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ABSTRACT. We introduce a new four-point comparison principle, called the (e, §)-weak
quadruple condition, for non-Riemannian spaces with synthetic non-negative curvature.
This condition holds not only for classical Alexandrov spaces with non-negative curvature,
but also for many genuinely non-Riemannian spaces. In particular, we show that this con-
dition is intrinsic to spaces satisfying Ohta’s S-concavity in the full parameter range: for
every prescribed € > 0, it holds for all sufficiently small § > 0.

Using this comparison principle, we develop a non-symmetric strainer framework and

establish a Burago—Gromov—Perelman-type structure theory for finite-dimensional S-concave

Busemann concave spaces. We prove that these spaces have constant integer Hausdorff
dimension, satisfy the measure contraction property, are rectifiable, and admit unique Ba-
nach tangent cones almost everywhere. We further show that each such space contains
an open dense topological manifold part of top dimension and full measure. Finally, we
establish Hausdorff dimension estimates for singular strata and construct natural measure-
theoretic stratifications of these spaces. Our framework includes Alexandrov spaces with
non-negative curvature as a special case, and provides tools for studying Finslerian metric
spaces whose tangent cones need not be metric cones and angles need not be symmetric.

Keywords: non-Riemannian metric space, Busemann concave space, S-concavity, weak
quadruple comparison, rectifiability, singular strata, stratification
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1. INTRODUCTION

1.1. Toward a non-Riemannian quadruple comparison

A central problem in synthetic lower curvature geometry is to understand how much struc-
ture can be learned from comparison principles in non-smooth spaces. In Alexandrov
geometry, this structural role is played by the quadruple comparison condition: for every
quadruple of points (a; b, ¢, d), the three comparison angles at the base point a satisfy

Zbac+ Zcad + Zdab < 27T, (QCO)

where Z,. denotes the comparison angle in the x-plane. This principle provides the angle
control underlying the angle-based framework of Alexandrov geometry and its strainer the-
ory, which form the foundation of Burago—Gromov—Perelman’s structure theory [15], and
its subsequent refinements by Otsu—Shioya, Perelman—Petrunin, Wu, Kapovitch, Ambrosio—
Bertrand, and many others [2, 29, 30, 52, 55-59, 69], and have also inspired further de-
velopment of structure theory of spaces with curvature bounded above, notably GCBA
spaces, by Lytchak—Nagano—Stadler [41, 42, 44, 46].

However, full quadruple comparison is too rigid beyond the Riemannian setting. For
instance, a Banach space satisfies the quadruple comparison if and only if it is a Hilbert
space; see, for example, [1, Chapter 6]. By contrast, even in prototypical non-Riemannian
spaces such as ] -spaces, the sum of the Euclidean comparison angles associated with a
quadruple may approach 37 as p becomes large. Thus the classical quadruple comparison
(QCQ) is too restrictive for the non-Riemannian setting, even though part of its geomet-
ric content, especially the comparison control it provides, remains indispensable for the
strainer method. This naturally raises the question of whether there exists an analogue
of the classical quadruple comparison that is weak enough to accommodate both Alexan-
drov spaces with curvature bounded below and a broad class of genuinely non-Riemannian
spaces with meaningful lower curvature bounds, while still retaining the ingredients needed
for a structure theory.

Motivated by this question, we introduce a new notion, called the (¢, §)-weak quadru-
ple condition (see Definition 3.1). Here 0 is the straightness parameter, and ¢ is the angle-
excess parameter. It is a scale-sensitive and configuration-selective comparison principle
tailored to the non-Riemannian setting of Busemann spaces with synthetic non-negative
curvature. Unlike the classical quadruple condition, it is not imposed on all quadruples;
rather, it tests only nearly-collinear quadruples with scale-dependent hierarchical config-
urations of points, which arise naturally in the strainer theory when almost orthogonality
is recovered between strainer pairs. This makes the condition flexible enough to include
non-Riemannian models, while still strong enough to recover the strainer machinery of the
classical theory.

The main conceptual point of the paper is that the role of Alexandrov quadruple com-
parison in the strainer method can be replaced by this weaker, configuration-selective four-
point comparison principle, which arises from S-concavity itself, a natural synthetic notion
of non-negative curvature for non-Riemannian spaces introduced in the next section.

1.2. Busemann spaces with non-negative curvature

The study of Busemann spaces with non-negative curvature belongs to the broader pro-
gram of developing synthetic curvature bounds and structure theory for spaces that need
not be Riemannian. Foundational contributions to this program are Busemann’s theories
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of G-spaces and Busemann convex spaces, developed in [16—18]. These theories have had
a lasting influence on Hilbert geometry, Finsler geometry, geometric group theory, and as-
ymptotic geometry; see, for example, [5, 10, 53, 54, 62, 65]. More recently, Fujioka—Gu
[19] studied the topological regularity of Busemann non-positively curved spaces satis-
fying the local geodesic extension property, referred to as GNPC spaces, and extended
several results from the theory of GCBA spaces.

While Busemann’s original theory primarily concerned non-positive sectional curva-
ture, its comparison philosophy also inspired synthetic approaches to non-negative curva-
ture. Conditions related to what is now called Busemann concavity appeared in several
early works, such as Kelly—Straus [36] on Hilbert geometry and Kann [28] on positively
curved G-spaces. The modern formulation was introduced and systematically studied by
Kell [34]. Following Kell, a geodesic space is said to be Busemann concave if, for any two
constant-speed geodesics 7,7 : [0, 1] — X emanating from a common point, the function
d (v(ti, n(t)) (1)
is non-increasing on (0, 1]. Kell investigated the geometry of such spaces under the as-
sumption that they carry a nontrivial Hausdorff measure, as well as their compatibility with
the measure contraction property MCP, a weak synthetic curvature-dimension conditions
introduced independently by Ohta [48] and Sturm [64].

Another natural synthetic notion of non-negative curvature for non-Riemannian spaces
is Ohta’s S-concavity, inspired by the work of Ball-Carlen—Lieb [7] on uniformly smooth
Banach spaces. It requires that, for every point p and every constant-speed geodesic 7,

2
a(n7(3)) 2 59000 + 5802 - Fd0OAW2 2

The special case S = 1 recovers Alexandrov spaces with non-negative curvature, whereas
S > 1 accommodates genuinely non-Riemannian examples. In particular, this condition is
closely related to 2-uniform smoothness of tangent Minkowski norms and to generalized
Alexandrov—Toponogov comparison results for Finsler manifolds; see [50, 51].

Spaces satisfying both of the above synthetic non-negative curvature conditions will
be called S-concave Busemann concave spaces. This class contains a broad range of
classical and genuinely non-Riemannian examples. Indeed, Alexandrov spaces with non-
negative curvature belong to this class with S = 1. Moreover, 2-uniformly smooth Ba-
nach spaces with strictly convex norms, together with their closed subspaces, provide ba-
sic non-Riemannian models in this class. In particular, for every p € [2,00), the spaces
ty = (R™ ] - ||p), ¢, and L, are S-concave with S = p — 1 and Busemann concave.
The class also includes connected complete Berwald spaces without conjugate points,
whose flag curvature is non-negative and whose tangent Minkowski norms are 2-uniformly
smooth with uniformly bounded smoothness constants; see Section 2.2 for more details.
This broad class constitutes the principal object of the present paper, yet its finer structure
remains largely unexplored.

t—

1.3. From weak quadruple comparison to structure theory

The main obstacle to passing from Alexandrov spaces to S-concave Busemann concave
spaces is the failure of the classical angle-based framework: there is no single canonical
notion of angle. Instead, several notions of angle arise naturally, and they need not coin-
cide; see, for example, [6] for different notions of angle in normed spaces. Moreover, these
notions of angle may depend on the way they are viewed, need not be symmetric, and may
fail to satisfy the angular triangle inequality. Tangent cones, in turn, need not be metric
cones. Consequently, the classical arguments underlying the Burago—Gromov—Perelman
structure theory cannot be directly transferred to the present setting.



4 BANG-XIAN HAN AND LIMING YIN

In the first paper of this series [23], we developed an angular and asymmetric strainer-
theoretic framework for locally semi-convex S-concave Busemann concave spaces, in-
cluding basic properties of tangent cones, the quasi-metric structure of spaces of directions
with common length, and non-symmetric strainer coordinates. The present paper builds
on this framework from a different perspective: it identifies the weak quadruple condition
as the finite-configuration comparison principle that supplies the angle control needed in
the strainer method. This viewpoint separates the angular formalism from the four-point
comparison mechanism underlying strainer arguments. Concretely, the weak quadruple
condition enters the strainer estimates as follows. In many arguments, one first controls a
single comparison angle by elementary distance estimates, often through the Euclidean law
of cosines. The weak quadruple condition then allows the remaining comparison angles in
the same strainer configuration to be controlled successively, with errors governed by its
two parameters.

The key insight behind this local mechanism is that this weak comparison principle
is intrinsic to S-concave spaces in the full parameter range: for every prescribed angle-
excess parameter, S-concavity guarantees the required comparison inequality for all tested
quadruples with a sufficiently small straightness parameter. The precise formulation is dis-
cussed in Section 1.5. This observation provides the crucial bridge between the curvature
condition and the comparison principle underlying the asymmetric strainer theory. Build-
ing on this framework, we establish a Burago—Gromov—Perelman-type structure theory for
finite-dimensional S-concave Busemann concave spaces.

Among other results, we establish constancy of dimension, compatibility with the mea-
sure contraction property, rectifiability, and almost-everywhere uniqueness of Banach tan-
gent cones. We also prove the existence of an open dense topological manifold part of
full measure, establish Hausdorff dimension estimates for singular strata, and construct
measure-theoretic stratifications. Together, these results provide a comprehensive struc-
tural picture for finite-dimensional S-concave Busemann concave spaces. We state these
main results explicitly in the following subsection.

1.4. Main results

Throughout this subsection, X denotes a complete, separable geodesic space.

Our first main result identifies various notions of dimension and establishes the com-
patibility of these spaces with the measure contraction property. We refer to Section 5.1
for the precise definition of constancy of dimension. Roughly speaking, this means that all
bounded open subsets have the same Hausdorff dimension.

Theorem 1.1 (Proposition 5.4). Let X be an S-concave Busemann concave space with
S > 1. Then X has finite Hausdorff dimension if and only if it has finite strainer num-
ber. In this case, these two quantities are integer-valued and coincide with the topological
dimension of X. Moreover, if n € N denotes this common integer, then X has constant
dimension n, carries a nontrivial n-dimensional Hausdorff measure, and (X,d, H") sat-
isfies the measure contraction property MCP(0,n).

The next theorem extends some well-known geometric measure-theoretic properties of
Alexandrov spaces with curvature bounded below to the setting of S-concave Busemann
concave spaces.

Theorem 1.2 (Proposition 5.7 and Corollary 5.9). Let X be an n-dimensional S-concave
Busemann concave space with S > 1. Then X is n-rectifiable and H"-a.e. point admits
a unique tangent cone isometric to an n-dimensional Banach space. If X further satisfies
local p-uniform convexity with p > S + 1, then all tangent cones of X are uniquely
geodesic. Moreover, all Banach tangent cones are 2-uniformly smooth and p-uniformly
convex, with strictly convex norms.
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We also obtain finer structural results for finite-dimensional S-concave Busemann con-
cave spaces beyond rectifiability.

Theorem 1.3 (Theorem 6.4). Let X be a finite-dimensional S-concave Busemann concave
space with S > 1. Then X contains an open dense topological manifold part of top
dimension and full top-dimensional Hausdorff measure.

The next theorem provides Hausdorff dimension estimates for singular strata and yields
a natural measure-theoretic stratification for finite-dimensional S-concave Busemann con-
cave spaces.

Theorem 1.4 (Theorem 6.9 and Corollary 6.10). Let X be an n-dimensional S-concave
Busemann concave space with S > 1. Then, for any 0 < § < 1/2, the lowest-dimensional
singular set X \ A(1,0) is discrete. Furthermore, for each k = 1,...,n, the Hausdorff
dimension of the singular set X \ A(k,§,0) is at most k — 1. In particular, X admits a
measure-theoretic stratification { Xy, }}_, such that X is the disjoint union of the strata
Xo, -, Xp, with dimpg (Xy) < k for each k = 0,...,n. Moreover, the top-dimensional
stratum X, is an open dense topological n-manifold, while the lowest-dimensional stratum
X is discrete.

Remark 1.5. It remains unclear whether finite-dimensional S-concave Busemann concave
spaces admit structural results as strong as those known for finite-dimensional Alexandrov
spaces with curvature bounded below. In the Alexandrov setting, one has a canonical
topological stratification, and the set of interior singular points has Hausdorff codimension
at least 2. We refer to Section 7 for further discussion.

1.5. Ideas and new ingredients

The proofs are guided around the following principle: one should not try to reconstruct the
full angle theory of Alexandrov geometry, since several basic mechanisms of that theory
fail in the present setting. Instead, we isolate the angle estimates needed by the strainer
method and show that it can be recovered from S-concavity and Busemann concavity.

There are two basic notions of angle used throughout the paper: angles viewed from
a fixed point and angles of fixed scale. Several related angle-like quantities are then built
from these two notions. Each captures a different aspect of the geometry and plays a dif-
ferent role, since, unlike in Alexandrov geometry, there is no single canonical angle notion
with all the usual properties; see Section 2.3 for details. For the reader’s convenience, we
summarize them in the following table:

Notation Meaning

Lpx€ angle at = viewed from p along the geodesic £; Def. 2.3

Zz(7(t),n(s)) angle of fixed scale (¢, s) between the geodesics «y and 7; Def. 2.6

Lo (p,q) or Zpxq | Euclidean comparison angle at = in the comparison triangle Apxq

Zz((7,1),(n,1)) | quasi-metric on the space of directions with common length; Def. 2.8

Zs(v,m) S-upper angle from - to 7; Def. 3.4

TABLE 1. Different notions of angle

The first new ingredient is the (g, d)-weak quadruple condition, introduced in Defini-
tion 3.1. Its parameters are designed to provide the degrees of freedom needed to accom-
modate anisotropic non-Riemannian behavior, while matching the configurations produced
by strainer arguments. More precisely, § controls the straightness and scale of the hierarchy
of the quadruple configurations tested by the condition, whereas ¢ records the allowable
angle excess over the Alexandrov bound 2z. Thus, the condition does not require full
quadruple comparison, but only the quantitative comparison needed in the strainer theory.
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This weakening is essential, since full quadruple comparison would exclude the Finslerian
examples that motivate the paper.

The verification of the weak quadruple condition is one of the core technical points
of the paper. Our key insight, Proposition 3.7, shows that S-concavity itself implies the
weak quadruple condition with an arbitrary prescribed angle-excess parameter, provided
the tested quadruples are sufficiently close to the nearly-collinear, hierarchically arranged
configurations with small scales. More precisely, given any angle-excess parameter € > 0,
every S-concave space satisfies the (g, §)-weak quadruple condition for sufficiently small
0 > 0 depending only on € and S. The proof uses the monotonicity encoded by S-
concavity to obtain a relaxed triangle inequality for angles viewed from a point, in which
these angles are bounded by the corresponding weak upper angles, called S-upper angles,
up to an error term controlled by S and §. This estimate is then converted into one for
Euclidean comparison angles. This is the only place where the comparison principle is de-
rived from the curvature assumption; afterwards, it is used as a replacement for Alexandrov
quadruple comparison.

The second new ingredient is the strengthened strainer formalism. As in our previous
work [23], strainers are defined through an inductive procedure with additional distance
control, in order to handle the asymmetry and lack of monotonicity of angles viewed from
a point. To make this formalism compatible with the weak quadruple condition, we split
the single parameter of strainers into two separate ones, controlling straightness and al-
most orthogonality, respectively. This separation provides the flexibility needed in the
self-improvement procedure. We also impose an additional angle requirement between
strainer pairs. Together with the weak quadruple condition, this requirement makes it pos-
sible to recover all almost orthogonality estimates between strainer pairs successively from
the estimate of one comparison angle. This mechanism is used repeatedly in the technical
core of the paper; see, for example, Proposition 4.8.

The third new ingredient is a strengthened dequeuing-and-enqueuing argument for the
self-improvement of strainers, which improved strainers from less orthogonal ones. In the
Alexandrov setting, the straightening strategy can be applied directly to strainers, thanks to
the well-definedness and symmetry of angles. This strategy, however, is not applicable in
the Busemann setting because of the asymmetric nature of strainers; in [23], this difficulty
was overcome by a dequeuing-and-enqueuing procedure. In the present setting, an addi-
tional difficulty arises: the weak quadruple condition can improve a given strainer only
up to the chosen angle-excess parameter. We therefore combine the strengthened strainer
formalism above with weak quadruple conditions of varying parameters. This produces
improved strainer pairs while keeping the entire strainer under control during the itera-
tion. This yields Lemma 4.9, which is the key ingredient for the dimension result and the
measure contraction property.

Once these steps are established, the remaining structural results follow strategies simi-
lar to those developed in [23]; see [23, Section 1.3] for a detailed explanation. The principal
logical dependencies are:

Prop. 3.7 Prop. 5.7, Thms. 6.4 and 6.9
S-concavity implies WQC rectifiability, manifold part, singular strata
Prop. 4.4 Prop. 5.4
almost orthogonality of strainer maps dimension, Hausdorff measure, MCP
Props. 4.6 and 4.8 Lemma 4.9

e-open and bi-Lipschitz charts self-improvement of strainers
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This diagram records only the main dependencies. Its purpose is to indicate where the
weak quadruple condition enters and how it is used in the strainer theory and in the global
structure results.

Organization. Section 2 recalls the basic terminology, notation, and results from [23] used
in the sequel. Section 3 introduces the weak quadruple condition and establishes its com-
patibility with S-concavity. Section 4 develops the theory of strainers and strainer maps,
including almost orthogonality, e-openness, bi-Lipschitz property, and self-improvement.
Section 5 introduces strainer numbers and proves Theorems 1.1 and 1.2. Section 6 proves
the results on manifold structure and singular strata, namely Theorems 1.3 and 1.4. Sec-
tion 7 discusses open problems and further directions.

2. PRELIMINARIES

In this section, we briefly recall the basic terminology, notation, and results used through-
out the manuscript. For further background on metric geometry, we refer to [1, 14]; for
more details on S-concave and Busemann concave spaces, see [34, 51]. Our conventions
are consistent with those in our previous work [23].

2.1. Basics from metric geometry

We denote by (X,d) a complete, separable metric space with the distance function d.
Given two points z,y € X, we denote by |zy| or |z, y| the distance d(x,y). For r > 0,
we denote by B(x,r) and B(z,7) the open and closed balls centered at = with radius r,
respectively.

Given a subset £ C X and r > 0, we say that E is r-separated if every pair of distinct
points z,y € E satisfies |xy| > r. An r-separated subset F is called maximal if there
does not exist any r-separated subset £/ C X that properly contains F. For a set F, we
denote by Sr(r) € N U {oo} the largest possible cardinality of a maximal r-separated
subset of E. A metric space (X, d) is said to be doubling, or N-doubling, if for any r > 0,
the cardinality of any maximal r /2-separated subset of any ball B(z, r) is at most N, i.e.,
BB(a,r)(r/2) < N forall z € X and 7 > 0. Equivalently, any ball B(x,r) C X can be
covered by at most N balls of radius /2.

For a curve v C X, we denote its length by I(~y). A curve 7 : [0,1] — X is called
a constant-speed geodesic from z to y if it is a length-minimizing curve connecting x
and y satisfying that |y(t)y(s)| = |t — s| |zy]| for all ¢,s € [0,1]. A length-minimizing
curve is called a unit-speed geodesic or geodesic for short, if it is parametrized by arc-
length. A metric space (X, d) is said to be geodesic if any pair of distinct points can be
connected by a geodesic. A geodesic space (X, d) is said to be non-branching if for any
pair of constant-speed geodesics v, : [0, 1] — X, the condition y|(9,; = 7][o,¢) for some
t € (0,1) implies that v = 7. A function f : X — R is called convex if f o~y is convex
on [0, 1] for any constant-speed geodesic v. A map F : X — Y between two metric
spaces (X,dx) and (Y,dy) is called Lipschitz or L-Lipschitz if there is L > 0 such that
|F(x)F(y)| < L|zyl| for any x,y € X'. Tt is called L-bi-Lipschitz for some L > 1 if
lzyl/L < |F(2)F(y)| < Llayl forany z,y € X.

For a geodesic space (X, d), we denote by Azyz a geodesic triangle in X with vertices
x,y, 2z € X, given by the union of three geodesics joining the vertices pairwise. A triangle
Azyz C R? is said to be a Euclidean comparison triangle of Azyz C X if |zy| = |#7],
lyz| = |§Z| and |zz| = |ZZ|. We denote the angle at vertex Z of the Euclidean comparison
triangle Azyz by Z,(y, z), or Zyxz for simplicity.

Given (X, d) and « € [0, 00), we denote by H® the a-dimensional Hausdorff measure
on X. For a subset £ C X, we denote by dimy (F), dim,(E), dimy(E) the Hausdorff

IFor different metric spaces, we use the same notation |zy| and | F'(x) F(y)| to denote the distances d x (z, y)
and dy (F'(z), F(y)), respectively, if there is no ambiguity.
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dimension, rough dimension, and topological dimension of E, respectively. Here the rough
dimension dim,.(F) is defined by

dim, (E) :=inf ¢ a > 0 : limsupr“Bg(r) =0,
N0
with value oo if no such « exists. It is known that these notions of dimension satisfy the
following inequalities:

dimp(E) < dimpgy(E) < dim,(E), forany E C X. 2.1

See [24, Theorem 8.14] for the first inequality and [14, Section 10.6.4] for the second
inequality.

Given n € N, a metric space X is said to be n-rectifiable if there exist countably many
subsets £; C R™ and Lipschitz maps f; : E; — X such that H"(X \ U, f;(E;)) = 0; see
[3.8,37].

For A\ € (0,1] and a base point € X, we call the rescaled pointed space (X,d/\, x)
a blow-up of (X,d,z) at x. We denote by Tan(X,d,x) the collection of all pointed
Gromov—Hausdorff limits of sequences of blow-ups { (X, d/\;, ) };, where {\;}; C (0,1]
converges to 0, and call each element of Tan(X,d, x) a Gromov—-Hausdor{f tangent cone
of X at x.

2.2. S-concavity and Busemann concavity

In this subsection, we briefly recall the definitions of S-concavity and Busemann concav-
ity. Both notions can be viewed as generalizations of non-negative sectional curvature in
Finsler geometry. For more details and examples, we refer to [34, 47, 50, 51] and refer-
ences therein.

Definition 2.1 (S-concave spaces). We say that a complete geodesic space (X,d) is S-
concave for some S > 1 if for any point p € X and any constant-speed geodesic v :
[0,1] — X, it holds that

YO = (1=t) [py(0) [+t [py(1) [P =St(1=1) [1(0)7(1)|*,  forany ¢ € [0,1]. (2.2)
We call S the uniform smoothness constant of X.

Observe that no geodesic space, except a singleton, can be S-concave when S < 1 (see
[S51, Ex. 8.12]). Typical examples of S-concave spaces include ¢}, £,, and L,, spaces for
p € [2,00) (with S = p—1), CBB(0) spaces (with S = 1), complete Berwald spaces with
non-negative flag curvature whose uniform smoothness constants are bounded above by .S
(see [51, Definition 8.14 and Corollary 8.20]), and their product spaces.

Definition 2.2 (Busemann concave spaces). We say that a complete geodesic space (X, d)
is Busemann concave if for any pair of constant-speed geodesics 7,7 : [0, 1] — X starting
from a common point, the function

(&)@ 23)
; .
is non-increasing on (0, 1].

Note that the Busemann concavity (2.3), which can be defined via comparison trian-
gles similarly to Alexandrov spaces, is a strictly weaker condition than the triangle com-
parison property required for Alexandrov spaces with non-negative curvature; see [23,
Remark 3.5]. It follows directly from the definition that Busemann concave spaces are
non-branching. Typical examples of Busemann concave spaces include strictly convex Ba-
nach spaces, Alexandrov spaces with non-negative curvature, and product spaces of these
spaces.

We remark that, while one can prove that connected complete Berwald spaces with flag
curvature bounded below satisfy Busemann concavity locally up to the conjugate radius,
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it is unknown whether all such spaces with non-negative flag curvature satisfy Busemann
concavity globally. In contrast, all simply connected complete Berwald spaces with ab-
solutely homogeneous Finsler metric and non-positive flag curvature indeed satisfy global
Busemann convexity; see [38, Remark 10]. We refer to [33, 34] and [23, Remark 3.7] for
further discussion.

2.3. Notions of angle

In this subsection, we recall two notions of angle introduced in [23]: angles viewed from a
fixed point and angles of fixed scale, defined on S-concave spaces and Busemann concave
spaces, respectively. Although these notions do not coincide in general, they capture com-
plementary geometric information in S-concave Busemann concave spaces and are central
to the strainer theory developed below.

We first recall the notion of angle viewed from a fixed point, which is used to measure
the orthogonality of geodesics.

Definition 2.3 (Angles viewed from a fixed point). Let (X, d) be an S-concave space with
S > 1landp € X be a point. Let v : [0,]] — X be a unit-speed geodesic starting from
x € X distinct from p. Then the angle Zpx-y, referred to as the angle viewed from p at x
along 7, is defined as

Zpay = lim Zpay(t 2.4
pry := lim Zpay(t), (2.4)
where /px+(t) is the angle of the Euclidean comparison triangle Apz~y(t) at i.

Although the comparison angles ¢ +—> me’y(t) need not be monotone, it was shown in
[23] that the angle Zpxy is well-defined on S-concave spaces. In the following, we collect
several properties of angles viewed from a fixed point that will be used repeatedly in the
subsequent sections. For detailed proofs, we refer to [23, Section 4.1].

Lemma 2.4 ([23]). Let (X,d) be an S-concave space with S > 1, and let p € X be a
point and vy be a unit-speed geodesic starting from a point x € X distinct from p.
(i) Almost comparison inequality. The angle /px~y satisfies the following almost com-
parison inequality:

Zpary(t) < Lpwy + bs(t; [px]),  foranyt € (0,1), (2.5)

(S—1)t
2|pz|
and to is a constant depending only on the distance |px|, the constant S, and the length

().
(ii) First variation formula. The function t — |pv(t)| is differentiable at t = 0 and
satisfies

where d5(t; |px|) := arccos(l — ) is a non-negative continuous function on (0, to),

d* lpy(t)] — [py(0)]
— t)| :=lim —————~—
i, Py (B)] = lim ”

= — cos Lpzxry. (2.6)
(iii) Sum of adjacent angles viewed from a common point. The sum of adjacent angles
viewed from a common fixed point is at most w. More precisely, for any unit-speed geodesic

c and any interior point y € c, it holds
Lpy€ + Lpyn <, 2.7

where & and n are re-parametrizations by arc-length of two geodesic segments of ¢ sepa-
rated by y with the common starting point £(0) = n(0) = y.

(iv) Lower semi-continuity. The angle /px~y is lower semi-continuous with respect to
the point p and the unit-speed geodesic . More precisely, given a sequence of points
{p:}: C X and a sequence of constant-speed geodesics {~; }; C X such that ~y; converges
pointwise to a non-trivial constant-speed geodesic vy and p; converges to a point p # v(0),
it holds
Zpx€ < liminf /p;x;&;, (2.8)
71— 00



10 BANG-XIAN HAN AND LIMING YIN

where &; and £ denote the arc-length re-parametrizations of v; and vy, respectively, such
that &;(0) = 7;(0) = x; and {(0) = v(0) = =.

Remark 2.5 (Asymmetry of angles viewed from a point). In general, angles viewed from
a fixed point are not symmetric. More precisely, given three distinct points p, x,q € X and
geodesics £,m connecting x to p and q, respectively, /pxn and Zqx& need not coincide,
even when X is uniquely geodesic. For example, let a := (1,2),b := (4, —1) be two points

in 3 := (R2,|| - ||3), and let £ and 1 be the unit-speed geodesic segments from the origin
o to a and b, respectively. A direct computation gives
14 m
Jaon =7/2,  Zbot = - e(o,—). 2.9
aon =/ 0€ = arccos (1952/3> 5 (2.9)

This example also illustrates the non-symmetry of Birkhoff-James orthogonality, intro-
duced by Birkhoff [ 12] and further developed by James [26, 27| for general normed spaces.
We refer to [22] for a recent survey on Birkhoff-James orthogonality and its relationship
with inner product structures on normed spaces. See [35] for an extension of Birkhoff—
James orthogonality to Busemann convex spaces.

We now turn to another notion of angle defined on Busemann concave spaces, called
the angle of fixed scales. This notion of angle is connected to the geometry of tangent
cones of Busemann concave spaces; see [23, Section 4.2] for more details.

Definition 2.6 (Angles of fixed scale). Let (X, d) be a Busemann concave space, © € X
be a point, and let &, 7 : [0,1] — X be two non-trivial unit-speed geodesics starting from
x. For any t, s > 0, the angle £, (£(t), n(s)), referred to as the angle between & and n at x
of scales (t, s), is defined as

Ly (&(t),n(s)) == sup Ly (£(0t),n(0s)), (2.10)

0e(0,1]
max{6t,0s}<a

where a > 0 is an arbitrary positive number such that both £ and 7 are defined on the
interval I, := [0, a]. We call £, (£(¢),n(s)) the angle of common scale if the scales t and
s coincide.

Note that, in the definition of angles of fixed scale, the scales ¢ and s are allowed to
lie outside the domains of the unit-speed geodesics £ and 7. By Busemann concavity,
angles of fixed scale are well-defined, and the supremum in (2.10) is in fact a limit and is
independent of the choice of a. Furthermore, angles of fixed scale are positively scaling-
invariant, i.e., Z,(§(A\t), n(As)) = £ (&(t),n(s)) for any A > 0 and any non-trivial unit-
speed geodesics &, n starting from x. Therefore, it depends only on the ratio /s, rather
than on the individual values of ¢ and s.

Finally, we point out that on S-concave Busemann concave spaces, these two notions
of angle are generally different, even when the underlying spaces are uniquely geodesic;
see [23, Example 4.14].

2.4. Tangent cones and spaces of directions with common length

In this subsection, we recall the notions of tangent cones and spaces of directions with
common length on Busemann concave spaces; see [34, Section 2.3] and [23, Section 4.2]
for further details.

Definition 2.7 (Tangent cones on Busemann concave spaces). Let (X,d) be a Buse-
mann concave space. We denote by I', the collection of all non-trivial maximal unit-
speed geodesics starting from x € X. The pre-tangent cone T, X at z is defined as the
set I’y x [0,00)/ ~, where all points of the form (v,0),y € T, are identified with
the common point 0. The metric d, on T, X is defined as follows: for any two points



WEAK QUADRUPLE COMPARISON AND STRUCTURE THEORY BEYOND ALEXANDROV GEOMETRY 11

v = (v,t),w:= (n,s) € T, X, let I, := [0, a] be an interval such that both ~ and 7 are
defined on I,. The d,-distance between v and w is defined as

v(6t),n(0s
s ((1:1). (0,5)) = b0 sl
0€(0,1],
max{6t,0s}<a

. @2.11)

The tangent cone T, X at x is defined as the completion of T, X with respect to the metric
d;. Forv € T, X, we denote by |v|, := d.(v,0) the distance from v to o. We call the
point o the apex of the tangent cone 7, X.

As shown in [34, Lemma 2.17], the metric d,, is well-defined on tangent cones of Buse-
mann concave spaces, and the supremum in (2.11) is in fact a limit, which is independent
of the choice of a. Moreover, the metric d,, is positively homogeneous and is related to the
angle of fixed scale through the Euclidean law of cosines:

de ((7,1), (,8))> = 12 + s> — 2tscos Lo (y(t),1(s)), forany (v,t),(n,s) € TpX,

(2.12)
see [23, Lemma 4.16]. Note that, as observed by Kell in [34, Section 2.3], the tangent
cones defined in Definition 2.7 do not necessarily coincide with the Gromov—Hausdorff
tangent cones of Busemann concave spaces, even when the underlying spaces are compact.
However, when X is (locally) doubling, these two notions of tangent cone do coincide. In
particular, each point admits a unique tangent cone in this case; see [34, Corollary 2.21]
(see also [23, Proposition 4.7]).

We now turn to the geometry of tangent cones in Busemann concave spaces. The
dependence of angles of fixed scale on the scale ratio prevents us from identifying the
space of directions at x with the set of equivalence classes of unit-speed geodesics starting
from x equipped with the angle of fixed scale as a metric, as in the case of Alexandrov
spaces. Consequently, tangent cones of Busemann concave spaces have a more intricate
structure than the metric cone over the space of directions. Motivated by the study of
the geometry of Banach spaces through unit spheres, we introduced in [23] the following
notion of spaces of directions with common length to better understand the geometry of
tangent cones of Busemann concave spaces.

Definition 2.8 (Spaces of directions with common length). Let (X, d) be a Busemann
concave space and let z € X be a point. Given [ > 0, we denote by EAIQX the subset of the
pre-tangent cone T, X consisting of all elements of the form (v,1) € T,X. The space of
directions at x with common length 1, denoted by X! X, is defined as the closed subset of
the tangent cone 7, X consisting of all elements v € T, X whose distance from o is [. We
define Z,(+,-) : 2L X x ¥L X — [0, 7] by

[0l% + [w]2 — do (v, w)?

20|z wly

Zz(v,w) := arccos ( ) , foranyv,w € ¥ X. (2.13)

Recall that a function p : E x E — Rt onaset E is called a quasi-metric® if p satisfies
all the axioms of a metric except that the triangle inequality is replaced by a relaxed one,
ie., p(x,y) < C(p(z,z) + p(y,z)) holds for any z,y,z € E for some C > 1; see,
for example, [70]. It is shown in [23, Lemma 4.19] that (ZéX ,Z) 18 a quasi-metric
space when equipped with £, (-, -). More precisely, Z,.(+, -) satisfies the following relaxed
triangle inequality:

Zo(u,v) < 2(Lo(u,w) + Zo(w,v)), forany u,v,w € XL X. (2.14)

Furthermore, the subset XA)QX is dense in ¥\, X with respect to the angle quasi-metric
Zy(+,-), and Z, (-, -) is positively scaling-invariant; that is,

495((77 )‘1)7 (7% )‘l)) = 41((77 l)a (77, l))v (2.15)

2Some authors also refer to such generalized metric functions as a semi-metric; see, for example, [68].
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for any A > 0 and (v,1), (n,1) € 3L X.

The quasi-metric structure of spaces of directions with common length enables us to
prove the uniform compactness of these spaces in doubling Busemann concave spaces,
which is used to prove the Hausdorff dimension estimates for singular sets. We refer to
[23, Lemma 4.20] for a detailed proof.

Lemma 2.9. Let (X,d) be a doubling Busemann concave space and x € X. Then the
family of quasi-metric spaces {(X\. X, Z,)}1>0 is uniformly compact in the sense that for
any € > 0, there exists a constant No(e) > 0, depending only on € and the doubling
constant of X, such that every e-separated subset of (X' X, /) has cardinality at most
No(e) for any 1 > 0.

3. WEAK QUADRUPLE CONDITION

This section forms the comparison-theoretic core of the paper. After introducing the (e, §)-
weak quadruple condition, we prove its compatibility with S-concavity: for every € > 0,
every S-concave space with S > 1 satisfies the (&, §)-weak quadruple condition, provided
that § > 0 is sufficiently small.

Recall that dg(s;¢) := arccos(1 — (S — 1)s/(2t)) is the non-negative error function
defined in Lemma 2.4.

Definition 3.1 (Weak quadruple condition). Let X be an S-concave space. Given € €
[0,7], § € (0,7], we say that X satisfies the (e, §)-weak quadruple condition if the fol-
lowing holds: for any four distinct points (x;p,y, z) in X, satisfying Zpry > m— 0,
|xz| < |zy| < |pz|, and

ds(|zzl;lzy|) <0, ds(lzyl; Ipz|) <0, (3.1)

it holds B ~ ~
Lpry + Lprz + Lyxz < 21 + €. (3.2)
We call § the straightness parameter and € the angle-excess parameter.

It is immediate from the definition that if an S-concave space satisfies the (&, d)-weak
quadruple condition, then it also satisfies the (&', 0")-weak quadruple condition for every
0’ < ¢ and ¢’ > . Moreover, any S-concave space with S = 1, that is, any Alexandrov
space with non-negative curvature, satisfies the strongest form, namely the (0, 7)-weak
quadruple condition.

Remark 3.2. Our definition is weaker than the relaxed quadruple condition appearing
in [15, Remark 6.9]: that condition relaxes the upper bound for the sum of comparison
angles to 2 plus a dimension-dependent error term, but imposes no restriction on the
configuration of points as well as on the near-collinearity of quadruples.

Remark 3.3. We deliberately impose restrictions on the configuration of points, together
with the near-collinearity condition, so that the (£, )-weak quadruple condition can hold
for nontrivial € > 0 in S-concave spaces with large S. For example, consider the points
0=1(0,0), a=(0,1), b= (1,—-1), and ¢ = (—1,—1) in the space £} := (R?,|| - ||,,) for

. . ~ ~ 1/p_ p\2/p
p € (2, 00). Adirect computation shows that Zaob = Zaoc = arccos(%) v

7 and Zboc = arccos(1—2'"2/P) A1 asp — oo. In particular, Zaob+ Zaoc+ Lboc —
3masp— oo.

In the remainder of this section, we show that every S-concave space automatically
satisfies the (£, §)-weak quadruple condition for any € > 0, provided that § > 0 is chosen
sufficiently small. Before stating the precise result, we introduce the following notion
of weak upper angle, which is a variant of the usual upper angle; see, for example, [13,
Definition 1.1.12].
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Definition 3.4 (S-upper angles). Let X be an S-concave space with S > 1. Given two
unit-speed geodesics 7, £ emanating from a common point z € X, we denote by Zg(7, §)
the S-upper angle from 7 to £ at z, defined as

Zs(n,&) = sup Zn(s)x€. (3.3)

The supremum in the definition is actually realized as a limit, as implied by the follow-
ing lemma.

Lemma 3.5. Let X be an S-concave space with S > 1, and let n,§ C X be two unit-
speed geodesics emanating from a common point © € X. Then the function s — Zn(s)x€
is non-increasing on (0,1(n)). In particular, the S-upper angle Zs(n,&) is equal to
limg o Zn(s)x€.

Proof. Let0 < s <t < I(n). By the triangle inequality of distance and the first variation
formula (Lemma 2.4 (ii)), it follows that

In()z] — In(®)§(7)]

cos Zn(t)xz& = ‘}l{‘%

.
- o ORI+ (5)2] = n@n(s)] = ()6
7N\0 T
iy 1)z = (e Ln(s)zE. (3.4)
7N\0 T
This implies that Zn(t)x€ < £Zn(s)x€, and the claim follows. O

Remark 3.6. In general, a S-upper angle is not symmetric: Zs(n,§) need not coincide
with Zs(§,m). Moreover, unlike usual upper angles (see [13, Proposition I.1.14]), it need
not satisfy the triangle inequality. A S-upper angle also need not coincide with the usual
upper angle.

We are now ready to present the main result of this subsection. We establish the com-
patibility through a quantitative estimate on the sum of comparison angles of quadruples
in terms of the straightness parameter § and the uniform smoothness constant .S. The main
difficulty is that neither the S-upper angles nor angles viewed from a point satisfy the
triangle inequality in general. To overcome this obstacle, we establish a relaxed triangle
inequality that bounds the angle viewed from a point in terms of the corresponding S-upper
angles, up to an error controlled by § and S, provided that the angle viewed from a point is
sufficiently close to . This estimate is a key ingredient in the proof. Following a similar
strategy to [13, Proposition 1.1.14], we construct an auxiliary comparison triangle in R?
and derive a contradiction if the relaxed triangle inequality fails.

Proposition 3.7 (Compatibility). Let X be an S-concave space with S > 1, and let 0 <
§ < 1/64 be a small number such that 4(S — 1)v/d < 1. Let (z;p,y, z) be four distinct
points in X satisfying the conditions of Definition 3.1 with the straightness parameter 6.
Then it holds

Zpry + Zprz + Zyzz < 27 + arccos (1 —4(85 — 1)\/5) + 146 + 2V/6. (3.5)
In particular, given any € € (0, ), there exists 6 := (e, S) > 0 such that X satisfies the
(e, 9)-weak quadruple condition for all 6 € (0, 0].
Proof. We first establish the inequality (3.5). Let 7, be a unit-speed geodesic from  to
z. Take o’ € 7, sufficiently close to  such that Zpa'y > m — 26, |z2’| < |2'z|, and
ds(|2yls lp2'l) <20, ds(|'z]s[a'yl) <20, ds(|a’z[;|pa’]) <24.  (3.6)

Let 7 be a unit-speed geodesic from 2’ to y, and let £, 1) be the unit-speed geodesic segments
of 1, from 2’ to x and z, respectively.
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Step 1. We prove the following relaxed triangle inequality by contradiction:
Lpx'y < Lpa'€ + V6 + Ls(v, €) + arccos(1 — 4(S — 1)V8) + V5 + 8. 3.7
Suppose the inequality (3.7) does not hold. By Lemma 2.4 (i) and (3.6), we have
Lpa'y > Zpx'y — 26 > m — 46.

Thus, we can find some « € (7w — 44, 7) such that

Ipx'y > o> Lpr' €+ V6 + Ls(v,€) + arccos(1 — 4(S — 1)V3) + V6 + 85, (3.8)
Let

o = Zpr'€+ V8 and  ag = Lg(v,€) + arccos(l — 4(S — 1)V) + V6. (3.9)

By the definition of the angle viewed from a fixed point Zpa'y = lim,_o Zpa'y(t), we
can choose y' € «y close to 2’ such that

Zpx'y > a, |2'y| <|2'z|, and |2'y|/|pz’| < §/2. (3.10)
In the following, we construct an auxiliary comparison triangle in R? to derive a contra-
diction. Let a, b € R? be two points such that |oaly = |p2’|, |0b|2 = |2'y’| and Zaob = «,
where | - |2 denotes the distance induced by the standard Euclidean norm on R?. Since
a € (m — 40, ), the auxiliary comparison triangle Aaob is non-degenerate. Furthermore,
by the third inequality in (3.10) and our choice of o, we have
Zoab < § and Zoba < 40. (3.11)
The hypothesis (3.8) gives a3 + as < m — 8J. Therefore, at most one of «; and ao can
exceed 7/2 — 45. We now distinguish several cases.
Casel. cy > zr/2 — 46. Then it follows that ay < 7/2 — 44, and therefore by (3.11),
we have a; + Zoab < 7/2 — 46 + 6 < m/2 — 35. Choose ¢ € R? to be the point on the
geodesic segment [ab] such that Zaoc = a;. By elementary plane trigonometry and the
Euclidean law of sines to the triangle Aobc, it follows that
locla _fobla |obl2
sin Zobe  sin Zocb  sin(ay 4+ Zoab)
Note that aq = Zpz'€ + /6 > /6. Thus, by the inequality 1/2 < sinz/xz < 1 and the
monotonicity of the sine function on [0, 7r/2], it follows that

(3.12)

= = . < <38
lobla  sin(ay + Zoab) ~ sinay sin /6

The inequality above, together with the assumption on the value of ¢, implies that |oc|s <

locla sin Zobe o sin Zoba < 46 5

(3.13)

|obla = |2'y’| < |2’x|. Therefore, we can find a point 2’ € & such that |2'2'| = |oc|2. In
particular, we have |z’2/|/|z'y/| < 8v/5, which further implies that
S _ 1 10
ds (|2'2'|; |2'y'|) = arccos (1 - (2|I)|fc|z|) < arccos (1 —4(S — 1)\/5) . (3.14)
Ty

By the almost comparison inequality (Lemma 2.4 (i)), the monotonicity of S-upper angles
(Lemma 3.5) and the inequality (3.6), we have

Zaoc = ay = Lpr'E+V8 > Lpx'€+20 > Lpx' €+ 6s(|2' 2 ); [pa']) > Zpa'Z, (3.15)
and
Zboc = — oy > ag = Lg(7,€) + arccos(1 — 4(S — 1)V3) + V5
> Ly e+ s sy |) > Zy'aZ . (3.16)
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These inequalities imply that |ac|> > [p2[ and [bc[> > [y'2’|. Therefore, by our construc-
tion of the auxiliary triangle Aaob and the hypothesis that Z/pz’y’ > «, we have

lpy'| > |ably = |ac|z + |bcla > |p2'| + |2'Y/], (3.17)
which contradicts the triangle inequality of distance.
Case 2. ay < 7/2 — 4. In this case, we have as + Zoba < 7/2. Choose ¢ € R? to be

the point on the geodesic segment [ab] such that Zboc = ay. By applying the Euclidean
law of sines to the plane triangle Aobc, we obtain

b b
locly _Jobla |0bla , (3.18)

sin Zobc  sin Zoch sin (ﬂ- — g — Zoba)

Note that s > /0. Therefore, by the inequality 1 /2 < sinz/x < 1 and the monotonicity
of the sine function on [0, 7/2], we have

loc|a sin Zobe sin Zoba < sin(49) < 8V5.

= - = - <> (3.19)
|obl2 sin (ﬂ' — Qg — Loba) sin (ag + Loba) sin /6
Thus, by the same argument as Case 1, we can find a point 2’ € & such that |z'2'| = |oc|s
and |2/2'|/|2'y'| < 8V/4. By the same arguments as in (3.15) and (3.16), we have
Zaoc=a —as > ay > Ipx'Z, and  Zboc = an > Ly'z'Z, (3.20)

which further implies that |py’| > |pz’| + |2y/|. This contradicts the triangle inequality of
distance.

In both cases, we arrive at a contradiction. Therefore, the relaxed triangle inequality
(3.7) must hold.

Step 2. We now establish the estimate (3.5). By the almost comparison inequality and the
relaxed triangle inequality (3.7), it follows that
Ipx'y + Lpx'z 4+ Lyx'z < Lpx'y + 26 + Lpx'n + 26 + Lyx'n + 26
< Zpa'€+ Lpa'n + Lya'n+ Zs(v,€)
+ arccos(1 — 4(S — 1)V3) + 2V + 145, (3.21)

Note that by the sum of adjacent angles (Lemma 2.4 (iii)), we have Zpz'€ + Zpx'n < 7.
On the other hand, by the monotonicity of S-upper angles (Lemma 3.5) and the sum of
adjacent angles, it follows that

Lyx'n+ Ls(v,€) < ZLs(v,m) + Ls(v,€) = lim (£y(s)a'n + £y(s)a’¢) < m. (3.22)
Plugging these two inequalities into (3.21), we obtain
Zpx'y + Zpx'z + Lyx'z < 21 + arccos (1 —4(8 - 1)\/5) +2V0 4146, (3.23)

Note that the inequality above holds for all 2’ € 7., close to z. Thus, by the continuity of
comparison angles, we obtain the desired estimate (3.5).

Finally, for the last claim, given any 0 < ¢ < 7, let § := d(¢, S) be the largest positive
number such that 0 < § < 1/64, 4(S — 1)V/5 < 1, and arccos(1 — 4(S — 1)V3) +
28 + 146 < e. From (3.5) and the monotonicity of the inverse cosine function, our claim
follows.

O

Remark 3.8 (Modified weak quadruple condition). In fact, S-concave spaces with S > 1
satisfy a more flexible variant of the (g,0)-weak quadruple condition. All assumptions
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in Definition 3.1 remain unchanged, except that the relative distance condition (3.1) is
replaced by

max{|zz|/|zyl, [zy|/|px|} <6, (3.24)
which does not involve the error function §s. This modified weak quadruple condition can
be formulated for general metric spaces beyond the class of S-concave spaces and is stable
under Gromov-Hausdorff convergence within the class of geodesic spaces. In the setting
of S-concave Busemann concave spaces, however, it is more convenient to use the weak
quadruple condition formulated in terms of 6g. We therefore do not pursue this modified
version further in the present paper.

Remark 3.9. It is unclear to us whether, for S-concave Busemann concave spaces without
additional geometric assumptions, the sum of the comparison angles of quadruples with
other configurations of points, such as when the near-collinearity condition is imposed on
the two points closest to the base point, can still be bounded above by 2m up to a controlled
error term.

4. STRAINERS AND STRAINER MAPS

In this section, we introduce variants of strainers and strainer maps for S-concave Buse-
mann concave spaces. We then establish several basic properties of these strainer maps,
including e-openness and the bi-Lipschitz property. Finally, we prove a self-improvement
property of strainers, which is needed for the study of the dimension of S-concave Buse-
mann concave spaces.

The notation in this section involves several small parameters. For ease of reference, we
summarize their roles in Table 2. The precise assumptions are restated in the corresponding
propositions and lemmas.

Symbol Role Where it is used

S Uniform smoothness Controls the error function 65 and the
constant in the admissible weak quadruple parameters
S-concavity inequality obtained in Proposition 3.7.

gand § Angle-excess and Enter the estimates for almost orthogonality,
straightness parameters in | openness, bi-Lipschitz, and self-improvement
the weak quadruple properties.
condition

dand o Straightness and almost Specify the initial (k, d, «)-strainer before the
orthogonality parameters improvement procedure.
of an initial strainer

Ok Dimension-dependent Chosen in Proposition 4.6 to ensure that the
smallness threshold induction establishing the openness of

k-strainer maps closes.

e and & Openness (or Determined in Proposition 4.6 and
co-Lipschitz) constants of | Corollary 4.7.
strainer maps

6" and & Improved straightness and | Used in Lemma 4.9 in the strengthened
angle-excess parameters dequeuing-and-enqueuing procedure.

TABLE 2. Parameters used in the strainer theory and their roles.
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4.1. Definitions

Definition 4.1 ((1, §)-strainer). Let X be an S-concave space with S > 1, and x € X.
Given 0 < 6 < 1/2, we say apointp € X \ {z} is a (1, d)-strainer at x if there exists a
point ¢ € X \ {x} such that |gz| < |pz|, ds(|gz|; |px|) < 0, and the Euclidean comparison
angle prq > 7 — §. In this case, we refer to the point q as an opposite strainer of p at x,
and refer to the pair (p, q) as a (1, 8)-strainer pair. We say that z is a (1, §)-strained point
if it admits a (1, §)-strainer at itself.

In the following, we introduce a slightly finer notion of (k, 0)-strainer, called (k, ¢, «)-
strainers, in which the parameter § controls the straightness of strainer pairs, while the
parameter « controls the orthogonality between different strainer pairs.

Definition 4.2 ((k, d, «)-strainers). Let X be an S-concave space with S > 1, and let
0 <, < 1/2. Given k € N,k > 2, we call a k-tuple (p1,...,px) of points in X a
(k, 0, a)-strainer at © € X if the following inductive conditions hold:

(1) The tuple (p1,...,px—1) is a (k — 1,0, «)-strainer at . We denote its opposite
strainer by (¢1, ..., qx—1);

(2) prisa(1,0)-strainer at z, with |gx—12| > |prx| and ds(|prz|; |gp-12]) < &;
(3) There exists an opposite strainer gj, of pg at x such that

Zpixpr > /2 — a, Ipixqn > /2 — «, @l
Zq;ixpr > /2 — a, Z¢;xq, >7/2 — a .
foralle=1,...,k—1.
In this case, we call the k-tuple (q1, ..., qr) an opposite strainer of (p1,...,px) at x. A
point x € X is called a (k, 0, &)-strained point if it admits a (k, §, «)-strainer at itself. A k-
tuple (p1, ..., px) is called a (k, §, «)-strainer on a subset U C X ifitis a (k, §, a)-strainer
at each point in U. In this case, we call the map

f() = (dpl(')7 ) dpk()) UCcX— Rk 4.2)

a (k, 0, a)-strainer map on U associated with (p1, ..., px), where d,,(-) := d(p, -). For no-
tational uniformity, when k = 1 we use (k, ¢, «v)-strainer simply to mean a (1, §)-strainer;
in this case, the parameter « plays no role.

Remark 4.3. We emphasize that the (k, §, a)-strainers in Definition 4.2 are generally non-
symmetric, in the sense that the definition only imposes orthogonality of each coordinate
of the map f = (dp,, ..., dp, ) with respect to the lower-index coordinates. This phenom-
enon, which arises from the asymmetry of angles viewed from a point, is one of the main
challenges in non-Riemannian geometry. It appears even in normed spaces, for instance
in the context of Birkhoff-James orthogonality in Banach spaces; see Remark 2.5. Indeed,
symmetric Birkhoff-James orthogonality is equivalent to an inner product structure on Ba-
nach spaces of dimension at least three. We refer to [23, Example 4.6, Remark 5.8] for
further discussion.

In the remainder of this subsection, we establish the openness and almost orthogonality
of (k, 6, a)-strainers, and show that the degree of orthogonality of strainers is controlled, in
a certain sense, by the straightness parameter and the angle-excess parameter in the weak
quadruple condition.

Proposition 4.4 (Openness and almost orthogonality of strainer maps). Let X be an S-
concave Busemann concave space with S > 1, and let & € [0, 7] and 6 € (0, 7] be such
that X satisfies the (&, 5)-weak quadruple condition. Suppose that p := (p1,...,pk) is
a (k,d, a)-strainer at some point x € X with opposite strainer q := (q1, . .. ,qx), where
o > 0and § < 0. Then there exists an open neighborhood U of x such thatp is a (k, 0, o)-
strainer on U with common opposite strainer q. Moreover, for every 1 < i < j < k, every



18 BANG-XIAN HAN AND LIMING YIN

z € U, and every choice of unit-speed geodesics n;,&; from z to p;, q;, respectively, one
has
|[£pizn; — /2] <20+ a+ &, |Lpiz& — /2| <20+ a+E,

43
|Zgizn; — /2| <26+ +¢&, |ZLgz§ —7/2] <20 +a+E. 3

Proof. First, by continuity of the comparison angles and of the error function dg, it is clear
that there exists an open neighborhood U of x such that p is a (k, d, a)-strainer at every
point of U with common opposite strainer . We now prove the almost orthogonality (4.3).
Let z € U be an arbitrary point, and 7, £; be any unit-speed geodesics from z to p; and
qj, respectively for 1 < j < k. Let 1 < i < j < k be fixed. For the lower bound of
(4.3), by the monotonicity of the error function dg and the requirement in the definition of
strainers that |p;z| > |g;z| > |p;z| > |g;z|, it follows that

ds (lg;2l; [piz|) < ds (Ipjzl; Ipez]) < 0s (Ipszl; |aiz]) <o,

(4.4)
o (lgjzl; laiz]) < ds (lg;zl; [pszl) <.
Thus, by the almost comparison inequality (Lemma 2.4 (i)), we obtain that
~ m
Zpizn; 2 £pizpj — ds(lpjzl; pizl) > 5 —a =34,
4.5)

~ s
Lpiz€; > £pizq; — ds(lg;2l; |piz]) > 5 "a~ d.

By the same argument, we also obtain that Z¢;zn; > 7/2—a—¢d and Z¢;2§; > 7 /2—a—9.
For the upper bound of (4.3), pick up an arbitrary ¢ € (0,1(n;)). Since § < 4, by
applying the (&, 6)-weak quadruple condition to the quadruple (z; p;, i, n;(t)), we have
that
Zpiznj(t) + Zqiznj(t) <2+ E— Ipizg; < T+ E+O. (4.6)
Together with the definition of angles viewed from a point (2.4) and the lower bound (4.5),
we obtain that

3

Zpizny STHE+0—Lgizn; < - FE+20 +a,

NN

4.7)
Zgizn; < mHE46 — Lpizn; < 5—1—5—1—254—@.

By applying the same argument to the quadruple (z;p;, ¢;,§;(s)) for s € (0,1(;)), we

also obtain the same upper bound for /p;z{; and Zq;z¢;. Thus, our claim follows.

O

4.2. Openness and bi-Lipschitz property of strainer maps

We first briefly recall the definition of e-openness; see [40, 41] for more details.

Definition 4.5 (c-open maps). A Lipschitz map F' : U — Y from an open subset U C X
to a metric space Y is said to be e-open if for any point € U, there exists > 0 such that
the closed ball B(z,e~1r) C U is complete, and for any v € B(F(x),r) C Y, there exists
apoint y € U such that F(y) = v and ¢|yz| < |F(x)v|. In particular, for any s € (0, 7],
we have the inclusion B(F(z),s) C F(B(x,e™ts)).

We now prove that (k, 0, a)-strainer maps are open whenever the combined size of
the parameters d and « of strainers, together with the angle excess € of the weak quadru-
ple condition, is small. Our argument follows the same strategy as in [19] and [23]: we
equip the target space with an anisotropic ¢;-norm to compensate for the asymmetry of
strainer maps and apply a criterion for e-open maps from a locally complete metric space
to a geodesic space; see [23, Lemma 5.11]. The proof closely parallels the arguments in
our previous work [23, Proposition 5.13], which rely only on the almost orthogonality of
strainer maps established in [23, Lemma 5.7], rather than local semi-convexity itself. We
therefore provide only a brief sketch here, replacing that lemma with the almost orthogo-
nality (Proposition 4.4) established in the present paper.
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Proposition 4.6 (c-openness). Let X be an S-concave Busemann concave space with
S > 1, and k € N. There exists a constant 6, := k= 272F such that the following holds:
leté € [0,01),0 € (0, 7] be given constants such that X satisfies the (€, )-weak quadruple
condition. Let f : U — RF be a (k,§, a)-strainer map from an open subset U C X to
R¥, where R is equipped with the {+-norm, with the parameters 6, « satisfying § < & and
20 + o+ & < 8. Then fis e (€,6,) := (1 — 20 — a — &) /4~ 1-open.

Proof. Let (p1,...,px) be the (k, §, «)-strainer associated with f. Foreachi = 1,... k,
set f; :=d,, and fj;) :== (f1, ..., fi). For simplicity, we write e := ¢} (&, , ) throughout
the rest of the proof. We show the claim by induction on i.

Step 1: We first show f] is £1-open. Note that the argument in Step 1 of [23, Proposition
5.13] uses only the almost comparison inequality and the first variation formula, namely
Lemma 2.4 (i) and (ii), and does not rely on local semi-convexity. Therefore, the same
argument shows that f; is (1 — 24)-open as a map from U to R. Take ey :=1—20 —a— &
ford < Sand 20 + o + & < 401 :=1/4. Since 1 < 1 — 24, Definition 4.5 implies that f;
is also £1-open.

Step 2: Suppose that the (kK — 1,6, «)-strainer map fj;,_1] is €x—1-open from U to RF-1
equipped with the ¢;-norm, where ;1 = (1 — 2§ — a — £)/4%72. Let nx, & be any
unit-speed geodesics from z to py and to g, respectively. For v € RF, let the anisotropic
norm || - || on R¥ be defined as:

o]l == [Jop_y]|, + E’“T—l o], v=(v1,...,v) € RE, 4.8)

where v,y is the first k — 1 coordinates of v, and || - ||; is the usual ¢;-norm on R¥~1,
Let x € U be fixed. By the criterion for e-open maps (see [23, Lemma 5.11]), it suffices to
show that for any v € R¥ \ {f(z)} sufficiently close to f(z), we can find y € U such that

[f(y)v] = |f(@)v] < —efayl, (4.9)
for some E;C > €. Asin [23, Proposition 5.13], we divide the argument into two cases. We
emphasize that both cases in [23, Proposition 5.13] rely only on the almost orthogonality of

strainer maps, and no local semi-convexity is used there. We therefore omit some repeated
computations.

Case 1: f[;_1) # v[x—1]. By the same argument as in Case 1 in Step 2 of [23, Proposition
5.13], we can find y € U such that
Ek—1
1F(y) = vll = If(2) = vll = ==

Case 2: fj, # vi. Following the same argument as Step 1 of [23, Proposition 5.13], we
can find y € U lying on one of the geodesics 7 and &, such that

fe(y) = vk, (1-20 —a—8)|zy| < |fe(w) — vkl 4.11)

Note that from (4.11), we see that y is close to x whenever v is close to f(x). From the
almost orthogonality of strainer maps (Proposition 4.4), we have that

|cos Zp;ang| < 204+ a+E, |cosLpaly| <204+a+é, fori=1,....k—1. (4.12)

|xyl. (4.10)

The inequality (4.12), together with the first variation formula (Lemma 2.4 (ii)), implies
that | f;(y) — fi(z)| < (20 + o+ &)|zy| fori = 1,...,k — 1, whenever v is close to f(z).
Thus, following exactly the same argument as in Case 2 in Step 2 of [23, Proposition 5.13],
we obtain that

1) = ol = (@) vl < = (21— 26— a = &) = (26 + a+ )k — 1)) |yl
(4.13)




20 BANG-XIAN HAN AND LIMING YIN

Let 0y, := k~2272%_ One can readily check that for d, o satisfying § < & and & + 26 + o <
O, it holds that
€k—1

1f(y) —oll = [[f(z) — vl < - 1

Combining Cases 1 and 2, we obtain || f(y) — v|| — || f(z) — v|| < —¢}|xy| whenever v
is close to f(x), where €}, := e_1/2. By the criterion for £-open maps (see [23, Lemma
5.11]) and the fact that the ¢;-norm dominates the anisotropic norm || - || defined in (4.8),
we obtain that f is £;_1/4-open as a map from U to R equipped with the ¢;-norm. By
induction, we conclude that f is e;-open from U to R* equipped with the ¢;-norm, with
e i=(1-25—a—&)/4F 1 fors < dand &+ 20 + o < O

€K1

lry| < —

|zy]. (4.14)

d
The following corollary is an immediate consequence of Propositions 4.4 and 4.6.

Corollary 4.7. Let X be an S-concave Busemann concave space with S > 1. Let k € N
and & € [0,6;) and & € (0,7] be given constants such that X satisfies the (£,8)-weak
quadruple condition. Suppose that (p1, ..., px) is a (k, 6, «)-strainer at x € X with an op-
posite strainer (q1, . . ., Qi ), where the parameters satisfy 6 < Sand 26 +a+¢é < 8;. Then
there exists an open neighborhood U of x such that the associated (k, §, «)-strainer map
f : U — R¥, where R¥ is equipped with the standard Euclidean norm, is \/k-Lipschitz
and &i-open, where &y, = €1, (E, 6, &) /'k, and 5y, €y, are given in Proposition 4.6.

Next, we establish the bi-Lipschitz property of strainer maps when the parameters J and
« of strainers, together with the angle-excess parameter € of the weak quadruple condition,
are sufficiently small. The key step is to establish the injectivity of strainer maps on an
open subset where higher-dimensional strainers do not exist. In the absence of local semi-
convexity, we cannot apply the argument in [23, Proposition 5.15], whose proof relies on
the local geometry of locally semi-convex, S-concave spaces, where the sum of adjacent
angles viewed from a common point equals 7 (see [23, Lemma 4.8 and 4.11]). Instead,
we follow an approach similar to that of [15, Lemma 5.6 and Corollary 5.7], based on the
weak quadruple condition, the upper bound for the sum of adjacent angles viewed from a
common point (Lemma 2.4 (iii)), and the distance-angle estimates from the configuration
of strainers.

Proposition 4.8 (Bi-Lipschitz homeomorphism). Let X be an S-concave Busemann con-
cave space with S > 1. Let k € N, and € € [O,ék),g € (0, 7] be given constants
such that X satisfies the (£, 5)—weak quadruple condition. Let p = (p1,...,px) be a
(k, 6, a)-strainer at xg € X with 6 < Sand 26 + o+ ¢ < O, with an opposite strainer

qa=(q1,...,qr)> Suppose that there is an open neighborhood V' of x( such that no point
inV admits a (k + 1,0, max{50 + 2¢, a})-strainer. Then the associated strainer map
f=(dp,,....dp,) is a bi-Lipschitz homeomorphism from some open neighborhood of

to a domain in RF.

Proof. It suffices to show that f is injective in some neighborhood of x( (see [19, Theorem
5.30]). By Proposition 4.4, we can choose ¢ > 0 small such that B(zg,2ro) C V,pisa
(k, 8, a)-strainer on B(xg, 2r() with the common opposite strainer ¢, and

max{4rq/|qrxol, s (4r0; |qrxo|)} < 0.014. (4.15)

We show by contradiction that f is injective on U := B(xg,ro). Suppose the claim
does not hold. Then there exist two distinct points x,y € U such that f(z) = f(y). Let
v :]0,1] = X be a unit-speed geodesic from z to y, where [ := I(y) < 2ro. We show that
there exists z € ~ close to z, such that (p1,...,px,y) is a (k + 1,0, max{55 + 2¢, a})-
strainer at z, which contradicts the assumption.

3We take o = 0 in the case k = 1.
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Step 1: Choose z € «y such that
max{|zz|/|yz|, 0s(|zz|; |yz|) } < §/8. (4.16)

Note that the assumptions of the lemma imply 6 < 1/2. It is also clear that Zyza: =7 >
7w — d. Therefore, by Definition 4.1, it follows that z is a (1, §)-strained point with the
strainer pair (y, x). It remains to check the almost orthogonality of Zpizy, Zqizy, Zpizac
and Zg;za fori=1,... k.

Step 2: 1In this step, we show an auxiliary result that for any 2z’ € -, the strainer pair
(pi, qi) together with y and « satisfies the following angle-sum bounds:

Ipidy+ Lqidy — 7| <2048, |LpiZa+ LgiZw — 7| < 20 + €, 4.17)

foralli = 1,...,k. Let: € {1,...,k} be fixed. For notational simplicity, we denote
p := p; and ¢ := ¢;. For the upper bound of (4.17), by our choice of ry, it follows that
pis a (1,0)-strainer at 2’ with the opposite strainer q. Thus, by applying the (£, §)-weak
quadruple condition to the quadruple (2’;p, ¢, y), we obtain that

Ipdy+ LqZy <2m+E—Lpq<2n+E— (n—0) <m4+E+0. (4.18)
For the lower bound of (4.17), from the inequality (4.15), one can readily check that
max{|2y|, |z'z|} < 0.016 min{|pz'], |¢2'|}, (4.19)
from which we obtain that
IpZy+ Zpyz >m—68/2, ZgZ'y+ Zqyi >m—6/2. (4.20)

Summing up the inequalities in (4.20), we obtain that
Ip2y+ Lpyr + Zq2'y + Zqyz' > 21 — 6. 4.21)

On the other hand, by applying the (Z,0)-weak quadruple condition to the quadruple
(y; p,q,2'), we have that

Ipyz 4+ Zqui < 2m4+E— Lpyqg < w+E+6. (4.22)
Plugging this inequality into the inequality (4.21), we obtain that
Ipaly+ LqZy > 2 — 6 — (Zpyz’ + quz’) > —20—¢. (4.23)
Together with (4.18) and (4.23), we obtain the first inequality in (4.17). By the same
argument, we can obtain the second inequality in (4.17), and therefore our claim follows.

Step 3: 'We now show the desired almost orthogonality of szy, Zqzy, sza: and Zqzx.
For the first two comparison angles, let 7 and £ denote the unit-speed geodesic segments
of v from z to y and to z, respectively. By applying the Euclidean law of cosines to the
comparison triangle Apzy, it follows that

pel” + |2yl = IpylP| _ 1=yl (2l + Ipz])|Ip2] — Ip=]|

- |
7 (:
eon 22y ’ 2pelleyl | 2lpal 2lpz[zy]
70 (24 0.010)|pz||z=] |xz]
< <016+1.1—, 424
S A= 0.010)pa] T 201 = 0.010) pa|zy] = 0Ty 24

where we use the hypothesis [pxz| = |py| in the first inequality, and the last two inequalities
follow from the choice of ry and (4.15). From our choice of z € ~, namely (4.16), we
obtain that | cos Zpzy| < &/4, which implies that | /pzy — 7/2| < §/2. By taking 2’ := z
in the first inequality in (4.17), we obtain that | Zgzy — 7/2| < 53/2+ &. For the latter two
comparison angles, note that from the almost comparison inequality, the sum of adjacent
angles viewed from a common point (Lemma 2.4 (i), (iii)) and the choice of ry, we have
that

Ipzy + Lpzx < Lpzn + £pz€ 4 0s(|zyl; Ipz)) + 0s(|22); [p2|) < w4+ 8/2.  (4.25)
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Plugging the almost orthogonality | Zpzy — 7/2| < §/2 into the above inequality, we have
that
Ipzx < T+ 68/2— Ipzy < /2 +6. (4.26)
The same argument, together with the almost orthogonality that | Zgzy — /2| < 50/2+¢,
implies that ~ }
Lz <m+40/2 — Lgzy < w2+ 35 + E. (4.27)
By taking 2z’ := z in the second inequality in (4.17), we obtain that

szm>7r—26—§—2qzx>2—5(5—25,
. _ p (4.28)
4qzx>7r—26—é—4pza:>§—35—5.

To sum up, we have shown that y is a (1, §)-strainer at z with « as the opposite strainer,
and that Zpizy, Zp,;zx, Zqizy, Zqizx are greater than w/2—55—2¢ fori = 1, ..., k. Thus,
by the definition of strainers, it follows that (p1, . . ., pk, y) is a (k+1, §, max{55+2¢, a})-
strainer at z € B(xo,2ro) C V. But this contradicts our assumption that no point in V
admits a (k+1, 6, max{5d + 2¢, a'})-strainer. Hence, f is injective on U, which completes
the proof. U

4.3. Self-improvement of strainers

We establish a self-improvement property of (k,d, )-strainers on S-concave Busemann
concave spaces. Any (k,d, «)-strained point whose parameters, together with the an-
gle excess € of the weak quadruple condition, are sufficiently small has arbitrarily close
(k, p, p)-strained points for every 0 < p < 1/2. This property has been established in
[15, Lemma 5.9] for Alexandrov spaces with curvature bounded below and in [23, Lemma
5.16] for locally semi-convex, S-concave Busemann concave spaces.

In [23], we used a new ‘dequeuing-and-enqueuing’ approach to handle the asymme-
try of strainers in locally semi-convex, S-concave Busemann concave spaces. Although
the proof of the self-improvement property here follows the same general strategy, an ad-
ditional difficulty arises in the present setting: the (£, 5)-weak quadruple condition can
improve a given strainer only to one whose almost orthogonality is no better than the
angle-excess parameter €.

To overcome this difficulty, we adopt a strengthened ‘dequeuing-and-enqueuing’ pro-
cedure based on the weak quadruple condition with varying parameters. Starting from
a (k,d, a)-strainer (py,...,px), we first dequeue the first strainer pair (pi,¢;) and en-
queue the new strainer pair (p], ¢;) from a straightening procedure, obtaining the k-tuple
(p2,.-.,pk,p}). This tuple is a mixed strainer: it remains a k-dimensional strainer with
controlled parameters, while the new last entry p}, with its opposite strainer ¢j, forms a
1-strainer pair with the improved ‘straightness’ parameter. This improvement and Propo-
sition 3.7 allow us, in the next step, to apply the weak quadruple condition with a smaller
angle-excess parameter ¢’. This yields better almost orthogonality among newly created
strainer pairs, while the weak quadruple condition with the original parameters keeps the
almost orthogonality among old and new strainer pairs under control.

After k steps of the strengthened ‘dequeuing-and-enqueuing’ process, the resulting
k-tuple gives the desired strainer, with improved straightness and almost-orthogonality
properties.

Lemma 4.9 (Self-improvement of strainers). Let X be an S-concave Busemann concave
space with S > 1. Let k € N, and & € [0,6;,/3),6 € (0, 7] be given constants such that
X satisfies the (£, 5)-weak quadruple condition. Suppose v € X is a (k, 0, «)-strained
point with § < & and 76 + « + 38 < 6y,. Then, for every open neighborhood U of x, every
0 < &' <& and every

0 < ¢ < min{d,é(,5)},
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where §(¢’, S) is the constant supplied by Proposition 3.7, the neighborhood U contains
a (k,d',50" + 2¢')-strained point. In particular, every open neighborhood of x contains a
(k, p, p)-strained point for every 0 < p < 1/2.

Proof. Letp = (p1,...,pk) be a (k, d, a)-strainer at = with the opposite strainer ¢ =
(g1,-.-,qr), and let f be the associated strainer map. Let U C X be an arbitrary open
neighborhood of z, and let 0 < &’ < & be an arbitrary positive number. By Proposition 3.7,
we can find 6 := 6(¢’, S) > 0 such that X satisfies the (¢/, §')-weak quadruple condition
for any 6’ € (0,6]. Let 0 < ¢’ < min{§, 5} be an arbitrary number. In the following, we
show that there exists a (k, §’, 50" + 2¢’)-strained point in U.

For the case k = 1, the claim is trivial, since we can choose a point z € U on a unit-

speed geodesic from z to p; sufficiently close to x, such that z is a (1, ’)-strained point
with the strainer pair (p1, ). Therefore, we can assume k& > 2. We will dequeue and
enqueue the strainer points p; from ¢ = 1 to k inductively to construct the desired strained
point.
Step 1: We first dequeue and enqueue the strainer pair (py, ¢1). Since & < & and 76 4 o +
3¢ < 6 from the assumptions of the lemma, Corollary 4.7 gives a radius 7o > 0 small
enough such that U; := B(x, 2ro) C U, the associated strainer map f : Vi = B(x,ry) —
R is £,-open with the common opposite strainer ¢, and

max{4ro/|qrz|, 85 (4ro; lqrz|)} < 0.014". (4.29)
By the openness of f, we can find y € V; \ {z} such that |p,x| = |p;y| fori =2,... k.
Let £ be a unit-speed geodesic from x to y. Since |p;z| = |p;y| fori = 2, ...k, the same

argument as in Steps 2-3 of the proof of Proposition 4.8, together with the (&, 5)-Weak
quadruple condition and the choice of 7, allows us to choose z; € {NV; sufficiently close
to « such that the new k-tuple (pa,...,pk,y) is a (k, 6, max{c, 5 + 2})-strainer at z;.
Moreover, its first (k — 1) entries form a (k — 1, 0, &)-strainer at z; with opposite strainer
(q1,---,qrx—1), while its last entry y is a (1, §')-strainer at z; with the opposite strainer x.
We denote by p} := y and ¢} := x.

Step 2: Suppose that, for some 2 < j < k, we have a point z;_; € U; and a k-tuple

Pj—1:=(Pjs s Pk PLs s D) (4.30)
satisfying the following conditions:

(a) pj_1isa (k,d, max{a, 50 + 2£})-strainer at z,;_1, with the opposite strainer

Gt i= (G G Gl @31)
(b) The first k — j + 1 entries (p;,...,px) forma (k — j + 1,9, o)-strainer at z;_1, with
the opposite strainer (g;, ..., ¢x);

(c) The last j — 1 entries (p},...,pj_;) forma (j — 1,8, 50" + 2¢’)-strainer at z; 1 with
the opposite strainer (¢f, . . ., q;_l);

(d) |22j1] < XI5 ro/27 N
Let f;_1 be the associated strainer map of p;_;. For p;_;, by our assumption on &, «, 6,
we have that

26 + max{a,50 + 26} + £ < 75 + a + 3¢ < by (4.32)
Therefore, by the openness of strainers and strainer maps (Proposition 4.4 and Corol-
lary 4.7), we can choose a radius 7; < 7o/ 27 small enough such that all assumptions
(a)—(c) above hold for every point in U; := B(z;_1, 2r;) in place of the point z;_;, and
the strainer map f;_ is £x-open on V; := B(z;_1,r;). We also choose r; so that

max{4r;/|q;_1zj-1|,05(4r;; |¢j_12;-1])} < 0.018". (4.33)

By the openness of f;_; on Vj, we can find p; € V; such that all entries of f;_1(p}),
except the first one, are the same as those of f;_1(z;_1). Thatis, |p;z;_1| = \pip;-| for
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i=j+1,...,kand |pjz;_1| = [pp;| fori =1,...,j—1. Let&; be a unit-speed geodesic
from ¢} := z;_1 to p;. We choose z; € £; N V; sufficiently close to z;_1 such that

max{|q;z;|/|q;p}l, 0s(1d;25; lg;pi)} < &'/8. (4.34)

The new k-tuple p; := (pj+1,---,Pk, P, - -, pj) forms a mixed strainer at z;. Indeed,

for the strainer pairs (p;, ¢;) and (pj, ¢}) at the base point z; with i = j + 1,...,k, as-

sumption (b) above and the same argument as in Step 2-3 of the proof of Proposition 4.8,
together with the (€, §)-weak quadruple condition, implies that

Zpisz;, Zpizjqé, Zqisz;, Zqizjq; > /2 — 56 — 2¢, (4.35)
fori = j+1,..., k. On the other hand, for the newly created strainer pairs (p}, ¢;) and
(P, q;) at the base point z;, withi = 1,...,j — 1, by assumption (c) above, we can apply
the (&', 0’)-weak quadruple condition to both quadruples (z;; p;, ¢;, p}) and (z;; p;, i, ;)
fori =1,...,j — 1. Therefore, the same argument as in Step 2-3 of the proof of Proposi-
tion 4.8, together with the (¢’, §")-weak quadruple condition, implies that

Zp;sz;, Zp’izjq;, qusz;-, quzjq; >7/2 — 56 —2¢, (4.36)
fori =1,...,j— 1. Finally, by our choice of 7; and z;, we have that p’; is a (1, ¢')-strainer
at z; with the opposite strainer ¢}, and that [zz;| < S ro/2""1. These estimates,
together with the estimates (4.35), (4.36) and the choice of r; and z;, imply that the new
k-tuple p; == (pj+1,-- -, Pk, P1s -+, Dj) is a (k, 6, max{a, 50 + 2&})-strainer at z; with
the opposite strainer q; := (g;11,...,qk, ¢}, - -, qg) Moreover, its first k — j entries form

a (k—j, 9, a)-strainer at z; with the opposite strainer (¢j41, . . . , ¢x), while its last j entries
forma (j,d’, 56" 4 2¢’)-strainer at z; with the opposite strainer (g3, - .., q}).

Step 3: Finally, after & steps, we obtain a k-tuple (p/, ..., p)) and a point zj. By induc-
tion, it follows that this k-tuple is a (k, 0’, 50" + 2¢’)-strainer at z, and that |zz;| < 2r.
Since 7o can be chosen so that z; € U; C U, this proves the quantitative assertion of the
lemma. The final assertion follows by choosing 6’ > 0 and &' > 0 sufficiently small so
that 0 < ¢’ < min{g, p}, 0 < &' < min{4,d(¢’, S), p}, and 50’ + 2¢’ < p.

O

5. GEOMETRIC MEASURE-THEORETIC STRUCTURE

In this section, we establish several basic geometric measure-theoretic properties of
S-concave Busemann concave spaces, concerning constancy of dimension, the measure
contraction property, rectifiability, and almost everywhere uniqueness of Banach tangent
cones. Throughout this section and the next one, we assume that X is not a singleton; the
singleton case is trivial.

5.1. Dimension and measure contraction property

We first introduce a slight variant of the strainer number, adapted to the notion of strainer
used in the present paper; for the corresponding notion in Alexandrov spaces with curvature
bounded below, see [15] and [14, Definition 10.8.11].

Definition 5.1 (Strainer number). Let X be an S-concave Busemann concave space with
S > 1. A natural number m € N is called a strainer number at x € X if for any 0 <
d < 1/2 and any open neighborhood U of z, there exists a (m, d, d)-strained point in U,
while the analogous property fails for m + 1. If no such m exists, the strainer number at
z is defined to be co. The strainer number of X is defined as the supremum of the strainer
numbers over all points of X.

It is clear that the strainer number is well-defined. Moreover, the following lemma
shows that the strainer number at every point is at least 1.



WEAK QUADRUPLE COMPARISON AND STRUCTURE THEORY BEYOND ALEXANDROV GEOMETRY 25

Lemma 5.2. Let X be an S-concave Busemann concave space with S > 1. Then the
strainer number at each point of X is at least 1.

Proof. Fix x € X, and choose y # x. Given any 0 < 6 < 1/2, take z on a unit-speed
geodesic from x to y sufficiently close to x so that

max{|zz|/|yz], 0s(|lzzl; [yz])} < 6. (5.1)

It is then straightforward to check that z is a (1, §)-strained point. Since 0 < § < 1/2is
arbitrary, the strainer number at x is at least 1 by definition. O

Lemma 5.3. Let X be an S-concave Busemann concave space with S > 1. Then the
Hausdorff dimension of X equals the strainer number at any point in X. If this number is
finite, then it also coincides with the topological dimension of X.

Proof. Let U C X be an arbitrary bounded open neighborhood of z € X. We show that
the Hausdorff dimension of U is equal to the strainer number m at x.

Case m = oo. Givenany k € N, let 0 < £ < ¢, be a positive number. By Propo-
sition 3.7, we can find 0 := (g, ) > 0 such that X satisfies the (e, §)-weak quadruple
condition for all § € (0,4]. Let 0 < § < & be a small number such that 36 + ¢ < 8.
By the definition of strainer number, there exists a (k, 6, §)-strained point y € U. Since
20+6+¢e < 364¢ < §, by Corollary 4.7 it follows that there exists an open neighborhood
V C U of y such that f : V — RF¥ is v/k-Lipschitz and &;-open. Therefore, it holds that

k < dimg (f(V)) < dimg (V) < dimg (U) < dimpg (X). (5.2)

Since k € N is arbitrary, we obtain that dimy (X) = oc.

Case m < oo. Let0 < € < 0,,11/5, and 6 := d(e,S) be the constant given by
Lemma 3.7 such that X satisfies the (e, §)-weak quadruple condition for all § € (0, 8]. Let
0 <4< ébean arbitrarily small number such that 126 + 5¢ < §,,41.

By the definition of strainer number, there exists an open neighborhood V' C U of x
and § > 0 such that V does not contain any (m + 1,0, d)-strained point. By the self-
improvement property (Lemma 4.9), we conclude that V' also does not contain any (m +
1,0,50 + 2¢)-strained point. Indeed, if the claim were not true and V' contained a (m +
1,6, 58 + 2¢)-strained point, then our choice of ¢, e would imply

75+ (58 + 2e) + 3 <126 4 52 < dppy1- (5.3)

By Lemma 4.9, it would follow that V' contains a (m + 1,4, ")-strained point for any
0 < & < &, which contradicts our assumption on V. On the other hand, since the strainer
number at  equals m, the definition of strainer number implies that V' contains a (m, 4, §)-
strained point z. Since 20 + § + & < dpp1 < dp, and V' admits no (m + 1, 6, max{59 +
2¢e,0})-strained point, the hypotheses of Proposition 4.8 are satisfied. Therefore, there
exist an open neighborhood W C V of z and a map f : W — R™ such that W is bi-
Lipschitz homeomorphic to an open domain f (/) of R™. Since all bounded open subsets
of a Busemann concave space have the same Hausdorff dimension (see [34, Lemma 2.22]),
and since X can be covered by countably many bounded open subsets, we obtain

m=dimy f(W) = dimg (W) = dimyg(U) = dimpg(X). (5.4)

In particular, the strainer number at every point of X coincides with the Hausdorff di-
mension of X. This proves the first assertion. The second assertion follows by exactly
the same argument as in [23, Lemma 6.3], where we only use the bi-Lipschitz homeomor-
phism from the first assertion together with the relationship between topological dimension
and Hausdorff dimension; see (2.1) in Section 2.1. U

We now state the main result of this subsection. In what follows, we say that a metric
space has constant Hausdorff dimension if the local Hausdorff dimensions at all points
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coincide. Here the local Hausdorff dimension dim X () at a point x is defined as
dimpg X (x) := inf {dimgy (U) : € U, U open} . (5.5)

Proposition 5.4. Let X be an S-concave Busemann concave space with S > 1. Then
X has finite Hausdorff dimension if and only if it has finite strainer number. In this case,
these two quantities coincide with the topological dimension of X. Denoting this common
integer by n > 1, the space X has constant Hausdorff dimension n and carries a nontrivial
n-dimensional Hausdorff measure. Moreover, (X, d, H™) satisfies the measure contraction
property MCP (0, n) and the Bishop—Gromov volume comparison inequality BG(0,n). In
particular, (X, d) is doubling and proper.

Proof. The first assertion follows directly from Lemmas 5.3 and 5.2. The constancy of
Hausdorff dimension follows directly from [34, Lemma 2.22]. The existence of nontrivial
n-dimensional Hausdorff measure follows from Lemma 5.3: there exists a bounded open
subset U of X that is bi-Lipschitz homeomorphic to a bounded open subset of R™, and
hence H"™(U) € (0,00). The remaining assertions follow by exactly the same argument
as in [23, Theorem 6.4]. They are direct consequences of the existence of nontrivial n-
dimensional Hausdorff measure and the geometric properties of MCP spaces. No local
semi-convexity is used in this step. (]

In view of the preceding proposition, we say that an S-concave Busemann concave
space is finite dimensional if its Hausdorff dimension, or equivalently, if its strainer number
is finite.

5.2. Rectifiability and Banach tangent cones

In this subsection, we show that every n-dimensional .S-concave Busemann concave space
is n-rectifiable. We also show that {"-a.e. point admits a unique tangent cone isometric to
an n-dimensional Banach space. These properties are well-known for finite-dimensional
Alexandrov spaces with curvature bounded below (see, for example, [15, Chapter 10]).
They were also established for locally semi-convex, S-concave Busemann concave spaces
in [23], using the local bi-Lipschitz property of strainer maps and Kirchheim’s local struc-
ture theorem for rectifiable sets in metric spaces [37, Theorem 9]. Here, we obtain these
properties directly from a general rectifiability criterion for non-collapsed MCP spaces
with unique tangent cones, due to Magnabosco-Mondino—Rossi [45].

We state a version of this result needed below. Before stating it, recall that, for a metric
space (X,d) and @ € R™T, the lower and upper densities of the a-dimensional Hausdorff
measure H* at a point z € X are defined as:

Osq () := liminf w, O () := lim sup w.

r—0 W1 r—0 Wpre

(5.6)

Lemma 5.5 ([45], Theorem 1.2). Let (X,d, H") be an MCP (K, N) space, where K € R
and N € (1,00) (or K < 0and N = 1). Assume that H" -a.e. point of X admits a unique
Gromov—Hausdorff tangent cone, and that, for H -a.e. point x € X, the lower and upper
density of H" satisfy 0 < O.n(z) < O () < oc. Then N is an integer; (X,d) is N-
rectifiable, and for H™ -a.e. point x, the family Tan(X,d, x) consists of a single element
(up to an isometry) which is isometric to an N -dimensional Banach space.

Remark 5.6. Although [45, Theorem 1.2] is stated for K € R and N € (1,00), its con-
clusion remains valid for K < 0 and N = 1. This is essentially because [45, Theorem 4.3]
holds trivially for N = 1, which further implies that H'-a.e. point of X admits a unique
tangent cone isometric to a commutative sub-Finsler Carnot group with homogeneous di-
mension N = 1; see the proof of [45, Theorem 4.6], together with [45, Theorem 3.18],
and also [21, Remark 5.15].

We are now in a position to state the main result of this subsection.
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Proposition 5.7. Let X be an n-dimensional S-concave Busemann concave space with
S > 1. Then X is n-rectifiable, and H"-a.e. point of X admits a unique tangent cone
which is isometric to an n-dimensional Banach space.

Proof. By Proposition 5.4, (X,d,H") is a doubling Busemann concave space satisfying
MCP(0,n). Hence, every point 2z € X admits a unique Gromov—Hausdorff tangent cone
which coincides with T, X up to an isometry; see Section 2.4 or [34, Corollary 2.21]. It
remains only to establish the lower and upper density bounds at H™-a.e. point of X.
For the lower bound, Bishop—Gromov volume comparison for MCP(0, n) spaces im-
plies that the lower and upper densities of ™ at every point coincide and satisfy
05,(2) = Oun(z) = O(z) 1= lim TABET)) o, H(Blo. 7))

r—0 Wy ™ T wp(r)”

>0, (5.7)

for every x € X, where r, > 0 can be chosen arbitrarily. This is because, for any
r > 0, the proof of Lemma 5.3 implies that there exists a bounded nonempty open subset
W C B(z,r,) which is bi-Lipschitz homeomorphic to a bounded nonempty domain of
R™. This implies that H"(B(z,r,)) > H"™ (W) > 0. In particular, every nonempty open
ball has positive 7{"-measure. For the upper bound, set £ := {z € X : ©,,(x) = oco}. By
a standard result in geometric measure theory (see, for example, [3, eq. (2.1)]), for every
1 <t < oo, we have the following implication:

O;(zx) >t forallz€e E = H" >tH"LE. (5.8)

This forces H™(E) = 0, and hence O,,(x) < oo for H™-a.e. point € X. Therefore, by
Lemma 5.5, the space X is n-rectifiable, and H™-a.e. point admits a unique tangent cone
isometric to an n-dimensional Banach space. U

Remark 5.8. Rectifiability and the a.e. uniqueness of Banach tangent cones for finite-
dimensional S-concave Busemann concave spaces can also be proved by more direct ar-
guments using strainer maps, as in [23, Section 7.2]. In the next section, we use strainer
maps to establish finer geometric structure results for finite-dimensional S-concave Buse-
mann concave spaces.

We conclude this subsection with a further geometric characterization of tangent cones
of finite-dimensional S-concave Busemann concave spaces, under the additional assump-
tion of local p-uniform convexity.

Corollary 5.9. Let X be an n-dimensional S-concave Busemann concave space. Suppose
that for every point x € X, there exists v, > 0 such that the following p-uniform convexity
condition holds on B(x,r;). For every constant-speed geodesic £ : [0,1] — B(xz, 1) and
every point y € B(x,r,,), one has

(/2P < Sy + SEMP — S €0 6.9)

Sfor somep > S + 1 and C = 4/2P. Then all tangent cones of X are uniquely geodesic.
Moreover, at H™-almost every point x, the unique tangent cone (T, d,., 0) is isometric to a
2-uniformly smooth, p-uniformly convex Banach space (Ey, || - ||z, 0x) with strictly convex
norm || - ||z

Proof. The proof is essentially the same as that of [23, Corollary 7.9]. Indeed, the argu-
ment there for the uniquely geodesic property relies only on the local p-uniform convexity
assumption (5.9) and does not use local semi-convexity. Moreover, the same proof remains
valid after replacing the norm || - ||, of the Banach tangent cone by the distance d,, of the
tangent cone 7, X. The second assertion then follows by the same argument as in the last
part of the proof of [23, Corollary 7.9]. (]
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6. MANIFOLD AND SINGULAR STRUCTURES

In this section, we further investigate the geometric structure of finite-dimensional S-
concave Busemann concave spaces.

6.1. Topological manifold part

In this subsection, we show that each finite-dimensional S-concave Busemann concave
space contains an open dense topological manifold part of top dimension and full Hausdorff
measure. More precisely, we show that, for suitable choices of J,« > 0, the n-almost
regular set A(n, d, a) provides the desired topological manifold part.

We first introduce the notions of almost regular sets and regular points.

Definition 6.1 (Almost regular sets). Let X be an S-concave Busemann concave space
with S > 1. Given k¥ € Nand 0 < §,a < 1/2, we define A(k,d,a) C X, called the
k-almost regular set of X, to be the set of all (k, §, )-strained points of X*. We say that
apoint x € X is a regular point if its tangent cone 7, X is isometric to a Banach space.

Remark 6.2. For every n-dimensional S-concave Busemann concave space, the 1-almost
regular set A(1,0,0) has full H™-measure for every 0 < § < 1/2. This follows from
the almost extendability of geodesics in MCP spaces and does not require local semi-
convexity; see [23, Lemma 7.2] and [66, Section 3.3].

We next prove a key technical lemma, estimating the size of the set of points which ad-
mit lower-dimensional strainers but no higher-dimensional strainers. Analogous estimates
were obtained for Alexandrov spaces with curvature bounded below in [15, Lemma 10.5
and Theorem 10.6], using the metric cone structure of tangent cones and cardinality esti-
mates for maximal separated subsets, and for locally semi-convex, S-concave Busemann
concave spaces in [23, Lemma 7.3], using the almost extendability of geodesics and the
infinitesimal behavior of strainer maps restricted to singular sets.

Here we follow an approach similar to that of [23, Lemma 7.3]. This method allows
us to estimate the top-dimensional Hausdorff measure of singular sets without appealing
to the structure of tangent cones. Most of the argument is unchanged, except in Step 2
of the proof, where we use the weak quadruple condition in place of both the continuity
of angles viewed from a point and the identity that the sum of adjacent angles viewed
from a common point equals 7. In [23], these local geometric properties rely on the local
semi-convexity assumption, which is not assumed in the present setting.

Recall that, for a point z € X, the set I, C X consists of all non-cut points of z,
that is, all points y € X such that some unit-speed geodesic from x to y can be extended
beyond y locally.

Lemma 6.3. Let X be an n-dimensional S-concave Busemann concave space with S > 1.
Fix1 <k <mn—1,andleté € [0, 6) and § € (0, 7] be such that X satisfies the (¢, 0)-weak
quadruple condition. Let (p1,...,px) be a (k, 0, «)-strainer on an open subset U C X
with common opposite strainer (q1, . . ., qx ), where 0, a > 0 satisfy

§<6 and 26+ a+E < 5. 6.1)
Let E C U be the set of points which admit no (k + 1,6, max{«, 56 + 2&})-strainer. Then
H"(E) =0.
Proof. Let f := (dp,,...,dp,) : U — R* be the associated strainer map. Suppose, for
contradiction, that H"(E) > 0.

Step 1: By Proposition 5.4, the n-dimensional Hausdorff measure H™ is a nontrivial dou-
bling Radon measure on X. Moreover, for each x € X, the set I, of non-cut points of

“When k = 1, A(1, 8, o) is the set of all (1, §)-strained points; the parameter « plays no role in this case.
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x has full H"-measure, since the set of cut points of a point in an MCP space is negligi-
ble; see, for example, [66, Section 3.3]. Therefore, following exactly the same argument
in Step 1 of [23, Lemma 7.3], we can find a subset K C E such that H"(F \ K) = 0,
I.NB(y,r)NK # Qforallz,y € K andr > 0, and I, N K is dense in K forevery x € K.
We emphasize that Step 1 of [23, Lemma 7.3] relies only on the Lebesgue differentiation
theorem for doubling measures, and does not use local semi-convexity.

Step 2: In this step, we show that

[f(2)f ()|

lim inf 222
K3y—x |zy|

>6/8, forallz € K. (6.2)

Since I, N K is dense in K for every € K, it suffices to prove that

lim inf @) f )l >4/8, forallzx € K. (6.3)
=0 ye B(x,r)NKNI, |zy|

The non-emptiness of B(x, r)NK NI, forevery z € K andr > 0 ensures that the infimum
on the left-hand side of (6.3) is not infinite® and is bounded above by the Lipschitz constant
of f.

Suppose by contradiction that there exists « € K and a sequence {xz;}; C K NI, with
z; — x such that

m sz‘l’ﬂ —|Pz‘33|’ < lim

I < qim @@ 5/8, foralli=1,....k.  (64)
j—oo || jooo |zjxl
Set t; := |zx;|. Choose j sufficiently large such that

max{4t;/|qrx|, d5(4t;; |grz])} < 0.014. (6.5)
Since z; € I, we may choose a point 3 on an extension of a unit-speed geodesic from x
to x; beyond x; such that

max{z;yl/t;, 35 (Jayli 1)} < 0.016. 6.6)

We claim that (p1,...,pg, ) is a (k + 1,9, max{«, 50 + 2})-strainer at x;. Indeed,
by the choice of y and ¢;, namely (6.6), it follows that x is a (1, d)-strainer at x; with
the opposite strainer y. Moreover, (6.5) gives |gyx| > |zz;| = t; and ds(|zz;; |grz|) <
6. Thus, conditions (1)—(2) in the definition of strainers (Definition 4.2) are satisfied for

(p1,...,pk,x) at ;. It remains only to verify the almost orthogonality condition (3) in
Definition 4.2.
Fix i € {1,...,k}. Consider the comparison triangle Ap;x;x. By the choice of ¢;

and z;, namely (6.5) and (6.6), together with the hypothesis (6.4), the same argument in
(7.5)-(7.6) of Step 2 in [23, Lemma 7.3] (see also [23, Lemma 4.3, eq. (4.8)]) gives

Mj'tj pial| | 2|Zx| < 6/8+0.016 < 6/4. 6.7)
Note that this argument uses only the Euclidean law of cosines and S-concavity. Hence we
obtain | /pajz — /2| < §/2.

It remains to check the almost orthogonality of the other three comparison angles

’cos Zpi:rjx’ <

Z%‘%‘% Zpil‘jy, Z%'xjy'
By the choice of ¢; and y, we have

lyx;| < |zx;| < 0.016 min{|p;z;l, [g;z;]}. (6.8)

5We use the convention that inf 0 = oco.
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Applying the same argument as in Step 2 of Proposition 4.8 to the quadruples (z; p;, ¢;, )
and (z; ;. i, )", we get

Zpixjx + Zqixjx — 7| <20+ €, Zpixjy + Zqixjy — T <20 +E. (6.9)

Together with the inequality | /p;z;o — /2| < &/2 obtained above, the same argument
as in Step 3 of Proposition 4.8 implies that Zqixjx, Zpiazjy, Zqixjy are all greater than
7/2 — 55 — 2.

Thus, (p1,...,pk, x) isa (k+ 1,0, max{a, 50 4+ 2} )-strainer at z; € E, contradicting
the definition of E. This proves the claim (6.2).

Step 3: Finally, following exactly the same argument as in Step 3 of [23, Lemma 7.3],
we obtain H"(K) = 0. That argument uses only the infinitesimal behavior (6.2) of f
restricted to K, based on [40, Lemma 3.1], and does not rely on local semi-convexity.
This contradicts our initial assumption together with the choice of K, namely, H"(K) =
‘H"™(E) > 0. Hence the initial assumption is false, and the assertion follows.

O

We are now in a position to prove the main result of this subsection: for a suitable
choice of parameters, the almost regular set is an open dense topological manifold of top
dimension and full top-dimensional Hausdorff measure.

Theorem 6.4 (Topological manifold part). Let X be an n-dimensional S-concave Buse-
mann concave space with S > 1. Then, for every 0 < 0 < 1/2, the n-almost regular set
A(n,d,0) is open and dense in X, and has full H™-measure; that is, H" (X \ A(n, 9, 9)) =
0. Furthermore, if 0 < § < 1/2 is sufficiently small, then A(n,d,d) is a topological
n-manifold. In particular, X contains an open dense topological manifold part of top
dimension and full top-dimensional Hausdorff measure.

Proof. Openness and density: by Proposition 4.4, A(n,d, «) is open for all 0 < §, @ <
1/2. To prove density, fix d, & > 0 and choose 0 < ¢ < min{d, a}. Since the strainer
number at every point equals the Hausdorff dimension n of X, by the definition of strainer
number, every neighborhood of every point contains a (n,d’,d’)-strained point. Such a
strained point belongs to A(n, §, «), and hence A(n, d, ) is dense in X.

Topological manifold part: we show that A(n, J, ) is a topological n-manifold for all suf-
ficiently small 0 < § < 1/2. Let 0 < & < 8,11/5 and let § := (e, S) be the constant
given by Lemma 3.7, such that X satisfies the (e, J)-weak quadruple condition for all
& € (0,0]. Fix any 0 < § < 0 such that 1286 + 5¢ < &,,11.

Let x € A(n,d, ) be arbitrary. By the openness of almost regular sets, the definition
of strainer number and the self-improvement property, as in the proof of Lemma 5.3, there
exists a small open neighborhood U C .A(n,d,d) of = such that U contains no (n +
1,0,50 + 2¢)-strained point. Since our choices of € and ¢ imply that 20 + § + & < J,,,
Proposition 4.8 gives a possibly smaller open neighborhood V' C U of z which is bi-
Lipschitz homeomorphic to an open subset of R™. Hence, .A(n, d, d) is a topological n-
manifold.

Full Hausdorff measure: we show that, for every 0 < 6 < 1/2, the n-almost regular
set A(n, d,0) has full H™-measure. When n = 1, this follows directly from the almost
extendability of geodesics in MCP spaces; see Remark 6.2. Therefore, we may assume
that n > 2.

Let0 < & < 6,/3,and & := d(e, S) be the corresponding constant given by Lemma 3.7
such that X satisfies the (e, §)-weak quadruple condition for all § € (0,4]. Choose 0 <
§ < 6 sufficiently small such that 76 + 3¢ < §,.

®Here (,y) is a (1, §)-strainer pair, whereas in Proposition 4.8 the (1, §)-strainer pair is (y, z).
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We claim that, for each £ = 2,. .., n, the set
A(k —1,0,50 + 2¢) \ A(k, 9,50 + 2¢) (6.10)

has zero H"-measure. Indeed, for any z € A(k — 1, 4,50 + 2¢), Proposition 4.4 gives a
sufficiently small radius r, > 0 such that the ball B(z, ;) admits a (k — 1, ,50 + 2¢)-
strainer with a common opposite strainer. Since 20 + (5 + 2¢) + £ < d;_1, Lemma 6.3
implies that the set B(z,r;) \ A(k, 0,50 + 2¢) is H"-negligible. As X is proper by
Proposition 5.4, we may extract a countable cover { B(x;, 7, ) }ien of A(k — 1,9, 56 + 2¢)
by such balls. Hence, we conclude that A(k — 1,d,50 + 2¢) \ A(k, 0,50 + 2¢) is H"-
negligible for every k = 2, ..., n. By subadditivity of measure, it follows that

H" (X \ A(n, 5,50 + 2¢)) < H™ (X \ A(1,6))
+ 3 H"(A(k—1,6,56 +2¢) \ A(k, 6,50 + 2)) =0, (6.11)
k=2

where we use the identification A(1, 6, o) = A(1, ) for all & > 0. Thus, A(n, §,50 + 2¢)
has full H"-measure.

Finally, given any 0 < &’ < 1/2, choose 0 < ¢ < 8,,/3and 0 < § < (e, S) sufficiently
small such that 7§ 4 3 < §,, and 5 + 2 < §’. Then A(n, d, 5 + 2¢) C A(n,d’,d’), and
therefore A(n, ¢’, ¢") has full H"-measure. This proves the claim.

]

6.2. Singular strata and stratification

In this subsection, we estimate the Hausdorff dimension of singular sets. This estimate
yields a natural measure-theoretic stratification {Xj}7_, for every S-concave Busemann
concave space. For this stratification, dimg(Xy) < k for each k = 0,...,n, and the
top-dimensional stratum X, is an open dense topological n-manifold. A related, stronger
topological stratification theorem for finite-dimensional Alexandrov spaces with curvature
bounded below was established in [57]; see also [14, 55, 58] and [15, Section 13]. For
locally semi-convex, S-concave Busemann concave spaces, a measure-theoretic stratifica-
tion was also obtained in [23].

We first estimate the Hausdorff dimension of singular sets. As observed in [23], the
method of [15] for Alexandrov spaces with curvature bounded below implicitly relies on
the metric cone structure of tangent cones. This approach therefore does not apply di-
rectly in our setting, since tangent cones need not be metric cones and the relevant notions
of angle need not coincide. Instead, we follow the approach of [23], which is based on
the quasi-metric structure and uniform compactness of spaces of directions with common
length, together with a technical estimate quantifying how side-length ratios control the
discrepancy between angles viewed from a fixed point and angles of common scale, when
the latter are small.

We need the following two technical lemmas. The first one is taken from [23, Lemma
7.11], and is adapted from [41, Lemma 10.2] and [15, Lemma 10.3]. It will be used to
bound the maximal cardinality of separated subsets of singular sets.

Lemma 6.5. Forevery N, L > 1 and every natural number M > 1, there exists a constant
K = K(N, L, M) with the following property: if X is an N-doubling metric space and
E C X is an r-separated subset for some r > 0 containing at least K elements, then
there exist M distinct points {xi}fvio_l C E such that |z;y1x0| > L|zixo| for each i =

1,...,M—2

The second lemma, taken from [23, Lemma 7.12], provides quantitative control of the
discrepancy between angles viewed from a point and angles of common scale, when the
latter are small. We note that [23, Lemma 7.12] was established for .S-concave Busemann
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concave spaces without assuming local semi-convexity. Recall that, for § € (0, 1), the beta
number 3(8)” is defined as
1 —cosd)sind
5(9) = Lo
2(1 4+ sind)
Note that 3(§) < 1/4 and 5(5) = O(6%) as § — 0.

(6.12)

Lemma 6.6. Let X be an S-concave Busemann concave space, and let0 < § < 1/2. Then
there exists a constant Lo = Lo(0,.S) > 1 such that the following holds: let x,y,z € X
be points with |xz|/|xy| > Lo, and let v,n be unit-speed geodesics from x to y and to z,
respectively. If Z(v(r),n(r)) < B(8) for some r > 0, then Z,(y, z) < 6. Moreover, z is
a (1,26)-strainer at y with opposite strainer x.

Proof. Fix 0 < § < 1/2. The choice of L and the proof of the first assertion are exactly
the same as in [23, Lemma 7.12]. For the second assertion, observe that d5 is bounded
above by the error function §5(7; ) := arccos(1 — S7/(2t)) used there. Hence, the same
argument shows that our choice of Lj implies

Zzyw > 7 =20, Ss(|lwyl;lyzl) <ds(laylslyzl) <6, and |zy| <|yz|. (6.13)

By the definition of strainers, z is therefore a (1,20)-strainer at y with opposite strainer
x. O

We are now ready to state the key lemma of this subsection, which estimates the max-
imal cardinality of separated subsets of singular sets inside a cylindrical region. Before
doing so, we recall the following variant of the notion of R-long strainers, originally in-
troduced in [15] and used in [23].

Definition 6.7 (R-long strainers). Given k& € N and 6,«, R > 0, a (k,d, «)-strainer
(p1,.-.,pk) at z with opposite strainer (q1, . .., gx) is said to be R-long if

;@nk{\pm, lgsz|}y > 6 'R. (6.14)

We denote by A(k, §, o;; R) C A(k, d, o) the set of all (k, d, «)-strained points which admit
an R-long (k, 0, )-strainer.

We now state the lemma. Its proof is almost identical to that of [23, Lemma 7.15]. The
only substantive difference occurs in Step 2: the distance-angle estimates coming from
the geometry of cylindrical regions first give the almost orthogonality of one comparison
angle, and the weak quadruple condition is then used, in place of the local semi-convexity
assumption, to recover the remaining comparison angle estimates between strainer pairs.
Recall that for E C X, the quantity Sg(r) denotes the largest possible cardinality of a
maximal r-separated subset of E.

Lemma 6.8. Let X be an n-dimensional S-concave Busemann concave space with S > 1.
Fixk € {1,...,n — 1}, and let € € [0,6y) and 6 € (0,7] be such that X satisfies
the (&,9)-weak quadruple condition. Suppose that (p1,...,px) is an R-long (k, 6, a)-

strainer on a neighborhood U of x € X with common opposite strainer (q1, ... ,qx),
where 0 < 6 < min{d,1/2}, a > 0. Then there exists r, > 0 such that B(xz,r,) C U
and, for every 0 < r < dr, and every m = (my, ..., my) € ZF, one has

BDo (rm)\ Aot 1,8,max{a,35+e): ) (07'7) < K(N,6,9), (6.15)

where D, (r,m) is an r-cylindrical region in B(x, ;) defined as

Dy(rym) :={z € B(z,r;): 0.1(m; — )r < |p;x| — |piz| < 0.1m;r, i =1,...,k}.
(6.16)
The constant K depends only on the doubling constant N of X, §, and S.

"This beta number is unrelated to the cardinality function defined in Section 2.1.



WEAK QUADRUPLE COMPARISON AND STRUCTURE THEORY BEYOND ALEXANDROV GEOMETRY 33

Proof. Fixk e {1,...,n—1}, R > 0,and 0 < § < min{é,1/2}. We choose 7, > 0 as
follows. First choose ro > 0 small enough such that B(xz,r¢) C U, 7o < R/2 and

max{4ry/|qrx|, ds(4r0; |qrx|)} < 0.016. (6.17)
Set r, :=19/2 < R/4. By this choice of r,, for any y, z € B(z,r,) we have
lyz| < 0.010 min{|p;yl,|:yl}, i=1,... k. (6.18)

Fix r € (0,6r,) and m € Z*. For notational simplicity, set
A= A(k + 1,0, max{c, 30 + £}; 7).

We will prove, by contradiction, that the largest possible cardinality of a maximal 6~ 1r-
separated subset of D, (r, m) \ A is bounded above by
K(N,6,8) := K(N, Ly, M) — 1. (6.19)
Here K is the constant from Lemma 6.5, N is the doubling constant of X implied by
Proposition 5.4, Ly := Ly(6/2, S) is the constant from Lemma 6.6, and M := M(J) =
No(B(6/2)) + 2, where Ny is the constant from Lemma 2.9 depending on the doubling
constant NV, and 3 is defined in (6.12).
Suppose that the claim above fails. Then there exists a maximal § ~!r-separated subset
of D, (r,m) \ A with at least K (N, Lo, M) elements. By Lemma 6.5, we can choose M
points {xz}i‘i 51 in this maximal § ~!r-separated subset such that |x; 12| > Lo|z;20| for
i=1,...,M —2. By Lemma 2.9 and the choice of M = Ny(5(§/2)) + 2, there exist two
indices 1 <17 < j < M — 1 such that

lxo ((gia l)’ (gjv Z)) = Zar:o (6,([), g](l)) < B (5/2) ) (620)
where &;, §; are unit-speed geodesics from g to x; and x;, respectively, &, f_j are their
maximal extensions, and [ > 0 can be chosen arbitrarily, thanks to the positive scaling-
invariance of angles of fixed scales; see Section 2.3. Lemma 6.6 then implies that x; is a
(1, 6)-strainer at x; with opposite strainer z:o. Moreover, (z;, zo) is an -long strainer pair,
since o, z;, ; belong to a §~ ' r-separated subset of D, (r,m) \ A.

In the following, we show that

D= (p17 o 7pkaxj)
is an r-long (k + 1, 6, max{«, 36 + &})-strainer at x; with the opposite strainer

q:=(q1,---, 9k, To)-

This contradicts the choice of z;, since z; ¢ A(k + 1, §, max{«a, 36 + £}; r).
Step 1: In this step, we verify the first two conditions in Definition 4.2. First, (p1, ..., pk)
is clearly an r-long (k, d, «)-strainer at x;, since it is an R-long (k, d, «)-strainer on U by
the assumption of the lemma, and r < R. Second, we have already shown that x; is an -
long (1, §)-strainer at z;; with opposite strainer x. Finally, by the choice of r,, and (6.17),
it follows that |giz;| > 7o > |z;x;| and

ds(|zjzil; [qewil) < ds(ro;lgex| — o) < ds(2r0; lqre]) < 0. (6.21)
Thus the first two conditions in Definition 4.2 are satisfied for p at x; with opposite strainer
q.
Step 2: It remains to verify the almost orthogonality condition in Definition 4.2 for the
comparison angles Zpjx;x;, Zqx;x, Lpix;xo and Lqiwzx for I = 1,..., k. For nota-
tional simplicity, fix { € {1,...,k} and denote p := p; and ¢ := q;.
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We first verify the almost orthogonality of pria:j. Applying the Euclidean law of
cosines to the comparison triangle Apx;x;, we obtain

_ Ipwil® + |z P — |pay[®

COSZ i Ly =
P 2|px;l|ziz;]
_ (bl + [paj]) (Ipzi] = Ipzjl) | |wizs| (6.22)
2|pz;i||ziz;| 2|pil

Following exactly the same argument as in (7.32) and (7.33) of Step 2 in [23, Lemma 7.15],
we obtain

‘cos prixj <4/2. (6.23)

We note that this argument uses only the geometry of the cylindrical region D, (r, m) and
the fact that x;, zj, 70 € D,(r,m) \ A, the distance assumption |z;x;| > §~'r, and the
relationship among r, 7o and R; it does not rely on local semi-convexity. Consequently,

\prixj —7/2| < 6. (6.24)
We next consider the comparison angle quixj. By the choice of r,,, we have
|525] < 0.016 min{|pa;|, [pw;l, g2, |qz; |} (6.25)
This implies that
Zp:z:ixj + prjxi >m—0§/2, quixj + qujxi >m—4/2. (6.26)

Combining the first inequality in (6.26) with | Zpz;x; — 7/2| < J, we get
Iprjx; > —08/2— (1/2+408) =7n/2 —35/2. (6.27)
Applying the (&, §)-weak quadruple condition to the quadruple (;; p, ¢, ;) gives

Lqujr; <21+ & — Zprjq — Lpriv; < 21+ — (1 — ) — (1/2 — 36/2)
=7/2+E+50/2. (6.28)
Substituting this into the second inequality in (6.26), we obtain
Lquiz; > —0)2 — Lqujzi > /2 — & — 3. (6.29)
Similarly, by applying the same argument to the quadruple (45D, q, o), we also obtain
|Zpx;xg — w/2] < § and Lqz;xg > 72 — € — 30.
Combining these estimates, we conclude that p is an r-long (k+1, §, max{a, 36 +£})-

strainer at x; with the opposite strainer g, which is a contradiction. Therefore, our claim
follows, and (6.15) holds. O

We now apply this lemma to estimate the Hausdorff dimension of singular sets.

Theorem 6.9 (Hausdorff dimension of singular sets). Let X be an n-dimensional S-

concave Busemann concave space with S > 1. Then, for every 0 < § < 1/2, the set
X \ A(1,9) is discrete, and dimp (X \ A(k,9,0)) <k —1fork=1,...,n.

Proof. We first show that X \ A(1,0) is discrete. In fact, we show that the cardinality
of X \ A(1,0) is at most K (N, 9, S), where K is the constant in Lemma 6.8. Suppose,
by contradiction, that this bound fails. Then X \ A(1,d) contains at least K (N, 6, S) +
1 = K(N, Lo, M) points. Following the same argument as in Step 1 of the proof of
Lemma 6.8, we can find three points zg,z;,z; € X \ A(1,6) such that z; is a (1, d)-
strainer at x; with the opposite strainer . This contradicts x; ¢ A(1,d). Hence the
cardinality of X \ \A(1, ) is at most K (N, d,.5). In particular, X \ A(1, J) is discrete and
dimpg (X \ A(1,96)) =0.

We now prove the second assertion. Let 0 < ¢ < 4,,/3, and let § := §(e, S) be the
constant given by Lemma 3.7 such that X satisfies the (¢, §)-weak quadruple condition for



WEAK QUADRUPLE COMPARISON AND STRUCTURE THEORY BEYOND ALEXANDROV GEOMETRY 35

all § € (0,0]. Fix 0 < § < min{4, 1/2} sufficiently small so that 36 + ¢ < 1/2. We prove
by induction that
dimp (X \ A(k, 8,36 +¢)) <k —1, (6.30)

for k = 1,...,n. The case k = 1 follows directly from the first assertion. Suppose that
dimpg (X \ A(k,0,30 +¢)) <k —1forsomek € {1,...,n —1}.

For any x € A(k,9,35 + ¢), we can find R, > 0 such that x admits a 4R,-long
(k, 9,30 + ¢)-strainer p. By Proposition 4.4, after possibly shrinking the neighborhood,
there exists an open neighborhood U,, of x such that p is an R,-long (k, d, 30 + €)-strainer
on U, with common opposite strainer q. Let 7, > 0 be the radius given by Lemma 6.8.

We claim that the Hausdorff dimension of B(z,7;) \ A(k + 1,8,36 + ¢) is at most
k. Indeed, it is straightforward to verify that B(z,7,) can be covered by the cylindrical
regions { D, (r, m)},,ezx, and that the number of nonempty such regions is bounded above
by (2r,/(0.17))*. Applying Lemma 6.8 with o := 36 + ¢, we obtain that, for every
0 <7 <Oorg,

BBr\AGr153610) 0 7) < Y Bo,rmn A+ 1.53642) (07'7)

mezZF
Do (rym)#0

_ 2r, \ "
< Z B (rim)\Ak41,8.36 ) (67'7) << ) K(N,4,S). (6.31)

. 0.1r
meZ
D, (r,m)#0
Hence, for every a > 0, it follows that
. _ k+a _
lim sup (67) " BB\ AG+1,6,3542) (0717) = 0. (6.32)
r—

Thus the rough dimension of B(x,r,) \ A(k + 1,6,30 + ¢) is at most k; see Section 2.1.
Consequently, by (2.1), it follows that dim g (B(z,75) \ A(k+1,6,30 +¢)) < k.

Finally, since X is proper, we may cover .A(k, 4,35 + €) by at most countably many
such balls B(x,r,.). Then it follows that

dimgr (A(k, 6,36 +¢) \ A(k +1,6,36 +¢)) < k. (6.33)
Combining this with the induction hypothesis, we obtain
dimpg (X \ A(k+1,6,35 +¢))
= max {dimy (X \ A(k, 6,30 4+ ¢)) ,dimp (A(k, 0,30 +¢) \ Ak +1,6,30 +¢))}
<k. (634

This closes the induction. Given 0 < §’ < 1/2, choose 0 < € < §,,/3 and then choose
0 < § < min{d(e, S),1/2} sufficiently small so that

§< ¥, 35+e<d.

Then
A(k, 6,30 +¢) C A(k,d',d"),
and hence
X\ A(k,8,0") € X\ A(k, 6,35 + ¢).
The desired estimate follows from the preceding bound. (]

As a direct consequence of Theorem 6.9, we obtain the following measure-theoretic
stratification of finite-dimensional S-concave Busemann concave spaces.

Corollary 6.10 (Measure-theoretic stratification). Let X be an n-dimensional S-concave
Busemann concave space with S > 1. Then X admits a measure-theoretic stratification
{ X}y such that X is the disjoint union of the sets X1 ..., X,, and dimy(X;) <
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k for each k = 0,...,n. Moreover, the top-dimensional stratum X,, is an open dense
topological n-manifold, and the lowest-dimensional stratum X is discrete.

Proof. First, observe that A(n + 1,6,0) = @ for every 0 < 6 < 1/2. Otherwise, the
self-improvement property of strainers (Lemma 4.9) would imply that the strainer number
of X is at least n + 1, contradicting the assumption that dim g (X) = n.

Now choose 0 < ¢ < 1/2 sufficiently small as in Theorem 6.4, so that A(n, §,d) is an
open dense topological n-manifold. Set

Xo == X\ A(L,6,5),
and, forl < k <n-—1,
Xy = A(k,0,0) \ A(k + 1,6,0), X, = A(n,0,9).

Then X decomposes into the disjoint union of the sets Xg, ..., X,,. The remaining asser-
tions follow directly from Theorem 6.9. ]

7. FURTHER PROBLEMS AND DISCUSSION

In this final section, we record some problems concerning the weak quadruple condition
and finer geometric and topological structures of S-concave Busemann concave spaces.
These questions will be investigated in future work. For related problems concerning Buse-
mann convex spaces, we refer to [19, 21].

The first problem concerns the characterization of the weak quadruple condition in-
troduced in this paper. It is well-known that Alexandrov spaces with curvature bounded
below can equivalently be described by the classical quadruple condition. This condi-
tion, in turn, admits several equivalent characterizations, including the so-called Lang—
Schroeder—Sturm inequality. Such an inequality was first discovered by Lang—Schroeder
[39] and later rediscovered by Sturm [63] (see also [1, 71]). On the other hand, the classical
quadruple condition can also be characterized by isometric embeddings of quadruples into
model spaces of constant curvature, as shown by Berestovskii [9], following Wald [67];
see [39, 61] for more details. Motivated by these characterizations, we ask:

Problem 7.1. Is there an analogous discrete characterization of S-concave Busemann
concave spaces, or of the (g,0)-weak quadruple condition, in terms of mutual distances
of finite sequences of points similar to the Lang—Schroeder—Sturm inequality? Separately,
is there a characterization in terms of isometric embeddings of quadruples into suitable
model Banach spaces?

‘We mention that discrete characterizations by finite pairwise distance data also appear
in the theory of Banach spaces, particularly in the study of roundness; see, for example,
[4] and references therein. It is unclear to us whether these characterizations are related to
the problem posed here.

The next problem asks about curvature-dimension conditions in this setting, beyond
the measure contraction property established in Proposition 5.4.

Problem 7.2. Does an n-dimensional S-concave Busemann concave space, equipped with
the n-dimensional Hausdorff measure, satisfy the CD(0,n) condition? More generally, if
a Busemann concave space admits a nontrivial n-dimensional Hausdorff measure, does it

satisfy the CD(0,n) condition?

It is well-known that finite-dimensional Alexandrov spaces with curvature bounded
below satisfy the CD condition. This compatibility was first shown by Petrunin [60] for
Alexandrov spaces with non-negative curvature, and later extended by Zhang—Zhu [72] to
the general case of Alexandrov spaces with curvature bounded below. On the other hand,
it has been shown by Ohta [49] that the CD condition extends naturally to the Finsler set-
ting. In particular, any connected, forward geodesically complete, smooth n-dimensional
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Finsler manifold of Berwald type, with non-negative flag curvature and equipped with the
Busemann—Hausdorff measure, satisfies the CD(0, n) condition; see [49, Theorem 1.2 and
Remark 8.2(b)].

The next problem concerns the rigidity of tangent cones of S-concave Busemann con-
cave spaces.

Problem 7.3. Let X be an n-dimensional S-concave Busemann concave space with S >
1. Does X admit a ‘Berwald-type’ structure, in the sense that all of its Banach tangent
cones are isometric to the same Banach space? Furthermore, do any two interior points of
a geodesic in X have isometric tangent cones?

Regarding the first question, we recall that tangent cones of Finsler manifolds gen-
erally vary from point to point. However, Lytchak—Ivanov [25] shows that any Finsler
manifold satisfying the Busemann NPC condition is necessarily a Berwald manifold with
non-positive flag curvature. In particular, a key consequence in [25, Lemma 3.1] suggests
that Busemann convexity implies strong control over the variation of tangent norms along
geodesics. Nevertheless, it remains unclear whether the first question has an affirmative an-
swer even for general Busemann NPC spaces (see [19, Problem 8.4]). The corresponding
problem for S-concave Busemann concave spaces appears even more subtle. Regarding
the second question, the corresponding question for finite-dimensional Alexandrov spaces
with curvature bounded below was conjectured by Burago—Gromov—Perelman [15, Re-
mark 7.18] and subsequently proved by Petrunin [59].

The next problem concerns the existence of a continuous Finsler structure on finite-
dimensional S-concave Busemann concave spaces, motivated by the work of Otsu—Shioya
[52] on finite-dimensional Alexandrov spaces with curvature bounded below.

Problem 7.4. Let X be an n-dimensional S-concave Busemann concave space with S >
1. Does X admit a C°-Finsler structure on X outside some singular set such that the
metric induced by this Finsler structure coincides with the original metric of X ?

In the Alexandrov setting, Otsu—Shioya [52] proved an even stronger result: they es-
tablished not only the existence of a continuous Riemannian structure on the regular part of
a finite-dimensional Alexandrov space with curvature bounded below, but also the C''/2-
continuity of this Riemannian metric on a certain subset of the regular part. On the other
hand, in the setting of Busemann G-spaces, Pogorelov [62] obtained a continuous Finsler
structure under some additional regularity assumption, called Axiom A, concerning the
continuous differentiability of distance functions. More recently, Fujioka—Gu [20] stud-
ied Busemann G-spaces satisfying local semi-concavity or semi-convexity, and obtained
Finsler structures of higher regularity for these spaces. However, the local geodesic exten-
sion property and the continuity of angles play important roles in the results for Busemann
G-spaces, whereas neither property is available for S-concave Busemann concave spaces.

Our final two problems concern the finer geometric and topological properties of finite-
dimensional S-concave Busemann concave spaces.

Problem 7.5. Let X be an n-dimensional S-concave Busemann concave space with S >
1. Does the set of interior singular points of X, in a suitable sense, have Hausdorff codi-
mension at least 2? Does X admit a canonical stratification whose strata are topological
manifolds?

It is unclear to us what the appropriate definition of interior points should be used.
In the Alexandrov setting, interior points are understood as non-boundary points, where
the boundary is defined inductively based on the metric structure of tangent cones; see [15,
Definition 7.19]. This definition does not directly extend to our setting, since tangent cones
of S-concave Busemann concave spaces need not be metric cones.

On the other hand, known notions of interior points seem too restrictive for the present
purpose. For example, geometrically inner points in the sense of Lytchak—Schroeder [43,
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Definition 1.4] (see also [21, Section 3]) are regular in the Alexandrov setting, as follows
from the maximal radius theorem; see [1, Corollary 16.25] and [73]. However, Alexandrov
spaces may have many interior points that are not regular. Regarding stratification, we re-
call that Perelman [57] established such a topological stratification for finite-dimensional
Alexandrov spaces with curvature bounded below by proving, via Morse theory for dis-
tance functions, that they are MCS-spaces®. It is unclear to us whether this approach can
be adapted to the setting of S-concave Busemann concave spaces.

Problem 7.6. Let X be an n-dimensional S-concave Busemann concave space with S >
1, which is further locally semi-convex in the sense of [23]. Is X a topological n-manifold,
possibly with boundary? Does it admit local charts with higher regularity?

We mention that Fujioka—Gu [20] obtained related results under the additional assump-
tion that the space is a G-space. In particular, they showed that such spaces are topological
manifolds and admit C'11/2-atlases; see [20, Theorem 1.1 and 1.2] for precise statements.
In the Alexandrov setting, spaces with two-sided Alexandrov bounds have been previously
studied by Alexandrov, Nikolaev and Berestovskii; see [11]. See also [31, 32] for struc-
tural results on CD spaces with Alexandrov curvature bounded above, and the recent work
of Fujioka—Tashiro [21] on Busemann NPC spaces with synthetic lower curvature bounds
in the sense of the measure contraction property. These works provide related evidence
that combining upper and lower synthetic curvature bounds may lead to stronger manifold
regularity.
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