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Abstract

We establish a two-mode stability theory for Monge solutions of the multi-marginal
optimal transport problem with barycentric quadratic cost. The associated tuple of
maps splits into an external barycentric mode and internal relative modes. A quadratic
lower bound for the Kantorovich defect controls the internal modes and yields a square-
root estimate without invoking any two-marginal stability result. The external mode is
the optimal transport map from the fixed source to the Wasserstein barycenter. Com-
bining the resulting two-mode estimate with Mérigot’s sharp stability theorem gives
a 1

4 -Hölder estimate for general perturbations, while barycenter-preserving perturba-
tions satisfy a 1

2 -Hölder estimate. We prove that both exponents and the dependence
on the weights are optimal. We also examine the scope of such a decomposition be-
yond the barycentric cost: collective-coordinate perturbations and uniformly concave
costs of the sum retain the two-mode estimate, whereas graph interactions, hedonic
costs and translation-invariant costs reveal two possible obstructions—loss of relative
coercivity and lack of stability for the remaining external modes.
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1 Introduction

Classical roots and the stability gap. Optimal transport, initiated by Monge [30] and
relaxed by Kantorovich [21], provides a variational way to compare probability measures.
In the Euclidean quadratic case, given two probability measures ρ, µ ∈ P(Rn), the Monge
problem asks for a map T : Rn → Rn with T#ρ = µ minimizing∫

Rn

1

2
|x− T (x)|2 dρ(x)

among all transport maps from ρ to µ. Such a minimizer is called an optimal transport
map. Brenier’s landmark theorem [6] states that, when the source measure is absolutely
continuous, this problem has a unique solution and the optimal transport map is the
gradient of a convex function.

The multi-marginal analogue was developed by Gangbo and Świe�ch [17]. Their theo-
rem gives existence and uniqueness of Monge solutions for the barycentric quadratic cost
considered below, a cost that also provides the multi-marginal formulation of the Wasser-
stein barycenter problem [1]. These existence theorems leave a quantitative question open:
how stable are the maps under perturbations of the marginals? In the two-marginal case,
if Tµ and Tµ̃ denote the quadratic optimal transport maps from a fixed source ρ to two
targets µ and µ̃ respectively, one seeks estimates of the form

‖Tµ − Tµ̃‖L2(ρ) ≤ CWα
p (µ, µ̃),

for suitable constants C,α > 0 and p ≥ 1, usually for compactly supported targets. Ex-
isting stability results are typically established for p = 1, while stability for other values
of p is deduced from the inequality W1 ≤ Wp. An early stability result of this form
is due to Berman [3], who obtained a dimension-dependent exponent under density and
geometric assumptions on the source measure. This line of work was later improved by
Delalande and Mérigot [14] with the uniform exponent 1

6 , and further extended by Letrouit
and Mérigot [28] using the gluing method to more general source geometries and density
profiles. Two further works improved these estimates under bounded-density and compact-
support assumptions on the source measure: Cazelles, Pauwels and Portales [10] obtained
the exponent 1

5 in the context of statistical estimation of Monge maps, while Mérigot [29]
proved the optimal exponent 1

4 . In dimension n ≥ 2, this exponent is optimal; see also [27]
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for sources of instability. By contrast, quantitative stability for multi-marginal Monge
maps is much less developed, although such maps appear in Wasserstein barycenters, den-
sity functional theory and economic matching. Letrouit’s lecture notes [26] also mention
the extension of quantitative stability estimates to multi-marginal optimal transport as a
natural open direction.

Multi-marginal optimal transport. We consider a barycentric multi-marginal ana-
logue of the preceding stability problem. Fix N ≥ 3 and weights

λi > 0,

N∑
i=1

λi = 1.

Let S, Y ⊆ Rn be compact, let ρ ∈ P(S), and let µ2, . . . , µN ∈ P(Y ). In the main part of
this paper we study the cost

c(x1, . . . , xN ) := inf
y∈Rn

N∑
i=1

λi
2
|xi − y|2. (1.1)

This weighted quadratic cost appears in the multi-marginal theory of Gangbo and Świe�ch
[17] and in the study of the Wasserstein barycenter problem. We call it the barycentric
quadratic cost.

For the barycentric quadratic cost (1.1), the Monge problem is to solve

inf
T2,...,TN

∫
S
c(x1, T2(x1), . . . , TN (x1)) dρ(x1) (1.2)

among maps Ti : S → Y satisfying (Ti)#ρ = µi, i = 2, . . . , N . Its Kantorovich relaxation
is

inf
π∈Π(ρ,µ2,...,µN )

∫
S×Y N−1

c(x1, . . . , xN ) dπ(x1, . . . , xN ), (1.3)

where Π(ρ, µ2, . . . , µN ) is the set of probability measures with the prescribed marginals.
The minimizer in (1.1) is the Euclidean weighted barycenter

∑N
i=1 λixi, and hence

c(x1, . . . , xN ) =
1

2

N∑
i=1

λi|xi|2 −
1

2

∣∣∣∣∣
N∑
i=1

λixi

∣∣∣∣∣
2

=
1

2

∑
1≤i<j≤N

λiλj |xi − xj |2. (1.4)

Gangbo and Świe�ch’s theorem [17] (see also Kim and Pass [24]) extends Brenier’s result
to this multi-marginal setting: if ρ is absolutely continuous, then the Monge problem has a
unique solution (T2, . . . , TN ). We call these maps multi-marginal optimal transport maps.

Multi-marginal optimal transport extends the two-marginal theory and appears in
several contexts, including Wasserstein barycenters, statistics and data analysis, multi-
agent matching problems in economics, and density functional theory. We refer to Pass [34]
for a survey, and to [1, 11,12,33,35] for further discussions.

The two-mode decomposition and Wasserstein barycenters. Let

Ω := conv(S ∪ Y ) ⊆ Rn, P := λ1δρ +

N∑
i=2

λiδµi ∈ P(P(Ω)).

3



The Wasserstein barycenter of P is a minimizer of

VarP(ν) :=
λ1
2
W 2

2 (ν, ρ) +

N∑
i=2

λi
2
W 2

2 (ν, µi), ν ∈ P2(Rn).

The following proposition links the Wasserstein barycenter to the barycentric multi-marginal
optimal transport problem (see [17], [1, Section 4], and [24, Proposition 5.1]).

Proposition 1.1 (Barycenter map). Let P = λ1δρ +
∑N

i=2 λiδµi ∈ P(P(Ω)) and assume
ρ � Ln. Then there exists a unique Wasserstein barycenter of P, denoted by µP ∈ P(Ω).
Moreover, if (T2, . . . , TN ) are the multi-marginal optimal transport maps, then

B := λ1 Id+
N∑
i=2

λiTi

is the unique optimal transport map from ρ to µP, for the quadratic cost. We call B the
barycenter map.

This characterization reveals the two-mode structure of the stability problem. The
barycenter map B records the averaged displacement and forms the external mode. Each
individual map also contains a relative component:

Vi := Ti −M, M :=
B − λ1 Id

1− λ1
,

N∑
i=2

λiVi = 0.

The variables (Vi)i≥2 form the internal modes: they describe the relative positions of the
target points inside a fiber of the barycenter map. This is the analogue of the center-of-
mass and relative-coordinate decomposition in classical mechanics.

The two components have different stability mechanisms. Once the external coordinate
is fixed, the Kantorovich defect is quadratically coercive in the internal directions. The
external coordinate, by contrast, is itself a two-marginal optimal transport map from ρ
to the Wasserstein barycenter. The stability problem therefore separates into a genuinely
multi-marginal coercivity estimate on the fibers of the barycenter map and a two-marginal
stability estimate for the barycenter map itself.

Main results. We write Pac(S) for the set of probability measures on S that are ab-
solutely continuous with respect to the Lebesgue measure Ln. Given another tuple of
target marginals µ̃2, . . . , µ̃N ∈ P(Y ), let (T̃2, . . . , T̃N ) be the corresponding multi-marginal
optimal transport maps and set

B̃ := λ1 Id+

N∑
i=2

λiT̃i, P̃ := λ1δρ +

N∑
i=2

λiδµ̃i .

Our proof follows this separation literally. We first obtain a multi-marginal estimate
for the internal modes from a quadratic lower bound for the Kantorovich defect. This
step does not use any stability theorem for two-marginal optimal transport maps. Only
afterwards do we control the external mode by identifying it with the transport map to
the Wasserstein barycenter and applying Mérigot’s sharp estimate.

The different stability exponents therefore have different origins. General perturba-
tions inherit the 1

4 exponent from the external barycenter mode. Barycenter-preserving
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perturbations and self-comparisons remove that mode and retain the 1
2 exponent produced

by internal quadratic coercivity. The examples in §3 show that both exponents, as well
as the dependence on the weights, are optimal.

Our first result gives a two-mode estimate for the stability of the maps. It does not
use any two-marginal stability result.

Theorem 1.2. Let N ≥ 3 and let S, Y ⊆ Rn be compact. Let ρ ∈ Pac(S). Then
there exists a constant C > 0, depending on N and diam(S ∪ Y ), such that for any
{µi}Ni=2, {µ̃i}Ni=2 ⊆ P(Y ),

N∑
i=2

λi‖Ti − T̃i‖L2(ρ) ≤ C

( N∑
i=2

λiW1(µi, µ̃i)

)1/2

+ ‖B − B̃‖L2(ρ)

 .

Here (T2, . . . , TN ) and (T̃2, . . . , T̃N ) are the multi-marginal optimal transport maps associ-
ated with (ρ, µ2, . . . , µN ) and (ρ, µ̃2, . . . , µ̃N ), respectively.

The first term in Theorem 1.2 corresponds to the internal multi-marginal mode. The
second term is the external mode: by Proposition 1.1, it is the distance between two
barycenter maps. Combining this theorem with Mérigot’s sharp two-marginal stability
estimate [29] yields the following general perturbation estimate.

Theorem 1.3. Let N ≥ 3 and let S, Y ⊆ Rn be compact. Let ρ ∈ Pac(S) ∩ L∞(S).
With the notation of Theorem 1.2, there exists a constant C > 0, depending on λ1, N ,
diam(S ∪ Y ), n and ‖ρ‖L∞, such that

N∑
i=2

λi‖Ti − T̃i‖L2(ρ) ≤ C

(
N∑
i=2

λiW1(µi, µ̃i)

)1/4

.

Moreover, the exponent 1
4 is optimal in dimension n ≥ 2.

Remark 1.4. The dimensional restriction n ≥ 2 in the optimality statement is essential.
In dimension n = 1, the barycentric multi-marginal optimal transport maps are given by
monotone rearrangements on the line (cf. [36, Chapter 1]). Hence

‖Ti − T̃i‖L2(ρ) =W2(µi, µ̃i) ≤ diam(Y )1/2W
1/2
1 (µi, µ̃i), i = 2, . . . , N.

Therefore the general perturbation estimate holds with the optimal exponent 1
2 in dimen-

sion n = 1. See Proposition 1.9 for the optimality of this exponent.

The preceding two theorems identify the obstruction to a 1
2 -Hölder estimate: the ex-

ternal barycenter mode. If B = B̃, then this obstruction disappears and only the internal
coercive mode remains, which motivates the following corollary. Notably, in contrast with
Theorem 1.3, no L∞ bound on the density of the source measure is needed in this regime.

Corollary 1.5. Under the same assumptions and notation as in Theorem 1.2, assume
moreover that B = B̃. Then there exists a constant C > 0, depending only on N and
diam(S ∪ Y ), such that

N∑
i=2

λi‖Ti − T̃i‖L2(ρ) ≤ C

(
N∑
i=2

λiW1(µi, µ̃i)

)1/2

.
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Remark 1.6. The exponent 1
2 in Corollary 1.5 is reminiscent of Ambrosio-type 1

2 stability
estimates for two-marginal optimal transport maps reported in [19]. Here the source of
the estimate is different: rather than relying on regularity of the optimal transport map,
the estimate follows from the internal quadratic coercivity of the barycentric quadratic
cost once the external barycenter mode has been removed.

We say that {µ̃i}Ni=2 is a barycenter-preserving perturbation of {µi}Ni=2, if µP = µP̃. This
condition is equivalent, by uniqueness of the optimal transport map from ρ, to B = B̃.
In particular, any weight-preserving permutation of the target marginals preserves the
barycenter map. This yields the following self-comparison result. Barycenter-preserving
perturbations are not limited to permutations of the marginal measures; in §3.2, we give
two non-permutation examples.

Theorem 1.7. Under the same assumptions and notation as in Theorem 1.2, let σ be a
permutation of {2, . . . , N} such that

λσ(i) = λi, i = 2, . . . , N.

Then there exists a constant C > 0, depending on N and diam(S ∪ Y ), such that

N∑
i=2

λi‖Ti − Tσ(i)‖L2(ρ) ≤ C

(
N∑
i=2

λiW1(µi, µσ(i))

)1/2

.

In particular, if λi = λj, then

‖Ti − Tj‖L2(ρ) ≤ C(λi + λj)
−1/2W

1/2
1 (µi, µj).

Moreover, the exponent 1
2 is optimal in dimension n ≥ 1. In dimension n ≥ 2, if one keeps

the exponent 1
2 in W1(µi, µj), then the power −1

2 of (λi + λj) is optimal as well.

Combining Theorem 1.7 with Mérigot’s sharp two-marginal stability estimate gives an
upper bound with two scales. The first scale is free of the factor (λi+λj) but has exponent
1
4 ; the second scale has the stronger exponent 1

2 but necessarily carries the weight factor.

Corollary 1.8. Under the same assumptions and notation as in Theorem 1.3, assume
moreover that λi = λj. Then there exists a constant C > 0, depending on λ1, N , diam(S∪
Y ), n and ‖ρ‖L∞, such that

‖Ti − Tj‖L2(ρ) ≤ Cmin
{
W

1/4
1 (µi, µj), (λi + λj)

−1/2W
1/2
1 (µi, µj)

}
.

In particular, for any θ ∈ [14 ,
1
2 ], one has

‖Ti − Tj‖L2(ρ) ≤ C(λi + λj)
1/2−2θW θ

1 (µi, µj).

Moreover, the exponents are optimal in the sense of Proposition 1.9.

The following proposition shows that the exponents and the weight dependence in the
preceding estimates cannot be improved within the stated scale of inequalities. We prove
it by model examples in §3.1.

Proposition 1.9. The estimates in Theorem 1.7 and Corollary 1.8 are optimal in the
following sense:
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(a) The exponent 1
2 in Theorem 1.7 is optimal in dimension n ≥ 1;

(b) if the constant is independent of (λi+λj), then the exponent 1
4 is optimal in dimension

n ≥ 2;

(c) if one keeps the exponent 1
2 in W1(µi, µj), then the factor (λi + λj) has the optimal

exponent −1
2 in dimension n ≥ 2;

(d) more generally, if one keeps the exponent θ ∈ [14 ,
1
2 ] in W1(µi, µj), then the factor

(λi + λj) has the optimal exponent (12 − 2θ) in dimension n ≥ 2.

Scope of the two-mode mechanism. Section 4 asks which parts of this argument
persist beyond the barycentric quadratic cost. The discussion is organized around two
structural tests: quadratic coercivity of the Kantorovich defect in relative directions, and
quantitative stability of the remaining collective coordinate. For costs of the form c0 +
F (
∑

i λixi), the internal geometry is unchanged, while a transformed collective map is
identified with the optimal transport map to a penalized Wasserstein barycenter. This
yields the same two-mode estimate and, under bounded-density assumptions, the same 1

4
exponent. Uniformly concave costs of the sum follow as a direct corollary.

The later subsections clarify the boundary of the method. Full symmetrization turns
a cyclic nearest-neighbour interaction into a complete-graph interaction. For general pair-
wise quadratic costs, the target–target interaction matrix produces a normal-mode decom-
position: some modes are coercive in the Kantorovich defect, while the remaining signed
modes would require a separate stability theory. Hedonic costs exhibit an analogous col-
lective variable but lack the two estimates needed to close the argument. Coulomb and
determinant costs show that dependence on relative coordinates alone is insufficient when
the relative Hessian is singular, indefinite, or sign-indefinite.

When the marginals have densities and the optimal maps are regular, the relations
(Ti)#ρ = µi, together with first-order optimality and the barycentric balance condition,
form a coupled Monge–Ampère system. The mode decomposition separates the scalar
equation for the collective map from the equations for the relative coordinates. In this
sense, our estimates provide a weak metric coercivity principle for the system.

Organization of the paper. The present Section 1 states the problem, the two-mode
decomposition and the main results. Section 2 proves the stability estimates: Subsec-
tions 2.1–2.3 develop the mode decomposition, the Kantorovich-defect coercivity estimate,
and the gluing argument, while Subsections 2.4–2.6 prove the main theorems and the two-
scale corollary. Section 3 proves optimality and constructs non-permutation barycenter-
preserving perturbations. Section 4 studies the scope of the mechanism: it first gives
rigorous extensions to collective-coordinate perturbations and uniformly concave costs
of the sum, and then discusses cyclic symmetrization, normal-mode decompositions for
pairwise quadratic interactions, and the obstructions arising for hedonic, Coulomb and
determinant costs.

2 Mode Decomposition and Stability Estimates

2.1 Barycentric and internal coordinates

The proof of Theorem 1.2 relies on separating the barycentric direction from the internal
multi-marginal directions. We first introduce the corresponding barycentric coordinates.
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For {µi}Ni=2, {µ̃i}Ni=2 ⊆ P(Y ) and x1 ∈ S, define the target-side barycenters

M(x1) :=
B(x1)− λ1x1

1− λ1
=

1

1− λ1

N∑
i=2

λiTi(x1),

M̃(x1) :=
B̃(x1)− λ1x1

1− λ1
=

1

1− λ1

N∑
i=2

λiT̃i(x1).

For i = 2, . . . , N , define the internal directions
Vi(x1) := Ti(x1)−M(x1), Ṽi(x1) := T̃i(x1)− M̃(x1), x1 ∈ S.

Then we have
N∑
i=2

λiVi(x1) = 0,

N∑
i=2

λiṼi(x1) = 0, x1 ∈ S.

For x1 ∈ S, x2, . . . , xN ∈ Y , define

Bx := λ1x1 +

N∑
i=2

λixi, Mx :=
Bx − λ1x1
1− λ1

=
1

1− λ1

N∑
i=2

λixi;

and

Vi,x := xi −Mx, i = 2, . . . , N, which implies
N∑
i=2

λiVi,x = 0.

Here Bx, Mx and Vi,x are the pointwise analogues of B, M and Vi associated with the
tuple (x1, . . . , xN ).
Remark 2.1 (Geometric interpretation of the decomposition). The decomposition Ti =
M + Vi with

∑N
i=2 λiVi = 0, is analogous to the center-of-mass and Jacobi-coordinate

decomposition in classical mechanics. In the Wasserstein setting, the barycenter map B
is the averaged coordinate, while the internal directions (Vi)i≥2 describe multi-marginal
couplings with the same barycenter. The quadratic coercivity in Proposition 2.3 is the
positive definiteness of the barycentric quadratic cost in these relative directions. Thus
the stability loss comes from the averaged direction, namely the two-marginal barycenter
map.
Lemma 2.2. For x1 ∈ S, x2, . . . , xN ∈ Y , we have

c(x1, . . . , xN ) =
λ1

2(1− λ1)
|Bx − x1|2 +

1

2

N∑
i=2

λi|Vi,x|2. (2.1)

Proof. Since Vi,x := xi −Mx for i = 2, . . . , N , by (1.4), we have

c(x1, . . . , xN ) =

N∑
i=1

λi
2
|xi −Bx|2

=
λ1
2
|x1 −Bx|2 +

N∑
i=2

λi
2
|Vi,x +Mx −Bx|2

∗
=
λ1
2
|x1 −Bx|2 +

N∑
i=2

λi
2
|Mx −Bx|2 +

N∑
i=2

λi
2
|Vi,x|2

=
λ1

2(1− λ1)
|Bx − x1|2 +

1

2

N∑
i=2

λi|Vi,x|2,

(2.2)

where (∗) follows from
∑N

i=2 λiVi,x = 0.
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2.2 Separation of barycentric and internal directions

Let (φ1, . . . , φN ) be a c-conjugate tuple of Kantorovich potentials for the multi-marginal
optimal transport problem (ρ, µ2, . . . , µN ). For x1 ∈ S, x2, . . . , xN ∈ Y , define

R(x1, . . . , xN ) := c(x1, . . . , xN )−
N∑
i=1

φi(xi).

Since (φ1, . . . , φN ) is c-conjugate, we have

R(x1, . . . , xN ) ≥ 0, ∀ (x1, . . . , xN ) ∈ S × Y N−1.

Moreover, by the standard duality theorem for marginal problems (cf. [22]), in the form
used for multi-marginal optimal transport (cf. [17], [24]), we have

R(x1, T2(x1), . . . , TN (x1)) = 0, ρ-a.e. x1 ∈ S. (2.3)

The following proposition is the key estimate in the proof of Theorem 1.2.

Proposition 2.3. For ρ-a.e. x1 ∈ S and every x2, . . . , xN ∈ Y , we have

R(x1, x2, . . . , xN ) ≥ 1

4

N∑
i=2

λ2i |Vi,x − Vi(x1)|2 −
3

2
|Bx −B(x1)|2. (2.4)

Proof. Fix x1 ∈ S such that

R(x1, T2(x1), . . . , TN (x1)) = 0. (2.5)

Denote
∆xi := xi − Ti(x1), ∆Vi := Vi,x − Vi(x1), i = 2, . . . , N.

Then we have

∆B := Bx −B(x1) =
N∑
i=2

λi∆xi,
N∑
i=2

λi∆Vi = 0.

Moreover, note that

∆Vi = ∆xi − (Mx −M(x1)) = ∆xi −
∆B

1− λ1
, i = 2, . . . , N, (2.6)

by Lemma 2.2 and the fact that c is quadratic, we have the exact expansion

c(x1, . . . , xN ) = c(x1, T2(x1), . . . , TN (x1)) +

N∑
i=2

〈pi,∆xi〉+Q(∆B,∆Vi), (2.7)

where

pi := ∇xic(x1, T2(x1), . . . , TN (x1)), Q(∆B,∆Vi) :=
λ1

2(1− λ1)
|∆B|2 + 1

2

N∑
i=2

λi|∆Vi|2.
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On the other hand, for i = 2, . . . , N ,

φi(xi) ≤ c(x1, . . . , Ti−1(x1), xi, Ti+1(x1), . . . , TN (x1))

− φ1(x1)−
∑

2≤j≤N
j ̸=i

φj(Tj(x1))

= c(x1, . . . , Ti(x1), . . . , TN (x1)) + 〈pi,∆xi〉

+
λi(1− λi)

2
|∆xi|2 − φ1(x1)−

∑
2≤j≤N
j ̸=i

φj(Tj(x1))

(2.5)
= φi(Ti(x1)) + 〈pi,∆xi〉+

λi(1− λi)

2
|∆xi|2.

(2.8)

Thus,

R(x1, . . . , xN )

(2.5)
= R(x1, . . . , xN )−R(x1, T2(x1), . . . , TN (x1))

≥ λ1
2(1− λ1)

|∆B|2 + 1

2

N∑
i=2

λi|∆Vi|2 −
N∑
i=2

λi(1− λi)

2
|∆xi|2

(2.6)
=

1

2

N∑
i=2

λ2i |∆Vi|2 +

( ∑N
i=2 λ

2
i

2(1− λ1)2
− 1

2

)
|∆B|2 − 1

1− λ1

N∑
i=2

λi(1− λi)〈∆Vi,∆B〉

≥1

2

N∑
i=2

λ2i |∆Vi|2 −
1

2
|∆B|2 + 1

1− λ1
〈

N∑
i=2

λ2i∆Vi,∆B〉

∗
≥1

2

N∑
i=2

λ2i |∆Vi|2 −
1

2
|∆B|2 − |∆B|

1− λ1

(
N∑
i=2

λ2i

)1/2( N∑
i=2

λ2i |∆Vi|2
)1/2

∗∗
≥1

4

N∑
i=2

λ2i |∆Vi|2 −
3

2
|∆B|2,

(2.9)

where (∗) follows from Hölder’s inequality∣∣∣∣∣〈
N∑
i=2

λ2i∆Vi,∆B〉

∣∣∣∣∣ ≤ |∆B|

(
N∑
i=2

λ2i

)1/2( N∑
i=2

λ2i |∆Vi|2
)1/2

;

and (∗∗) follows from Young’s inequality and the fact(
N∑
i=2

λ2i

)1/2

≤
N∑
i=2

λi = 1− λ1.

2.3 Gluing argument for perturbed marginals

Denote

D := diam(S ∪ Y ), δ :=
N∑
i=2

λiW1(µi, µ̃i) ≤ D;

and denote
γ := (Id, T2, . . . , TN )#ρ, γ̃ := (Id, T̃2, . . . , T̃N )#ρ.
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Lemma 2.4. There exists a coupling γ̄ ∈ Π(ρ, µ2, . . . , µN , µ̃2, . . . , µ̃N ) with coordinates
(x1, x2, . . . , xN , x̃2, . . . , x̃N ), such that

(x1, x̃2, . . . , x̃N )#γ̄ = γ̃, (xi, x̃i)#γ̄ = πi, i = 2, . . . , N, (2.10)

where πi ∈ Π(µi, µ̃i) is a W1-optimal transport plan between µi and µ̃i.

Proof. This follows by applying the gluing lemma repeatedly (cf. [2, Lemma 2.1]).

Corollary 2.5. We have

(∫
|Bx − B̃(x1)|2 dγ̄

)1/2

≤ D1/2δ1/2,

(∫ N∑
i=2

λ2i |Vi,x − Ṽi(x1)|2 dγ̄

)1/2

≤ D1/2δ1/2.

Here Bx and Vi,x are associated with the coordinates (x1, x2, . . . , xN ).

Proof. Since
(x1, x̃2, . . . , x̃N )#γ̄ = γ̃ = (Id, T̃2, . . . , T̃N )#ρ,

we have
x̃i = T̃i(x1), γ̄-a.e., i = 2, . . . , N.

Estimate of the barycentric part: By the definitions of Bx and B̃(x1), we have

(∫
|Bx − B̃(x1)|2 dγ̄

)1/2

=

∫ ∣∣∣∣∣
N∑
i=2

λi(xi − T̃i(x1))

∣∣∣∣∣
2

dγ̄

1/2

≤
N∑
i=2

λi

(∫
|xi − x̃i|2 dγ̄

)1/2

(2.10)
≤ D1/2

N∑
i=2

λiW
1/2
1 (µi, µ̃i)

≤ D1/2

(
N∑
i=2

λiW1(µi, µ̃i)

)1/2

= D1/2δ1/2.

(2.11)

Estimate of the internal part: By the definitions of Vi,x and Ṽi(x1), we have

Vi,x − Ṽi(x1) = (xi − T̃i(x1))−
1

1− λ1

N∑
j=2

λj(xj − T̃j(x1)). (2.12)

Using λi < 1 for i = 2, . . . , N , we have

N∑
i=2

λ2i |Vi,x − Ṽi(x1)|2 ≤
N∑
i=2

λi|Vi,x − Ṽi(x1)|2

=
N∑
i=2

λi|xi − T̃i(x1)|2 −
1

1− λ1

∣∣∣∣∣
N∑
i=2

λi(xi − T̃i(x1))

∣∣∣∣∣
2

≤
N∑
i=2

λi|xi − T̃i(x1)|2.

(2.13)

11



Integrating with respect to γ̄ implies∫ N∑
i=2

λ2i |Vi,x − Ṽi(x1)|2 dγ̄ ≤
N∑
i=2

λi

∫
|xi − x̃i|2 dγ̄

(2.10)
≤ D

N∑
i=2

λiW1(µi, µ̃i) = Dδ, (2.14)

which proves the estimates.

Denote
γ̂ := (x1, x2, . . . , xN )#γ̄ ∈ Π(ρ, µ2, . . . , µN ).

Lemma 2.6. We have∣∣∣∣∫ c(x1, . . . , xN ) dγ̂ −
∫
c(x1, . . . , xN ) dγ

∣∣∣∣ ≤ 2Dδ. (2.15)

Proof. Recall that Ω = conv(S ∪ Y ). Since diam(Ω) = D, for any x1 ∈ S, x2, . . . , xN ∈ Y ,
we have

|∇xic(x1, . . . , xN )| = |λi(xi −Bx)| ≤ λi diam(Ω) = λiD, i = 2, . . . , N. (2.16)

Then for (x2, . . . , xN ), (x̃2, . . . , x̃N ) ∈ Y N−1, by the triangle inequality, we have

|c(x1, x2, . . . , xN )− c(x1, x̃2, . . . , x̃N )| ≤ D
N∑
i=2

λi|xi − x̃i|. (2.17)

Thus, ∣∣∣∣∫ c(x1, . . . , xN ) dγ̂ −
∫
c(x1, . . . , xN ) dγ̃

∣∣∣∣
(2.10)
=

∣∣∣∣∫ c(x1, x2, . . . , xN )− c(x1, x̃2, . . . , x̃N ) dγ̄

∣∣∣∣
(2.17)
≤ D

N∑
i=2

λi

∫
|xi − x̃i| dγ̄

(2.10)
= Dδ.

(2.18)

Since γ is the optimal transport plan of (ρ, µ2, . . . , µN ), we have∫
c(x1, . . . , xN ) dγ ≤

∫
c(x1, . . . , xN ) dγ̂ ≤

∫
c(x1, . . . , xN ) dγ̃ +Dδ. (2.19)

By the same argument with the two target tuples interchanged, there also exists a cou-
pling γ ∈ Π(ρ, µ2, . . . , µN , µ̃2, . . . , µ̃N ) with coordinates (x1, x2, . . . , xN , x̃2, . . . , x̃N ), such
that

(x1, x2, . . . , xN )#γ = γ, (xi, x̃i)#γ = πi, i = 2, . . . , N.

Denote
γ̌ := (x1, x̃2, . . . , x̃N )#γ ∈ Π(ρ, µ̃2, . . . , µ̃N ).

Similarly, we have∫
c(x1, . . . , xN ) dγ̃ ≤

∫
c(x1, . . . , xN ) dγ̌ ≤

∫
c(x1, . . . , xN ) dγ +Dδ. (2.20)

Combining (2.18), (2.19) and (2.20) completes the proof.
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2.4 Proof of Theorem 1.2

Proof of Theorem 1.2. Integrating (2.4) with respect to γ̂ gives

1

4

∫ N∑
i=2

λ2i |Vi,x − Vi(x1)|2 dγ̂ − 3

2

∫
|Bx −B(x1)|2 dγ̂ ≤

∫
R(x1, x2, . . . , xN ) dγ̂. (2.21)

Note that∫
R(x1, x2, . . . , xN ) dγ̂ =

∫
c(x1, . . . , xN ) dγ̂ −

N∑
i=1

∫
φi(xi) dγ̂

=

∫
c(x1, . . . , xN ) dγ̂ −

∫
φ1(x1) dρ−

N∑
i=2

∫
φi(xi) dµi

(2.3)
=

∫
c(x1, . . . , xN ) dγ̂ −

∫
c(x1, . . . , xN ) dγ

(2.15)
≤ 2Dδ.

(2.22)

Moreover, by Corollary 2.5, we have(∫
|Bx −B(x1)|2 dγ̂

)1/2

≤
(∫

|Bx − B̃(x1)|2 dγ̄
)1/2

+

(∫
|B̃(x1)−B(x1)|2 dγ̄

)1/2

≤ D1/2δ1/2 + ‖B − B̃‖L2(ρ).
(2.23)

Thus, by (2.21), (2.22), (2.23) and Corollary 2.5, we have(∫ N∑
i=2

λ2i |Vi(x1)− Ṽi(x1)|2 dρ

)1/2

=

(∫ N∑
i=2

λ2i |Vi(x1)− Ṽi(x1)|2 dγ̄

)1/2

≤

(∫ N∑
i=2

λ2i |Vi(x1)− Vi,x|2 dγ̂

)1/2

+

(∫ N∑
i=2

λ2i |Vi,x − Ṽi(x1)|2 dγ̄

)1/2

≤
(
6
(
D1/2δ1/2 + ‖B − B̃‖L2(ρ)

)2
+ 8Dδ

)1/2

+D1/2δ1/2

≤C1

(
δ1/2 + ‖B − B̃‖L2(ρ)

)
,

(2.24)

where C1 depends only on D.
On the other hand, by the definitions of Vi, Ṽi, B, and B̃, we have

Ti(x1)− T̃i(x1) = (Vi(x1)− Ṽi(x1)) +
1

1− λ1
(B(x1)− B̃(x1)), i = 2, . . . , N. (2.25)

Therefore, by Hölder’s inequality,
N∑
i=2

λi‖Ti − T̃i‖L2(ρ) ≤
N∑
i=2

λi‖Vi − Ṽi‖L2(ρ) +
1

1− λ1

N∑
i=2

λi‖B − B̃‖L2(ρ)

≤(N − 1)1/2

(
N∑
i=2

λ2i ‖Vi − Ṽi‖2L2(ρ)

)1/2

+ ‖B − B̃‖L2(ρ)

≤C

( N∑
i=2

λiW1(µi, µ̃i)

)1/2

+ ‖B − B̃‖L2(ρ)

 ,

(2.26)

where C depends on diam(S ∪ Y ) and N . This completes the proof.
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2.5 Proof of Theorem 1.3

We combine Theorem 1.2 with the following estimate from [29, Theorem 2.2].

Proposition 2.7. Let S, Y ⊆ Rn be compact and let Ω = conv(S ∪ Y ). Let ρ ∈ Pac(S) ∩
L∞(S). Then there exists a constant C2 > 0, depending on diam(S ∪ Y ), n, and ‖ρ‖L∞,
such that for any µ, µ̃ ∈ P(Ω),

‖∇ϕµ −∇ϕµ̃‖4L2(ρ) ≤ C2

∫
Ω
(ψµ − ψµ̃) d(µ− µ̃), (2.27)

where ψµ and ψµ̃ are the Kantorovich potentials from µ to ρ and µ̃ to ρ, respectively, for the
quadratic cost; ϕµ := ψc

µ and ϕµ̃ := ψc
µ̃ are the corresponding dual Kantorovich potentials.

Proof of Theorem 1.3. By Proposition 1.1, P and P̃ admit unique Wasserstein barycenters
µP, µP̃ ∈ P(Ω). Moreover, by the global zero-order balance condition (cf. [1], [7, Proposi-
tion 1.1]), there exist Kantorovich potentials {ψi

µP}
N
i=1 such that

N∑
i=1

λiψ
i
µP(y) = 0, ∀ y ∈ Ω, (2.28)

where ψi
µP is the Kantorovich potential from µP to µi for i = 1, . . . , N with µ1 = ρ.

Similarly, there exist Kantorovich potentials {ψi
µP̃
}Ni=1 satisfying the analogue of (2.28),

where ψi
µP̃

is the Kantorovich potential from µP̃ to µ̃i with µ̃1 = ρ.
For µi, µ̃i ∈ P(Ω), i = 1, . . . , N , denote

Dµi(µP̃, µP) :=
1

2
W 2

2 (µP̃, µi)−
1

2
W 2

2 (µP, µi)−
∫
Ω
ψi
µP d(µP̃ − µP), (2.29)

and
Dµ̃i(µP, µP̃) :=

1

2
W 2

2 (µP, µ̃i)−
1

2
W 2

2 (µP̃, µ̃i)−
∫
Ω
ψi
µP̃

d(µP − µP̃). (2.30)

By Kantorovich duality, it holds that Dµi(µP̃, µP) ≥ 0 and Dµ̃i(µP, µP̃) ≥ 0. Moreover,
since µ1 = µ̃1 = ρ and ρ ∈ Pac(S) ∩ L∞(S), we have

Dρ(µP, µP̃) +Dρ(µP̃, µP) =

∫
(ψ1

µP̃
− ψ1

µP) d(µP̃ − µP) ≥ C−1
2 ‖∇ϕ1µP −∇ϕ1µP̃

‖4L2(ρ)

∗
= C−1

2 ‖B − B̃‖4L2(ρ),

(2.31)

where ϕ1µP := (ψ1
µP)

c and ϕ1µP̃
:= (ψ1

µP̃
)c, and (∗) follows from

B(x1) = x1 −∇ϕ1µP(x1), B̃(x1) = x1 −∇ϕ1µP̃
(x1), ρ-a.e. x1 ∈ S.

Therefore, we have

VarP(µP̃)−VarP(µP) =

N∑
i=1

λiDµi(µP̃, µP) ≥ λ1Dρ(µP̃, µP), (2.32)

and

VarP̃(µP)−VarP̃(µP̃) =

N∑
i=1

λiDµ̃i(µP, µP̃) ≥ λ1Dρ(µP, µP̃), (2.33)
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which implies

VarP(µP̃)−VarP(µP) + VarP̃(µP)−VarP̃(µP̃) ≥ λ1C
−1
2 ‖B − B̃‖4L2(ρ). (2.34)

On the other hand, for i = 2, . . . , N , by the gluing lemma, there exists a coupling
γi ∈ Π(µP, µi, µ̃i) with coordinates (y, xi, x̃i), such that

(xi, x̃i)#γi = πi, (y, xi)#γi = πbi ,

where πi ∈ Π(µi, µ̃i) is a W1-optimal transport plan between µi and µ̃i; πbi ∈ Π(µP, µi) is
the W2-optimal transport plan between µP and µi. Denote

π̃bi := (y, x̃i)#γi ∈ Π(µP, µ̃i).

Then we have
1

2
W 2

2 (µP, µ̃i)−
1

2
W 2

2 (µP, µi) ≤
1

2

∫
|y − x̃i|2 dπ̃bi −

1

2

∫
|y − xi|2 dπbi

=
1

2

∫
|y − x̃i|2 − |y − xi|2 dγi

≤ D

∫
|xi − x̃i| dγi = DW1(µi, µ̃i).

(2.35)

Hence,

VarP̃(µP)−VarP(µP) =

N∑
i=2

λi
2

(
W 2

2 (µP, µ̃i)−W 2
2 (µP, µi)

)
≤ Dδ. (2.36)

Similarly, we have
VarP(µP̃)−VarP̃(µP̃) ≤ Dδ. (2.37)

Thus, by (2.34), (2.36) and (2.37), we have

‖B − B̃‖L2(ρ) ≤ C3λ
−1/4
1 δ1/4, (2.38)

where C3 depends on diam(S ∪Y ), n and ‖ρ‖L∞ . Combining this with Theorem 1.2 gives
the estimate.

Optimality of the exponent: For n ≥ 2, let X, Y ⊆ Rn and ρ be the uniform source
measure given by [27, Theorem 1.2] with p = 1. Denote S := X. Then ρ ∈ Pac(S)∩L∞(S)
and for any α > 1

4 , there exist µk, µ̃k ∈ P(Y ) such that, if T k and T̃ k denote the unique
optimal transport maps from ρ to µk and from ρ to µ̃k respectively, then

‖T k − T̃ k‖L2(ρ)

Wα
1 (µ

k, µ̃k)
→ +∞. (2.39)

For each k ∈ N, define µk2 = · · · = µkN = µk, µ̃k2 = · · · = µ̃kN = µ̃k. Then for any
π ∈ Π(ρ, µk2, . . . , µ

k
N ), by (1.4), we have∫

c(x1, . . . , xN ) dπ ≥ 1

2

N∑
i=2

λ1λi

∫
|x1 − xi|2 dπ ≥ 1

2
λ1(1− λ1)W

2
2 (ρ, µ

k). (2.40)

By [17] (see also [24]), equality holds if and only if π = (Id, T k, . . . , T k)#ρ, which
implies the multi-marginal optimal transport maps associated with (ρ, µk2, . . . , µ

k
N ) and

(ρ, µ̃k2, . . . , µ̃
k
N ) are (T k, . . . , T k) and (T̃ k, . . . , T̃ k). Therefore,

N∑
i=2

λi‖T k
i − T̃ k

i ‖L2(ρ) = (1− λ1)‖T k − T̃ k‖L2(ρ),
N∑
i=2

λiW1(µ
k
i , µ̃

k
i ) = (1− λ1)W1(µ

k, µ̃k).

(2.41)
Combining this with (2.39) proves the optimality.
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2.6 Proof of Theorem 1.7

The optimality of the exponents is proved in §3.1.

Proof of Theorem 1.7. Denote

µ̃i := µσ(i), T̃i := Tσ(i), i = 2, . . . , N.

Since λσ(i) = λi, the barycentric quadratic cost c(x1, . . . , xN ) is invariant under the per-
mutation σ. Hence (T̃2, . . . , T̃N ) are the multi-marginal optimal transport maps associated
with (ρ, µ̃2, . . . , µ̃N ). Moreover,

B̃ = λ1 Id+
N∑
i=2

λiT̃i = λ1 Id+
N∑
i=2

λiTσ(i) = λ1 Id+
N∑
i=2

λσ(i)Tσ(i) = B. (2.42)

Corollary 1.5 therefore gives

N∑
i=2

λi‖Ti − Tσ(i)‖L2(ρ) =
N∑
i=2

λi‖Ti − T̃i‖L2(ρ) ≤ C

(
N∑
i=2

λiW1(µi, µσ(i))

)1/2

, (2.43)

where C depends only on N and diam(S ∪ Y ).
If σ is the transposition exchanging i and j, then

N∑
k=2

λk‖Tk − Tσ(k)‖L2(ρ) = (λi + λj)‖Ti − Tj‖L2(ρ), (2.44)

and
N∑
k=2

λkW1(µk, µσ(k)) = (λi + λj)W1(µi, µj). (2.45)

This proves the pairwise estimate.

Proof of Corollary 1.8. By Proposition 1.1 and [1, Theorem 5.1] (see also [25, Theorem
5.1]), the unique Wasserstein barycenter µP ∈ P(Ω) satisfies the L∞ estimate

‖µP‖L∞ ≤ λ−n
1 ‖ρ‖L∞ . (2.46)

Moreover, by [24, Proposition 5.1], we have

Ti = T i
µP ◦B, Tj = T j

µP ◦B,

where T i
µP and T j

µP are the unique optimal transport maps from µP to µi and from µP to
µj , respectively. Then Mérigot’s two-marginal stability estimate yields

‖Ti − Tj‖L2(ρ) = ‖T i
µP − T j

µP‖L2(µP) ≤ CW
1/4
1 (µi, µj), (2.47)

where C depends on λ1, diam(S ∪ Y ), n and ‖ρ‖L∞ . Combining this with Theorem 1.7
gives the stated minimum bounds.
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3 Optimality and Barycenter-Preserving Examples

3.1 Proof of Proposition 1.9

We prove the optimality of the exponents in Theorem 1.7 and Corollary 1.8 in this sub-
section.

Proof of Proposition 1.9. Optimality in (a): Fix n ≥ 1 andN ≥ 3. Choose S = [0, 1]n ⊆
Rn and λ1 = λ2 = · · · = λN = 1

N . For any 0 < ϵ < 1, define

ρ = Ln
|S � Ln, µϵ2 = (1− ϵ)δ0 + ϵδe1 , µ3 = · · · = µN = δ0,

where e1 = (1, 0, . . . , 0) ∈ Rn. By [17] (see also [24]), there exists a unique tuple of
multi-marginal optimal transport maps (T ϵ

2 , T
ϵ
3 , . . . , T

ϵ
N ) satisfying

T ϵ
2(x1) = e1χAϵ(x1), T ϵ

3(x1) = · · · = T ϵ
N (x1) = 0, ρ-a.e. x1 ∈ [0, 1]n,

where Aϵ := {x1 ∈ [0, 1]n : T ϵ
2(x1) = e1} and ρ(Aϵ) = ϵ. Note that by (1.4),∫

c(x1, T
ϵ
2(x1), . . . , T

ϵ
N (x1)) dρ(x1)

=
1

2

∫ N∑
i=3

λ1λi|x1|2 + λ1λ2|x1 − T ϵ
2(x1)|2 +

N∑
i=3

λ2λi|T ϵ
2(x1)|2 dρ(x1)

=
(N − 1)n

6N2
+
N − 1

2N2
ϵ− 1

N2

∫
Aϵ

〈x1, e1〉 dLn(x1).

(3.1)

Hence minimizing the cost is equivalent to maximizing
∫
Aϵ
〈x1, e1〉 dLn(x1) over all mea-

surable sets Aϵ ⊆ [0, 1]n with Ln(Aϵ) = ϵ. This maximum is attained, up to null sets, by
Aϵ = [1− ϵ, 1]× [0, 1]n−1.

Thus, we have
‖T ϵ

2 − T ϵ
3‖L2(ρ) = ϵ1/2, W1(µ

ϵ
2, µ3) = ϵ,

which proves (a).

Optimality in (b), (c) and (d): This construction is inspired by [27, Theorem
1.2]. We construct infinitely many well-separated cells accumulating at the origin. The
argument is divided into six steps.

Step 1: Fix n ≥ 2 and N ≥ 3. Denote λk := 2−k2 . After discarding finitely many
indices and relabeling, we may assume 0 < λk ≤ 1

2(N−1) for k ∈ N. Denote

λk1 := 1− (N − 1)λk ≥ 1

2
, λk2 = · · · = λkN := λk.

Denote ak := λk

λk
1
≤ 1 and Kn−2 := [−1

2 ,
1
2 ]

n−2 with the convention that K0 is a single
point. Define two subsets in Rn by

V ak
+ := [3, 5]× [−ak, ak]×Kn−2, V ak

− := [−5,−3]× [−ak, ak]×Kn−2.

Denote pk := 2−ke1 and sk := η2−k, where η ≤ 1 depends on n and N determined in
(3.4) below. Define the k-cell Zk by

Zk := pk + sk(V
ak
+ ∪ V ak

− ), k ∈ N,
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and define
Vk,+ := pk + skV

ak
+ , and Vk,− := pk + skV

ak
− .

Define the source set S and the source measure ρ by

S :=

∞⋃
k=1

Zk =

∞⋃
k=1

Zk ∪ {0} ⊆ B(0, R), ρ :=
Ln|S
Ln(S)

∈ Pac(S),

where R depends only on n. By the estimate (3.5) below, the sets Zk are pairwise disjoint,
and hence

Ln(S) =

∞∑
k=1

Ln(Zk) =

∞∑
k=1

8aks
n
k < +∞. (3.2)

Thus ρ ∈ Pac(S) ∩ L∞(S).
For k ∈ N, define five points in Rn by

Ak := pk + sk(ak, 1, 0, . . . , 0), Bk := pk + sk(−ak,−1, 0, . . . , 0),

Ck := pk + sk(−ak, 1, 0, . . . , 0), Dk := pk + sk(ak,−1, 0, . . . , 0),

and Ek := pk + sk(0, 0, 0, . . . , 0). Define the target set by

Yk := {Ak, Bk, Ck, Dk, Ek}, k ∈ N, Y :=
∞⋃
k=1

Yk =
∞⋃
k=1

Yk ∪ {0} ⊆ B(0, R).

For k ∈ N, denote
vk := ρ(Vk,+) = ρ(Vk,−) =

4aks
n
k

Ln(S)
.

Define the target measures (µk2, . . . , µ
k
N ) by

µk2 := vkδAk
+ vkδBk

+
∑
l ̸=k

ρ(Zl)δEl
, µk3 := vkδDk

+ vkδCk
+
∑
l ̸=k

ρ(Zl)δEl
,

and
µk4 = · · · = µkN :=

∞∑
l=1

ρ(Zl)δEl
.

By [17] (see also [24]), there exists a unique tuple of multi-marginal optimal transport
maps (T k

2 , T
k
3 , . . . , T

k
N ). We claim that they are given by

T k
2 (x1) =


Ak, x1 ∈ Vk,+,

Bk, x1 ∈ Vk,−,

El, x1 ∈ Zl, l 6= k,

T k
3 (x1) =


Dk, x1 ∈ Vk,+,

Ck, x1 ∈ Vk,−,

El, x1 ∈ Zl, l 6= k,

and
T k
4 (x1) = · · · = T k

N (x1) = El, x1 ∈ Zl, ρ-a.e. x1 ∈ S.

It is enough to show that these maps are pointwise optimal among all admissible target
tuples.

Step 2: Let k ∈ N and x1 ∈ Zk. We claim that any admissible target tuple containing
a point from Yl, l 6= k, has strictly larger cost than any admissible target tuple contained
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in Y N−1
k . Indeed, by the construction in Step 1, we know Zk, Yk ⊆ B(pk, Rsk). Hence, for

any x2, . . . , xN ∈ Yk, by (1.4), we have

c(x1, x2, . . . , xN ) ≤ 2R2
∑

1≤i<j≤N

λki λ
k
j s

2
k ≤ C4R

2λks
2
k, (3.3)

where C4 depends only on N . We choose

η = min

{
1,

1

8(1 +
√
2C4)R

}
> 0. (3.4)

On the other hand, let (y2, . . . , yN ) be any target tuple with yi ∈ Yl for l 6= k. Since
Zk, Yk ⊆ B(pk, Rsk) and Zl, Yl ⊆ B(pl, Rsl), we have

dist(Zk ∪ Yk, Zl ∪ Yl) ≥ |pk − pl| −R(sk + sl).

We now check the last term. If l > k, then

|pk − pl| ≥ 2−k−1, sk + sl ≤
3

2
η2−k.

Hence, by (3.4),

|pk − pl| −R(sk + sl) ≥
(
1

2
− 3

2
Rη

)
2−k ≥ 2

√
2C4Rη2

−k = 2
√

2C4Rsk.

If l < k, write m = k − l ≥ 1. Then

|pk − pl| = (2m − 1)2−k, sk + sl = (1 + 2m)η2−k.

Again by (3.4),

|pk − pl| −R(sk + sl) ≥ (1− 3Rη) 2−k ≥ 2
√

2C4Rη2
−k = 2

√
2C4Rsk.

Therefore
dist(Zk ∪ Yk, Zl ∪ Yl) ≥ |pk − pl| −R(sk + sl) ≥ 2

√
2C4Rsk. (3.5)

Then by (1.4), we have

c(x1, y2, . . . , yN ) ≥ λk1λk
2

|x1 − yi|2 ≥
λk
4

dist2(Zk, Yl) ≥ 2C4R
2λks

2
k. (3.6)

Combining (3.3) and (3.6) proves the claim. Hence, in the pointwise comparison on
Zk, it suffices to restrict to admissible target tuples contained in Y N−1

k . We only need to
consider tuples of the form:

(x2, x3, Ek, . . . , Ek), x2 ∈ {Ak, Bk}, x3 ∈ {Ck, Dk}.

Step 3: We now compare these finitely many target tuples. First take x1 ∈ Vk,+. We
claim that the unique pointwise minimizer is

(Ak, Dk, Ek, . . . , Ek).

Note that by (1.4), it holds that

c(x1, x2, x3, Ek, . . . , Ek)

=
1

2
λk1λk|x1 − x2|2 +

1

2
λk1λk|x1 − x3|2 +

1

2
(λk)

2|x2 − x3|2

+
1

2
(1− λk1 − 2λk)

(
λk1|x1 − Ek|2 + λk|x2 − Ek|2 + λk|x3 − Ek|2

)
.

(3.7)
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Denote x1 := pk + sk(u, v, z) ∈ Vk,+ as the coordinates (u, v, z) ∈ R×R×Rn−2. Since

|Ak − Ek| = |Bk − Ek| = |Ck − Ek| = |Dk − Ek|, (3.8)

we have

c(x1, Ak, Ck, . . . , Ek)− c(x1, Ak, Dk, . . . , Ek) = 2λks
2
k

(
λk1(uak − v)− λk(1− a2k)

)
> 0,

(3.9)
where the inequality follows from

λk1(uak − v) ≥ λk1(3ak − ak) = 2λk.

Similarly, it holds that

c(x1, Bk, Dk, . . . , Ek)− c(x1, Ak, Dk, . . . , Ek) = 2λks
2
k

(
λk1(uak + v)− λk(1− a2k)

)
> 0,

(3.10)
and

c(x1, Bk, Ck, . . . , Ek)− c(x1, Ak, Dk, . . . , Ek) = 4λk1λkuaks
2
k > 0. (3.11)

Thus, (Ak, Dk, Ek, . . . , Ek) is the unique pointwise minimizer on Vk,+. By symmetry,
(Bk, Ck, Ek, . . . , Ek) is the unique pointwise minimizer on Vk,−.

Step 4: Let l 6= k and x1 ∈ Zl. By the same cell-localization argument as in Step 2,
in the pointwise comparison on Zl, it suffices to restrict to admissible tuples contained in
Y N−1
l . For this cell, the only atoms of the target marginals µk2, . . . , µkN in Yl are all equal

to El. Thus the only localized admissible tuple is (El, El, . . . , El), and it is the unique
pointwise minimizer on Zl.

Combining this with the preceding results, the maps given in Step 1 are pointwise
optimal among all admissible target tuples for ρ-a.e. x1 ∈ S. Therefore, these maps are
the multi-marginal optimal transport maps associated with (ρ, µk2, . . . , µ

k
N ).

Step 5: We show that

W1(µ
k
2, µ

k
3) =

16a2ks
n+1
k

Ln(S)
.

On the one hand, by matching Ak to Ck and Bk to Dk, we have

W1(µ
k
2, µ

k
3) ≤ vk|Ak − Ck|+ vk|Bk −Dk| =

16a2ks
n+1
k

Ln(S)
. (3.12)

On the other hand, define a function f by

f(Ak) = f(Bk) := aksk, f(Ck) = f(Dk) := −aksk, f(El) := 0, l ∈ N.

Combining with (3.5), f is 1-Lipschitz on {Ak, Bk, Ck, Dk} ∪ {El : l ∈ N}. By McShane’s
lemma, f can be extended to Rn with Lip(f) ≤ 1. Thus, by Kantorovich–Rubinstein
duality, we have

W1(µ
k
2, µ

k
3) ≥

∫
f d(µk2 − µk3) =

16a2ks
n+1
k

Ln(S)
. (3.13)

Therefore,

W1(µ
k
2, µ

k
3) =

16a2ks
n+1
k

Ln(S)
, ‖T k

2 − T k
3 ‖L2(ρ) =

4
√
2a

1/2
k s

(n+2)/2
k

(Ln(S))1/2
. (3.14)
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Step 6: Recall that ak = λk

λk
1
� λk = 2−k2 and sk = η2−k � 2−k as k → ∞. Moreover,

since λk1 = 1 − (N − 1)λk ∈ [12 , 1), the λ1-dependent constant appearing in the proof of
Corollary 1.8 remains uniformly bounded along this sequence.

If the exponent α > 1
4 , then

‖T k
2 − T k

3 ‖L2(ρ)

Wα
1 (µ

k
2, µ

k
3)

� λ
1/2−2α
k s

(n+2)/2−(n+1)α
k → +∞, (3.15)

which proves (b).
Recall that λk2 + λk3 = 2λk � 2−k2 as k → ∞. If the exponent in W1(µ

k
2, µ

k
3) is 1

2 , then
for the exponent β > −1

2 ,

‖T k
2 − T k

3 ‖L2(ρ)

(λk2 + λk3)
βW

1/2
1 (µk2, µ

k
3)

� λ
−1/2−β
k s

1/2
k → +∞, (3.16)

which proves (c).
If the exponent in W1(µ

k
2, µ

k
3) is θ ∈ [14 ,

1
2 ], then for the exponent γ > 1

2 − 2θ,

‖T k
2 − T k

3 ‖L2(ρ)

(λk2 + λk3)
γW θ

1 (µ
k
2, µ

k
3)

� λ
1/2−2θ−γ
k s

(n+2)/2−(n+1)θ
k → +∞, (3.17)

which proves (d).

3.2 Barycenter-preserving perturbations

We present two non-permutation examples that preserve the barycenter map. The con-
struction relies on the following standard dual characterization of Wasserstein barycenters
(cf. [1]); see also [5] for a related averaging-map characterization.

Proposition 3.1. Let P = λ1δρ +
∑N

i=2 λiδµi ∈ P(P(Ω)). Then the following statements
are equivalent:

(a) ν ∈ P(Ω) is the Wasserstein barycenter of P;

(b) There exist Kantorovich potentials Ψi from ν to µi, for i = 1, . . . , N with µ1 = ρ,
after choosing suitable additive constants, such that

N∑
i=1

λiΨi(x) ≥ 0, ∀x ∈ Ω,
N∑
i=1

λiΨi(x) = 0, ν-a.e.x ∈ Ω.

In the following two examples, fix P = λ1δρ +
∑N

i=2 λiδµi ∈ P(P(Ω)) and assume
ρ ∈ Pac(Ω). By Proposition 1.1, there exists a unique Wasserstein barycenter µP of P with
µP � Ln. For i = 1, . . . , N , let T i

µP = Id−∇Ψi
µP be the unique optimal transport map

from µP to µi with µ1 = ρ, where Ψi
µP is a Kantorovich potential from µP to µi. We choose

the additive constants of Ψi
µP such that Proposition 3.1 (b) holds.

Example 3.2 (Balanced translations). Let a1 = 0 ∈ Rn, and let a2, . . . , aN ∈ Rn be such
that

∑N
i=2 λiai = 0. Define

Ψ̃i
µP(x) := Ψi

µP(x)− 〈ai, x〉, i = 1, . . . , N,
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and
T̃ i
µP := Id−∇Ψ̃i

µP = T i
µP + ai, µ̃i := (T̃ i

µP)#µP.

Assume the translations are chosen such that supp µ̃i ⊆ Ω for i = 1, . . . , N . Consider
the perturbed tuple (µ̃1, µ̃2, . . . , µ̃N ). Since

1

2
|x|2 − Ψ̃i

µP(x) =

(
1

2
|x|2 −Ψi

µP(x)

)
+ 〈ai, x〉, i = 1, . . . , N (3.18)

are convex, the maps T̃ i
µP are the unique optimal transports from µP to µ̃i with µ̃1 = ρ.

Moreover,
N∑
i=1

λiΨ̃
i
µP(x) =

N∑
i=1

λiΨ
i
µP(x)−

〈
N∑
i=1

λiai, x

〉
=

N∑
i=1

λiΨ
i
µP(x), (3.19)

by Proposition 3.1, P̃ = λ1δρ+
∑N

i=2 λiδµ̃i ∈ P(P(Ω)) has the unique Wasserstein barycen-
ter µP. Therefore, the perturbed tuple (ρ, µ̃2, . . . , µ̃N ) preserves the barycenter map.
Example 3.3 (Balanced nonlinear perturbations). Let k, l ∈ {2, . . . , N} with k 6= l. Let
h ∈ C2

c (Rn), and let ϵ > 0 be such that
1

2
|x|2 −Ψk

µP(x) + ϵh(x),
1

2
|x|2 −Ψl

µP(x)− ϵ
λk
λl
h(x) (3.20)

remain convex and the perturbed measures µ̃i defined below satisfy supp µ̃i ⊆ Ω for
i = 1, . . . , N . This is an admissibility assumption on the pair (h, ϵ). Define

Ψ̃k
µP(x) := Ψk

µP(x)− ϵh(x), Ψ̃l
µP(x) := Ψl

µP(x) + ϵ
λk
λl
h(x),

Ψ̃i
µP(x) := Ψi

µP(x), i 6= k, l,

and

T̃ k
µP := Id−∇Ψ̃k

µP = T k
µP + ϵ∇h, T̃ l

µP := Id−∇Ψ̃l
µP = T l

µP − ϵ
λk
λl

∇h,

T̃ i
µP := T i

µP , i 6= k, l.

Define
µ̃i := (T̃ i

µP)#µP, i = 1, . . . , N.

Consider the perturbed tuple (µ̃1, µ̃2, . . . , µ̃N ). By the admissibility assumption,
1

2
|x|2 − Ψ̃i

µP(x), i = 1, . . . , N

are convex, and the maps T̃ i
µP are the unique optimal transport maps from µP to µ̃i with

µ̃1 = ρ. Moreover,
N∑
i=1

λiΨ̃
i
µP(x) =

N∑
i=1

λiΨ
i
µP(x)− λkϵh(x) + λlϵ

λk
λl
h(x) =

N∑
i=1

λiΨ
i
µP(x). (3.21)

By Proposition 3.1, the perturbed tuple (ρ, µ̃2, . . . , µ̃N ) preserves the barycenter map.
Remark 3.4. The nonlinear example relies on the admissibility assumption. This condition
is needed since the perturbation must preserve the convexity of the functions defined in
(3.20). For the diagonal tuple µ2 = · · · = µN = ρ, this condition holds for any sufficiently
small balanced perturbation. Therefore the two examples above use the same idea: the
linear balance condition on the Kantorovich potentials preserves the barycenter, while the
convexity condition determines the admissible directions.
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4 The Scope of the Two-Mode Mechanism

The proofs in Sections 2 use two logically distinct inputs. The first is relative coercivity:
after a collective coordinate has been fixed, the Kantorovich defect controls the remain-
ing relative variables quadratically. The second is external-mode stability: the collective
map must admit a variational representation for which a quantitative stability estimate is
available. The square-root term in Theorem 1.2 comes from the first input, while the loss
to the exponent 1

4 in Theorem 1.3 comes from the second.
This section tests these two inputs beyond the basic barycentric quadratic cost. Sub-

section 4.1 proves that perturbations depending only on the collective coordinate preserve
the internal coercivity estimate and reduce the external mode to a penalized Wasserstein
barycenter. Subsection 4.2 applies this result to uniformly concave costs of the sum.
The remaining subsections describe the structural boundary of the argument: cyclic sym-
metrization explains the complete-graph model, pairwise quadratic interactions lead to a
normal-mode decomposition, and hedonic, Coulomb and determinant costs exhibit distinct
failures of the two required inputs.

The first two subsections contain rigorous stability results. The remaining subsections
are structural analyses and do not assert a general stability theorem.

4.1 Collective-coordinate perturbations and persistence of the two-mode
estimate

Let Ω = conv(S ∪ Y ). For (x1, . . . , xN ) ∈ S×Y N−1, define the linear collective coordinate

Zx :=
N∑
i=1

λixi.

For the quadratic cost (1.1), this coordinate is exactly the pointwise weighted barycenter.
We then define

Mx :=
Zx − λ1x1
1− λ1

, Vi,x := xi −Mx, i = 2, . . . , N.

Let c0 denote the weighted quadratic cost in (1.1). Consider the cost

cF (x1, . . . , xN ) := c0(x1, . . . , xN ) + F (Zx), (4.1)

where F ∈ C2(U) for some open neighbourhood U ⊇ Ω. Then

cF (x1, . . . , xN ) =
λ1

2(1− λ1)
|Zx − x1|2 +

1

2

N∑
i=2

λi|Vi,x|2 + F (Zx). (4.2)

Assume that there exist constants κF ∈ (0, 1] and τF ≥ 0 such that, as quadratic forms
on U ,

−τF I ≤ D2F ≤ (1− κF )I. (4.3)

The Kim–Pass twist condition follows from the monotonicity of the transformed collective
coordinate. Indeed, the map

H(z) := z −∇F (z)

satisfies
〈H(z)−H(z′), z − z′〉 ≥ κF |z − z′|2, z, z′ ∈ U.
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Thus H is injective. Moreover,

Dx1cF (x1, . . . , xN ) = λ1(x1 −H(Zx)).

Hence, for fixed x1, the first-order condition determines H(Zx), and therefore determines
the collective coordinate Zx. This verifies the twist on splitting sets for cF (cf. [23]). By
Kim and Pass [23, Theorem 3.1], for ρ ∈ Pac(S), there exists a unique tuple of multi-
marginal optimal transport maps (TF

2 , . . . , T
F
N ) associated with (ρ, µ2, . . . , µN ).

Define the collective map, the associated target mean and the internal directions by

ZF (x1) := λ1x1 +

N∑
i=2

λiT
F
i (x1),

and

MF (x1) :=
ZF (x1)− λ1x1

1− λ1
, V F

i (x1) := TF
i (x1)−MF (x1), i = 2, . . . , N.

Let (φF
1 , . . . , φ

F
N ) be a cF -conjugate tuple of Kantorovich potentials for the multi-marginal

optimal transport problem (ρ, µ2, . . . , µN ). For x1 ∈ S, x2, . . . , xN ∈ Y , define

RF (x1, . . . , xN ) := cF (x1, . . . , xN )−
N∑
i=1

φF
i (xi) ≥ 0,

and
RF (x1, T

F
2 (x1), . . . , T

F
N (x1)) = 0, ρ-a.e. x1 ∈ S.

Proposition 4.1. Let ρ ∈ Pac(S) and let cF be defined by (4.1). For ρ-a.e. x1 ∈ S and
every x2, . . . , xN ∈ Y , we have

RF (x1, . . . , xN ) ≥ κF
4

N∑
i=2

λ2i |Vi,x − V F
i (x1)|2 −

1 + τF + 2κF
2

|Zx − ZF (x1)|2. (4.4)

Moreover, let (µ̃2, . . . , µ̃N ) ⊆ P(Y ) be another tuple of target marginals, and let
(T̃F

2 , . . . , T̃
F
N ) be the corresponding multi-marginal optimal transport maps. Define

Z̃F (x1) := λ1x1 +

N∑
i=2

λiT̃
F
i (x1).

Then

N∑
i=2

λi‖TF
i − T̃F

i ‖L2(ρ) ≤ C

( N∑
i=2

λiW1(µi, µ̃i)

)1/2

+ ‖ZF − Z̃F ‖L2(ρ)

 , (4.5)

where C depends on N , diam(S ∪ Y ), κF and τF .

Proof. Fix x1 ∈ S such that

RF (x1, T
F
2 (x1), . . . , T

F
N (x1)) = 0. (4.6)

For i = 2, . . . , N , denote

∆xi := xi − TF
i (x1), ∆Z := Zx − ZF (x1) =

N∑
i=2

λi∆xi, ∆Vi := Vi,x − V F
i (x1).
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Then

∆Vi = ∆xi −
∆Z

1− λ1
, i = 2, . . . , N, and

N∑
i=2

λi∆Vi = 0. (4.7)

For h ∈ Rn, define the Taylor remainder

RF (h) := F (ZF (x1) + h)− F (ZF (x1))− 〈∇F (ZF (x1)), h〉.

By Taylor’s formula and (4.3), we have

RF (∆Z) ≥ −τF
2
|∆Z|2, RF (λi∆xi) ≤

1− κF
2

λ2i |∆xi|2, i = 2, . . . , N. (4.8)

Therefore, by an argument similar to that in Proposition 2.3, we have

RF (x1, . . . , xN )

(4.6)
= RF (x1, . . . , xN )−RF (x1, T

F
2 (x1), . . . , T

F
N (x1))

∗
≥ λ1
2(1− λ1)

|∆Z|2 + 1

2

N∑
i=2

λi|∆Vi|2 −
N∑
i=2

λi(1− λi)

2
|∆xi|2 + RF (∆Z)−

N∑
i=2

RF (λi∆xi)

(4.8)
≥ λ1

2(1− λ1)
|∆Z|2 + 1

2

N∑
i=2

λi|∆Vi|2 −
N∑
i=2

λi(1− κFλi)

2
|∆xi|2 −

τF
2
|∆Z|2

(4.7)
=
κF
2

N∑
i=2

λ2i |∆Vi|2 +
κF

1− λ1

〈
N∑
i=2

λ2i∆Vi,∆Z

〉
+

(
κF

2(1− λ1)2

N∑
i=2

λ2i −
1 + τF

2

)
|∆Z|2

∗∗
≥κF

4

N∑
i=2

λ2i |∆Vi|2 −
1 + τF + 2κF

2
|∆Z|2,

(4.9)
where (∗) uses the same c-conjugacy argument as in Proposition 2.3, and (∗∗) follows from
Hölder’s inequality and Young’s inequality.

We now derive the stability estimate. By Lemma 2.4, there exists a coupling γ̄ ∈
Π(ρ, µ2, . . . , µN , µ̃2, . . . , µ̃N ), such that

(x1, x̃2, . . . , x̃N )#γ̄ = (Id, T̃F
2 , . . . , T̃

F
N )#ρ, (xi, x̃i)#γ̄ = πi, i = 2, . . . , N,

where πi ∈ Π(µi, µ̃i) is a W1-optimal transport plan between µi and µ̃i. Recall δ =∑N
i=2 λiW1(µi, µ̃i), D = diam(S ∪ Y ). By Corollary 2.5, with B replaced by Z, we have

(∫
|Zx − Z̃F (x1)|2 dγ̄

)1/2

≤ D1/2δ1/2,

(∫ N∑
i=2

λ2i |Vi,x − Ṽ F
i (x1)|2 dγ̄

)1/2

≤ D1/2δ1/2.

(4.10)
Moreover, fix z0 ∈ Ω and define

F̄ (z) := F (z)− F (z0)− 〈∇F (z0), z − z0〉.

Since Ω is convex, D2F̄ = D2F and ∇F̄ (z0) = 0. By (4.3), we have

Lip(F̄ |Ω) ≤ Dmax{τF , 1− κF }. (4.11)
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On the other hand, note that

c0(x1, . . . , xN ) + F̄ (Zx) = cF (x1, . . . , xN )−
N∑
i=1

λi〈∇F (z0), xi〉+ 〈∇F (z0), z0〉 − F (z0),

(4.12)
which implies the multi-marginal optimal transport problem is unchanged. Moreover, if
the Kantorovich potentials are shifted by the corresponding marginal affine functions, then
the residual cF −

∑N
i=1 φ

F
i is unchanged as well. Hence the stability argument may be

carried out with F̄ in place of F . Combining with (4.11), the cost cF satisfies

|cF (x1, x2, . . . , xN )− cF (x1, x̃2, . . . , x̃N )| ≤ C5

N∑
i=2

λi|xi − x̃i|, (4.13)

where C5 depends on D, τF , κF .
Using the analogue of Lemma 2.6, with (4.13) in place of (2.17), and repeating the

proof of Theorem 1.2, we obtain the stability estimate (4.5).

The estimate in (4.5) leaves the collective term ‖ZF − Z̃F ‖L2(ρ) to be controlled. For
F = 0, the map ZF is the Wasserstein barycenter map used in Theorem 1.3. For a
general F , ZF need not be an optimal transport map. The useful external mode is the
transformed collective map HF := ZF −∇F (ZF ), which can be identified with an optimal
transport map associated with a penalized Wasserstein barycenter problem. The following
proposition makes this reduction precise.
Proposition 4.2. Let ρ ∈ Pac(S)∩L∞(S) and let cF be defined by (4.1). With the notation
of Proposition 4.1, there exists a constant C > 0, depending on λ1, N, diam(S∪Y ), κF , τF , n
and ‖ρ‖L∞, such that

N∑
i=2

λi‖TF
i − T̃F

i ‖L2(ρ) ≤ C

(
N∑
i=2

λiW1(µi, µ̃i)

)1/4

.

Proof. As in the proof of Proposition 4.1, we fix z0 ∈ Ω and replace F by the normalized
function

F̄ (z) := F (z)− F (z0)− 〈∇F (z0), z − z0〉.
This does not change the multi-marginal optimal transport maps. After relabeling F̄ as
F , we may assume that ∇F (z0) = 0.

Let K be a compact convex set such that Ω ⋐ K ⋐ U . Define

G(z) :=
1

2
|z|2 − F (z), G∗

K(y) := sup
z∈K

{〈z, y〉 −G(z)}, V (y) := G∗
K(y)− 1

2
|y|2.

Here G∗
K is the restricted Legendre transform of G and by (4.3), D2G ≥ κF I.

Since G is convex and Zx =
∑N

i=1 λixi ∈ Ω ⋐ K, the restricted transform satisfies

G(Zx) = sup
y∈Rn

{〈Zx, y〉 −G∗
K(y)}. (4.14)

Then we have

cF (x1, . . . , xN ) =
N∑
i=1

λi
2
|xi|2 − sup

y∈Rn
{〈Zx, y〉 −G∗

K(y)}

= inf
y∈Rn

{
N∑
i=1

λi
2
|xi − y|2 + V (y)

}
.

(4.15)
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Moreover, by Fenchel-Young equality, the unique minimizer is ∇G(Zx).
Consequently, define

HF := ∇G(ZF ) = ZF −∇F (ZF ), µFP := HF
#ρ.

Then Agueh–Carlier’s barycenter–multi-marginal correspondence [1] applies after the change
of collective coordinate ZF 7→ HF = ∇G(ZF ). It follows that µFP minimizes the penalized
barycenter functional

VarP(ν) +

∫
V dν, P = λ1δρ +

N∑
i=2

λiδµi ,

andHF is the unique optimal transport map from ρ to µFP , for the quadratic cost. Similarly,
H̃F := Z̃F −∇F (Z̃F ) is the unique optimal transport map from ρ to µ̃FP := H̃F

#ρ.
Note that the preceding affine normalization only translates both HF and H̃F by

the same vector. Hence HF − H̃F and ZF − Z̃F are unchanged. Moreover, after this
normalization, the measures µFP and µ̃FP are supported in a common compact set ΩF ,
whose diameter is controlled by diam(S ∪ Y ) and τF .

We use the standard Kantorovich-duality/subdifferential formulation for penalized
Wasserstein barycenters, as in Bigot–Cazelles–Papadakis [4, Theorem 2.11]. In the present
notation, it gives Kantorovich potentials {ψF,i

µP }Ni=1 from µFP to µi with µ1 = ρ, such that,
after adding constants,

N∑
i=1

λiψ
F,i
µP (y) + V (y) ≥ 0 on ΩF ,

N∑
i=1

λiψ
F,i
µP + V = 0 µFP -a.e. (4.16)

Indeed, (4.16) is just the first-order variational inequality for the functional VarP(ν) +∫
V dν, written using Kantorovich potentials as subgradients of the maps ν 7→ 1

2W
2
2 (ν, µi).

Similarly, there exist Kantorovich potentials {ψF,i
µP̃

}Ni=1 satisfying the analogue of (4.16) for
P̃ and µ̃FP .

Thus, with notation analogous to (2.29) and (2.30), we have

VarP(µ
F
P̃ ) +

∫
V dµFP̃ −VarP(µ

F
P )−

∫
V dµFP ≥ λ1Dρ(µ

F
P̃ , µ

F
P ), (4.17)

and
VarP̃(µ

F
P ) +

∫
V dµFP −VarP̃(µ

F
P̃ )−

∫
V dµFP̃ ≥ λ1Dρ(µ

F
P , µ

F
P̃ ), (4.18)

which implies

VarP(µ
F
P̃ )−VarP(µ

F
P ) + VarP̃(µ

F
P )−VarP̃(µ

F
P̃ ) ≥ λ1

(
Dρ(µ

F
P̃ , µ

F
P ) +Dρ(µ

F
P , µ

F
P̃ )
)
. (4.19)

Here the two V -terms cancel when the two preceding variational inequalities are added.
Note that by (4.3), it holds that

‖ZF − Z̃F ‖L2(ρ) ≤ κ−1
F ‖HF − H̃F ‖L2(ρ). (4.20)

Combining (4.19), (4.20) and Proposition 4.1 with Mérigot’s estimate [29, Theorem
2.2], and repeating the proof of Theorem 1.3, completes the proof.

Propositions 4.1 and 4.2 reproduce the two stages of the main argument. The affine
collective coordinate ZF retains the same internal variables and a quadratic relative-
coercivity estimate of the same form as for the unperturbed cost. The transformed map
HF = ZF − ∇F (ZF ) supplies the external mode: it is an optimal transport map to a
penalized Wasserstein barycenter, and the strong monotonicity of z 7→ z−∇F (z) transfers
its stability back to ZF .
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4.2 Uniformly concave costs of the sum

Consider costs of the sum, in the form studied by Gangbo–Świe�ch and Heinich [17,20]:

ch(x1, . . . , xN ) = h

(
N∑
i=1

λixi

)
, (4.21)

where h ∈ C2(U) for an open neighbourhood U ⊇ Ω. Since adding functions of the indi-
vidual variables does not change the optimal transport plans, the cost (4.21) is equivalent
to the cost function

c0(x1, . . . , xN ) + Fh(Zx), Fh(z) := h(z) +
1

2
|z|2. (4.22)

The quadratic cost (1.1) corresponds to h(z) = −1
2 |z|

2, and then Fh = 0. The following
result shows that the uniformly concave costs of the sum are covered by Proposition 4.2.

Corollary 4.3. Assume that h ∈ C2(U) with U ⊇ Ω, satisfies, as quadratic forms on U ,

−τhI ≤ D2h ≤ −κhI, (4.23)

for some constants 0 < κh ≤ τh < ∞. Let ρ ∈ Pac(S) ∩ L∞(S) and let ch be defined by
(4.21). Then there exists a constant C > 0, depending only on λ1, N, diam(S∪Y ), κh, τh, n,
and ‖ρ‖L∞, such that

N∑
i=2

λi‖T h
i − T̃ h

i ‖L2(ρ) ≤ C

(
N∑
i=2

λiW1(µi, µ̃i)

)1/4

,

where (T h
2 , . . . , T

h
N ) and (T̃ h

2 , . . . , T̃
h
N ) are the unique multi-marginal optimal transport maps

associated with (ρ, µ2, . . . , µN ) and (ρ, µ̃2, . . . , µ̃N ), respectively.

Proof. The existence and uniqueness of multi-marginal optimal transport maps follow
from [23, Theorem 3.1].

Denote κ∗ := min{κh, 1}, and τ∗ := max{τh − 1, 0}. Then by (4.22) and (4.23),

D2Fh ≥ (1− τh)I ≥ −τ∗I, D2Fh ≤ (1− κh)I ≤ (1− κ∗)I,

which means that (4.3) holds with κF = κ∗ and τF = τ∗. Hence Proposition 4.2 proves
the corollary.

4.3 From cyclic interactions to complete-graph symmetry

We next isolate a simple symmetry principle behind complete-graph interaction costs. This
discussion is not used in the proof of the stability estimates above, but it explains why
the fully symmetric quadratic cost studied in the main part of the paper is naturally
related to cyclic nearest-neighbour interactions. The observation is purely combinatorial
and therefore does not depend on the Euclidean structure of the ambient space.

Let X be a set and let k : X ×X → R be a function. Define

Gcyc(x1, . . . , xN ) :=
1

N

N∑
i=1

k(xi, xi+1), xN+1 := x1. (4.24)

Then Gcyc is invariant under the cyclic group CN := 〈(1 2 · · · N)〉, but it need not be
invariant under the full symmetric group SN . Its full symmetrization is the complete-
graph average.
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Proposition 4.4 (Full symmetrization of a cyclic cost). Define Gcyc by (4.24). Then

1

N !

∑
σ∈SN

Gcyc(xσ(1), . . . , xσ(N)) =
1

N(N − 1)

∑
i ̸=j

k(xi, xj). (4.25)

If k is symmetric, then

1

N !

∑
σ∈SN

Gcyc(xσ(1), . . . , xσ(N)) =
2

N(N − 1)

∑
1≤i<j≤N

k(xi, xj). (4.26)

Proof. Fix an ordered pair (i, j) with i 6= j. In the sum over σ ∈ SN and over cyclic
edges ℓ = 1, . . . , N , the ordered pair (xi, xj) appears as (xσ(ℓ), xσ(ℓ+1)) exactly (N(N−2)!)
times: after choosing the cyclic edge ℓ, the two values i, j are fixed at two neighbouring
cyclic positions and the remaining N − 2 entries are arbitrary. Therefore

1

N !

∑
σ∈SN

Gcyc(xσ(1), . . . , xσ(N)) =
1

N !

1

N
N(N − 2)!

∑
i ̸=j

k(xi, xj)

=
1

N(N − 1)

∑
i ̸=j

k(xi, xj).

If k is symmetric, the ordered-pair sum equals twice the sum over unordered pairs.

For the quadratic kernel k(x, y) = 1
2 |x− y|2, Proposition 4.4 gives

1

N !

∑
σ∈SN

Gcyc(xσ(1), . . . , xσ(N)) =
1

N(N − 1)

∑
1≤i<j≤N

|xi − xj |2. (4.27)

In the equal-weight case λi = 1/N , the barycentric quadratic cost (1.1) is

c(x1, . . . , xN ) =
1

2N2

∑
1≤i<j≤N

|xi − xj |2. (4.28)

Thus
1

N !

∑
σ∈SN

Gcyc(xσ(1), . . . , xσ(N)) =
2N

N − 1
c(x1, . . . , xN ). (4.29)

Hence the equal-weight barycentric quadratic cost can be viewed, up to a constant factor,
as the full SN -symmetrization of a cyclic quadratic nearest-neighbour cost.
Remark 4.5 (Quotient interpretation). The cyclic cost Gcyc descends to the quotient
XN/CN . Its full symmetrization descends further to the unordered quotient XN/SN .
When X is a metric space, XN/SN can be identified with the space of equally weighted
empirical measures endowed with the corresponding Wasserstein matching distance. This
quotient-to-empirical-measure viewpoint appears, for example, in Feng’s work on Hamilton–
Jacobi equations for hydrodynamic limits of collective dynamics [16]. Proposition 4.4 de-
scribes the same passage at the level of graph interaction energies: averaging a cycle over
all labellings turns it into a complete graph.

The preceding observation motivates the following discussion of general pairwise graph
costs, where the complete graph is replaced by an arbitrary weighted graph.
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4.4 Normal modes for pairwise quadratic interaction costs

The preceding symmetrization result singles out the complete graph as the fully symmetric
pairwise model. We now examine what remains of the two-mode mechanism for an arbi-
trary weighted graph. The conclusion is a normal-mode decomposition of the Kantorovich
defect; no general stability theorem is claimed.

Consider the pairwise quadratic interaction costs

cA(x1, . . . , xN ) :=
1

2

∑
1≤i<j≤N

aij |xi − xj |2, aij = aji ≥ 0. (4.30)

Such costs are common in multi-marginal optimal transport and in models of interacting
systems (cf. [31,34]). In the factorized complete-graph case they reduce to the cost studied
in the main part of this paper. Indeed, if

aij = mimj , mi > 0, M :=

N∑
i=1

mi, λi :=
mi

M
,

then

cA(x1, . . . , xN ) =M2

1

2

N∑
i=1

λi|xi|2 −
1

2

∣∣∣∣∣
N∑
i=1

λixi

∣∣∣∣∣
2
 . (4.31)

Thus our main results above apply to this class after changing the constants.
For general coefficients aij , the relevant object for our method is the target–target

quadratic form appearing in the Kantorovich defect. More precisely, let (φA
1 , . . . , φ

A
N ) be

a cA-conjugate tuple of Kantorovich potentials. Assume that the cA-cost multi-marginal
problem admits a tuple of multi-marginal optimal transport maps (T2, . . . , TN ). Define

RA(x1, . . . , xN ) := cA(x1, . . . , xN )−
N∑
i=1

φA
i (xi).

By the same c-conjugacy argument as in Proposition 2.3, we have

RA(x1, . . . , xN ) ≥ −
∑

2≤i<j≤N

aij〈xi − Ti(x1), xj − Tj(x1)〉, ρ-a.e.x1. (4.32)

Define the symmetric target–target matrix AI by

(AI)ii := 0, (AI)ij := aij (i 6= j), I := {2, . . . , N}.

Let AIe
k = αke

k, k = 1, . . . , N − 1, be an orthonormal spectral decomposition. Writing
Wk,x :=

∑N
i=2 e

k
i xi and Wk(x1) :=

∑N
i=2 e

k
i Ti(x1), we have

RA(x1, . . . , xN ) ≥− 1

2

N−1∑
k=1

αk

∣∣∣∣∣
N∑
i=2

eki (xi − Ti(x1))

∣∣∣∣∣
2

=
1

2

∑
αk<0

|αk||Wk,x −Wk(x1)|2 −
1

2

∑
αk>0

αk|Wk,x −Wk(x1)|2.
(4.33)

The distinction between the interaction energy and the Kantorovich defect is impor-
tant here. As a quadratic form, cA is represented by the graph Laplacian associated with
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(aij). After the one-variable quadratic terms have been absorbed by the cA-conjugate po-
tentials, however, the defect estimate is governed by the off-diagonal target–target matrix
AI . Consequently, connectivity of the graph, or a spectral gap for its Laplacian, does not
by itself provide the relative coercivity needed for stability.

Thus the modes with αk < 0 are coercive in the Kantorovich defect, whereas the
modes with αk ≥ 0 have to be treated as external modes. For a general graph these
external modes are signed linear combinations of the multi-marginal optimal transport
maps. Therefore the argument here suggests a normal mode extension of the internal and
external decomposition, but a closed stability theorem for arbitrary graph costs would
require additional stability estimates for these signed modes. We do not pursue this here.

In particular, for the unweighted complete graph, changing the sign leads to two dif-
ferent problems. The attractive cost is

c+(x1, . . . , xN ) =
1

2

∑
1≤i<j≤N

|xi − xj |2, (4.34)

and the repulsive harmonic cost is

c−(x1, . . . , xN ) = −1

2

∑
1≤i<j≤N

|xi − xj |2. (4.35)

For the attractive cost, our main estimate gives positive coercivity in the internal directions.
However, for the repulsive harmonic cost, the sign is reversed; the same decomposition
gives anti-coercivity rather than stability. In particular, if the constraint

∑N
i=1 xi = 0 can

be achieved, all admissible couplings supported on that hyperplane have the same cost.
This is consistent with the non-uniqueness and high-dimensional optimal supports known
for this cost (cf. [15,18]). Thus the repulsive harmonic cost is not covered by the stability
theorem proved above unless additional structure or regularization is imposed.

4.5 Hedonic costs and generalized external variables

Consider the hedonic or multi-agent matching costs

cH(x1, . . . , xN ) = inf
z∈Z

N∑
i=1

fi(xi, z), (4.36)

where z is an auxiliary variable, representing for instance a quality, a contract, a task, or a
common matching outcome. Such costs appear in hedonic models and matching for teams
problems (cf. [8, 11,33]).

Under suitable compactness and continuity assumptions, the value of the multi-marginal
optimal transport problem with cost (4.36) agrees with the generalized barycenter problem

inf
ν∈P(Z)

N∑
i=1

Tfi(µi, ν), (4.37)

where Tfi is the two-marginal optimal transport with cost fi.
In this sense, the auxiliary variable z serves as a collective variable for the problem.

Hence a stability theorem for (4.36) would require two estimates: an internal coercivity
estimate for the Kantorovich defect after eliminating z, and a stability estimate for the
generalized barycenter in (4.37). These estimates are not consequences of the quadratic
proof above. The discussion here only indicates the analogous decomposition.
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4.6 Failure of relative coercivity: Coulomb and determinant costs

Consider the translation-invariant costs, such as the Coulomb interaction

ccoul(x1, . . . , xN ) =
∑

1≤i<j≤N

1

|xi − xj |
, (4.38)

for which common translations are invisible:

ccoul(x1 + ξ, . . . , xN + ξ) = ccoul(x1, . . . , xN ).

Thus the cost depends only on relative coordinates. However, this translation-invariant
structure is not enough to recover the coercivity used in this paper.

There is a simple obstruction. The Coulomb cost is singular near the collision set
and, in dimensions at least two, its Hessian is indefinite away from collisions. Hence it
does not admit a global quadratic lower bound in the relative coordinates comparable to
our Kantorovich defect estimates. Existing results establish finiteness, continuity, dual
potentials, and separation of optimal plans from the collision set under non-concentration
assumptions [12,13,15]; see also [35] for a recent dynamical formulation of multi-marginal
optimal transport including translation-invariant costs. These results address structural
aspects of the Coulomb problem, but they do not yield the internal coercivity estimate
required by our argument. Thus we do not claim a Coulomb stability result here.

A similar obstruction appears for determinant-type costs (cf. [9, 15,32])

cdet(x1, . . . , xn+1) = det(x2 − x1, . . . , xn+1 − x1), (4.39)

which is invariant under common translations and depends only on the relative edge vec-
tors. However, the determinant is multilinear and sign-indefinite. Its second-order struc-
ture is governed by mixed derivatives rather than by a positive quadratic internal energy.
Therefore, one cannot expect a global coercivity estimate comparable to our Kantorovich
defect estimates. A local result may be possible near configurations satisfying a suitable
second-variation condition, but this is outside the scope of the present paper.

The examples above isolate the two possible failure mechanisms of the method. A
cost may possess a natural collective variable but fail to be coercive on its fibers, as for
Coulomb and determinant interactions; or a collective/normal-mode decomposition may
exist while one of the two required estimates remains unavailable, as for general graph
interactions and hedonic costs. A broader two-mode theory would therefore require both
a uniform lower bound for the Kantorovich defect on the fibers of a finite-dimensional
collective coordinate and a stable variational representation of the complementary modes.
The barycentric and collective-coordinate costs treated above are precisely cases in which
both requirements can be verified.
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