We collect some definitions and basic results
about functions of bounded deformation. We refer the reader to [30] for a comprehensive
treatment on the topic.

We denote by BD(Ω) the space of functions of bounded deformation in Ω, i.e., u ∈
BD(Ω) if u ∈ L1(Ω;RN ) and Eu ∈ M(Ω;RN×N

sym ), where Eu := (Du + DuT )/2 and
Du is the distributional derivative of u. In addition, BDloc(Ω) will denote the class of
functions belonging to BD(Ω′) for every Ω′ ⋐ Ω. In general we have that Ju ⊂ Su. While
for a function u ∈ BV (Ω;RN ) we have H N−1(Su \ Ju) = 0, the inclusion can be strict
for a function u ∈ BD(Ω) (see [1, Remark 6.3]). However, by [1, Theorem 6.1], the set
Su \ Ju of discontinuity points of u which are not jump points is |Ev|-negligible for every
v ∈ BD(Ω); i.e., |Ev|-almost every x ∈ Ω is either a Lebesgue point or a jump point for
u (see [1, Proposition 6.1]).

A sequence (uk)k∈N in BD(Ω) converges strictly to a function u ∈ BD(Ω) if
uk → u in L1(Ω,RN ),

Euk
∗
⇀ Eu in the sense of measures,

|Euk|(Ω) → |Eu|(Ω) .

The following result (see [7, Theorem 1.3] and [30, II-Theorem 3.3]) concerns the ap-
proximation of a function u ∈ BD(Ω) by a sequence of smooth functions.

Theorem 2.3. For every u ∈ BD(Ω) there exists a sequence (uk) ⊂ C∞(Ω;RN )∩BD(Ω)
such that uk → u strictly. In particular, if u ∈ BD(Ω)∩L∞(Ω;RN ), then ∥uk∥L∞(Ω;RN ) ≤
3∥u∥L∞(Ω;RN ) for every k. If, in addition, Ω is bounded and with Lipschitz boundary, the

same result holds with C∞(Ω;RN ) ∩BD(Ω) in place of C∞(Ω;RN ) ∩BD(Ω).

The properties of the trace operator on open sets with Lipschitz boundaries (see also,
e.g., [30, Chapter II] for the analogous classical result on C1 boundaries) are collected in
the theorem below, which is due to Babadjian [9].

Theorem 2.4. [9, Theorem 3.2 and Proposition 3.4] Let Ω ⊂ RN be a bounded open set
with Lipschitz boundary. There exists a unique linear continuous mapping

γ : BD(Ω) → L1(∂Ω;RN )

such that the following integration by parts formula holds: for every u ∈ BD(Ω) and
φ ∈ C1

c (RN ),

(2.13)

∫
Ω
u⊙∇φdx+

∫
Ω
φdEu =

∫
∂Ω

γ(u)⊙ νΩ φdH N−1,

where νΩ is the outer unit normal to ∂Ω. In addition,

(i) it holds that

γ(u) = u|∂Ω for all u ∈ C0(Ω;RN ) ∩BD(Ω);

(ii) the trace is continuous with respect to the strict convergence of BD(Ω): if u ∈
BD(Ω) and (uk) ⊂ BD(Ω) is such that uk → u strictly in BD(Ω), then γ(uk) →
γ(u) strongly in L1

H N−1 ∂Ω
(∂Ω;RN ).

Remark 2.5. Notice that formula (2.13) implies the following

(2.14)

∫
Ω
u ·DivΦ dx+

∫
Ω
Φ : dEu =

∫
∂Ω

Φ : (γ(u)⊙ νΩ) dH N−1,
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with Φ ∈ C1(Ω;RN×N
sym ). Indeed, let Φ = (φij), and note that each φij is a test function

in (2.13). We then have, writing (2.13) componentwise with φ = φij , summing over the
indices i, j and using φij = φji,∑
i,j

∫
∂Ω

φij (γ(u)⊙ νΩ)ij dH N−1 =
1

2

∑
i,j

∫
Ω
(ui∂jφij + uj∂iφij) dx+

∑
i,j

∫
Ω
φij d(Eu)ij

=
∑
i

∫
Ω
ui
∑
j

∂jφij dx+
∑
i,j

∫
Ω
φij d(Eu)ij

=
∑
i

∫
Ω
ui(DivΦ)i dx+

∑
i,j

∫
Ω
φij d(Eu)ij ,

which corresponds to (2.14).

The existence of one-sided Lebesgue limits on countably H N−1-rectifiable subsets of Ω
for functions of bounded deformation is proved in the following result.

Proposition 2.6. [9, Proposition 4.1] Let u ∈ BD(Ω), and Σ be an oriented countably
H N−1-rectifiable subset of Ω. Then, for H N−1-almost every x ∈ Σ, there exist one-sided
Lebesgue limits u±

Σ(x) with respect to the approximate unit normal νΣ(x) to Σ; that is,

lim
ρ→0+

1

ρN

∫
B±

ρ (x,νΣ(x))
|u(y)− u±

Σ(x)| dy = 0,

where B±
ρ (x,νΣ(x)) := {y ∈ Bρ(x) : ±(y − x) · νΣ(x) > 0}. In addition, we have the

representation

Eu Σ = (u+
Σ − u−

Σ)⊙ νΣ H N−1 Σ .

Since for every u ∈ BD(Ω) the jump set Ju is a countably H N−1-rectifiable Borel set
(see [1, Proposition 3.5]), by Proposition 2.6 applied with Γ = Ju, we obtain the following
decomposition of the Radon measure Eu

(2.15) Eu = e(u)L N + Esu = e(u)L N + ([u+ − u−]⊙ νu)H N−1 Ju + Ecu,

where e(u) is the density of the absolutely continuous part of Eu with respect to L N ,
Esu is the singular part, Ecu is the Cantor part and vanishes on Borel sets B with
H N−1(B) < +∞. We also introduce the space LD(Ω) of such functions u ∈ BD(Ω)
complying with

(2.16) Eu = e(u)L N .

Recalling the notation of Section 2 (§ Slicing of functions of bounded variation), the
space BD(Ω) can be characterized using one-dimensional sections (see [1, Section 3 and
Prop. 3.2], [30, Chap. II, Section 2.2] and [3, Proposition 2.26 and Theorem 2.28]).

Proposition 2.7. Let u ∈ BD(Ω) and let ξ ∈ RN with ξ ̸= 0. Then the following two
conditions hold for H N−1-almost every y ∈ Ωξ:

(i)
˜̂
uξy is defined and coincides with ûξy L 1-almost everywhere in Ωξ

y;

(ii) ûξy ∈ BV (Ωξ
y) (and so ûξy ∈ L∞

loc(Ω
ξ
y)).

Moreover,

(2.17) Eu ξ · ξ =

∫
Ωξ

Dûξy dH
N−1(y),

∣∣Eu ξ · ξ
∣∣ = ∫

Ωξ

|Dûξy| dH N−1(y),
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as measures in Ω. In particular, for every bounded Borel function g : Ω → R the map

(2.18) y 7→
∫
Ωξ

y

gξy(s) dDûξy(s)

is H N−1-measurable on Ωξ.

We recall the Structure Theorem for BD functions, see [1, Theorem 4.5].

Theorem 2.8. Let u ∈ BD(Ω) and let ξ ∈ RN with ξ ̸= 0. Then

(i)

Eau ξ · ξ =

∫
Ωξ

Daûξy dH
N−1(y), |Eau ξ · ξ| =

∫
Ωξ

|Daûξy| dH N−1(y);

(ii) for H N−1-almost every y ∈ Ωξ, the functions ûξy and ˜̂uξy belong to BV (Ωξ
y) and

coincide L 1-almost everywhere on Ωξ
y; the measures |Dûξy| and |D ˜̂uξy| coincide on

Ωξ
y, and

e(u)(y + tξ)ξ · ξ = ∇ûξy(t) =
(
˜̂uξy
)′
(t) for L 1-a.e. t ∈ Ωξ

y

(iii)

Eju ξ · ξ =

∫
Ωξ

Dj ûξy dH
N−1(y), |Eju ξ · ξ| =

∫
Ωξ

|Dj ûξy| dH N−1(y);

(iv)

(Jξ
u)y = J

ûξ
y

for H N−1-a.e. y ∈ Ωξ,

u+(y + tξ) · ξ = (ûξy)
+(t) = lim

s→t+
˜̂uξy(s),

u−(y + tξ) · ξ = (ûξy)
−(t) = lim

s→t−
˜̂uξy(s),

and for every t ∈ (Jξ
u)

ξ
y where the normals to Ju and J

ûξ
y
are oriented so that

νu · ξ ≥ 0 and ν
ûξ
y
= 1;

(v)

(2.19) Ecu ξ · ξ =

∫
Ωξ

Dcûξy dH
N−1(y), |Ecu ξ · ξ| =

∫
Ωξ

|Dcûξy| dH N−1(y).

We say that u ∈ BD(Ω) is a special function with bounded deformation, and we write
u ∈ SBD(Ω), if the measure Ecu is zero; that is, |Esu|(Ω \ Ju) = 0. SBDp(Ω), p > 1, is
defined as the space of SBD functions such that e(u) ∈ Lp(Ω;RN×N

sym ) and H N−1(Ju) <
+∞.

Vector and matrix fields with divergence measure. We introduce the spaces of
bounded vector and matrix fields whose distributional divergence is a finite Radon measure
in Ω. Namely,

DM∞(Ω;RN ) :=
{
A ∈ L∞(Ω;RN ) : divA ∈ M(Ω)

}
,

and

DM∞(Ω;RN×N ) :=
{
A ∈ L∞(Ω;RN×N ) : DivA ∈ M(Ω;RN )

}
,

DM∞(Ω;RN×N
sym ) :=

{
A ∈ L∞(Ω;RN×N

sym ) : DivA ∈ M(Ω;RN )
}
.

(2.20)

Here, DivA denotes the distributional divergence of A, defined componentwise by

DivA := (divA1, . . . ,divAN ),
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where Aj is the j-th column of A and

divAj :=

N∑
i=1

∂Aij

∂xi
, j = 1, . . . , N.

We will denote by DM∞
loc(Ω;RN ), DM∞

loc(Ω;RN×N ) and DM∞
loc(Ω;RN×N

sym ) the corre-
sponding local spaces.

Let A ∈ DM∞(Ω;RN ), and let ΘA be the jump set of the measure |divA|, i.e.

ΘA :=

{
x ∈ Ω: lim sup

r→0+

| divA|(Br(x))

rN−1
> 0

}
;

it is a Borel set, σ-finite with respect to H N−1. Moreover, the following decomposition
for the measure divA holds:

divA = divaA+ divcA+ divjA,

where divaA≪ L N , divcA(B) = 0 for every set B ⊂ Ω with H N−1(B) < +∞, divjA≪
H N−1 ΘA. Finally, divA(B) = 0 for every Borel set B ⊂ Ω with H N−1(B) = 0.

Now, we turn to matrix-valued fields. We recall that, for every Borel set B, the estimate

(2.21) |DivA|(B) ≤
N∑
i=1

| divAi|(B)

holds (see, e.g., [3, p. 4]).
The following result shows that the divergence measure of A is absolutely continuous

with respect to H N−1, see [25, Proposition 2.5].

Proposition 2.9. Let A ∈ DM∞(Ω;RN×N ), and let B ⊂ Ω be a Borel measurable set
such that H N−1(B) = 0. Then |DivA|(B) = 0.

As a consequence, the set

ΘA :=

{
x ∈ Ω : lim sup

r→0+

|DivA|(Br(x))

rN−1
> 0

}
,

is a Borel set, σ-finite with respect to H N−1. Moreover, the measure DivA admits the
decomposition

DivA = DivaA+DivcA+Divj A,

where DivaA ≪ L N , DivcA(B) = 0 for every Borel set B with H N−1(B) < +∞, and
Divj A ≪ H N−1 ΘA.

The following lemma provides an approximation result for stress fields.

Lemma 2.10. Given A ∈ DM∞(Ω;RN×N ), there exists {Ak} ⊂ C∞(Ω;RN×N ) such that

(i) Ak → A in L1(Ω;RN×N );
(ii) ∥Ak∥L∞(Ω;RN×N ) ≤ 3∥A∥L∞(Ω;RN×N ) for every k;

(iii) sup
k∈N

∫
Ω
|DivAk| dx < +∞;

(iv) DivAk ⇀∗ DivA as Radon measures on Ω.

Proof. Applying the approximation theorem of Chen-Frid [12, Theorem 1.2] to each col-
umn Aj of A, j = 1, . . . , N , we find Aj,k ∈ C∞(Ω;RN ) such that Aj,k → Aj in L1 and
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Ω | divAj,k| dx → |divAj |(Ω) for each j. Define Ak := (A1,k, . . . ,AN,k). Then (i) and
(ii) follow immediately, while (iii) is a consequence of (2.21) and the fact that

sup
k∈N

∫
Ω
| divAj,k| dx < +∞ .

For what concerns (iv), from (i) we have

lim
k→+∞

∫
Ω
Ak : ∇φ dx =

∫
Ω
A : ∇φ dx for every φ ∈ C1

c (Ω;RN ),

so that the assertion follows from a standard density argument of C1
c (Ω;RN ) in Cc(Ω;RN )

with respect to the L∞(Ω;RN ) norm, and the bound (iii). □

Normal traces. We first recall the definition of traces of the normal component of a
vector field C ∈ DM∞(Ω;R), which can be defined as distributions Tr±(C,Σ) on every
oriented countably H N−1-rectifiable set Σ ⊂ Ω (see [2, 5, 12]). According to [2], given a
domain Ω′ ⋐ Ω of class C1, the trace of the normal component of C on ∂Ω′ is defined in
the distributional sense by

(2.22)
〈
Tr(C, ∂Ω′) , φ

〉
:=

∫
Ω′
C · ∇φdx+

∫
Ω′

φddivC, ∀φ ∈ C∞
c (Ω).

It is shown in [2, Proposition 3.2] that this distribution is in fact induced by an L∞

function on ∂Ω′, which we continue to denote by Tr(C, ∂Ω′), i.e.,

(2.23)
〈
Tr(C, ∂Ω′) , φ

〉
=

∫
∂Ω′

φTr(C, ∂Ω′) dH N−1,

and satisfies the estimate

∥Tr(C, ∂Ω′)∥L∞(∂Ω′) ≤ ∥C∥L∞(Ω′;R).

Now, since Σ is oriented and countably H N−1-rectifiable, we can find countably many
oriented C1 hypersurfaces Σi, with classical normal vectors νΣi , and pairwise disjoint Borel
sets Ei ⊆ Σi such that H N−1(Σ \

⋃
iEi) = 0. Moreover, we may assume, without loss of

generality, that for each i there exist two open, bounded sets Ωi,Ω
′
i with C1 boundaries

and exterior normal vectors νΩi and νΩ′
i
respectively, such that Ei ⊆ ∂Ωi ∩ ∂Ω′

i and

νΣi(x) = νΩi(x) = −νΩ′
i
(x) ∀x ∈ Ei.

We then define the orientation on Σ by setting νΣ(x) := νΣi(x) for H N−1-a.e. x ∈ Ei.
Using the localization property established in [2, Proposition 3.2], the normal traces of C
on Σ are defined by

(2.24) Tr−(C,Σ) := Tr(C, ∂Ωi), Tr+(C,Σ) := −Tr(C, ∂Ω′
i), H N−1 − a.e. on Ei.

These two normal traces belong to L∞(Σ,H N−1 Σ) (see [2, Proposition 3.2]) and satisfy

(2.25) divC Σ =
[
Tr+(C,Σ)− Tr−(C,Σ)

]
H N−1 Σ .

For our purposes, we need to extend definition (2.22) to a matrix-valued field. Given a
domain Ω′ as above, we define the trace of the normal component of A ∈ DM∞(Ω;RN×N )
on ∂Ω′ in the distributional sense as the N -tuple of scalar distributions

Tr(A, ∂Ω′) :=

(
Tr(A1, ∂Ω

′),Tr(A2, ∂Ω
′), . . . ,Tr(AN , ∂Ω′)

)
.
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Then, recalling (2.22), we have〈
Tr(A, ∂Ω′) , φ

〉
=

N∑
i=j

〈
Tr(Aj , ∂Ω

′) , φj

〉
=

∫
Ω′

A : ∇φ dx+

∫
Ω′
φ · dDivA, ∀φ ∈ C∞

c (Ω;RN ).

(2.26)

Therefore, this distribution is induced by a vector-valued L∞ function on ∂Ω′ (which we
still denote by Tr(A, ∂Ω′)), the estimate

∥Tr(A, ∂Ω′)∥L∞(∂Ω′;RN ) ≤ ∥A∥L∞(Ω′;RN×N )

holds, together with the localization property

Tr(A, ∂Ω1) = Tr(A, ∂Ω2) H N−1 − a.e. on E,

if E is a Borel subset of ∂Ω1 ∩ ∂Ω2 and νΩ1 = νΩ2 on E. This allows us to define the
normal traces of A on Σ by
(2.27)

Tr−(A,Σ) := Tr(A, ∂Ωi), Tr+(A,Σ) := −Tr(A, ∂Ω′
i), H N−1 − a.e. on Ei ,

thus extending [2, Definition 3.3] to a matrix-valued field. These two normal traces belong
to L∞

H N−1 Σ
(Σ;RN ) and, arguing as for [2, Proposition 3.4(ii)] with minor changes, we

have

(2.28) Divj A Σ =
[
Tr+(A,Σ)−Tr−(A,Σ)

]
H N−1 Σ .

A brief review for the pairing . In [19] (see also [5, 12]), the pairing between a vector
field A ∈ DM∞(Ω) and the measure gradient of a scalar function u ∈ BV (Ω) is defined
as the linear functional (A, Du) : C∞

c (Ω) → R given by

(2.29) ⟨(A, Du) , φ⟩ := −
∫
Ω
u∗φddivA−

∫
Ω
uA · ∇φdx,

under the assumption u∗ ∈ L1(Ω, | divA|).

Remark 2.11. We observe that if |divA| ∈ BV (Ω)∗, then for every u ∈ BV (Ω) we have
u∗ ∈ L1(Ω, |divA|) (see [16, Lemma 4.7]).

The distribution (A, Du) is a Radon measure in Ω, absolutely continuous with respect
to |Du| (see [19, Theorem 4.12]), hence the identity

(2.30) div(uA) = u∗ divA+ (A, Du)

holds in the sense of measures in Ω.
The following representation result can be found in [19, Theorem 4.12 and Remark 3.4]

and [14, Theorem 3.5].

Theorem 2.12. Let A ∈ DM∞(Ω;RN ) and u ∈ BVloc(Ω) with u∗ ∈ L1
loc(Ω, | divA|).

Then the measure (A, Du) admits the following decomposition:

(i) absolutely continuous part: (A, Du)a = A · ∇uL N ;

(ii) jump part: (A, Du)j =
Tr+(A, Ju) + Tr−(A, Ju)

2
(u+ − u−)H N−1 Ju;

(iii) Cantor part:

(A, Du)c (Ω \ SA) = Ã ·Dcu (Ω \ SA),

where SA is the approximate discontinuity set of A.
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In particular, if

(2.31) |Dcu|(SA) = 0 ,

then

(A, Du)c = Ã ·Dcu, in Ω.

Moreover, if N = 1, the above assumption is not needed. Finally, if A ∈ BV (Ω;RN ) ∩
L∞(Ω;RN ), (and so (2.31) is satisfied), then

(A, Du) = A∗ ·Du,

in the sense of measures.

Remark 2.13. Assumption (2.31) excludes the possibility that the Cantor part of the
measure Du charges the essential discontinuity set of the field, precisely the situation in
which no canonical pointwise representative of A is available. We also point out that this
assumption is automatically satisfied in the one-dimensional setting. Indeed, if N = 1 and
a ∈ DM∞(Ω), then a ∈ BV (Ω)∩L∞(Ω), and the set Sa reduces to the jump set Ja, which
is at most countable. Since the Cantor part Dcu of the derivative of a one-dimensional
BV function is a non-atomic measure, it does not charge countable sets, and therefore
(2.31) holds. Consequently, if N = 1 the identity

(a,Du)c = ã Dcu

holds without any additional assumption.

The following Gauss-Green theorem is proved in [19, Theorem 5.1]

Theorem 2.14. LetA ∈ DM∞
loc(RN ), u ∈ BVloc(RN ), and assume that u∗ ∈ L1

loc(RN , |divA|).
Let E ⊂ RN be a bounded set of finite perimeter. Then the following Gauss–Green formu-
las hold: ∫

E1

u∗ ddivA+

∫
E1

(A, Du) = −
∫
∂∗E

Tr+(A, ∂∗E)u+ dH N−1 ,∫
E1∪∂∗E

u∗ ddivA+

∫
E1∪∂∗E

(A, Du) = −
∫
∂∗E

Tr−(A, ∂∗E)u− dH N−1 ,

where E1 denotes the measure-theoretic interior of E, and Tr±(A, ∂∗E) are the normal
traces of A when ∂∗E is oriented with respect to the interior unit normal vector.

In particular for N = 1 we have the following corollary.

Corollary 2.15. Let a, u ∈ BVloc(R) and assume that u∗ ∈ L1
loc(R, |Da|). Let F ⊂ R

be a bounded set of finite perimeter (i.e., a finite union of bounded intervals). Then the
following Gauss–Green formulas hold:∫

F 1

u∗ dDa+

∫
F 1

(a, u′) = −
∑

s∈∂∗F

a+(s)ν(s)u+(s) ,∫
F 1∪∂∗F

u∗ dDa+

∫
F 1∪∂∗F

(a, u′) =
∑

s∈∂∗F

a−(s)ν(s)u−(s) .

In this case, Tr+(a, ∂∗F ) = a+(s)ν(s) and Tr−(a, ∂∗F ) = −a−(s)ν(s) are the normal
traces of a and for every s ∈ ∂∗F , ν(s) is the interior unit normal.
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We recall the definition of pairing between a matrix-valued field A and the matrix
derivative of a function in BV (Ω;RN ), recently introduced in [25].

Let A ∈ DM∞(Ω;RN×N ) and u ∈ BV (Ω;RN ) be such that u∗ ∈ L1
|DivA|(Ω;R

N ). Then

the linear functional (A : Du) : C∞
c (Ω) → R defined by

(2.32) ⟨(A : Du) , φ⟩ := −
∫
Ω
φu∗ · dDivA−

∫
Ω
A : [u⊗∇φ] dx

is well-defined. Moreover, it is straightforward to check that

(2.33) (A : Du) =

N∑
j=1

(Aj , Duj) ,

where for every j ∈ {1, . . . , N} (Aj , Duj) is the pairing (2.29) between the j-th column
Aj of A and the j-th component uj of u. Note that each scalar pairing (Aj , Duj) on
the right-hand side is well defined, since the assumption u∗ ∈ L1

|DivA|(Ω;R
N ) implies

u∗j ∈ L1(Ω; | divAj |) for every j ∈ {1, . . . , N}.

Remark 2.16. We notice that if | divAj | ∈ BV (Ω)∗ for every j ∈ {1, . . . , N}, then for
every u ∈ BV (Ω;RN ) by [16, Lemma 4.7] we have u∗j ∈ L1(Ω, | divAj |) and so by (2.21)∣∣∣∣∫

Ω
u∗ · dDivA

∣∣∣∣ ≤ N∑
j=1

∫
Ω
|u∗j |d| divAj | < +∞ .

As an immediate consequence of the representation (2.33), the pairing (2.32) inherits
the main properties of the scalar pairing (2.29). These properties are summarized in the
following theorem (see [25, Theorem 3.2]).

Theorem 2.17. Let A ∈ DM∞(Ω;RN×N ) and u ∈ BV (Ω;RN ) with u∗ ∈ L1
|DivA|(Ω;R

N ).

Then, the distribution (A : Du) defined in (2.32) is a Radon measure in Ω, absolutely con-
tinuous with respect to |Du|, and it satisfies for every open set U ⋐ Ω

|(A : Du)|(B) ≤ ∥A∥L∞(U)|Du|(B) for every Borel set B ⊂ U .

Moreover, div(ATu) ∈ M(Ω;RN ) and the identity

div(ATu) = u∗ ·DivA+ (A : Du)

holds, in the sense of measures, in Ω.

The following is the main decomposition theorem for the pairing measure, see [25,
Theorem 3.7].

Theorem 2.18. Let A ∈ DM∞(Ω;RN×N ) and u ∈ BV (Ω;RN ) with u∗ ∈ L1
|DivA|(Ω;R

N ).

Then the measure (A : Du) admits the following decomposition:

(i) absolutely continuous part: (A : Du)a = A : ∇uL N ;

(ii) jump part: (A : Du)j =
Tr+(A, Ju) +Tr−(A, Ju)

2
· (u+ − u−)H N−1 Ju.

(iii) Cantor part: (A : Du)c (Ω \ SA) = Ã : Dcu (Ω \ SA), where SA is the approx-
imate discontinuity set of A. In particular, if

(2.34) |Dcu|(SA) = 0 ,

then
(A : Du)c = Ã : Dcu, in Ω.
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3. Slicing properties of vector fields with measure-valued diagonal
derivatives

In this section we introduce the class of essentially bounded vector fields with measure-
valued diagonal derivatives, namely vector fields whose diagonal components of the distri-
butional Jacobian are Radon measures. We investigate their slicing properties and show
that the measure-valued diagonal derivatives admit a one-dimensional representation in
terms of the distributional derivatives of the corresponding slices. This yields a slicing for-
mula for the divergence measure of the vector field and, as a consequence, a representation
formula for the normal trace on oriented rectifiable sets.

Let A ∈ L1(Ω;RN ), and assume that

(H) DiA
i ∈ M(Ω) for every i ∈ {1, . . . , N} .

In this case we have

divA =
N∑
i=1

DiA
i ∈ M(Ω) .

Remark 3.1. By Proposition 2.2, applied with v = Ai and ξ = ei, condition (H) is
equivalent to the following slicing characterization: for every i ∈ {1, . . . , N}

(H̃)


(Ai)eiy ∈ BV (Ωei

y ) for L N−1-a.e. y ∈ Ωei ,∫
Ωei

∣∣D(Ai)eiy
∣∣(Ωei

y ) dL N−1(y) < +∞ .

This implies that (Ai)eiy ∈ L∞
loc(Ω

ei
y ) for L N−1-a.e. y ∈ Ωei .

We introduce the class of essentially bounded vector fields satisfying (H):

(3.1) BV ∞
diag(Ω;RN ) :=

{
A ∈ L∞(Ω;RN ) : DiA

i ∈ M(Ω) for every i ∈ {1, . . . , N}
}
.

The notation “diag” emphasizes that only the diagonal entries of the distributional Ja-
cobian are required to be Radon measures, while no information is assumed on the off-
diagonal derivatives DjA

i, i ̸= j.
It is immediate to check that

BV (Ω;RN ) ∩ L∞(Ω;RN ) ⊂ BV ∞
diag(Ω;RN ) ⊂ DM∞(Ω;RN ).

Remark 3.2. The second inclusion above is, in general, strict. For instance, let Ω :=
(−1, 1)2 and A = A(x1, x2) := (f(x1 − x2), f(x1 − x2)), where

f(s) :=

{
sin(1s ) , if s ̸= 0 ,

0 , if s = 0 .

Then, divA = 0 ∈ M(Ω), whereas D1A
1 ̸∈ M(Ω) and D2A

2 ̸∈ M(Ω). Indeed, f ̸∈
BV (−1, 1). Moreover, for every x2 ∈ (−1, 1), (A1)e1x2

(t) = f(t−x2) = sin( 1
t−x2

) for t ̸= x2,

hence (A1)e1x2
̸∈ BV (−1, 1). Therefore, the first condition in (H̃) fails.

We first prove the following representation formula for the divergence measure.

Proposition 3.3. Let A ∈ BV ∞
diag(Ω;RN ). Then for every φ ∈ Cc(Ω) we have

(3.2)

∫
Ω
φddivA =

N∑
i=1

∫
Ωei

(∫
Ω

ei
y

φei
y (s) dD((Ai)eiy )(s)

)
dL N−1(y) ;



STRESS-STRAIN DUALITY VIA SLICING 17

i.e.,

(3.3) divA =

N∑
i=1

L N−1 Ωei ⊗M D((Ai)eiy ) Ωei
y .

as measures on Ω.

Proof. For every i = 1, . . . , N , by assumption (H) and (2.10), applied with v = Ai and
ξ = ei, we get

DiA
i = L N−1 Ωei ⊗M D((Ai)eiy ) Ωei

y

as measures on Ω. Summing over i = 1, . . . , N , and recalling that divA =
N∑
i=1

DiA
i, we

deduce (3.3). Formula (3.2) follows by testing against φ ∈ Cc(Ω). □

We next derive a slicing formula for the normal trace of fields in BV ∞
diag(Ω;RN ).

Proposition 3.4. Let A ∈ BV ∞
diag(Ω;RN ). Let Ω′ ⋐ Ω be an open set with C1 boundary.

Then for every test function φ ∈ Cc(Ω)
(3.4)∫
∂Ω′

φTr(A, ∂Ω′) dH N−1 = −
N∑
i=1

∫
e⊥i

 ∑
s∈∂(Ω′)

ei
y

((Ai)eiy )+(s) ν(Ω′)
ei
y
(s)φei

y (s)

 dL N−1(y) ,

where ν(Ω′)
ei
y

∈ {−1, 1} is the normal of ∂(Ω′)eiy oriented with respect to the interior unit

normal vector and satisfies the relation

(3.5) ν(Ω′)
ei
y
(s) = − sign (νΩ′(y + sei) · ei) .

The sign convention for a one-dimensional slice interval (a, b) ⊂ (Ω′)eiy is the following:
the interior normal is 1 at a and −1 at b.

Proof. First, we assume that φ ∈ C1
c (Ω). In order to prove (3.4), we recall that by (2.22)

and (2.23) we have

(3.6)

∫
∂Ω′

φTr(A, ∂Ω′) dH N−1 =

∫
Ω′
A · ∇φdx+

∫
Ω′

φddivA.

For every fixed i ∈ {1, 2, . . . , N} and for L N−1-a.e. y ∈ e⊥i , integrating by parts (see
[21, Theorem 6.3]) we have∫

(Ω′)
ei
y

(φei
y )′(s)(Ai)eiy (s) ds =−

∫
(Ω′)

ei
y

φei
y (s) dD((Ai)eiy )(s)

−
∑

s∈∂(Ω′)
ei
y

φei
y (s)((Ai)eiy )+(s) ν(Ω′)

ei
y
(s) .

Furthermore, by Fubini’s Theorem,

(3.7)

∫
Ω′

Ai ∂iφdx =

∫
e⊥i

(∫
(Ω′)

ei
y

(Ai)eiy (s)(φei
y )′(s) ds

)
dL N−1(y) .

Now, integrating over e⊥i and summing up i, taking into account (3.7) and (3.2) we obtain∫
Ω′
A·∇φdx = −

∫
Ω′

φddivA−
N∑
i=1

∫
e⊥i

 ∑
s∈∂(Ω′)

ei
y

((Ai)eiy )+(s) ν(Ω′)
ei
y
(s)φei

y (s)

 dL N−1(y) ,
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whence, in view of (3.6), (3.4) follows. For a general φ ∈ Cc(Ω), using coarea formula
[3, Theorem 2.93], we find∣∣∣∣∣∣

N∑
i=1

∫
e⊥i

 ∑
s∈∂(Ω′)

ei
y

((Ai)eiy )+(s) ν(Ω′)
ei
y
(s)φei

y (s)

 dL N−1(y)

∣∣∣∣∣∣
≤ ∥A∥L∞(Ω;RN )∥φ∥L∞(Ω)

N∑
i=1

∫
e⊥i

#(∂(Ω′)eiy ) dL N−1(y)

= ∥A∥L∞(Ω;RN )∥φ∥L∞(Ω)

N∑
i=1

∫
∂Ω′

|νΩ′ · ei| dH N−1(y)

≤ N∥A∥L∞(Ω;RN )H
N−1(∂Ω′)∥φ∥L∞(Ω) ,

(3.8)

so that the conclusion follows by a standard density argument. □

Proposition 3.5. Let A ∈ BV ∞
diag(Ω;RN ) and let Σ ⊂ Ω be an oriented countably H N−1-

rectifiable set with unit normal νΣ. Then for every test function φ ∈ Cc(Ω) we have

(3.9)

∫
Σ
φTr±(A,Σ) dH N−1 =

N∑
i=1

∫
e⊥i

∑
s∈Σei

y

((Ai)eiy )±(s) νΣei
y
(s)φei

y (s)

 dL N−1(y),

where νΣei
y

∈ {−1, 1} is the normal of Σei
y oriented with respect to νΣ and satisfies the

relation
νΣei

y
(s) = sign (νΣ(y + sei) · ei) .

Proof. The assertion (3.9) follows by combining (3.4) and (2.24). □

We now extend the previous results to matrix-valued fields. Since the divergence of a
matrix field is defined columnwise, the relevant assumption is that each column satisfies
the condition (H). More precisely, given A ∈ L1(Ω;RN×N ), we assume that

(H′) DiAij ∈ M(Ω) for every i, j ∈ {1, . . . , N} .
In this case we have

(DivA)j =
N∑
i=1

DiAij ∈ M(Ω) .

Remark 3.6. Let A ∈ L1(Ω;RN×N ). Then, by Proposition 2.2 applied with v = Aij and
ξ = ei, condition (H′) holds if and only if for every i, j ∈ {1, . . . , N}

(H̃′)


(Aij)

ei
y ∈ BV (Ωei

y ) for L N−1-a.e. y ∈ e⊥i ,∫
e⊥i

∣∣D(Aij)
ei
y

∣∣(Ωei
y ) dL N−1(y) < +∞ .

This implies that (Aij)
ei
y ∈ L∞

loc(Ω
ei
y ) for L N−1-a.e. y ∈ Ωei .

We introduce the class

BV∞
diag(Ω;RN×N ) :=

{
A ∈ L∞(Ω;RN×N ) : DiAij ∈ M(Ω) for every i, j ∈ {1, . . . , N}

}
.

In view of definition (3.1), A ∈ BV∞
diag(Ω;RN×N ) if and only if each column Aj ∈

BV ∞
diag(Ω;RN ), j = 1, . . . , N .
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It is immediate to check that

BV (Ω;RN×N ) ∩ L∞(Ω;RN×N ) ⊂ BV∞
diag(Ω;RN×N ) ⊂ DM∞(Ω;RN×N ).

We conclude this section by noting that slicing formulas for the divergence and traces of
matrix fields in BV∞

diag(Ω;RN×N ) can be directly obtained from the corresponding results
for vector fields.

Proposition 3.7. Let A ∈ BV∞
diag(Ω;RN×N ). For every φ ∈ Cc(Ω;RN ) we have that∫

Ω
φ · dDivA =

N∑
i,j=1

∫
ei⊥

(∫
Ω

ei
y

(φj)
ei
y (s) dD(Aij)

ei
y (s)

)
dL N−1(y) .

Proof. It is sufficient to note that∫
Ω
φ · dDivA =

N∑
j=1

∫
Ω
φjddivAj

and then use (3.2). □

Proposition 3.8. Let A ∈ BV∞
diag(Ω;RN×N ). Then, for every test function φ ∈ Cc(Ω;RN )

and every oriented countably H N−1-rectifiable set Σ ⊂ Ω,

(3.10)
〈
Tr±(A,Σ) , φ

〉
=

N∑
i,j=1

∫
ei⊥

∑
s∈Σei

y

((Aij)
ei
y )±(s) νΣei

y
(s)(φj)

ei
y (s)

 dL N−1(y) ,

where ν
Σξ

y
∈ {−1, 1} is the normal of Σξ

y oriented as

ν
Σξ

y
(s) = sign (νΣ(y + sξ) · ξ) .

Proof. Assertions (3.10) follows from (3.9), once we recall that, by definition,〈
Tr±(A,Σ) , φ

〉
=

N∑
j=1

〈
Tr±(Aj ,Σ) , φj

〉
.

□

4. Slicing formulas for pairings with BV functions

In this section we establish slicing formulas for the pairing measure between divergence-
measure fields and BV functions. First, for vector fields belonging to BV ∞

diag(Ω;RN ), we

show that the pairing measure (A, Du) admits a representation in terms of the one-
dimensional pairings associated with the corresponding slices.

Theorem 4.1. Let A ∈ BV ∞
diag(Ω;RN ). If u ∈ BV (Ω) with u∗ ∈ L1(Ω, |divA|) and

(2.31) holds, then we have∫
Ω
φd(A, Du) =

N∑
i=1

∫
e⊥i

(∫
Ω

ei
y

φei
y (s) d((Ai)eiy , Dueiy ) (s)

)
dL N−1(y) ,

for every φ ∈ Cc(Ω), i.e.

(A, Du) =

N∑
i=1

(L N−1 Ωei)⊗M ((Ai)eiy , Dueiy ) (Ωei
y )
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as measures in Ω.

Since the pairing measure admits the standard decomposition into absolutely continu-
ous, Cantor, and jump parts, it suffices to establish the result separately for each compo-
nent. We observe that the only point where the additional assumption (2.31) is required
is the slicing formula for the Cantor part.

Proposition 4.2. Let A ∈ BV ∞
diag(Ω;RN ). If u ∈ BV (Ω) with u∗ ∈ L1(Ω, | divA|), we

have

(4.1)

∫
Ω
φd(A, Du)a =

N∑
i=1

∫
e⊥i

(∫
Ω

ei
y

φei
y (s)((Ai)eiy , Dueiy )a ds

)
dL N−1(y) ,

for every φ ∈ Cc(Ω).

Proof. From Theorem 2.12(i) and Fubini’s Theorem we have∫
Ω
φd(A, Du)a =

∫
Ω
φA · ∇u dx =

N∑
i=1

∫
Ω
φAi ∂iu dx

=
N∑
i=1

∫
e⊥i

(∫
Ω

ei
y

φei
y (s)(Ai)eiy (ueiy )′ ds

)
dL N−1(y) ,

and (4.1) follows again from Theorem 2.12 (i) with N = 1. □

Proposition 4.3. Let A ∈ BV ∞
diag(Ω;RN ). If u ∈ BV (Ω) with u∗ ∈ L1(Ω, | divA|), then

for every φ ∈ Cc(Ω) we have∫
Ω
φd(A, Du)j =

N∑
i=1

∫
e⊥i

∫
J
u
ei
y

φei
y (s)d((Ai)eiy , Dueiy )j(s)

 dL N−1(y).

Proof. We subdivide the proof into steps.
Step 1. We first consider the case u = χF , where F ⊂ Ω is a set of finite perimeter. Then
χF ∈ BV (Ω) ∩ L∞(Ω). Using Theorem 2.12(ii) with u = χF , we get

(A, DχF )
j =

Tr+(A, ∂∗F ) + Tr−(A, ∂∗F )

2
H N−1 ∂∗F ,

since Ju = ∂∗F , χ+
F = 1 and χ−

F = 0 H N−1-a.e. in ∂∗F . Then, in view of (3.9) and using
that ∂∗(F ei

y ) = (∂∗F )eiy , we obtain∫
Ω
φd(A, DχF )

j =

N∑
i=1

∫
e⊥i

 ∑
s∈(∂∗F )

ei
y

φei
y (s)

((Ai)eiy )+(s) + ((Ai)eiy )−(s)

2
ν(∂∗F )

ei
y
(s)

 dL N−1(y)

=

N∑
i=1

∫
e⊥i

 ∑
s∈∂∗(F

ei
y )

φei
y (s)d((Ai)eiy , DχF

ei
y
)j(s)

 dL N−1(y),

where in the latter equality we invoked Theorem 2.12(ii) for N = 1.
Step 2. We now address the general case u ∈ BV (Ω) with u∗ ∈ L1(Ω, | divA|).
First, it is easy to verify that for L 1-a.e. t ∈ R

(4.2) {u > t}eiy = {ueiy > t} for L N−1-a.e. y ∈ e⊥i .
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Now, setting Ft := {u > t}, by Step 1, coarea formula [19, Theorem 4.2] and (4.2) we
obtain∫

Ω
φd(A, Du)j =

∫
Ju

φd(A, Du) =

∫
R

∫
∂∗Ft

φ(A, DχFt) dt

=

∫
R

N∑
i=1

∫
e⊥i

(∫
∂∗(Ft)

ei
y

φei
y (s)d((Ai)eiy , Dχ(Ft)

ei
y
)j(s)

)
dL N−1(y) dt

=

N∑
i=1

∫
e⊥i

(∫
R

∫
∂∗(Ft)

ei
y

φei
y (s)d((Ai)eiy , Dχ(Ft)

ei
y
)j(s) dt

)
dL N−1(y)

=

N∑
i=1

∫
e⊥i

(∫
R

∫
∂∗{uei

y >t}
φei
y (s)d((Ai)eiy , Dχ{uei

y >t})
j(s) dt

)
dL N−1(y)

=

N∑
i=1

∫
e⊥i

∫
J
u
ei
y

φei
y (s)d((Ai)eiy , Dueiy )j(s)

 dL N−1(y).

This concludes the proof. □

As a final step, we derive a slicing formula for the Cantor part of the pairing measure.

Proposition 4.4. Let A ∈ BV ∞
diag(Ω;RN ). If u ∈ BV (Ω) with u∗ ∈ L1(Ω, | divA|) and

(2.31) holds, then for every φ ∈ Cc(Ω) we have

(4.3)

∫
Ω
φd(A, Du)c =

N∑
i=1

∫
ei⊥

(∫
Ω

ei
y

φei
y (s) d((Ai)eiy , Dueiy )c(s)

)
dL N−1(y).

Proof. We recall that, since (2.31) holds, one has (A, Du)c = Ã ·Dcu on Ω, as stated in
Theorem 2.12(iii). Then, by [3, Theorem 3.108] for Dcu · ei, we obtain∫

Ω
φd(A, Du)c =

∫
Ω
φÃ · dDcu =

N∑
i=1

∫
Ω
φ(Ã · ei) d(Dcu · ei)

=

N∑
i=1

∫
e⊥i

(∫
Ω

ei
y

φei
y (s)(̃Ai)eiy (s) dDc(ueiy )(s)

)
dL N−1(y) ,

so that applying Theorem 2.12(iii) in dimension one and Remark 2.13, we conclude that

N∑
i=1

∫
e⊥i

(∫
Ω

ei
y

φei
y (s)(̃Ai)eiy (s) dDc(ueiy )(s)

)
dL N−1(y)

=

N∑
i=1

∫
e⊥i

(∫
Ω

ei
y

φei
y (s) d((Ai)eiy , Dueiy )c(s)

)
dL N−1(y) .

This proves (4.3). □

We now address the pairing (A : Du), defined in (2.32), and investigate whether an
analogous slicing representation can be obtained. Formula (2.33) plays a fundamental role
in this analysis, as it allows us to reduce the vectorial pairing to a finite sum of scalar
pairings. Consequently, the desired slicing formula follows from Theorem 4.1, provided
that each column of A satisfies assumption (H) stated above.
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By applying Theorem 4.1 to every vector field Aj and using (2.33), we obtain the
following result.

Theorem 4.5. Let A ∈ BV∞
diag(Ω;RN×N ). If u ∈ BV (Ω;RN ) with u∗ ∈ L1

|DivA|(Ω;R
N )

and |Dcu|(SA) = 0, then we have∫
Ω
φd(A : Du) =

N∑
i,j=1

∫
e⊥i

(∫
Ω

ei
y

φei
y (s)((Aij)

ei
y , D(uj)

ei
y ) ds

)
dL N−1(y) ,

for every φ ∈ Cc(Ω).

Remark 4.6. We observe that, if A ∈ BV (Ω;RN×N ) ∩ L∞(Ω;RN×N ) (and so (2.34) is
satisfied), then

(A : Du) = A∗ : Du,

in the sense of measures.

5. A pairing for tensor fields and bounded BD functions

We start by introducing a pairing in BD for bounded functions. Given a symmetric
matrix fieldA ∈ DM∞(Ω;RN×N

sym ) and u ∈ BD(Ω)∩L∞(Ω;RN ), a natural definition would
be the analogue of (2.32), where the term A : [u⊗∇φ] is replaced by A : [u⊙∇φ] in view
of the symmetry of A. However, since it is not known whether H N−1(Su \ Ju) = 0 for
every u ∈ BD(Ω), the term

∫
Ω φu∗ · dDivA may fail to be well-defined. This motivates

the assumption

(H∗) |DivsA|(Su \ Ju) = 0.

Here, DivsA denotes the singular part of the measure DivA. Since L N (Su \ Ju) = 0,
condition (H∗) is equivalent to

|DivA|(Su \ Ju) = 0.

Remark 5.1. Assumption (H∗) can be interpreted as a natural compatibility condition
between the singular part of the divergence of the stress tensor A and the fine structure of
the displacement field u. Indeed, a characteristic property of BD functions ensures that
|Eu|(Su \ Ju) = 0, so that the strain measure does not detect the non-jump part of the
singular set of u. In this perspective, condition (H∗) requires that the singular part of
DivA does not charge the same set, namely the portion of Su that is invisible to the strain.
This ensures that concentrated forces are confined to the physically relevant jump set Ju,
where a well-defined notion of interfacial interaction is available, thereby guaranteeing a
consistent coupling between kinematic and static singularities.
Assumption (H∗) is satisfied, for instance, in the following cases:

(i) u ∈ BV (Ω;RN ), by Proposition 2.9, since H N−1(Su \ Ju) = 0;
(ii) |DivA| ≪ L N ;
(iii) u ∈ SBDp(Ω;RN ) for some p > 1, since also in this case H N−1(Su \Ju) = 0 (see

[18, Theorem 4.1]).

Under assumption (H∗), the precise representative u∗ of u (see (2.7)) is well defined
|DivA|-a.e. in Ω.

This allows us to introduce the following definition. For every A ∈ DM∞(Ω;RN×N
sym ) and

u ∈ BD(Ω)∩L∞(Ω;RN ) satisfying (H∗) we define the linear functional (A : Eu) : C∞
c (Ω) →
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R by

(5.1) ⟨(A : Eu) , φ⟩ := −
∫
Ω
φu∗ · dDivA−

∫
Ω
A : [u⊙∇φ] dx.

The definition above is consistent with the classical notion of pairing introduced by
Temam in the case of fields with summable divergence, as shown in the following remark.

Remark 5.2. If DivA ≪ L N we retrieve Temam’s definition of pairing

(5.2) ⟨(A : Eu) , φ⟩ := −
∫
Ω
φu ·DivA dx−

∫
Ω
A : [u⊙∇φ] dx ,

(see [30, Ch. II, Sec. 7.3] and [29]). Indeed, in this case u∗ = u L N -a.e. and dDivA =
DivA dx, so that (5.1) reduces to (5.2). Moreover, the distribution is well defined under
the assumptions that Ω is a bounded Lipschitz subset of RN and DivA ∈ LN (Ω;RN ),

since u ∈ BD(Ω) ⊂ L
N

N−1 (Ω;RN ) (see [30, Ch. II, Sec. 2.4, Theorem 2.2]). Hence,
by Hölder’s inequality, u ∈ L1

|DivA|(Ω;R
N ). Temam proved that this distribution is a

bounded Radon measure on Ω (see [29, Proposition 1.1] and [30, Lemma 7.3]).

Theorem 5.3. Let A ∈ DM∞(Ω;RN×N
sym ) and u ∈ BD(Ω)∩L∞(Ω;RN ) satisfy (H∗). Then

the distribution (A : Eu) defined in (5.1) is a Radon measure in Ω, absolutely continuous
with respect to |Eu|, and it holds that

(5.3) |(A : Eu)|(B) ≤ ∥A∥L∞(U)|Eu|(B) for every Borel set B ⊂ U ⋐ Ω.

Moreover, div(Au) ∈ M(Ω) and the following integration by parts formula holds

(5.4) div(Au) = u∗ ·DivA+ (A : Eu)

in the sense of measures in Ω.

Proof. In this case, we follow the approach of [12, Theorem 3.1]. Let (Ak) be the sequence
of Lemma 2.10, and let (uk) be the sequence approximating u given in Theorem 2.3. Since(

Ak +AT
k

2
uk

)
· ∇φ = Ak : e(φuk)− φAk : e(uk) a.e. in Ω , for every φ ∈ C1

c (Ω) ,

arguing as in [12] we can prove that∫
Ω
| div

(
Ak +AT

k

2
uk

)
| dx

= sup

{∫
Ω

(
Ak +AT

k

2
uk

)
· ∇φdx : φ ∈ C1

c (Ω) , ∥φ∥∞ ≤ 1

}
≤ 3∥u∥L∞(Ω;RN ) sup

{∫
Ω
Ak : e(ψ) dx : ψ ∈ C1

c (Ω;RN ) , ∥ψ∥∞ ≤ 1

}
+ 3∥A∥L∞(Ω;RN×N

sym ) sup

{∫
Ω
e(uk) : ϕ dx : ϕ ∈ C1

c (Ω;RN×N
sym ) , ∥ϕ∥∞ ≤ 1

}
≤ 3

{
∥u∥L∞(Ω;RN )

∫
Ω
|DivAk| dx+ ∥A∥L∞(Ω;RN×N

sym )∥e(uk)∥L1(Ω;RN×N
sym )

}
,

(5.5)

where in the first inequality we used as test functions φ = φ uk
∥uk∥L∞(Ω;RN )

and ϕ =

φ Ak
∥Ak∥L∞(Ω;RN×N

sym )

. We note that by Lemma 2.10 the sequence vk :=
Ak+AT

k
2 uk converges to
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v := Au in the L1-convergence. Moreover, the functional v 7→
∫
Ω v · ∇φdx is continuous

with respect to the L1-convergence. Hence, we get

|div(Au)|(Ω) ≤ lim inf
k→+∞

∫
Ω

∣∣∣∣div(Ak +AT
k

2
uk

)∣∣∣∣ dx
≤ 3

{
∥u∥L∞(Ω;RN ) sup

k∈N

∫
Ω
|DivAk| dx+ ∥A∥L∞(Ω;RN×N

sym )|Eu|(Ω)
}

< +∞ ,

where in the latter we used Lemma 2.10(iii) and Theorem 2.3. Since Au ∈ L∞(Ω;RN ),
we conclude that Au ∈ DM∞(Ω;RN ). We subdivide into steps the rest of the proof.
Step 1. First, we assume that u is Lipschitz continuous on compact subsets of Ω. We
claim that (5.4) holds in the form

(5.6) div(Au) = u ·DivA+A : e(u)L N ,

in the sense of measures on Ω. From Lemma 2.10(iv), we have DivAk ⇀∗ DivA as Radon
measures on Ω. Then

u ·DivAk +Ak : ∇uL N ⇀∗ u ·DivA+A : e(u)L N in M(Ω).

Moreover, div(AT
k u) ⇀ div(Au) in D′(Ω). Collecting these facts, we can compute the

limit, in the sense of distributions, of the identity

div(AT
k u) = u ·DivAk +Ak : ∇u, ,

so that
div(Au) = u ·DivA+A : e(u)

holds in the sense of distributions. Since C1
c (Ω) is dense in Cc(Ω), the same identity holds

in the sense of measures.
Step 2. Let u ∈ BD(Ω) ∩ L∞(Ω;RN ), and let (uε)ε be a sequence of mollifications of u
as in (2.8). Then, by Step 1 , we have

div(Auε) = uε ·DivA+A : e(uε)L N in M(Ω).

Moreover, combining (2.9) with (H∗), we deduce uε → u∗ |DivA|-a.e. in Ω as ε → 0.
By the Dominated Convergence Theorem applied with respect to the measure DivA,

we obtain

(5.7) uε ·DivA ⇀∗ u∗ ·DivA as ε → 0 in M(Ω).

Arguing as for (5.5), we deduce that the sequence (div(Auε))ε is equibounded in M(Ω′)
for every Ω′ ⋐ Ω. Indeed,∫

Ω′
|div(Auε)| dx ≤ 3

{
∥u∥L∞(Ω;RN )|DivA|(Ω) + ∥A∥L∞(Ω;RN×N

sym )|Eu|(Ω)
}
.

Since div(Auε) converges to div(Au) in the sense of distributions, it follows that

(5.8) div(Auε) ⇀
∗ div(Au) as ε → 0 in M(Ω).

Collecting (5.7) and (5.8), and using (5.6) with u = uε together with the definition of
pairing (5.1), we obtain

(5.9) A : e(uε) ⇀
∗ div(Au)− u∗ ·DivA = (A : Eu) as ε → 0 in M(Ω),

which shows that (A : Eu) is a Radon measure on Ω. This also yields (5.4). The proof
of (5.3) relies on an approximation argument based on the sequence (uε)ε>0 introduced
above. Let U ⊂ Ω be an open set, K ⋐ U be a compact set, and let φ ∈ Cc(U) be a test
function with suppφ ⊂ K. There exists r0 > 0 such that Kr := K +Br(0) ⊂ U for every
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r ∈ (0, r0). Let r ∈ (0, r0) be such that |Eu|(∂Kr)=0. Indeed, this property holds for
almost every r. Then, by (5.9),

|⟨(A : Eu), φ⟩| ≤ ∥φ∥L∞(K)∥A∥L∞(U ;RN×N
sym ) lim inf

ε→0

∫
Kr

|e(uε)| dx

= ∥φ∥L∞(K)∥A∥L∞(U ;RN×N
sym )|Eu|(Kr) ,

whence, passing to the limit as r → 0,

|(A : Eu)|(K) ≤ ∥A∥L∞(U ;RN×N
sym )|Eu|(K) .

Finally, (5.3) follows by the regularity of measures |(A : Eu)| and |Eu| for every Borel set
B ⊂ U . □

Remark 5.4. If A ∈ L∞(Ω;RN×N
sym ) with DivA ∈ L2(Ω;RN ) and u ∈ LD(Ω)∩L∞(Ω;RN )

with e(u) ∈ L2(Ω;RN×N
sym ), then

(A : Eu) = A : e(u)L N ,

in the sense of measures (see [30, Chap. II, Sect. 7, eq. (7.40)]).

Proposition 5.5. Let A ∈ DM∞(Ω;RN×N
sym ), u ∈ BD(Ω) ∩ L∞(Ω;RN ) such that (H∗)

holds, and let Σ ⊂ Ω be an oriented countably H N−1-rectifiable set. Then Au ∈ DM∞(Ω;RN )
and the normal traces of Au on Σ are given by

(5.10) Tr±(Au,Σ) = u± ·Tr±(A,Σ), H N−1 − a.e. in Σ,

where u± are the traces of u on Σ defined in Proposition 2.6. Moreover,

(5.11) div(Au) Ju =
[
u+ ·Tr+(A, Ju)− u− ·Tr−(A, Ju)

]
H N−1 Ju .

Proof. The fact thatAu ∈ DM∞(Ω;RN ) is due to (5.4). We will show (5.10) only for Tr−,
since the argument for Tr+ is analogous. Recalling the notation of Section 2 (§ Normal
traces), we may assume that Ju is oriented with νΣ on Ju ∩ Σ. We adapt the argument
of [25, Proposition 3.4] for u ∈ BV (Ω;RN ) ∩ L∞(Ω;RN ).

Namely, we perform a blow-up argument around each point x ∈ Σ such that

(a) x ∈ Ω \ (Su \ Ju), x ∈ Ei for some i, the set Ei has density 1 at x, and x is a
Lebesgue point of both Tr−(A,Σ) and Tr−(Au,Σ) with respect to H N−1 ∂Ωi;

(b) |DivA| Ωi(Bε(x)) = o(εN−1) and |div(Au)| Ωi(Bε(x)) = o(εN−1) as
ε → 0.

Note that H N−1-a.e. x ∈ Σ \ (Su \ Ju) satisfies (a) and (b), as a consequence of [3,
Theorem 2.56 and (2.41)] since A and Au have measure divergence. In order not to
overburden the notation, we set u−(x) := ũ(x) if x ∈ Ω \ Su.

Let η ∈ C∞
c (RN ) be a cut-off function, with supp η ⊆ B1(0), such that 0 ≤ η ≤ 1,

and for every ε > 0 set ηε(y) := η
(y−x

ε

)
. We will use both the definitions of trace (2.22)

and (2.26). In particular, for ε small enough, we can choose ηε and φ = u−(x)ηε as test
functions in (2.22) and (2.26), respectively. Note that ∇φ(y) = u−(x)⊗∇ηε(y), hence by
(2.2) we have

A : ∇φ(y) = A : (u−(x)⊙∇ηε(y)) = u−(x) · (A∇ηε(y)) = ∇ηε(y) · (Au−(x)) .
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Then, for ε > 0 small enough, we can write

1

εN−1

∫
∂Ωi

[Tr(Au, ∂Ωi)− u−(x) ·Tr(A, ∂Ωi)] ηε(y) dH
N−1(y)

=
1

εN−1

∫
Ωi

∇ηε(y) ·A(y)u(y) dy +
1

εN−1

∫
Ωi

ηε(y) ddiv(Au)

− 1

εN−1

∫
Ωi

u−(x) · (A(y)∇ηε(y)) dy −
1

εN−1

∫
Ωi

ηε(y)u
−(x) · dDivA(y)

=
1

εN−1

∫
Ωi

∇ηε(y) · [A(y)u(y)−A(y)u−(x)] dy

+
1

εN−1

∫
Ωi

ηε(y) d[div(Au)− u−(x) ·DivA](y)

=: J1(ε) + J2(ε) .

(5.12)

Using the change of variables z = (y− x)/ε, as ε → 0 the left-hand side of this equality
converges to

[Tr−(Au,Σ)(x)− u−(x) ·Tr−(A,Σ)]

∫
Πx

η(z) dH N−1(z) ,

where Πx is the tangent plane to Σi at x. Clearly η can be chosen in such a way that∫
Πx

η dH N−1 > 0.

Therefore, in order to prove (5.10) for Tr− it suffices to show that the two integrals
J1(ε) and J2(ε) on the right hand side of (5.12) converge to 0 as ε → 0.

With the change of variables z = (y − x)/ε we have that

J1(ε) =

∫
Ωε

i

A(x+ εz)[u(x+ εz)− u−(x)] · ∇η(z) dz,

where

Ωε
i :=

Ωi − x

ε
.

As ε → 0, these sets locally converge to the half-space Px := {z ∈ RN : z · ν(x) < 0},
hence

lim
ε→0

∫
Ωε

i∩B1

|u(x+ εz)− u−(x)| dz = lim
ε→0

∫
Px∩B1

|u(x+ εz)− u−(x)| dz = 0

(see [3, Remark 3.85]) so that

|J1(ε)| ≤ ∥A∥L∞(Bε(x);RN×N
sym ) ∥∇η∥L∞

∫
Ωε

i∩B1

|u(x+ εz)− u−(x)| dz → 0.

As for J2(ε), using (b) we have

lim sup
ε→0

|J2(ε)| ≤ lim sup
ε→0

|u−(x)| |DivA|(Bε(x))

εN−1
+ lim sup

ε→0

| div(Au)|(Bε(x))

εN−1
= 0 ,

so that J2(ε) → 0 and the proof is complete. The representation formula (5.11) is an
immediate consequence of (5.10) and (2.28). □

We are now ready to state the main decomposition theorem for the pairing measure.

Theorem 5.6. Let A ∈ DM∞(Ω;RN×N
sym ) and u ∈ BD(Ω) ∩ L∞(Ω;RN ) satisfying (H∗).

Then the measure (A : Eu) admits the following decomposition:
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(i) absolutely continuous part: (A : Eu)a = A : e(u)L N ;

(ii) jump part: (A : Eu)j =
Tr+(A, Ju) +Tr−(A, Ju)

2
· (u+ − u−)H N−1 Ju;

(iii) Cantor part: if, in addition,

(Hc) |Ecu|(SA) = 0,

then (A : Eu)c = Ã : Ecu.

Proof. For the proof, we adapt the arguments from [12, Theorem 3.2] and [19, Theorem
3.3].

We first prove assertion (i). Let x ∈ Ω be such that the limit

lim
r→0

1

L N (Br)

∫
Br(x)

d(A : Eu)(y)

exists, and

lim
r→0

|Esu|(Br(x))

L N (Br)
= 0 ,

lim
r→0

1

L N (Br)

∫
Br(x)

|A(y) : e(u)(y)−A(x) : e(u)(x)| dy = 0 .

(5.13)

Note that L N -almost every x ∈ Ω has this property. We fix r > 0 such that

(5.14) |Esu|(∂Br(x)) = 0 .

Let uε := ηε ∗ u be as in (2.8). Then we have e(uε) = ηε ∗ e(u) + ηε ∗Esu and, using also
the fact that |ηε ∗ Esu| ≤ ηε ∗ |Esu|, for every φ ∈ Cc(Br(x)) we can estimate∣∣∣∣∣

∫
Br(x)

φ(y)d(A : Eu)(y)−
∫
Br(x)

φ(y)A(x) : e(u)(x) dy

∣∣∣∣∣
≤

∣∣∣∣∣
∫
Br(x)

φ(y)d(A : Eu)(y)−
∫
Br(x)

φ(y)A(y) : e(uε)(y) dy

∣∣∣∣∣
+

∫
Br(x)

|φ(y) [A(y) : ηε ∗ e(u)(y)−A(x) : e(u)(x)]| dy

+ ∥φ∥L∞(Br(x))∥A∥L∞(Ω;RN×N
sym )

∫
Br(x)

ηε ∗ |Esu(y)| dy .

Taking into account (5.9), and the fact that

ηε ∗ e(u)L N ⇀∗ e(u)L N , ηε ∗ |Esu|L N ⇀∗ |Esu|
(see, e.g., [3, Theorem 2.2]), together with (5.14), passing to the limit as ε → 0 in the
estimate above we get∣∣∣∣∣

∫
Br(x)

φ(y)d(A : Eu)(y)−
∫
Br(x)

φ(y)A(x) : e(u)(x) dy

∣∣∣∣∣
≤
∫
Br(x)

|φ(y) [A(y) : e(u)(y)−A(x) : e(u)(x)]| dy

+ ∥φ∥L∞(Br(x))∥A∥L∞(Ω;RN×N
sym )|E

su|(Br(x)) .

Since φ is arbitrary, we can choose a sequence (φk), with ∥φk∥L∞(Br(x)) ≤ 1 and φk → 1
pointwise on Br(x), and write an estimate as above with φk in place of φ. Then, dividing
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both the sides by L N (Br) and passing to the limit as k → +∞, by virtue of Lebesgue’s
Dominated Convergence Theorem we obtain∣∣∣∣∣ 1

L N (Br)

∫
Br(x)

d(A : Eu)(y)−A(x) : e(u)(x)

∣∣∣∣∣
≤ 1

L N (Br)

∫
Br(x)

|A(y) : e(u)(y)−A(x) : e(u)(x)| dy

+
∥A∥L∞(Ω;RN×N

sym )

L N (Br)
|Esu|(Br(x)) .

Now, letting r → 0+ and using (5.13), we finally get

lim
r→0

1

L N (Br)

∫
Br(x)

d(A : Eu)(y) = A(x) : e(u)(x) ,

whence (i) follows.
Let us prove (ii). Since, by virtue of Theorem 5.3, it holds that (A : Eu) ≪ |Eu|, it is

clear that (A : Eu)j is supported in Ju. From (5.4) and (5.11) we have that

(A : Eu)j = (A : Eu) Ju = div(Au) Ju − u∗ ·DivA Ju

=
[
u+ ·Tr+(A, Ju)− u− ·Tr−(A, Ju)

]
H N−1 Ju

− u+ + u−

2
·
[
Tr+(A, Ju)−Tr−(A, Ju)

]
H N−1 Ju

=
Tr+(A, Ju) +Tr−(A, Ju)

2
· (u+ − u−)H N−1 Ju,

and the proof is complete.
As for (iii), we may adapt the proof of [19, Theorem 3.3(iii)]. Let Eu = σu |Eu| be

the polar decomposition of Eu. By assumption (Hc), the approximate limit Ã of A exists
|Ecu|-a.e. in Ω. Hence, setting µ := (A : Eu), to prove the equality in (iii) we have to
show that

dµ

d|Ecu|
(x) =

dµc

d|Ecu|
(x) = Ã(x) : σu(x) for |Ecu|-a.e. x ∈ Ω.

We recall that |Ecu|-a.e. x ∈ Ω satisfies

(h1) |Ecu|(Br(x)) > 0 for every r > 0;

(h2) there exists lim
r→0

µc(Br(x))

|Ecu|(Br(x))
;

(h3) lim
r→0

|Eju|(Br(x))

|Eu|(Br(x))
= 0 , lim

r→0

|Eau|(Br(x))

|Eu|(Br(x))
= 0;

(h4) lim
r→0

1

|Ecu|(Br(x))

∫
Br(x)

∣∣∣Ã(y) : σu(y)− Ã(x) : σu(x)
∣∣∣ d|Ecu|(y) = 0.

We fix any of such points x ∈ Ω, and choose r > 0 such that

(5.15) |Eju| (∂Br(x)) = 0 and |Eau| (∂Br(x)) = 0 .

Let η ∈ C∞
c (RN ) be a symmetric convolution kernel with support in the unit ball, and

denote by ηε(x) := ε−Nη(xε ). It is well known (see, e.g., [3]) that ηε ∗ Eu = ηε ∗ Eau +
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ηε ∗ Eju+ ηε ∗ Ecu. Hence for every ϕ ∈ Cc(RN ) with support in Br(x) it holds∣∣∣∣∣ 1

|Ecu|(Br(x))

∫
Br(x)

ϕ(y)A(y) : ηε ∗ Eu(y) dy

− 1

|Ecu|(Br(x))

∫
Br(x)

ϕ(y)Ã(x) : σu(x) d|Ecu|(y)

∣∣∣∣∣
≤

∣∣∣∣∣ 1

|Ecu|(Br(x))

∫
Br(x)

ϕ(y)A(y) : ηε ∗ Ecu(y) dy

− 1

|Ecu|(Br(x))

∫
Br(x)

ϕ(y)Ã(x) : σu(x) d|Ecu|(y)

∣∣∣∣∣
+

1

|Ecu|(Br(x))
∥ϕ∥∞∥A∥L∞(Br(x);RN×N

sym )

∫
Br(x)

ηε ∗ |Eju| dy

+
1

|Ecu|(Br(x))
∥ϕ∥∞∥A∥L∞(Br(x);RN×N

sym )

∫
Br(x)

ηε ∗ |Eau| dy ,

(5.16)

where in the last inequality we used that
∣∣ηε ∗ Etu

∣∣ ≤ ηε ∗ |Etu| for t = a, j. We note that
by (5.15)

lim
ε→0

∫
Br(x)

ηε ∗ |Eju| dy = |Eju|(Br(x)) , lim
ε→0

∫
Br(x)

ηε ∗ |Eau| dy = |Eau|(Br(x)) .

Furthermore,∫
Br(x)

ϕ(y)A(y) : ηε ∗ Ecu(y) dy =

∫
Br(x)

[ηε ∗ (ϕA)](y) : σu(y) d|Ecu|(y).

Hence by taking the limit as ε → 0 in (5.16) we obtain∣∣∣∣∣ 1

|Ecu|(Br(x))

∫
Br(x)

ϕ(y) dµ(y)

− 1

|Ecu|(Br(x))

∫
Br(x)

ϕ(y)Ã(x) : σu(x) d|Ecu|(y)

∣∣∣∣∣
≤ 1

|Ecu|(Br(x))
∥ϕ∥∞

∫
Br(x)

∣∣∣Ã(y) : σu(y)− Ã(x) : σu(x)
∣∣∣ d|Ecu|(y)

+
1

|Ecu|(Br(x))
∥ϕ∥∞∥A∥L∞(Br(x);RN×N

sym ) |E
ju|(Br(x))

+
1

|Ecu|(Br(x))
∥ϕ∥∞∥A∥L∞(Br(x);RN×N

sym )|E
au|(Br(x)) .

Taking the supremum on ϕ, with ∥ϕ∥∞ ≤ 1, on the left hand side we get∣∣∣∣ µ(Br(x))

|Ecu|(Br(x))
− Ã(x) : σu(x)

∣∣∣∣
≤ 1

|Ecu|(Br(x))

∫
Br(x)

∣∣∣Ã(y) : σu(y)− Ã(x) : σu(x)
∣∣∣ d|Ecu|(y)

+
|Eju|(Br(x))

|Ecu|(Br(x))
∥A∥L∞(Br(x);RN×N

sym ) +
|Eau|(Br(x))

|Ecu|(Br(x))
∥A∥L∞(Br(x);RN×N

sym ) .
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Now, by taking r → 0 and using (h3)-(h4) we get (iii). The proof is concluded. □

Remark 5.7 (BV matrix-valued fields). Let u ∈ BD(Ω)∩L∞(Ω;RN ). IfA ∈ BVloc(Ω;RN×N
sym )∩

L∞
loc(Ω;RN×N

sym ), then A ∈ DM∞
loc(Ω;RN×N

sym ) and, by (2.26),

Tr±(A, Ju) = A±
Ju
νu H N−1 − a.e. in Ju.

In addition, the jump part of (A : Eu) can be written as

(A : Eu)j =
A+

Ju
+A−

Ju

2
: Eju = A∗

Ju : Eju.

We notice that, if A ∈ BV (Ω;RN×N
sym ) ∩ L∞(Ω;RN×N

sym ), (hence (Hc) is satisfied), then

(A : Eu) = A∗ : Eu,

in the sense of measures.

Finally, the following theorem establishes the validity of the Gauss-Green formulas for
the pairing on sets of finite perimeter.

Theorem 5.8. Let A ∈ DM∞
loc(RN ;RN×N

sym ) and u ∈ BDloc(RN )∩L∞
loc(RN ;RN ) satisfying

(H∗). Let F ⊂ RN be a bounded set of finite perimeter. Then the following Gauss-Green
formulas hold∫

F 1

u∗ · dDivA+

∫
F 1

d(A : Eu) = −
∫
∂∗F

u+ ·Tr+(A, ∂∗F ) dH N−1,(5.17)∫
F 1∪∂∗F

u∗ · dDivA+

∫
F 1∪∂∗F

d(A : Eu) = −
∫
∂∗F

u− ·Tr−(A, ∂∗F ) dH N−1,(5.18)

where u± are the traces of u on ∂∗F defined in Proposition 2.6 and Tr±(A, ∂∗F ) are the
normal traces of A when ∂∗F is oriented with respect to the interior unit normal vector.

Remark 5.9. Let A ∈ C1(RN ;RN×N
sym ) and u ∈ BDloc(RN ) ∩ L∞

loc(RN ;RN ). Let Ω ⊂ RN

be a set with Lipschitz boundary. Then (H∗) is satisfied, and Tr+(A, ∂Ω) = −AνΩ. By
(5.17) we obtain∫

Ω
u ·DivA dx+

∫
Ω
A : dEu =

∫
∂Ω

γ+(u) · (AνΩ) dH N−1.

Since by (2.2) we have

γ+(u) · (AνΩ) = A : (γ+(u)⊙ νΩ),

we conclude that

(5.19)

∫
Ω
u ·DivA dx+

∫
Ω
A : dEu =

∫
∂Ω

A : (γ+(u)⊙ νΩ) dH N−1.

Thus, formula (5.17) yields the Gauss-Green formula (2.14) for DM∞ fields and bounded
BD functions, and consequently generalizes Babadjian’s result (see Theorem 2.4 and for-
mula (2.13)) as well as the Strang-Temam theorem (see Remark 2.5).

Proof of Theorem 5.8. We argue as in the proof of [25, Theorem 1.3]. Since F is bounded,
up to consider a bounded extension domain compactly containing F , we may assume with-
out loss of generality that A ∈ DM∞(RN ;RN×N

sym ) and that u ∈ BD(RN ) ∩ L∞(RN ;RN ).
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Recall that χF ∈ BV (RN ), that the reduced boundary ∂∗F is countably H N−1-
rectifiable, and that

(5.20) χ∗
F = χF 1 +

1

2
χ∂∗F .

Define the vector field B := Au. Then χFB has compact support, and therefore

div(χFB)(RN ) = 0

(see [17, Lemma 3.1]).
Furthermore, by Theorem 5.3, the field B belongs to DM∞(RN ;RN ). Hence, applying

the pairing theory for scalar BV functions recalled in Section 4, and taking χF and B in
place of u and A in (2.30), we obtain

(5.21)

∫
RN

χ∗
F ddivB = −(B, DχF )(RN ).

By the definition of normal traces, together with (2.25) and (5.10), we have

(5.22) divB ∂∗F =
(
u+ ·Tr+(A, ∂∗F )− u− ·Tr−(A, ∂∗F )

)
H N−1 ∂∗F.

Combining (5.20) and (5.22), we can rewrite (5.21) as
(5.23)∫

RN

χ∗
F ddivB =

∫
F 1

ddivB +
1

2

∫
∂∗F

(
u+ ·Tr+(A, ∂∗F )− u− ·Tr−(A, ∂∗F )

)
dH N−1.

On the other hand, concerning the right-hand side of (5.21), by [19, Remark 4.4] and
since |DχF | = H N−1 ∂∗F , we obtain

(B, DχF ) =
Tr+(B, ∂∗F ) + Tr−(B, ∂∗F )

2
H N−1 ∂∗F.

Noting that u± ∈ L1
H N−1 ∂∗F

(∂∗F ;RN ), since u ∈ L∞(RN ;RN ) implies that its traces

are essentially bounded on ∂∗F , and applying (5.10), we deduce that

(5.24) (B, DχF )(RN ) =

∫
∂∗F

1

2

[
u+ ·Tr+(A, ∂∗F ) + u− ·Tr−(A, ∂∗F )

]
dH N−1.

Finally, inserting (5.23) and (5.24) into (5.21), simplifying the resulting expression, and
recalling the definition of B, we obtain

(5.25)

∫
F 1

ddiv(Au) = −
∫
∂∗F

u+ ·Tr+(A, ∂∗F ) dH N−1.

Using now (5.4) together with the pairing (A : Eu), the left-hand side of (5.25) can be
rewritten as∫

F 1

d
(
u∗ ·DivA+ (A : Eu)

)
= −

∫
∂∗F

u+ ·Tr+(A, ∂∗F ) dH N−1.
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This concludes the proof of (5.17). In order to prove (5.18) it suffices to note that, by
(5.25) ∫

F 1∪∂∗F
d div(Au)

=

∫
F 1

ddiv(Au) +

∫
∂∗F

[u+ ·Tr+(A, ∂∗F )− u− ·Tr−(A, ∂∗F )] dH N−1

=−
∫
∂∗F

u+ ·Tr+(A, ∂∗F ) dH N−1

+

∫
∂∗F

[u+ ·Tr+(A, ∂∗F )− u− ·Tr−(A, ∂∗F )] dH N−1 ,

hence (5.18) follows. □

6. Slicing formulas for the pairing with bounded BD functions

In this section, we aim to derive a slicing formula for the pairing defined in (5.1).
To this end, we introduce an assumption analogous to (H′), which is motivated by the
representation of the distributional divergence of a symmetric matrix field as a linear
combination of suitable directional derivatives.

We fix a set Ξ ⊂ SN−1 with |Ξ| = N(N+1)
2 such that {ξ⊗ ξ : ξ ∈ Ξ} is a basis of RN×N

sym .
We shall refer to such a set as a frame. A standard choice is

Ξ =
{
ei : i = 1, . . . , N

}
∪
{

ei+ej√
2

: 1 ≤ i < j ≤ N
}
.

where {e1, . . . , eN} is the canonical basis of RN .
Let {Bξ}ξ∈Ξ ⊂ RN×N

sym denote the dual basis, defined by

Bξ : (η ⊗ η) = δξη ∀ ξ,η ∈ Ξ.

Let A ∈ L1
loc(Ω;RN×N

sym ). Then, for a.e. x ∈ Ω, we have

A(x) =
∑
ξ∈Ξ

aξ(x) (ξ ⊗ ξ) ,

where the coefficients aξ are given by

(6.1) aξ(x) := A(x) : Bξ, ∀ ξ ∈ Ξ.

Lemma 6.1. Let Ξ be a frame and A ∈ L1
loc(Ω;RN×N

sym ). Then, the divergence of A admits
the decomposition

(6.2) DivA =
∑
ξ∈Ξ

(Dξa
ξ) ξ in D′(Ω;RN ),

where, for every ξ ∈ Ξ, Dξa
ξ denotes the distributional derivative of aξ in the direction ξ.
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Proof. For every φ ∈ C∞
c (Ω;RN ), since the matrix A is symmetric, we have A : ∇φ =

A : e(φ) and then, from the distributional definition of divergence, we have

⟨DivA,φ⟩ = −
∫
Ω
A : e(φ) dx

= −
∑
ξ∈Ξ

∫
Ω
aξ(x) (ξ ⊗ ξ) : e(φ)(x) dx

= −
∑
ξ∈Ξ

∫
Ω
aξ(x)(e(φ)(x)ξ · ξ) dx

= −
∑
ξ∈Ξ

∫
Ω
aξ(x)Dξφ̂

ξ(x) dx = ⟨
∑
ξ∈Ξ

(Dξa
ξ) ξ,φ⟩ ,

(6.3)

since Dξφ̂
ξ = ξ · (Dφ(x)ξ) = ξ · (Dφ(x)T ξ) = e(φ)ξ · ξ. □

However, in order to give a meaning to a slicing formula for the pairing (5.1), we shall
require a stronger regularity on the directional derivatives Dξa

ξ of the coefficients, namely
that they are Radon measures. This leads to the following assumption:

(H′′) Dξa
ξ ∈ M(Ω) for every ξ ∈ Ξ .

By Proposition 2.2, this is equivalent to the following assumptions: for all ξ ∈ Ξ

(H̃′′)


aξy ∈ BV (Ωξ

y) for L N−1-a.e. y ∈ ξ⊥ ,∫
ξ⊥

∣∣Daξy
∣∣(Ωξ

y) dH
N−1(y) < +∞ ,

where, with a slight abuse of notation, we set

aξy(s) := aξ(y + sξ) , s ∈ Ωξ
y.

This implies that aξy ∈ L∞
loc(Ω

ξ
y).

We are led to introduce the class (depending on Ξ)

(6.4) BV∞
Ξ (Ω;RN×N

sym ) :=
{
A ∈ L∞(Ω;RN×N

sym ) : Dξa
ξ ∈ M(Ω) for every ξ ∈ Ξ

}
.

We notice that, if A ∈ BV (Ω;RN×N
sym ) ∩ L∞(Ω;RN×N

sym ), then the coefficients defined by

(6.1) belong to BV (Ω) ∩ L∞(Ω), and Dξa
ξ ∈ M(Ω) for every ξ ∈ SN−1 (see [3, Theorem

3.107]). Therefore, taking into account also (6.2) we deduce that

BV (Ω;RN×N
sym ) ∩ L∞(Ω;RN×N

sym ) ⊂ BV∞
Ξ (Ω;RN×N

sym ) ⊂ DM∞(Ω;RN×N
sym ).

Remark 6.2. The first inclusion is strict. To see this, consider Ω := (−1, 1)× (−1, 1) ⊂ R2

the function h : (−1, 1) → R

h(t) :=

{
sin
(
1
t

)
, t ̸= 0

0 , t = 0,

and the stress tensor field

A(x) =

(
h(x2) 0
0 H

(
x2 − 1

2

)) ,
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where H denotes the Heaviside function. Then A ∈ L∞(Ω;R2×2
sym), but A ̸∈ BV (Ω;R2×2

sym).
Indeed,

De2A11 = −
cos
(

1
x2

)
x22

/∈ L1
loc((−1, 1)), for x2 ̸= 0

so this distributional derivative cannot be represented by a finite Radon measure. Let
Ξ := {e1, e2, e1+e2√

2
}. A simple computation shows that

ae1 = sin(1/x2), ae2 = H(x2 − 1/2), a
e1+e2√

2 = 0,

so that

De1a
e1 = 0, De2a

e2 = δ{x2=1/2}, D e1+e2√
2

a
e1+e2√

2 = 0.

Hence, A ∈ BV∞
Ξ (Ω;R2×2

sym). Finally, note that

DivA = (0, δ{x2=1/2}) .

Proposition 6.3. Let A ∈ BV∞
Ξ (Ω;RN×N

sym ). For every φ ∈ Cc(Ω;RN ) we have that

(6.5)

∫
Ω
φ · dDivA =

∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φ̂ξ
y(s) dDaξy(s)

)
dL N−1(y) ,

and, for every u ∈ BD(Ω) ∩ L∞(Ω;RN ) and φ ∈ Cc(Ω), it holds

(6.6)

∫
Ω
φu∗ · dDivA =

∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s)(u

∗)ξy(s) dDaξy(s)

)
dL N−1(y) .

Proof. We first prove the identity (6.5). For every φ ∈ Cc(Ω;RN ), by assumption (H̃′′) we
may apply (2.11) with φ = φ · ξ and v = aξ to obtain∫

Ω
φ · ξdDξa

ξ =

∫
ξ⊥

(∫
Ωξ

y

φ̂ξ
y(s) dDaξy(s)

)
dL N−1(y) .

The claim follows by summing over all ξ ∈ Ξ. Finally, assertion (6.6) follows by∫
Ω
φu∗ · dDivA =

∑
ξ∈Ξ

∫
Ω
φ(u∗ · ξ) d(Dξa

ξ) ,

which is a consequence of (6.2) and the boundedness of u, and by Proposition 2.2 applied
with f = φ(u∗ · ξ) and v = aξ. □

Now, we establish slicing formulas for the traces of DM∞-fields.

Proposition 6.4. Let A ∈ BV∞
Ξ (Ω;RN×N

sym ) and Σ ⊂ Ω be an oriented countably H N−1-

rectifiable set. Then, for every test function φ ∈ Cc(Ω;RN ), we have

(6.7)
〈
Tr±(A,Σ) , φ

〉
=
∑
ξ∈Ξ

∫
ξ⊥

∑
s∈Σξ

y

(aξy)
±(s) ν

Σξ
y
(s) φ̂ξ

y(s)

 dL N−1(y) ;

i.e.,

(6.8) Tr±(A,Σ)H N−1 Σ =
∑
ξ∈Ξ

L N−1 Ωξ ⊗M (aξy)
±(s) ν

Σξ
y
(s)ξH 0 Σξ

y,
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as measures on Σ, where ν
Σξ

y
∈ {−1, 1} is the normal of Σξ

y oriented as

(6.9) ν
Σξ

y
(s) = sign (νΣ(y + sξ) · ξ) .

Finally, for every v ∈ L1
H N−1 Σ

(Ω;RN )

∫
Σ
Tr±(A,Σ) · v dH N−1 =

∑
ξ∈Ξ

∫
ξ⊥

∑
s∈Σξ

y

(aξy)
±(s) ν

Σξ
y
(s) v̂ξy(s)

 dL N−1(y) .(6.10)

Proof. We first prove that for every open set Ω′ ⊂ RN with C1 boundary, and for every
test function φ ∈ C1

c (Ω;RN ),
(6.11)∫

∂Ω′
φ ·Tr(A, ∂Ω′) dH N−1 = −

∑
ξ∈Ξ

∫
ξ⊥

 ∑
s∈∂(Ω′)ξy

(aξy)
+(s) ν

(Ω′)ξy
(s) φ̂ξ

y(s)

 dL N−1(y).

In order to prove (6.11), we recall that by (2.26) and (2.23)∫
∂Ω′
φ ·Tr(A, ∂Ω′) dH N−1 =

∫
Ω′

A : ∇φ dx+

∫
Ω′
φ · dDivA, ∀φ ∈ C1

c (Ω;RN ).

Then, by (6.5) and an analogous computation as in (6.3) we get∫
∂Ω′
φ ·Tr(A, ∂Ω′) dH N−1

=
∑
ξ∈Ξ

∫
ξ⊥

(∫
(Ω′)ξy

φ̂ξ
y(s) dDaξy(s) +

∫
(Ω′)ξy

aξy(s)(φ̂
ξ
y)

′(s) ds

)
dL N−1(y) .

(6.12)

Now, for every fixed ξ ∈ Ξ and for L N−1-a.e. y ∈ ξ⊥, integrating by parts we have∫
(Ω′)ξy

aξy(s)(φ̂
ξ
y)

′(s) ds = −
∫
(Ω′)ξy

φ̂ξ
y(s) dDaξy(s)−

∑
s∈∂(Ω′)ξy

(aξy)
+(s) ν

(Ω′)ξy
(s) φ̂ξ

y(s) ,

which inserted in (6.12) gives (6.11). Arguing as in the proof of (3.8), we deduce the anal-
ogous identity for every φ ∈ Cc(Ω;RN ). From this and a standard localization argument,
see (2.27), we immediately get (6.7) which, in turn, implies (6.8). In particular, (6.10)
follows from (6.8) and (2.5). □

The following theorem provides a slicing representation for the pairing (5.1).

Theorem 6.5. Let A ∈ BV∞
Ξ (Ω;RN×N

sym ) and u ∈ BD(Ω) ∩ L∞(Ω;RN ) be such that
assumptions (H∗) and (Hc) hold. Then, for every φ ∈ Cc(Ω), we have

(6.13)

∫
Ω
φd(A : Eu) =

∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy) (s)

)
dL N−1(y).

Proof. We subdivide the proof into steps.
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Step 1 (Lebesgue part). From Theorem 2.18(i) and Fubini’s Theorem,∫
Ω
φd(A : Eu)a =

∫
Ω
φA : e(u) dL N (x)

=
∑
ξ∈Ξ

∫
Ω
φaξ(x)(e(u)(x)ξ · ξ) dL N (x)

=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

aξy(s)(û
ξ
y)

′(s)φξ
y(s)ds

)
dL N−1(y)

=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s)(a

ξ
y, Dûξy)

a ds

)
dL N−1(y) ,

where we used Theorem 2.12 (i) for N = 1, since ûξy is bounded and so it belongs to

L1(Ωξ
y, |Daξy|) and this concludes the proof of Step 1.

Step 2 (Jump part). From Theorem 5.6 (ii), (6.10) with v := φ(u+ − u−), and Theo-
rem 2.12 (ii), we get∫
Ω
φd(A : Eu)j =

∫
Ju

φ
Tr+(A, Ju) +Tr−(A, Ju)

2
· (u+ − u−) dH N−1

=
∑
ξ∈Ξ

∫
ξ⊥

 ∑
s∈J

û
ξ
y

φξ
y(s)(a

ξ
y)

∗(s) ν
ûξ
y
(s)
(
(ûξy)

+(s)− (ûξy)
−(s)

) dL N−1(y)

=
∑
ξ∈Ξ

∫
ξ⊥

∫
J
û
ξ
y

φξ
y(s) d(a

ξ
y, Dûξy)

j (s)

 dL N−1(y) ,

where in the last equality we used again Theorem 2.12 (ii) for N = 1.
Step 3 (Cantor part). We recall that, under assumption (Hc), by Theorem 5.6(iii) the

representation (A : Eu)c = Ã : Ecu holds. From this and (2.19), we have∫
Ω
φd(A : Eu)c =

∫
Ω
φÃ : dEcu =

∑
ξ∈Ξ

∫
Ω
φãξ d(Ecuξ · ξ)

=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s)(ã

ξ
y)(s) dD

cûξy(s)

)
dL N−1(y) .

Now, by applying Theorem 2.12(iii) in dimension one and Remark 2.13, we obtain

∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s)(ã

ξ
y)(s) dD

cûξy(s)

)
dL N−1(y)

=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy)

c (s)

)
dL N−1(y) ,

and this concludes the proof of (6.13). □
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7. Pairing for (possibly) unbounded BD functions

A natural extension of the pairing defined in (5.1) would be to consider possibly un-
bounded functions u ∈ BD(Ω), requiring that u∗ ∈ L1

|DivA|(Ω;R
N ), still under assump-

tion (H∗). In this case, the functional in (5.1) would remain well defined; however, in
general, it would fail to be a Radon measure. We recall that the strategy developed in
[21, Proposition 4.4] to remove the assumption u ∈ L∞(Ω;RN ) - namely, passing to trun-
cations - does not apply in the present setting, since BD is not closed under truncations,
even smooth ones.

7.1. A new pairing by slicing. In this section, we introduce an alternative definition
of pairing, which is given by slicing.

First, we study the measurability of the one-dimensional pairing. Let us fix a frame
Ξ, a matrix A ∈ BV∞

Ξ (Ω;RN×N
sym ), and a function u ∈ BD(Ω). For every ξ ∈ Ξ and for

H N−1-a.e. y ∈ Ωξ, let (aξy, Dûξy) denote the one-dimensional pairing on Ωξ
y between the

locally bounded BV function aξy and the measure derivative Dûξy of the BV function ûξy.
By Theorem 2.12, this pairing admits the representation

(7.1) (aξy, Dûξy) = (aξy)
∗Dûξy

in the sense of measures on Ωξ
y. However, in what follows, we prefer to keep the pairing

notation.

Lemma 7.1. For every ξ ∈ Ξ and for every test function φ ∈ Cc(Ω), the function

y 7→
∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy)(s)

is H N−1-measurable on Ωξ.

Proof. By modifying the function aξ on a set of Lebesgue measure zero, we may assume

that aξ is a Borel function on Ω and that aξy ∈ BVloc(Ω
ξ
y) for every y ∈ Ωξ. For every

x ∈ Ω we define

vξ+(x) := lim sup
ρ→0+

1

ρ

∫ ρ

0
aξ(x+ τξ) dτ and vξ−(x) := lim sup

ρ→0+

1

ρ

∫ 0

−ρ
aξ(x+ τξ) dτ.

By Fubini’s theorem vξ+ and vξ− are Borel functions on Ω. Therefore F := {x ∈ Ω : vξ+(x) ̸=
vξ−(x)} is a Borel set. For every y ∈ Ωξ we have for every s ∈ Ωξ

y

(vξ+)
ξ
y(s) = lim sup

ρ→0+

1

ρ

∫ s+ρ

s
aξy(τ) dτ and (vξ−)

ξ
y(s) = lim sup

ρ→0+

1

ρ

∫ s

s−ρ
aξy(τ) dτ

and

(vξ+)
ξ
y(s) = (vξ−)

ξ
y(s) = aξy(s) L 1-a.e. in Ωξ

y

thanks to Lebesgue’s differentiation theorem. By elementary properties of BV functions
of one variable, for every y ∈ Ωξ this implies

lim
ρ→0+

1

2ρ

∫ s+ρ

s−ρ

∣∣∣aξy(τ)− (vξ+)
ξ
y(s)

∣∣∣ dτ = 0 , for every s ∈ Ωξ
y \ F ξ

y ,

(aξy)
+(s) = (vξ+)

ξ
y(s) and (aξy)

−(s) = (vξ−)
ξ
y(s) , for every s ∈ Ωξ

y ∩ F ξ
y .
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This implies that

(aξy)
∗(s) =

{
(vξ+)

ξ
y(s) , for every s ∈ Ωξ

y \ F ξ
y ,

(vξ+)ξy(s)+(vξ−)ξy(s)

2 , for every s ∈ Ωξ
y ∩ F ξ

y ,

and J
aξy

= F ξ
y for every y ∈ Ωξ. Therefore, by (7.1), we have∫

Ωξ
y\J

a
ξ
y

φξ
y(s) d(a

ξ
y, Dûξy)(s) =

∫
Ωξ

y\F ξ
y

φξ
y(s) (v

ξ
+)

ξ
y dDûξy(s)

∫
Ωξ

y∩J
a
ξ
y

φξ
y(s) d(a

ξ
y, Dûξy)(s) =

∫
Ωξ

y∩F ξ
y

φξ
y(s)

(vξ+)
ξ
y(s) + (vξ−)

ξ
y(s)

2
dDûξy(s)

for every y ∈ Ωξ. Hence, the map

y 7→
∫
Ωξ

y

φξ
y(s)

(vξ+)
ξ
y(s) + (vξ−)

ξ
y(s)

2
dDûξy(s)

is H N−1-measurable on Ωξ, by using (2.18) with the Borel function g(x) := φ(x)
vξ+(x)+vξ−(x)

2 .
This concludes the proof. □

Given a frame Ξ, a matrix A ∈ BV∞
Ξ (Ω;RN×N

sym ) and a function u ∈ BD(Ω), we define
the slicing pairing as the linear functional ((A : Eu))Ξ : C

∞
c (Ω) → R by

(7.2) ⟨((A : Eu))Ξ , φ⟩ :=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy)(s)

)
dL N−1(y).

Theorem 7.2. Let A ∈ BV∞
Ξ (Ω;RN×N

sym ) and u ∈ BD(Ω). Then

(i) the slicing pairing ((A : Eu))Ξ is a Radon measure in Ω and

((A : Eu))Ξ =
∑
ξ∈Ξ

L N−1 Ωξ ⊗M (aξy, Dûξy) Ωξ
y

in the sense of measures;
(ii) the measure ((A : Eu))Ξ is absolutely continuous with respect to |Eu|, and it

holds that

(7.3) |((A : Eu))Ξ|(B) ≤ CΞ∥A∥L∞(U ;RN×N )|Eu|(B) for every Borel set B ⊂ U ⋐ Ω,

where CΞ :=

(
max
ξ∈Ξ

∥Bξ∥
)
|Ξ|;

(iii) (consistency) if u ∈ BD(Ω) ∩ L∞(Ω;RN ) such that (Hc) and (H∗) hold, then
((A : Eu))Ξ coincides with the pairing defined in (5.1); i.e.,

((A : Eu))Ξ = (A : Eu),

in the sense of measures.

Finally, if u ∈ BD(Ω) and A ∈ BV (Ω;RN×N
sym ) ∩ L∞(Ω;RN×N

sym ), then

((A : Eu))Ξ = A∗ : Eu,

in the sense of measures.
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Proof. As for (i), we note that for every ξ ∈ Ξ and for H N−1-a.e. y ∈ ξ⊥, by (H′′) we

have aξy ∈ BVloc(Ω
ξ
y) ∩ L∞

loc(Ω
ξ
y) and, by Proposition 2.7 (ii), ûξy ∈ BVloc(Ω

ξ
y). Therefore,

for such y, the pairing (aξy, Dûξy) is well defined and is a Radon measure in Ωξ
y. Moreover,

for every Borel set B ⊂ U ⋐ Ω we have

|(aξy, Dûξy)|(Bξ
y ) ≤ ∥aξy∥L∞(Uξ

y )
|Dûξy|(Bξ

y ) ≤ max
ξ∈Ξ

∥Bξ∥∥A∥L∞(U ;RN×N
sym )|Dûξy|(Bξ

y ) .

Let φ ∈ C∞
c (Ω). For every ξ ∈ Ξ and for H N−1-a.e. y ∈ ξ⊥, we estimate∣∣∣∣∣

∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy)(s)

∣∣∣∣∣ ≤ ∥φ∥L∞(Ω) |(aξy, Dûξy)|(Ωξ
y).

Hence the map

y 7→
∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy)(s)

(which is H N−1-measurable on Ωξ by Lemma 7.1) belongs to L1(Ωξ), thanks to the above
estimate and to (2.17). Therefore, the linear functional on C∞

c (Ω) defined by (7.2) is well
defined and satisfies the estimate

|⟨((A : Eu))Ξ, φ⟩| ≤ ∥φ∥L∞(Ω)

(
max
ξ∈Ξ

∥Bξ∥
)
∥A∥L∞(U ;RN×N

sym )

∑
ξ∈Ξ

∫
ξ⊥

|Dûξy|(Ωξ
y) dL

N−1(y).

Using (2.17), we obtain

|⟨((A : Eu))Ξ, φ⟩| ≤ CΞ ∥φ∥L∞(Ω)∥A∥L∞(Ω;RN×N
sym ) |Eu|(Ω).

In particular, the functional is bounded with respect to the sup norm on C∞
c (Ω) and thus

extends uniquely to a bounded linear functional on Cc(Ω). Therefore, it can be represented
by a Radon measure, still denoted by ((A : Eu))Ξ. By construction, its action on test
functions is exactly given by (7.2), which directly translates to the representation formula
in (i).

For what concerns (ii), for every Borel set B ⊂ U ⋐ Ω we have

|((A : Eu))Ξ|(B) ≤
∑
ξ∈Ξ

∫
ξ⊥

(∫
Bξ

y

d|(aξy, Dûξy)|(s)

)
dL N−1(y)

≤
∑
ξ∈Ξ

∫
ξ⊥

∥aξy∥L∞(Uξ
y )
|Dûξy|(Bξ

y ) dL
N−1(y) ≤ CΞ∥A∥L∞(U ;RN×N

sym )|Eu|(B).

Assertion (iii) is an immediate consequence of the analysis developed in Section 6 . In
particular, it is a consequence of the boundedness of u, of the assumptions (Hc) and (H∗),
of Theorem 6.5 and definition (7.2). Finally, if A ∈ BV (Ω;RN×N

sym ) ∩ L∞(Ω;RN×N
sym ), then

by Theorem 2.8 for every u ∈ BD(Ω) and for every φ ∈ Cc(Ω) we get∫
Ω
φA∗ : dEu =

∑
ξ∈Ξ

∫
Ω
φ (A∗ : Bξ)ξ ⊗ ξ : dEu =

∑
ξ∈Ξ

∫
Ω
φ(x)(aξ)∗(x) d(Euξ · ξ)(x)

=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s) (a

ξ
y)

∗(s) dDûξy(s)

)
dL N−1(y) = ((A : Eu))Ξ ,

where we used Theorem 2.12 for N = 1. □
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Remark 7.3. If A ∈ W 1,1(Ω;RN×N
sym ) ∩ L∞(Ω;RN×N

sym ) and u ∈ BD(Ω), then

((A : Eu))Ξ = Ã : Eu,

in the sense of measures in Ω, since for every ξ ∈ Ξ and for L N−1-a.e. y ∈ ξ⊥ we have

(aξy, Dûξy) = ãξy dDûξy in the sense of measures in Ωξ
y.

Moreover, if A ∈ BV∞
Ξ (Ω;RN×N

sym ) and u ∈ LD(Ω), it holds that

((A : Eu))Ξ = A : e(u)L N ,

in the sense of measures, since for every ξ ∈ Ξ and for L N−1-a.e. y ∈ ξ⊥ we have

(aξy, Dûξy) = aξy(û
ξ
y)′ L 1 in the sense of measures in Ωξ

y (see (2.16)) (see [30, Remark 7.6]).

Remark 7.4 (Invariance of the slicing pairing for BV matrix fields). We emphasize that
the previous definition depends on the particular choice of the set Ξ, which affects also
the singularities of the chosen field A. We recall that Ξ is a finite set of directions
required to reconstruct a symmetric matrix from rank-one symmetric matrices. If we
select an alternative frame Ξ′ and reconstruct the functional, we obtain a different object.
The invariance is recovered under suitable regularity assumptions. For instance, if A ∈
BV (Ω;RN×N

sym ) ∩ L∞(Ω;RN×N
sym ), then the definition (7.2) is independent of Ξ, since the

slicing formula reconstructs the integral
∫
Ω φA∗ : dEu, which is intrinsically coordinate-

independent (see the last assertion of Theorem 7.2). In this case, we use the notation
((A : Eu)) for the pairing. For non-smooth fields (such as those exhibiting fractures
or microstructural shear bands aligned with the grid Ξ), the pairing (7.2) captures the
concentrations of energy along the directions of Ξ.

Remark 7.5. We observe that, given two different sets of directions Ξ and Ξ′, the conditions

A ∈ BV∞
Ξ (Ω;RN×N

sym ) and A ∈ BV∞
Ξ′(Ω;RN×N

sym )

do not, in general, imply that A ∈ BV(Ω;RN×N
sym ). However, in Appendix A we identify

an algebraic condition ensuring that A ∈ BV(Ω;RN×N
sym ) when N = 2. In this case, by

Remark 7.4, we further have that

((A : Eu))Ξ = ((A : Eu))Ξ′ .

The following result is a consequence of the standard decomposition of the pairing
measure in its Lebesgue, jump and Cantor parts.

Proposition 7.6. Given A ∈ BV∞
Ξ (Ω;RN×N

sym ) and u ∈ BD(Ω), for every φ ∈ Cc(Ω) we
have

⟨((A : Eu))aΞ , φ⟩ =
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s)a

ξ
y(s) (û

ξ
y)

′(s) ds

)
dL N−1(y)

=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s) (a

ξ
y, Dûξy)

a(s) ds

)
dL N−1(y) ;

〈
((A : Eu))jΞ , φ

〉
=
∑
ξ∈Ξ

∫
ξ⊥

 ∑
s∈J

û
ξ
y

φξ
y(s)(a

ξ
y)

∗(s) ν
ûξ
y
(s) ((ûξy)

+(s)− (ûξy)
−(s))

 dL N−1(y)

=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy)

j(s)

)
dL N−1(y) ;
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⟨((A : Eu))cΞ , φ⟩ =
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy)

c(s)

)
dL N−1(y).

7.2. The Gauss-Green formula for the slicing pairing. We begin by establishing
a preliminary result that will be instrumental in proving the Gauss-Green formula for
possibly unbounded BD functions. Specifically, we extend Proposition 6.3 to this setting.

Proposition 7.7. Let A ∈ BV∞
Ξ (Ω;RN×N

sym ). For every u ∈ BD(Ω), the assumptions

(7.4) u∗ · ξ ∈ L1(Ω, |Dξa
ξ|) for every ξ ∈ Ξ,

and

(7.5)

∫
ξ⊥

(∫
Ωξ

y

|(ûξy)∗|(s) d|Daξy|(s)

)
dL N−1(y) < +∞ for every ξ ∈ Ξ ,

are equivalent. Moreover, under either of the equivalent conditions above, we have

(7.6)

∫
Ω
u∗ · dDivA =

∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

(ûξy)
∗(s) dDaξy(s)

)
dL N−1(y) .

Proof. The equivalence between (7.4) and (7.5) is an immediate consequence of (2.10)
combined with [3, Corollary 2.29], and (2.5) with f = |u∗ · ξ|, which yield

∫
Ω
|u∗ · ξ| d|Dξa

ξ| =
∫
ξ⊥

(∫
Ωξ

y

|(ûξy)∗|(s) d|Daξy|(s)

)
dL N−1(y) for every ξ ∈ Ξ .

By (6.2), (7.4), (2.12) with v = aξ and f = u∗ · ξ, we get∫
Ω
u∗ · dDivA =

∫
Ω

∑
ξ∈Ξ

(u∗ · ξ) d(Dξa
ξ) =

∑
ξ∈Ξ

∫
Ω
(u∗ · ξ) d(Dξa

ξ)

=
∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

(ûξy)
∗(s) dDaξy(s)

)
dL N−1(y) .

This concludes the proof of (7.6). □

The next proposition provides a Gauss-Green formula by slicing, which will be the key
ingredient in the proof of the Gauss-Green formula, see Theorem 7.9 below.

Proposition 7.8. Let A ∈ BV∞
Ξ,loc(RN ;RN×N

sym ) and u ∈ BDloc(RN ). Let F ⊂ RN be a
bounded set of finite perimeter. Assume that

(7.7)

∫
ξ⊥

(∫
(F 1)ξy

|(ûξy)∗|(s) d|Daξy|(s)

)
dL N−1(y) < +∞ for every ξ ∈ Ξ .
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Then the following Gauss-Green formulas by slicing hold∑
ξ∈Ξ

∫
ξ⊥

(∫
(F 1)ξy

(ûξy)
∗(s) dDaξy(s)

)
dL N−1(y) +

∫
F 1

d((A : Eu))Ξ(7.8)

= −
∑
ξ∈Ξ

∫
ξ⊥

 ∑
s∈(∂∗F )ξy

(ûξy)
+(s)(aξy)

+(s) ν
F ξ
y
(s)

 dL N−1(y) ,

∑
ξ∈Ξ

∫
ξ⊥

(∫
(F 1)ξy∪(∂∗F )ξy

(ûξy)
∗(s) dDaξy(s)

)
dL N−1(y) +

∫
F 1∪∂∗F

d((A : Eu))Ξ(7.9)

=
∑
ξ∈Ξ

∫
ξ⊥

 ∑
s∈(∂∗F )ξy

(ûξy)
−(s)(aξy)

−(s) ν
F ξ
y
(s)

 dL N−1(y) ,

where

ν
F ξ
y
(s) = − sign (νF (y + sξ) · ξ) .

Proof. We only prove (7.8), the proof of the other one being similar. For every ξ ∈ Ξ and
for L N−1-a.e. y ∈ ξ⊥, by Corollary 2.15 we get∫

(F 1)ξy

(ûξy)
∗(s) dDaξy(s) +

∫
(F 1)ξy

d(aξy, Dûξy) (s) = −
∑

s∈(∂∗F )ξy

(aξy)
+(s) ν

(∂∗F )ξy
(s) (ûξy)

+(s),

where we used that, for L N−1-a.e. y ∈ ξ⊥, ∂∗(F ξ
y ) = (∂∗F )ξy and (F 1)ξy = (F ξ

y )1. We will
integrate over ξ⊥ and sum over ξ ∈ Ξ. Notice that the finiteness of the integral on the
right hand side is ensured by the (7.7) and (7.2). By using (7.2) we have∫

F 1

d((A : Eu))Ξ =
∑
ξ∈Ξ

∫
ξ⊥

(∫
(F 1)ξy

d(aξy, Dûξy)(s)

)
dL N−1(y).

This concludes the proof of (7.8). The second identity (7.9) follows analogously by using
the second formula in Corollary 2.15. □

We now combine the previous results to derive the Gauss-Green formula for possibly
unbounded BD functions.

Theorem 7.9. Let A ∈ BV∞
Ξ,loc(RN ;RN×N

sym ) and u ∈ BDloc(RN ). Let F ⊂ RN be a
bounded set of finite perimeter. Assume that

(7.10) u∗ · ξ ∈ L1
loc(RN , |Dξa

ξ|) for every ξ ∈ Ξ, u± ∈ L1
H N−1 ∂∗F,loc

(RN ;RN ),

where u± are the traces of u on ∂∗F defined in Proposition 2.6. Then∫
F 1

u∗ · dDivA+

∫
F 1

d((A : Eu))Ξ = −
∫
∂∗F

u+ ·Tr+(A, ∂∗F ) dH N−1 ,∫
F 1∪∂∗F

u∗ · dDivA+

∫
F 1∪∂∗F

d((A : Eu))Ξ = −
∫
∂∗F

u− ·Tr−(A, ∂∗F ) dH N−1 ,

where Tr±(A, ∂∗F ) are the normal traces of A on ∂∗F oriented by the interior unit normal
vector.
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Proof. By the second assumption in (7.10) and (6.10) with v = u±, we obtain∫
∂∗F

u±·Tr±(A, ∂∗F ) dH N−1 =
∑
ξ∈Ξ

∫
ξ⊥

 ∑
s∈∂∗F ξ

y

(ûξy)
±(s)(aξy)

±(s) ν
(∂∗F )ξy

(s)

 dL N−1(y).

Combining these facts with Propositions 7.7 and 7.8, we obtain the two Gauss-Green
formulas stated above. □

Remark 7.10. If F ⊂ RN is a bounded open set with Lipschitz boundary, then the second
assumption in (7.10) is satisfied (see Theorem 2.4) and it holds∫

F
u∗ · dDivA+

∫
F
d((A : Eu))Ξ = −

∫
∂F

γ+(u) ·Tr+(A, ∂F ) dH N−1.

Remark 7.11. Let A ∈ C1(RN ;RN×N
sym ), then (H∗) is satisfied, and Tr+(A, ∂Ω) = −AνΩ.

Let u ∈ BDloc(RN ), then the smoothness of A implies that u = u∗ L N -a.e. and u ∈
L1
|DivA|,loc(R

N ;RN ). By (5.17) and (2.2) we obtain that

(7.11)

∫
Ω
u ·DivA dx+

∫
Ω
A : dEu =

∫
∂Ω

A : (γ+(u)⊙ νΩ) dH N−1.

Thus, identity (7.11) extends the Gauss-Green formula (2.14). Moreover, it provides an
extension of (5.19) to BD functions that are not necessarily bounded.

8. Comparison with the Kohn-Temam pairing in plasticity theory

We refer to [30, Ch. II, Sec. 7] and [29]. Let Ω be a bounded and Lipschitz subset of
RN . Define

Σ(Ω) :=
{
A ∈ L2(Ω;RN×N

sym ) : DivA ∈ LN (Ω;RN ), AD ∈ L∞(Ω;RN×N )
}
,

and

U(Ω) :=
{
u ∈ BD(Ω) : divu ∈ L2(Ω)

}
.

Recall that, by (2.4) for every u ∈ H1(Ω;RN ),

AD : eD(u) = A : e(u)− 1

N
tr(e(u)) trA.

Observe that, for u ∈ U(Ω),

EDu = Eu− 1

N
(divu) I, trEu = divu,

and that trA divu ∈ L1(Ω). Hence, for u ∈ U(Ω) and A ∈ Σ(Ω), one can define the
following distributions (see [30, Definitions 7.42-7.43]):

(8.1) ⟨(A : Eu), φ⟩ := −
∫
Ω
φu ·DivA dx−

∫
Ω
A : (u⊙∇φ) dx,

and

(8.2) ⟨(AD : EDu), φ⟩ := − 1

N

∫
Ω
φ trA divu dx+ ⟨(A : Eu), φ⟩,

for every φ ∈ C∞
c (Ω).

It is proved that, whenever u ∈ U(Ω) and A ∈ Σ(Ω), the distributions defined in (8.1)-
(8.2) are bounded Radon measures on Ω (see [30, Lemma 7.3] and [29, Theorem 3.2]).
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Now, we will extend the notion of the pairing (8.2) to stresses with divergence measure.
We give a new definition of (AD : EDu) by using the slicing approach of the previous
section only for the term (A : Eu) and by assuming the minimal conditions for the well-
posedness of the remaining term.

Let u ∈ BD(Ω) (so that divu is a Radon measure) and let A ∈ BV∞
Ξ (Ω;RN×N

sym ). We
define the following distribution: for every φ ∈ C∞

c (Ω),〈
((AD : EDu))Ξ , φ

〉
:=

− 1

N

∫
Ω
φ trA d(divu) +

∑
ξ∈Ξ

∫
ξ⊥

(∫
Ωξ

y

φξ
y(s) d(a

ξ
y, Dûξy) (s)

)
dL N−1(y).

(8.3)

Theorem 8.1. Let A ∈ BV∞
Ξ (Ω;RN×N

sym ) and u ∈ BD(Ω). Then the distribution ((AD : EDu))Ξ
is a Radon measure in Ω, absolutely continuous with respect to |Eu|, and there exists a

positive constant C̃Ξ such that
(8.4)

|((AD : EDu))Ξ|(B) ≤ C̃Ξ∥A∥L∞(U ;RN×N )|Eu|(B) for every Borel set B ⊂ U ⋐ Ω.

Moreover, if Ω is a bounded and Lipschitz subset of RN , for every u ∈ U(Ω)∩L∞(Ω;RN )
and A ∈ BV∞

Ξ (Ω;RN×N
sym ) ∩ Σ(Ω) (and so assumption (H∗) is satisfied) such that (Hc)

holds, the measure ((AD : EDu))Ξ coincides with the pairing defined in (8.2); i.e.,

(8.5) ((AD : EDu))Ξ = (AD : EDu),

in the sense of measures. Finally, if u ∈ C1(Ω;RN ) and A ∈ BV∞
Ξ (Ω;RN×N

sym ) ∩ Σ(Ω),
then

(8.6) ((AD : EDu))Ξ =
(
A : e(u)− 1

N
trA tr(e(u))

)
L N = AD : eD(u)L N .

Proof. To prove condition (8.4), let us note that, by (7.3) and (2.1),

|((AD : EDu))Ξ|(B) ≤ 1

N

∫
B
|trA| d |divu|+ |((A : Eu))Ξ|(B)

≤ 1

N
∥trA∥L∞(U)| divu|(B) + CΞ∥A∥L∞(U ;RN×N

sym )|Eu|(B)

≤ (1 + CΞ)∥A∥L∞(U ;RN×N
sym )|Eu|(B).

Assertion (8.5) follows by Theorem 7.2(iii), Remark 5.2 and (8.2).
On the other hand, by (8.5) we get

((AD : EDu))Ξ =
(
A : e(u)− 1

N
trA tr(e(u))

)
L N .

The second equality in (8.6) follows from (2.4). □

9. An example: a Griffith-type Mode I opening configuration

To illustrate the physical relevance of our framework and to highlight how it overcomes
the limitations of the classical Kohn-Temam theory, we consider a simple two-dimensional
example describing a displacement jump across an interface, modeling a pre-existing crack
(i.e., a displacement discontinuity) in the reference configuration.
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Let Ω = (−1, 1)2 ⊂ R2 be the reference domain, divided into two subdomains by
the interface Γ = {x ∈ Ω : x2 = 0}, with νΓ = e2. We define a displacement field
u ∈ BD(Ω) ∩ L∞(Ω;R2) representing a normal opening with amplitude γ > 0

u(x) =

(
0

γH(x2)

)
,

where H denotes the Heaviside function. Note that u ∈ SBV (Ω;R2), and

Eu = [u+ − u−]⊙ νΓH 1 Γ =
(
γH 1 Γ

)
(e2 ⊗ e2) .

The jump of u across the interface is purely normal (Mode I opening, see [11]), since it
is aligned with the normal direction to the interface and no tangential slip occurs. We
consider a piecewise constant stress tensor, defined as

A(x) =

(
0 0
0 σ(x2)

)
, σ(x2) =

{
σ+ if x2 > 0,

σ− if x2 < 0,

with σ± ∈ R. This tensor corresponds to a Griffith-type normal traction state across the
interface, with no shear components. Note that A ∈ BV (Ω;R2×2

sym) ∩ L∞(Ω;R2×2
sym).

In this setting, the divergence of A is a vector-valued measure concentrated on the
interface Γ, namely

DivA =

(
0

(σ+ − σ−)H 1 Γ

)
.

The singularity of DivA with respect to L 2 prevents the application of the classical Kohn-
Temam pairing theory, which consequently cannot be used to evaluate the mechanical work
across the interface. The framework developed in this paper overcomes this limitation by
naturally capturing the interfacial contribution.

Since A ∈ BV (Ω;R2×2
sym), by Remark 5.7 we have

(A : Eu) = A∗ : Eu =
σ+ + σ−

2
γ H 1 Γ.

This identity provides a consistent definition of the interfacial work associated with the
discontinuity of the displacement field. Moreover, it shows that the generalized Gauss–
Green formula (Theorem 5.8) remains valid even in the presence of singular divergences,
thereby ensuring global energy balance on singular sets where classical divergence integra-
bility fails.

Indeed, for the Lipschitz subdomain F := (−1
2 ,

1
2)

2 ⊂ Ω (see Figure 1), the generalized
Gauss–Green formula reads

(9.1)

∫
F
u∗ · dDivA+

∫
F
d(A : Eu) =

∫
∂F

u+ · (A+νF ) dH1.

Now, evaluating both sides over the domain F yields a perfect identity. Specifically, the
left-hand side combines the singular divergence and the interfacial work contributions
along the crack line Γ:
(9.2)∫

F
u∗ · dDivA+

∫
F
d(A : Eu) =

∫
F∩Γ

γ

2
(σ+ − σ−) dH1 +

∫
F∩Γ

σ+ + σ−

2
γ dH1 = γσ+,

which perfectly matches the right-hand side boundary integral, where a non-vanishing
traction trace u+ · (A+νF ) = γσ+ occurs exclusively along the upper edge of F . Indeed,
on this portion of the boundary one has νF = e2, u = γe2, and A+νF = σ+e2, while the
contributions from the lower and the lateral edges of F vanish.
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F

Ω+

Ω−

Γ
x1

x2

νΓ

u+ = γe2

u− = 0

Figure 1. The reference configuration Ω with the interface Γ and the
Lipschitz subdomain F crossing the interface.

Appendix A. A sufficient condition for BV regularity

We identify a sufficient condition, based on a control of the directional derivatives of A
with respect to frames, that guarantees the BV regularity of A.

Let Ξ = {v1, . . . ,vn} and Ξ′ = {w1, . . . ,wn} be two frames of RN×N
sym , where n =

N(N+1)
2 . A symmetric tensor field A admits the representations

A =

n∑
i=1

avivi ⊗ vi =

n∑
j=1

awjwj ⊗wj .

The change of frame is described by a matrix G ∈ Rn×n through the algebraic relation

vi ⊗ vi =
n∑

j=1

Gijwj ⊗wj , which implies

(A.1) awj =

n∑
k=1

Gkja
vk .

Assume (H′′) for both the frames, namely

(A.2) Dvia
vi =: µi ∈ M(Ω), Dwja

wj =: νj ∈ M(Ω) ∀i, j = 1, 2, . . . , n .

Expanding the directional derivatives (A.2) in terms of the Cartesian basis {eα}Nα=1 (using
also (A.1)) yields a linear system of 2n equations for the N × n unknown distributional
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derivatives Deαa
vk , α = 1, . . . , N , k = 1, . . . , n:

N∑
α=1

(vi · eα)Deαa
vi = µi, i = 1, . . . , n,

n∑
k=1

N∑
β=1

Gkj (wj · eβ)Deβa
vk = νj , j = 1, . . . , n.

If the associated coefficient matrix has trivial kernel, then each distributional derivative
Deαa

vk can be written as a linear combination of the Radon measures µi and νj . In
particular, avk ∈ BV (Ω) for every k = 1, . . . , n, and hence A ∈ BV (Ω;RN×N

sym ).
In particular, for N = 2, the system is square (2n = Nn = 6), and the condition reduces

to the invertibility of the associated matrix

M =


v1 · e1 v1 · e2 0 0 0 0

0 0 v2 · e1 v2 · e2 0 0
0 0 0 0 v3 · e1 v3 · e2

G11w1 · e1 G11w1 · e2 G21w1 · e1 G21w1 · e2 G31w1 · e1 G31w1 · e2
G12w2 · e1 G12w2 · e2 G22w2 · e1 G22w2 · e2 G32w2 · e1 G32w2 · e2
G13w3 · e1 G13w3 · e2 G23w3 · e1 G23w3 · e2 G33w3 · e1 G33w3 · e2

 ,

i.e.,

det(M) ̸= 0,

which can be interpreted as a joint non-degeneracy condition on the two frames Ξ and
Ξ′, ensuring that all Cartesian partial derivatives are uniquely determined by the coupled
system.

As a by-product of the previous argument, we obtain the following proposition.

Proposition A.1. Let Ξ = {v1,v2,v3} and Ξ′ = {w1,w2,w3} be two frames of R2×2
sym,

and M ∈ R6×6 be defined as above. Assume that det(M) ̸= 0. If A ∈ BV∞
Ξ (Ω;R2×2

sym) ∩
BV∞

Ξ′(Ω;R2×2
sym), then A ∈ BV (Ω;R2×2

sym) ∩ L∞(Ω;R2×2
sym).

Remark A.2. For N ≥ 3 one has 2n < Nn, and the resulting system is underdetermined;
hence two frames do not provide enough equations to determine all Cartesian partial
derivatives. In general, one needs (H′′) with respect to sufficiently many (at least N)
frames in generic position so that the associated linear system becomes square, and its
invertibility is ensured by a suitable non-degeneracy (rank) condition.
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