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ABSTRACT. This paper concerns the H-convergence of nonlinear nonlocal monotone operators
defined through the Riesz fractional gradient and divergence. We show that the H-convergence
in this nonlocal framework is equivalent to the H-convergence of the corresponding local one.
As a consequence, we obtain a H-compactness result for a suitable class of nonlocal mono-
tone operators. We then study the I'-convergence of nonlocal energy functionals associated
with the subclass of conservative monotone operators, proving that it is equivalent to the I'-
convergence of the corresponding local energies. A key ingredient is a new uniqueness result for
the integral representation of both local and nonlocal functionals. As a by-product, we obtain
the I'-compactness of the class of nonlocal energies under consideration. Finally, we show the
equivalence between the H-convergence of nonlocal conservative monotone operators and the
I'-convergence of the associated energy functionals.

1. INTRODUCTION

H-convergence is a mathematical tool for the homogenisation of composite materials and
dates back to the late 1960s with the pioneering works of Spagnolo [36, 37, 38] and De Giorgi-
Spagnolo [24], where the linear symmetric case was studied under the name of G-convergence,
extended by Tartar [40, 41] to the possibly non-symmetric setting; see also [32, 42] for a modern
account. The theory considers sequences of measurable matrix-valued functions Bj satisfying
the following standard uniform ellipticity and boundedness assumption

AP < Br(2)€ - € < AlE% (1.1)

and focuses on the asymptotic behaviour of the solutions of the family of Dirichlet problems

{—&WBA@VwM@)ZQW)inQ

wp(x) =0 on 01}, (1.2)

by identifying a suitable measurable matrix-valued function B, called the H-limit, such that
the solutions wy, converge to the solution wy, of the Dirichlet problem

{— div(Boo(z)Vrao (z)) = g(z) in Q,
Woo(x) =0 on 0.

A central question was whether the class of matrix-valued functions satisfying (1.1) is relatively
closed under H-convergence, namely that every H-limit belongs to the same class.

After the linear case had been thoroughly understood, several extensions to nonlinear settings
were considered in [15, 21, 27, 28, 30, 31, 42]. The authors introduced different classes of
monotone operators, depending on the structural assumptions adopted to extend (1.1) to the
nonlinear setting. Some of these classes are closed under H-convergence (see, e.g., [15, 42]),
whereas for others the H-limits are known only to belong to a larger class (see e.g. [21]).

In the fractional setting, several works have recently addressed the study of H-convergence
of nonlocal linear operators; we refer in particular to the contributions [11, 12, 14, 26, 43, 44].
In [26], the authors consider scalar perturbations of the Gagliardo seminorm, while in [43, 44]
a topological technique is introduced to approach the nonlocal setting in the Hilbertian case.
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In [14], instead, the authors study H-convergence for the following sequence of nonlocal Dirichlet
problems in fractional divergence form

~ div* (Ba()Vun(e)) = f(z) in 9,
up(z) =0 in R™\ Q.

The operators V* and div® are the so-called Riesz fractional gradient and fractional divergence,
introduced in [33, 34] and extensively studied in, e.g., [10, 16, 17, 18, 39]. They make it
possible to formulate the problems above in fractional divergence form and satisfy the identity
—div® V*® = (=A)?, so that the operators — div®(B;,V?® ) may be viewed as perturbations of the
fractional Laplacian. The main result of [14], Theorem 3.1, shows that the class of possibly non-
symmetric matrices satisfying (1.1) in © and sharing a common extension outside {2 is closed
under H-convergence. More recently, in [11], the authors address some of the open questions
raised in [14, Section 6]. In particular, they obtain H-compactness without prescribing the
matrices outside €2, which was a technical requirement in [14], and include the one-dimensional
case n = 1. They also observe that, in this Hilbertian setting, the results obtained in [14] can be
alternatively deduced from the topological notion of nonlocal H-convergence, introduced in [43].

In this paper, we address another open problem raised in [14], which is the H-convergence
of nonlinear nonlocal monotone operators in fractional divergence form. More precisely, we
identify a class of monotone maps that is closed under H-convergence, in the spirit of [15, 42].
We consider sequences of maps Ay : R™ x R™ — R™ characterised by the following lower bound

(Ap(z,8) — Ap(z,m)) - (€ —n) = Al§ —nl”
together with the growth condition, introduced following [15],

An(2,€) — Az, n)] < AL+ An(2,€) - €+ Anla,m) -7 [(An(z,€) — An(z.n)) - (€ —m)]7 .

In the linear case Ap(z,£) = Bp(x), these assumptions are consistent with those considered
in [14], and in the nonlinear Hilbertian setting p = 2 they reduce to the bounds introduced
in [42, Chapter 11]. Instead, for p > 2, they differ from the commonly adopted assumptions,
such as those in [21], under which the H-limits belong only to a larger class of monotone maps.
The nonlinear nonlocal Dirichlet problems considered in this paper are of fractional divergence
type and take the form

—div®(An(z, Viup(z))) = f(z) in L,
up(z) =0 in R™\ Q.

Unlike the linear case treated in [11], we still assume the maps A}, to be prescribed outside £2,
as in [14]. Indeed, in the linear setting, for every weakly converging sequence u; in Hy?(Q)
[29, Lemma 2.12] ensures the strong convergence of the fractional gradients V*u; outside Q.
This allows one to pass to the limit in the products BpV*u, under the weak™® convergence
of the matrices By. In contrast, in the nonlinear case, the weak™ convergence of the maps
Ap, is not sufficient to pass to the limit in the nonlinear compositions Ay (-, V*uy), even in the
presence of strong convergence of the fractional gradients. The problem of removing the exterior
prescription therefore remains open.

The first main result of this paper is Theorem 4.1, which establishes the equivalence between
local and nonlocal H-convergence, the latter in the sense of Definition 3.10, for the sequences
of monotone operators

Aj = —divi(An(-,V?)), Ap = —div(4n(-,V)),
respectively associated with the local and nonlocal Dirichlet problems
{—divs(Ah(:p, Vouu(z))) = f(z) in Q, {—div(Ah(m,th(a:))) = f(z) inQ,
up(z) =0 in R™\ €, wp(x) =0 on 0f.
As a consequence, the H-compactness of the class of monotone maps in the local setting,
recalled in Proposition 4.6, immediately yields the nonlocal H-compactness result, stated in

Corollary 4.9.
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From a technical viewpoint, the proof of Theorem 4.1 is inspired by some ideas developed
in [19, 29], which exploit the relation between local and fractional gradients; see Proposition 2.4.
This allows one to transfer local H-convergence results to the nonlocal setting and to construct
a nonlocal H-limit candidate. The main difficulty lies in handling mixed local-nonlocal terms
involving both V*u; and Vwy,, and in passing to the limit. To overcome this issue, we rely
on an integration-by-parts formula together with compactness arguments. Similar local-to-
nonlocal arguments also appear in the study of div-curl formulas in the fractional setting;
see [13, Section 3.2].

The proof of Theorem 4.1 is completed by establishing a uniqueness result for nonlocal H-
limits (Lemma 4.4), analogous to the classical local one. As a consequence, the nonlocal H-limit
candidate obtained from the local theory is uniquely determined. We emphasise that Lemma 4.4
is not entirely straightforward. In fact, in the local setting, uniqueness is obtained through
localization techniques, which do not naturally extend to the nonlocal framework. Moreover,
the classical construction of affine test functions ¢, ¢ satisfying

v@mo,é = §

in a neighbourhood of a point zg € €2, for a prescribed vector & € R", becomes considerably
more delicate in the nonlocal setting; see Remark 4.5.

In the second part of this work, we investigate the relation between H- and I'-convergence in
the nonlinear nonlocal setting. From a historical perspective, this connection already emerged in
the pioneering work of De Giorgi and Spagnolo [24], where the energy functionals play a central
role in the analysis of homogenisation problems. As observed in [22], these ideas anticipated
several aspects of the theory of I'-convergence, which was introduced by De Giorgi and Franzoni
in [23] a few years later as a unified variational theory. The link between H- and I'-convergence
lies in the fact that each PDE in (1.2), associated with symmetric matrices, can be interpreted
as the Euler-Lagrange equation of the energy functional

;/QB}L(CU)VU’h(CU)'VU}h(CU) dx—/ﬂg(m)wh(az) dz.

Under suitable assumptions, I'-convergence implies convergence of minimisers, that is solutions
to (1.2); conversely, H-convergence implies I'-convergence. We refer the interested reader to [20,
Theorem 13.12] for a proof of the equivalence between H- and I'-convergence in the linear local
case, and to [14, Theorem 5.1] for the recent extension to the linear nonlocal case.

In the nonlinear setting, the situation becomes more delicate. Indeed, one first needs to
identify a natural subclass of monotone maps that can be associated with energy functionals, in
the same way that symmetric matrices do in the linear theory. For this reason, in Definition 5.9
we introduce the class of conservative monotone maps Ay : R™ x R™ — R", i.e., monotone maps
satisfying the former growth conditions and for which there exist potentials ¢p: R” x R” — R
such that

Ap(z,8) = Vepn(z,§).
We emphasise that, in the linear case, conservativity is equivalent to symmetry; see Remark 5.5.
We then study the I'-convergence of the nonlocal energies defined as

F () = /n op(x, Vou(z))de  ifue HyP(Q),
00 if w e LP(R™) \ HyP ().

In analogy with the previous result for the H-convergence, in Theorem 6.1 we show that the
I'-convergence of F} is equivalent to the I'-convergence of the associated local energies

Fiw) = /Q on(x, Vu(z))de  if ue WyP(Q),
00 if u e LP(Q) \ W, P(Q).

As a by-product, we obtain the I'-compactness of the class of nonlocal energies associated with
conservative monotone operators; see Corollary 6.11.
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We emphasise that Theorem 6.1 is not straightforward. The implication from local to nonlocal
I-convergence (Proposition 6.9) is inspired by [19], where an analogous result was established
for nonlocal energies associated with fractional gradients of finite interaction horizon. However,
since that framework differs substantially from the present one, where the Riesz fractional
gradient involves long-range interactions, our result cannot be deduced directly from [19]. Our
proof is based on revisiting the argument of [19] and combining it with the techniques developed
in [29] for the Riesz fractional gradient in the context of relaxation. We refer the interested
reader to [1, 2, 3, 7] for other results on I'-convergence of functionals involving Riesz fractional
gradients. In addition, the proof of the converse implication from nonlocal to local I'-convergence
(Proposition 6.10) is based on the local T'-compactness result stated in Proposition 6.5, which
can be deduced from the results in [5], and a uniqueness result for the integral representation
of nonlocal functionals, which is established in Proposition 6.3, as a consequence of Lemma 6.2.
To the best of our knowledge, this uniqueness result does not appear in the literature, even in
the classical local setting.

In Theorem 7.1, we finally show the equivalence between the H-convergence of nonlocal
conservative monotone operators and the I'-convergence of the associated energy functionals.
The proof combines Theorem 4.1, Theorem 6.1, and Proposition 7.2. The latter is a consequence
of some results in [4], and shows this equivalence in the local setting. As a further consequence,
the class of conservative monotone operators is also closed under H-convergence.

Summarising, the results of this paper show that both H- and I'-convergence in the nonlinear
nonlocal setting can be entirely characterised by their local counterparts, and vice versa. In the
spirit of [14], such relations are summarised in the following commutative diagram.

H-convergence of Thm. 4.1 H-convergence of
local operators nonlocal operators
Prop. 7.2 Thm. 7.1
(conservative maps) (conservative maps)

local energies nonlocal energies

I"-convergence of
Thm. 6.1

[ I"-convergence of ]

Relations between H- and I'-convergence in the local and nonlocal settings.

The paper is structured as follows. Section 2 introduces the nonlocal functional framework. In
Section 3, we discuss in detail the class of monotone maps under consideration, comparing it with
the most commonly used classes in the literature. We also extend the notion of H-convergence
to the nonlinear nonlocal setting. Section 4 is devoted to the proof of Theorem 4.1 and the
resulting H-compactness of the class of nonlocal monotone operators, shown in Corollary 4.9.
In Section 5, we address the second main topic of the paper, namely the I'-convergence of
nonlocal energy functionals associated with conservative monotone maps. Finally, Section 6
and Section 7 are respectively devoted to the proofs of Theorem 6.1 and Theorem 7.1.

2. NOTATION AND PRELIMINARIES

Let us introduce the notation considered in this paper. The set of positive natural numbers
is denoted by N, while Ny denotes the set of natural numbers including zero. For x € R™ and
r > 0, we let B.(z) C R™ denote the open ball of radius r centered at x. Given a measurable
set £ C R™, we denote by 1g: R™ — {0,1} its characteristic function. Given two open sets
U,V ¢ R"™, we write V CC U if there exists a compact set K such that V ¢ K C U. Given
an open set U C R", the collection of all open subset V' C U is denoted by o7 (U). We use
standard notation for Lebesgue and Sobolev spaces. For p € [1, 00|, we let p’ denote the Holder’s

conjugate exponent of p, namely p’ := 1%'



Let n > 1 be a natural number and let s € (0,1). Let us recall the notions of Riesz s-fractional
gradient and Riesz s-fractional divergence, introduced in [16, 33, 46]. Following [46], we first
introduce the space

T(®R") = {wecwm“): /
Note that

n

IVFy(z)| dz < oo, VFi(z) — 0 as |z| — oo for every k € NO} .

C>®(R™) ¢ T(R™) ¢ L*(R™) N L=(R™).

Definition 2.1. Let s € (0,1). For ¢ € T(R") and ¥ € T(R";R") the Riesz s-fractional
gradient V3i): R® — R™ and the Riesz s-fractional divergence div® W: R"™ — R are defined,
respectively, by

V() = pn,s /n (w(yﬁy__qi(ﬁl)s(fl_ z) dy for z € R",
div® ¥ (z) = fins /Rn (‘I/(y)|y—_‘lfiﬂ|23_s+(ij —2) dy for x € R".

The positive normalization constant u, s, whose explicit value only plays a minor role in this
paper, depends only on n and s. We refer to [46, Eq. (4)] for its precise definition.

The nonlocal operators V® and div® are well defined, in the sense that the above integrals
converge for every x € R™. Moreover, as observed in [46, Proposition 5.2],
Vi e T(R™;R") and div? ¥ e T(R").
We stress that, even if ¥ € C°(R") and ¥ € C°(R™;R"), the functions V5 and div® ¥ do
not have compact support.

The fractional gradient and divergence are closely related to the classical fractional Laplacian,
which we recall below.

Definition 2.2. Let s € (0,1). For ¢ € T(R"), the J-fractional Laplacian (=A)21): R* — R
is defined by
(z) —¥(y)

—A)2)(2) = cps
()0l = ens | T

where ¢, ¢ is a positive normalization constant depending only on n and s; see [46] for its explicit
definition (note that ¢, s coincides with —u;, s in Eq. (6) therein).

dy for z € R™,

The fractional Laplacian (—A)%w is well defined, in the sense that the above integral con-
verges for every x € R™. Moreover, as observed in [46, Proposition 5.2], we have

(-A)2y € T(R").
By [46, Theorem 5.3], the following relation holds for every ¢ € T(R"™) and s,r € (0,1)

s+r

—div* V' = (—A) T in R™.

Let us introduce the functional framework.

Definition 2.3. Let Q@ C R” be an open set, s € (0,1), and p € [1,00). We define the Riesz
fractional Sobolev space Hy*(Q) as the closure of C2°(£2) with respect to the norm
1

I Dz = (I Wiy + 19" Wogam )

We denote by H=*" (Q) the dual space of Hy?(2), that is H—*?(Q) == (Hy"(Q))'. When
Q =R", we simply write H*P(R") := HJ"(R"™).

The space Hy"(Q2) endowed with the norm || - [|gs»(q) is a separable Banach space, and
it is reflexive when p € (1,00). Moreover, when = R", it coincides with the fractional
Sobolev space S*P(R") introduced in [29, Definition 2.5]; see [29, Theorem 2.7]. Furthermore,
as observed in [29, Definition 2.9], a sequence (u;); converges weakly in Hy?(2) if and only if
(uj); converges weakly in LP(€2) and (V*u;); converges weakly in LP(R"™;R").
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The following result provides a useful connection between the Sobolev spaces VVlif (R™) and
H#*P(R™). For the proof, we refer the interested reader to [29, Proposition 3.1].

Proposition 2.4. Let s € (0,1) and p € [1,00). Then the following two statements hold.
(i) For every uw € H>P(R™), there exists v € VVli)f(R") such that
Vv =Vsu inR"
(ii) For every v € WIP(R"), the function u = (—A)12;Sv € H*P(R"™) satisfies
Viu=Vv inR"

and
lull Logny < Cllvll o @ V0l o gn): (2.1)
for a constant C > 0 dependmg only on n and s.
Remark 2.5. When p < %, the function v appearing in Proposition 2.4(i) is given by
v = Ilfsua

where I;_s denotes the Riesz potential operator, i.e. the inverse of the fractional Laplacian
1—s

(—=A)™2 . In contrast, for p > 7%=, the Riesz potential may fail to be well defined, and thus v

is constructed via an approximation procedure; see [29, Proposition 3.1] for further details.

In order to deal with the nonlocal elliptic PDEs and functionals considered in this paper, we
will frequently use Proposition 2.4. In particular, an important feature that we need is that
weak convergence is preserved when passing from H*P(R™) to VVIO’CP (R™). This can be derived

by slightly modifying the function v in Proposition 2.4(i). We have the following result.

Corollary 2.6. Let Q2 C R™ be a bounded open set, s € (0,1), andp € [1,00). Letu; € H¥P(R™)
for j € NU{oo} satisfy

Uj = Uso  weakly in H>P(R™) as j — oo.
Then, there exist a (not relabeled) subsequence and functions w; € WIP(Q) for j € NU {oo}
satisfying

Vw;j = Viu; in Q for every j € NU{oo},
and

Wi — Weo  weakly in WYP(Q) and strongly in LP(Q) as j — oo.

Proof. Let (vj); € W] LP(R) and ve € Wﬁ)’f(Rn) be the functions given in Proposition 2.4.

loc
Consider a ball B containing 2. By Poincaré’s inequality, there exists a constant C, depending

only on n, p, and B, and a sequence (¢;j); C R satisfying
|vj = ¢illzr) < ClIVViliLer) = ClIVujllLegy < € for every j € N.

By Rellich’s theorem there exist a (not relabeled) subsequence and a function we, € WHP(B)
such that

Wi = vj — ¢j — Weo weakly in WHP(B) and strongly in LP(B) as j — oo.
Note that for every ¥ € C2°(B;R") we have

/Vwoo(x)- x)dr = hm / Vw;(x x)dx = lim / Vuj(x (x)dx
B

j—o0
= lim [ Viu;(x) x)der = / Viuoo(x) - ¥(x) dx.
j—)OO B
Hence, Vws = V3us in B and, in particular, in 2. O

We conclude this section by recalling several results in the fractional setting that will be used
throughout this paper, namely a Leibniz-type rule for the fractional gradient [29, Lemma 2.11
and Eq. (2.11)], a Poincaré-type inequality [33, Theorem 3.3] and [6, Theorem 2.2], and a
Rellich-type theorem [34, Theorem 2.2] and [6, Theorem 2.3].
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Proposition 2.7 (Leibniz rule). Let Q C R™ be an open set, s € (0,1), and p € [1,00). Let
0 € CHQ) and u € H¥P(R™). Then pu € Hy*(Q) and

Vi(eu) = oViu+uVip + Vi (p,u) in R",
where the nonlocal remainder term Vi (¢,u): R™ — R™ is defined by

Vi (0, 0) (@) = fins / (p(@) = () (u(x) —uy))(y — )

ly — [Pt
Moreover, there exists a constant C > 0, depending only on n and s, such that
IV (0. W)l o rny < Cllullpo@n)lloll <o) IVl 700 ) (2.2)

Proposition 2.8 (Poincaré inequality). Let  C R"™ be a bounded open set, s € (0,1), and
p € (1,00). Then there ezists a constant C, depending only on n, s, p, and ), such that

lullry < ClIVPullpp@ny  for every u € H¥P(R™).

dy for a.e. z € R™.

n

Proposition 2.9 (Rellich theorem). Let Q@ C R™ be a bounded open set, s € (0,1), and let
p € (1,00). Then the space Hy"(Q) is compactly embedded into LP(2).

As a consequence of the previous three propositions, one can deduce that if u; € Hy?(Q)
for j € NU {oo} and u; — us weakly in Hy?(Q) as j — oo, then the weak convergence of
the fractional gradients improves to strong convergence outside 2. More precisely, we have the
following result; see [29, Lemma 2.12] for a proof.

Proposition 2.10. Let Q C R™ be a bounded open set, s € (0,1), and p € (1,00). Let
u; € HYP(Q) for j € NU{oo} satisfy

uj — Use  weakly in Hy*(Q) as j — oo.
Then B
Vou; = Vus  strongly in L}, (R™\ Q;R") as j — oo.
3. THE H-CONVERGENCE PROBLEM

Let us introduce the local and nonlocal H-convergence problems involving nonlocal monotone
operators. From now on, and throughout the rest of the paper, we assume that:

€ (0,1), pE [2,00), 0 < A < A are two fixed constants.

We start by defining the following classes of monotone maps.

Definition 3.1. Let 2 C R™ be an open set. Given a Carathéodory function A: 2 x R" — R",
we introduce the following conditions for a.e. z € € and for every &,n € R™:

(M1) A(z,0) =0,

(M2) (A(z,€) = A(z,n)) - (€ =n) = A€ —nlP, s

(M3) [A(2,§) = Alz,n)| < AL+ Az, €) - &+ Az,m) -] # [(Al@, €) — Alz,0)) - (€ = n)]»,

(M3)' [A(z,€) — Az, n)| < AL+ |&P + o] > &=L,

(M3)" |A(x,€) — Az, m)| < AL+ €7+ [nlP)i |€ =l 7T

We define the following classes of maps:
Ma(p, A, A) .= {A: Q x R" — R" Carathéodory : A satisfies (M1), (M2), (M3)},
Mg, (p, A\, A) := {A: Q x R" — R" Carathéodory : A satisfies (M1), (M2), (M3)'},
Mg (p, A\, A) = {A: Q x R" — R" Carathéodory : A satisfies (M1), (M2), (M3)"}.

'U\’—‘

<A
<A

Remark 3.2. In Definition 3.1, condition (M2) ensures monotonicity of the function A, and
together with (M1), implies coercivity. Finally, conditions (M3), (M3)’, and (M3)” control
the continuity of A with respect to the second variable, and correspond to different regularity
regimes.

In the next result, we clarify the relations between Mq(p, A, A), Mg, (p, A, A), and M{,(p, A, A).
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Lemma 3.3. Let Q C R"™ be an open set. The following inclusions hold
Mg(p, A, A') € Ma(p, A, A) € Mg(p, A, A"),
where , ,
p— 1 P— p
A= min{1,\} 7 \pA, A" == max{3,2P"2AP} p—1 Ap-1, (3.1)

Proof. We start by proving the first inclusion. Let A € Mg, (p, A\, A’) be fixed. By (M1) and
(M2), it holds that

1
€7 < AT A, & Il < AT () e, [§—nl S ATP[(A(2,€) — Amm) - (€ )],
a.e. x € Q and for every &,n € R™, which yields by (M3)’

SR

p—2

Az, €) = Al )| < NP (14X A, €) -6+ A A, ) ) T (A2, €) - Alz,m)) - (€~ )]

Hence, we conclude that

D=

p=2 _ 1
A € Mg (p,)\,max{l,)\*l} I PA’) = Mgq(p, A\, A)

for the corresponding choice of A" in (3.1).
Let us show the second inclusion. Let A € Mq(p, A, A) be fixed. By (M1), (M3) and Cauchy-
Schwarz inequality, we have
p=2 1
Az, €) - & < |A(z, O[] < AL+ A(z,€) - £] 7 (A(x,€) - )7 [¢]

a.e. €  and for every £ € R". We distinguish two cases. On the one hand, if x € € and
¢ € R™ are such that A(x,§) - & > 1, then the previous inequality gives

(A(2,6) - 6)F <27 AA(z,€) -7 [€],

which implies

A, €) - € < 2PTPAPIEP <14 2PT2APIEPP. (32)
On the other hand, if z €  and £ € R™ are such that A(x,§) - £ < 1, then
A(x,€) - € <1+ 2P2AP|EJP, (3.3)
By combining (3.2)—(3.3), we deduce
A(z,€) - € ST+ 2P72APEP, A(z,m) - < 1+ 2P 24Pl (3.4)

for a.e. x € Q and for every £, € R"™. Then, by (3.4) and (M3), it follows that

3=

p—2
|A(z, &) — Az, n)] < A[B+2P2AP[E[P + 2P 2AP|n|P] 7 [(A(z, &) — A(z,n)) - (£ —n)]
< max{3,2°2AP} 5 A[L+ [€P + [P 7 |A(=, &) — Az, m)|7 ¢ —n|7,
which gives
A, €) — A(z,n)| < max{3, 27 2AP}5=1 A7°T[1+ [€P + [pfP]5=1 | — |77
Thus
p—2 P
AeM, (p, A, max{3, 2P-2Ap}ﬁApf1) = MY (p, \, A)

for the corresponding choice of A” in (3.1). O

Remark 3.4. The following remarks are in order.

(a) In the literature concerning local monotone operators, the class Mg, (p, A, A) is the one
most commonly employed, as its definition emphasises uniform continuity properties;
see, e.g., [21]. However, this class is not closed under H-convergence, since H-limits
generally belong only to the larger class M{)(p, A, A). Instead, the intermediate class
Mgq(p, A, A) is stable under H-convergence and is therefore the natural setting for the
theory developed in this paper.
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(b) We stress that for every A > 0 there exists A = A(\) > X sufficiently large such that the
classes Mq(p, A\, A), Mg (p, A, A), and M{,(p, A\, A) are non-empty. Indeed, the p-Laplace
operator, namely

A(E) = |€|P72¢  for every £ € R",

satisfies for every &, n € R”
(A(€) = Am)) - (€ =) = & —nl”,

AE) — AW)] < CyIElP + [nf") 5" 1€ —

for suitable constants c,, Cp, > 0; see, e.g., [35, Eq. (2.2)].

(c) When p = 2, the class Mq(p, A\, A) reduces to the one introduced in [42, Definition 11.1].
In the linear case A(z,&) = B(x)&, assumptions (M1), (M2), (M3) coincide with those
considered in [14].

(d) As a consequence of conditions (M1) and (M3)”, every function A € M{,(p, A\, A) (and
therefore every A € Mq(p, A, A) and A € Mg, (p, A, A)) satisfies the growth condition

|A(z,€)] < C(1+|£[P71)  for a.e. 2 € Q and every £ € R, (3.5)
for some constant C' > 0 depending only on p, A, and A.

3.1. Local H-convergence. Let us recall the H-convergence problem for nonlinear elliptic
PDEs driven by monotone operators in the local setting. Let €2 C R™ be a bounded open set.
Let A € Mq(p, A\, A). For every f € W1 (Q) we consider the following Dirichlet problem

{_ div(A(-,Vu)) = f inQ, (3.6)
w=0 on 0.

Lemma 3.5. Let Q C R” be an open set and A € Mq(p, A\, A). For every f € W=7 (Q) there
exists a unique function u € Wol’p(Q) weak solution to problem (3.6), i.e. satisfying

/ A(z,Vu(z)) - Vo(z)der = <f,U>W_1,p/(Q)XW01,p(Q) for every v € Wol’p(Q).
Q
Proof. We define the differential operator A: VVO1 P(Q) —» WL (Q) as
(A(u), U)W,Lp/(mxwol,pm) = /QA(CC, Vu(z)) - Vu(z)dx for every u,v € Wol’p(Q).

As a consequence of Poincaré’s inequality and assumptions (M1)—(M3), we derive that A is
strictly monotone, coercive, and continuous. Then, by Browder-Minty theorem, the operator A
is a bijection and the conclusion follows. ([

Let Q@ C R™ be a bounded open set, and let Ay € Mq(p, A\, A) for h € NU {oco}. As observed
in Lemma 3.5, the operators Ay, : WyP(Q) — W17 (Q) defined by

<Ah(u),'U>W,1,p/(Q)><W(},P(Q) = /QAh(w, Vu(z)) - Vo(z)dz  for every u,v € WyP(Q)  (3.7)

are invertible. We set

By, = AL WP (Q) — W P(Q), (3.8)
and define the operators My : W17 (Q) — L¥ (Q; R") by
M () (x) = Ap(z, VBr(f)(x)) for a.e. z € Q. (3.9)

Each operator My, is well defined in view of the growth condition (3.5), which ensures that
An(-, VB(f)) € L (% R™).

Definition 3.6. Let 2 C R™ be a bounded open set and Aj, € Mq(p, A, A) for h € NU {co}.
We say that
Ap, H-converges to Ay, as h — o0,

if for every f € W17 (Q) we have:



(H1) By(f) = Boolf) weakly in W, () as h — oo,

(H2) My, (f) = Moo(f) weakly in LP'(Q; R") as h — oco.
3.2. Nonlocal H-convergence. The extension of the H-convergence to the nonlocal setting
requires taking into account the nonlocal nature of the fractional operators V® and div®, which

are defined on the whole space R™. For this reason, we consider maps A defined on R™ x R".
The corresponding classes of monotone maps are introduced below.

Definition 3.7. Let  C R™ be a bounded open set. Let Ay € Mgn(p, A, A) satisfy

[ Ao(,€) — Aol m)] < CIEP + )55 |6—n|7' T for ac. » € R” and every &, € R", (3.10)
for some constant C' > 0. We set
Ma(p, A, A, Ag) = {A € Mgn(p, \,A): A= Ap in (R"\ ) x R"}.

Remark 3.8. The following remarks are in order.

(a) The class Mq(p, A, A), which is used to treat the local case, consists of maps defined on
QxR™, whereas Mg (p, A, A, Ag), which will be employed in the nonlocal setting, consists
of maps defined on R™ x R™ that coincide with a prescribed map Ay on (R™\ Q) x R™.

(b) The two classes also differ in their growth conditions outside 2. Indeed, for Ay we
require condition (3.10). As a consequence, taking into account Lemma 3.3, one readily
obtains that every map A € Mgq(p, A\, A, Ay) satisfies

p=2 1
|A(z,§) — Az, )| < Cla(x) + € + |n[P]=1 € —nl#=T (3.11)
for a.e. x € R™ and for every &,n € R”, and for some constant C' > 0 depending only on
p, A, A, and Ap. Taking n =0 in (3.11) and using (M1), we obtain
|A(z, )| < C(1a(z) + |€JP7Y)  for a.e. z € R™ and for every & € R" (3.12)

for some constant C > 0 depending only on p, A, A, and Ag. This stronger condition is
required in the nonlocal framework, where one has to deal with integrals of the form

- Az, Viu(z)) - VPo(z)da for every u,v € HJP (),
which are well defined provided that
A(-,V?u) € LV (R™; R™). (3.13)
Notice that if V5u € LP(R™; R"), then (3.12) directly implies (3.13).
(c) In view of Remark 3.4(b), a natural choice of Ay € Mgn(p, A\, A) satisfying (3.10) is
Ag(€) = |€|P72¢  for every € € R™.

We can now introduce the H-convergence problem in the nonlocal setting. Let 2 C R™ be a
bounded open set. Let Ay € Mgn(p, A, A) satisfy (3.10) and let A € Mq(p, A\, A, Ap). For every
f € H*7(Q) we consider the following Dirichlet problem

{—divs(A(-,Vsu)) —f inQ

3.14
uw=0 in R"\ Q. (8:14)

By proceeding along the same lines as in Lemma 3.5 and relying on Proposition 2.8, we derive
the following result.

Lemma 3.9. Let Q C R" be a bounded open set. Let Ag € Mgn(p, A, A) satisfy (3.10) and let
A € Mq(p, A\, A, Ag). For every f € H=5P (Q) there exists a unique function u € HyP(Q) weak
solution to problem (3.14), i.e. satisfying

/ Az, Viu(x)) - Viu(z)dz = (f,v)H,S,p/(Q)XHS,p(Q) for every v € HyP ().
10



In the previous setting, let Ay € Mq(p, A\, A, Ag) for h € NU {oco}. We define the operators
A2 HSP(Q) — H=5(Q) by

(AR (W), 0) s (@) g7 (@) = - Ap(z,Viu(z)) - Vou(z)dz  for every u,v € HyP(Q2). (3.15)
By Lemma 3.9, each operator Aj is invertible, and we can consider
By == (A3)7': H™P(Q) — HSP(Q). (3.16)
We also define the operators M§: H~5F' (Q) — LP (R™; R") as
M () (x) = Ap(z, V°B; (f)(x)) for a.e. z € R", (3.17)

which are well defined in virtue of (3.12).

Definition 3.10. Let Q C R™ be a bounded open set. Let Ay € Mgn(p, A, A) satisfy (3.10) and
let A, € Mq(p, A\, A, Ag) for h € NU {oco}. We say that

Aj H-converges to Al as h — oo

if for every f € H=*"(Q) we have:
(NH1) B (f) — B3, (f) weakly in HyP(Q2) as h — oo,
(NH2) M (f) — M (f) weakly in LP' (R™;R") as h — oo.

4. EQUIVALENCE BETWEEN H-CONVERGENCE OF LOCAL AND NONLOCAL OPERATORS

From now on, given Ag € Mgn(p, A, A) satisfying (3.10) and A € Mgq(p, A, A, Ap), we simply
write A € Mq(p, A\, A) when referring only to the restriction of A to € x R™. Conversely, if
A € Mg(p, A, A), we denote by A € M (p, A, A, Ag) its extension to the whole R™ x R™ obtained
by setting A = Ap on (R™\ Q) x R™.

The main result of this section is the equivalence between local and nonlocal H-convergence.
Theorem 4.1. Let Q C R™ be a bounded open set satisfying |02 = 0. Let Ay € Mgn(p, A, A)
satisfy (3.10) and Aj, € Mqa(p, A\, A, Ag) for h € NU {oco}. Then

Aj H-converges to A%, as h — o0,
if and only if
Ay H-converges to Ase as h — oo.

We divide the proof of Theorem 4.1 into two steps. First, we show that H-convergence in the
local setting implies the corresponding notion in the nonlocal framework. Then, by exploiting
well-known properties of local H-convergence, we show the converse implication.

To prove the first implication, we need the following technical lemma, which is well-known
in the H-convergence literature; see, for instance, [15, Lemma 7.8].

Lemma 4.2. Let 7,0 € [0,1] be such that v+ 8§ < 1. Let (ap), C L (Q), (by)n € LY(Q), and
(en)n C LY(2) be such that for every h € N

ap,bp, >0 a.e. in Q, len| < aZbg a.e. in §.
Assume the existence of a,b,c € L*(Q) such that as h — oo
ap — a weakly* in D'(Q), by, —b weakly* in D' (), cp —c  weakly* in D'(Q).
Then
le| <a™®®  a.e. in Q.
We are in position to prove the following result.

Proposition 4.3. Let Q C R™ be a bounded open set satisfying |0Q] = 0. Let Ay € Mgn(p, A, A)
satisfy (3.10) and let Ay, € Mq(p, \, A, Ag) for h € NU{oo}. Assume that

Ay, H-converges to A as h — 00.

Then

Aj H-converges to Al as h — oc.
11



Proof. For every h € NU{oo}, let Ay, By, My, and A}, By, M7 denote the differential operators
introduced in (3.7), (3.8), (3.9), and (3.15), (3.16), (3.17), respectively.
By (M2), for every fi, f» € H=5 () we obtain

IV°B3(f1) = VB (F2) sy < A1 = foll e (o 1Bi (F1) = Bi(f2) lmzr )

Hence, in view of Proposition 2.8, there exists a constant C' > 0, depending only on n, s, p, €2,
and A, such that

L /
IB1(F) ~ BR )iy < Ol = ol gy Torevery fi o€ H(Q). (41)
Similarly, by (M1) and (M2), for every fi, fo € H—*P () we obtain

1
185 lgm @y < CILANG gy for every i € {12}, (42)
Moreover, by (3.11) and Holder’s inequality, with conjugate exponents

(p—1)?
p(p—2)
it follows that, for every fi, fo € H=5V'(Q),

IMG(f1) = MG (I, (&)

<C Rn(lg(az:) + | VB (f1) ()P + |VSBZ(f2)($)|p)%]VSBZ(fl)(x) _ VSBZ(fQ)(Mﬁ &

and (p— 1)2,

p(p—2)

< 0 (190 + I1BL ) By oy + 1B By ) O IBAED) = B2

where C' > 0 depends only on p, A\, A, and Ag. Combining this estimate with (4.1) and (4.2),
we conclude that for every fi, fo € H=57'(Q)

1
IME) = Mty < © (14 11y L) 1 = BT

for some constant C' > 0 depending only on n, s, p, 2, A, A, and Ay.
Consequently, by a standard density argument and up to a not relabeled subsequence, there
exist two differential operators

B : H*V(Q) — H3P(Q), M3, H(Q) = LV (R™;R"),
such that for every f € H—*?'(Q)
Bi(f) — B5.(f) weakly in HyP(Q) as h — oo, (4.3)
M3 (f) = ME(f)  weakly in LP (R™;R"™) as h — co. (4.4)
To conclude the proof, it is sufficient to show that for every f € H—5? ()
M (f)(@) = Aoz, V°BS,(f)(2)) for ae. z € R™. (4.5)

Indeed, assuming (4.5), by passing to the limit as A — oo in the equation (3.15), satisfied by
B;(f), we obtain

- Ao (2, VB2 (f)(z)) - Vov(z) dz = <f,v>H,S,p/(Q)XH8,p(Q) for every v € HyP(Q).  (4.6)
By the uniqueness of solutions to (4.6), it follows that

B3.(f) = Bi,(f) forevery f € H*7(Q).
Hence, denoting by M3, the operator introduced in (3.17), it readily follows that
M (F)(@) = Ase(z, VB (f)(@)) = M3, (f)(z) for ae. z € R™.

In view of (4.3) and (4.4), this proves that A; H-converges to A3, as h — oo.
12



Let us prove (4.5). Let f € H=*" (Q) be fixed. By Proposition 2.10, we have
VEBL(f) = VBoo(f) strongly in L2 (R™\ Q;R") as h — oo,
which implies that
M(f) = Ao(-, V°Bu(f)) = Ao(-, VBL(f)) strongly in LV (R™\ % R™) as h — oo.
Hence,
M2 () (o) = Ao(wo, VB (f) (o)) for ae. zg € R™\ 0. (4.7)
Let f € H*?(Q) and ¢ € W1 (Q) be fixed. For every h € N, we define the following
functions ay, by, ¢, € LY(Q):
ap(z) =1+ MG (f)(z) - V°B;(f)(x) + Mn(g)(x) - VBi(g)(x) for a.e. z €,
ba(z) = ( n(f)(@) = Mi(g)(@)) - (V°By(f)(x) — VBi(g)(x)) for a.e. z €,
cn(z) = MG (f)(x) = Mn(g)(
Note that, by (M2) and (M3)

x) for a.e. z € Q.

ap >0 a.e.in €, bp, >0 a.e.in €, len] < Aah;zb% a.e. in €.
Since Aj, H-converges to Ay, as h — oo by hypotheses, then
cn — M2(f) — Moo(g)  weakly in L” (;R") as h — . (4.8)
Let us prove that the following convergences hold:
My (g) - VBr(g) — Moo( ) - VBx(g) weakly* in D'(Q) as h — oo, (4.9)
Mu(g) - VEBL(f) = Moo(g) - V°B2(f) weakly* in D'(Q) as h — oo, (4.10)
M(f) - VEBi(f) — ME(f) - VPBE.(f) weakly* in D'(Q) as h — oo, (4.11)
ME(f) - VBi(g) = M2.(f) - VBoo(g) weakly* in D'(Q) as h — oc. (4.12)
Let ¢ € C2°(R2) be fixed. By the Rellich compactness theorem, it holds that
B1(g) — Boo(g) weakly in Wol’p(Q) and strongly in LP(2) as h — oo. (4.13)

In particular, letting h — oo, we get

| Mulo)(@) - VB (g)w)oo) o

= (0B yan ey — [, Mi()@) - Vo(@)Bi(o)(a) da

- (g Boo<g>¢>w_1,pfm)xwg,p(m - [ Maclo)la) - Vo()Buc ) (0) o
= [ Macl)(@) - VBl @)(e) da,

which yields the validity of (4.9). By Corollary 2.6, there exist a not relabeled subsequence and
functions wy, € WHP(Q) for h € NU {oo} satisfying

Vwp, = VB (f) in Q for every h € N, Ve, = nggo(f) in €,

and
wp, — We weakly in WHP(Q) and strongly in LP(Q) as h — co.

Hence, arguing as in the proof of (4.9), we have as h — oo

/ Mi(9)(@) - VB (f)(2)p(x) de = / Mi(9)(x) - Vun(2)(x) da
R / Moo(9)() - Ve (2) () dar = / Moo(g)(@) - VB (F)(@)6(x) da,



which shows (4.10). Let us prove (4.11). By Proposition 2.7 we have
[ M@ T @@ = [ M @) VB @l ds
— (LB gy — [ M) T0la)Bi(f)(a) da
— [ My @) V(6B da

Rn
Proposition 2.9, combined with (2.2) and (4.3), yields
VAL(®: Bi(F) = VAL, B (f))  strongly in L(R™;R") as h — oc.

Moreover,

[ M (D(@) - T Bi(£)6)w) dr = (£ B F)6) v oy
Therefore, letting h — 0o, we obtain
| M) B (1) @)ow) do
= U BN o) ~ [ M) Vo) BL() () dr

— | M ())(@) - Vi, B (f)) () de

RTL

= | M (f)(@) VBL(f)o)(z)de — | M (f)(x)- Vi(x)B(f)(z) da

Rn R

— [ ME(f)(@) - V(6 B (f))(x) do

R

— [ M()@) - VB () (@)é) da = / Moo (f) () - VP B () (2)(x) da,

R
where the last equality follows from the fact that ¢ € C2°(€2). This proves (4.11). For every
h € NU {co}, we trivially extend v, € Wol’p(Q) to a function in WHP(R") and we define
vp = (—A)?Bh(g) € H*P(R™). By Proposition 2.4(ii),
Véup, = VB(g) in Q for every h € NU {oo}.
Moreover, combining (2.1) with (4.13), we obtain
Up = Voo weakly in H*P(R") and strongly in LP(R") as h — oc.

Hence, by applying Proposition 2.7, we can argue as in (4.11) to deduce, as h — oo
/ Mi(f -VB(g x)der = / M (f vp(z)p(z) do
o [ (D@ Vreel@)la) de = / ME(f) @) - VBuo(g) (x)0(a) da.
Q

R”L
which proves (4.12). As a consequence of (4.9)—(4.12), we obtain

ap — 1+ Mf)o(f) VOB (f) + Moo(9) - VBoo(g)  weakly* in D'(2) as h — oo, (4.14)
b — (ME(f) — Moo(9)) - (VB (f) — VBso(g)) weakly* in D'(Q) as h — co.  (4.15)

By (4.8), (4.14), (4.15), and Lemma 4.2, for every f € H=*?'(Q) and g € W~ (Q) we obtain,
for a.e. x € €,

M () () = Moo(9) ()] < A[L+ M, (f)(x) - VOB (f)(2) + Moo (9)(z) - VBs(g)(x)] 7
X (M (f)(@) = Moo(9)(@)) - (VB (f) () — VBao(g) ()] 7.
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In particular, since the differential operator Boo: W~ (Q) — I/VO1 P(Q) is bijective, for every
fe H?(Q) and ¢ € C1(Q) we have, for a.e. z € Q,

p—2

(M (f)(@) = Ao, Vip())] < Al + M () (@) - VB () (@) + Ans(x, Vip(2)) - Vip()] 7

X (M (f) (@) = Ao, V(@) - (VB (f) () = V()]
(4.16)

In view of assumption (M3), the set of points in {2 where the previous inequality holds can be
chosen independently of ¢ € C}(). Let x9 € Q be a point where (4.16) holds, let € C}(9)
be such that n = 1 in a neighbourhood of zg, and define
o(2) = (V*Biu(f)(@0) - 2)(z) for z € R™.
In particular,
Ve(x) = VPBL(f)(x0)

in a neighbourhood of xy. Then, by (4.16),

MSo(F)(0) = Asc (w0, V* B (f) (w0)). (417)

By the arbitrariness of xg, (4.17) holds for a.e. xg € 2.
Combining (4.7) and (4.17), and recalling that |0€| = 0, we obtain (4.5). This completes the
proof. O

Let us prove the converse implication. To this end, we first prove the following preliminary
result, which shows that the nonlocal H-limit is unique.

Lemma 4.4. Let Q C R" be a bounded open set. Let Ay € Mpn(p,\,A) satisfy (3.10) and
Ap € Mg(p, A\, A, Ag) for h € N. Assume that A, Aso € M (p, A\, A, Ag) satisfy

A7 H-converges to AZ, as h — oo (4.18)
and R

A H-converges to Al as h — oo, (4.19)
where A5 and .,zl\io denote the differential operators defined in (3.15) associated with Ao and
Ao, respectively. Then

Aso(z,€) = A\oo(x,f) for a.e. x € R" and every £ € R". (4.20)
Proof. First, we note that by the definition of the class M (p, A, A, Ag), we have that
Aso(x,§) = Ag(z,€) = A\Oo(a:,g) for a.e. z € R"\ © and every £ € R".

To conclude it is enough to prove (4.20) for a.e. x € 2 and every £ € R™.

By Lemma 3.9, the differential operators A2, .Zf,o HyP(Q) - H —sP'(Q) are invertible. Let
B, = (A3)"': H5P(Q) — HyP(Q) and BS, = (A3)"': H*#(Q) — H*(Q), and let
f e H?(Q) be fixed. By (NH1) in (4.18) and (4.19), we deduce that

B(f) = B(f).
Moreover, by (NH2), for every ® € LP(R™;R"™) we have

Ao, VB (f)()) - D) de = | Ano(w, V°B(f)(@)) - ®(x) da.
R™ R
Since f € H" (Q) can be arbitrarily chosen, we derive that for every ¢ € C°(2) and every
o € LP(R™;R")

Aso(z, Vip(x)) - ®(x) dx = A (x,V30(2)) - ®(x) da.
R™ R
Hence,

~

Ao (2, V() = Aso(x, Vip(x)) for a.e. x € Q and every p € C°(Q), (4.21)
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and, in view of (M3), the collections of points of R™ where (4.21) fails can be chosen independent
of p € C°(0). Let £ € R™ be fixed. By [29, Lemma 4.3], for every xy € 2 we can find a function
Paoe € C°(£2) such that

ngoxo’g(xo) =¢.
By choosing ¢ = ¢g4,.¢ in (4.21), we derive that

Ano (w0, &) = Ao (w0, &) for ace. g € Q.
By the arbitrariness of £, the conclusion follows. (]

Remark 4.5. In the local case, the uniqueness result is well-known; see [21, Proposition 2.9]
for a proof. However, the strategy in [21, Proposition 2.9] cannot be applied straightforwardly
in the nonlocal setting. Indeed, in the local framework the authors construct a test function
Pro,¢ sSuch that Vg, o = £ in a neighbourhood of a point z. In the nonlocal case, constructing
such functions is much more delicate, since one cannot impose V¢, « = £ in a neighbourhood
of xg, but only at the point zg itself.

Moreover, we recall the following compactness result concerning local H-convergence.

Proposition 4.6. Let QO C R™ be a bounded open set. Let Ay € Mq(p,\,A) for h € N. Then,
there exist a subsequence Ap, € Mq(p, X\, A) for k € N and a function A € Mq(p, A\, A) such
that

Ay, H-converges to As, as k — oo.

Remark 4.7. The proof of Proposition 4.6 is standard. We refer to [42, Theorem 11.2] for the
case p = 2, and to [21, Theorem 3.5] and [15, Corollary 7.12] for the general case p > 2. Note
that in [21, Theorem 3.5] and [15, Corollary 7.12] the authors show that the class Mg, (p, A, A)
is precompact in M{(p, A, A’) for a suitable A’ > A. This follows from the fact that, to show
the continuity estimate for the limit map A, one passes from (M3’) to (M3) for Ay, applies
the div—curl lemma to show that the limit A, satisfies (M3), and finally passes to (M3”). If,
instead, one starts directly from Mg (p, A, A), then the limit A, belongs to the same class. In
particular, the class Mq(p, A, A) is compact with respect to local H-convergence.

We can now prove the following result.

Proposition 4.8. Let Q2 C R™ be a bounded open set satisfying |0Q2] = 0. Let Ay € Mpn(p, A, A)
satisfy (3.10) and Ay € Mq(p, A\, A, Ag) for h € NU {co}. Assume that

Aj H-converges to Al as h — oc.
Then
Ay H-converges to Ax, as h — oo.

Proof. By Proposition 4.6, there exist a subsequence Ay, € Mq(p, A, A) for k € N and a function
Aso € Mq(p, A, A) such that

Ap, H-converges to As as k — 0o,

where .,Zl\oo is the differential operator defined in (3.7) associated with A\oo. By Proposition 4.3,
it follows that
h, H-converges to A% as k — oo,

where ./Zl\f;o is the differential operator defined in (3.15) associated with A\oo. By Lemma 4.4, we
deduce that

Ao (2,8) = Aso(2,§)  for a.e. z € R" and for every £ € R™.
Hence, Ap, H-converges to Ay, as k — oo. Since this argument applies to every subsequence,
the Urysohn property of H-convergence implies that A, H-converges to Ay as h — oo. O

Finally, we prove the main result of this section.

Proof of Theorem 4.1. It is enough to combine Proposition 4.3 and Proposition 4.8. U
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We conclude this section with the following corollary, which is an immediate consequence of
Theorem 4.1 and Proposition 4.6.

Corollary 4.9. Let Q C R™ be a bounded open set satisfying |09 = 0. Let Ay € Mgn(p, A, A)
satisfy (3.10) and let Ap € Mq(p, A\, A, Ag) for every h € N. Then, there exist a subsequence
Ay, € Ma(p, A\, A, Ag) for k € N and a function As € Ma(p, A, A, Ag) such that

h, H-converges to A%, as k — oo. (4.22)

Proof. By Proposition 4.6 there exist a subsequence Ay, € Mq(p, A, A) for £ € N and a function
A € Mq(p, A\, A) such that

Ap, H-converges to A as k — oo.

Hence, if we consider A, € Mq(p, A, A, Ag) for k € NU {oo}, by Theorem 4.1 we conclude
that (4.22) holds. O

5. THE I'-CONVERGENCE PROBLEM

In this section, we introduce the I'-convergence problem for both local and nonlocal integral
functionals. This is the variational counterpart of the H-convergence problem for the differential
operators studied in the previous sections. Let us first recall the notion of I'-convergence for
functionals defined on Banach spaces. For a comprehensive treatment of the subject, we refer
the interested reader to the monographs [8, 20].

Definition 5.1. Let X be a Banach space and let Ej: X — RU{oo} for j € NU{oo}. We say
that

E; I'-converges to E, strongly in X as j — oo
if for every z, € X the following conditions hold:

(I'1) for every sequence (z;); C X such that x; = z strongly in X as j — oo, one has

Es(rs) < liminf Ej(z5),
j—00

(I'2) there exists a sequence (y;); C X such that y; = x strongly in X as j — oo and

Eoo(®oo) = limsup Ej(y;).

J—00

We restrict our analysis to the subclass of conservative monotone maps.

Definition 5.2. A map A: R" — R™ is called conservative if there exists a differentiable
function ¢: R™ — R such that

A(&) =Vp(§) for every £ € R™.
The function ¢ is called a potential of A.
Let us recall the following characterization of conservative maps; see [45, Proposition 41.5].

Proposition 5.3. Let A: R™ — R" be continuous, and let us define the function p4: R® — R
as

1
eal) = [ At g foreer (5.1)

Then, A is conservative if and only if

1
oa(€) — paln) = /0 A+ t(E—n))- (€ —m)dt  for every £, € R™.

In such case, p4 is a potential of A.
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5.1. The class of local functionals. Let 2 C R™ be an open set. Starting from the class
Mq(p, A, A) (see Definition 3.1), we introduce the subclass of conservative monotone maps that
is relevant for our analysis in the local setting.

Definition 5.4. Let 2 C R" be an open set. We define
Mgad(p, AN A) ={A € Mq(p,\,A) : A(z, ) is a conservative map for a.e. z € 2}.
Remark 5.5. If the map A: R™ — R"” is differentiable, then A is conservative if and only if
VA(E) =VAET for every € € R".
In particular, if
A(&) = B¢ for every £ € R",
for some B € R™ ™, then A is a conservative map if and only if B = BT, i.e. if B € R?X". As a

sym °

consequence, the class M%rad(Q, A, A) coincides with the class M*™ (X, A, Q), introduced in [14].
We can now introduce the class of potentials associated with maps in Mgad (p, A, A).

Definition 5.6. Let Q2 C R™ be an open set. Let A € /\/l%rad(p, A A). For ae. x € Q, let oy,
denote the potential associated with the map A(z,-): R®™ — R" given by (5.1). We define the
function p4: @ X R™ — R as

0a(x,8) = paE,H(§) forae x€Q and for every £ € R”, (5.2)
and the class

Po(p, A\, A) == {p: @ x R" — R Borel : ¢ = ¢4 for some A € M&™I(p, \, A)}.

Remark 5.7. Since A(z, -) is continuous by (M3) and conservative by definition, Proposition 5.3
implies that @ 4(z, - ) is a potential of A(x, -) for a.e. x € 2. Moreover, by construction, ¢4 is
a Carathéodory function and, in virtue of [9, Proposition 3.3], we may assume without loss of
generality that ¢4 is also Borel measurable. We emphasise this point, since some of the results
stated below require the Borel measurability of ¢ 4.

According to the following proposition, a potential ¢ = @4 € Pq(p, A, A) satisfies standard
growth conditions and inherits certain regularity properties from the corresponding map A.

Proposition 5.8. Let 2 C R™ be an open set. Then, there exist positive constants ag, a1, as, ag
and a € (0,1), depending only on p, A\, and A, such that for every ¢ € Pq(p,\,A), for a.e.
x € ), and for every £,n € R™ the following hold:

(P1) the function ¢(x, -) is of class C*(R™) and convez, p(z,0) =0, and Vep(z,0) =0,

(P2) agl¢? < p(z,§) < ar(1+ [¢[P),

(P3) |p(x,€) — p(a,n)] < az(1+ €] + )P € = nl,

(P4) [Vep(a, &) — Vep(a,n)| < az(1+ [€] + )P~ = n|*.

Proof. Let p € Po(p, A\, A). By definition, there exists A € M%{ad(p, A, A) such that ¢ = p4. In
view of (5.1) and (5.2), ¢(z,0) =0 for a.e. x € Q and, by Proposition 5.3,

Vep(x, &) = Az, &) for ae. € Q and for every £ € R"™. (5.3)

Moreover, by (M3) in Definition 3.1, A(z,-) is a continuous monotone map. Hence, ¢(z,-) is
convex and of class C1(R™). In addition, by (M1), Vep(z,0) =0 and (P1) follows.

By (M1), (M2) and (3.5), there exists a positive constant C, depending only on p, A and A,
such that for a.e. z € 2 and every £ € R"

1 A
¢@@2Am{£ﬁ1&=pm&

1
w%@sqéu+wwHmwsam+mws%m+mw

which gives (P2).
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By (3.5) and Proposition 5.3 for a.e. z € Q and every £ € R"

1
lp(z, &) — p(z,m)| < C/O I+ n+tE—n)P HE—nldt <CA+ P+ nfP~)|E =]

< O+ &+ D~ e = nl,
which implies (P3).
Finally, by (M3) and (M3)”, whose validity is guaranteed by Lemma 3.3, and by (5.3)

Ve(a,€) — Veplz,n)| = |Az,€) — Alz,n)| < C(L+ [P + [nl?) 5= |¢ — |7

2

p(p=2) 1 (p=1)°~1 1
SCA+E+Inl) 7= € —nle=t = CA+ g+ nl) =71 —nl»=T,
which yields the validity of (P4) for the value a = zﬁ' O

Let us define the local integral functionals associated with the class Mgad(p,)\,A). Let
2 C R™ be a bounded open set and let ¢, € Pqo(p,A,A) for h € NU {oco}. We define the
functionals Fy,: LP(2) — [0, co] by

By () = /Q@h(:v, Vu(zx))dex if u € Wol’p(Q),

00 otherwise.

(5.4)

5.2. The class of nonlocal functionals. In analogy with the case of nonlocal H-convergence
(see Section 3.2), we introduce a further class of conservative monotone maps A defined on the
whole R™ x R™, in order to formulate the I'-convergence problem in the nonlocal setting.

Definition 5.9. Let 2 C R™ be a bounded open set and let Ay € Mﬂg{fd(p, A, A) satisfy (3.10).
We set
ME™ (p, A, A, Ag) = {A € ME™(p, A, A) : A= Ay in (R"\ Q) x R"}.

Remark 5.10. As already observed in Remark 3.8, a possible choice of Ay € Mirfd(p, A A)
satisfying (3.10) is
Ag(€) = |€|P72¢  for every € € R™.

As in the local case, for every A € Mgad(p, A, A, Ap), we define p4: R" x R" — R as in (5.2).
This leads to the following class of potentials.

Definition 5.11. Let 2 C R™ be a bounded open set and let Ag € M%rfd(p, A, A) satisfy (3.10).
We set

Pa(p, A, A, Ag) == {p: R" x R" — R Borel : ¢ = ¢4 for some A € M%rad(p, A AL Ag)

Arguing as in Proposition 5.8, and taking into account Remark 3.8(b) we deduce that a
potential ¢ € Pq(p, A\, A, Ap) satisfies the following growth and continuity properties.

Proposition 5.12. Let Q C R be a bounded open set and let Ag € Mirfd(p, A, A) satisfy (3.10).
Then, there exist positive constants ag, a1, az,as and o € (0,1), depending only on p, A, A, and
Ay, such that for every ¢ € Pq(p, A\, A, Ay), for a.e. z € Q, and for every &, n € R™ the following
hold:
(NP1) the function ¢(z, -) is of class C*(R™) and convez, ¢(x,0) =0, and Vep(z,0) = 0,
(NP2) aol¢|P < ¢(x,€) < ar(La(z) +[£P),
(NP3) |p(2,€) — p(2,n)] < az(la(z) +[&] + [n))P~ 1€ —nl,
(NP4) [Vep(x,€) — Vep(z,n)| < az(la(z) + €] + )P~ =€ —n|*.

We now introduce the nonlocal integral functionals, which are the nonlocal counterparts of the
local functionals defined in (5.4). Let € C R™ be a bounded open set and let Ag € M&2%(p, X, A)
satisfy (3.10). Let o5, € Pa(p, A\, A, Ag) for h € NU {oo}. We define F}’: LP(R™) — [0, 00| by

/ on(x, Viu(z))de  ifue HyP(Q),

00 otherwise.
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Remark 5.13. Let us emphasise the difference between the local functionals F} and their
nonlocal counterparts F}’. The former are defined on LP(f2) and involve integration over €,
whereas the latter are defined on LP(R™), with integration over R™. Moreover, by properties
(P2) and (NP2), the functionals Fj, and F} are finite on Wy () and Hy" (), respectively.

6. EQUIVALENCE BETWEEN ['-CONVERGENCE OF LOCAL AND NONLOCAL ENERGIES

As in Section 4, given Ay € M%rfd(p, A, A) satisfying (3.10) and ¢ € Pqo(p, A, A, Ap), we simply

write ¢ € Pq(p, A\, A) when referring to its restriction to € x R™. Conversely, if ¢ € Pq(p, A, A),
we write p € Pq(p, A\, A, Ap) to indicate that ¢ is extended to the whole R™ x R™ by setting
© =4, on (R"\ Q) x R"; see (5.1).

In this section we show the equivalence between the I'-convergence of the class local and
nonlocal energy functionals given in (5.4) and (5.5), associated with conservative monotone
operators. The main result of this section is the following theorem.

Theorem 6.1. Let Q C R™ be a bounded open set. Let Ag € M%ﬁ?d(p,A,A) satisfy (3.10), and
for every for h € NU{oo} let ¢, € Pa(p, A\, A, Ag), and let F}, and F} be the functionals defined
in (5.4) and (5.5), respectively. Then

Fj T'-converges to F3, strongly in LP(R™) as h — oo,
if and only if

Fy, T-converges to Fy strongly in LP(Q) as h — oo.

The proof of Theorem 6.1 follows the same scheme adopted in Section 4 for H-convergence.
We first show that the I'-convergence in the local setting implies I'-convergence in the nonlocal
one. We then prove the converse implication by means of a compactness argument combined
with a result on unique integral representation. To prove the first implication, we need some
preliminary results on I'-convergence in the local setting. We begin with the following lemma.

Lemma 6.2. Let ¢1,¢o: R — R be two convex functions satisfying
$1(0) = ¢2(0) = 0.
Assume that
/n $1(Vu(x))de = /n p2(Vu(x))dx  for every u € C°(R"™). (6.1)
Then there ea:istsRa € R™ such that :
¢1(§) — 92(8) =a- & for every & € R,

Proof. Let v == ¢1 — ¢2: R® — R. Since ¢1, 2 are convex functions, and therefore locally
Lipschitz, v is a locally Lipschitz function. Moreover, by (6.1) we have
Y(Vu(z) +eVu(z)) — ¢(Vu(z))
R g
for every u,v € C°(R") and ¢ € (0,1). Given u,v € C°(R"), we set

dz =0 (6.2)

R:= sup [[Vu+eVolpegn).
e€(0,1)

Since 1 is locally Lipschitz, there exists a constant L > 0, depending only on R, such that
(&) —v(m)| < LI —n| for every §,n € Bg.
Therefore, for every € € (0,1) it holds that
P(Vu(z) +eVo(x)) — P(Vu(z))
€

Let v € C°(R™), and let w € C°(R™) be such that w = 1 in a neighbourhood of the support
of v. Moreover, let us choose

< L|Vu(z)| for every x € R™.

u(z) = W;U(x) € CZ(R").
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Then, u € C°(R™) and Vu(z) = x in the support of v. Hence, substituting u in (6.2), we get
PY(Vu(z) +eVo(z)) — p(Vu(z)) do — / Y(z +eVu(z)) —¢(z)
supp(v)

3

; dz=0. (6.3)
Rn

By Rademacher’s theorem, 1) is differentiable a.e. in R™. Hence,
Pz +eVo(z)) —P(x)
€

Since L|Vv| € L'(R™), by passing to the limit in (6.3) as ¢ — 0 and applying the dominated
convergence theorem, we obtain

— Vi(z) - Vu(z) for a.e. x € R".

Vi(x) - Vo(z)dz = 0.
R

By the arbitrariness of v € C2°(R"™), we infer that ¢ is harmonic (in the distributional sense)
on R™. Hence, by Weyl’s lemma, v is an analytic harmonic function on R™. In particular,
Y € C°(R™). As a consequence, we can now pass to the limit in (6.2) as € — 0 to get

A Vi (Vu(x)) - Vo(z)dz =0 for every u,v € C2°(R"™). (6.4)
Let u,v,w € C°(R") and € € (0,1) be fixed. By applying (6.4) to both u(z)+cw(x) € C°(R™)
and u(zx), we get
Vi (Vu(z) +eVw(z)) - Vo(z) — Vip(Vu(z)) - Vo(x)
R7 €
Since ¢ € C*(R"), if we set

dz = 0. (6.5)

R = sup [[Vu+eVwl||oomny),
e€(0,1)

there exists a positive L’ > 0, depending only on R’, such that
|V (&) — Vap(n)| < L'[€ —n|  for every &,m € Bpr.

Hence, for every ¢ € (0,1) we have
‘Vw(Vu(a:) + eVuw(z)) - Vo(z) — Vip(Vu(z)) - Vo(z)

. < L'|Vw(x)||[Vu(z)| for every z € R™.

Since L'|Vw||Vv| € L'(R™), by passing to the limit in (6.5) as ¢ — 0, and by the dominated
convergence theorem, we obtain

V2(Vu(z))Vw(z) - Vo(z)de =0 for every u,v,w € C°(R"), (6.6)
RTL
where V21 is the Hessian matrix of . Let us take w = v € C2°(R") and consider u € C°(R")
such that u(z) = % on the support of v. Substituting into (6.6), we obtain
V2)(z)Vo(z) - Vu(z)dz =0 for every v € C°(R™). (6.7)
Rn
We recall that, for every i € {1, 2}, the second-order distributional derivative D?¢; of the convex
function ¢; is a signed Radon measure (see [25, Theorem 6.8]). In particular, we have
V2 = V3¢, — V2py  ace. in R",
where V2¢; € Li _(R";R2*") denotes the absolutely continuous part of the measure D?¢; for

loc Sym

i € {1,2}. We claim that

V2¢i(x)¢-€ >0 for a.e. z € R™ and every £ € R™. (6.8)
To see this, fix £ € R". By the construction made in [25, Theorem 6.8], the measure D?¢;¢ - € is
nonnegative. Hence, its absolutely continuous part is a nonnegative function, which coincides

a.e. with V2¢,€ - €.
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By combining (6.7) and (6.8), and applying [20, Lemma 22.5] with A = V2¢; and B = V2¢s,
we deduce that V2¢; = V2¢, a.e. in R™. In particular,

V%) =0 ae. in R™
Hence, the function v is affine, i.e.,
V(&) =a-§+b for every £ € R".
As ¢(0) = 0, we have b = 0, and the thesis follows. O

As a consequence of Lemma 6.2 and a blow-up argument, we deduce the uniqueness of the
integral representation of both the local and nonlocal functionals F}, and F} in (5.4) and (5.5).

Proposition 6.3. Let 2 C R"™ be an open set and let o1, pa: QxXR™ — R be two Borel functions
satisfying for every i € {1,2} and a.e. x € Q:
(i) the function ¢;(z, -) is of class CY(R™) and convez, ¢;(z,0) =0, and Vep;(z,0) =0,
(i) there exist g € [1,00) and a positive constant C, independent of x and &, such that
lpi(x, &) < C(IE] + |€]9)  for every i € {1,2}, a.e. x € Q, and every £ € R™.

Let o € (0,1] be fired and assume that

/ v1(z, Vou(z))de = / w2(z, Vou(x))de for every u € CZ°(Q), (6.9)
Q Q
with the convention V' = V. Then,

v1(x, &) = pa(x,&)  for a.e. x € Q and for every £ € R". (6.10)

Proof. Let us introduce the Banach space
X = HOY(R") n HZY(R™),
endowed with the norm
[ullx = [Jullgor@ry + lull goa@ny  for every u e &,

with the convention that H1¢(R") = W1H4(R") for ¢ € [1,00). Let D C C2°(R™) be a countable
dense subset of X. We use a blow-up argument. Let zy € Q be such that assumptions (i)—(ii)
hold, and such that zy is a Lebesgue point of the functions x — ¢;(z, V7u(z)) for every
i € {1,2} and every u € D. Since D is countable, almost every point of  enjoys this property.
To conclude, we show that (6.10) holds at zp. Let u € D and let r > 0 be fixed. We define

Ugor () =17 u(r(z —x0)) for every z € R".

By performing a change of variables, for every i € {1,2} we get
Y
r"/ i(x, Voug, r(z)) de = / i (xo + =, Vau(y)) dy,
Q Qugor r
where
Qo r = {yER":xo—i—geQ}.
T

Note that ug,, € C(Q) for r > 0 sufficiently large. Therefore, by (6.9), for every u € D and
for every r > 0 sufficiently large we have

/QW ! <x° * % VUW/)) dy = / 2 (xo + % V”U(y)) dy. (6.11)

(0,

In order to pass to the limit in (6.11), we observe that, for every r > 0, by (ii),
©i (:co + %, V“u(y))‘ < C(|Vou(y)| + |Vou(y)|?) for a.e. y € R™.

Since C(|V7u| + |Vul?) € LY(R") because u € D C X, by letting 7 — oo in (6.11), we obtain

/ 1 (0, V7u(y)) dy = / p2(w0, V7uly)) dy  for every u € D.
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Owing to (i)-(ii), the mappings u — [, @i(xo, V7u) are continuous on X'. Hence, the identity
extends from D to X, and we conclude that

[ 1o V7uw)dy = [ eaan. Vuly))dy for every u € 2. (6.12)
If o = 1, by Lemma 6.2, applied to ¢; = @;(xo, -) for i € {1,2}, there exists a € R™ such that

e1(20, &) — pa(w0,§) =a-§ for every £ € R".
In particular,
a = Vf(pl(.%'(), 0) - Vg(pg(a}(], 0) = 0,
and the thesis follows. .
Let o € (0,1). Let v € C*(R™). By Proposition 2.4(ii), the function u := (—A) 2 v belongs
to A and satisfies
Vou =Vv inR"
Hence, by recalling (6.12), we obtain

| o1 Vow)dy = [ oo Voln) dy for every v € C (R,
Since Vep;(0,0) = 0 for ¢ € {1,2} by (i), we can now apply Lemma 6.2 to conclude that

©1(z0,&) = @2(x0,§) for every £ € R™.

Hence, (6.10) holds at xg. Since g was arbitrary outside a negligible set, the thesis follows. [

For the next result, we introduce a localised version of the functionals F}, defined in (5.4).
Let © C R™ be a bounded open set and let ¢, € Po(p, A, A) for h € NU {co}. We define the
functionals G,: LP(Q) x o7 (2) — [0, 00| by

/ on(x, Vu(z)) dz if U € o/ (Q) and u € WHP(U),
U

Gn(u,U) = (6.13)

00 otherwise.

Remark 6.4. The local functionals Fj, defined in (5.4) incorporate the homogeneous boundary
condition into their domain, whereas the functionals G, do not. Introducing energies without
prescribed boundary conditions is technically advantageous when passing from the nonlocal to
the local setting. Indeed, given u € H;*(Q), the function v provided by Proposition 2.4, belongs
to Wli’f(R") but it does not satisfy any prescribed boundary condition on 2. Furthermore, by
considering the localized functionals Gy, on open subsets of €2, we can directly apply the local
results established in [5]. For these reasons, it is more convenient to work with the more flexible
family of functionals Gy,

We recall the following compactness result, which can be deduced by [5].

Proposition 6.5. Let Q@ C R" be a bounded open set. Let pp: Q x R" — [0,00), for h € N,
be a sequence of Borel functions satisfying (P1), (P2), (P3), (P4) of Proposition 5.8 for some
positive constants ag,ay,az,az and o € (0,1) independent of h. Then, there exist a subsequence
(¢n, )k and a Borel function gos: QxR™ — [0, 00) satisfying (P1), (P2), (P3) of Proposition 5.8
for the same constants ag, a1, a2, such that

Gh, (-,U) T'-converges to G (-, U) strongly in LP(Q?) as k — oo for every U € <7 (Q), (6.14)

where Gp,: LP(Q) x o/ (Q) — [0,00] denotes the functional associated with @y, for h € NU {oo},
defined as in (6.13).

Proof. Since ¢y, satisfies (P2) and (P3) for every h € N, [20, Theorem 20.4] yields the existence
of a subsequence (¢, ), and a Borel function ¢ : © x R™ — [0, 00) satisfying (P2) and (P3),
such that (6.14) holds. In particular, the function p.(x, - ) is convex for a.e. x € Q.
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Moreover, since ¢, satisfies (P1) and (P4) for every h € N, it follows from [5, Theo-
rem 2.8] that ¢ (z, -) € CHR") for a.e. x € . Furthermore, since ¢y, satisfies (P1), we
have G, (0,9) = 0 for every k € N. Hence, by (I'1) in Definition 5.1,

G(0,92) <0.
On the other hand, since o satisfies (P2), we have G (0,€) > 0. Therefore,
G(0,9) = 0.
Hence, poo(z,0) = 0 for a.e. x € Q. Finally, by (4.10a) in [5, Theorem 4.5] we have
0= Vepn,(-,0) = Vepoo(-,0) weakly in L (; R™).
Hence, ¢, satisfies (P1). O

As a consequence of the compactness result Proposition 6.5, by exploiting [5, Theorem 4.5],
we can deduce that the class of localised functionals Gy, associated with Pq(p, A, A), is compact
with respect to the I'-convergence.

Corollary 6.6. Let Q C R™ be a bounded open set and for every h € N let ¢, € Pqo(p, A\, A).

Then, there exist a subsequence (p, )k C Pa(p, A, A) and a Borel function ps € Pa(p, A, A)
such that (6.14) holds.

Proof. Let ¢, € Pa(p, A, A) for every h € N. By Proposition 5.8 and Proposition 6.5, there exist
a subsequence (¢, )r and a Borel function ¢ satisfying (P1), (P2), (P3) of Proposition 5.8
with the same constants ag, a1, az, and such that (6.14) holds. To conclude, it remains to prove
that oo € Po(p, A, A). To this end, define

It is therefore enough to show that
Aso € ME™(p, X, A).

Let Ay, := Vep, € Mg ad(p, A, A) for every h € N. Without loss of generality, we may assume
that the I'-convergence in (6.14) holds for the whole sequence Gy, namely

Gh(-,U) I'-converges to Goo( -, U) strongly in LP(Q) as h — oo for every U € &7 (). (6.16)
In particular, (6.16) holds for U = €. Then, by [20, Theorem 21.1],
F}, T-converges to Fiy, strongly in LP(Q) as h — oo, (6.17)

where F}, is defined as in (5.4) for every h € N U {oo}.
We claim that (F});, are uniformly convex. Indeed, thanks to Proposition 5.3 and (M2), for
a.e. x € ) and every &, € R" we have

1
en(x, &) — pn(@,n) — Ap(z,n) - (€ —n) = /0 (Ap(z,n + (€ —n)) — Ap(z,m)) - (£ —n)dt
A
=~ —nl”.
b
Hence, for a.e. x € Q, for every £, n,¢ € R", and for every ¢ € [0, 1] we have
A

(1~ t)on(z.m) — (1 — D)pn(.0) > (1 — ) An(,¢) - (n — €) + ;a T

By summing the two inequalities and choosing ( = t£ + (1 — t)n, we get

bon (2, €) + (1 — Dn(e,m) > onl b€+ (1— ) + ;tu — O (- e - P,
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For every u,v € W1P(Q), by taking ¢ = Vu(z) and n = Vo(z) and integrating over x € Q, for
every t € [0,1] we get

Fy(tu+ (1 — t)o) + 2[#0(1 — 1) + (1 = ]|V = Voll% gy < tFa(u) + (1 — ) Fi(v).

Thus, by Poincaré’s inequality, for every u,v € LP(Q) and ¢ € [0, 1] we deduce
Fp(tu+ (1 —t)v) + CItP(1 —t) + t(1 — t)P]|ju — v||’£p(m < tFp(u) + (1 —t)Fp(v), (6.18)

where C is a positive constant depending on n, p, €2, and .
By exploiting (6.17) and passing to the limit as h — oo in (6.18), we conclude that for every
u,v € LP(Q) and ¢ € [0, 1]

Fo(tu+ (1 —t)v)+ C[tP(1 —t) + t(1 — t)P]||u — UHIEZ,(Q) < tFoo(u) + (1 —t)Foo(v),
that is, Fi is uniformly convex. Let f € W5 (Q) be fixed, and set

. 1,
Ff(u) = {Fh(U) —{fruhw-rw @xwia) 1w € WoT(Q),

00 otherwise.
By the lower bound in (P2) we obtain that
F,{ I-converges to FL strongly in LP(Q) as h — oc.

Since the functionals (F) }{ )1, are equi-coercive on LP(£2), denoting by u£ the unique minimiser of
F,f for every h € NU {oo}, by [20, Corollary 7.24] we have

u{ — ul,  weakly in W, (Q) and strongly in LP(Q) as h — oc. (6.19)
Moreover,
F}{(ui) — FL(ul) ash— oo,
which implies that
Gh(ui,Q) — Goo(ul,, Q) as h — oo.

Hence, by [5, Theorem 4.5], it holds that
An(-,Vul) = A(-,Vul)  weakly in LP (Q;R™) as h — oo. (6.20)
Note that for every h € NU {oo} the function u£ is the unique weak solution of

—div(Au(-,Vul) = f i Q,
u£ =0 on 0},

which is the Euler-Lagrange equation associated with the functional F; ,f (the uniqueness follows
from the uniform convexity of F}{ for every h € NU {oo}). Therefore, (6.19) and (6.20) imply
that

Ap = —div(Ap(-,V)) H-converges to As = —div(Ax(-,V)) as h — oo.
Hence, Proposition 4.6 yields Ao, € Mq(p, A\, A). Since Ay = Vepoo by (6.15), we conclude
that A € Mgad(p, A, A). Therefore, by definition of Po(p, A, A), oo = va., € Pa(p,\,A). O

As a consequence of Proposition 6.3 and Corollary 6.6, we obtain the following nonlinear
counterpart of [20, Theorem 22.4], where the corresponding result is proved for classes of linear
operators and the corresponding quadratic functionals.

Proposition 6.7. Let Q C R™ be a bounded open set and let pp, € Pq(p, A\, A) for h € NU{oo}.
The following are equivalent:
(a) Gp(-,U) I'-converges to Goo( -, U) strongly in LP(2) as h — oo for every U € </ (Q),
(b) Gir(-,9) I'-converges to Goo( -, ) strongly in LP(Q2) as h — oo,
(¢) Fp T'-converges to Fuo strongly in LP(2) as h — oo.
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Proof. (a) = (b). This implication is trivial.

(b) = (c). This implication is a consequence of [20, Theorem 21.1].

(c) = (a). By Corollary 6.6 there exist a subsequence (¢p,)r C Pa(p, A, A) and a Borel
function @ € Pq(p, A, A) such that

Gp, (-, U) I'-converges to Goo( -, U) strongly in LP(2) as k — oo for every U € o7 (12),

where Gog: LP(€) x o7(€2) — [0, 00] is the functional associated with @, defined as in (6.13).
Again, by [20, Theorem 21.1],

Fj, T-converges to Fs strongly in LP() as k — oo,

where Fao: LP(Q) — [0,00] is the functional associated with P, defined as in (5.4). By
assumption (c¢) and the uniqueness of the I'-limit, we have

Fao(u) = Fuo(u) for every u € LP(R).
Therefore, by Proposition 6.3, we conclude that
Voo(Z,&) = Poo(z,&) for ae. z € Q and for every € € R".
Thus
Gh, (-,U) I'-converges to G ( -, U) strongly in LP(Q) as k — oo for every U € o7/ (12).

The conclusion now follows from the Urysohn property of I'-convergence [20, Proposition 8.3].

O

As a consequence of Corollary 6.6 and Proposition 6.7, we obtain the following I'-compactness
result for the class of local functionals (F,)p,.

Corollary 6.8. Let Q C R™ be a bounded open set and let pp, € Po(p,\,A) for h € N. Then,
there exist a subsequence (¢n, )k C Pa(p, A, A) and a Borel function ¢ € Pa(p, A\, A) such that

Fy,, T'-converges to Fu, strongly in LP(2) as k — oo, (6.21)
where, for every h € NU{oo}, F}, are the functionals defined in (5.4).

Proof. The conclusion follows immediately from Corollary 6.6 and Proposition 6.7. O

We can now prove the first implication in Theorem 6.1. The proof is similar to that of [14,
Proposition 4.3] in the linear case and relies on the strategies developed in [19, 29].

Proposition 6.9. Let Q C R" be a bounded open set. Let Ay € M%rfd(p,A,A) satisfy (3.10)
and ¢p, € Po(p, X\, A, Ag) for h € NU{oo}. Let Fj, and Fj for h € NU {oo} be the functionals
defined in (5.4) and (5.5), respectively. Assume that

Fy, T'-converges to Fy, strongly in LP(Q2) as h — oo.

Then
Fy T'-converges to F5, strongly in LP(R™) as h — oo.

Proof. For the sake of exposition, we divide our proof in two parts.
I-liminf inequality. Let u; € LP(R") for h € NU {oo}, be such that up — us strongly in
LP(R™) as h — oo. We claim that

F5 (uso) < liminf Fj (up). (6.22)
h—00
Without loss of generality, we may assume that
liminf F} (up) = lim F}(up) < oo.
h—o00 h—o0
Therefore, property (NP2) in Proposition 5.12 implies that
sup || Viup || Lo (rny < 0.

heN
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Together with Proposition 2.8, this yields that (up)s is uniformly bounded in HJ”(£2). Hence,
Uso € Hy?(Q) and

up = Uso  weakly in HJP(Q2) as h — oo. (6.23)

By Corollary 2.6, up to a not relabeled subsequence, there exist wy, € WP(Q) for h € NU {oo}
such that

Vwp, = Vi, in Q for every h € NU {o0}, (6.24)
and
wp, — We weakly in WHP(Q) and strongly in LP(Q) as h — co.
On the one hand, by (6.24) and Proposition 6.7 we obtain
/Q@Aoo (x, ViU (x)) dz = Goo(Weo, ) < Iiggiréf Ghp(wp, Q) = 11hnl>1oréf/Q wa, (z, Viupy(z)) dz,

where G LP(Q2) x o/ () — [0, 0] is the functional defined in (6.13) for h € NU {oo}. On the
other hand, since ¢p, € Po(p, A\, A, Ag), by (6.23) and (NP1) of Proposition 5.12, we get

[ enle Vu(e)) de < mint [y, Vun(@) do
R7\Q h—o0 R™\Q
= lim inf on(x, Viuy(z)) de.
h—o0 R7\Q

Combining the above inequalities, we conclude that

FS (uso) :/ngAoo(w,Vsuoo(x))dx+/Rn\Q 0, (@, Vius(x))de

<liminf | ¢4, (z, Viup(z)) dz + lim inf oa, (z, Viup(z)) de
h—oo  Jo h—o0 R7\Q

< liminf Fj (up,),
h—o00
which proves (6.22).

I-limsup inequality. Let us € LP(R™) be fixed. We want to show the existence of a
sequence (up)p C LP(R™) such that up — us strongly in LP(R™) as h — oo, and

FS (uso) > limsup Fj, (up,). (6.25)

h—o00

It suffices to consider the case uo, € HyP (), (6.25) being otherwise trivial. By Proposi-
tion 2.4(i), there exists v, € VVL‘?(R”) such that

Voo = VU in R™. (6.26)

By Proposition 6.7, the I'-limsup inequality for (Gp(-,))s yields a recovery sequence (vp), C
WLP(Q) strongly converging to vs in LP(2) as h — oo such that

lim Gp,(vp, Q) = Goo(Voo, ). (6.27)
h—00

Thus, by the definition of G} in (6.13) and the lower bound in (P2) of Proposition 5.8, the
sequence (vy);, is bounded in WP(Q). Hence

Vh = Voo weakly in WHP(Q) as h — oo.

Let € € (0,1) be fixed and let K. C 2 be a compact set such that

/ (14 |V (z)P)de < €. (6.28)
OQ\K.
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Let UL, U/ be open sets with K. CC U, cC U/ cC Q and let V; := Q\ K.. By the fundamental
estimates (see [20, Definition 18.2 and Theorem 19.6]), for every h € N there exist a function
@5 € CHUY) with 0 < ¢5 < 1in U/ and 5 =1 on UZ, and a constant M. > 0 such that

Grghvn + (1 = @)oo, UL U Ve) < (1 +€)Gh(vn, UL) + Gi(veo, Ve)
 e(lenllZoumonnve) + Ivellzomonve) +1)
+ Me||vn — Vool Lo(wm\ur)nve)-
For every h € N, define
v = hon + (1 — 9 Juse € WIP(Q). (6.29)
Since UL UV, = Q, we have
Gp(vi, Q) < (1 +¢)Gp(vp, Q) + Gp(veo, 2\ Ke)
 eonl g + Nl + 1) + Mellen — vl
Thus, by (6.27), (6.28), and (P2) of Proposition 5.8 we derive

lim sup G, (v, ) < (1 + €)Goo(Voo, ) + (a1 + 2||Uoo||ip(g) +1). (6.30)
h—o0
In particular, by applying again (P2), from (6.30) we deduce
sup [| Vo, | zp () < oo (6.31)
heN

Moreover, by (6.29)

I, — vsell ) = 1650 — veo) 1oy < llon — voellzoey = 0 a5 h = oo,
Thus
Vi, — Vs strongly in LP(Q2) as h — oo. (6.32)
Let us trivially extend v — v € Wol’p(Q) to a function in WP(R") and define
wy = (—A)%(vi — V) for every h € N.
By Proposition 2.4(ii), for every h € N we have
wy € HYP(R™), Viwy = V(v —vs) in R™. (6.33)
Moreover, by (2.1), there exists a constant C' > 0, depending only on n and s, such that
[wi | 2o gny < Cllv, = vooll ey IVV; = Vool -

Together with (6.31) and (6.32), the above inequality implies that

wy — 0 strongly in LP(R"™) as h — oo. (6.34)
Moreover, (6.31) and (6.33) imply
w; — 0 weakly in H*P(R") as h — oo. (6.35)

Let x© € C2°(9) satisfy 0 < x* <1 on Q and x° = 1 on U”. We define
uj = uoo + X wj € HYP(Q) for every h € N.
By (6.34), (6.35), and Proposition 2.7 we derive
uj — Uso  strongly in LP(R") and weakly in H;"(Q) as h — oc. (6.36)
We also set
5= Vi(x‘wy) — x*Vwjy, for h e N.
By (2.2) and [18, Lemma 2.3|, there exists a positive constant C' such that
IRl Lo rny < ClIX w00y Wil ey for every h € N.
Then, by (6.34),
5 — 0 strongly in LP(R™;R") as h — oo. (6.37)
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Thanks to (6.33), we can write
Viuj, = Viue + X°Vwj + R = Vius + XV (V) — V) + R, in R™. (6.38)

We consider the following decomposition

Fiwi) = [ en e Vi) ot [ L, P V) do (6.:39)

+/ v, (x, Viuj(z))de.
R™\Q

By (6.37), (6.38), and (NP1)—(NP2) in Proposition 5.12, the last integral in (6.39) satisfies

lim 0, (r, Viuj(z))de = lim ©A (T, Vius () + Rf (x)) do
h—o0 R™\Q h—o0 R™\Q
:/ 0, (T, Vius(x)) da. (6.40)
R7\Q

As for the second integral in (6.39), we observe that, by (6.29) and (6.38),
Vouj = Viue + R;, in Q\ UL
Therefore, by (6.26), (6.28), and (NP2) in Proposition 5.12, we obtain

lim sup/ va, (z, Viuj(z)) do
a\U?

h—o0

< a; lim (1+ 277 Vouoo ()| + 2P| Rf, (2) ) da
h—o0 Q\UY

= al/ (1 + ZP_IIVSuOO(x)V’) dz < a;2P7 e, (6.41)
AU/

Finally, for the first integral in (6.39), we observe that, since x° = 1 in U/, by (6.26) and (6.38)
we have

Vou§, = Vs + V(0] — veo) + R}, = Vi + R;, in UL
By (NP3) in Proposition 5.12 and Hoélder’s inequality, we obtain

| 1oas @903 @) = o, (@ Vi @) do

< a3 (190 + 905 [l + V01 I B -

Since (6.31) and (6.36) imply that (v}), and (uj), are respectively uniformly bounded in
WLP(Q) and HyP(2), in view of (6.37) we deduce

i [ lpa (@ Vous () — oo, (2, Vo5 (2))] dar = 0.
h—o00 Uy

Therefore, by (6.30) we get

limsup/ oa, (z, Viuj(z)) de = limsup/ va, (z, Vi (z)) de < limsup Gp(v5,, )
Uy Uy

h—o0 h—00 h—o00
< (1 +€)Goo(Ve0, Q) + (a1 +2||voo||§,,(m +1). (6.42)
By combining (6.40), (6.41) and (6.42), for every ¢ € (0,1) we obtain
li}rLILsup Fii(up) < (14 ) F5 (uso) + €(ar + 2l[vso 75y + 1) + a1 2P e, (6.43)
o0

To deduce (6.25) from (6.43), it suffices to apply a diagonal argument, similarly to that used
in [14, Proposition 4.3]. O

Let us prove the converse implication.
29



Proposition 6.10. Let @ C R™ be a bounded open set. Let Ag € Mﬂg{fd(p, A, A) satisfy (3.10)
and p, € Po(p, A\, A, Ag) for h € NU{oo}. Let Fj, and F} for h € NU {oo} be the functionals
defined in (5.4) and (5.5), respectively. Assume that

Fy T'-converges to F5, strongly in LP(R™) as h — oo.

Then
F, T'-converges to Fy, strongly in LP(Q2) as h — oo.

Proof. By Corollary 6.8, there exist a subsequence (¢p, )i C Pa(p, A, A) and a Borel function
Poo € Pq(p, A, A) such that

Fj, T-converges to F., strongly in LP(Q) as k — oo, (6.44)

where Fao: LP(€2) — [0, 00] is the functional associated with P, defined as in (5.4).
If we consider @y € Po(p, A, A, Ag), by applying Proposition 6.9 to the subsequence (F,fk) k
we get that

Fy,, T-converges to F\(fo strongly in LP(R") as k — oo,

where ﬁgo LP(R™) — [0, 00] is the functional associated with P, defined as in (5.5). By the
uniqueness of the I'-limit, we obtain that

F2 (u) = F,(u) for every u € LP(R").

Since both s and P coincide with ¢4, on (R™\ Q) x R", we obtain

/ Yooz, Viu(x))de = / Poo(x, Viu(x))dz for every u € C°(Q).
Q Q
Hence, by Proposition 6.3,
Voo (2, &) = Poo(x,&)  for a.e. x € R" and every £ € R",
and by (6.44), we get
Fp, T'-converges to Fy, strongly in LP(§2) as k — oo.

The conclusion then follows from the Urysohn property of I'-convergence and the arbitrariness
of the subsequence. O

We can finally prove Theorem 6.1.
Proof of Theorem 6.1. It is enough to combine Proposition 6.9 and Proposition 6.10. O

We conclude this section with the following corollary, which is an immediate consequence of
Proposition 6.5 and Theorem 6.1.

Corollary 6.11. Let Q C R"™ be a bounded open set and let Ay € Mﬂg@d(p, A, A) satisfy (3.10).
Let o, € Pa(p, N\, A, Ag) for h € N. Then, there exist a subsequence (¢n, )k C Pa(p, A\, A, Ag)
and a Borel function poo € Pa(p, A\, A, Ag) such that

Fy, T'-converges to Fy, strongly in LP(R™) as k — oo, (6.45)
where Fj for h € NU {oo} are the functionals defined in (5.5).

Proof. By Corollary 6.8, there exist a subsequence (¢, )r C Pa(p, A\, A) and a function ¢ €
Pa(p, A\, A) such that

Fj, T-converges to Fix strongly in LP(Q) as k — oo,

where Fj, for h € NU {oo} are the functionals defined in (5.4). Hence, by extending ¢ as an
element of Pq(p, A\, A, Ag), Theorem 6.1 yields (6.45). O
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7. EQUIVALENCE BETWEEN H-CONVERGENCE AND ['-CONVERGENCE

In this final section, we prove the equivalence of H-convergence and I-convergence. More
precisely, we have the following result.

Theorem 7.1. Let Q C R™ be a bounded open set satisfying |09 = 0 and let Ay € M%Td (p, A\, A)
satisfy (3.10). Let Ay € Mgad(p, XA, Ag) for h e NU{oo} and let @y = pa, € Pa(p, A, A, Ag)
for h € NU{oo} be the corresponding potential defined as in (5.2). Then
A} H-converges to AS, as h — oo,
if and only if
Fy’ T'-converges to F3, strongly in LP(Q) as h — oo.
In light of our previous equivalence results obtained in Sections 4 and 6, it suffices to prove

that such convergences are equivalent in the local framework in order to complete the picture.
As a consequence of [5, Theorem 4.5] we can prove the following result.

Proposition 7.2. Let Q C R" be a bounded open set. Let A;, € Mgad(p, A\, A) for h € NU{oo}
and let @p = @a, € Pao(p,\,A) for h € NU {oo} be the corresponding potential defined as
in (5.2). Then
A, H-converges to Asx as h — oo, (7.1)
if and only if
Fp, T-converges to F, strongly in LP(§2) as h — oo. (7.2)

Proof. Step 1. We prove that (7.2) implies (7.1). To this aim, we proceed as in the proof of
Corollary 6.6. Let us fix f € W~1P(Q) and set for every h € NU {co}

. 1,
Ff(’u,) o Fh(u) - <f’ u>W71,p/(Q)XW017P(Q) lf u E WO p(Q)7
h\W) = :
00 otherwise.
By (7.2) and the lower bound in (P2), we obtain that
F,{ I-converges to F strongly in LP(Q) as h — oc.
Moreover, the functionals (F}{ )n, are equi-coercive and uniformly convex on LP(2). Hence,

letting u£ be the unique minimisers of F, { for h € NU {oo}, by [20, Corollary 7.24] we have
u{L — ul,  weakly in Wol’p(Q) and strongly in LP(Q2) as h — oo, (7.3)

50
and,

F}{(ui) — FL(ul) ash— oo (7.4)
Recalling that Vepa, = Ay, for every h € NU {oco}, we pass to the Euler-Lagrange equations of
F}{ to obtain that u£ satisfies for every h € NU {oo}

—div(Ap(-,Vul)) = f i Q,
ui =0 on 0N).
According to the notation introduced in Section 3, the convergence (7.3) reads as
Bn(f) = Boo(f) weakly in Wol’p(Q) as h — oo,

which is (H1) in Definition 3.6. Therefore, to prove (7.1), it remains to prove the convergence
of the momenta, that is (H2) in Definition 3.6. By (7.3) and (7.4), we have

Gh(ui,Q) — Goo(ul,, Q) as h — .
We can hence apply [5, Theorem 4.5] to derive that
Ap(- ,Vui) — Aso(-,Vul)) weakly in L” ((;R") as h — oo,
that is, according to the notation introduced in Section 3,

Mu(f) = Moo(f) weakly in LP (Q; R™) as h — oc.
31



This gives (H2) in Definition 3.6 and concludes the proof of (7.1).
Step 2. Assume (7.1). By Corollary 6.8, there exists a subsequence (¢p, ) C Pa(p, A, A)
and a Borel function @, € Po(p, A\, A) such that

Fj, T'-converges to Fs strongly in LP(Q) as k — oo,

where Fuo: LP(2) — [0, 00] is the functional associated with @s defined as in (5.4). By Step 1,
we conclude that R
Ap, H-converges to A, as k — oo,

where Ay, is the differential operator associated with $oo defined as in (3.7). Since the H-limit
is unique, by (7.1) we deduce that

Aso(z,§) = Eoo(x,g) for a.e. x € Q and for every £ € R".
Since, by Proposition 5.8,
Yoo(2,0) = Poo(x,0) =0 for a.e. x € Q,
the above identity implies that
Voo (,€) = Poo(x,&) for a.e. x € Q and for every £ € R",
and the conclusion (7.2) follows by the Urysohn property of I'-convergence. (]

We can finally prove Theorem 7.1.
Proof of Theorem 7.1. It suffices to combine Theorems 4.1 and 6.1 with Proposition 7.2. U
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