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Abstract. We extend the validity of well-known integral inequalities for
the thin-film equation to the range n € (%, 3) in any space dimension N.
Consequently, known existence results on strong solutions to the thin-
film equation for spatial dimensions N < 4 as well as recent results by
Cornalba, Fischer and Maringova-Kokavcova on their Hoélder continuity
for N = 2 are extended to the range n € (%,3). We also show that the
above-mentioned range is optimal and extend some dissipation relations
involving weighted Dirichlet energies to arbitrary spatial dimensions.
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1. Introduction and results

We are concerned with the integral inequalities

/h"‘4 (hQIVhIQ\D2hl2+IVh|6)+/ h"=2|Vh[2I (Vh, Vi)
Q o0

gC(n)/h"\VAhF
Q

on an open, bounded, and convex domain Q C RY with smooth boundary,
where I(.,.) is the second fundamental form of 9. Such inequalities have

been derived by the second author in [17] with values of n in the range
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and space dimensions N < 6 for strictly positive h € H?(Q), satisfying
Vh-n =0 on 9. Like the celebrated Bernis inequalities [4]

/ h=4| R, |27 < Cy (b, q) / ho|hae|? < Co(b, q) / B3 By 293 (1.3)
I I I

with b,q € R, ¢ > 2, h € C*(I,R") with h, = 0 on 0I, and —3 < b < LL
for g # 3 or —% < b < 2if ¢ = 3, these inequalities allow one to control third-
order derivatives of appropriate powers of h in L?(2) (or L2(I), respectively)
and first-order derivatives of powers of h in L5(£2) (or L°(I), respectively). As
an application, weighted versions of these inequalities have been extensively
used in the analysis of the thin-film equation

hi+V - (h"VAhR) =0 in (0,00) x Q (1.4)
with initial data hy € H'(Q;R]) and boundary conditions
Vh-n=h"VAh-n=0 on (0,00) x 02, (1.5)

where n denotes the outer normal vector field on 9. Note that solutions to
(1.4)-(1.5) satisfy the energy estimate

/|Vh (z,1)] d:c—i—/ /h"|VAh|2dmdt< /|Vh0 da . (1.6)

This estimate implies time-integrability of the left-hand side of (1.1), a reg-
ularity property which carries several important implications — even beyond
existence of strong solutions to the Cauchy problem in the parameter range

€ [2,3) in the multi-dimensional case [21]. In the same range, which corre-
sponds to the assumption of a Navier or weaker slip condition at the liquid-
solid interface, results on finite speed of propagation [3, 19, 18, 16, 28, 11, 13]
and on waiting-time phenomena [9, 14, 12, 13, 10, 20] are based on weighted
versions of (1.1) or (1.3), respectively.

Inequalities (1.3) were later extended to nonlinearities of the form (h® +
h™)h2,.. by Otto and the first author in [15], where they were used to derive
intermediate scaling laws. Another extension of (1.3), due to Ansini and the
first author in [1], pertained to nonlinearities of the form h"|hees|?, ¢ > 4
where they were used to establish existence of solutions and quantitative
estimates on support propagation for thin-film equations with non-Newtonian
rheologies in one spatial dimension. For an application of weighted versions
of (1.3) to stochastic thin-film equations, we refer the reader to [22, 23]. In
the recent preprint [26], Lienstromberg and Nik generalize inequalities (1.1)
to right-hand sides [, h"|[VAh|? for 2 < g < 2

While in the parameter regime 0 < n < 2 basic existence results for zero
contact angle solutions with compactly supported initial data to (1.4)-(1.5)
do not rely on the inequalities (1.1) or (1.3) (see [2, 5, 8, 6]), the use of these
inequalities is apparently indispensable in the parameter regime [2,3) for
proving existence of zero-contact-angle solutions to the Cauchy problem (see

[3, 1, 21]). In this light, the restriction n € (2—,/ HLN, 3) in [17] seemed to be
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satisfactory with respect to applications. Very recently, however, Cornalba,
Fischer and Maringové-Kokavcovd [7] solved a longstanding open problem in
the theory of (1.4) when they proved Hoélder-continuity of solutions in the
physically relevant case N = 2. They widely used weighted versions of the
inequalities (1.1) in their proof, and the parameter range for n in their result
coincides with the validity range of the inequalities (1.1). Therefore, it is the
main goal of this manuscript to extend the validity range of (1.1) to the
interval n € (3, 3) which had been obtained in the case N =1 by Bernis [4].
In addition, we discuss the (very few) changes in the proof of the existence
result of [21] for the Cauchy problem to (1.4) which are needed to extend
it in space dimensions N € {2,3} to the parameter regime n € (3,3). As a

consequence, the Holder-regularity result of [7] now holds for all n € (1, 3).
Our first main result is the following one.

Theorem 1.1. Let Q C RN, N > 1, be an open, bounded, and convex domain
with smooth boundary. If n € (%,3), then C(n) > 0 exists such that (1.1)
holds for any positive function h € C>(Q) such that Vh-n =0 on 0.

The lower bound n > 3 has been known to be sharp since [4] for N = 1. Up to
now, the sharpness of the condition n < 3 was conjectured but unconfirmed.
The next result states that the range (%, 3) is sharp for any N.

Proposition 1.2. Let Q = Br(0) CRN, N> 1. If0 <n < % orn >3, then
Theorem 1.1 does not hold.

Theorem 1.1 may be extended to strictly positive H?-functions, provided that
N < 6

Corollary 1.3. Let Q ¢ RV, 1 < N < 6, be an open, bounded, and convex
domain with smooth boundary. If n € (3,3), then C(n) > 0 ewists such that
(1.1) holds for any strictly positive function h € H?() such that Vh-n =0
on 9Q and [, h"|VAR|? < +oc0.

For the sake of completeness, we state the weighted version of Theorem 1.3,
as it plays an important role in applications.

Corollary 1.4. Under the assumptions of Corollary 1.3, there exists a constant
C =C(n) > 0 such that

/¢6h”‘4 (h2|Vh|2|D2h|2+|Vh|6)+/ #Sh" 2|V h|* I (Vh,Vh)
Q o

< C(n) (/Q ¢6h"VAh|2+/Qh"+2|V¢|6) (1.7)

holds for any strictly positive function h € H*(Q)) such that Vh - n =20 on
Q and [, h"|VAR|? < 400 and any nonnegative function ¢ € C*(Q).

Consequently, the existence results of [21] in spatial dimensions two and three
may be extended to n € (3,3):

IFor N = 1, the result holds for nonnegative H2-functions as well, see [15, Section 5].
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Theorem 1.5. Let n € (3,3) and N € {2,3}. Then:

a) If Q C RY is an open, bounded, and convexr domain with smooth bound-
ary, for any non-negative hg € H'(Q) there exists a solution h to the
Neumann problem for (1.4) in the sense of [21, Definition 1.1 and The-
orem V.3|;

b) For any hy € H'(RN) non-negative and compactly supported, there ex-
ists a solution h to the Cauchy problem for (1.4) in the sense of [21,
Theorem VI.1].

Combining this result with [7, Theorem 1], whose range of validity directly
depends on the range of validity of the inequalities (1.1) (see the statement
at the beginning of Section 3 in [7] immediately before the presentation of
Theorem 1), we obtain the following:

Corollary 1.6. Let n € (1,3), N =2, and assume initial data hg € H*(RY)
to be non-negative and compactly supported. Let h be a weak solution to the
thin-film equation in the sense of [21, Theorem VI.1]. Then the results of
Theorem 1 in [7] hold, namely:

a) h is Holder continuous for t > 0 in the sense h € CZ (R?* x (0,T)) for
some o = o(n) > 0;

b) if in addition Vho € LP(R?) for some p > 2, then h is Holder continuous
up to t =0 in the sense h € CZ _(R? x [0,T)) for some o = a(n,p) > 0.

loc

Our next result formally generalizes (1.6). In one space dimension in-
dependently introduced by Laugesen [25] and by Jiingel and Matthes [24], it
suggests powers h' T2 of solutions to the thin-film equation to be contained in
L°(0,T; H(Q)) for suitable values of p # 0. The starting point for such an
estimate is the following identity, which is formally obtained using multiple

integrations by parts:
d
-4 1hP|VR|? = —/gh”*l\Vhth f/ththt

=2 7/(§hp*1|Vh|2 — hPAR) Iy

(14L015) —/h”V (BhP~Y|Vh|? — RPAR) VAR
= [P + 2o (R.T) +p(R.S + Q) =: D, (L8)
where (-,-) is the scalar product in L?(Q2), || - || is the L?-norm, and (in the
spirit of [25])
R=h"3"VAh, S = h™ 5= ARVA,
ntp—2 ntp—4a

Q =h"F52VhD?h, T =h"%"|Vh[2Vh.

Note that (1.8) coincides with the standard energy estimate (1.6) if p = 0.
In [24, 25], it is shown in one spatial dimension that the right-hand side of
(1.8) is bounded from below by non-negative integral quantities in a certain
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range of values of p, which depends on n. We extend these results to any
space dimension. We define the sets

U Ei(z) and E»= ] Ea(2), (1.9a)
z>1/3 z>1/3

where

Ei(z) = {(n,p) : B(n,p,z) —l—A(z)% >0 A An,p, z) > 0}, (1.9b)

Es(2) = {(n,p) : Aln,p, z) — (B(n,p,z) + A(@%)Q > O}, (1.9¢)
and
A(z) = —4(1+ 2)*(8 + 32), (1.10a)
B(n,p,z) = — 16(1 + 2z + 22) — 4(1 + 2)(10 + 92)p — 4(1 + 2)(8 + 32)p?
+48+42(442) + (1+ 2)(10 + 32)p) (n + p)

— 424 2)%(n + p)?, (1.10b)

C(n,p,2) = —p* (4(—=1+n—p)(=2+2n+p) — 3(1 +p)(=5 + 2n + p)z),
(1.10c)
A(n,p, z) =(B(n,p, z))2 —4A(n,p,2)C(n,p, 2). (1.104d)

The result reads as follows:

Theorem 1.7. Let Q C RN, N > 1, be an open, bounded, and convex domain
with smooth boundary. If (n,p) € A := Ey U E; (in particular, if n € (%,3)
forp=20), then C(n,p) > 1 exists such that

/ R4 (R VAR + B2V RI?|D?h)* + |V h|%)
Q
+/ RT3V R I (Vu, Vu) < C(n, p)D (1.11)
o

holds for any positive function h € C>=(Q) such that Vh-n = 0 on 9Q. If
N < 6, then h € C*(%;(0,00)) is weakened to h € H%(Q) strictly positive.

ntp+2
2

Remark 1.8. A simple computation of VAh shows that

C(n,p)| VAR |2
< WP (WY VARP + B*(IVRh?|AR® + [VRD?R|?) + |VR[%) .

Hence (1.11) implies the following estimate for some positive constant C(n,p):

[fosnsf

Remark 1.9. A weighted version of Theorem 1.7 analogous to Corollary 1.4
also holds true: with
R = ¢*h"=" VAR, S ®3h
Q = B3h"E"VhD2h, = ¢3h

< C(n,p)D

n+p 2
ARV,
S 2T (1.12)
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and D as in (1.8), one obtains

/ @°h TPt (R |V AR|? + h?|Vh|*| D) + |Vh|%)
Q

+ [ SR"TPTR|VR|PI(Vu, Vu) < C(n, p) <D+ / h"+P+2|v¢|6>.
oN Q

The paper is organized as follows: The integral estimates of Theorem
1.1, Corollary 1.3, Corollary 1.4, Theorem 1.7, and Remark 1.9 are proven in
Section 2. In Section 3, we show optimality of the range n € (3, 3) as stated
in Proposition 1.2. In Section 4, we give the details which permit to prove
Theorem 1.5, following the arguments of [21] and using the extended range
n e (%, 3) of Corollary 1.4. Finally, Section 5 discusses the admissible set A
which appears in Theorem 1.7.

2. Proofs of the integral inequalities

In this section, we start from equation (1.8) to prove the integral estimates of
Theorems 1.1 and 1.7. Our approach, while phrased in the notation of [25],
is analogous to that of [24] in one space dimension?. In higher dimensions,
we are able to obtain an algebraically tractable system by allowing formula
(2.3) below to be an inequality rather than an equality.
Proof of the Integral Inequalities. We begin with (1.8):
D= |[R| + 25 (R, T) 4 p(R. S + Q)
where it is now our goal to show that D > 0. Recall that
R =h"s"VAh, S =h""%" AhVh,
Q=h"37VhD?h, T =h"%5"|Vh[2Vh.
There are three linearly independent relations between R, Q, S, T":
0=(S,T) + (n+p—3)|T|* + 4T, Q) :
0=(R,T)+(n+p—2)(S.T)+2(5.Q) +|IS]* (2.2)

0>(n+p—2)(T,Q) +3|Q|*>+ (R, T) + V?, (2.3)

where
V2=/ R"TP=2 |V AT (Vh, Vh).
o0

The relations follow from integrations by parts. For (2.1), we write
(5,T) = / RT3V T AR
=—(n+p— 3)/h”+”‘4\Vh\6 — 4/h”+P—3|Vh|2VhD2th.
4In fact, D. Matthes mentioned in [27] that he had set up computations to prove the multi-

dimensional estimate (1.1) in the parameter regime (%,2 - ,/MLN]. To the best of our

knowledge, these computations have never been published.
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For (2.2), we write

(R, T) = / R"TP=2|Vh[2VRV Ah
=—(n+p—2) / R TP=3|Vh|* AR — 2 / R"TP=2 ARV hD*hVh

—/h”*p*2|Vh|2(Ah)2.
For (2.3), we write

(n+p-2)(T,Q) =(n+p— 2)/h”+p*3\vm2vw2hw
:%H/h””*SNhFVhVWhF
2

:1/ R"TPT2|VR|?V|VA[? -1
o

o %/hn+p_2|V‘Vh‘2|2—%/hn+p_2|Vh|2A|Vh|2.

Arguing as in [17] we see that V|Vh|? - n = —20(Vh, Vh). We also use the
identity A|Vh|? = 2|D?h|? + 2VAVAhR and write

(n+p—2)(T,Q):_/ h"+P—2|Vh|2zz(vu,vu)—Q/h”+p—2|VhD2h|2
o0

- / B P=2[TR[2(|D2h|? + VAVAR). (2.4)
Then (2.3) follows noting that |Vh|?|D?h|* > |VhD?h|?.

Let a,b, z € R with zb > 0. Multiplying (2.1)-(2.3) respectively by a, b, z and
plugging into (1.8), we obtain

D >a((S,T)+ (n+p=3)|T|*+4(T,Q))
+b((R,T)+ (n+p—2)(S,T)+2(5,Q) + [|S|*)
+2b((n+p—2)(T,Q) +3|Q|* + (R, T) + V?)
+ | R + 2B (R, T) + p(R, S + Q)
—A2+ (b= 1) A3+ b(32 — DAZ+ [(n,p,a,b,2) T + V2, (25)
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where
A1 = [|R+ B(S + Q)+ H@b(z+ 1)+ plp— V)T
Ao =[S+ Q+ 52 (a+bln+p—2) = 526z + 1)+ p(p — 1)) T| E

As :HQ+ m@aﬁ-b(z—l)(n—i—p—Z))T’ 2,
f=a(n+p—3)—$5(2b(z+1) +p(p - 1))*
- m(Sa—i— b(z—1)(n+p—2))32

— gtz (a+b(n+p—2) — 2(2b(2+ 1) + p(p— 1))

The last equality in (2.5) is obtained by first completing the square in R,
then in S, and then in Q). We now look for a choice of a, b, z such that f >0
while subject to the constraints

b>2 and 32> 1 (2.6)

(which entail zb > 0). We note that f is quadratic and concave with respet
to a, hence its maximum is attained at

~\ —1 5 ) ,
— b zZ(— z — —4n— b _ —_n 2(3—n
at2) = (3) (0 = PO gyt

(note that the denominator is not zero in view of (2.6)). Since (2.6) is inde-
pendent of a, maximizing with respect to a we see that

D >A? + (b - %) A3 4+ b3z — 1)A3 + f(n,p, b, 2)||T||* + 2bV2,  (2.7)

where (after algebraic manipulations)

f(n7p7 b7 Z) :f(n7p7 &(n’p7 b7 Z)? b7 Z)
= 16b(8+3bz)736p2 (A(2)b” + B(n,p, 2)b+ C(n, p, z))

with A, B, C as given in (1.10).

The special case p = 0. Then C =0 and

f(n,0,b,2) = W:»Sz) (A(2)b+ B(n,0,z2)).
Noting that A(z) < 0, under the constraint (2.6) we have f > 0 if and only
if there exists z > 1/3 such that
B(n,0,2) = —(n —2)?22 —4(n® —4n+ 1)z —4(n®* —2n+1) >0

(indeed, in that case one can choose b = b(n,z) > 0 sufficiently small). For
n # 2, it is easily seen that such z exists if and only if the discriminant in z
is positive and the largest root z; exceeds %; that is,

4+ 1)(B=n)(=14+2n) >0, 24 — 2(717(74+n)n421/2(f:;)12)(3fn)(71+2n)) > 1

The former yields n € (%, 3) and the latter is easily seen to hold in this range.
For n = 2 we have B(2,0,z) = 12z — 4 > 0, hence any choice of z > 1/3
works.
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The general case p # 0. We look for b, z such that f > 0 under the constraints

in (2.6). Let A(n,p,2) as in (1.10d). Since A(z) < 0 and m >0

under the constraints (2.6), f > 0 if and only if A(n,p,z) > 0 and b €
(b—(n,p, 2), b4 (n, p, 2)), where

by(n,p,z) = —m (B(n,p,z) + /A(n,p, z)) )

Hence f > 0 under the constraints (2.6) if and only if there exists z > % such
that

A(n,p,z) >0 and b+(n7p7z) > §’
which is equivalent to
2
B(n,p,z) + A(2)5 >0 2?2
{ A(n,p,2) > 0 or A(n,p,z) > (B(n,p, z)+ A(2) 5% ) )

Hence for any (n,p) as in the statement there exists 2 = z(n,p) > 1/3
such that by = by (n,p,z(n,p)) > p?/4 and f(n,p,bs,2) > 0. Recalling the
definitions of A;, (2.7) implies that C(n,p) > 1 exists such that

V? 4 / R4 (R VAR + B2 (|VA|?|AR? + |VAD?h|?) + |Vh|%)
Q
< C(n,p)D. (2.8)
Finally, it follows from (2.4) that C' > 0 exists such that

V2+/hn+p72|Vh|2|D2h‘2
Q
<C (/ R4 (R4 VAR? 4+ W[ VRD?h)? + |Vh|6)) : (2.9)
Q

hence (1.11) follows from (2.8) and (2.9). This completes the proof of Theorem
1.1 and the first part of Theorem 1.7.

Arguing as in [17, Proof of Theorem 1.1], we obtain Corollary 1.3 and the
second part of Theorem 1.7. Corollary 1.4 and Remark 1.9 require only minor
modifications of the argument: with R, S, @, T as in (1.12), the three relations
(2.1)-(2.3) and hence (2.5) contain further terms depending on derivatives of
¢. These extra terms can be absorbed into the right-hand side of (2.5) via
Halder’s inequality at the cost of [, k" TP+2|V [0,

(I

3. Optimality of the range n € (3,3)

In this short section, we prove Proposition 1.2. For the counterexamples, we
will use radially symmetric functions:

Wx) = f(r), r = |,

, 3.1
VR = [f'(r)], [VAR| = |(f"(r) + 52 (1)) o

)
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where ' = %. In what follows, C' will denote a generic positive constant

independent of 4.

fo<n< %, the counterexample known for N = 1 [4] may be easily extended
to any N: Choosing hs(x) = f5(r) = 6 + (R? — 1?)2, from (3.1) we see that
|Vhs| = —4r(R? — r?) and |[VAhs| = 8(N + 2)r, so that

R
/ h3|VAhs|* = C/ (6 + (R* = )N Hldr < ¢ for0<d <1,
Q 0
whereas if 2n — 2 < —1, that is, n < %, we have by monotone convergence

R
/ 4| Vhs|f = C / (04 (B2 = r%)?)"~4(R? = )°rN*5dy '3 4o,
Q 0

If n > 3, the counterexample was instead unknown so far even for N = 1:
we take smooth approximations of a paraboloid (for which the r.h.s. of (1.1)
would be zero). For § < R/2, we let Is = {r € (0,R) : R?—1r? < §} and
Bs = (0, R) \ Is, and we choose

(R? — 12)? ) in Is
=6+ —>— =0(1
fs(r) + S+ R2 — 12 o) R?2 — 72 in By,

where here and after, O(1) denotes a generic function of r which is bounded
above and below by positive constants independent of ¢. By (3.1)

26+R2 —T —(5_1T(R2 —7“2) in I6
Vhs| = =2r(R? —1?) ——— 5 = 0(1
[Vhs| r( )(5+R277~2) (){ —r in By,
and
N+2 612
_os2
|VAh585r((6+R2_r23+ )

)3 (04 R2 —r2)4
D6 tr +0(1)572r3
1)62r(R? —r?)~*(R? — 12+ O(1)r?) in By,

in L;

—_— —

O
1o
Therefore

/ MVARs|2 <C | vTtdr4+C | 0H(R2 — 2" Srdr
Q 15 Bs
3 if3<n<T
<C5" P4+ CQ 6| ifn=7 :

54 ifn>7
whereas
/ hg‘_4|Vh5\6 >C [ " OR? —rHSrdr+C [ (R?—r?)"rdr
Q Is Bs
n—3 [Ind] ifn=3
200 +0{1 itn>3 [

In the last lines, C' = C(r, R, N) are positive constants which may become
different at each occurrence and which provide estimates for the product of
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the HYN~l-measure of S¥~! — denoted by wy := HV~1(S¥~1) — multiplied
by appropriate powers of r. For instance, for the first term on the right-hand
side of the first inequality in the last line, we get — using 6 < R/2 —

/BR(O)

hy =4 Vhs|® > O(l)wN/ §"IO(R? — r?)0rO TN gy

\B_ /mz—5z(0) Is
N+4
> 01wy (@R) "R — ) opdy
Is

= C(R,r,N) [ " (R?* —?)Srdr.
Is

4. Proof of Theorem 1.5

For n > 1, the proofs of Theorem [21, Theorem V.3 and Theorem VI.1] can
be repeated word by word, as the constraint n > 2 — 4 /NiJr8 only comes from
the range of validity of Theorem 1.1 which was known at that time (see [21,

Remark (1), p. 1734]). For n < 1, instead, a few observation are in order, in
which we denote Qr = (0,T) x €.

1. [21, Theorem VI.1] follows from [21, Theorem V.3] via an exhaustion ar-
gument which can be repeated word by word. Hence it suffices to look at the
latter.

2. The solution [21, Theorem V.3] is obtained as limit of solutions @& = us, 5
to obstacle problems related to the thin-film equation, more precisely passing
first with o and then with § to zero. The functions @ are known to have the
following properties (see [21, Theorem I1.8]), which we shall use later:

i€ L7 ([0,00); H*(R)) with Vu(t)-n=0 on 0N for a.. t; (4.1)

z,t) € 6,671 for all (x,t) € Qp; (4.2)

/|Vu 2+01//Qtut //Q W | VAT -0, Vi|? < /Q|va(0)|2. (4.3)

3. The proof of [21, Theorem V.3] uses [21, Lemma IV.4], where n > 1
is assumed. However, Lemma IV.4 is applied to the functions @, which are
strictly positive in view of (4.2). For that reason, it is straightforward to
check that the additional assumption n > 1 is not necessary and Lemma
IV.4 extends to all n for which Theorem 1.1 is valid (i.e. n € (3,3)).

4. In addition to what is stated in [21, Theorem IL.8], for all T" > 0 the
functions @ satisfy

// Va5 2 < Clayn) | Ga(u(0)) +01C(6,a,n) | |[Va(0)?  (4.4)
Qr Q Q
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for all @ € (3 —n,2 —n)\ {0}, where G/ (u) = u*~! with G(1) = G'(1) =0
Indeed, it follows from [21, Formula (IV.9)] (with ¢ = 1) that

! Tk ~a+n—1vy7~ ~
C(a,n) ! < . .
C(a,n) //QT |Va I* < /QGa(u(O))—&- ‘ //QT o1 Vi Vi |. (4.5)

=:R

We rewrite R as?

2R = oy // a* o val?
Qp

t=T
= 0’1/ a*tr I va))?| - o(at+n— 1)// a2, | Val?
Q t=0 Qr
=: R1 + R2

and we estimate using (4.2) and (4.3)

|R1| Salc’(é,a,n)/ |Va(0)?
Q

|Rs| §5// aa+”*3|va|4+alc(s,5,a,n)/ |V (0)[2
Qr Q

for all ¢ > 0. Plugging these estimates into (4.5) and choosing ¢ = e(«, n)
sufficiently small we obtain (4.4).

5. The proof of [21, Theorem V.3] uses [21, Formula (V.2)], where a o;-
independent and d-uniform bound on the mass of @ is obtained for n € (2, 3).
We now work out an analogous bound which actually holds in the whole

range n € (%,3). More precisely, we show that the following holds for all

01,0 € (0, 1]:
(175)/911@) g/ﬂa(o)+5|1n5|
+ (Cla,n)d~* + /31C(6,n, ) (/G /|Vu ) (4.6a)
for all & € (3 — n,2 —n) N (—1,0), with G, as in (4.4). (4.6b)

Note that the range of admissible « is not empty for any n € (3,3). In order
to show (4.6), we start as in the proof of [21, Lemma V.1] from

/( © —soga)| < 5// V(A — ovii)(— Vi)
Q Qr
= 5/ V(Au — 011,)a" "2V =: R,
Qr

2Here and in formula (4.8), too, we use that (4.2) and (4.3) imply VA# and Vi to be
contained in L2((0,00) x Q) and A to be element of L>((0, 00); L2(f2)), all with bounds
depending in particular on § due to (4.2).
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which in view of (4.2) means that

/a(T) g/a(o>+5\1n5||m+5 log@(T) + B,  (4.7)
Q Q

[a(T)>1]

Integrating once by parts, we get

6// 2(|AG? + (n —2)a | Val*Aa))
Qr
+ 801 // "2 (Ad+ (n—2)a ' Val?)  (4.8)
Qr
= — 5// a"2|Aa* + Ry + Ry + Rs.
Qr

With « as in (4.4) such that a € (—1,0), we estimate R; via Cauchy-Schwarz
and Young inequalities together with (4.2), (4.3) and (4.4):

R < é// ﬁ"‘Q\AaF+C(n)6||a‘°“1||oo// fotn=3|y )t
2 QT QT
S é// 'I’:Ln72‘A'I’:L|2
2 Qr
+ C(a,m)o (/ Gl +alC(6,a,n)/ |Vﬁ(0)2> ,
Q
< é// 4" 2| Ad)? + Co6)|a" | o (01 // af)
2 QT QT
< é// ﬂ"_Q\AmQ—i—alC(dn,a)/ Vi(0)2
2 Qr Q
~ n—3—« % %
Ry < ya160(m) "5 (ol /I u) ( Il aa+"-3|va|4)
QT QT
N ( [waor+ [ Gatwo) o | va<o>2).
Q Q Q

Collecting these estimates into (4.7) we obtain (4.6) for all 03 <1 and § < 1.

To conclude, in the proof of [21, Theorem V.3] the limit process is performed
first as o1 — 0, with @ = u,, s = @ = ug, turning (4.6a) into

/Qﬂ(T)g/Quo—s—|Q||5ln§|+5/QaT
+ Clayn)s—o ( G (1t0) + |va02) —RO)  (49)
Q Q

under (4.6b) — using standard estimates for the logarithm. Since o € (—1,0),
we have 7 — 0 as 0 — 0 and G4 (ug) = a(a1+1) (ug ™ —1)— L (up—1), hence
Jo Ga(ug) is uniformly controlled by [, uo and |Q|. Therefore R(d) — [, uo
as 6 — 0, which suffices to complete the argument exactly as in [21].
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5. Discussion of Theorem 1.7

In this section we elaborate on the admissible set A = Eq{ U E5 in Theorem
1.7, comparing with the case N = 1 (Remark 5.1) and highlighting some of
its properties.

Remark 5.1. In one space dimension the argument used in the proof of The-
orem 1.7 yields the same admissible set L as in [25]: L = P N (E} U EY),
where

P={(n,p): 1-2n<2p<6—2n, 2n—6<3p < 2n— 1},
E{ ={(n,p): 175p* +3(p — 4n + 7)* < 75},
E} ={(n,p): 50p* +3(p — 4n + 7)* < 30}.

Indeed, in one space dimension ¢ = S and the linearly independent
relations reduce to (2.1)-(2.2). Then the same optimization argument applied
to
D>a(5(8,7)+ (n+p—3)|T|*) +b((R,T)+ (n+p—2)(S,T) - 3|5
with respect to a, b, yields the admissible set L.

Graphical representations of the sets E; and Ey in (1.9) are reported in
Figure 1 (a)-(b). They are obtained by superposing F;(z) for varying z > 1/3.
Figure 1 (c) shows that the admissible set A = E; U Es is strictly contained
in its one-dimensional counterpart L (cf. Remark 5.1). This discrepancy is
due to the fact that Ah coincides with D?h only in one space dimension. In
the proof of Theorem 1.7 the only possible loss of information is the use of

the inequality |D*hVh| < |Vh||D?h|. It is not clear to us if the discrepancy
is indeed a technical loss of information or rather an intrinsic difference.

Figure 1 (a)-(b) also report the following observations, which we prove at the
end of the section.

Proposition 5.2. The following segments belong to E :
- from Py = (5,0) to P, = ( — 161)

(E’ 22
- from Py = (£(9+ v21), — & (6 — V21)) to Ps = (3,0)
- from Py = (2,2) to P3 = (3,0)
- from Py = (,0) to P5 = (g, %)

The four points Py, Py, Py and Ps also belong to E>.

It is apparent from Figure 1 (a)-(c) that E;, Es and A are convex
and that Ey U E5; C P. It is also apparent that E; C FE, outside of the
two triangles PyP; Ps and P, P3Py, hence A may be seen as the union of Fs
with the two triangles PyP; Ps and P, Ps;P,. Unfortunately, we were unable
to provide a complete analytical proof of these facts.

In Figure 1 (d) we highlight a few other approximate points in A (though
near its boundary) for the typical values n = %, n=2

Pig = (3/2,-0.585407), Py = (2,—0.476681),

Pry = (2,0.679612), Puy = (3/2,0.653904). (5.1)
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Together with the points Py, ..., Ps from Proposition 5.2, they identify a
decagon, visualized in Figure 1 (d), which is contained in A granted its con-
vexity.

The points P, ..., Pi3 are obtained as follows. A computer-algebra assisted
computation shows that

. (A(n p.2) = (Bn.p,2) +A(z)1’2)2)
4p% (14 2)%(8 + 32) o 7’ 2
:=3p?2(1+ 2)(5+ 2) +4n*(12 4 2(4 + 2)) — 4np(6 + z(11 + 2))
—8n(4+2)(34+22) +4p(6+52(3+ 2)) + 4(4+ 2)(3+ 4z). (5.2)

g(n,p,z) =

Recalling the constraint z > 1/3, E5 is equivalently characterized by

B= | B() B)={np): gnp2)<0).  (53)
z>1/3

For n = 2 we then proceed as follows: we evaluate g at n = 2; we identify the
interval (p_(z),p+(%)) in which ¢g(2,p,) < 0 by exactly solving the corre-
sponding quadratic equation with respect to p; we pick two values of z close
to the ones maximizing p4, resp. minimizing p_; finally, we evaluate py at
those values. The procedure for n = % is identical. The values of z for the
points in (5.1) are, respectively, z = 2.2797, z = 3.9666, z = 1.2600, and

z = 0.4669.
We conclude with the proof of Proposition 5.2.

Proof of Proposition 5.2. Let us first consider the segment PyP;. On the line

p(n) = 3 — n, we have

A(n,p(n), z) = 3z — 2)?A(n, 2),
A(n, z) := 49 + 20n%(1 + 2)(5 4 32) — 20n(1 + 2)(7 + 62) + 62(13 + 9z).

We therefore choose z, =
consider the set E1(z,) in

%, so that A(n,p,z.) = 0 along the segment, and
(1.9b). We have in particular

A(n,p, Z*) = 2(]7 +n— %)A(n,p)v
A(n,p) := (~19 + 8n + 8p) (76 + 64n> — 8n(23 + 29p) + p(296 + 229p)) .

In particular A(n, 2 —n) = —125(15 — 44n + 28n?), which is positive if (and
only if) n € (1,1
point of the segment the sign of A(n, p, z,) is determined by that of p+n— %
In addition

B(n, g —n,z.) + 3A(z)p?(n) = (23 — 68n +44n%) > 0

& ned B i)

). Hence in any sufficiently small neighbourhood of each

Therefore in a sufficiently small neighbourhood of each point of the seg-
ment the value of B + %Ap2 remains positive. Hence the segment belongs to
OFE1(24). Since E1(z.) C Eq, the segment belongs to E;.
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FIGure 1. (a): P, E; and OP NJE;. (b): P and Es. (c):
A = E{UEFE, and the admissible set L in one space dimension
(with its turning points P, . .., Py from segments to ellipses,
cf. [25]). (d): a decagon contained in A = E; U Es.

The argument for the other three segments is analogous; the choices of
z, turn out to be, respectively: z,(n) = =2 on the line p(n) = 2(n — 3);
2. =4 on the line p(n) = 3 — n; z.(n) = 52 on the line p(n) = §(2n —1).
It remains to argue that Py, P, P; and Ps belong to E,. We con-

sider the function ¢ in (5.2) and we recall that Ey is equivalently charac-

terized by (5.3). For P; we evaluate g at n = % and z = %, obtaining
9(Z,p, %) = —ﬁ(fﬁ + 11p)(246 + 935p), which changes sign at p = —L.

Hence P, € OF(2), which implies that P, € E5. The argument for P, and Py
is analogous, evaluating g at, respectively: n = £(9+ V21) and z = 3+ /21;
n= 1—79 and z = 4. Note that in these three cases the value of z coincides with
that of z,(n) in the argument for Ej, the intuition being that at these points
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the corresponding three-dimensional sets {z} x OFE;(z) and {z} x 0FEs(2)

also intersect (tangentially). Instead, Ps € Ej correspond to the limiting

case z = % Noting that g(n, p, %) = (13 — 11n + 4p)?, we evaluate g along

p(n) = H2=13: g(n,p(n),z) = 75(3z — 1)g(n, 2). One checks that g(n, 1)
247

has two distinct roots at n = S and n = %7 hence Ps € E, follows by

continuity. O

Acknowledgment. Parts of this research have been done when L.G. visited Friedrich-Alexander-
Universitat Erlangen-Nirnberg. He is grateful for the kind hospitality of his hosts.

Author contributions. The authors contributed equally to this work.

Funding. L.G.’s visit and J.U.’s position as a doctoral researcher were funded by Graduiertenkol-
leg 2339 ”Interfaces, Complex Structures, and Singular Limits (IntComSin)” of Deutsche
Forschungsgemeinschaft (DFG, “German Research Foundation”) under Project-ID 321821685.
The support is gratefully acknowledged.

Conflict of interest. The authors declare that they have no conflict of interest.

Data availability. No dataset was generated or analyzed during this study.

References

[1] L. Ansini and L. Giacomelli. Doubly nonlinear thin-film equations in one space
dimension. Arch. Ration. Mech. Anal., 173(1):89-131, 2004.

[2] E. Beretta, M. Bertsch, and R. Dal Passo. Nonnegative solutions of a fourth-
order nonlinear degenerate parabolic equation. Arch. Ration. Mech. Anal.,
129:175-200, 06 1995.

[3] F. Bernis. Finite speed of propagation for thin viscous flows when 2 < n < 3.
C.R. Acad. Sci. Paris Sér. I, 322:1169-1174, 06 1996.

[4] F. Bernis. Integral inequalities with applications to nonlinear degenerate par-
abolic equations. In Nonlinear problems in applied mathematics, pages 57—65.
SIAM, Philadelphia, PA, 1996.

[5] A. L. Bertozzi and M. Pugh. The lubrication approximation for thin viscous
films: regularity and long-time behavior of weak solutions. Comm. Pure Appl.
Maith., 49(2):85-123, 1996.

[6] M. Bertsch, R. Dal Passo, H. Garcke, and G. Griin. The thin viscous flow
equation in higher space dimensions. Adv. Differential Equations, 3(3):417 —
440, 1998.

[7] F. Cornalba, J. Fischer, and E. M. Kokavcovd. Holder continuity of weak so-
lutions to the thin-film equation in d = 2, arxiv:2512.24809, 2025.

[8] R. Dal Passo, H. Garcke, and G. Griin. On a fourth-order degenerate para-
bolic equation: Global entropy estimates, existence, and qualitative behavior
of solutions. STAM J. Math. Anal., 29(2):321-342, 1998.

[9] R. Dal Passo, L. Giacomelli, and G. Griin. A waiting time phenomenon for
thin film equations. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 30(2):437-463,
2001.

[10] N. De Nitti and J. Fischer. Sharp criteria for the waiting time phenomenon
in solutions to the thin-film equation. Comm. Partial Differential Equations,
47(7):1394-1434, 2022.



18 Lorenzo Giacomelli, Giinther Grin and Joshua Utley

[11] J. Fischer. Optimal lower bounds on asymptotic support propagation rates for
the thin-film equation. J. Differential Equations, 255(10):3127-3149, 2013.

[12] J. Fischer. Upper bounds on waiting times for the thin-film equation: the case
of weak slippage. Arch. Ration. Mech. Anal., 211(3):771-818, 2014.

[13] J. Fischer. Behaviour of free boundaries in thin-film flow: the regime of strong
slippage and the regime of very weak slippage. Ann. Inst. H. Poincaré C Anal.
Non Linéaire, 33(5):1301-1327, 2016.

[14] L. Giacomelli and G. Griin. Lower bounds on waiting times for degenerate
parabolic equations and systems. Interfaces Free Bound., 8(1):111-129, 2006.

[15] L. Giacomelli and F. Otto. Droplet spreading: intermediate scaling law by PDE
methods. Comm. Pure Appl. Math., 55(2):217-254, 2002.

[16] L. Giacomelli and A. Shishkov. Propagation of support in one-dimensional
convected thin-film flow. Indiana Univ. Math. J., 54(4):1181-1215, 2005.

[17] G. Griin. On Bernis’ interpolation inequalities in multiple space dimensions.
Z. Anal. Anwendungen, 20(4):987-998, 2001.

[18] G. Griin. Droplet spreading under weak slippage: the optimal asymptotic prop-
agation rate in the multi-dimensional case. Interfaces Free Bound., 4(3):309—
323, 2002.

[19] G. Griin. Droplet spreading under weak slippage: a basic result on finite speed
of propagation. SIAM J. Math. Anal., 34(4):992-1006, 2003.

[20] G. Griin. Droplet spreading under weak slippage: The waiting time phenome-
non. Ann. I. H. Poincaré, 21:255—-269, 2004.

[21] G. Griin. Droplet spreading under weak slippage: existence for the Cauchy
problem. Comm. Partial Differential Equations, pages 1697—1744, 2005.

[22] G. Griin and L. Klein. Existence of nonnegative energy-dissipating solutions
to a class of stochastic thin-film equations under weak slippage: part 11—
compactly supported initial data. J. Fvol. Equ., 25(3):Paper No. 83, 2025.

[23] G. Grin and L. Klein. Finite speed of propagation for a class of stochastic
thin-film equations. STAM J. on Math. Anal., 57(5):4822-4866, 2025.

[24] A. Jiingel and D. Matthes. An algorithmic construction of entropies in higher-
order nonlinear PDEs. Nonlinearity, 19(3):633-659, 2006.

[25] R. S. Laugesen. New dissipated energies for the thin fluid film equation. Com-
mun. Pure Appl. Anal., 4(3):613-634, 2005.

[26] C. Lienstromberg and K. Nik. Bernis estimates for higher dimensional doubly-
degenerate non-newtonian thin-film equations. Z. Anal. Anwend., published
online first, 2026.

[27] D. Matthes. Private communication, 2011.

[28] A. Novick-Cohen and A. Shishkov. The thin film equation with backwards
second order diffusion. Interfaces Free Bound., 12(4):463-496, 2010.



Integral inequalities for the thin-film equation

Lorenzo Giacomelli*

SBAI Department

Sapienza University of Rome

Via A. Scarpa 16

00161 Roma

Italy

e-mail: lorenzo.giacomelli@Quniromal.it

Gilinther Griin

Department Mathematik
Friedrich—Alexander—Universitdat Erlangen—Niirnberg
Cauerstrafie 11

91058 Erlangen

Germany

e-mail: gruen@math.fau.de

Joshua Utley

Department Mathematik
Friedrich—Alexander—Universitdt Erlangen—Niirnberg
Cauerstrafle 11

91058 Erlangen

Germany

e-mail: josh.utley@fau.de

19



