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Abstract. This paper concerns the H-convergence of nonlinear nonlocal monotone operators
defined through the Riesz fractional gradient and divergence. We show that the H-convergence
in this nonlocal framework is equivalent to the H-convergence of the corresponding local one.
As a consequence, we obtain a H-compactness result for a suitable class of nonlocal mono-
tone operators. We then study the Γ-convergence of nonlocal energy functionals associated
with the subclass of conservative monotone operators, proving that it is equivalent to the Γ-
convergence of the corresponding local energies. A key ingredient is a new uniqueness result for
the integral representation of both local and nonlocal functionals. As a by-product, we obtain
the Γ-compactness of the class of nonlocal energies under consideration. Finally, we show the
equivalence between the H-convergence of nonlocal conservative monotone operators and the
Γ-convergence of the associated energy functionals.

1. Introduction

H-convergence is a mathematical tool for the homogenisation of composite materials and
dates back to the late 1960s with the pioneering works of Spagnolo [36, 37, 38] and De Giorgi-
Spagnolo [24], where the linear symmetric case was studied under the name of G-convergence,
extended by Tartar [40, 41] to the possibly non-symmetric setting; see also [32, 42] for a modern
account. The theory considers sequences of measurable matrix-valued functions Bh satisfying
the following standard uniform ellipticity and boundedness assumption

λ|ξ|2 ≤ Bh(x)ξ · ξ ≤ Λ|ξ|2, (1.1)

and focuses on the asymptotic behaviour of the solutions of the family of Dirichlet problems{
−div(Bh(x)∇wh(x)) = g(x) in Ω,

wh(x) = 0 on ∂Ω,
(1.2)

by identifying a suitable measurable matrix-valued function B∞, called the H-limit, such that
the solutions wh converge to the solution w∞ of the Dirichlet problem{

−div(B∞(x)∇w∞(x)) = g(x) in Ω,

w∞(x) = 0 on ∂Ω.

A central question was whether the class of matrix-valued functions satisfying (1.1) is relatively
closed under H-convergence, namely that every H-limit belongs to the same class.

After the linear case had been thoroughly understood, several extensions to nonlinear settings
were considered in [15, 21, 27, 28, 30, 31, 42]. The authors introduced different classes of
monotone operators, depending on the structural assumptions adopted to extend (1.1) to the
nonlinear setting. Some of these classes are closed under H-convergence (see, e.g., [15, 42]),
whereas for others the H-limits are known only to belong to a larger class (see e.g. [21]).

In the fractional setting, several works have recently addressed the study of H-convergence
of nonlocal linear operators; we refer in particular to the contributions [11, 12, 14, 26, 43, 44].
In [26], the authors consider scalar perturbations of the Gagliardo seminorm, while in [43, 44]
a topological technique is introduced to approach the nonlocal setting in the Hilbertian case.
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In [14], instead, the authors studyH-convergence for the following sequence of nonlocal Dirichlet
problems in fractional divergence form{

−divs(Bh(x)∇suh(x)) = f(x) in Ω,

uh(x) = 0 in Rn \ Ω.

The operators ∇s and divs are the so-called Riesz fractional gradient and fractional divergence,
introduced in [33, 34] and extensively studied in, e.g., [10, 16, 17, 18, 39]. They make it
possible to formulate the problems above in fractional divergence form and satisfy the identity
−divs∇s = (−∆)s, so that the operators −divs(Bh∇s ) may be viewed as perturbations of the
fractional Laplacian. The main result of [14], Theorem 3.1, shows that the class of possibly non-
symmetric matrices satisfying (1.1) in Ω and sharing a common extension outside Ω is closed
under H-convergence. More recently, in [11], the authors address some of the open questions
raised in [14, Section 6]. In particular, they obtain H-compactness without prescribing the
matrices outside Ω, which was a technical requirement in [14], and include the one-dimensional
case n = 1. They also observe that, in this Hilbertian setting, the results obtained in [14] can be
alternatively deduced from the topological notion of nonlocal H-convergence, introduced in [43].

In this paper, we address another open problem raised in [14], which is the H-convergence
of nonlinear nonlocal monotone operators in fractional divergence form. More precisely, we
identify a class of monotone maps that is closed under H-convergence, in the spirit of [15, 42].
We consider sequences of maps Ah : Rn ×Rn → Rn characterised by the following lower bound

(Ah(x, ξ)−Ah(x, η)) · (ξ − η) ≥ λ|ξ − η|p

together with the growth condition, introduced following [15],

|Ah(x, ξ)−Ah(x, η)| ≤ Λ [1 +Ah(x, ξ) · ξ +Ah(x, η) · η]
p−2
p [(Ah(x, ξ)−Ah(x, η)) · (ξ − η)]

1
p .

In the linear case Ah(x, ξ) = Bh(x)ξ, these assumptions are consistent with those considered
in [14], and in the nonlinear Hilbertian setting p = 2 they reduce to the bounds introduced
in [42, Chapter 11]. Instead, for p > 2, they differ from the commonly adopted assumptions,
such as those in [21], under which the H-limits belong only to a larger class of monotone maps.
The nonlinear nonlocal Dirichlet problems considered in this paper are of fractional divergence
type and take the form {

−divs(Ah(x,∇suh(x))) = f(x) in Ω,

uh(x) = 0 in Rn \ Ω.

Unlike the linear case treated in [11], we still assume the maps Ah to be prescribed outside Ω,
as in [14]. Indeed, in the linear setting, for every weakly converging sequence uh in Hs,p

0 (Ω)
[29, Lemma 2.12] ensures the strong convergence of the fractional gradients ∇suh outside Ω.
This allows one to pass to the limit in the products Bh∇suh under the weak* convergence
of the matrices Bh. In contrast, in the nonlinear case, the weak* convergence of the maps
Ah is not sufficient to pass to the limit in the nonlinear compositions Ah( ·, ∇suh), even in the
presence of strong convergence of the fractional gradients. The problem of removing the exterior
prescription therefore remains open.

The first main result of this paper is Theorem 4.1, which establishes the equivalence between
local and nonlocal H-convergence, the latter in the sense of Definition 3.10, for the sequences
of monotone operators

As
h := −divs(Ah( · ,∇s )), Ah := −div(Ah( · ,∇ )),

respectively associated with the local and nonlocal Dirichlet problems{
−divs(Ah(x,∇suh(x))) = f(x) in Ω,

uh(x) = 0 in Rn \ Ω,

{
−div(Ah(x,∇wh(x))) = f(x) in Ω,

wh(x) = 0 on ∂Ω.

As a consequence, the H-compactness of the class of monotone maps in the local setting,
recalled in Proposition 4.6, immediately yields the nonlocal H-compactness result, stated in
Corollary 4.9.
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From a technical viewpoint, the proof of Theorem 4.1 is inspired by some ideas developed
in [19, 29], which exploit the relation between local and fractional gradients; see Proposition 2.4.
This allows one to transfer local H-convergence results to the nonlocal setting and to construct
a nonlocal H-limit candidate. The main difficulty lies in handling mixed local–nonlocal terms
involving both ∇suh and ∇wh, and in passing to the limit. To overcome this issue, we rely
on an integration-by-parts formula together with compactness arguments. Similar local-to-
nonlocal arguments also appear in the study of div-curl formulas in the fractional setting;
see [13, Section 3.2].

The proof of Theorem 4.1 is completed by establishing a uniqueness result for nonlocal H-
limits (Lemma 4.4), analogous to the classical local one. As a consequence, the nonlocal H-limit
candidate obtained from the local theory is uniquely determined. We emphasise that Lemma 4.4
is not entirely straightforward. In fact, in the local setting, uniqueness is obtained through
localization techniques, which do not naturally extend to the nonlocal framework. Moreover,
the classical construction of affine test functions φx0,ξ satisfying

∇φx0,ξ = ξ

in a neighbourhood of a point x0 ∈ Ω, for a prescribed vector ξ ∈ Rn, becomes considerably
more delicate in the nonlocal setting; see Remark 4.5.

In the second part of this work, we investigate the relation between H- and Γ-convergence in
the nonlinear nonlocal setting. From a historical perspective, this connection already emerged in
the pioneering work of De Giorgi and Spagnolo [24], where the energy functionals play a central
role in the analysis of homogenisation problems. As observed in [22], these ideas anticipated
several aspects of the theory of Γ-convergence, which was introduced by De Giorgi and Franzoni
in [23] a few years later as a unified variational theory. The link between H- and Γ-convergence
lies in the fact that each PDE in (1.2), associated with symmetric matrices, can be interpreted
as the Euler-Lagrange equation of the energy functional

1

2

∫
Ω
Bh(x)∇wh(x) · ∇wh(x) dx−

∫
Ω
g(x)wh(x) dx.

Under suitable assumptions, Γ-convergence implies convergence of minimisers, that is solutions
to (1.2); conversely, H-convergence implies Γ-convergence. We refer the interested reader to [20,
Theorem 13.12] for a proof of the equivalence between H- and Γ-convergence in the linear local
case, and to [14, Theorem 5.1] for the recent extension to the linear nonlocal case.

In the nonlinear setting, the situation becomes more delicate. Indeed, one first needs to
identify a natural subclass of monotone maps that can be associated with energy functionals, in
the same way that symmetric matrices do in the linear theory. For this reason, in Definition 5.9
we introduce the class of conservative monotone maps Ah : Rn×Rn → Rn, i.e., monotone maps
satisfying the former growth conditions and for which there exist potentials φh : Rn × Rn → R
such that

Ah(x, ξ) = ∇ξφh(x, ξ).

We emphasise that, in the linear case, conservativity is equivalent to symmetry; see Remark 5.5.
We then study the Γ-convergence of the nonlocal energies defined as

F s
h(u) :=


∫
Rn

φh(x,∇su(x)) dx if u ∈ Hs,p
0 (Ω),

∞ if u ∈ Lp(Rn) \Hs,p
0 (Ω).

In analogy with the previous result for the H-convergence, in Theorem 6.1 we show that the
Γ-convergence of F s

h is equivalent to the Γ-convergence of the associated local energies

Fh(u) :=


∫
Ω
φh(x,∇u(x)) dx if u ∈W 1,p

0 (Ω),

∞ if u ∈ Lp(Ω) \W 1,p
0 (Ω).

As a by-product, we obtain the Γ-compactness of the class of nonlocal energies associated with
conservative monotone operators; see Corollary 6.11.
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We emphasise that Theorem 6.1 is not straightforward. The implication from local to nonlocal
Γ-convergence (Proposition 6.9) is inspired by [19], where an analogous result was established
for nonlocal energies associated with fractional gradients of finite interaction horizon. However,
since that framework differs substantially from the present one, where the Riesz fractional
gradient involves long-range interactions, our result cannot be deduced directly from [19]. Our
proof is based on revisiting the argument of [19] and combining it with the techniques developed
in [29] for the Riesz fractional gradient in the context of relaxation. We refer the interested
reader to [1, 2, 3, 7] for other results on Γ-convergence of functionals involving Riesz fractional
gradients. In addition, the proof of the converse implication from nonlocal to local Γ-convergence
(Proposition 6.10) is based on the local Γ-compactness result stated in Proposition 6.5, which
can be deduced from the results in [5], and a uniqueness result for the integral representation
of nonlocal functionals, which is established in Proposition 6.3, as a consequence of Lemma 6.2.
To the best of our knowledge, this uniqueness result does not appear in the literature, even in
the classical local setting.

In Theorem 7.1, we finally show the equivalence between the H-convergence of nonlocal
conservative monotone operators and the Γ-convergence of the associated energy functionals.
The proof combines Theorem 4.1, Theorem 6.1, and Proposition 7.2. The latter is a consequence
of some results in [4], and shows this equivalence in the local setting. As a further consequence,
the class of conservative monotone operators is also closed under H-convergence.

Summarising, the results of this paper show that both H- and Γ-convergence in the nonlinear
nonlocal setting can be entirely characterised by their local counterparts, and vice versa. In the
spirit of [14], such relations are summarised in the following commutative diagram.

H-convergence of
local operators

H-convergence of
nonlocal operators

Γ-convergence of
local energies

Γ-convergence of
nonlocal energies

Thm. 4.1

Thm. 6.1

Prop. 7.2
(conservative maps)

Thm. 7.1
(conservative maps)

Relations between H- and Γ-convergence in the local and nonlocal settings.

The paper is structured as follows. Section 2 introduces the nonlocal functional framework. In
Section 3, we discuss in detail the class of monotone maps under consideration, comparing it with
the most commonly used classes in the literature. We also extend the notion of H-convergence
to the nonlinear nonlocal setting. Section 4 is devoted to the proof of Theorem 4.1 and the
resulting H-compactness of the class of nonlocal monotone operators, shown in Corollary 4.9.
In Section 5, we address the second main topic of the paper, namely the Γ-convergence of
nonlocal energy functionals associated with conservative monotone maps. Finally, Section 6
and Section 7 are respectively devoted to the proofs of Theorem 6.1 and Theorem 7.1.

2. Notation and preliminaries

Let us introduce the notation considered in this paper. The set of positive natural numbers
is denoted by N, while N0 denotes the set of natural numbers including zero. For x ∈ Rn and
r > 0, we let Br(x) ⊂ Rn denote the open ball of radius r centered at x. Given a measurable
set E ⊂ Rn, we denote by 1E : Rn → {0, 1} its characteristic function. Given two open sets
U, V ⊂ Rn, we write V ⊂⊂ U if there exists a compact set K such that V ⊂ K ⊂ U . Given
an open set U ⊂ Rn, the collection of all open subset V ⊂ U is denoted by A (U). We use
standard notation for Lebesgue and Sobolev spaces. For p ∈ [1,∞], we let p′ denote the Hölder’s
conjugate exponent of p, namely p′ := p

p−1 .
4



Let n ≥ 1 be a natural number and let s ∈ (0, 1). Let us recall the notions of Riesz s-fractional
gradient and Riesz s-fractional divergence, introduced in [16, 33, 46]. Following [46], we first
introduce the space

T (Rn) :=

{
ψ ∈ C∞(Rn) :

∫
Rn

|∇kψ(x)|dx <∞, ∇kψ(x) → 0 as |x| → ∞ for every k ∈ N0

}
.

Note that
C∞
c (Rn) ⊂ T (Rn) ⊂ L1(Rn) ∩ L∞(Rn).

Definition 2.1. Let s ∈ (0, 1). For ψ ∈ T (Rn) and Ψ ∈ T (Rn;Rn) the Riesz s-fractional
gradient ∇sψ : Rn → Rn and the Riesz s-fractional divergence divsΨ: Rn → R are defined,
respectively, by

∇sψ(x) := µn,s

∫
Rn

(ψ(y)− ψ(x))(y − x)

|y − x|n+s+1
dy for x ∈ Rn,

divsΨ(x) := µn,s

∫
Rn

(Ψ(y)−Ψ(x)) · (y − x)

|y − x|n+s+1
dy for x ∈ Rn.

The positive normalization constant µn,s, whose explicit value only plays a minor role in this
paper, depends only on n and s. We refer to [46, Eq. (4)] for its precise definition.

The nonlocal operators ∇s and divs are well defined, in the sense that the above integrals
converge for every x ∈ Rn. Moreover, as observed in [46, Proposition 5.2],

∇sψ ∈ T (Rn;Rn) and divsΨ ∈ T (Rn).

We stress that, even if ψ ∈ C∞
c (Rn) and Ψ ∈ C∞

c (Rn;Rn), the functions ∇sψ and divsΨ do
not have compact support.

The fractional gradient and divergence are closely related to the classical fractional Laplacian,
which we recall below.

Definition 2.2. Let s ∈ (0, 1). For ψ ∈ T (Rn), the s
2 -fractional Laplacian (−∆)

s
2ψ : Rn → R

is defined by

(−∆)
s
2ψ(x) := cn,s

∫
Rn

ψ(x)− ψ(y)

|x− y|n+s
dy for x ∈ Rn,

where cn,s is a positive normalization constant depending only on n and s; see [46] for its explicit
definition (note that cn,s coincides with −νn,s in Eq. (6) therein).

The fractional Laplacian (−∆)
s
2ψ is well defined, in the sense that the above integral con-

verges for every x ∈ Rn. Moreover, as observed in [46, Proposition 5.2], we have

(−∆)
s
2ψ ∈ T (Rn).

By [46, Theorem 5.3], the following relation holds for every ψ ∈ T (Rn) and s, r ∈ (0, 1)

−divs∇rψ = (−∆)
s+r
2 ψ in Rn.

Let us introduce the functional framework.

Definition 2.3. Let Ω ⊂ Rn be an open set, s ∈ (0, 1), and p ∈ [1,∞). We define the Riesz
fractional Sobolev space Hs,p

0 (Ω) as the closure of C∞
c (Ω) with respect to the norm

∥ · ∥Hs,p
0 (Ω) :=

(
∥ · ∥pLp(Ω) + ∥∇s · ∥pLp(Rn)

) 1
p
.

We denote by H−s,p′(Ω) the dual space of Hs,p
0 (Ω), that is H−s,p′(Ω) := (Hs,p

0 (Ω))′. When
Ω = Rn, we simply write Hs,p(Rn) := Hs,p

0 (Rn).

The space Hs,p
0 (Ω) endowed with the norm ∥ · ∥Hs,p

0 (Ω) is a separable Banach space, and

it is reflexive when p ∈ (1,∞). Moreover, when Ω = Rn, it coincides with the fractional
Sobolev space Ss,p(Rn) introduced in [29, Definition 2.5]; see [29, Theorem 2.7]. Furthermore,
as observed in [29, Definition 2.9], a sequence (uj)j converges weakly in Hs,p

0 (Ω) if and only if
(uj)j converges weakly in Lp(Ω) and (∇suj)j converges weakly in Lp(Rn;Rn).
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The following result provides a useful connection between the Sobolev spaces W 1,p
loc (R

n) and
Hs,p(Rn). For the proof, we refer the interested reader to [29, Proposition 3.1].

Proposition 2.4. Let s ∈ (0, 1) and p ∈ [1,∞). Then the following two statements hold.

(i) For every u ∈ Hs,p(Rn), there exists v ∈W 1,p
loc (R

n) such that

∇v = ∇su in Rn.

(ii) For every v ∈W 1,p(Rn), the function u := (−∆)
1−s
2 v ∈ Hs,p(Rn) satisfies

∇su = ∇v in Rn

and
∥u∥Lp(Rn) ≤ C∥v∥sLp(Rn)∥∇v∥

1−s
Lp(Rn), (2.1)

for a constant C > 0 depending only on n and s.

Remark 2.5. When p < n
1−s , the function v appearing in Proposition 2.4(i) is given by

v = I1−su,

where I1−s denotes the Riesz potential operator, i.e. the inverse of the fractional Laplacian

(−∆)
1−s
2 . In contrast, for p ≥ n

1−s , the Riesz potential may fail to be well defined, and thus v

is constructed via an approximation procedure; see [29, Proposition 3.1] for further details.

In order to deal with the nonlocal elliptic PDEs and functionals considered in this paper, we
will frequently use Proposition 2.4. In particular, an important feature that we need is that
weak convergence is preserved when passing from Hs,p(Rn) to W 1,p

loc (R
n). This can be derived

by slightly modifying the function v in Proposition 2.4(i). We have the following result.

Corollary 2.6. Let Ω ⊂ Rn be a bounded open set, s ∈ (0, 1), and p ∈ [1,∞). Let uj ∈ Hs,p(Rn)
for j ∈ N ∪ {∞} satisfy

uj → u∞ weakly in Hs,p(Rn) as j → ∞.

Then, there exist a (not relabeled) subsequence and functions wj ∈ W 1,p(Ω) for j ∈ N ∪ {∞}
satisfying

∇wj = ∇suj in Ω for every j ∈ N ∪ {∞},
and

wj → w∞ weakly in W 1,p(Ω) and strongly in Lp(Ω) as j → ∞.

Proof. Let (vj)j ∈ W 1,p
loc (R

n) and v∞ ∈ W 1,p
loc (R

n) be the functions given in Proposition 2.4.
Consider a ball B containing Ω. By Poincaré’s inequality, there exists a constant C, depending
only on n, p, and B, and a sequence (cj)j ⊂ R satisfying

∥vj − cj∥Lp(B) ≤ C∥∇vj∥Lp(B) = C∥∇suj∥Lp(B) ≤ C for every j ∈ N.

By Rellich’s theorem there exist a (not relabeled) subsequence and a function w∞ ∈ W 1,p(B)
such that

wj := vj − cj → w∞ weakly in W 1,p(B) and strongly in Lp(B) as j → ∞.

Note that for every Ψ ∈ C∞
c (B;Rn) we have∫

B
∇w∞(x) ·Ψ(x) dx = lim

j→∞

∫
B
∇wj(x) ·Ψ(x) dx = lim

j→∞

∫
B
∇vj(x) ·Ψ(x) dx

= lim
j→∞

∫
B
∇suj(x) ·Ψ(x) dx =

∫
B
∇su∞(x) ·Ψ(x) dx.

Hence, ∇w∞ = ∇su∞ in B and, in particular, in Ω. □

We conclude this section by recalling several results in the fractional setting that will be used
throughout this paper, namely a Leibniz-type rule for the fractional gradient [29, Lemma 2.11
and Eq. (2.11)], a Poincaré-type inequality [33, Theorem 3.3] and [6, Theorem 2.2], and a
Rellich-type theorem [34, Theorem 2.2] and [6, Theorem 2.3].
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Proposition 2.7 (Leibniz rule). Let Ω ⊂ Rn be an open set, s ∈ (0, 1), and p ∈ [1,∞). Let
φ ∈ C1

c (Ω) and u ∈ Hs,p(Rn). Then φu ∈ Hs,p
0 (Ω) and

∇s(φu) = φ∇su+ u∇sφ+∇s
NL(φ, u) in Rn,

where the nonlocal remainder term ∇s
NL(φ, u) : Rn → Rn is defined by

∇s
NL(φ, u)(x) := µn,s

∫
Rn

(φ(x)− φ(y))(u(x)− u(y))(y − x)

|y − x|n+s+1
dy for a.e. x ∈ Rn.

Moreover, there exists a constant C > 0, depending only on n and s, such that

∥∇s
NL(φ, u)∥Lp(Rn) ≤ C∥u∥Lp(Rn)∥φ∥1−s

L∞(Ω)∥∇φ∥
s
L∞(Ω). (2.2)

Proposition 2.8 (Poincaré inequality). Let Ω ⊂ Rn be a bounded open set, s ∈ (0, 1), and
p ∈ (1,∞). Then there exists a constant C, depending only on n, s, p, and Ω, such that

∥u∥Lp(Ω) ≤ C∥∇su∥Lp(Rn) for every u ∈ Hs,p(Rn).

Proposition 2.9 (Rellich theorem). Let Ω ⊂ Rn be a bounded open set, s ∈ (0, 1), and let
p ∈ (1,∞). Then the space Hs,p

0 (Ω) is compactly embedded into Lp(Ω).

As a consequence of the previous three propositions, one can deduce that if uj ∈ Hs,p
0 (Ω)

for j ∈ N ∪ {∞} and uj → u∞ weakly in Hs,p
0 (Ω) as j → ∞, then the weak convergence of

the fractional gradients improves to strong convergence outside Ω. More precisely, we have the
following result; see [29, Lemma 2.12] for a proof.

Proposition 2.10. Let Ω ⊂ Rn be a bounded open set, s ∈ (0, 1), and p ∈ (1,∞). Let
uj ∈ Hs,p

0 (Ω) for j ∈ N ∪ {∞} satisfy

uj → u∞ weakly in Hs,p
0 (Ω) as j → ∞.

Then
∇suj → ∇su∞ strongly in Lp

loc(R
n \ Ω;Rn) as j → ∞.

3. The H-convergence problem

Let us introduce the local and nonlocal H-convergence problems involving nonlocal monotone
operators. From now on, and throughout the rest of the paper, we assume that:

s ∈ (0, 1), p ∈ [2,∞), 0 < λ ≤ Λ are two fixed constants.

We start by defining the following classes of monotone maps.

Definition 3.1. Let Ω ⊂ Rn be an open set. Given a Carathéodory function A : Ω×Rn → Rn,
we introduce the following conditions for a.e. x ∈ Ω and for every ξ, η ∈ Rn:

(M1) A(x, 0) = 0,
(M2) (A(x, ξ)−A(x, η)) · (ξ − η) ≥ λ|ξ − η|p,
(M3) |A(x, ξ)−A(x, η)| ≤ Λ [1 +A(x, ξ) · ξ +A(x, η) · η]

p−2
p [(A(x, ξ)−A(x, η)) · (ξ − η)]

1
p ,

(M3)′ |A(x, ξ)−A(x, η)| ≤ Λ [1 + |ξ|p + |η|p]
p−2
p |ξ − η|,

(M3)′′ |A(x, ξ)−A(x, η)| ≤ Λ [1 + |ξ|p + |η|p]
p−2
p−1 |ξ − η|

1
p−1 .

We define the following classes of maps:

MΩ(p, λ,Λ) := {A : Ω× Rn → Rn Carathéodory : A satisfies (M1), (M2), (M3)},
M′

Ω(p, λ,Λ) := {A : Ω× Rn → Rn Carathéodory : A satisfies (M1), (M2), (M3)′},
M′′

Ω(p, λ,Λ) := {A : Ω× Rn → Rn Carathéodory : A satisfies (M1), (M2), (M3)′′}.

Remark 3.2. In Definition 3.1, condition (M2) ensures monotonicity of the function A, and
together with (M1), implies coercivity. Finally, conditions (M3), (M3)′, and (M3)′′ control
the continuity of A with respect to the second variable, and correspond to different regularity
regimes.

In the next result, we clarify the relations between MΩ(p, λ,Λ), M′
Ω(p, λ,Λ), and M′′

Ω(p, λ,Λ).
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Lemma 3.3. Let Ω ⊂ Rn be an open set. The following inclusions hold

M′
Ω(p, λ,Λ

′) ⊂ MΩ(p, λ,Λ) ⊂ M′′
Ω(p, λ,Λ

′′),

where

Λ′ := min{1, λ}
p−2
p λ

1
pΛ, Λ′′ := max{3, 2p−2Λp}

p−2
p−1Λ

p
p−1 . (3.1)

Proof. We start by proving the first inclusion. Let A ∈ M′
Ω(p, λ,Λ

′) be fixed. By (M1) and
(M2), it holds that

|ξ|p ≤ λ−1A(x, ξ) · ξ, |η|p ≤ λ−1A(x, η) · η, |ξ − η| ≤ λ
− 1

p
[
(A(x, ξ)−A(x, η)) · (ξ − η)

] 1
p ,

a.e. x ∈ Ω and for every ξ, η ∈ Rn, which yields by (M3)′

|A(x, ξ)−A(x, η)| ≤ λ
− 1

pΛ′(1+λ−1A(x, ξ) · ξ+λ−1A(x, η) · η)
p−2
p [(A(x, ξ)−A(x, η)) · (ξ− η)]

1
p .

Hence, we conclude that

A ∈ MΩ

(
p, λ,max{1, λ−1}

p−2
p λ

− 1
pΛ′

)
= MΩ(p, λ,Λ)

for the corresponding choice of Λ′ in (3.1).
Let us show the second inclusion. Let A ∈ MΩ(p, λ,Λ) be fixed. By (M1), (M3) and Cauchy-

Schwarz inequality, we have

A(x, ξ) · ξ ≤ |A(x, ξ)||ξ| ≤ Λ[1 +A(x, ξ) · ξ]
p−2
p (A(x, ξ) · ξ)

1
p |ξ|

a.e. x ∈ Ω and for every ξ ∈ Rn. We distinguish two cases. On the one hand, if x ∈ Ω and
ξ ∈ Rn are such that A(x, ξ) · ξ ≥ 1, then the previous inequality gives

(A(x, ξ) · ξ)
p−1
p ≤ 2

p−2
p Λ(A(x, ξ) · ξ)

p−2
p |ξ|,

which implies

A(x, ξ) · ξ ≤ 2p−2Λp|ξ|p ≤ 1 + 2p−2Λp|ξ|p. (3.2)

On the other hand, if x ∈ Ω and ξ ∈ Rn are such that A(x, ξ) · ξ < 1, then

A(x, ξ) · ξ ≤ 1 + 2p−2Λp|ξ|p. (3.3)

By combining (3.2)–(3.3), we deduce

A(x, ξ) · ξ ≤ 1 + 2p−2Λp|ξ|p, A(x, η) · η ≤ 1 + 2p−2Λp|η|p (3.4)

for a.e. x ∈ Ω and for every ξ, η ∈ Rn. Then, by (3.4) and (M3), it follows that

|A(x, ξ)−A(x, η)| ≤ Λ[3 + 2p−2Λp|ξ|p + 2p−2Λp|η|p]
p−2
p
[
(A(x, ξ)−A(x, η)) · (ξ − η)

] 1
p

≤ max{3, 2p−2Λp}
p−2
p Λ[1 + |ξ|p + |η|p]

p−2
p |A(x, ξ)−A(x, η)|

1
p |ξ − η|

1
p ,

which gives

|A(x, ξ)−A(x, η)| ≤ max{3, 2p−2Λp}
p−2
p−1Λ

p
p−1 [1 + |ξ|p + |η|p]

p−2
p−1 |ξ − η|

1
p−1 .

Thus

A ∈ M′′
Ω

(
p, λ,max{3, 2p−2Λp}

p−2
p−1Λ

p
p−1

)
= M′′

Ω(p, λ,Λ
′′)

for the corresponding choice of Λ′′ in (3.1). □

Remark 3.4. The following remarks are in order.

(a) In the literature concerning local monotone operators, the class M′
Ω(p, λ,Λ) is the one

most commonly employed, as its definition emphasises uniform continuity properties;
see, e.g., [21]. However, this class is not closed under H-convergence, since H-limits
generally belong only to the larger class M′′

Ω(p, λ,Λ). Instead, the intermediate class
MΩ(p, λ,Λ) is stable under H-convergence and is therefore the natural setting for the
theory developed in this paper.
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(b) We stress that for every λ > 0 there exists Λ = Λ(λ) ≥ λ sufficiently large such that the
classes MΩ(p, λ,Λ), M′

Ω(p, λ,Λ), and M′′
Ω(p, λ,Λ) are non-empty. Indeed, the p-Laplace

operator, namely
A(ξ) := |ξ|p−2ξ for every ξ ∈ Rn,

satisfies for every ξ, η ∈ Rn

(A(ξ)−A(η)) · (ξ − η) ≥ cp|ξ − η|p,

|A(ξ)−A(η)| ≤ Cp(|ξ|p + |η|p)
p−2
p |ξ − η|

for suitable constants cp, Cp > 0; see, e.g., [35, Eq. (2.2)].
(c) When p = 2, the class MΩ(p, λ,Λ) reduces to the one introduced in [42, Definition 11.1].

In the linear case A(x, ξ) = B(x)ξ, assumptions (M1), (M2), (M3) coincide with those
considered in [14].

(d) As a consequence of conditions (M1) and (M3)′′, every function A ∈ M′′
Ω(p, λ,Λ) (and

therefore every A ∈ MΩ(p, λ,Λ) and A ∈ M′
Ω(p, λ,Λ)) satisfies the growth condition

|A(x, ξ)| ≤ C(1 + |ξ|p−1) for a.e. x ∈ Ω and every ξ ∈ Rn, (3.5)

for some constant C > 0 depending only on p, λ, and Λ.

3.1. Local H-convergence. Let us recall the H-convergence problem for nonlinear elliptic
PDEs driven by monotone operators in the local setting. Let Ω ⊂ Rn be a bounded open set.
Let A ∈ MΩ(p, λ,Λ). For every f ∈W−1,p′(Ω) we consider the following Dirichlet problem{

−div(A( · ,∇u)) = f in Ω,

u = 0 on ∂Ω.
(3.6)

Lemma 3.5. Let Ω ⊂ Rn be an open set and A ∈ MΩ(p, λ,Λ). For every f ∈ W−1,p′(Ω) there

exists a unique function u ∈W 1,p
0 (Ω) weak solution to problem (3.6), i.e. satisfying∫

Ω
A(x,∇u(x)) · ∇v(x) dx = ⟨f, v⟩

W−1,p′ (Ω)×W 1,p
0 (Ω)

for every v ∈W 1,p
0 (Ω).

Proof. We define the differential operator A : W 1,p
0 (Ω) →W−1,p′(Ω) as

⟨A(u), v⟩
W−1,p′ (Ω)×W 1,p

0 (Ω)
:=

∫
Ω
A(x,∇u(x)) · ∇v(x) dx for every u, v ∈W 1,p

0 (Ω).

As a consequence of Poincaré’s inequality and assumptions (M1)–(M3), we derive that A is
strictly monotone, coercive, and continuous. Then, by Browder-Minty theorem, the operator A
is a bijection and the conclusion follows. □

Let Ω ⊂ Rn be a bounded open set, and let Ah ∈ MΩ(p, λ,Λ) for h ∈ N ∪ {∞}. As observed
in Lemma 3.5, the operators Ah : W

1,p
0 (Ω) →W−1,p′(Ω) defined by

⟨Ah(u), v⟩W−1,p′ (Ω)×W 1,p
0 (Ω)

:=

∫
Ω
Ah(x,∇u(x)) · ∇v(x) dx for every u, v ∈W 1,p

0 (Ω) (3.7)

are invertible. We set
Bh := A−1

h : W−1,p′(Ω) →W 1,p
0 (Ω), (3.8)

and define the operators Mh : W
−1,p′(Ω) → Lp′(Ω;Rn) by

Mh(f)(x) := Ah(x,∇Bh(f)(x)) for a.e. x ∈ Ω. (3.9)

Each operator Mh is well defined in view of the growth condition (3.5), which ensures that

Ah( · ,∇Bh(f)) ∈ Lp′(Ω;Rn).

Definition 3.6. Let Ω ⊂ Rn be a bounded open set and Ah ∈ MΩ(p, λ,Λ) for h ∈ N ∪ {∞}.
We say that

Ah H-converges to A∞ as h→ ∞,

if for every f ∈W−1,p′(Ω) we have:
9



(H1) Bh(f) → B∞(f) weakly in W 1,p
0 (Ω) as h→ ∞,

(H2) Mh(f) → M∞(f) weakly in Lp′(Ω;Rn) as h→ ∞.

3.2. Nonlocal H-convergence. The extension of the H-convergence to the nonlocal setting
requires taking into account the nonlocal nature of the fractional operators ∇s and divs, which
are defined on the whole space Rn. For this reason, we consider maps A defined on Rn × Rn.
The corresponding classes of monotone maps are introduced below.

Definition 3.7. Let Ω ⊂ Rn be a bounded open set. Let A0 ∈ MRn(p, λ,Λ) satisfy

|A0(x, ξ)−A0(x, η)| ≤ C [|ξ|p + |η|p]
p−2
p−1 |ξ−η|

1
p−1 for a.e. x ∈ Rn and every ξ, η ∈ Rn, (3.10)

for some constant C > 0. We set

MΩ(p, λ,Λ, A0) := {A ∈ MRn(p, λ,Λ) : A = A0 in (Rn \ Ω)× Rn}.

Remark 3.8. The following remarks are in order.

(a) The class MΩ(p, λ,Λ), which is used to treat the local case, consists of maps defined on
Ω×Rn, whereas MΩ(p, λ,Λ, A0), which will be employed in the nonlocal setting, consists
of maps defined on Rn × Rn that coincide with a prescribed map A0 on (Rn \ Ω)× Rn.

(b) The two classes also differ in their growth conditions outside Ω. Indeed, for A0 we
require condition (3.10). As a consequence, taking into account Lemma 3.3, one readily
obtains that every map A ∈ MΩ(p, λ,Λ, A0) satisfies

|A(x, ξ)−A(x, η)| ≤ C [1Ω(x) + |ξ|p + |η|p]
p−2
p−1 |ξ − η|

1
p−1 (3.11)

for a.e. x ∈ Rn and for every ξ, η ∈ Rn, and for some constant C > 0 depending only on
p, λ, Λ, and A0. Taking η = 0 in (3.11) and using (M1), we obtain

|A(x, ξ)| ≤ C(1Ω(x) + |ξ|p−1) for a.e. x ∈ Rn and for every ξ ∈ Rn (3.12)

for some constant C > 0 depending only on p, λ, Λ, and A0. This stronger condition is
required in the nonlocal framework, where one has to deal with integrals of the form∫

Rn

A(x,∇su(x)) · ∇sv(x) dx for every u, v ∈ Hs,p
0 (Ω),

which are well defined provided that

A( · ,∇su) ∈ Lp′(Rn;Rn). (3.13)

Notice that if ∇su ∈ Lp(Rn;Rn), then (3.12) directly implies (3.13).
(c) In view of Remark 3.4(b), a natural choice of A0 ∈ MRn(p, λ,Λ) satisfying (3.10) is

A0(ξ) := |ξ|p−2ξ for every ξ ∈ Rn.

We can now introduce the H-convergence problem in the nonlocal setting. Let Ω ⊂ Rn be a
bounded open set. Let A0 ∈ MRn(p, λ,Λ) satisfy (3.10) and let A ∈ MΩ(p, λ,Λ, A0). For every

f ∈ H−s,p′(Ω) we consider the following Dirichlet problem{
−divs(A( · ,∇su)) = f in Ω

u = 0 in Rn \ Ω.
(3.14)

By proceeding along the same lines as in Lemma 3.5 and relying on Proposition 2.8, we derive
the following result.

Lemma 3.9. Let Ω ⊂ Rn be a bounded open set. Let A0 ∈ MRn(p, λ,Λ) satisfy (3.10) and let

A ∈ MΩ(p, λ,Λ, A0). For every f ∈ H−s,p′(Ω) there exists a unique function u ∈ Hs,p
0 (Ω) weak

solution to problem (3.14), i.e. satisfying∫
Rn

A(x,∇su(x)) · ∇sv(x) dx = ⟨f, v⟩H−s,p′ (Ω)×Hs,p
0 (Ω) for every v ∈ Hs,p

0 (Ω).
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In the previous setting, let Ah ∈ MΩ(p, λ,Λ, A0) for h ∈ N ∪ {∞}. We define the operators

As
h : H

s,p
0 (Ω) → H−s,p′(Ω) by

⟨As
h(u), v⟩H−s,p′ (Ω)×Hs,p

0 (Ω) :=

∫
Rn

Ah(x,∇su(x)) · ∇sv(x) dx for every u, v ∈ Hs,p
0 (Ω). (3.15)

By Lemma 3.9, each operator As
h is invertible, and we can consider

Bs
h := (As

h)
−1 : H−s,p′(Ω) → Hs,p

0 (Ω). (3.16)

We also define the operators Ms
h : H

−s,p′(Ω) → Lp′(Rn;Rn) as

Ms
h(f)(x) := Ah(x,∇sBs

h(f)(x)) for a.e. x ∈ Rn, (3.17)

which are well defined in virtue of (3.12).

Definition 3.10. Let Ω ⊂ Rn be a bounded open set. Let A0 ∈ MRn(p, λ,Λ) satisfy (3.10) and
let Ah ∈ MΩ(p, λ,Λ, A0) for h ∈ N ∪ {∞}. We say that

As
h H-converges to As

∞ as h→ ∞
if for every f ∈ H−s,p′(Ω) we have:

(NH1) Bs
h(f) → Bs

∞(f) weakly in Hs,p
0 (Ω) as h→ ∞,

(NH2) Ms
h(f) → Ms

∞(f) weakly in Lp′(Rn;Rn) as h→ ∞.

4. Equivalence between H-convergence of local and nonlocal operators

From now on, given A0 ∈ MRn(p, λ,Λ) satisfying (3.10) and A ∈ MΩ(p, λ,Λ, A0), we simply
write A ∈ MΩ(p, λ,Λ) when referring only to the restriction of A to Ω × Rn. Conversely, if
A ∈ MΩ(p, λ,Λ), we denote by A ∈ MΩ(p, λ,Λ, A0) its extension to the whole Rn×Rn obtained
by setting A = A0 on (Rn \ Ω)× Rn.

The main result of this section is the equivalence between local and nonlocal H-convergence.

Theorem 4.1. Let Ω ⊂ Rn be a bounded open set satisfying |∂Ω| = 0. Let A0 ∈ MRn(p, λ,Λ)
satisfy (3.10) and Ah ∈ MΩ(p, λ,Λ, A0) for h ∈ N ∪ {∞}. Then

As
h H-converges to As

∞ as h→ ∞,

if and only if
Ah H-converges to A∞ as h→ ∞.

We divide the proof of Theorem 4.1 into two steps. First, we show that H-convergence in the
local setting implies the corresponding notion in the nonlocal framework. Then, by exploiting
well-known properties of local H-convergence, we show the converse implication.

To prove the first implication, we need the following technical lemma, which is well-known
in the H-convergence literature; see, for instance, [15, Lemma 7.8].

Lemma 4.2. Let γ, δ ∈ [0, 1] be such that γ + δ ≤ 1. Let (ah)h ⊂ L1(Ω), (bh)h ⊂ L1(Ω), and
(ch)h ⊂ L1(Ω) be such that for every h ∈ N

ah, bh ≥ 0 a.e. in Ω, |ch| ≤ aγhb
δ
h a.e. in Ω.

Assume the existence of a, b, c ∈ L1(Ω) such that as h→ ∞
ah → a weakly* in D′(Ω), bh → b weakly* in D′(Ω), ch → c weakly* in D′(Ω).

Then
|c| ≤ aγbδ a.e. in Ω.

We are in position to prove the following result.

Proposition 4.3. Let Ω ⊂ Rn be a bounded open set satisfying |∂Ω| = 0. Let A0 ∈ MRn(p, λ,Λ)
satisfy (3.10) and let Ah ∈ MΩ(p, λ,Λ, A0) for h ∈ N ∪ {∞}. Assume that

Ah H-converges to A∞ as h→ ∞.

Then
As

h H-converges to As
∞ as h→ ∞.
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Proof. For every h ∈ N∪{∞}, let Ah, Bh, Mh, and As
h, Bs

h, Ms
h denote the differential operators

introduced in (3.7), (3.8), (3.9), and (3.15), (3.16), (3.17), respectively.

By (M2), for every f1, f2 ∈ H−s,p′(Ω) we obtain

∥∇sBs
h(f1)−∇sBs

h(f2)∥
p
Lp(Rn) ≤ λ−1∥f1 − f2∥H−s,p′ (Ω)∥B

s
h(f1)− Bs

h(f2)∥Hs,p
0 (Ω).

Hence, in view of Proposition 2.8, there exists a constant C > 0, depending only on n, s, p,Ω,
and λ, such that

∥Bs
h(f1)− Bs

h(f2)∥Hs,p
0 (Ω) ≤ C∥f1 − f2∥

1
p−1

H−s,p′ (Ω)
for every f1, f2 ∈ H−s,p′(Ω). (4.1)

Similarly, by (M1) and (M2), for every f1, f2 ∈ H−s,p′(Ω) we obtain

∥Bs
h(fi)∥Hs,p

0 (Ω) ≤ C∥fi∥
1

p−1

H−s,p′ (Ω)
for every i ∈ {1, 2}. (4.2)

Moreover, by (3.11) and Hölder’s inequality, with conjugate exponents

(p− 1)2

p(p− 2)
and (p− 1)2,

it follows that, for every f1, f2 ∈ H−s,p′(Ω),

∥Ms
h(f1)−Ms

h(f2)∥
p′

Lp′ (Rn)

≤ C

∫
Rn

(1Ω(x) + |∇sBs
h(f1)(x)|p + |∇sBs

h(f2)(x)|p)
p(p−2)

(p−1)2 |∇sBs
h(f1)(x)−∇sBs

h(f2)(x)|
p

(p−1)2 dx

≤ C
(
|Ω|+ ∥Bs

h(f1)∥
p
Hs,p

0 (Rn)
+ ∥Bs

h(f2)∥
p
Hs,p

0 (Rn)

) p(p−2)

(p−1)2 ∥Bs
h(f1)− Bs

h(f2)∥
p

(p−1)2

Hs,p
0 (Rn)

,

where C > 0 depends only on p, λ, Λ, and A0. Combining this estimate with (4.1) and (4.2),

we conclude that for every f1, f2 ∈ H−s,p′(Ω)

∥Ms
h(f1)−Ms

h(f2)∥Lp′ (Rn) ≤ C
(
1 + ∥f1∥p

′

H−s,p′ (Ω)
+ ∥f2∥p

′

H−s,p′ (Ω)

) p−2
p−1 ∥f1 − f2∥

1
(p−1)2

H−s,p′ (Ω)
,

for some constant C > 0 depending only on n, s, p, Ω, λ, Λ, and A0.
Consequently, by a standard density argument and up to a not relabeled subsequence, there

exist two differential operators

B̃s
∞ : H−s,p′(Ω) → Hs,p

0 (Ω), M̃s
∞ : H−s,p′(Ω) → Lp′(Rn;Rn),

such that for every f ∈ H−s,p′(Ω)

Bs
h(f) → B̃s

∞(f) weakly in Hs,p
0 (Ω) as h→ ∞, (4.3)

Ms
h(f) → M̃s

∞(f) weakly in Lp′(Rn;Rn) as h→ ∞. (4.4)

To conclude the proof, it is sufficient to show that for every f ∈ H−s,p′(Ω)

M̃s
∞(f)(x) = A∞(x,∇sB̃s

∞(f)(x)) for a.e. x ∈ Rn. (4.5)

Indeed, assuming (4.5), by passing to the limit as h → ∞ in the equation (3.15), satisfied by
Bs
h(f), we obtain∫

Rn

A∞(x,∇sB̃s
∞(f)(x)) · ∇sv(x) dx = ⟨f, v⟩H−s,p′ (Ω)×Hs,p

0 (Ω) for every v ∈ Hs,p
0 (Ω). (4.6)

By the uniqueness of solutions to (4.6), it follows that

B̃s
∞(f) = Bs

∞(f) for every f ∈ H−s,p′(Ω).

Hence, denoting by Ms
∞ the operator introduced in (3.17), it readily follows that

M̃s
∞(f)(x) = A∞(x,∇sBs

∞(f)(x)) = Ms
∞(f)(x) for a.e. x ∈ Rn.

In view of (4.3) and (4.4), this proves that As
h H-converges to As

∞ as h→ ∞.
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Let us prove (4.5). Let f ∈ H−s,p′(Ω) be fixed. By Proposition 2.10, we have

∇sBh(f) → ∇sB̃∞(f) strongly in Lp
loc(R

n \ Ω;Rn) as h→ ∞,

which implies that

Ms
h(f) = A0( · ,∇sBh(f)) → A0( · ,∇sB̃s

∞(f)) strongly in Lp′

loc(R
n \ Ω;Rn) as h→ ∞.

Hence,

M̃s
∞(f)(x0) = A0(x0,∇sB̃s

∞(f)(x0)) for a.e. x0 ∈ Rn \ Ω. (4.7)

Let f ∈ H−s,p′(Ω) and g ∈ W−1,p′(Ω) be fixed. For every h ∈ N, we define the following
functions ah, bh, ch ∈ L1(Ω):

ah(x) := 1 +Ms
h(f)(x) · ∇sBs

h(f)(x) +Mh(g)(x) · ∇Bh(g)(x) for a.e. x ∈ Ω,

bh(x) := (Ms
h(f)(x)−Mh(g)(x)) · (∇sBs

h(f)(x)−∇Bh(g)(x)) for a.e. x ∈ Ω,

ch(x) := Ms
h(f)(x)−Mh(g)(x) for a.e. x ∈ Ω.

Note that, by (M2) and (M3)

ah ≥ 0 a.e. in Ω, bh ≥ 0 a.e. in Ω, |ch| ≤ Λa
p−2
p

h b
1
p

h a.e. in Ω.

Since Ah H-converges to A∞ as h→ ∞ by hypotheses, then

ch → M̃s
∞(f)−M∞(g) weakly in Lp′(Ω;Rn) as h→ ∞. (4.8)

Let us prove that the following convergences hold:

Mh(g) · ∇Bh(g) → M∞(g) · ∇B∞(g) weakly* in D′(Ω) as h→ ∞, (4.9)

Mh(g) · ∇sBs
h(f) → M∞(g) · ∇sB̃s

∞(f) weakly* in D′(Ω) as h→ ∞, (4.10)

Ms
h(f) · ∇sBs

h(f) → M̃s
∞(f) · ∇sB̃s

∞(f) weakly* in D′(Ω) as h→ ∞, (4.11)

Ms
h(f) · ∇Bh(g) → M̃s

∞(f) · ∇B∞(g) weakly* in D′(Ω) as h→ ∞. (4.12)

Let ϕ ∈ C∞
c (Ω) be fixed. By the Rellich compactness theorem, it holds that

Bh(g) → B∞(g) weakly in W 1,p
0 (Ω) and strongly in Lp(Ω) as h→ ∞. (4.13)

In particular, letting h→ ∞, we get∫
Ω
Mh(g)(x) · ∇Bh(g)(x)ϕ(x) dx

= ⟨g,Bh(g)ϕ⟩W−1,p′ (Ω)×W 1,p
0 (Ω)

−
∫
Ω
Mh(g)(x) · ∇ϕ(x)Bh(g)(x) dx

→ ⟨g,B∞(g)ϕ⟩
W−1,p′ (Ω)×W 1,p

0 (Ω)
−
∫
Ω
M∞(g)(x) · ∇ϕ(x)B∞(g)(x) dx

=

∫
Ω
M∞(g)(x) · ∇B∞(g)(x)ϕ(x) dx,

which yields the validity of (4.9). By Corollary 2.6, there exist a not relabeled subsequence and
functions wh ∈W 1,p(Ω) for h ∈ N ∪ {∞} satisfying

∇wh = ∇sBs
h(f) in Ω for every h ∈ N, ∇w∞ = ∇sB̃s

∞(f) in Ω,

and

wh → w∞ weakly in W 1,p(Ω) and strongly in Lp(Ω) as h→ ∞.

Hence, arguing as in the proof of (4.9), we have as h→ ∞∫
Ω
Mh(g)(x) · ∇sBs

h(f)(x)ϕ(x) dx =

∫
Ω
Mh(g)(x) · ∇wh(x)ϕ(x) dx

→
∫
Ω
M∞(g)(x) · ∇w∞(x)ϕ(x) dx =

∫
Ω
M∞(g)(x) · ∇sB̃s

∞(f)(x)ϕ(x) dx,
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which shows (4.10). Let us prove (4.11). By Proposition 2.7 we have∫
Ω
Ms

h(f)(x) · ∇sBs
h(f)(x)ϕ(x) dx =

∫
Rn

Ms
h(f)(x) · ∇sBs

h(f)(x)ϕ(x) dx

= ⟨f,Bs
h(f)ϕ⟩H−s,p′ (Ω)×Hs,p

0 (Ω) −
∫
Rn

Ms
h(f)(x) · ∇sϕ(x)Bs

h(f)(x) dx

−
∫
Rn

Ms
h(f)(x) · ∇s

NL(ϕ,Bs
h(f))(x) dx.

Proposition 2.9, combined with (2.2) and (4.3), yields

∇s
NL(ϕ,Bs

h(f)) → ∇s
NL(ϕ, B̃s

∞(f)) strongly in Lp(Rn;Rn) as h→ ∞.

Moreover, ∫
Rn

M̃s
∞(f)(x) · ∇s(B̃s

∞(f)ϕ)(x) dx = ⟨f, B̃s
∞(f)ϕ⟩H−s,p′ (Ω)×Hs,p

0 (Ω).

Therefore, letting h→ ∞, we obtain∫
Ω
Ms

h(f)(x) · ∇sBs
h(f)(x)ϕ(x) dx

→ ⟨f, B̃s
∞(f)ϕ⟩H−s,p′ (Ω)×Hs,p

0 (Ω) −
∫
Rn

M̃s
∞(f)(x) · ∇sϕ(x)B̃s

∞(f)(x) dx

−
∫
Rn

M̃s
∞(f)(x) · ∇s

NL(ϕ, B̃s
∞(f))(x) dx

=

∫
Rn

M̃s
∞(f)(x) · ∇s(B̃s

∞(f)ϕ)(x) dx−
∫
Rn

M̃s
∞(f)(x) · ∇sϕ(x)B̃s

∞(f)(x) dx

−
∫
Rn

M̃s
∞(f)(x) · ∇s

NL(ϕ, B̃s
∞(f))(x) dx

=

∫
Rn

M̃s
∞(f)(x) · ∇sB̃s

∞(f)(x)ϕ(x) dx =

∫
Ω
M̃s

∞(f)(x) · ∇sB̃s
∞(f)(x)ϕ(x) dx,

where the last equality follows from the fact that ϕ ∈ C∞
c (Ω). This proves (4.11). For every

h ∈ N ∪ {∞}, we trivially extend vh ∈ W 1,p
0 (Ω) to a function in W 1,p(Rn) and we define

vh := (−∆)
1−s
2 Bh(g) ∈ Hs,p(Rn). By Proposition 2.4(ii),

∇svh = ∇Bh(g) in Ω for every h ∈ N ∪ {∞}.
Moreover, combining (2.1) with (4.13), we obtain

vh → v∞ weakly in Hs,p(Rn) and strongly in Lp(Rn) as h→ ∞.

Hence, by applying Proposition 2.7, we can argue as in (4.11) to deduce, as h→ ∞∫
Ω
Ms

h(f)(x) · ∇Bh(g)(x)ϕ(x) dx =

∫
Rn

Ms
h(f)(x) · ∇svh(x)ϕ(x) dx

→
∫
Rn

M̃s
∞(f)(x) · ∇sv∞(x)ϕ(x) dx =

∫
Ω
M̃s

∞(f)(x) · ∇B∞(g)(x)ϕ(x) dx,

which proves (4.12). As a consequence of (4.9)–(4.12), we obtain

ah → 1 + M̃s
∞(f) · ∇sB̃s

∞(f) +M∞(g) · ∇B∞(g) weakly* in D′(Ω) as h→ ∞, (4.14)

bh → (M̃s
∞(f)−M∞(g)) · (∇sB̃s

∞(f)−∇B∞(g)) weakly* in D′(Ω) as h→ ∞. (4.15)

By (4.8), (4.14), (4.15), and Lemma 4.2, for every f ∈ H−s,p′(Ω) and g ∈W−1,p′(Ω) we obtain,
for a.e. x ∈ Ω,

|M̃s
∞(f)(x)−M∞(g)(x)| ≤ Λ[1 + M̃s

∞(f)(x) · ∇sB̃s
∞(f)(x) +M∞(g)(x) · ∇B∞(g)(x)]

p−2
p

× [(M̃s
∞(f)(x)−M∞(g)(x)) · (∇sB̃s

∞(f)(x)−∇B∞(g)(x))]
1
p .
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In particular, since the differential operator B∞ : W−1,p′(Ω) → W 1,p
0 (Ω) is bijective, for every

f ∈ H−s,p′(Ω) and φ ∈ C1
c (Ω) we have, for a.e. x ∈ Ω,

|M̃s
∞(f)(x)−A∞(x,∇φ(x))| ≤ Λ[1 + M̃s

∞(f)(x) · ∇sB̃s
∞(f)(x) +A∞(x,∇φ(x)) · ∇φ(x)]

p−2
p

× [(M̃s
∞(f)(x)−A∞(x,∇φ(x))) · (∇sB̃s

∞(f)(x)−∇φ(x))]
1
p .

(4.16)

In view of assumption (M3), the set of points in Ω where the previous inequality holds can be
chosen independently of φ ∈ C1

c (Ω). Let x0 ∈ Ω be a point where (4.16) holds, let η ∈ C1
c (Ω)

be such that η = 1 in a neighbourhood of x0, and define

φ(x) := (∇sB̃s
∞(f)(x0) · x)η(x) for x ∈ Rn.

In particular,

∇φ(x) = ∇sB̃s
∞(f)(x0)

in a neighbourhood of x0. Then, by (4.16),

M̃s
∞(f)(x0) = A∞(x0,∇sB̃s

∞(f)(x0)). (4.17)

By the arbitrariness of x0, (4.17) holds for a.e. x0 ∈ Ω.
Combining (4.7) and (4.17), and recalling that |∂Ω| = 0, we obtain (4.5). This completes the

proof. □

Let us prove the converse implication. To this end, we first prove the following preliminary
result, which shows that the nonlocal H-limit is unique.

Lemma 4.4. Let Ω ⊂ Rn be a bounded open set. Let A0 ∈ MRn(p, λ,Λ) satisfy (3.10) and

Ah ∈ MΩ(p, λ,Λ, A0) for h ∈ N. Assume that A∞, Â∞ ∈ MΩ(p, λ,Λ, A0) satisfy

As
h H-converges to As

∞ as h→ ∞ (4.18)

and

As
h H-converges to Âs

∞ as h→ ∞, (4.19)

where As
∞ and Âs

∞ denote the differential operators defined in (3.15) associated with A∞ and

Â∞, respectively. Then

A∞(x, ξ) = Â∞(x, ξ) for a.e. x ∈ Rn and every ξ ∈ Rn. (4.20)

Proof. First, we note that by the definition of the class MΩ(p, λ,Λ, A0), we have that

A∞(x, ξ) = A0(x, ξ) = Â∞(x, ξ) for a.e. x ∈ Rn \ Ω and every ξ ∈ Rn.

To conclude it is enough to prove (4.20) for a.e. x ∈ Ω and every ξ ∈ Rn.

By Lemma 3.9, the differential operators As
∞, Âs

∞ : Hs,p
0 (Ω) → H−s,p′(Ω) are invertible. Let

Bs
∞ := (As

∞)−1 : H−s,p′(Ω) → Hs,p
0 (Ω) and B̂s

∞ := (Âs
∞)−1 : H−s,p′(Ω) → Hs,p

0 (Ω), and let

f ∈ H−s,p′(Ω) be fixed. By (NH1) in (4.18) and (4.19), we deduce that

Bs
∞(f) = B̂s

∞(f).

Moreover, by (NH2), for every Φ ∈ Lp(Rn;Rn) we have∫
Rn

A∞(x,∇sBs
∞(f)(x)) · Φ(x) dx =

∫
Rn

Â∞(x,∇sBs
∞(f)(x)) · Φ(x) dx.

Since f ∈ H−s,p′(Ω) can be arbitrarily chosen, we derive that for every φ ∈ C∞
c (Ω) and every

Φ ∈ Lp(Rn;Rn) ∫
Rn

A∞(x,∇sφ(x)) · Φ(x) dx =

∫
Rn

Â∞(x,∇sφ(x)) · Φ(x) dx.

Hence,

A∞(x,∇sφ(x)) = Â∞(x,∇sφ(x)) for a.e. x ∈ Ω and every φ ∈ C∞
c (Ω), (4.21)
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and, in view of (M3), the collections of points of Rn where (4.21) fails can be chosen independent
of φ ∈ C∞

c (Ω). Let ξ ∈ Rn be fixed. By [29, Lemma 4.3], for every x0 ∈ Ω we can find a function
φx0,ξ ∈ C∞

c (Ω) such that

∇sφx0,ξ(x0) = ξ.

By choosing φ = φx0,ξ in (4.21), we derive that

A∞(x0, ξ) = Â∞(x0, ξ) for a.e. x0 ∈ Ω.

By the arbitrariness of ξ, the conclusion follows. □

Remark 4.5. In the local case, the uniqueness result is well-known; see [21, Proposition 2.9]
for a proof. However, the strategy in [21, Proposition 2.9] cannot be applied straightforwardly
in the nonlocal setting. Indeed, in the local framework the authors construct a test function
φx0,ξ such that ∇φx0,ξ = ξ in a neighbourhood of a point x0. In the nonlocal case, constructing
such functions is much more delicate, since one cannot impose ∇sφx0,ξ = ξ in a neighbourhood
of x0, but only at the point x0 itself.

Moreover, we recall the following compactness result concerning local H-convergence.

Proposition 4.6. Let Ω ⊂ Rn be a bounded open set. Let Ah ∈ MΩ(p, λ,Λ) for h ∈ N. Then,
there exist a subsequence Ahk

∈ MΩ(p, λ,Λ) for k ∈ N and a function A∞ ∈ MΩ(p, λ,Λ) such
that

Ahk
H-converges to A∞ as k → ∞.

Remark 4.7. The proof of Proposition 4.6 is standard. We refer to [42, Theorem 11.2] for the
case p = 2, and to [21, Theorem 3.5] and [15, Corollary 7.12] for the general case p ≥ 2. Note
that in [21, Theorem 3.5] and [15, Corollary 7.12] the authors show that the class M′

Ω(p, λ,Λ)
is precompact in M′′

Ω(p, λ,Λ
′) for a suitable Λ′ ≥ Λ. This follows from the fact that, to show

the continuity estimate for the limit map A∞, one passes from (M3’) to (M3) for Ah, applies
the div–curl lemma to show that the limit A∞ satisfies (M3), and finally passes to (M3”). If,
instead, one starts directly from MΩ(p, λ,Λ), then the limit A∞ belongs to the same class. In
particular, the class MΩ(p, λ,Λ) is compact with respect to local H-convergence.

We can now prove the following result.

Proposition 4.8. Let Ω ⊂ Rn be a bounded open set satisfying |∂Ω| = 0. Let A0 ∈ MRn(p, λ,Λ)
satisfy (3.10) and Ah ∈ MΩ(p, λ,Λ, A0) for h ∈ N ∪ {∞}. Assume that

As
h H-converges to As

∞ as h→ ∞.

Then

Ah H-converges to A∞ as h→ ∞.

Proof. By Proposition 4.6, there exist a subsequence Ahk
∈ MΩ(p, λ,Λ) for k ∈ N and a function

Â∞ ∈ MΩ(p, λ,Λ) such that

Ahk
H-converges to Â∞ as k → ∞,

where Â∞ is the differential operator defined in (3.7) associated with Â∞. By Proposition 4.3,
it follows that

As
hk
H-converges to Âs

∞ as k → ∞,

where Âs
∞ is the differential operator defined in (3.15) associated with Â∞. By Lemma 4.4, we

deduce that

A∞(x, ξ) = Â∞(x, ξ) for a.e. x ∈ Rn and for every ξ ∈ Rn.

Hence, Ahk
H-converges to A∞ as k → ∞. Since this argument applies to every subsequence,

the Urysohn property of H-convergence implies that Ah H-converges to A∞ as h→ ∞. □

Finally, we prove the main result of this section.

Proof of Theorem 4.1. It is enough to combine Proposition 4.3 and Proposition 4.8. □
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We conclude this section with the following corollary, which is an immediate consequence of
Theorem 4.1 and Proposition 4.6.

Corollary 4.9. Let Ω ⊂ Rn be a bounded open set satisfying |∂Ω| = 0. Let A0 ∈ MRn(p, λ,Λ)
satisfy (3.10) and let Ah ∈ MΩ(p, λ,Λ, A0) for every h ∈ N. Then, there exist a subsequence
Ahk

∈ MΩ(p, λ,Λ, A0) for k ∈ N and a function A∞ ∈ MΩ(p, λ,Λ, A0) such that

As
hk
H-converges to As

∞ as k → ∞. (4.22)

Proof. By Proposition 4.6 there exist a subsequence Ahk
∈ MΩ(p, λ,Λ) for k ∈ N and a function

A∞ ∈ MΩ(p, λ,Λ) such that

Ahk
H-converges to A∞ as k → ∞.

Hence, if we consider Ahk
∈ MΩ(p, λ,Λ, A0) for k ∈ N ∪ {∞}, by Theorem 4.1 we conclude

that (4.22) holds. □

5. The Γ-convergence problem

In this section, we introduce the Γ-convergence problem for both local and nonlocal integral
functionals. This is the variational counterpart of theH-convergence problem for the differential
operators studied in the previous sections. Let us first recall the notion of Γ-convergence for
functionals defined on Banach spaces. For a comprehensive treatment of the subject, we refer
the interested reader to the monographs [8, 20].

Definition 5.1. Let X be a Banach space and let Ej : X → R∪ {∞} for j ∈ N∪ {∞}. We say
that

Ej Γ-converges to E∞ strongly in X as j → ∞
if for every x∞ ∈ X the following conditions hold:

(Γ1) for every sequence (xj)j ⊂ X such that xj → x∞ strongly in X as j → ∞, one has

E∞(x∞) ≤ lim inf
j→∞

Ej(xj),

(Γ2) there exists a sequence (yj)j ⊂ X such that yj → x∞ strongly in X as j → ∞ and

E∞(x∞) ≥ lim sup
j→∞

Ej(yj).

We restrict our analysis to the subclass of conservative monotone maps.

Definition 5.2. A map A : Rn → Rn is called conservative if there exists a differentiable
function φ : Rn → R such that

A(ξ) = ∇φ(ξ) for every ξ ∈ Rn.

The function φ is called a potential of A.

Let us recall the following characterization of conservative maps; see [45, Proposition 41.5].

Proposition 5.3. Let A : Rn → Rn be continuous, and let us define the function φA : Rn → R
as

φA(ξ) :=

∫ 1

0
A(tξ) · ξ dt for ξ ∈ Rn. (5.1)

Then, A is conservative if and only if

φA(ξ)− φA(η) =

∫ 1

0
A(η + t(ξ − η)) · (ξ − η) dt for every ξ, η ∈ Rn.

In such case, φA is a potential of A.
17



5.1. The class of local functionals. Let Ω ⊂ Rn be an open set. Starting from the class
MΩ(p, λ,Λ) (see Definition 3.1), we introduce the subclass of conservative monotone maps that
is relevant for our analysis in the local setting.

Definition 5.4. Let Ω ⊂ Rn be an open set. We define

Mgrad
Ω (p, λ,Λ) := {A ∈ MΩ(p, λ,Λ) : A(x, · ) is a conservative map for a.e. x ∈ Ω}.

Remark 5.5. If the map A : Rn → Rn is differentiable, then A is conservative if and only if

∇A(ξ) = ∇A(ξ)T for every ξ ∈ Rn.

In particular, if

A(ξ) := Bξ for every ξ ∈ Rn,

for some B ∈ Rn×n, then A is a conservative map if and only if B = BT , i.e. if B ∈ Rn×n
sym . As a

consequence, the class Mgrad
Ω (2, λ,Λ) coincides with the class Msym(λ,Λ,Ω), introduced in [14].

We can now introduce the class of potentials associated with maps in Mgrad
Ω (p, λ,Λ).

Definition 5.6. Let Ω ⊂ Rn be an open set. Let A ∈ Mgrad
Ω (p, λ,Λ). For a.e. x ∈ Ω, let φA(x,·)

denote the potential associated with the map A(x, ·) : Rn → Rn given by (5.1). We define the
function φA : Ω× Rn → R as

φA(x, ξ) := φA(x, · )(ξ) for a.e. x ∈ Ω and for every ξ ∈ Rn, (5.2)

and the class

PΩ(p, λ,Λ) := {φ : Ω× Rn → R Borel : φ = φA for some A ∈ Mgrad
Ω (p, λ,Λ)}.

Remark 5.7. Since A(x, ·) is continuous by (M3) and conservative by definition, Proposition 5.3
implies that φA(x, · ) is a potential of A(x, · ) for a.e. x ∈ Ω. Moreover, by construction, φA is
a Carathéodory function and, in virtue of [9, Proposition 3.3], we may assume without loss of
generality that φA is also Borel measurable. We emphasise this point, since some of the results
stated below require the Borel measurability of φA.

According to the following proposition, a potential φ = φA ∈ PΩ(p, λ,Λ) satisfies standard
growth conditions and inherits certain regularity properties from the corresponding map A.

Proposition 5.8. Let Ω ⊂ Rn be an open set. Then, there exist positive constants a0, a1, a2, a3
and α ∈ (0, 1), depending only on p, λ, and Λ, such that for every φ ∈ PΩ(p, λ,Λ), for a.e.
x ∈ Ω, and for every ξ, η ∈ Rn the following hold:

(P1) the function φ(x, · ) is of class C1(Rn) and convex, φ(x, 0) = 0, and ∇ξφ(x, 0) = 0,
(P2) a0|ξ|p ≤ φ(x, ξ) ≤ a1(1 + |ξ|p),
(P3) |φ(x, ξ)− φ(x, η)| ≤ a2(1 + |ξ|+ |η|)p−1|ξ − η|,
(P4) |∇ξφ(x, ξ)−∇ξφ(x, η)| ≤ a3(1 + |ξ|+ |η|)p−1−α|ξ − η|α.

Proof. Let φ ∈ PΩ(p, λ,Λ). By definition, there exists A ∈ Mgrad
Ω (p, λ,Λ) such that φ = φA. In

view of (5.1) and (5.2), φ(x, 0) = 0 for a.e. x ∈ Ω and, by Proposition 5.3,

∇ξφ(x, ξ) = A(x, ξ) for a.e. x ∈ Ω and for every ξ ∈ Rn. (5.3)

Moreover, by (M3) in Definition 3.1, A(x, ·) is a continuous monotone map. Hence, φ(x, ·) is
convex and of class C1(Rn). In addition, by (M1), ∇ξφ(x, 0) = 0 and (P1) follows.

By (M1), (M2) and (3.5), there exists a positive constant C, depending only on p, λ and Λ,
such that for a.e. x ∈ Ω and every ξ ∈ Rn

φ(x, ξ) ≥ λ|ξ|p
∫ 1

0
tp−1 dt =

λ

p
|ξ|p,

φ(x, ξ) ≤ C

∫ 1

0
(1 + |tξ|p−1)|ξ|dt ≤ C(|ξ|+ |ξ|p) ≤ 2C(1 + |ξ|p),

which gives (P2).
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By (3.5) and Proposition 5.3 for a.e. x ∈ Ω and every ξ ∈ Rn

|φ(x, ξ)− φ(x, η)| ≤ C

∫ 1

0
(1 + |η + t(ξ − η)|p−1)|ξ − η|dt ≤ C(1 + |ξ|p−1 + |η|p−1)|ξ − η|

≤ C(1 + |ξ|+ |η|)p−1|ξ − η|,
which implies (P3).

Finally, by (M3) and (M3)′′, whose validity is guaranteed by Lemma 3.3, and by (5.3)

|∇ξφ(x, ξ)−∇ξφ(x, η)| = |A(x, ξ)−A(x, η)| ≤ C(1 + |ξ|p + |η|p)
p−2
p−1 |ξ − η|

1
p−1

≤ C(1 + |ξ|+ |η|)
p(p−2)
p−1 |ξ − η|

1
p−1 = C(1 + |ξ|+ |η|)

(p−1)2−1
p−1 |ξ − η|

1
p−1 ,

which yields the validity of (P4) for the value α = 1
p−1 . □

Let us define the local integral functionals associated with the class Mgrad
Ω (p, λ,Λ). Let

Ω ⊂ Rn be a bounded open set and let φh ∈ PΩ(p, λ,Λ) for h ∈ N ∪ {∞}. We define the
functionals Fh : L

p(Ω) → [0,∞] by

Fh(u) :=


∫
Ω
φh(x,∇u(x)) dx if u ∈W 1,p

0 (Ω),

∞ otherwise.
(5.4)

5.2. The class of nonlocal functionals. In analogy with the case of nonlocal H-convergence
(see Section 3.2), we introduce a further class of conservative monotone maps A defined on the
whole Rn × Rn, in order to formulate the Γ-convergence problem in the nonlocal setting.

Definition 5.9. Let Ω ⊂ Rn be a bounded open set and let A0 ∈ Mgrad
Rn (p, λ,Λ) satisfy (3.10).

We set
Mgrad

Ω (p, λ,Λ, A0) := {A ∈ Mgrad
Rn (p, λ,Λ) : A = A0 in (Rn \ Ω)× Rn}.

Remark 5.10. As already observed in Remark 3.8, a possible choice of A0 ∈ Mgrad
Rn (p, λ,Λ)

satisfying (3.10) is
A0(ξ) := |ξ|p−2ξ for every ξ ∈ Rn.

As in the local case, for every A ∈ Mgrad
Ω (p, λ,Λ, A0), we define φA : Rn×Rn → R as in (5.2).

This leads to the following class of potentials.

Definition 5.11. Let Ω ⊂ Rn be a bounded open set and let A0 ∈ Mgrad
Rn (p, λ,Λ) satisfy (3.10).

We set

PΩ(p, λ,Λ, A0) := {φ : Rn × Rn → R Borel : φ = φA for some A ∈ Mgrad
Ω (p, λ,Λ, A0)}.

Arguing as in Proposition 5.8, and taking into account Remark 3.8(b) we deduce that a
potential φ ∈ PΩ(p, λ,Λ, A0) satisfies the following growth and continuity properties.

Proposition 5.12. Let Ω ⊂ Rn be a bounded open set and let A0 ∈ Mgrad
Rn (p, λ,Λ) satisfy (3.10).

Then, there exist positive constants a0, a1, a2, a3 and α ∈ (0, 1), depending only on p, λ, Λ, and
A0, such that for every φ ∈ PΩ(p, λ,Λ, A0), for a.e. x ∈ Ω, and for every ξ, η ∈ Rn the following
hold:

(NP1) the function φ(x, · ) is of class C1(Rn) and convex, φ(x, 0) = 0, and ∇ξφ(x, 0) = 0,
(NP2) a0|ξ|p ≤ φ(x, ξ) ≤ a1(1Ω(x) + |ξ|p),
(NP3) |φ(x, ξ)− φ(x, η)| ≤ a2(1Ω(x) + |ξ|+ |η|)p−1|ξ − η|,
(NP4) |∇ξφ(x, ξ)−∇ξφ(x, η)| ≤ a3(1Ω(x) + |ξ|+ |η|)p−1−α|ξ − η|α.
We now introduce the nonlocal integral functionals, which are the nonlocal counterparts of the

local functionals defined in (5.4). Let Ω ⊂ Rn be a bounded open set and let A0 ∈ Mgrad
Rn (p, λ,Λ)

satisfy (3.10). Let φh ∈ PΩ(p, λ,Λ, A0) for h ∈ N ∪ {∞}. We define F s
h : L

p(Rn) → [0,∞] by

F s
h(u) :=


∫
Rn

φh(x,∇su(x)) dx if u ∈ Hs,p
0 (Ω),

∞ otherwise.
(5.5)
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Remark 5.13. Let us emphasise the difference between the local functionals Fh and their
nonlocal counterparts F s

h . The former are defined on Lp(Ω) and involve integration over Ω,
whereas the latter are defined on Lp(Rn), with integration over Rn. Moreover, by properties

(P2) and (NP2), the functionals Fh and F s
h are finite on W 1,p

0 (Ω) and Hs,p
0 (Ω), respectively.

6. Equivalence between Γ-convergence of local and nonlocal energies

As in Section 4, given A0 ∈ Mgrad
Rn (p, λ,Λ) satisfying (3.10) and φ ∈ PΩ(p, λ,Λ, A0), we simply

write φ ∈ PΩ(p, λ,Λ) when referring to its restriction to Ω×Rn. Conversely, if φ ∈ PΩ(p, λ,Λ),
we write φ ∈ PΩ(p, λ,Λ, A0) to indicate that φ is extended to the whole Rn × Rn by setting
φ = φA0 on (Rn \ Ω)× Rn; see (5.1).

In this section we show the equivalence between the Γ-convergence of the class local and
nonlocal energy functionals given in (5.4) and (5.5), associated with conservative monotone
operators. The main result of this section is the following theorem.

Theorem 6.1. Let Ω ⊂ Rn be a bounded open set. Let A0 ∈ Mgrad
Rn (p, λ,Λ) satisfy (3.10), and

for every for h ∈ N∪{∞} let φh ∈ PΩ(p, λ,Λ, A0), and let Fh and F s
h be the functionals defined

in (5.4) and (5.5), respectively. Then

F s
h Γ-converges to F s

∞ strongly in Lp(Rn) as h→ ∞,

if and only if
Fh Γ-converges to F∞ strongly in Lp(Ω) as h→ ∞.

The proof of Theorem 6.1 follows the same scheme adopted in Section 4 for H-convergence.
We first show that the Γ-convergence in the local setting implies Γ-convergence in the nonlocal
one. We then prove the converse implication by means of a compactness argument combined
with a result on unique integral representation. To prove the first implication, we need some
preliminary results on Γ-convergence in the local setting. We begin with the following lemma.

Lemma 6.2. Let ϕ1, ϕ2 : Rn → R be two convex functions satisfying

ϕ1(0) = ϕ2(0) = 0.

Assume that ∫
Rn

ϕ1(∇u(x)) dx =

∫
Rn

ϕ2(∇u(x)) dx for every u ∈ C∞
c (Rn). (6.1)

Then there exists a ∈ Rn such that

ϕ1(ξ)− ϕ2(ξ) = a · ξ for every ξ ∈ Rn.

Proof. Let ψ := ϕ1 − ϕ2 : Rn → R. Since ϕ1, ϕ2 are convex functions, and therefore locally
Lipschitz, ψ is a locally Lipschitz function. Moreover, by (6.1) we have∫

Rn

ψ(∇u(x) + ε∇v(x))− ψ(∇u(x))
ε

dx = 0 (6.2)

for every u, v ∈ C∞
c (Rn) and ε ∈ (0, 1). Given u, v ∈ C∞

c (Rn), we set

R := sup
ε∈(0,1)

∥∇u+ ε∇v∥L∞(Rn).

Since ψ is locally Lipschitz, there exists a constant L > 0, depending only on R, such that

|ψ(ξ)− ψ(η)| ≤ L|ξ − η| for every ξ, η ∈ BR.

Therefore, for every ε ∈ (0, 1) it holds that∣∣∣∣ψ(∇u(x) + ε∇v(x))− ψ(∇u(x))
ε

∣∣∣∣ ≤ L|∇v(x)| for every x ∈ Rn.

Let v ∈ C∞
c (Rn), and let w ∈ C∞

c (Rn) be such that w = 1 in a neighbourhood of the support
of v. Moreover, let us choose

u(x) :=
|x|2w(x)

2
∈ C∞

c (Rn).
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Then, u ∈ C∞
c (Rn) and ∇u(x) = x in the support of v. Hence, substituting u in (6.2), we get∫

Rn

ψ(∇u(x) + ε∇v(x))− ψ(∇u(x))
ε

dx =

∫
supp(v)

ψ(x+ ε∇v(x))− ψ(x)

ε
dx = 0. (6.3)

By Rademacher’s theorem, ψ is differentiable a.e. in Rn. Hence,

ψ(x+ ε∇v(x))− ψ(x)

ε
→ ∇ψ(x) · ∇v(x) for a.e. x ∈ Rn.

Since L|∇v| ∈ L1(Rn), by passing to the limit in (6.3) as ε → 0 and applying the dominated
convergence theorem, we obtain ∫

Rn

∇ψ(x) · ∇v(x) dx = 0.

By the arbitrariness of v ∈ C∞
c (Rn), we infer that ψ is harmonic (in the distributional sense)

on Rn. Hence, by Weyl’s lemma, ψ is an analytic harmonic function on Rn. In particular,
ψ ∈ C∞(Rn). As a consequence, we can now pass to the limit in (6.2) as ε→ 0 to get∫

Rn

∇ψ(∇u(x)) · ∇v(x) dx = 0 for every u, v ∈ C∞
c (Rn). (6.4)

Let u, v, w ∈ C∞
c (Rn) and ε ∈ (0, 1) be fixed. By applying (6.4) to both u(x)+εw(x) ∈ C∞

c (Rn)
and u(x), we get∫

Rn

∇ψ(∇u(x) + ε∇w(x)) · ∇v(x)−∇ψ(∇u(x)) · ∇v(x)
ε

dx = 0. (6.5)

Since ψ ∈ C∞(Rn), if we set

R′ := sup
ε∈(0,1)

∥∇u+ ε∇w∥L∞(Rn),

there exists a positive L′ > 0, depending only on R′, such that

|∇ψ(ξ)−∇ψ(η)| ≤ L′|ξ − η| for every ξ, η ∈ BR′ .

Hence, for every ε ∈ (0, 1) we have∣∣∣∣∇ψ(∇u(x) + ε∇w(x)) · ∇v(x)−∇ψ(∇u(x)) · ∇v(x)
ε

∣∣∣∣ ≤ L′|∇w(x)||∇v(x)| for every x ∈ Rn.

Since L′|∇w||∇v| ∈ L1(Rn), by passing to the limit in (6.5) as ε → 0, and by the dominated
convergence theorem, we obtain∫

Rn

∇2ψ(∇u(x))∇w(x) · ∇v(x) dx = 0 for every u, v, w ∈ C∞
c (Rn), (6.6)

where ∇2ψ is the Hessian matrix of ψ. Let us take w = v ∈ C∞
c (Rn) and consider u ∈ C∞

c (Rn)

such that u(x) = |x|2
2 on the support of v. Substituting into (6.6), we obtain∫
Rn

∇2ψ(x)∇v(x) · ∇v(x) dx = 0 for every v ∈ C∞
c (Rn). (6.7)

We recall that, for every i ∈ {1, 2}, the second-order distributional derivative D2ϕi of the convex
function ϕi is a signed Radon measure (see [25, Theorem 6.8]). In particular, we have

∇2ψ = ∇2ϕ1 −∇2ϕ2 a.e. in Rn,

where ∇2ϕi ∈ L1
loc(Rn;Rn×n

sym ) denotes the absolutely continuous part of the measure D2ϕi for
i ∈ {1, 2}. We claim that

∇2ϕi(x)ξ · ξ ≥ 0 for a.e. x ∈ Rn and every ξ ∈ Rn. (6.8)

To see this, fix ξ ∈ Rn. By the construction made in [25, Theorem 6.8], the measure D2ϕiξ · ξ is
nonnegative. Hence, its absolutely continuous part is a nonnegative function, which coincides
a.e. with ∇2ϕiξ · ξ.
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By combining (6.7) and (6.8), and applying [20, Lemma 22.5] with A = ∇2ϕ1 and B = ∇2ϕ2,
we deduce that ∇2ϕ1 = ∇2ϕ2 a.e. in Rn. In particular,

∇2ψ = 0 a.e. in Rn.

Hence, the function ψ is affine, i.e.,

ψ(ξ) = a · ξ + b for every ξ ∈ Rn.

As ψ(0) = 0, we have b = 0, and the thesis follows. □

As a consequence of Lemma 6.2 and a blow-up argument, we deduce the uniqueness of the
integral representation of both the local and nonlocal functionals Fh and F s

h in (5.4) and (5.5).

Proposition 6.3. Let Ω ⊂ Rn be an open set and let φ1, φ2 : Ω×Rn → R be two Borel functions
satisfying for every i ∈ {1, 2} and a.e. x ∈ Ω:

(i) the function φi(x, · ) is of class C1(Rn) and convex, φi(x, 0) = 0, and ∇ξφi(x, 0) = 0,
(ii) there exist q ∈ [1,∞) and a positive constant C, independent of x and ξ, such that

|φi(x, ξ)| ≤ C(|ξ|+ |ξ|q) for every i ∈ {1, 2}, a.e. x ∈ Ω, and every ξ ∈ Rn.

Let σ ∈ (0, 1] be fixed and assume that∫
Ω
φ1(x,∇σu(x)) dx =

∫
Ω
φ2(x,∇σu(x)) dx for every u ∈ C∞

c (Ω), (6.9)

with the convention ∇1 = ∇. Then,

φ1(x, ξ) = φ2(x, ξ) for a.e. x ∈ Ω and for every ξ ∈ Rn. (6.10)

Proof. Let us introduce the Banach space

X := Hσ,1(Rn) ∩Hσ,q(Rn),

endowed with the norm

∥u∥X := ∥u∥Hσ,1(Rn) + ∥u∥Hσ,q(Rn) for every u ∈ X ,

with the convention that H1,q(Rn) =W 1,q(Rn) for q ∈ [1,∞). Let D ⊂ C∞
c (Rn) be a countable

dense subset of X . We use a blow-up argument. Let x0 ∈ Ω be such that assumptions (i)–(ii)
hold, and such that x0 is a Lebesgue point of the functions x 7→ φi(x,∇σu(x)) for every
i ∈ {1, 2} and every u ∈ D. Since D is countable, almost every point of Ω enjoys this property.
To conclude, we show that (6.10) holds at x0. Let u ∈ D and let r > 0 be fixed. We define

ux0,r(x) := r−σu(r(x− x0)) for every x ∈ Rn.

By performing a change of variables, for every i ∈ {1, 2} we get

rn
∫
Ω
φi(x,∇σux0,r(x)) dx =

∫
Ωx0,r

φi

(
x0 +

y

r
,∇σu(y)

)
dy,

where

Ωx0,r :=
{
y ∈ Rn : x0 +

y

r
∈ Ω

}
.

Note that ux0,r ∈ C∞
c (Ω) for r > 0 sufficiently large. Therefore, by (6.9), for every u ∈ D and

for every r > 0 sufficiently large we have∫
Ωx0,r

φ1

(
x0 +

y

r
,∇σu(y)

)
dy =

∫
Ωx0,r

φ2

(
x0 +

y

r
,∇σu(y)

)
dy. (6.11)

In order to pass to the limit in (6.11), we observe that, for every r > 0, by (ii),∣∣∣φi

(
x0 +

y

r
,∇σu(y)

)∣∣∣ ≤ C (|∇σu(y)|+ |∇σu(y)|q) for a.e. y ∈ Rn.

Since C(|∇σu|+ |∇σu|q) ∈ L1(Rn) because u ∈ D ⊂ X , by letting r → ∞ in (6.11), we obtain∫
Rn

φ1(x0,∇σu(y)) dy =

∫
Rn

φ2(x0,∇σu(y)) dy for every u ∈ D.
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Owing to (i)–(ii), the mappings u 7→
∫
Rn φi(x0,∇σu) are continuous on X . Hence, the identity

extends from D to X , and we conclude that∫
Rn

φ1(x0,∇σu(y)) dy =

∫
Rn

φ2(x0,∇σu(y)) dy for every u ∈ X . (6.12)

If σ = 1, by Lemma 6.2, applied to ϕi = φi(x0, · ) for i ∈ {1, 2}, there exists a ∈ Rn such that

φ1(x0, ξ)− φ2(x0, ξ) = a · ξ for every ξ ∈ Rn.

In particular,

a = ∇ξφ1(x0, 0)−∇ξφ2(x0, 0) = 0,

and the thesis follows.
Let σ ∈ (0, 1). Let v ∈ C∞

c (Rn). By Proposition 2.4(ii), the function u := (−∆)
1−σ
2 v belongs

to X and satisfies

∇σu = ∇v in Rn.

Hence, by recalling (6.12), we obtain∫
Rn

φ1(x0,∇v(y)) dy =

∫
Rn

φ2(x0,∇v(y)) dy for every v ∈ C∞
c (Rn).

Since ∇ξφi(x0, 0) = 0 for i ∈ {1, 2} by (i), we can now apply Lemma 6.2 to conclude that

φ1(x0, ξ) = φ2(x0, ξ) for every ξ ∈ Rn.

Hence, (6.10) holds at x0. Since x0 was arbitrary outside a negligible set, the thesis follows. □

For the next result, we introduce a localised version of the functionals Fh defined in (5.4).
Let Ω ⊂ Rn be a bounded open set and let φh ∈ PΩ(p, λ,Λ) for h ∈ N ∪ {∞}. We define the
functionals Gh : L

p(Ω)× A (Ω) → [0,∞] by

Gh(u, U) :=


∫
U
φh(x,∇u(x)) dx if U ∈ A (Ω) and u ∈W 1,p(U),

∞ otherwise.
(6.13)

Remark 6.4. The local functionals Fh defined in (5.4) incorporate the homogeneous boundary
condition into their domain, whereas the functionals Gh do not. Introducing energies without
prescribed boundary conditions is technically advantageous when passing from the nonlocal to
the local setting. Indeed, given u ∈ Hs,p

0 (Ω), the function v provided by Proposition 2.4, belongs

to W 1,p
loc (R

n) but it does not satisfy any prescribed boundary condition on Ω. Furthermore, by
considering the localized functionals Gh on open subsets of Ω, we can directly apply the local
results established in [5]. For these reasons, it is more convenient to work with the more flexible
family of functionals Gh.

We recall the following compactness result, which can be deduced by [5].

Proposition 6.5. Let Ω ⊂ Rn be a bounded open set. Let φh : Ω × Rn → [0,∞), for h ∈ N,
be a sequence of Borel functions satisfying (P1), (P2), (P3), (P4) of Proposition 5.8 for some
positive constants a0, a1, a2, a3 and α ∈ (0, 1) independent of h. Then, there exist a subsequence
(φhk

)k and a Borel function φ∞ : Ω×Rn → [0,∞) satisfying (P1), (P2), (P3) of Proposition 5.8
for the same constants a0, a1, a2, such that

Ghk
( · , U) Γ-converges to G∞( · , U) strongly in Lp(Ω) as k → ∞ for every U ∈ A (Ω), (6.14)

where Gh : L
p(Ω)× A (Ω) → [0,∞] denotes the functional associated with φh for h ∈ N ∪ {∞},

defined as in (6.13).

Proof. Since φh satisfies (P2) and (P3) for every h ∈ N, [20, Theorem 20.4] yields the existence
of a subsequence (φhk

)k and a Borel function φ∞ : Ω × Rn → [0,∞) satisfying (P2) and (P3),
such that (6.14) holds. In particular, the function φ∞(x, · ) is convex for a.e. x ∈ Ω.
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Moreover, since φh satisfies (P1) and (P4) for every h ∈ N, it follows from [5, Theo-
rem 2.8] that φ∞(x, · ) ∈ C1(Rn) for a.e. x ∈ Ω. Furthermore, since φh satisfies (P1), we
have Ghk

(0,Ω) = 0 for every k ∈ N. Hence, by (Γ1) in Definition 5.1,

G∞(0,Ω) ≤ 0.

On the other hand, since φ∞ satisfies (P2), we have G∞(0,Ω) ≥ 0. Therefore,

G∞(0,Ω) = 0.

Hence, φ∞(x, 0) = 0 for a.e. x ∈ Ω. Finally, by (4.10a) in [5, Theorem 4.5] we have

0 = ∇ξφhk
( · , 0) → ∇ξφ∞( · , 0) weakly in Lp′(Ω;Rn).

Hence, φ∞ satisfies (P1). □

As a consequence of the compactness result Proposition 6.5, by exploiting [5, Theorem 4.5],
we can deduce that the class of localised functionals Gh, associated with PΩ(p, λ,Λ), is compact
with respect to the Γ-convergence.

Corollary 6.6. Let Ω ⊂ Rn be a bounded open set and for every h ∈ N let φh ∈ PΩ(p, λ,Λ).
Then, there exist a subsequence (φhk

)k ⊂ PΩ(p, λ,Λ) and a Borel function φ∞ ∈ PΩ(p, λ,Λ)
such that (6.14) holds.

Proof. Let φh ∈ PΩ(p, λ,Λ) for every h ∈ N. By Proposition 5.8 and Proposition 6.5, there exist
a subsequence (φhk

)k and a Borel function φ∞ satisfying (P1), (P2), (P3) of Proposition 5.8
with the same constants a0, a1, a2, and such that (6.14) holds. To conclude, it remains to prove
that φ∞ ∈ PΩ(p, λ,Λ). To this end, define

A∞ := ∇ξφ∞. (6.15)

It is therefore enough to show that

A∞ ∈ Mgrad
Ω (p, λ,Λ).

Let Ah := ∇ξφh ∈ Mgrad
Ω (p, λ,Λ) for every h ∈ N. Without loss of generality, we may assume

that the Γ-convergence in (6.14) holds for the whole sequence Gh, namely

Gh( · , U) Γ-converges to G∞( · , U) strongly in Lp(Ω) as h→ ∞ for every U ∈ A (Ω). (6.16)

In particular, (6.16) holds for U = Ω. Then, by [20, Theorem 21.1],

Fh Γ-converges to F∞ strongly in Lp(Ω) as h→ ∞, (6.17)

where Fh is defined as in (5.4) for every h ∈ N ∪ {∞}.
We claim that (Fh)h are uniformly convex. Indeed, thanks to Proposition 5.3 and (M2), for

a.e. x ∈ Ω and every ξ, η ∈ Rn we have

φh(x, ξ)− φh(x, η)−Ah(x, η) · (ξ − η) =

∫ 1

0
(Ah(x, η + t(ξ − η))−Ah(x, η)) · (ξ − η) dt

≥ λ

p
|ξ − η|p.

Hence, for a.e. x ∈ Ω, for every ξ, η, ζ ∈ Rn, and for every t ∈ [0, 1] we have

tφh(x, ξ)− tφh(x, ζ) ≥ tAh(x, ζ) · (ξ − ζ) +
λ

p
t|ξ − ζ|p,

(1− t)φh(x, η)− (1− t)φh(x, ζ) ≥ (1− t)Ah(x, ζ) · (η − ζ) +
λ

p
(1− t)|η − ζ|p.

By summing the two inequalities and choosing ζ = tξ + (1− t)η, we get

tφh(x, ξ) + (1− t)φh(x, η) ≥ φh(x, tξ + (1− t)η) +
λ

p
t(1− t)[tp−1 + (1− t)p−1]|ξ − η|p.
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For every u, v ∈ W 1,p(Ω), by taking ξ = ∇u(x) and η = ∇v(x) and integrating over x ∈ Ω, for
every t ∈ [0, 1] we get

Fh(tu+ (1− t)v) +
λ

p
[tp(1− t) + t(1− t)p]∥∇u−∇v∥pLp(Ω) ≤ tFh(u) + (1− t)Fh(v).

Thus, by Poincaré’s inequality, for every u, v ∈ Lp(Ω) and t ∈ [0, 1] we deduce

Fh(tu+ (1− t)v) + C[tp(1− t) + t(1− t)p]∥u− v∥pLp(Ω) ≤ tFh(u) + (1− t)Fh(v), (6.18)

where C is a positive constant depending on n, p, Ω, and λ.
By exploiting (6.17) and passing to the limit as h→ ∞ in (6.18), we conclude that for every

u, v ∈ Lp(Ω) and t ∈ [0, 1]

F∞(tu+ (1− t)v) + C[tp(1− t) + t(1− t)p]∥u− v∥pLp(Ω) ≤ tF∞(u) + (1− t)F∞(v),

that is, F∞ is uniformly convex. Let f ∈W−1,p′(Ω) be fixed, and set

F f
h (u) :=

{
Fh(u)− ⟨f, u⟩W−1,p′ (Ω)×W 1,p(Ω) if u ∈W 1,p

0 (Ω),

∞ otherwise.

By the lower bound in (P2) we obtain that

F f
h Γ-converges to F f

∞ strongly in Lp(Ω) as h→ ∞.

Since the functionals (F f
h )h are equi-coercive on Lp(Ω), denoting by ufh the unique minimiser of

F f
h for every h ∈ N ∪ {∞}, by [20, Corollary 7.24] we have

ufh → uf∞ weakly in W 1,p
0 (Ω) and strongly in Lp(Ω) as h→ ∞. (6.19)

Moreover,

F f
h (u

f
h) → F f

∞(uf∞) as h→ ∞,

which implies that

Gh(u
f
h,Ω) → G∞(uf∞,Ω) as h→ ∞.

Hence, by [5, Theorem 4.5], it holds that

Ah( · ,∇ufh) → A∞( · ,∇uf∞) weakly in Lp′(Ω;Rn) as h→ ∞. (6.20)

Note that for every h ∈ N ∪ {∞} the function ufh is the unique weak solution of{
−div(Ah( · ,∇ufh)) = f in Ω,

ufh = 0 on ∂Ω,

which is the Euler–Lagrange equation associated with the functional F f
h (the uniqueness follows

from the uniform convexity of F f
h for every h ∈ N ∪ {∞}). Therefore, (6.19) and (6.20) imply

that

Ah := −div(Ah( · ,∇ )) H-converges to A∞ := −div(A∞( · ,∇ )) as h→ ∞.

Hence, Proposition 4.6 yields A∞ ∈ MΩ(p, λ,Λ). Since A∞ = ∇ξφ∞ by (6.15), we conclude

that A∞ ∈ Mgrad
Ω (p, λ,Λ). Therefore, by definition of PΩ(p, λ,Λ), φ∞ = φA∞ ∈ PΩ(p, λ,Λ). □

As a consequence of Proposition 6.3 and Corollary 6.6, we obtain the following nonlinear
counterpart of [20, Theorem 22.4], where the corresponding result is proved for classes of linear
operators and the corresponding quadratic functionals.

Proposition 6.7. Let Ω ⊂ Rn be a bounded open set and let φh ∈ PΩ(p, λ,Λ) for h ∈ N∪{∞}.
The following are equivalent:

(a) Gh( · , U) Γ-converges to G∞( · , U) strongly in Lp(Ω) as h→ ∞ for every U ∈ A (Ω),
(b) Gh( · ,Ω) Γ-converges to G∞( · ,Ω) strongly in Lp(Ω) as h→ ∞,
(c) Fh Γ-converges to F∞ strongly in Lp(Ω) as h→ ∞.
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Proof. (a) =⇒ (b). This implication is trivial.
(b) =⇒ (c). This implication is a consequence of [20, Theorem 21.1].
(c) =⇒ (a). By Corollary 6.6 there exist a subsequence (φhk

)k ⊂ PΩ(p, λ,Λ) and a Borel
function φ̂∞ ∈ PΩ(p, λ,Λ) such that

Ghk
( · , U) Γ-converges to Ĝ∞( · , U) strongly in Lp(Ω) as k → ∞ for every U ∈ A (Ω),

where Ĝ∞ : Lp(Ω)× A (Ω) → [0,∞] is the functional associated with φ̂∞, defined as in (6.13).
Again, by [20, Theorem 21.1],

Fhk
Γ-converges to F̂∞ strongly in Lp(Ω) as k → ∞,

where F̂∞ : Lp(Ω) → [0,∞] is the functional associated with φ̂∞, defined as in (5.4). By
assumption (c) and the uniqueness of the Γ-limit, we have

F∞(u) = F̂∞(u) for every u ∈ Lp(Ω).

Therefore, by Proposition 6.3, we conclude that

φ∞(x, ξ) = φ̂∞(x, ξ) for a.e. x ∈ Ω and for every ξ ∈ Rn.

Thus

Ghk
( · , U) Γ-converges to G∞( · , U) strongly in Lp(Ω) as k → ∞ for every U ∈ A (Ω).

The conclusion now follows from the Urysohn property of Γ-convergence [20, Proposition 8.3].
□

As a consequence of Corollary 6.6 and Proposition 6.7, we obtain the following Γ-compactness
result for the class of local functionals (Fh)h.

Corollary 6.8. Let Ω ⊂ Rn be a bounded open set and let φh ∈ PΩ(p, λ,Λ) for h ∈ N. Then,
there exist a subsequence (φhk

)k ⊂ PΩ(p, λ,Λ) and a Borel function φ∞ ∈ PΩ(p, λ,Λ) such that

Fhk
Γ-converges to F∞ strongly in Lp(Ω) as k → ∞, (6.21)

where, for every h ∈ N ∪ {∞}, Fh are the functionals defined in (5.4).

Proof. The conclusion follows immediately from Corollary 6.6 and Proposition 6.7. □

We can now prove the first implication in Theorem 6.1. The proof is similar to that of [14,
Proposition 4.3] in the linear case and relies on the strategies developed in [19, 29].

Proposition 6.9. Let Ω ⊂ Rn be a bounded open set. Let A0 ∈ Mgrad
Rn (p, λ,Λ) satisfy (3.10)

and φh ∈ PΩ(p, λ,Λ, A0) for h ∈ N ∪ {∞}. Let Fh and F s
h for h ∈ N ∪ {∞} be the functionals

defined in (5.4) and (5.5), respectively. Assume that

Fh Γ-converges to F∞ strongly in Lp(Ω) as h→ ∞.

Then

F s
h Γ-converges to F s

∞ strongly in Lp(Rn) as h→ ∞.

Proof. For the sake of exposition, we divide our proof in two parts.
Γ-liminf inequality. Let uh ∈ Lp(Rn) for h ∈ N ∪ {∞}, be such that uh → u∞ strongly in

Lp(Rn) as h→ ∞. We claim that

F s
∞(u∞) ≤ lim inf

h→∞
F s
h(uh). (6.22)

Without loss of generality, we may assume that

lim inf
h→∞

F s
h(uh) = lim

h→∞
F s
h(uh) <∞.

Therefore, property (NP2) in Proposition 5.12 implies that

sup
h∈N

∥∇suh∥Lp(Rn) <∞.
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Together with Proposition 2.8, this yields that (uh)h is uniformly bounded in Hs,p
0 (Ω). Hence,

u∞ ∈ Hs,p
0 (Ω) and

uh → u∞ weakly in Hs,p
0 (Ω) as h→ ∞. (6.23)

By Corollary 2.6, up to a not relabeled subsequence, there exist wh ∈W 1,p(Ω) for h ∈ N∪{∞}
such that

∇wh = ∇suh in Ω for every h ∈ N ∪ {∞}, (6.24)

and

wh → w∞ weakly in W 1,p(Ω) and strongly in Lp(Ω) as h→ ∞.

On the one hand, by (6.24) and Proposition 6.7 we obtain∫
Ω
φA∞(x,∇su∞(x)) dx = G∞(w∞,Ω) ≤ lim inf

h→∞
Gh(wh,Ω) = lim inf

h→∞

∫
Ω
φAh

(x,∇suh(x)) dx,

where Gh : L
p(Ω)×A (Ω) → [0,∞] is the functional defined in (6.13) for h ∈ N ∪ {∞}. On the

other hand, since φh ∈ PΩ(p, λ,Λ, A0), by (6.23) and (NP1) of Proposition 5.12, we get∫
Rn\Ω

φA0(x,∇su∞(x)) dx ≤ lim inf
h→∞

∫
Rn\Ω

φA0(x,∇suh(x)) dx

= lim inf
h→∞

∫
Rn\Ω

φh(x,∇suh(x)) dx.

Combining the above inequalities, we conclude that

F s
∞(u∞) =

∫
Ω
φA∞(x,∇su∞(x)) dx+

∫
Rn\Ω

φA0(x,∇su∞(x)) dx

≤ lim inf
h→∞

∫
Ω
φAh

(x,∇suh(x)) dx+ lim inf
h→∞

∫
Rn\Ω

φAh
(x,∇suh(x)) dx

≤ lim inf
h→∞

F s
h(uh),

which proves (6.22).
Γ-limsup inequality. Let u∞ ∈ Lp(Rn) be fixed. We want to show the existence of a

sequence (uh)h ⊂ Lp(Rn) such that uh → u∞ strongly in Lp(Rn) as h→ ∞, and

F s
∞(u∞) ≥ lim sup

h→∞
F s
h(uh). (6.25)

It suffices to consider the case u∞ ∈ Hs,p
0 (Ω), (6.25) being otherwise trivial. By Proposi-

tion 2.4(i), there exists v∞ ∈W 1,p
loc (R

n) such that

∇v∞ = ∇su∞ in Rn. (6.26)

By Proposition 6.7, the Γ-limsup inequality for (Gh(·,Ω))h yields a recovery sequence (vh)h ⊂
W 1,p(Ω) strongly converging to v∞ in Lp(Ω) as h→ ∞ such that

lim
h→∞

Gh(vh,Ω) = G∞(v∞,Ω). (6.27)

Thus, by the definition of Gh in (6.13) and the lower bound in (P2) of Proposition 5.8, the
sequence (vh)h is bounded in W 1,p(Ω). Hence

vh → v∞ weakly in W 1,p(Ω) as h→ ∞.

Let ε ∈ (0, 1) be fixed and let Kε ⊂ Ω be a compact set such that∫
Ω\Kε

(1 + |∇v∞(x)|p) dx < ε. (6.28)
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Let U ′
ε, U

′′
ε be open sets with Kε ⊂⊂ U ′

ε ⊂⊂ U ′′
ε ⊂⊂ Ω and let Vε := Ω\Kε. By the fundamental

estimates (see [20, Definition 18.2 and Theorem 19.6]), for every h ∈ N there exist a function
φε
h ∈ C1

c (U
′′
ε ) with 0 ≤ φε

h ≤ 1 in U ′′
ε and φε

h = 1 on U ′
ε, and a constant Mε > 0 such that

Gh(φ
ε
hvh + (1− φε

h)v∞, U
′
ε ∪ Vε) ≤ (1 + ε)Gh(vh, U

′′
ε ) +Gh(v∞, Vε)

+ ε(∥vh∥pLp((U ′′
ε \U ′

ε)∩Vε)
+ ∥v∞∥pLp((U ′′

ε \U ′
ε)∩Vε)

+ 1)

+Mε∥vh − v∞∥Lp((U ′′
ε \U ′

ε)∩Vε).

For every h ∈ N, define
vεh := φε

hvh + (1− φε
h)v∞ ∈W 1,p(Ω). (6.29)

Since U ′
ε ∪ Vε = Ω, we have

Gh(v
ε
h,Ω) ≤ (1 + ε)Gh(vh,Ω) +Gh(v∞,Ω \Kε)

+ ε(∥vh∥pLp(Ω) + ∥v∞∥pLp(Ω) + 1) +Mε∥vh − v∞∥Lp(Ω).

Thus, by (6.27), (6.28), and (P2) of Proposition 5.8 we derive

lim sup
h→∞

Gh(v
ε
h,Ω) ≤ (1 + ε)G∞(v∞,Ω) + ε(a1 + 2∥v∞∥pLp(Ω) + 1). (6.30)

In particular, by applying again (P2), from (6.30) we deduce

sup
h∈N

∥∇vεh∥Lp(Ω) <∞. (6.31)

Moreover, by (6.29)

∥vεh − v∞∥Lp(Ω) = ∥φε
h(vh − v∞)∥Lp(Ω) ≤ ∥vh − v∞∥Lp(Ω) → 0 as h→ ∞.

Thus
vεh → v∞ strongly in Lp(Ω) as h→ ∞. (6.32)

Let us trivially extend vεh − v∞ ∈W 1,p
0 (Ω) to a function in W 1,p(Rn) and define

wε
h := (−∆)

1−s
2 (vεh − v∞) for every h ∈ N.

By Proposition 2.4(ii), for every h ∈ N we have

wε
h ∈ Hs,p(Rn), ∇swε

h = ∇(vεh − v∞) in Rn. (6.33)

Moreover, by (2.1), there exists a constant C > 0, depending only on n and s, such that

∥wε
h∥Lp(Rn) ≤ C∥vεh − v∞∥sLp(Ω)∥∇v

ε
h −∇v∞∥1−s

Lp(Ω).

Together with (6.31) and (6.32), the above inequality implies that

wε
h → 0 strongly in Lp(Rn) as h→ ∞. (6.34)

Moreover, (6.31) and (6.33) imply

wε
h → 0 weakly in Hs,p(Rn) as h→ ∞. (6.35)

Let χε ∈ C∞
c (Ω) satisfy 0 ≤ χε ≤ 1 on Ω and χε = 1 on U ′′

ε . We define

uεh := u∞ + χεwε
h ∈ Hs,p

0 (Ω) for every h ∈ N.
By (6.34), (6.35), and Proposition 2.7 we derive

uεh → u∞ strongly in Lp(Rn) and weakly in Hs,p
0 (Ω) as h→ ∞. (6.36)

We also set
Rε

h := ∇s(χεwε
h)− χε∇swε

h for h ∈ N.
By (2.2) and [18, Lemma 2.3], there exists a positive constant C such that

∥Rε
h∥Lp(Rn) ≤ C ∥χε∥W 1,∞(Rn) ∥w

ε
h∥Lp(Rn) for every h ∈ N.

Then, by (6.34),

Rε
h → 0 strongly in Lp(Rn;Rn) as h→ ∞. (6.37)
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Thanks to (6.33), we can write

∇suεh = ∇su∞ + χε∇swε
h +Rε

h = ∇su∞ + χε∇(vεh − v∞) +Rε
h in Rn. (6.38)

We consider the following decomposition

F s
h(u

ε
h) =

∫
U ′′
ε

φAh
(x,∇suεh(x)) dx+

∫
Ω\U ′′

ε

φAh
(x,∇suεh(x)) dx (6.39)

+

∫
Rn\Ω

φA0(x,∇suεh(x)) dx.

By (6.37), (6.38), and (NP1)–(NP2) in Proposition 5.12, the last integral in (6.39) satisfies

lim
h→∞

∫
Rn\Ω

φA0(x,∇suεh(x)) dx = lim
h→∞

∫
Rn\Ω

φA0(x,∇su∞(x) +Rε
h(x)) dx

=

∫
Rn\Ω

φA0(x,∇su∞(x)) dx. (6.40)

As for the second integral in (6.39), we observe that, by (6.29) and (6.38),

∇suεh = ∇su∞ +Rε
h in Ω \ U ′′

ε .

Therefore, by (6.26), (6.28), and (NP2) in Proposition 5.12, we obtain

lim sup
h→∞

∫
Ω\U ′′

ε

φAh
(x,∇suεh(x)) dx

≤ a1 lim
h→∞

∫
Ω\U ′′

ε

(
1 + 2p−1|∇su∞(x)|p + 2p−1|Rε

h(x)|p
)
dx

= a1

∫
Ω\U ′′

ε

(
1 + 2p−1|∇su∞(x)|p

)
dx ≤ a12

p−1ε. (6.41)

Finally, for the first integral in (6.39), we observe that, since χε = 1 in U ′′
ε , by (6.26) and (6.38)

we have

∇suεh = ∇v∞ +∇(vεh − v∞) +Rε
h = ∇vεh +Rε

h in U ′′
ε .

By (NP3) in Proposition 5.12 and Hölder’s inequality, we obtain∫
U ′′
ε

|φAh
(x,∇suεh(x))− φAh

(x,∇vεh(x))| dx

≤ a23
p−2(|Ω|+ ∥∇suεh∥

p−1
Lp(Ω) + ∥∇vεh∥

p−1
Lp(Ω))∥R

ε
h∥Lp(Rn).

Since (6.31) and (6.36) imply that (vεh)h and (uεh)h are respectively uniformly bounded in
W 1,p(Ω) and Hs,p

0 (Ω), in view of (6.37) we deduce

lim
h→∞

∫
U ′′
ε

|φAh
(x,∇suεh(x))− φAh

(x,∇vεh(x))| dx = 0.

Therefore, by (6.30) we get

lim sup
h→∞

∫
U ′′
ε

φAh
(x,∇suεh(x)) dx = lim sup

h→∞

∫
U ′′
ε

φAh
(x,∇vεh(x)) dx ≤ lim sup

h→∞
Gh(v

ε
h,Ω)

≤ (1 + ε)G∞(v∞,Ω) + ε(a1 + 2∥v∞∥pLp(Ω) + 1). (6.42)

By combining (6.40), (6.41) and (6.42), for every ε ∈ (0, 1) we obtain

lim sup
h→∞

F s
h(u

ε
h) ≤ (1 + ε)F s

∞(u∞) + ε(a1 + 2∥v∞∥pLp(Ω) + 1) + a12
p−1ε. (6.43)

To deduce (6.25) from (6.43), it suffices to apply a diagonal argument, similarly to that used
in [14, Proposition 4.3]. □

Let us prove the converse implication.
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Proposition 6.10. Let Ω ⊂ Rn be a bounded open set. Let A0 ∈ Mgrad
Rn (p, λ,Λ) satisfy (3.10)

and φh ∈ PΩ(p, λ,Λ, A0) for h ∈ N ∪ {∞}. Let Fh and F s
h for h ∈ N ∪ {∞} be the functionals

defined in (5.4) and (5.5), respectively. Assume that

F s
h Γ-converges to F s

∞ strongly in Lp(Rn) as h→ ∞.

Then

Fh Γ-converges to F∞ strongly in Lp(Ω) as h→ ∞.

Proof. By Corollary 6.8, there exist a subsequence (φhk
)k ⊂ PΩ(p, λ,Λ) and a Borel function

φ̂∞ ∈ PΩ(p, λ,Λ) such that

Fhk
Γ-converges to F̂∞ strongly in Lp(Ω) as k → ∞, (6.44)

where F̂∞ : Lp(Ω) → [0,∞] is the functional associated with φ̂∞, defined as in (5.4).
If we consider φ̂∞ ∈ PΩ(p, λ,Λ, A0), by applying Proposition 6.9 to the subsequence (F s

hk
)k

we get that

F s
hk

Γ-converges to F̂ s
∞ strongly in Lp(Rn) as k → ∞,

where F̂ s
∞ : Lp(Rn) → [0,∞] is the functional associated with φ̂∞, defined as in (5.5). By the

uniqueness of the Γ-limit, we obtain that

F̂ s
∞(u) = F s

∞(u) for every u ∈ Lp(Rn).

Since both φ∞ and φ̂∞ coincide with φA0 on (Rn \ Ω)× Rn, we obtain∫
Ω
φ∞(x,∇su(x)) dx =

∫
Ω
φ̂∞(x,∇su(x)) dx for every u ∈ C∞

c (Ω).

Hence, by Proposition 6.3,

φ∞(x, ξ) = φ̂∞(x, ξ) for a.e. x ∈ Rn and every ξ ∈ Rn,

and by (6.44), we get

Fhk
Γ-converges to F∞ strongly in Lp(Ω) as k → ∞.

The conclusion then follows from the Urysohn property of Γ-convergence and the arbitrariness
of the subsequence. □

We can finally prove Theorem 6.1.

Proof of Theorem 6.1. It is enough to combine Proposition 6.9 and Proposition 6.10. □

We conclude this section with the following corollary, which is an immediate consequence of
Proposition 6.5 and Theorem 6.1.

Corollary 6.11. Let Ω ⊂ Rn be a bounded open set and let A0 ∈ Mgrad
Rn (p, λ,Λ) satisfy (3.10).

Let φh ∈ PΩ(p, λ,Λ, A0) for h ∈ N. Then, there exist a subsequence (φhk
)k ⊂ PΩ(p, λ,Λ, A0)

and a Borel function φ∞ ∈ PΩ(p, λ,Λ, A0) such that

F s
hk

Γ-converges to F s
∞ strongly in Lp(Rn) as k → ∞, (6.45)

where F s
h for h ∈ N ∪ {∞} are the functionals defined in (5.5).

Proof. By Corollary 6.8, there exist a subsequence (φhk
)k ⊂ PΩ(p, λ,Λ) and a function φ∞ ∈

PΩ(p, λ,Λ) such that

Fhk
Γ-converges to F∞ strongly in Lp(Ω) as k → ∞,

where Fh for h ∈ N ∪ {∞} are the functionals defined in (5.4). Hence, by extending φ∞ as an
element of PΩ(p, λ,Λ, A0), Theorem 6.1 yields (6.45). □
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7. Equivalence between H-convergence and Γ-convergence

In this final section, we prove the equivalence of H-convergence and Γ-convergence. More
precisely, we have the following result.

Theorem 7.1. Let Ω ⊂ Rn be a bounded open set satisfying |∂Ω| = 0 and let A0 ∈ Mgrad
Rn (p, λ,Λ)

satisfy (3.10). Let Ah ∈ Mgrad
Ω (p, λ,Λ, A0) for h ∈ N∪ {∞} and let φh := φAh

∈ PΩ(p, λ,Λ, A0)
for h ∈ N ∪ {∞} be the corresponding potential defined as in (5.2). Then

As
h H-converges to As

∞ as h→ ∞,

if and only if
F s
h Γ-converges to F s

∞ strongly in Lp(Ω) as h→ ∞.

In light of our previous equivalence results obtained in Sections 4 and 6, it suffices to prove
that such convergences are equivalent in the local framework in order to complete the picture.
As a consequence of [5, Theorem 4.5] we can prove the following result.

Proposition 7.2. Let Ω ⊂ Rn be a bounded open set. Let Ah ∈ Mgrad
Ω (p, λ,Λ) for h ∈ N∪{∞}

and let φh := φAh
∈ PΩ(p, λ,Λ) for h ∈ N ∪ {∞} be the corresponding potential defined as

in (5.2). Then
Ah H-converges to A∞ as h→ ∞, (7.1)

if and only if
Fh Γ-converges to F∞ strongly in Lp(Ω) as h→ ∞. (7.2)

Proof. Step 1. We prove that (7.2) implies (7.1). To this aim, we proceed as in the proof of
Corollary 6.6. Let us fix f ∈W−1,p(Ω) and set for every h ∈ N ∪ {∞}

F f
h (u) :=

{
Fh(u)− ⟨f, u⟩

W−1,p′ (Ω)×W 1,p
0 (Ω)

if u ∈W 1,p
0 (Ω),

∞ otherwise.

By (7.2) and the lower bound in (P2), we obtain that

F f
h Γ-converges to F f

∞ strongly in Lp(Ω) as h→ ∞.

Moreover, the functionals (F f
h )h are equi-coercive and uniformly convex on Lp(Ω). Hence,

letting ufh be the unique minimisers of F f
h for h ∈ N ∪ {∞}, by [20, Corollary 7.24] we have

ufh → uf∞ weakly in W 1,p
0 (Ω) and strongly in Lp(Ω) as h→ ∞, (7.3)

and,

F f
h (u

f
h) → F f

∞(uf∞) as h→ ∞. (7.4)

Recalling that ∇ξφAh
= Ah for every h ∈ N∪ {∞}, we pass to the Euler-Lagrange equations of

F f
h to obtain that ufh satisfies for every h ∈ N ∪ {∞}{

−div(Ah( · ,∇ufh)) = f in Ω,

ufh = 0 on ∂Ω.

According to the notation introduced in Section 3, the convergence (7.3) reads as

Bh(f) → B∞(f) weakly in W 1,p
0 (Ω) as h→ ∞,

which is (H1) in Definition 3.6. Therefore, to prove (7.1), it remains to prove the convergence
of the momenta, that is (H2) in Definition 3.6. By (7.3) and (7.4), we have

Gh(u
f
h,Ω) → G∞(uf∞,Ω) as h→ ∞.

We can hence apply [5, Theorem 4.5] to derive that

Ah( · ,∇ufh) → A∞( · ,∇uf∞) weakly in Lp′(Ω;Rn) as h→ ∞,

that is, according to the notation introduced in Section 3,

Mh(f) → M∞(f) weakly in Lp′(Ω;Rn) as h→ ∞.
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This gives (H2) in Definition 3.6 and concludes the proof of (7.1).
Step 2. Assume (7.1). By Corollary 6.8, there exists a subsequence (φhk

)k ⊂ PΩ(p, λ,Λ)
and a Borel function φ̂∞ ∈ PΩ(p, λ,Λ) such that

Fhk
Γ-converges to F̂∞ strongly in Lp(Ω) as k → ∞,

where F̂∞ : Lp(Ω) → [0,∞] is the functional associated with φ̂∞ defined as in (5.4). By Step 1,
we conclude that

Ahk
H-converges to Â∞ as k → ∞,

where Â∞ is the differential operator associated with φ̂∞ defined as in (3.7). Since the H-limit
is unique, by (7.1) we deduce that

A∞(x, ξ) = Â∞(x, ξ) for a.e. x ∈ Ω and for every ξ ∈ Rn.

Since, by Proposition 5.8,

φ∞(x, 0) = φ̂∞(x, 0) = 0 for a.e. x ∈ Ω,

the above identity implies that

φ∞(x, ξ) = φ̂∞(x, ξ) for a.e. x ∈ Ω and for every ξ ∈ Rn,

and the conclusion (7.2) follows by the Urysohn property of Γ-convergence. □

We can finally prove Theorem 7.1.

Proof of Theorem 7.1. It suffices to combine Theorems 4.1 and 6.1 with Proposition 7.2. □
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