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Abstract

A striking feature of the Lott–Sturm–Villani curvature-dimension condition is its Finsler
flatness phenomenon: every finite-dimensional normed space equipped with Lebesgue
measure satisfies the weak CD(0, 𝑛) condition, independently of whether the norm is
Euclidean. This phenomenon, emphasized by Villani as both natural and surprising, shows
that entropy convexity along Wasserstein geodesics alone does not distinguish Hilbertian
flat geometry from genuinely non-Hilbertian Finsler geometry.

We show that Wasserstein barycentric convexity provides precisely such a distinction.
We prove that if a finite-dimensional normed vector space, equipped with Lebesgue measure,
satisfies the Wasserstein Jensen’s inequality for the Boltzmann entropy at barycenters,
then its norm must be induced by an inner product. Thus Wasserstein barycenters provide
an intrinsic optimal-transport test for Hilbertian structures. As a consequence, smooth
reversible Finsler manifolds satisfying the corresponding barycentric curvature-dimension
condition have Riemannian tangent norms.

The proof does not assume smoothness or strict convexity of the norm. Its two main
ingredients, a rank-one polarization argument and a maximal-face trapping argument, are
also of independent interest for the optimal transport theory.

Keywords. Wasserstein barycenter; curvature-dimension condition; displacement convexity;
Finsler geometry; optimal transport.
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1 Introduction
The displacement convexity of entropy functionals along 𝑊2 geodesics, introduced by McCann in
[15], is one of the most important notions in modern optimal transport theory. On Riemannian
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manifolds, this notion relates Ricci curvature bounds, optimal transport, and Prékopa–Leindler
type inequalities via Riemannian interpolation inequalities of Cordero-Erausquin–McCann–
Schmuckenschläger [6, 7]. This point of view led Lott–Villani and Sturm to the synthetic
curvature-dimension theory on metric-measure spaces [14, 22, 23]. In Lott–Sturm–Villani’s
theory, curvature-dimension conditions are expressed through convexity of entropy along 𝐿2-
Wasserstein geodesics. This provides a formulation of lower Ricci bounds outside the smooth
Riemannian setting.

The flatness paradox of the CD condition. As Villani notes in the discussion around
the last theorem in his book “Old and New” [24, p. 926], every finite-dimensional normed
vector space equipped with Lebesgue measure satisfies the standard synthetic non-negative
Ricci condition in the weak Lott–Villani–Sturm sense. This conclusion is compatible with the
Finsler interpretation of curvature-dimension bounds, but it is geometrically surprising from
the Riemannian viewpoint: when the norm is not Euclidean, the space is not infinitesimally
Hilbertian and fails the splitting behaviour expected for Ricci-limit spaces; if the norm is not
strictly convex, branching of geodesics also occurs. In [24, p. 926-931], Villani explicitly raised
the question of what additional regularity principles could rule out such non-Euclidean normed
models. In Ambrosio–Gigli–Savaré’s RCD theory [2, 8], Finsler structures are excluded by extra
Riemannian assumptions: infinitesimal Hilbertianity, linearity of the heat flow, or equivalently
the quadraticity of the Cheeger energy. For the Finsler side of the curvature-dimension theory,
including weighted Ricci curvature and nonlinear analytic aspects, see also [16, 17, 18, 20].

The basic question of this paper is whether one can detect the Riemannian, rather than
merely Finsler, nature of a space using only entropy inequalities in optimal transport. For
ordinary displacement convexity, the answer is negative: in the weak Lott–Villani–Sturm
theory, finite-dimensional Banach spaces already satisfy the nonnegative curvature-dimension
condition. Our result shows that the answer becomes positive once geodesic interpolation is
replaced by Wasserstein barycenters.

Motivated by Wasserstein barycenter geometry [1, 13], an abstract barycenter curvature-
dimension condition BCD was introduced in [9, 10]. In this condition displacement interpolation
in the Lott–Sturm–Villani theory is replaced by Wasserstein barycenters, and the entropy
functionals are required to satisfy the Wasserstein Jensen’s inequality at Wasserstein barycenters
of finite weighted families of measures.

Definition 1.1 (BCD condition). Let (𝑋, d,m) be a geodesic metric measure space. We say
that it satisfies BCD(𝐾,∞) if for every finite family 𝜇𝑖 ∈ 𝒫2(𝑋) and every set of weights 𝜆𝑖 > 0,∑︀

𝑖 𝜆𝑖 = 1, there exists 𝜇̄ ∈ argmin𝜂∈𝒫2(𝑋)
∑︀

𝑖 𝜆𝑖𝑊
2
2 (𝜂, 𝜇𝑖) (called a Wasserstein barycenter)

such that
Entm(𝜇̄) ≤

∑︁
𝑖

𝜆𝑖 Entm(𝜇𝑖) − 𝐾

2
∑︁

𝑖

𝜆𝑖𝑊
2
2 (𝜇̄, 𝜇𝑖), (1.1)

where the Boltzmann entropy Entm(·) is defined by

Entm(𝜇) :=
{︃ ∫︀

𝜌 ln 𝜌dm if 𝜇 ≪ m, 𝜇 = 𝜌m,
+∞ otherwise.

and 𝑊2(·, ·) is the 2-Wasserstein distance associated with d, with quadratic cost d2.

The condition is stated in the usual existential form: for each finite family, it suffices that
at least one barycenter satisfies Jensen’s inequality.

For two marginals, weighted Wasserstein barycenters are the corresponding points on
𝑊2-geodesics. Thus the above condition gives

BCD(0,∞) =⇒ CD(0,∞)
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in the weak Lott–Villani sense, with the same entropy convention.
On smooth Riemannian manifolds, this stronger condition has the expected meaning.

Barycentric Jensen inequalities are closely related to the multi-marginal extension of the Cordero-
Erausquin–McCann–Schmuckenschläger theory developed by Kim–Pass [13]; in particular, the
non-negative Ricci case is covered under the regularity hypotheses considered there. Conversely,
applying the two-marginal case recovers the usual displacement convexity of entropy, and the
theorem of von Renesse–Sturm [25] gives the Ricci lower bound.

The main theorem below states that, outside the Riemannian category, BCD has a rigidity
that CD does not have. In particular, the barycenter curvature-dimension condition excludes
the Finsler examples. The point is that a single Wasserstein geodesic tests one transport
direction, whereas a barycenter tests the compatibility of several calibrated directions. This
multi-directional compatibility is where the Hilbertian structure is forced.

Theorem 1.2 (Barycenter convexity rigidity). If (𝐸, ‖ · ‖,ℒ𝑛) is a finite-dimensional normed
vector space with Lebesgue measure and satisfies BCD(0,∞), then ‖ · ‖ is induced by an inner
product.

Thus the passage from geodesics to barycenters is not a cosmetic strengthening of convexity:
it changes the class of infinitesimal models. Together with the stability of the barycenter
curvature-dimension condition under measured blow-up, the following corollary rules out
non-Hilbertian reversible Finsler tangent norms. Its proof is given in Section 4.

Corollary 1.3 (Exclusion of non-Riemannian reversible Finsler tangents). Let (𝑀,𝐹,m) be a
smooth reversible Finsler manifold with a smooth positive reference measure. Assume that it
satisfies BCD(𝐾,∞). Then 𝐹𝑥 is induced by an inner product on 𝑇𝑥𝑀 for every 𝑥 ∈ 𝑀 . In
particular, the Finsler structure is Riemannian.

In finite-dimensional normed spaces and in the corresponding Finsler setting, BCD detects
the Riemannian case. Thus the barycenter curvature-dimension condition gives a new synthetic
Riemannian curvature-dimension condition: it implies the usual CD condition, but excludes
the Finsler examples allowed by CD.

According to [9], RCD spaces satisfy the corresponding Wasserstein Jensen’s inequality.
The comparison with the RCD theory would nevertheless be understood as a motivation rather
than as an equivalence statement. In the RCD framework, the Riemannian character of the
space is imposed through infinitesimal Hilbertianity. The present theorem points to another
route: the Wasserstein Jensen’s inequality already carries a Riemannianity constraint. This
suggests studying a curvature-dimension theory in which Wasserstein barycenters, rather than
only Wasserstein geodesics, are the testing objects. In that direction, one may ask which
analytic and geometric consequences follow directly from the Wasserstein Jensen’s inequality,
and whether it yields stability, localization, rigidity, or regularity results that are not visible
from two-point displacement convexity alone.

The theorem also gives a Hilbertian characterization. Kakutani’s theorem [12] detects the
inner product by requiring every two-dimensional section of the unit ball to be an ellipse; the
Jordan–von Neumann theorem [11] does so through the parallelogram law. For background on
Hilbertian characterizations, see [3]. The characterization here comes from the Wasserstein
Jensen’s inequality.

Proof strategy

The proof has two main ingredients. In the strictly convex case, the argument works directly
with calibrated rank-one transport branches; in the non-strictly convex case, it exploits the
convex geometry of the unit ball.
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The rank-one polarization method. For every covector 𝑟, the square potential 𝛼𝑟(𝑥)2/2 generates
the affine rank-one map

𝑥 ↦−→ 𝑥− 𝛼𝑟(𝑥)𝐽(𝑟).

For small 𝛼 this potential is 𝑐-concave by a one-dimensional dual-norm estimate. The four-
branch identity

Φ𝑝+𝑞 + Φ𝑝−𝑞 − 2Φ𝑝 − 2Φ𝑞 = 0, Φ𝑟(𝑥) = 1
2𝑟(𝑥)2,

produces a zero-sum calibrated family with a unique Wasserstein barycenter. Strict convexity
gives uniqueness, and the BCD condition can then be applied directly. Applying BCD to the
family gives the parallelogram equality.
The maximal-face method. To prove strict convexity, we argue by contradiction. If the unit
ball has a non-trivial flat face, then a supporting covector exposes a positive-dimensional face.
In this face we choose two extremal translation anchors and a third face-valued perturbation.
The anchors force the uniqueness of the Wasserstein barycenter, while the third branch gives a
strict first-order entropy decrease through the Jacobian formula. This contradicts BCD and
rules out flat faces.

Organization.

Section 2 collects preliminaries on normed spaces, 𝑐-concavity, barycenters, calibrated maps,
and entropy under changes of variables. Section 3 proves the Hilbertianity under the additional
assumption of strict convexity. Section 4 proves that BCD rules out flat faces of the unit ball.
Combining these two parts, we prove Theorem 1.2 and then prove Corollary 1.3.

2 Preliminaries

2.1 Norms, duality, and the Legendre map

Let (𝐸, ‖ · ‖) be a normed space and (𝐸*, ‖ · ‖*) be its dual space. Throughout the paper we set

ℎ(𝑣) = 1
2‖𝑣‖2, 𝑐(𝑥, 𝑦) = ℎ(𝑦 − 𝑥).

This rescaling does not affect barycenters. For the case 𝐾 = 0, which is the only case used
in the proof of the main theorem, it also leaves Jensen’s inequality unchanged; for general
𝐾 it only changes the normalization of the curvature parameter. For probability measures
𝜇, 𝜈 ∈ 𝒫2(𝐸), we write

C(𝜇, 𝜈) := inf
𝜋∈Π(𝜇,𝜈)

∫︁
𝐸×𝐸

𝑐(𝑥, 𝑦) d𝜋(𝑥, 𝑦).

Thus C = 1
2𝑊

2
2 for the 2-Wasserstein distance induced by ‖ · ‖.

The convex conjugate of ℎ is
ℎ*(𝑝) = 1

2‖𝑝‖2
*.

If ‖ · ‖ is strictly convex, by standard Fenchel duality and the differentiability criterion for
finite convex functions (Šmulian duality); see Rockafellar [21, Theorems 23.5 and 25.1], ℎ* is
differentiable on 𝐸*, and we write

𝐽(𝑝) := Dℎ*(𝑝) ∈ 𝐸.

The map 𝐽 is continuous, odd, and one-homogeneous; equivalently,

𝐽(𝜆𝑝) = 𝜆𝐽(𝑝) ∀𝜆 ∈ R.
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Moreover,

𝐽(𝑝) ∈ 𝜕ℎ*(𝑝) =
{︁
𝑣 ∈ 𝐸 : 𝑝(𝑣) = ‖𝑝‖2

*, ‖𝑣‖ = ‖𝑝‖*
}︁
, 𝑝 ∈ 𝜕ℎ(𝐽(𝑝)).

Conversely, if 𝑝 ∈ 𝜕ℎ(𝑣) and ℎ* is differentiable at 𝑝, then 𝑣 = 𝐽(𝑝).

2.2 𝑐-concavity and optimal maps

For a function 𝜓 : 𝐸 → R ∪ {−∞}, define the 𝑐-transform by

𝜓𝑐(𝑦) := inf
𝑥∈𝐸

{𝑐(𝑥, 𝑦) − 𝜓(𝑥)}.

A function 𝜓 is 𝑐-concave if 𝜓 = 𝜒𝑐 for some 𝜒. Equivalently, 𝜓 admits global 𝑐-supports: for
every 𝑥 there is 𝑦 such that

𝜓(𝑧) ≤ 𝑐(𝑧, 𝑦) − 𝑐(𝑥, 𝑦) + 𝜓(𝑥) ∀𝑧 ∈ 𝐸.

The 𝑐-subdifferential 𝜕𝑐𝜓(𝑥) is the set of such 𝑦.
If 𝜓 is differentiable at 𝑥 and 𝑦 ∈ 𝜕𝑐𝜓(𝑥), then

D𝜓(𝑥) ∈ −𝜕ℎ(𝑦 − 𝑥).

If ‖ · ‖ is strictly convex, equivalently ℎ* is differentiable, this gives

𝑦 − 𝑥 = 𝐽(−D𝜓(𝑥)).

Lemma 2.1 (Negative convex functions are 𝑐-concave). Let 𝐹 : 𝐸 → R be convex. Then −𝐹
is 𝑐-concave.

Proof. Fix 𝑥0 and choose 𝑝 ∈ 𝜕𝐹 (𝑥0). Choose 𝑣 ∈ 𝜕ℎ*(−𝑝), equivalently −𝑝 ∈ 𝜕ℎ(𝑣), and set
𝑦 = 𝑥0 − 𝑣. Convexity of 𝐹 gives

𝐹 (𝑧) − 𝐹 (𝑥0) ≥ 𝑝(𝑧 − 𝑥0),

and the subgradient inequality for ℎ gives

ℎ(𝑧 − 𝑦) − ℎ(𝑥0 − 𝑦) ≥ −𝑝(𝑧 − 𝑥0).

Combining these inequalities yields

−𝐹 (𝑧) ≤ ℎ(𝑧 − 𝑦) − ℎ(𝑥0 − 𝑦) − 𝐹 (𝑥0) = 𝑐(𝑧, 𝑦) − 𝑐(𝑥0, 𝑦) − 𝐹 (𝑥0).

Thus −𝐹 admits a global 𝑐-support at every 𝑥0 and is 𝑐-concave.

We shall use the following dual calibration principle, whose idea goes back to [1, 5].

Lemma 2.2 (Zero-sum calibration/balance condition). Let 𝐸 = R𝑛, let 𝑐(𝑥, 𝑦) = ℎ(𝑦 − 𝑥),
and let 𝜆1, . . . , 𝜆𝑚 > 0 satisfy

∑︀
𝑖 𝜆𝑖 = 1. Let 𝜓𝑖 : 𝐸 → R be 𝑐-concave functions such that

𝑚∑︁
𝑖=1

𝜆𝑖𝜓𝑖 = 0.

Set 𝜒𝑖 := 𝜓𝑐
𝑖 . Assume that all integrals appearing below are well-defined; this will be the case

in all applications, where the potentials are affine or quadratic and the measures have finite
second moments. Let 𝜈 ∈ 𝒫2(𝐸), and suppose that there are maps 𝑇𝑖 : 𝐸 → 𝐸 such that

𝑇𝑖(𝑥) ∈ 𝜕𝑐𝜓𝑖(𝑥) for 𝜈-a.e. 𝑥.
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Define
𝜇𝑖 := (𝑇𝑖)#𝜈.

Then 𝜈 is a barycenter of (𝜇𝑖)𝑚
𝑖=1 with weights (𝜆𝑖)𝑚

𝑖=1, namely

𝜈 ∈ argmin
𝜂∈𝒫2(𝐸)

𝑚∑︁
𝑖=1

𝜆𝑖𝑊
2
2 (𝜂, 𝜇𝑖).

Here 𝑊2 is the 2-Wasserstein distance induced by ‖ · ‖.

Proof. Since 𝜒𝑖 = 𝜓𝑐
𝑖 , we have

𝜓𝑖(𝑥) + 𝜒𝑖(𝑦) ≤ 𝑐(𝑥, 𝑦) ∀𝑥, 𝑦 ∈ 𝐸.

Therefore, for every 𝜂 ∈ 𝒫2(𝐸) and every 𝜋 ∈ Π(𝜂, 𝜇𝑖),∫︁
𝑐(𝑥, 𝑦) d𝜋(𝑥, 𝑦) ≥

∫︁
𝜓𝑖 d𝜂 +

∫︁
𝜒𝑖 d𝜇𝑖.

Taking the infimum over 𝜋 gives

1
2𝑊

2
2 (𝜂, 𝜇𝑖) ≥

∫︁
𝜓𝑖 d𝜂 +

∫︁
𝜒𝑖 d𝜇𝑖.

After multiplying by 𝜆𝑖 and summing in 𝑖, we obtain

1
2

𝑚∑︁
𝑖=1

𝜆𝑖𝑊
2
2 (𝜂, 𝜇𝑖) ≥

∫︁ 𝑚∑︁
𝑖=1

𝜆𝑖𝜓𝑖 d𝜂 +
𝑚∑︁

𝑖=1
𝜆𝑖

∫︁
𝜒𝑖 d𝜇𝑖

=
𝑚∑︁

𝑖=1
𝜆𝑖

∫︁
𝜒𝑖 d𝜇𝑖.

On the other hand, since
𝑇𝑖(𝑥) ∈ 𝜕𝑐𝜓𝑖(𝑥),

we have
𝜓𝑖(𝑥) + 𝜒𝑖(𝑇𝑖(𝑥)) = 𝑐(𝑥, 𝑇𝑖(𝑥)) for 𝜈-a.e. 𝑥.

Thus (id, 𝑇𝑖)#𝜈 is optimal from 𝜈 to 𝜇𝑖, and

1
2𝑊

2
2 (𝜈, 𝜇𝑖) =

∫︁
𝑐(𝑥, 𝑇𝑖(𝑥)) d𝜈(𝑥) =

∫︁
𝜓𝑖 d𝜈 +

∫︁
𝜒𝑖 d𝜇𝑖.

Averaging again and using
∑︀

𝑖 𝜆𝑖𝜓𝑖 = 0, we get

1
2

𝑚∑︁
𝑖=1

𝜆𝑖𝑊
2
2 (𝜈, 𝜇𝑖) =

𝑚∑︁
𝑖=1

𝜆𝑖

∫︁
𝜒𝑖 d𝜇𝑖.

Hence 𝜈 attains the lower bound and is a barycenter.

2.3 A lemma in convex geometry

In Section 4, we use this lemma to prove the uniqueness of the Wasserstein barycenter of a
particular triple of measures {𝜇1, 𝜇2, 𝜇3} in the non-strictly convex setting. The lemma and its
proof are well known to experts, but we include them for completeness.

Lemma 2.3. Let 𝐹 ⊂ R𝑛 be a nonempty compact convex set. Then there exists a nonzero
linear functional ℓ ∈ (R𝑛)*, such that ℓ attains both its maximum and its minimum on 𝐹 at
unique points.
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Proof. Define the support function of 𝐹 by

ℎ𝐹 (ℓ) := max
𝑥∈𝐹

ℓ(𝑥), ℓ ∈ (R𝑛)*.

Since 𝐹 is compact, ℎ𝐹 is finite everywhere. Moreover, since 𝐹 is bounded, ℎ𝐹 is a convex
Lipschitz function.

We first observe that
𝜕ℎ𝐹 (ℓ) = argmax

𝑥∈𝐹
ℓ(𝑥),

where R𝑛 is identified with its bidual.
Indeed, let 𝑥 ∈ 𝐹 satisfy

ℓ(𝑥) = ℎ𝐹 (ℓ).

Then, for every 𝑚 ∈ (R𝑛)*,

ℎ𝐹 (𝑚) ≥ 𝑚(𝑥) = ℓ(𝑥) + (𝑚− ℓ)(𝑥) = ℎ𝐹 (ℓ) + (𝑚− ℓ)(𝑥).

Hence 𝑥 ∈ 𝜕ℎ𝐹 (ℓ).
Conversely, suppose that 𝑥 ∈ 𝜕ℎ𝐹 (ℓ). Since ℎ𝐹 is the Fenchel conjugate of the indicator

function of 𝐹 ,
ℎ*

𝐹 = 𝜄𝐹 ,

the Fenchel equality implies that 𝑥 ∈ 𝐹 . Taking 𝑚 = 0 in the subgradient inequality gives

0 = ℎ𝐹 (0) ≥ ℎ𝐹 (ℓ) − ℓ(𝑥),

and therefore
ℓ(𝑥) ≥ ℎ𝐹 (ℓ).

Since 𝑥 ∈ 𝐹 , the reverse inequality is automatic, and thus

ℓ(𝑥) = ℎ𝐹 (ℓ).

This proves the subdifferential identity.
For a finite convex function on a finite-dimensional space, differentiability at a point is

equivalent to the subdifferential at that point being a singleton. Therefore,

ℎ𝐹 is differentiable at ℓ ⇐⇒ argmax
𝑥∈𝐹

ℓ(𝑥) is a singleton.

By the Rademacher theorem for Lipschitz functions, the complement of the set

𝐷𝐹 := {ℓ ∈ (R𝑛)* : ℎ𝐹 is differentiable at ℓ}

is a Lebesgue-null set. The same is true for −𝐹 .
Thus,

𝐷𝐹 ∩𝐷−𝐹

contains a nonzero functional ℓ. For such an ℓ, the functional ℓ has a unique maximizer on 𝐹
and a unique minimizer on 𝐹 .
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2.4 Jacobian formulas for entropy

The entropy computations used below are based on finite-dimensional change-of-variables
formulas. We state them here to avoid ambiguity with Wasserstein first variation formulas
(which ask for more regularity).

Lemma 2.4 (Entropy under a change of variables). Let 𝜈 = 𝜌ℒ𝑛 be an absolutely contin-
uous probability measure with finite entropy. Let 𝑆 be a 𝐶1-diffeomorphism from an open
neighbourhood of spt 𝜈 onto its image, and assume

det D𝑆(𝑥) > 0 for all 𝑥 ∈ spt 𝜈.

Set 𝜈𝑆 := 𝑆#𝜈. Then

Ent(𝜈𝑆) = Ent(𝜈) −
∫︁

𝐸
log det D𝑆(𝑥) d𝜈(𝑥).

Proof. Let 𝜌𝑆 be the density of 𝜈𝑆 . The Jacobian identity gives

𝜌𝑆(𝑆(𝑥)) det D𝑆(𝑥) = 𝜌(𝑥) for 𝜈-a.e. 𝑥.

Changing variables in the entropy integral yields

Ent(𝜈𝑆) =
∫︁

𝐸
𝜌𝑆(𝑆(𝑥)) log 𝜌𝑆(𝑆(𝑥)) det D𝑆(𝑥) d𝑥

=
∫︁

𝐸
𝜌(𝑥)

(︀
log 𝜌(𝑥) − log det D𝑆(𝑥)

)︀
d𝑥,

which is the claim.

Corollary 2.5 (Smooth perturbations). Let 𝜈 = 𝜌ℒ𝑛 be as in Lemma 2.4. Let

𝑉 = 𝑣0 + 𝑍, 𝑣0 ∈ 𝐸, 𝑍 ∈ 𝐶1
𝑐 (𝐸;𝐸).

For |𝑡| sufficiently small define 𝑆𝑡(𝑥) := 𝑥+ 𝑡𝑉 (𝑥). Then

Ent((𝑆𝑡)#𝜈) = Ent(𝜈) −
∫︁

𝐸
log det(𝐼 + 𝑡D𝑉 (𝑥)) d𝜈(𝑥),

and consequently
Ent((𝑆𝑡)#𝜈) = Ent(𝜈) − 𝑡

∫︁
𝐸

div𝑉 d𝜈 +𝑂(𝑡2).

Equivalently, if d𝜈 = 𝜌d𝑥, then

Ent((𝑆𝑡)#𝜈) = Ent(𝜈) − 𝑡

∫︁
𝐸
𝜌 div𝑉 d𝑥+𝑂(𝑡2).

Proof. For |𝑡| small, 𝑆𝑡 is a 𝐶1-diffeomorphism on a neighbourhood of spt 𝜈. Lemma 2.4 gives
the exact logarithmic determinant formula. The expansion follows from

log det(𝐼 + 𝑡𝐴) = 𝑡 tr𝐴+𝑂(𝑡2‖𝐴‖2),

uniformly for 𝐴 = D𝑉 (𝑥), since D𝑉 is bounded.

Corollary 2.6 (Affine maps). Let 𝐴 : 𝐸 → 𝐸 be an invertible linear map with det𝐴 > 0, and
let 𝑏 ∈ 𝐸. Then, for every absolutely continuous probability measure 𝜈 with finite entropy,

Ent((𝑥 ↦→ 𝐴𝑥+ 𝑏)#𝜈) = Ent(𝜈) − log det𝐴.
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3 The strictly convex case
In this section, assume that a finite-dimensional normed space (𝐸, ‖ · ‖,ℒ𝑛) satisfies BCD(0,∞)
and that ‖·‖ is strictly convex. Strict convexity gives uniqueness for the Wasserstein barycenters
used below, so the BCD condition can be applied directly. Strict convexity of the primal norm
implies that ℎ*(𝑝) = 1

2‖𝑝‖2
* is differentiable on 𝐸*. We write

𝐽 := Dℎ* : 𝐸* → 𝐸.

The purpose of this section is to prove that ‖ · ‖* satisfies the parallelogram identity. This will
imply that the dual norm, and hence also the original norm, is Hilbertian.

The perturbations used below are rank-one affine perturbations generated by square
functions

𝑥 ↦−→ 1
2𝑟(𝑥)2, 𝑟 ∈ 𝐸*.

Each branch is an extendable Wasserstein geodesic. The entropy computations are affine
Jacobian computations covered by Corollary 2.6.

3.1 Rank-one square potentials

For 𝑟 ∈ 𝐸*, set
𝑚2

𝑟 := 𝑟(𝐽(𝑟)) = ‖𝑟‖2
*.

The equality follows from the two-homogeneity of ℎ*. If 𝑟 = 0, then 𝑚𝑟 = 0 and all formulas
below are interpreted in the trivial sense.

For 𝛼 ∈ R, define
Φ𝛼,𝑟(𝑥) := 𝛼

2 𝑟(𝑥)2,

and define the affine rank-one map

𝑇𝛼,𝑟(𝑥) := 𝑥− 𝛼𝑟(𝑥)𝐽(𝑟).

Thus 𝑇𝛼,𝑟 = 𝐼 −𝛼𝐽(𝑟) ⊗ 𝑟. Throughout this subsection we use the strict convexity assumption,
so that ℎ* is differentiable on 𝐸*.

Lemma 3.1 (Rank-one square potentials are calibrated). Let 𝑟 ∈ 𝐸* and 𝛼 ∈ R. Assume

𝛼𝑚2
𝑟 < 1. (3.1)

Then Φ𝛼,𝑟 is 𝑐-concave and

𝑇𝛼,𝑟(𝑥) ∈ 𝜕𝑐Φ𝛼,𝑟(𝑥) ∀𝑥 ∈ 𝐸.

Moreover the equality set is single-valued:

𝜕𝑐Φ𝛼,𝑟(𝑥) = {𝑇𝛼,𝑟(𝑥)} ∀𝑥 ∈ 𝐸.

Proof. If 𝑟 = 0, then Φ𝛼,𝑟 ≡ 0 and 𝑇𝛼,𝑟 = id. Since ℎ ≥ 0 and ℎ(𝑣) = 0 only for 𝑣 = 0, the
assertion is immediate. We henceforth assume 𝑟 ̸= 0.

Fix 𝑥 ∈ 𝐸 and put
𝑦 := 𝑇𝛼,𝑟(𝑥) = 𝑥− 𝛼𝑟(𝑥)𝐽(𝑟).

We prove the global 𝑐-support inequality

Φ𝛼,𝑟(𝑧) − Φ𝛼,𝑟(𝑥) ≤ ℎ(𝑦 − 𝑧) − ℎ(𝑦 − 𝑥) ∀𝑧 ∈ 𝐸. (3.2)
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Write
𝑠 := 𝑟(𝑥), 𝑢 := 𝑧 − 𝑥, 𝑡 := 𝑟(𝑢) = 𝑟(𝑧 − 𝑥).

Then
Φ𝛼,𝑟(𝑧) − Φ𝛼,𝑟(𝑥) = 𝛼

2
(︀
(𝑠+ 𝑡)2 − 𝑠2)︀

= 𝛼𝑠𝑡+ 𝛼

2 𝑡
2. (3.3)

On the other hand, by the dual norm inequality,

ℎ(𝑤) = 1
2‖𝑤‖2 ≥ 𝑟(𝑤)2

2‖𝑟‖2
*

= 𝑟(𝑤)2

2𝑚2
𝑟

∀𝑤 ∈ 𝐸. (3.4)

Since 𝐽(𝑟) ∈ 𝜕ℎ*(𝑟), Fenchel equality gives

ℎ(𝐽(𝑟)) + ℎ*(𝑟) = 𝑟(𝐽(𝑟)) = 𝑚2
𝑟 , ℎ*(𝑟) = 1

2𝑚
2
𝑟 ,

hence
ℎ(𝐽(𝑟)) = 1

2𝑚
2
𝑟 . (3.5)

Using (3.4) for 𝑤 = 𝑦 − 𝑧 = −𝛼𝑠𝐽(𝑟) − 𝑢, and using (3.5) for 𝑦 − 𝑥 = −𝛼𝑠𝐽(𝑟), we obtain

ℎ(𝑦 − 𝑧) − ℎ(𝑦 − 𝑥) ≥ 𝑟(−𝛼𝑠𝐽(𝑟) − 𝑢)2

2𝑚2
𝑟

− 𝛼2𝑠2𝑚2
𝑟

2

= (−𝛼𝑠𝑚2
𝑟 − 𝑡)2

2𝑚2
𝑟

− 𝛼2𝑠2𝑚2
𝑟

2

= 𝛼𝑠𝑡+ 𝑡2

2𝑚2
𝑟

.

The assumption gives 𝛼 < 𝑚−2
𝑟 , hence in particular 𝛼 ≤ 𝑚−2

𝑟 . Therefore

𝛼𝑠𝑡+ 𝑡2

2𝑚2
𝑟

≥ 𝛼𝑠𝑡+ 𝛼

2 𝑡
2.

Together with (3.3), this proves (3.2). Hence 𝑇𝛼,𝑟(𝑥) ∈ 𝜕𝑐Φ𝛼,𝑟(𝑥) for every 𝑥, and Φ𝛼,𝑟 is
𝑐-concave.

It remains to prove uniqueness of the 𝑐-subgradient. Let 𝑧 ∈ 𝜕𝑐Φ𝛼,𝑟(𝑥). Since Φ𝛼,𝑟 is
differentiable, the first-order necessary condition for a 𝑐-support gives

DΦ𝛼,𝑟(𝑥) = 𝛼𝑟(𝑥)𝑟 ∈ −𝜕ℎ(𝑧 − 𝑥).

Equivalently,
𝑧 − 𝑥 ∈ 𝜕ℎ*(−𝛼𝑟(𝑥)𝑟).

Because ℎ* is differentiable, the right-hand side is the singleton

{𝐽(−𝛼𝑟(𝑥)𝑟)} = {−𝛼𝑟(𝑥)𝐽(𝑟)}.

Thus 𝑧 = 𝑥− 𝛼𝑟(𝑥)𝐽(𝑟) = 𝑇𝛼,𝑟(𝑥). This proves the single-valued equality set.

Lemma 3.2. Let 𝑟 ∈ 𝐸*, 𝛼 ∈ R, and assume 𝛼𝑚2
𝑟 < 1. Then 𝑇𝛼,𝑟 is invertible and

det𝑇𝛼,𝑟 = 1 − 𝛼𝑚2
𝑟 > 0.

Proof. The determinant formula is the rank-one determinant identity

det(𝐼 − 𝑢⊗ 𝑟) = 1 − 𝑟(𝑢),

applied to 𝑢 = 𝛼𝐽(𝑟). The positivity follows from the assumption 𝛼𝑚2
𝑟 < 1, so 𝑇𝛼,𝑟 is invertible.
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3.2 The polarization perturbation

For 𝑟 ∈ 𝐸*, write
Φ𝑟(𝑥) := 1

2𝑟(𝑥)2.

We use the polarization identity

Φ𝑝+𝑞 + Φ𝑝−𝑞 − 2Φ𝑝 − 2Φ𝑞 = 0 ∀𝑝, 𝑞 ∈ 𝐸*. (3.6)

Indeed, it is just (𝑝+ 𝑞)2 + (𝑝− 𝑞)2 = 2𝑝2 + 2𝑞2.
Fix 𝑝, 𝑞 ∈ 𝐸*. Choose 𝜀 > 0 so small that

𝜀𝑀(𝑝, 𝑞) < 1, 𝑀(𝑝, 𝑞) := max{‖𝑝+ 𝑞‖2
*, ‖𝑝− 𝑞‖2

*, 2‖𝑝‖2
*, 2‖𝑞‖2

*}, (3.7)

with the convention that there is no restriction if 𝑀(𝑝, 𝑞) = 0. Define four potentials

𝜓1 := 𝜀Φ𝑝+𝑞, 𝜓2 := 𝜀Φ𝑝−𝑞, 𝜓3 := −2𝜀Φ𝑝, 𝜓4 := −2𝜀Φ𝑞. (3.8)

By (3.6),
𝜓1 + 𝜓2 + 𝜓3 + 𝜓4 = 0. (3.9)

By Lemma 2.1 and Lemma 3.1, each 𝜓𝑖 is 𝑐-concave. The corresponding calibrated maps are

𝑇1(𝑥) = 𝑥− 𝜀(𝑝+ 𝑞)(𝑥)𝐽(𝑝+ 𝑞),
𝑇2(𝑥) = 𝑥− 𝜀(𝑝− 𝑞)(𝑥)𝐽(𝑝− 𝑞),
𝑇3(𝑥) = 𝑥+ 2𝜀𝑝(𝑥)𝐽(𝑝),
𝑇4(𝑥) = 𝑥+ 2𝜀𝑞(𝑥)𝐽(𝑞).

(3.10)

Their determinants are
𝑑1 := det𝑇1 = 1 − 𝜀‖𝑝+ 𝑞‖2

*,

𝑑2 := det𝑇2 = 1 − 𝜀‖𝑝− 𝑞‖2
*,

𝑑3 := det𝑇3 = 1 + 2𝜀‖𝑝‖2
*,

𝑑4 := det𝑇4 = 1 + 2𝜀‖𝑞‖2
*.

(3.11)

All four determinants are positive by (3.7).

Proposition 3.3 (Unique barycenter for the polarization family). Let 𝜈 be a compactly
supported absolutely continuous probability measure with finite entropy, and set

𝜇𝑖 := (𝑇𝑖)#𝜈, 𝑖 = 1, 2, 3, 4,

where the 𝑇𝑖 are the four maps defined in (3.10). Then 𝜈 is the unique Wasserstein barycenter
of (𝜇1, 𝜇2, 𝜇3, 𝜇4) with equal weights 1/4.

Proof. By Lemma 2.2, we know that 𝜈 is a Wasserstein barycenter.
We now prove uniqueness. Let 𝜂 be any Wasserstein barycenter of (𝜇1, 𝜇2, 𝜇3, 𝜇4) with

equal weights. Hence
1
4

4∑︁
𝑖=1

𝑊 2
2 (𝜂, 𝜇𝑖) = 1

4

4∑︁
𝑖=1

𝑊 2
2 (𝜈, 𝜇𝑖).

By Lemma 2.2 and (3.9), the value at 𝜈 is

1
8

4∑︁
𝑖=1

𝑊 2
2 (𝜂, 𝜇𝑖) = 1

8

4∑︁
𝑖=1

𝑊 2
2 (𝜈, 𝜇𝑖) = 1

4

4∑︁
𝑖=1

∫︁
𝐸
𝜓𝑐

𝑖 d𝜇𝑖. (3.12)
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For each 𝑖, define the nonnegative Kantorovich gap for the normalized cost 𝑐 by

𝐺𝑖(𝑥, 𝑦) := 𝑐(𝑥, 𝑦) − 𝜓𝑖(𝑥) − 𝜓𝑐
𝑖 (𝑦) ≥ 0.

Let 𝜋𝑖 be an optimal plan from 𝜂 to 𝜇𝑖 for the cost 𝑐. Equality in (3.12) implies

1
4

4∑︁
𝑖=1

∫︁
𝐸×𝐸

𝐺𝑖(𝑥, 𝑦) d𝜋𝑖(𝑥, 𝑦) = 0.

Because each term is nonnegative, we have

𝐺𝑖(𝑥, 𝑦) = 0 𝜋𝑖-a.e.

for every 𝑖. Hence
𝑦 ∈ 𝜕𝑐𝜓𝑖(𝑥) 𝜋𝑖-a.e.

By Lemma 3.1, the equality set of each 𝜓𝑖 is single-valued:

𝜕𝑐𝜓𝑖(𝑥) = {𝑇𝑖(𝑥)} ∀𝑥 ∈ 𝐸.

Therefore
𝜋𝑖 = (id, 𝑇𝑖)#𝜂, and hence 𝜇𝑖 = (𝑇𝑖)#𝜂.

In particular, for 𝑖 = 1,
(𝑇1)#𝜂 = 𝜇1 = (𝑇1)#𝜈.

By Lemma 3.2, 𝑇1 is an invertible affine map. Pushing forward by 𝑇−1
1 , we obtain

𝜂 = 𝜈.

Thus 𝜈 is the unique barycenter.

3.3 The entropy inequality gives the parallelogram law

Proposition 3.4 (BCD forces the dual parallelogram identity). Assume (𝐸, ‖ · ‖,ℒ𝑛) satisfies
BCD(0,∞), and assume the norm is strictly convex. Then

‖𝑝+ 𝑞‖2
* + ‖𝑝− 𝑞‖2

* = 2‖𝑝‖2
* + 2‖𝑞‖2

* ∀𝑝, 𝑞 ∈ 𝐸*. (3.13)

Proof. Fix 𝑝, 𝑞 ∈ 𝐸*, and choose 𝜀 > 0 satisfying (3.7). Let 𝜈 be any compactly supported
absolutely continuous probability measure with finite entropy, and construct 𝜇1, . . . , 𝜇4 from
(3.10). By Proposition 3.3, the unique barycenter is 𝜈. Hence BCD gives

Ent(𝜈) ≤ 1
4

4∑︁
𝑖=1

Ent(𝜇𝑖). (3.14)

Each 𝑇𝑖 is affine, so Corollary 2.6 gives

Ent(𝜇𝑖) = Ent(𝜈) − log 𝑑𝑖,

where the determinants 𝑑𝑖 are listed in (3.11). Substituting this into (3.14) yields

𝑑1𝑑2𝑑3𝑑4 ≤ 1. (3.15)

In other words,

(1 − 𝜀‖𝑝+ 𝑞‖2
*)(1 − 𝜀‖𝑝− 𝑞‖2

*)(1 + 2𝜀‖𝑝‖2
*)(1 + 2𝜀‖𝑞‖2

*) ≤ 1. (3.16)
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Expanding (3.16) at first order as 𝜀 ↓ 0 gives the inequality

‖𝑝+ 𝑞‖2
* + ‖𝑝− 𝑞‖2

* ≥ 2‖𝑝‖2
* + 2‖𝑞‖2

*. (3.17)

Since (3.17) holds for every pair of covectors, we may apply it to the pair 𝑝+ 𝑞, 𝑝− 𝑞. This
gives

‖𝑝+ 𝑞‖2
* + ‖𝑝− 𝑞‖2

* ≤ 2‖𝑝‖2
* + 2‖𝑞‖2

*. (3.18)

Combining (3.17) and (3.18) proves (3.13).

Corollary 3.5 (Dual parallelogram identity implies Hilbertianity). If ‖ · ‖* satisfies (3.13),
then ‖ · ‖ is induced by an inner product on 𝐸.

Proof. By the Jordan–von Neumann theorem, the dual norm ‖ · ‖* is induced by an inner
product. Hence its dual norm ‖ · ‖** is also induced by an inner product. Since ‖ · ‖ = ‖ · ‖**,
the result follows.

4 Strict convexity from BCD
It remains to consider the case where the norm is not strictly convex. In this section, we
show that BCD(0,∞) in fact forces strict convexity. The main difficulty in the non-strictly
convex case is that Wasserstein barycenters of general distributions

∑︀𝑚
𝑖=1 𝜆𝑖𝛿𝜇𝑖 are typically

non-unique, so the BCD condition cannot be applied directly. We overcome this difficulty by
constructing a special distribution below whose Wasserstein barycenter is unique, using the
flat faces of the unit ball. Recall that the presence of flat faces in the unit ball is precisely the
obstruction to strict convexity.

Before entering the proof, let us isolate the mechanism. A non-trivial boundary segment
produces a positive-dimensional exposed face 𝐹 . Two extremal translations inside this face
will trap any barycenter by a one-dimensional separating functional, while a third face-valued
branch is chosen to have negative averaged divergence. The trapping gives uniqueness of the
barycenter, and the negative divergence contradicts the Jensen entropy inequality.

Proposition 4.1 (Maximal-face trapping: barycenter convexity rules out flat faces). If
(𝐸, ‖ · ‖,ℒ𝑛) satisfies BCD(0,∞), then the unit ball of ‖ · ‖ has no non-trivial line segment.
Hence ‖ · ‖ is strictly convex.

Proof. Step 1: Characterization of the exposed face.
Assume that the unit ball 𝐵 = {𝑣 : ‖𝑣‖ ≤ 1} is not strictly convex. Then there exist

distinct 𝑢0, 𝑢1 ∈ 𝜕𝐵 with [𝑢0, 𝑢1] ⊂ 𝜕𝐵. Let 𝑚 = (𝑢0 +𝑢1)/2 and choose a supporting covector
𝑝 ∈ 𝐸* such that

‖𝑝‖* = 1, 𝑝(𝑚) = 1, 𝑝(𝑣) ≤ 1 ∀𝑣 ∈ 𝐵.

Then 𝑝(𝑢0) = 𝑝(𝑢1) = 1, and
𝐹 := {𝑣 ∈ 𝐵 : 𝑝(𝑣) = 1}

is a positive-dimensional exposed face.
We first prove the face identity used throughout the proof. Since ℎ*(𝑝) = 1

2‖𝑝‖2
* = 1

2 ,
Fenchel equality gives

𝑣 ∈ 𝜕ℎ*(𝑝) ⇐⇒ ℎ(𝑣) + ℎ*(𝑝) = 𝑝(𝑣).

Writing 𝑟 = ‖𝑣‖, the right-hand side implies

1
2𝑟

2 + 1
2 = 𝑝(𝑣) ≤ ‖𝑝‖*‖𝑣‖ = 𝑟.
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Thus (𝑟 − 1)2 ≤ 0, so 𝑟 = 1 and 𝑝(𝑣) = 1, i.e. 𝑣 ∈ 𝐹 . Conversely, if 𝑣 ∈ 𝐹 , then ‖𝑣‖ = 1 and
𝑝(𝑣) = 1, so the Fenchel equality holds. Hence

𝜕ℎ*(𝑝) = 𝐹.

By the two-homogeneity and evenness of ℎ*, for every 𝛼 ≥ 0,

𝜕ℎ*(𝛼𝑝) = 𝛼𝐹, 𝜕ℎ*(−𝛼𝑝) = −𝛼𝐹,

with the convention 0𝐹 = {0}.

Step 2: A face-valued perturbation with negative averaged divergence.
Let 𝑇 = span(𝐹 − 𝐹 ). Choose a linear functional ℓ on 𝐸 whose restriction to 𝐹 has a

unique maximizer 𝑎 and a unique minimizer 𝑏:

𝑎 = argmax
𝑓∈𝐹

ℓ(𝑓), 𝑏 = argmin
𝑓∈𝐹

ℓ(𝑓).

Such an ℓ exists by Lemma 2.3.
All directional derivatives and divergences below are computed with respect to a fixed linear

coordinate system inducing the Lebesgue measure ℒ𝑛. Pick 𝑒0 ∈ ri𝐹 and 0 ̸= 𝜏 ∈ 𝑇 . Choose
𝜌 ∈ 𝐶∞

𝑐 (𝐸), 𝜌 ≥ 0,
∫︀

𝐸 𝜌d𝑥 = 1, such that 𝐷𝜏𝜌 is not identically zero, where 𝐷𝜏 denotes the
directional derivative in the direction 𝜏 . Set

𝜙 := 𝐷𝜏𝜌.

Then 𝜙 ∈ 𝐶∞
𝑐 (𝐸), and integration by parts gives∫︁

𝐸
𝜌𝐷𝜏𝜙d𝑥 = −

∫︁
𝐸

(𝐷𝜏𝜌)2 d𝑥 < 0.

For sufficiently small 𝛿 > 0, define

𝑒(𝑥) := 𝑒0 + 𝛿𝜙(𝑥)𝜏

so that 𝑒(𝑥) ∈ 𝐹 for every 𝑥. Indeed, 𝑒0 ∈ ri𝐹 and 𝜏 ∈ span(𝐹 − 𝐹 ), so 𝑒0 + 𝑠𝜏 ∈ 𝐹 for all
sufficiently small |𝑠|. Since div 𝑒 = 𝛿𝐷𝜏𝜙, we have∫︁

𝐸
𝜌 div 𝑒 d𝑥 < 0. (4.1)

Step 3: Three calibrated branches and uniqueness of the barycenter.
Let 𝜈 = 𝜌ℒ𝑛. For small 𝑡 > 0, define

𝑇 𝑡
1(𝑥) = 𝑥+ 𝑡𝑎, 𝑇 𝑡

2(𝑥) = 𝑥+ 𝑡𝑏, 𝑇 𝑡
3(𝑥) = 𝑥− 2𝑡𝑒(𝑥),

and set 𝜇𝑡
𝑖 = (𝑇 𝑡

𝑖 )#𝜈. Since D𝑒 is bounded, for sufficiently small 𝑡 the map 𝑇 𝑡
3 = id −2𝑡𝑒 is a

𝐶1-diffeomorphism on an open neighbourhood of spt 𝜈. Thus all 𝜇𝑡
𝑖 have finite entropy and

compact support.
Set

𝑞1 = 𝑝, 𝑞2 = 𝑝, 𝑞3 = −2𝑝,

and
𝜓𝑡

𝑖(𝑦) := −𝑡 𝑞𝑖(𝑦).

Then 𝜓𝑡
1 + 𝜓𝑡

2 + 𝜓𝑡
3 = 0. For a general covector 𝑞 ∈ 𝐸*,

(𝜓𝑡
𝑞)𝑐(𝑧) = inf

𝑦
{ℎ(𝑧 − 𝑦) + 𝑡𝑞(𝑦)}

= 𝑡𝑞(𝑧) − ℎ*(𝑡𝑞).
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Equality holds if and only if
𝑧 − 𝑦 ∈ 𝜕ℎ*(𝑡𝑞),

again by Fenchel equality. Therefore

𝑇 𝑡
1(𝑥) − 𝑥 = 𝑡𝑎 ∈ 𝑡𝐹 = 𝑡𝜕ℎ*(𝑝),

𝑇 𝑡
2(𝑥) − 𝑥 = 𝑡𝑏 ∈ 𝑡𝐹 = 𝑡𝜕ℎ*(𝑝),

and
𝑇 𝑡

3(𝑥) − 𝑥 = −2𝑡𝑒(𝑥) ∈ −2𝑡𝐹 = 𝑡𝜕ℎ*(−2𝑝).

Thus the plans (id, 𝑇 𝑡
𝑖 )#𝜈 are calibrated by 𝜓𝑡

𝑖 and their 𝑐-transforms. Lemma 2.2 implies that
𝜈 is a Wasserstein barycenter of 𝜇𝑡

1, 𝜇
𝑡
2, 𝜇

𝑡
3 with equal weights.

We now prove uniqueness. Let 𝜂 be any Wasserstein barycenter, and denote by 𝜒𝑡
𝑖 = (𝜓𝑡

𝑖)𝑐

the dual partners. For each 𝑖, let 𝜋𝑖 be an optimal plan from 𝜂 to 𝜇𝑡
𝑖, and set

𝐺𝑡
𝑖(𝑦, 𝑧) := 𝑐(𝑦, 𝑧) − 𝜓𝑡

𝑖(𝑦) − 𝜒𝑡
𝑖(𝑧) ≥ 0.

Since 𝜓𝑡
1 + 𝜓𝑡

2 + 𝜓𝑡
3 = 0, we have

1
3

3∑︁
𝑖=1

∫︁
𝐺𝑡

𝑖 d𝜋𝑖 = 1
6

3∑︁
𝑖=1

𝑊 2
2 (𝜂, 𝜇𝑡

𝑖) − 1
3

3∑︁
𝑖=1

∫︁
𝜒𝑡

𝑖 d𝜇𝑡
𝑖.

The calibrated plans from 𝜈 to 𝜇𝑡
𝑖 give, by Lemma 2.2,

1
6

3∑︁
𝑖=1

𝑊 2
2 (𝜈, 𝜇𝑡

𝑖) = 1
3

3∑︁
𝑖=1

∫︁
𝜒𝑡

𝑖 d𝜇𝑡
𝑖.

Since 𝜂 is also a Wasserstein barycenter, it has the same barycenter value as 𝜈:

1
3

3∑︁
𝑖=1

𝑊 2
2 (𝜂, 𝜇𝑡

𝑖) = 1
3

3∑︁
𝑖=1

𝑊 2
2 (𝜈, 𝜇𝑡

𝑖).

Therefore
1
3

3∑︁
𝑖=1

∫︁
𝐺𝑡

𝑖 d𝜋𝑖 = 0.

Because every 𝐺𝑡
𝑖 ≥ 0, it follows that 𝐺𝑡

𝑖 = 0 for 𝜋𝑖-almost every point and every 𝑖. Consequently,
for 𝑖 = 1, 2 the optimal plan 𝜋𝑖 ∈ Π(𝜂, 𝜇𝑡

𝑖) is supported on the corresponding equality set,

𝑧 − 𝑦 ∈ 𝑡𝐹.

Consider 𝑖 = 1. Let 𝑆𝑎(𝑥) = 𝑥+ 𝑡𝑎. Since 𝜇𝑡
1 = (𝑆𝑎)#𝜈, define

̂︀𝜋1 :=
(︀
(𝑦, 𝑧) ↦→ (𝑦, 𝑆−1

𝑎 (𝑧))
)︀

#𝜋1.

Writing 𝑥 = 𝑆−1
𝑎 (𝑧) = 𝑧 − 𝑡𝑎, the plan ̂︀𝜋1 has marginals 𝜂 and 𝜈. On its support, 𝑧 − 𝑦 = 𝑡𝑓

for some 𝑓 ∈ 𝐹 , and 𝑧 = 𝑥+ 𝑡𝑎; hence

𝑦 = 𝑥+ 𝑡(𝑎− 𝑓).

Therefore
ℓ(𝑦) − ℓ(𝑥) = 𝑡

(︀
ℓ(𝑎) − ℓ(𝑓)

)︀
≥ 0.
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Integrating with respect to ̂︀𝜋1 gives∫︁
ℓd𝜂 −

∫︁
ℓd𝜈 =

∫︁
𝑡
(︀
ℓ(𝑎) − ℓ(𝑓)

)︀
d̂︀𝜋1 ≥ 0. (4.2)

For 𝑖 = 2, with 𝑆𝑏(𝑥) = 𝑥 + 𝑡𝑏, define ̂︀𝜋2 := ((𝑦, 𝑧) ↦→ (𝑦, 𝑆−1
𝑏 (𝑧)))#𝜋2. Writing 𝑥 =

𝑆−1
𝑏 (𝑧) = 𝑧 − 𝑡𝑏, the same argument gives a plan with marginals 𝜂 and 𝜈 and

𝑦 = 𝑥+ 𝑡(𝑏− 𝑓), 𝑓 ∈ 𝐹.

Thus
ℓ(𝑦) − ℓ(𝑥) = 𝑡

(︀
ℓ(𝑏) − ℓ(𝑓)

)︀
≤ 0,

and hence ∫︁
ℓd𝜂 ≤

∫︁
ℓd𝜈. (4.3)

Combining (4.2) and (4.3), equality holds in (4.2). The integrand 𝑡(ℓ(𝑎) − ℓ(𝑓)) is nonnegative,
so it vanishes ̂︀𝜋1-almost everywhere. Since 𝑎 is the unique maximizer of ℓ on 𝐹 , we have
𝑓 = 𝑎 ̂︀𝜋1-almost everywhere. Hence 𝑦 = 𝑥 ̂︀𝜋1-almost everywhere. The two marginals of ̂︀𝜋1 are
therefore equal, and 𝜂 = 𝜈. Thus the barycenter is unique.

Step 4: The entropy contradiction.
Applying BCD(0,∞) gives

Ent(𝜈) ≤ 1
3 Ent(𝜇𝑡

1) + 1
3 Ent(𝜇𝑡

2) + 1
3 Ent(𝜇𝑡

3).

The first two measures are translations of 𝜈, hence have the same entropy. Therefore

Ent(𝜈) ≤ Ent(𝜇𝑡
3). (4.4)

But 𝜇𝑡
3 = (id −2𝑡𝑒)#𝜈. Applying Corollary 2.5 with 𝑉 = −2𝑒 gives

Ent(𝜇𝑡
3) = Ent(𝜈) + 2𝑡

∫︁
𝐸
𝜌 div 𝑒 d𝑥+𝑂(𝑡2).

By (4.1), this is strictly smaller than Ent(𝜈) for small 𝑡 > 0, contradicting (4.4). Since every
non-trivial boundary segment produces the positive-dimensional exposed face constructed in
Step 1, this contradiction rules out all non-trivial boundary segments. Hence the unit ball is
strictly convex.

Proofs of the main theorem and the Finsler corollary

Proof of Theorem 1.2. Proposition 4.1 implies that the norm is strictly convex. Consequently
ℎ* is differentiable and the rank-one square perturbations constructed above are available.

Proposition 3.4 gives the parallelogram identity. Corollary 3.5 then implies that the original
norm is induced by an inner product. This proves the theorem.

Proof of Corollary 1.3. Fix 𝑥 ∈ 𝑀 . For 𝑟 > 0, consider the rescaled pointed metric-measure
space

(𝑀, 𝑟−1d𝐹 , 𝑐𝑟m, 𝑥),

where 𝑐𝑟 > 0 is a normalizing constant chosen for the measured blow-up. For the rescaled
distance 𝑟−1d𝐹 , the squared Wasserstein distances are multiplied by 𝑟−2. Hence the original
BCD(𝐾,∞) inequality becomes a BCD(𝐾𝑟2,∞) inequality for the rescaled space. Multiplying
the reference measure by 𝑐𝑟 > 0 only adds the same constant to all entropy terms and therefore
does not affect Jensen’s inequality.
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By the standard first-order blow-up of a smooth reversible Finsler manifold, the pointed
measured spaces above converge, as 𝑟 ↓ 0, to

(𝑇𝑥𝑀,𝐹𝑥, 𝑎𝑥ℒ𝑥, 0),

where 𝑎𝑥 > 0 and ℒ𝑥 is a Lebesgue measure on 𝑇𝑥𝑀 ; see [4, Chapter 1] for the Finsler tangent
norm and [19] for the weighted Finsler metric-measure setting. Since 𝐾𝑟2 → 0, the stability
theorem for the barycenter curvature-dimension condition under measured Gromov–Hausdorff
convergence [9, Theorem 6.6] gives the limiting Wasserstein Jensen’s inequality on the tangent
space for compactly supported test families with finite entropy. In fact, such stability is a
direct, almost verbatim adaptation of the proof of Lott–Villani [14, Theorem 4.15], since only
the same Γ-convergence mechanism for the entropy and quadratic transport costs is involved.

It follows that 𝐹𝑥 is induced by an inner product. Since 𝑥 is arbitrary, 𝐹 is Riemannian.
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