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1. INTRODUCTION

The complex behaviour of ordering phenomena in magnetism has drawn the attention of both
the mathematics and the physics community. Magnetic systems which exhibit a particularly com-
plex behaviour and which have received an increased interest in recent years are so-called frustrated
spin systems (see [23] for an overview on this topic). Upon identifying magnets with spins (a vector
in the unit sphere), frustration refers to the situation where the spins cannot attain an orientation
that minimises all pairwise exchange interactions simultaneously. This effect prevents long-range
magnetic ordering even at zero temperature and consequently frustrated systems typically show
only partial ordering following complex geometric patterns and inducing intricate structural and
magnetic effects. From a physical standpoint, understanding the behaviour of such systems is
therefore crucial, e.g., for engineering of materials that display similar structural and magnetic
properties. At the same time, these systems often give rise to challenging and interesting math-
ematical problems. One of those problems is the derivation of suitable continuum models that
characterise the effective behaviour of lattice spin systems as the lattice spacing vanishes. Such
continuum models can provide a macroscopic description of the partial ordering taking place at the
microscopic level. Following a variational (or energetic) approach, these models can be obtained
via [-convergence, a procedure that nowadays is often referred to as wvariational coarse graining
(see [3], in particular [3| Chapter 7] for frustrated systems).

Background and setup of the model. In the last years, the variational coarse graining of
systems where frustration stems from competing ferromagnetic interactions (favouring alignment)
and antiferromagnetic interactions (favouring anti-alignment) has been addressed in several works
(see [1] and [I1] for Ising systems, [29], [20], [I7] for XY spin systems, and [I9] and [I§] for
first steps in the direction of S?-valued spin systems). However, for purely antiferromagnetic
lattice spin systems, frustration can also stem from the geometry of the lattice. The variational
coarse graining of such geometrically frustrated systems has only recently been initiated in [6]
and [7]. Specifically, in [6] and [7] the authors consider the antiferromagnetic XY-model on the
two-dimensional triangular lattice. Based on their result, in the present paper we initiate the
analysis of a three-dimensional geometrically frustrated system, namely of the antiferromagnetic
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XY-model on the layered triangular lattice. To be precise, we let € > 0 be a small parameter
and consider the layered triangular lattice £3¢ := £2¢ x Z. where £2? and Z. are respectively the
triangular lattice and the 1-dimensional square lattice with spacing e (see Subsection for the
precise definition). To each spin field u : £2¢ — S! we associate the energy

Z e3{u(eo),u(eo’)) — R Z e3(u(eo), u(ea”)), (1.1)

eo’,so”éﬁgd’ 50’,50"6[)2‘1

0,0’ in-plane neighbours 0,0’ out-of-plane neighbours

where (-,-) denotes the scalar product in R?, the factor & simplifies with the number of lat-
tice points contained in a bounded domain in R3, and R is a positive real number. Note that
the in-plane interactions are indeed antiferromagnetic, as they favour anti-alignment of nearest
neighbours, while the out-of-plane interactions favour alignment of nearest neighbours and are
thus ferromagnetic. This structure is known to appear in the Caesium-Copper-Chlorine com-
pound CsCuCls and in the Caesium-Nickel-Iron compound CsNiF; (see [2I) Section V]). However,
concerning the analysis carried out here, the system in is equivalent to a completely antifer-
romagnetic system. This is due to the fact that the frustration in the system only stems from the
in-plane interactions (see Section [3.3| for more details). Indeed, on any triangular layer £2¢ x {ez}
with z € Z fixed, the lattice geometry prevents the system from minimising simultaneously all
in-plane nearest neighbour interactions. On the contrary, the structure of the vertical interactions
is that of the square lattice where the ferromagnetic and antiferromagnetic system share the same
asymptotic behaviour (see [4]). In the setting of (1)), the ferromagnetic out-of-plane interactions
favour alignment of the spin field in the vertical direction and the coefficient R > 0 can be seen as

a parameter penalising out-of-plane variations in the spin field.

Groundstates of the sytem. In this paper we are interested in characterising the asymp-
totic behaviour and structural properties of a certain class of so-called low energy states for the
energies . Roughly speaking, those are states whose energy differs from the minimal energy
of the system by an amount that vanishes as ¢ — 0. This will be done by removing from
the energy of a ground state and determining the I-limit of (a scaled version of) the remaining
excess energy. Following this track, we first characterise the groundstates of . The above con-
siderations suggest that they are obtained by extending the ground state of the two-dimensional
model [6] constantly in the vertical direction. In fact, following the approach of [6] we reorder the
terms in by summing up over triangular plaquettes T' = conv{ei, ¢j, ek} with ei,cj, ek € £34
to rewrite the energy as

;;(53( |u(ei) + uleg) + ulek)” — 3) +R Y €3<|u(m) ule(a+ es)|? — 2)) a2

acf{ijk}

(Note that throughout we will restrict our analysis to portions of the lattice £3? contained in a
bounded domain  C R?, which turns all sums above into finite sums.) On each triangle 7' the
energy in (1.2)) is minimised if and only if

u(ei) +u(ej) +u(ek) =0 and wu(ea) = u(e(a +e3)) for all a € {i,4,k}. (1.3)

The first condition in is realised if the spin field u rotates by a fixed angle of 120° between
ei,ej, and ek (either clockwise or counter-clockwise, see Figure . The second condition is then
realised by indeed extending those configurations constantly in the es-direction. On any triangular
layer £2¢ x {2} with z € Z fixed it is now possible to realise the first condition in (T.3) globally
by decomposing £2? x {ez} into three sublattices according to Figure [1] (see Sectio and
for a precise definition). Thus, by putting the ground states uP°® or u2°¢ depicted in Figure
consistently on each layer of £2¢, we obtain two families of spin fields that satisfy both conditions
of and thus minimise the energy . Note that by the S'-symmetry of the system each
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global rotation of ©P°® and u2°® is a minimiser as well, hence «2°° and »7°® indeed give rise to two
whole families of ground states. At the same time, uP°® and u2° are not global rotations of each
other. In fact, they are distinguished by their handedness and correspond to different chiral states
of the system.

Similar to [6] we can associate a chirality variable to the system that quantifies the above
mentioned handedness. Namely, for any triangle T = conv{ei, ej, ek} with ei,ej, ek belonging to
the three sublattices £241, £34:2 £343 (cf. Figure[1)) we define

X, T) = —2= (u(ei) x u(e)) + u(ef) x ulek) + u(ek) x u(ed)),
3v3
where the symbol x is the vector product on R2. This variable is extended to almost all of R?
by setting x(u)(x) = x(u,T) whenever x belongs to the interior of a prism P = conv{T,T + ces}.
In this way, x(u) takes values in [—1,1] and x(u) = 1 if and only if u is a rotation of uP°, while
x(u) = —1if and only if u is a rotation of u?°8. This characterisation of the ground states indicates
that y is the relevant variable for studying the asymptotic behaviour of low-energy states. Here
we investigate a low-energy regime that allows for the coexistence of both families of ground states
and gives rise to an interfacial energy between phases of chirality {x = 1} and {x = —1}.

Main results of the paper. We consider the energy (|1.2) restricted to a fixed open and
bounded Lipschitz domain Q2 C R? and remove the energy of a groundstate, that is, for any
u: £37 — S! we consider the excess energy

Zs lu(ei) + u(ej) + u(ek)]* + R Z —ule(a+es)) | . (1.4)

TCQ ae{i,j, k}

Even though there is no frustration in the es-direction, we show that low energy states have a
similar behaviour as in the two-dimensional case. To be precise, we show that for sequences of
spin fields u. satisfying E. g(u.) < Ce for a constant C' > 0, the chiralities x(u.) converge (up to
subsequences) to a function x € BV (Q;{—1,1}) (see Proposition . Therefore, the continuum
limit of the energies F. r only allows phases of chirality —1 or 1, partitioning the space in finitely
many sets of finite perimeter in Q. In this way, the model shows a similar behaviour as other
discrete systems such as the Ising model or Potts model [Il 10]. However, for our model the phase
transitions are observed via the chirality variable instead of the spin field itself, which reflects the
fact that only partial ordering is expected for frustrated systems like (L.4).

Based on the previous compactness result we study the asymptotic behaviour of the scaled
energies %Ea r. under the assumption that R, — 400 as ¢ — 0. We refer to this regime as a



4 A. BACH AND R. GALLEZE

rigid regime, since heuristically one expects that the diverging parameters R. enforce alignment
and thus an asymptotic rigidity condition in the spirit of [I6] on admissible limiting configurations
x € BV(Q;{—1,1}). Namely, one expects that limiting configurations are constant in the es-
direction. In Theorem [3.2| (i) we verify this in a measure-theoretic sense. To be precise, we show
that admissible limiting chiralities y € BV (Q; {—1,1}) satisfy (v, (z), e3) = 0 H*-a.e. on S, where
S, is the jump set of x and v, (x) the measure-theoretic normal to S, at z € S,. This finally
allows us to show that for a cylindrical domain  C R? the I'-limit of %E& r. can be characterised
in terms of x as

B() = [ o) W (o)
X

for x € BV(;{—1,1}) satisfying (v, (x),e3) = 0 H*a.e. on S, and equal to +0o otherwise.
Here, the density ¢ corresponds to the 2-dimensional density obtained in [6] evaluated in the
first two components of v, (z) € S (see Theorem (ii) for a precise statement). It is worth
mentioning that the assumption on € being cylindrical is only needed for the I'-limsup inequality
and we will comment on this in more detail below and in Section [6.2} At the same time, the
diverging parameter R. naturally appears as a scaling parameter R, = % in the setting of dimension
reduction, where ) being cylindrical is a standard modelling assumption. Starting from the seminal
work [25] on the dimension reduction for variational models in nonlinear elasticity, the coupling
of dimension reduction with a passage from discrete to continuum has been investigated in the
context of elasticity [2, 28] (see [14] for a coupling with homogenization) and in the context of Ising
systems [I2]. Here, we apply Theorem to obtain a dimension-reduction result for frustrated
spin systems (Theorem [3.4).

Main difficulties and proof strategy. We close this introduction by explaining the main
difficulties encountered in proving our main result Theorem In classical models in which
finitely many phases arise in the limit such as the Modical-Mortola model [27] 26] (see [I5] for a
discrete version), the phase transition is observed via the function itself, whereas in this model,
we observe the phase transition through the chirality variable. The chirality depends nonlinearly
on the spin fields, which makes it difficult to transfer information obtained for w. (for example
via energy bounds) to x(ue) and vice versa. This was already a source of difficulty in [6] in the
characterisation of ¢, which required a careful adaption of De Giorgi’s well-known averaging-slicing
procedure. However, part of this adaption is intrinsically two-dimensional and extending it to a
three-dimensional setting would require very careful modifications. By working within the rigid
regime R. — 400 we avoid this, but instead we need to establish the asymptotic rigidity condition
for admissible limiting chiralities. Also here the main difficulty lies in the non-linear dependence of
x(u) on u, since the energy E2%, only bounds terms of the form R.|u.(ea) —uc(e(a+e3))|?, while
we would like to obtain an asymptotic rigidity condition on x(u.). We approach this problem by
studying an auxiliary one-dimensional model where we consider a suitable scaled version of the
energies E. p for fixed R > 0 on a column of prisms along the es-axis (see Section . In this way
we are able to quantify the energy induced by changes of chirality in the vertical direction and
give a lower bound depending on R. Specifically, we show that the one-dimensional I'-limit is of
the form cr#(Sy) for x being a one-dimensional function of bounded variation and the constant
cr multiplying the number of jump points of y is given by an optimal-profile problem. A crucial
step then consists in showing that ¢z > C'v/R for any R > 0. Returning to the three-dimensional
problem, the previous estimate together with well-known slicing properties of BV -functions allows
us to provide an asymptotic lower bound of the form CvR /. s, |{vy, e3)|dH? (see Proposition ,
from which we finally obtain the asymptotic rigidity condition by letting R — 4o0c. Thanks to
the rigidity condition, the I'-liminf inequality follows directly from the two-dimensional result [6].
Here, a blow-up procedure allows us to establish the I'-liminf inequality for non-cylindrical domains
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Q c R3. As mentioned above we need to restrict ourselves to a cylindrical domain for the I'-
limsup inequality. This is due to the fact that to the best of our knowledge it is not possible to
approximate the jump set of a function x € BV (Q {—1,1}) satisfying the constraint (v,,e3) =0
with a polyhedral set as in [I3] while keeping the constraint on the normal. Such a result however
would be required to obtain the I'-limsup inequality via a density argument. In the non-rigid
regime R, — R for some R > 0 we could apply the density result provided by [13], but the study
of in this regime is left for future research.

2. SETTING OF THE PROBLEM AND PRELIMINARY RESULTS

2.1. General notation. Throughout this paper © C R? is an open, bounded set with Lipschitz
boundary. For k € {1,2,3} we let .Z* denote the k-dimensional Lebesgue measure, while with H*
we indicate the k-dimensional Hausdorff measure in R3. We denote by {e1, e, e3} the standard
orthonormal basis of R3.

For z,y € R3, (z,y) is the scalar product between x and y and |- | = /(-,+) is the standard
euclidian norm in R3. The sets S! := {v € R? : |[v| = 1} and S? := {£ € R3: |[¢| = 1} are the sets
of unit vectors in R? and R3, respectively. For any ¢ € R? we let

Il := {2z € R®: (z,¢) =0}
be the hyperplane orthogonal to & and passing through the origin.

Given a vector v = (v1,v5) € St we denote by vl = (—v9,v1) € St the unit vector orthogonal
to v obtained by rotating v counterclockwise by /2. Moreover, given v,w € S! we denote by
v X w := (v,wr) the cross product between v and w. Moreover, dg: (v, w) is the geodesic distance
on S! between v and w. It satisfies

v —w| < dgi (v, w) < g|v—w|. (2.1)
Finally, it will often be convenient to write a vector in v € S* as v = exp(:0) with 6 € R. In this
way, for v = exp(:0),w = exp(t¢) € S! we have that
dst (v, w) = dist(0 — ¢; 277Z) . (2.2)
2.2. The layered triangular lattice and unit cells. In this paragraph we define the triangular
lattice in R? and the layered triangular lattice in R3. They are given by
£ .= spany{é1,éx} = {a = 2161 + 2965 : 21,20 € Z}

and
£34 ::£2de:{(a,z)€R3:a€£2d, ZEZ},

where é; = (1,0) and é = 3(1,v/3). Note that by setting é; := 2(—1,v/3) we can equivalently
write

£ = span,{é,,é3} = spany {és,é3} .
Moreover, using the vector é3 we can decompose £2¢ into the three sublattices
L2 = {2)(61 4+ &9) + 2o(éa + €3) : 21,20 € B}, L3232 .= 21 g 243 .= 241 g,
Accordingly, we decompose £3? into the three sublattices
L300 = 20 7, for £ =1,2,3.
It will also be convenient to introduce the 1-dimensional lattice

L' ={0,61,8} x Z={(a,2): a € {0,é1,82}, z € Z}.
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We finally introduce the classes of unit cells subordinated to the lattice £2¢ and £3¢. For £2? this
is the family of equilateral triangles

T2d = {T = COI’IV{i,j,k} : iajak € £2da |7’ _j| = |J - k‘ = ‘k - Z| = 1} 9 (23)
where conv{i, j, k} denotes the closed convex hull of 4, j, k.
Remark 2.1 (Identification of elements in R? with elements in R?). In (2.3) we use the notation
T2 for consistency to indicate that we consider unit cells of £2¢ contained in R2. However, in all
that follows we will embed R? into R3 via the mapping = (z1,22) + (21,72,0). In this way,

we will frequently interpret elements of £2¢ and unit cells in 72? as elements and subsets of R3,
respectively.

With the convention of Remark we can extend the class 72? via periodicity to the class of
triangles subordinated to £3? by setting

T3 = {T+ze5: TeT™, 2€Z}.
In this way, we can finally express the family of unit cells of £3¢ as
Pt .= {P=conv{T,T+e3}: T € T3d} .
For any £ > 0 and any Borel set A C R?, B C R? the rescaled and localised versions of 724, 734,
and P37 are given by
2UA) = {eT € eT?*: T C A},
24(B) == {eT € eT?: T C B},
P24(B) :={eP € eP**: eP C B}.
Similarly, we set
L2(A):=eLNA and L2%B):=eL£3NB.

If A=R?or B =R3 we simply write £2¢ and £3¢ instead of £24(R?) and L£34(R?), as well as T2,
734 and P3?. It is also convenient to associate to any fixed triangle Ty € T2¢(R?) the column of
scaled prisms

Ce(Tp) := {P = conv{Ty + cze3,Tp + (2 + 1)es} € P2} (R%): z € Z} . (2.4)

Finally, we fix
Tret :=conv{0,é1,é2} and Pt := conv{Tyes, Tret + z€3}

as a reference triangle and a reference prism and we set

T .= {T =T +2e3: 2 € Z} and P .= {P=conv{T,T+e3}:T€ Tld}.

We conclude this paragraph by introducing the set of so-called spin fields defined on £3¢. More
precisely, we set
SF. = {u: L3 —S'}.
If e = 1 we simply write SF in place of SF;.

Remark 2.2 (Extending maps from £2¢ and from £1¢ to £3?). We will frequently identify a map
ue : L24 — S with an element u. € SF. by periodically extending u. from £2? to £3¢, i.e., by
setting u. (e, £2) 1= u.(ca) for every (a, z) € £34. Similarly, we will identify a map u. : £1¢ — S!
with the spin field u. € SF. obtained by repeating u. according to the sublattices £2%7, that is,
by setting uc(gi,e2) := uc(0,e2) for (i,2) € L3 u.(ej,ez) = u-(eé1,e2) for (j,2) € £3%2, and
uc(ek,e2) := u.(eé2,e2) for (k,z) € £33,
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2.3. Definition of the discrete energies. We are now in a position to introduce the discrete
energies that we will consider in this paper. To this end, let w € SF. and n € {1,2,3}. For any
T = conv{ei,ej, ek} € T3¢ we set

En(u, T) := " Yu(ei) +u(ej) +ulek)*. (2.5)
Let now R > 0 and suppose that P = conv{T,T + ce3} € P3¢ with T = conv{ei,cj,ck}. We then
set

Er%(u, P) i= B (u, T) + EX(u, T+ ees) + " 'R Y |u(eB) —u(e(B+es))[*.  (2.6)

Befi,jgk}
In the case n = 3 we obtain the main energies considered in this paper by setting
E2%(u,B):= > EX(u,P) (2.7)

PeP34(B)
for any Borel set B C R3.

The main result of this paper characterises the I'-limit of E3d when ¢ — 0 and at the same
time R. — oo (see Theorem [3.2)). To obtain this result we will on the one hand rely on the result
established in [6] for the antlferromagnetlc XY-model energy on £2¢ and on the other hand we will
make use of an auxiliary one-dimensional energy. Both energies can be conveniently defined based
on and in the case n = 1,2. Specifically, for n = 2 we recover the energies considered
n [6] by extending E2¢ to any Borel set A C R? via

EXu,A):= > EXu,T). (2.8)
TET24(A)

Finally, to define the 1-dimensional auxiliary energies we proceed as follows. For any I C R Borel
we set

Pld {P =cconv{Tret + ze3, Tyet + (2 + 1)ez}t: 2 €Z, elz,2+ 1] C I}
For any spin field u € SF.(R?) we then define
ElM(u, D)= > El%4(u,P). (2.9)
PePLd(I)

Remark 2.3 ((Anti-)ferromagnetic out-of-plane interactions). In the definition of the energies Eg’fg%
according to (2.6)(2.7) we consider ferromagnetic out-of-plane interactions instead of antiferro-
magnetic ones. This is to simplify the exposition in the following sections. Similar to [4, Remark
4.6], the asymptotic analysis of the fully antiferromagnetic energies can be obtained from the one
we carry out for the energies in via a change of variables (see Section . This change of
variables does not affect the chirality variable introduced in the following section, which turns out
to be the relevant variable to characterise the asymptotic behaviour of ngiR.

2.4. Chirality. In this section we associate to any spin field u € SF. a so-called chirality variable
in a similar way as in [6]. Specifically, for every u € SF. and T = conv{ei,ej,ck} € T>¢ with
ie 31 je 32 and k € £33 we set

x(u,T) = (u(ei) x u(ef) + ulef) x u(ek) + u(ek) x u(ei)) . (2.10)

2
3V3
Moreover, we extend x to a function y(u) : R® — R by setting x(u)(x) := x(u,T) whenever
x € int PUint T for some prism P = conv{T,T + ce3z} € P3¢. In this way, x(u) is defined .#3-
almost everywhere in R3 and .#%-almost everywhere on every horizontal layer, i.e., on every slice
{r eR3: x-e3 =1t} witht € R.



8 A. BACH AND R. GALLEZE

Below we collect a couple of useful observations on the chirality variable x(u,T) introduced
in (2.10). Throughout the remainder of this paragraph we use the following conventions. For ¢ > 0
and T, T" € T3¢ we consistently write

T = conv{ei,ej,ek} and T’ = conv{ei’,ej’,ek'} with i,i' € £3%1 j ' € £3%2 k k' € £3%3.
Moreover, whenever u € SF. we use 6 to refer to the angular lifting of u, i.e., 6 : £3? — R is a
function satisfying

u(ef) = exp (10(eB)) for every 8 € L3, (2.11)
Remark 2.4 (Expressing the chirality in the angular variable). It is sometimes convenient to express

both the chirality and the energy associated to a spin field © € SF. in terms of its angular lifting
f. Staying within the above convention we have that

N, T) = %(Sin (0cd) — 0(ci)) +sin (B(ch) — 0(e)) +sin (6(ei) — (k) ), (212)
EM(u,T) = ¢! (3 + 2(cos (0(ej) — 0(ei)) + cos (8(ek) — 0(cj)) + cos (0(ei) — 9(5k)))> ,
(2.13)
as well as
|u(ep’) — u(aﬁ)’2 = 2(1 — cos (0(eB’) — 9(56))) : (2.14)

Remark 2.5 (Vanishing energy). Let ¢ > 0, u € SF. and T € T3¢, Then [6, Lemma 2.1 and
Remark 2.2] imply that

EM(u,T) =0 <= x(u,T) € {-1,1}. (2.15)
Since both E™(u,T) and x(u,T) depend in a continuous way on u we thus deduce that for every
§ > 0 there exists Cs > 0 such that for all e > 0, u € SF., and T € T2¢ the implication

x(u,T) € [-1+8,1 =98] = E™(u,T)>e""1C;s (2.16)
holds (see [6, Remark 2.2]).

Remark 2.6 (Optimal angles). Let ¢ > 0, let u € SF., and let T = conv{ci,ej,ek} € T3
Moreover, let 6 : £3¢ — R be an angular lifting of u and set

01 :=0(gj) — 0(ei) Oy = 0(ck) — 0(i) . (2.17)
Then we have that x(u,T) = 3—\2/5(sin(01) + sin(f2 — 61) —sin(f2)) and thus
27 4
N, T) =1 <= (01,05) = (;f ;T) 42 (21, 2) (2.18)
for some 21, zo € Z and
4 2
X(U,T) =—-1 <— (01,92) = <37T, ;) + 27‘((21,2’2) (219)

for some 21,29 € Z (see [6, Lemma 2.1]). Since the chirality continuously depends on the angular
lifting @ this in turn implies that for every 7 > 0 there exists a d, > 0 such that for all ¢ > 0,

u € SF. and T € T3¢ the implications
x(u,T) € (1 —6,,1] = dist (6, — 2F;2nZ) + dist (62 — 4F;27Z) <, (2.20)
X(u,T) € [-1,-1+6,) = dist (6 — 4%;20Z) + dist (6 — Z;27Z) <7 '

hold.
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Remark 2.7 (Change of Chirality). In a similar fashion as in Remark [2.6|the continuous dependence
of the chirality variable on the angular variable leads to the following observation. For every § > 0
there exists s > 0 such that for all e > 0, u € SF. and T, T" € T3¢ the implication

dist (6(e8) — 0(epB);27Z) < As for all B € {i,j,k} = [x(u,T)— x(u,T")| <6 (2.21)
holds. To see this, let § > 0 be arbitrary, let u,T, T’ be as above, let 61,02 be the relative angles
as in (2.17)), and define 6}, 6% accordingly with 4, j, k replaced by ¢, j/, k’. Then there exists A; > 0
such that |x(u,T) — x(u, T")| < § whenever dist(0] — 01;27Z) < 2Xs and dist(05 — O2;277Z) < 2As.
For 8 € {i,j,k} let zg € Z be chosen such that dist(0(e8") —0(ef); 21Z) = |6(ef’) — 0(eB) — 2mz5].
Suppose now that the left-hand side of holds. Then we have that

dist (0] — 61;27Z) < |0 — 61 — 27 (z; — 2;)| < |0(ej’) — O(ej) — 2mz;| + |0(ed’) — O(ei) — 2mz;]
= dist (6(ej") — 0(cj); 27Z) + dist (0(ei’") — O(i); 2nZ) < 25

and similarly dist(05 — 62;27Z) < 2)As. By the above considerations this implies that indeed
Ix(u, T) — x(u, T")| < 4, i.e., (2.21) is satisfied.

Remark 2.8 (Energy barrier for chirality changes). For 6 > 0 arbitrary let As be as in Remark
Let moreover ¢ > 0 and suppose that u € SF. and T, T’ € T2% are such that |x(u, T) — x(u, T")| >
0. Then (2.21)) implies that there exists 8 € {4, j, k} such that

dist (0(eB') — 0(eB); 2nZ) > Xs .
Thanks to (2.2)) and (2.1)) this implies that
/ 2 4 . 2 / 4)\%
|u(eB’) —u(eB)|” = = dist® (6(eB’) — 0(eB); 2nZ) > - (2.22)
In particular, in the case 7" = T + ce3 we can estimate EQ% on the prism P = conv{T,T"} via

RN

Eg%(u,P) >l 5

- (2.23)

3. STATEMENT OF THE MAIN RESULTS

3.1. Chirality transitions in a rigid regime. The main result of this section is a I'-convergence
result for the discrete energies Eg”%s in the case that (R.) is an increasing sequence of parameters
R. — +00 as ¢ — 0. Since the relevant variable to track the asymptotic behaviour of ES’%E is
the chirality variable, we first express our discrete energies in terms of the latter. Specifically, we
recall that for any  C R? open and bounded and for any spin field u € SF. the chirality x(u)
belongs to L!(2). Thus for every R > 0 we can extend EidR to a function 853,% : LY(Q) — [0, +o0]
by setting

3% (x, Q) := inf {Egﬁ%(u,ﬂ): u€eSF., x(u)=x ZL3ae inQ}, (3.1)

€,
with the convention inf @ = +o0. Similarly, for w C R? open and bounded we define £2¢ : L'(w) —

[0, +00] by setting
E¥(x,w) = inf {E2%(u,w): u € SF., x(u) = x L*ae inw}. (3.2)

To state the I'-convergence result for the energies ngRE, it is convenient to first recall the I'-limit
obtained in [6] for the energies £2¢. To recall this result, we start by fixing two ground states
uP%% ul°® € SF. whose chirality is globally equal to 1 and —1, respectively. These ground states

can be conveniently defined via their angular lifting as

ul®(ea) == exp(102”(ecr)) and wu_°®(ca) := exp(L0:°¢(car)), (3.3)
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where for every a € £2? we set

0 if a € £21, 0 if a € £2%1
0P (car) := < 27/3 if a € L£24:2 02 (car) := ( 4n /3 if a € L2382, (3.4)
47 /3  if a € £243 21/3 if a € £243.

We also set uP® := u}%, "% = 8, 9P°S := O7°, g8 .= 9]°®. In this way, uP° and u2°8 are
the two ground states depicted in Figure

The ground states ul®%, u2° will be used as boundary data in minimisation problems for the
energy E2¢ on suitably rotated (two-dimensional) cubes. Specifically, for v € S! we denote by

Q"1 = {x e R?: |(z,v)| < 1 and |(z,v1)| < 1} (3.5)

the open unit cube centred at the origin with two sides orthogonal to v. For every € > 0 we then
define the ‘upper’ and ‘lower’ discrete boundary of Q*2¢ as

0FQ* = {a e L2 + (v,a) > 3¢, dist(a, Q") < 3¢} . (3.6)
As in [6] we then define p?? : S — [0, +00) as

©*v) = lir% min {E?d(u, Q"): u = uP* on 7 Q" u = u® on ('“);Q”’M} . (3.7)
e—
We are now in a position to formulate the following result which was proven in [6, Theorem 2.5].

Theorem 3.1 (I-limit of £2¢). Let w C R? be open, bounded, and with Lipschitz boundary. The
energies £24(-,w) defined as in ([3.2) T-converge in the strong L'(w)-topology to the functionals
% LY (w) — [0, +00] given by

/S ) iy e BY (s {-1.1)).

¥ (x) = (3-8)

+o0 otherwise in L' (w).

Throughout the remainder of this section we assume that w C R? is an open bounded set with
Lipschitz boundary, (a,b) C R with a < b is a bounded open interval, and 2 C R3 is the cylindrical
domain

Q=wx(a,b). (3.9)

Our main result states that on cylindrical domains 2 as in the I'-limit of the three-dimensional
energies 53)%5 essentially coincides with the T-limit of £2¢ on w, provided R. — co ase — 0. As a
key ingredient, we establish an asymptotic rigidity result for admissible limits of chiralities y(uc)
associated to spin fields u. with equi-bounded energy Esz%a (ue, ). Specifically, we will show that
the following holds true.

Theorem 3.2 (Compactness, Rigidity and I'-limit for 55’7%35). Let Q C R3 be as in (3.9) and let
(R.) be a sequence of increasing parameters with R. — +00 as € — 0. Then the following holds
true.

(i) (Compactness and Rigidity) Suppose that (x.) C L' () satisfies sup, 53,%35 (Xe, ) < Fo0.
Then there exist a subsequence (not relabelled) and a function x € BV (Q;{—1,1}) such
that xe — x in L'(Q) as e — 0. Moreover, x satisfies the rigidity condition (vy(y),es) =0
for H?-a.e. y € S,.
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(ii) (T-limit) The functionals Eg)dRE defined according to (3.1) T'-converge in the strong L*(£2)-
topology to the functional £3% : L' (2) — [0, +o0] given by

/S o(vy)dH?  if x € BV(Q;{~1,1}) and (v, (y),e3) = 0 for H?*-a.e. y € S,
) =1

+00 otherwise in L1(Q),
where for any v = (V',0) € S> N1, p(v) is given by
p(v) = 20*(V)
with ©*¢ as in .
Remark 3.3 (Assumption on ). The assumption that €2 is a cylindrical domain is only needed
in the construction of a recovery sequence. Instead, the compactness in the chirality variable, the

rigidity of the limiting chirality, and the lower bound can be obtained for any bounded open set
2 C R? with Lipschitz boundary (see Section and Proposition .

3.2. Application to dimension reduction. We finally apply Theorem to establish a di-
mension reduction result for frustrated spin systems. In this setting, the diverging parameters R,
enforcing the rigidity of admissible limiting chiralities naturally appear as a scaling factor %

To set up the problem, we let M € N be fixed and we consider the parameter-dependent family

of thin domains

OM = w x (0, (M +1)e) . (3.10)
Then, for any v € SF. we set
EM(uw):= Y EX(uP),
Pep2d(Q)

where Eszd1 is defined according to (2.6) with n = 2 and R = 1. As in (3.1)—(3.2) we will extend
the functionals EM to the chirality variable. This will be done by adopting some conventions
of [2]. Namely, to any u : £L3¢(QM) — S! we associate a chirality in [L'(w)]™ by setting for any
ted{l,...,M}
X () = X(W)woxefeer1) - (3.11)
We then extend EM(-,w) to a function EM(-,w) : [LY'(w)]M — [0,+00] by setting for each
x=(xoxM) e L)
EM(x,w) == inf {EM (u,w): u € SF., xi(u) =x* forall£=1,..., M}. (3.12)

The following dimension-reduction result can be obtained as a consequence of Theorem [3.2] and
will be proved in Section [7]

Theorem 3.4 (Dimension Reduction). Let M € N be fired and for any ¢ > 0 let QM be as
in (3.10) and let EM be as in (3.12)). Then the following holds true.

(i) (Compactness) Suppose that (x.) C [LY(w)]M is such that sup, EM(x.,w) < +oo. Then
up to subsequences (not relabelled) x. — x in [LY(w)]M for some x € [L*(w)]M, x =
(XY, .. xXM) satisfying

Xl:X2:...:XM€BV(w;{71,1}).
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(ii) (T-limit) the functionals EM (-, w) T-converge in the strong [L*(w)]™ -topology to the func-
tional EM : [LY(w)]™ — [0, +00] given by

2(M — 1)/S P ) dH ifxt =...=xM € BV (w;{-1,1}),
eM(x) = xine

+o0 otherwise in [L'(w)]M .

3.3. Antiferromagnetic out-of-plane interactions. As pointed out in Remark [2.3]the energies
55’7‘%35 whose I'-limit is characterised in Theorem take into account ferromagnetic out-of-plane
interactions instead of antiferromagnetic interactions. However, in this section we show that in
terms of the chirality variable these two energies are equivalent.

To introduce the fully antiferromagnetic energies, it is convenient to first rewrite for any spin
field u € SF. and any prism P = conv{T,T + ce3} € P2? the energy E% (u, P) as
E3% (u, P) = B3 (u,T) + E3*(u, T + ce3) + e* R.EY"™™° (u, P)
with )
E;Ier,ferro(u’ P) = Z ’u(s(ﬁ + 63)) — U(€5)| 5
pe{i.gk}
where we used the convention T' = conv{ei, ej,ek}. In analogy to this, we define
ver,anti 2
Ereranti(y p) .= Z ‘u(a(ﬁ + 63)) + u(eﬁ)’
Be{i,gk}
and we set .
F3% (u, P) = E3(u,T) + E3*(u,T + €e3) + > R-EY**™ (u, P).
Finally, in analogy to (2.7)) and (3.1]) we set
P2 (w, Q)= > F% (u,P)
PeP3i(Q)
and we extend F2%_to L'(Q) by setting
fg’}‘ﬁ{s (x, ) :=inf {Fg%g (u,Q): ueSF., x(u)=x P3ae. in Q}
for any x € L*(€). In this way, we have that
E¥%. (X, Q) = F2%_ (x,9Q) forall x € L'(Q). (3.13)
To see this, let us associate to any u € SF. a spin field v € SF. by setting
v(ea,ez) == (—1)*u(ea, ez) for every (a,z) € L2? x Z.

In this way, u and v coincide on even layers of £3¢, while on odd layers v is obtained by rotating
u globally by an angle 7. Since the chirality variable is defined layer-wise and does not depend
on global rotations, this in particular implies that x(u) = x(v). Since moreover E?ﬁzs (u, P) =
F 3%5 (v, P), we obtain by passing to the infimum over all admissible spin fields.

The identity in shows that in terms of the chirality variable the discrete energies considered
here do not distinguish between ferromagnetic and antiferromagnetic out-of-plane interactions.
Since the chirality variable is the relevant variable to characterise the asymptotic behaviour of
E3% and F2% , this in turn implies that they share the same asymptotic behaviour. This is
consistent with the fact that the only frustration in the system is due to the in-plane interactions
on each triangular layer, while no additional frustration occurs in the out-of-plane interaction. In
fact, a similar phenomenon occurs for the XY -model on the square lattice where the ferromagnetic
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and the antiferromagnetic models share the same asymptotic behaviours (see [4, Remark 4.6]).
Instead, on the triangular lattice itself the asymptotic behaviour of the antiferromagnetic model
and the ferromagnetic model differ (see [6] and [7] in contrast to [22]).

4. 1-DIMENSIONAL RESULT

In this section we characterise the asymptotic behaviour as € — 0 of the one-dimensional energies
El% introduced in (2.9). Throughout this section I C R is a bounded open subset. Moreover,
we associate to any u € SF. a chirality variable x(u) : R — R by setting for all z € Z and all
te [ez,e(z+1))

x(w)(t) == x(u, e(Trer + ze3)) ,

where we recall that
Tiet = conv {O,él, ég} .
As in we then extend E!% to a function £1% : L'(I) — [0, +o00] by setting
551_’%()(, I) :=inf {E;Z%(u, I):ue SFe, x(u)(t) = x(t) forae. t€I}. (4.1)

Theorem 4.1 (Compactness and I'-convergence in 1d). Let R > 0 be arbitrary, let I C R be open
and bounded, and for every e > 0 let EglfiR(I) be as in (2.9). Then the following holds true.

(i) (Compactness) Let (u:) be a sequence of spin fields u. € SF. such that

sup E;?R(uml) < 400. (4.2)
e>0

Then (up to subsequences) x(uz) — x in LY(I) for some x € BV (I;{—1,1}).
(i) The sequence of energies 551’%% defined in ([4.1]) T-converge in the strong L'(I)-topology to
the functional ELF 2 LY(I) — [0, +0oc] given by

£49(y) = {cR#(SX NI) if xy € BV(I;{-1,1}),

+o0 otherwise in L1(I),

where cg is defined as

cg = inf {EllflR(v,R): veSF, tlg_noox(v)(t) =1, lim x(v)(t) = -1 } . (4.3)

——00
(iii) There exists a constant co > 0 such that cg > coV/R for every R > 0.

Throughout this section we will consistently use the labelling o € {0, é;,¢é>}, so that (o, z) € £!4
for z € Z.

4.1. Properties of cir. To prove Theorem it will be convenient to provide equivalent char-
acterisations of the value cr obtained by the optimal profile problem in (4.3]). Establishing these
characterisations and proving Theorem (iii) is the purpose of this section.

Lemma 4.2. For R > 0 let cg be as in (4.3)); let moreover
CR = ér;f()inf{E%fiR(v,R): veSF, x(v)t)=1ift>5, x(v)(t) =—-14ift< —S}.

Then we have that cg = ¢g for every R > 0.



14 A. BACH AND R. GALLEZE

Proof. For every S > 0 we set
Zr(S) = inf {EllflR(U,R>: veSF, x(w)t) =1ift > S, x(v)(t) = —1if t < —S}. (4.4)

Then any v € SF which is admissible for the minimisation problem defining ¢g(S) is admissible
for the minimisation problem defining cg in (4.3). Passing to the infimum over S > 0 we thus
obtain that cg < ¢g.

It remains to show that ¢g < cg. To this end, let > 0 and let v, be a candidate for the
minimisation problem defining cr such that

E]idR(Uan) <cr+7.
Moreover, let d,, be chosen according to Remark satisfying (2.20]). Since
lim x(v,)(t) =1 and \ lim x(vy,)(t) = —1,
——00

t—+o0

there exists z, € N such that
X(vp)(t) > 1 =9, forallt >z, and x(vy)(t) < -1+, forallt < —z,. (4.5)

We now modify v, to a function v,, admissible for ¢g(z, 4+ 1). To this end, we let 6, be an angular
lifting of v, and we define 6,, : £ — R by setting 6, ((c,2)) := 0,((a, 2)) for all a € {0,¢1,¢é2}
and z € Z with |z| < z,, while for z € Z with z > z, + 1 we set

577((07 Z)) = 977((07 Zn)) ) gﬁ((élvz)) = 977((07 z)) + 2% ’ gn((éQJ Z)) = 977((07 Z)) + 47‘” )
and for z € Z with z < —(z,, + 1) we set
0,((0,2)) == 0,((0,~2,)) . Oy((é1,2)) == 0,((0,2)) + 2, G,((é2,2)) := 0,((0,2)) + &= .

By construction, the function v, := exp(Lgn) € SF satisfies x(v,)(t) = 1 for ¢t > 2, +1 and
x(0y)(t) = —1 for t < —(2z, +1). In particular, v, is admissible for ¢r(z;, + 1) and thus

TR < Bl (0, R). (4.6)

Moreover, Remark implies that E 7 (U, Tres +ze3) = 0 for all z € Z with |z| > 2z, +1. Let now
Tni i= Tret & 2pe3, P, = conv{T,;ﬂT;‘ +e3}, and P, := conv{T,” —e3, T, }. Then the previous
consideration yields

Ell,dR(%mR) = E1ldR(f77m [—2np — 1,2y + 1])
=E; R(Una [—2n, Zn]) +E; R(Unv P+) +E; R(Um P’r;) .
Finally, the construction of v, together with , -7, and ( - ensure that
Ell,dR(Env P;r) E1 R(UU’T+)
+ R(|”7]((61v Zp + 1) - Un((eh Zn))| |U,7((e2, Zn + 1) - Un((é% zn))P)
< E}%(UU,TJ) + Rdist? ( 0 ((0,2)) + 25 — 0, ((61,21)); 27TZ)

(4.7)

+ Rist? (0,((0,29)) + % = 0,((é2,29)); 277
< E{%(vy, T,7) + 2Rp?
Since an analogue estimate holds for E] R(U,,, P;), we thus deduce from (4.6 [4.6)-(4.7) that
¢r < ELR(UW, R) +2Rn? < cgp +n+4Rn?,
and we conclude by the arbitrariness of n > 0. ]
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Based on Lemma [£.2] we now establish a further equivalent characterisation of ¢ which will be
convenient to construct a recovery sequence.

Lemma 4.3. For R > 0 let cg be as in (4.3)); let moreover
Cr = éI;% inf {E%?R(’U,R)Z v E€SF, UTyytres = uf’ﬁif and VT, —ze;, = ulnjfif if z > S},
where uP°® and u™8 are as in (3.3). Then we have that cg = ¢r for every R > 0.

Proof. Thanks to Lemma it suffices to show that ¢g = ¢g for every R > 0. In analogy to (4.4))
we set

Ccr(S) ;= inf {EllflR (U,R): VESF, VT itzes = urq?if and V|7, —ze, = ufﬁif if 2> S} (4.8)

for every S > 0. Suppose now that v € SF is a candidate for the minimisation problem defining
Cr(S). Then x(v)(t) = 1 for t > [S] and x(v)(t) = —1 for ¢ < —[S]. Thus, v is a candidate
for the minimisation problem defining ¢x([S]) as in (£.4). Passing to the infimum over S > 0 we
obtain ¢p < Cg.

It remains to show that ¢g < ¢g. To this end, let S > 0 and N € N be arbitrary and let
vy € SF be a candidate for the minimisation problem defining ¢z(S) satisfying

- 1
E{%(on,R) < Cr(S) + N (4.9)
Let moreover Oy : £'4 — R be an angular lifting of vy and let 2 := [S] and T := Tref + Zes,
T_ := Tt — 2e3. Then we know that x(vy,T4) =1 and x(vy,T-) = —1. Thanks to Remark

it is thus not restrictive to assume that the angular lifting 6, satisfies

4

? ’
U . 4m U . 27
On((é1, —z)) = HN((O, —z)) + 5 and GN((BQ, —Z)) = GN((O, —Z)) + 3
We now modify the function v using a linear interpolation on the angle variable between the given

ground state reached in T (resp. T-) and the ground state uP°® (resp. u™°8). To achieve this,

Ox ((é1,2)) = Ox ((0,2)) + %” and Oy ((é2,2)) = 0x((0,2)) +

we define fy : £14 — R in the following way. For o € {0,é1,é} and z € {—3,..., %} we set
On((a, 2)) := On((ar, 2)). Moreover, for z € {0,..., N} we set
~ N=205((0,2)) if =0,
HN((a,é + z)) = NI;ZHN((éQ,é)) + %’T—I\f ifa=ép,
NF20n ((62,2)) + 5% if a=éy,
and
- N=20n ((0,-2)) ifa=0,
On (o, —(242))) == XZ0n((61,—2)) + 52 ifa=éy,

NF20n ((62,—-2)) + 28 ifa=és.

Finally for z € N with z > N +1 we set §N((a, Z+42)) := 6P%(a) and HAN(a, —2—2z) :=0"8(a) for
any a € {0,é1,é2}, where 6P and 6"°¢ are as in (3.4]). In this way, the function U := exp(fn)
is admissible for the minimisation problem defining ¢g(2 + N), which implies that

r < B{%R(n,R). (4.10)



16 A. BACH AND R. GALLEZE

Moreover, the construction of §N implies that x(Un, Trer = ze3) = £1 for z € N with z > 2. This
in turn yields

El%on R) < Bl (on, [~ 22) +RY. Y fov((a i+ 2+ 1) —dn((n 2 +2))

z2=0 ae{o,él,ég}

N-1
+RZ Z WN((O"_'%_Z—D)—5N((a,—2—z))‘2 .

z=0 aE{O,él,ég}
(4.11)

It remains to estimate the last two terms on the right-hand side of (4.11)). For any « € {0, é1,é2}
and z € {0,..., N — 1} we deduce from (2.1)—(2.2)) that

[On (o, 2+ 2+ 1)) —5N((a72+z))|2 < ’é\N((mé—i—z—i— 1)) — §N((a,2+z))’2

The definition of 8, ~ then gives

S vz + 2+ 1) —On (a2 +2)) |
aE{O,él,éz}

1 ~ 2

Sm GN((O,Z)) +

Summing over z =0, ..., N — 1, we obtain

N1 , C
> 2 (s +z+1) —in((e s+ )| < &
z=0 ac{0,é1,62}
Since an analogue estimate holds for the last term in (4.11]), we finally deduce from (4.9) together
with (ET0)-@1I) that

CR CR
cr < B¢ R) + — <Cr(9) +—.
CR = 1,R(UN7 )+ N <cgr(S)+ N
Letting N — +oo, the above estimate yields ¢g < ¢r(S) for all S > 0. Passing to the infimum
over S > 0, we finally conclude that ¢g < ¢jg. |

We close this section by proving Theorem [4.1] (iii).

Proof of Theorem ( ii1). Let v € SF a candidate for the minimisation problem defining cr and
let 0 : £3¢ — R be an angular lifting of v as in (2.1I)). The fact that x(v)(t) — +1 as t — oo
allows us to choose integers zy,z_ € Z as follows. Since x(v)(¢t) — 1 as ¢ — 400, we can choose
z4+ such that

X(v)(24) = X (0, Tret + 24€3) > % (4.12)

and x(v)(z) < § for all z < z, i.e., z4 is the smallest integer satisfying (4.12)). Since moreover
x(v)(t) = —1 as t = —oo, we can choose z_ < z; such that

X(0)(2-) = X{0, T + 2-5) < —3. (4.13)

and x(v)(z) > —3 for all z > 2_, i.e., z_ is the largest integer in (—oo, z) satisfying ([£.13). In
this way, we have that

1 1
3 < x()(2) = x(v, Tyet + ze3) < 5 forall z e {z_,...,24}.
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In particular, for each prism P = conv{Ter + ze3, Trer + (2 + 1)es} € P ([z_,24]) the chirality
of v lies in (f%, %) on at least one of the triangles Tior + zes and Trer + (2 4+ 1)es. Remark
together with Jensen’s inequality Young’s inequality thus implies that

EllflR(U,P) > C’% + R Z |v((a,z + 1)) - v((a,z)) ’2

ac{0,é1,62}
>+ S ol + 1)~ v((e.2)]
= Y3 3 0€{0.61,62} ’ ’ (4‘14)
2 RC%
z\/3ae{%‘z,ezﬂv((a,ﬂﬂ)“((av'zm’

where C' 1> 0 is as in (2.16) with § = % Moreover, since (4.12]) ensures that

IX(v, Tret + z4€3) — X (v, Tyet + 2—€3)| > 1,

we deduce from (2.22)) that

403
By (20 (@) 2 25

where )\; is as in Remark [2.8{ with § = 1. Summing up (4.14) over all prisms P € P ([z_,z4])
and using (4.15]) finally gives

= (4.15)

2. /RCy1 z+—1
E{%(v,R) > Z E{%(v, P) > TQ Z Z lo((e, 2+ 1)) —v((ev, 2))]

PeP([z_ 24]) 2=2- a€{0,61,é2}

2 RC%
>

\/g ae{O,él,ég}

2,/RCy 4X JRCy
PV aellily M) ol e

and we conclude by passing to the infimum over all admissible v € SF. g

>

Z v((o, 24 1)) —v((e, 2))

Z+—1 ‘
Z=zZ_

4.2. Proof of Compactness and Liminf-inequality. In this section we prove Theorem (1)
and the lower bound of Theorem (ii). To prove the compactness result we will make use of
the following auxiliary statement which holds in any dimension n € {1,2,3} and provides a lower
bound on the energy that is necessary to switch the sign of the chirality within a prism.

Lemma 4.4. Let n € {1,2,3}; for every R > 0 there exists a constant yg > 0 such that for all
>0, allu € SF(I) and all P = conv{T,T + ce3} € P with x(u, T)x(u, T + ee3) < 0 we have
that

El%(u, P) > " g (4.16)
Moreover, vgr is bounded and increasing in R.
Proof. Let R > 0, ¢ > 0, u € SF. and P = conv{T,T + ce3} be as in the statement. To

obtain (£.16) we distinguish between the two exhaustive cases |x(u,T) — x(u,T + ee3)| < 3 or
IX(u,T) — x(u,T + €es)| > %. In the first case the requirement y(u,T)x(u,T + ce3) < 0 enforces
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that x(u,T’) and x(u,T + ce3) belong to the interval (— 3, 1). In view of Remark this implies
that

El%(u, P) > EX(u, T) + EX(u, T + ce3) > 28" 'Cy (4.17)
where C' 1 is as in with 6 = % In the second case, applying Remark with 6 = % gives
o - 4RN%
El%R(u,P) > ¢ = 2 (4.18)
4RN%
Combining f we obtain by setting yr := min {20%, ?5} |

Based on Lemma [4.4] we can now prove Theorem (1).

Proof of Theorem[{.1|(i). We prove the assertion in two step. First, we construct a sequence ()
of auxiliary functions . : I — {—1,1} such that the level sets {X. = 1} have uniformly bounded
perimeter. Then, we show that for ¢ — 0, the auxiliary functions and the original chirality x(u.)
are close with respect to the L'(I) topology.

Step 1. (Compactness of the auxiliary functions)

Let (uc)e be a sequence of spin fields u. € SF. such that sup, E;flR(ua, I) < +00. We construct

a sequence (X.). of auxiliary functions defined on R? by setting

N 1 if x(ue) >0
Xe ‘= .
—1 otherwise.

Let I’ CC I. For all ¢ > 0, the function Y. is constant by part on each prism P € P14(I) and
takes values in {—1,1}. Therefore, for all ¢ > 0, there exists N. € N and z},..., 2 € I’ NeZ such
that

{S,. NI}y = {z2,...,20}. (4.19)
By construction, this implies that x (ue, eTret+20 €3) X (Ue, €Tret+ (20 +1)eg) < 0forn € {1,..., N.}.
From Lemma 4] we thus deduce that

’YRNa = PYR#(SXE N I/) < E‘;?dR(UmI/) ) (420)

and the uniform bound on Eslﬁ;a(us) along with the arbitrariness of I’ allows to conclude that there
exists X € BV (I;{—1,1}) such that

~ L'(I) -

Xe é X

(see, e.g., [, Proposition 5.3])
Step 2. (Closeness of Y. and x(uc))
From continuity of x, we have for P € P14(R), that

X(ue, P) € (-146,1—06) = El%(u., P) > Cs,

€
where Cs a constant depending on §. Let I’ cC I, § > 0 and Cs given by the previous assertion.
We define
P’ = {PePI)|x(u:, P) € (-1+4,1-4)} .
For e sufficiently small, we have
IR = X(ue)| > G} 11 < e4PE < Gt 37 Elh(ue, P) < oC5 Bl 1)
pPep?

Letting € — 0 and with the uniform bound (4.2]), we obtain the local convergence in measure
. ~ 1 _
lim [{[xe = x(ue)| >0} N I'| = 0.
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Additionally, we have ||Xe — x(te)]oo < 2, therefore
Xe — x(us) = 0in L*(I).
([l

We close this section by proving the lower-bound inequality of Theorem (ii). Specifically,
we prove the following result.

Proposition 4.5 (Liminf-inequality). Let I C R be open and bounded. For every x € L'(I) and
every sequence (xz) C LY(I) with xe — x in L*(I), we have that

hmmf&' L(xe, I) > ERMx). (4.21)

Proof. Let (x.) C L*(I) and x € L'(I) be as in the statement. Upon extracting a subsequence it
is not restrictive to assume that

lim inf &% (xe, 1) = lim &% (xe, 1) (4.22)

Then, to prove it suffices to consider the case sup, 561’%()(5, I) < 400, since otherwise (4.21)
trivially holds. This ensures in particular that for every € > 0 we can find u. € SF. satisfying
X(ue) = xe a.e. on I and

EE R(u67 ) 55 R(X67 ) +e. (423)
In this way, we have that sup,., E; 2 (ue, I) < 400, which together with Theorem (i) implies
that x € BV (I;{—1,1}). In view of (£.22)—(4.23) it thus remains to show that

lim El%G(ue, I) > cp# (S N 1) . (4.24)

To this end, write S, NI = {t1,...,tn} for some N € N. Up to passing to a further subsequence
(not relabelled) we can assume that x(ue) — X pointwise a.e. in I. This ensures that for each
1 < m < N, there exist a,,,a}, € I\ S, with a,, < t, & such that x(a,,) # X(a“‘) and

x(ue)(at) — x(ak) € {-1,1} as ¢ — 0. Moreover, for m € {1 ,N — 1} we have a;f; < a,, ;.
Set now zai =e|® iJ € 7. Then we have that x(u.)(a}f) = X(ug)(zgfm) and hence

tim (u2)(22,) = x(a77) € {~1,1}. (4.25)

Moreover, for € > 0 sufficiently small we have that 2., < z
which yields

< 20y forallm e {1,...,N—1},

+
e,m

s R UE’ Z Es R UE’ e,m> 5m+]) . (426)
We now fix m € {1,..., N} and estimate E1 R(ug, (22> Ze,m+])- To this end, we set
o 2 = %m ot 2t — Zem P Zom — Zem
ZE,m T Ze,m +e 26 ’ em " c ) e,m " € ’

and we define v € SF by setting v (e, 2)) := ue ((ev, e(2 + 2c,m)))) for every (o, 2) € £ In
this way, we get that x(v*)(S4,,) = x(uc)(2Z,,) and X(vm)(S;m) = x(22,,). Moreover,

Finally, (4.25) allows us to construct for every ¢ > 0 a functlon v* as in the proof of Lemma
satisfying

=

&

=
Il

g,m

x(a}) forallt > S +1,
x(@")(t) = x(a,,) forallt < S, —
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and such that
with r(e) — 0 as € — 0. Since each v* is admissible for the minimisation problem defining cg, a

combination of (4.27)—(4.28) yields

ligri}(r)lf Eng (us, [z;m7 zjm]) > cr

for every m € {1,...,N}. Thanks to (4.26) and the superadditivity of the liminf we thus ob-

tain (4.24) by summing up over all m € {1,..., N}.
(|

4.3. Proof of the Limsup-inequality. We finally establish the limsup-inequality of Theorem [£.1}
that is we prove the following result.

Proposition 4.6 (Limsup-inequality). Let I C R be open and bounded. For every x € L(I) there
exists a sequence of spin fields u. € SF. with x(u.) — x in L*(I) and such that
lim sup E;Z%(ug, I) < EX(x). (4.29)
e—0
Proof. Let x € L'(I) be arbitrary. If x & BV (I;{—1,1}), then £ (x) = 400 and ([#.29) is trivially
satisfied. Suppose now that x € BV (I;{—1,1}) and write S, NI = {t1,...,tm} with M € N,
t1,...,tpm € Tand ty,—q < t,, form =2,... M. We first consider the case where I = (a,b) C R is

an open interval and we set tg := a, tp;41 := b. Without loss of generality we assume that y = —1
a.e. on (tg,t1). Since I is connected and the t,, are ordered, this implies that y = 1 a.e. on the
subintervals (¢, t;n41) with m odd and xy = —1 a.e. on the subintervals (¢, t;m+1) with m even.

For every € > 0 we set 2z, := {%J and we choose v. € SF with

__ ., pos . __ . mneg _
Ve|Tortzes = U, 1f 22 2 and Vqqze;, = Upp i 2 < =2

such that
E}%(ve,R) < Cr(z) +¢, (4.30)
where Cg(z.) is as in (4.8). Moreover, for each m € {1,..., M} we set 2™ := [2=] € Z and we
define u™ : L4 — S! by setting for every a € {0,¢é;,é5} and every z € Z
2— ™)) ifmis odd,
u(e(a, 2)) == ve((o Zm ") L
Ve (o, 2" — 2))  if m is even.

In this way, each u* satisfies

E;z% (um ezl — 2z, 20" + ZE]) = EllflR (ve, [—ze, ze}) = EllflR(vg, R) <¢gr(z:) +¢. (4.31)

g

Moreover, for m odd the implications

ez >tm +VE = 2> 20+ 2. = ul'(e(a,2)) = uP*(e(a, 2))

4.32
ez <ty —Ve—e = 2<z2"— 2. = u?(g(a,z)) = uneg(s(a,z)) ( )
hold. Similar, for m even we obtain that
ez >ty +vVe = ul(e(a,2)) = u™(e(a, 2
(2(0, ) = 07 (<(, ) s

ez <ty —Ve—e = u(e(o, 2)) = uP(e(e, 2)) .

For ¢ sufficiently small such that

1
\@+5<§min{tm+17tm :m€{0,...,M}}
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this motivates to define u. : £1? — S! by setting for every a € {0,¢é1,é2} and every z € Z

ul(e(a, 2))  ifez € [ty — VE — €, tmy1 — VE —¢€) for some m € {1,..., M},
ue(e(a, 2)) :== Qul(e(e,2))  ifez € (to,t1 —vE—¢),
uM (e(o, 2)) ifez € [ty — VE— €, tpt1).

In this way, (4.32)—(4.33) ensures that

s 4 (ue, T Z E — 20,20 + z¢]) . (4.34)

m=1

Together with (4.31)) and Lemma [4.3 this implies that

hmsupE r(ue, 1) Z lim sup (cR(ze) + 5) = Mcp.

e—0 e—0
m=1

Finally, from (4.32)—(4.33) together with the fact that x(u.)(t), x(t) € [-1,1] we also deduce that
Ix(ue) = xllpr ) < 4Mez. <4AM(\/e+¢e) =0 ase =0,

which concludes the proof. Since the above construction of the recovery sequence is local, in
the case that I C R? is not an interval, we can repeat the above construction on the connected
components of I. 0

5. COMPACTNESS AND RIGIDITY FOR ES(%E

5.1. Proof of compactness and rigidity. As a next step towards the proof of Theorem
we establish a compactness and rigidity result in three dimensions for the chirality variable of
spin fields with equi-bounded energy. We start by proving a compactness result together with an
auxiliary lower bound for the sequences Eg’%% Since the lower bound will be obtained from the
1-dimensional result Theorem [4.1] via a shcmg procedure, it is convenient to first introduce the
following notation.
For ¢ € S? we recall that

e = {y e R*[(y,€) = 0} (5.1)
is the hyperplane orthogonal to ¢ and passing through the origin. Moreover, for any U C R3 open
and y € ¢, we define

Uy ={teR|y+tEcU}.

Finally, for any w : U — R, we define its section w¥ : Ue,y — R by setting
wSY(t) := w(y +t&) forallt € Ug, . (5.2)
We recall that if w € BV (U;{—1,1}), then for every ¢ € S? and H?-a.e. y € II¢ we have that
wSY € BV (Ug y; {—1,1}) with Syey = {t € R: y +t€ € S, }. Moreover,
#(Suer MU JIH0) = [ 0u0), OI4H W) (53)
¢ SwnU

(see [8, Theorem 4.1]). In analogy to (5.2), for any u. : £3? — S! and for H?-a.e. y € I, we
define a function ug¥ : L4 — S' as follows. If y € int T for some T = conv{ei,cj, ek} € T2 with
gi € L2 gj € £242 ek € £293 we set

udY(0,e2) := uc(ei,ez), udY(eéy,ez) :=uc(ej,ez), ul>Y(eéo,e2) = u.(ck,ez) (5.4)

for any z € Z. We are now in a position to state and proof the following result.
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Proposition 5.1 (Compactness and auxiliary lower bound). Let  C R? be open, bounded, and
with Lipschitz boundary. Let moreover R > 0 and let (u:) be a sequence of spin fields u. € SF.
satisfying
sup E??R(ug, ) < 400. (5.5)
e>0
Then (up to subsequences) x(uc) — x in LY(Q) for some x € BV (Q;{—1,1}). Moreover,

18 [ (), ey dH2(y) (5.6)

lim inf E2% (u., Q) > —
€0 €7R( =f) 2 V3 ENaT)

where cr is as in (4.3).

Proof. The proof will be divided into three steps. In the first two steps we establish the compactness
result in a similar manner as Theorem 4.1 (i), that is, by constructing an auxiliary chirality function
and then proving closeness to the original chirality function at the limit. In the third step we will
establish the lower bound (5.6).

Step 1. (Compactness of an auxiliary function) Let R > 0 and let (uc). a sequence of spin
fields satisfying . As in the proof of Theorem (i) we define the sequence (X:)e of auxiliary
functions X. : @ — [—1, 1] by setting

%uyz{l if x(u)(2) > 0,

—1 otherwise.
Let Q' CC Q, and define
P = {P € P3(Q): x(ue, P) > 0 and 3P’ € No(P) with y(uc, P') < o} :

where N (P) := {P' € P34: ’HQ(ﬁOP/) > 0} denotes the set of neighbouring prisms for a given
prism P € P3¢, By definition of Y., for ¢ > 0 sufficiently small we have that

Hx-=uyn@col |J P|. (5.7)
Pep?

Given that any prism P € P3¢(R?) has at most two out-of-plane and three in-plane neighbours,
we can estimate the H? measure of the last set in (5.7) by

3

wlol U P||< (‘2[ v 3) 240 | (5.8)
Pep?

We now estimate the cardinality of P2. To this end, let P € P? be arbitrary. By definition of P?,

there exists P’ € N.(P) with x(uc, P)x(ue, P') < 0. We claim that

E?%(uE,PUP’) > e’min {2,9r} =: %75, (5.9)
where v is defined in Lemmal[£.4] To prove this, it suffices to consider the following two exhaustive
cases. If P = conv{T,T + eez} and P’ = conv{T", T’ + ee3} are in-plane neighbours, i.e., H?(P U

P’) = &%, then by assumption x(ue,T)x(us,T') < 0 and thus the 2-dimensional result obtained
in [0, Lemma 3.2] implies that

5
E*(u, TUT') > 3¢

Therefore we directly obtain that

EB%(UE,PU P/) > EEszd(us,TUT/) > 2.

€

w | Ut
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Otherwise, P, P’ are out-of-plane neighbours, i.e., H2(P N P’) = @52. Without loss of generality
we assume that P’ = P + ees. Then P = conv{T, T’} and thus Lemma [1.4] yields

E3%(ue, PUP') > E¥%(u., P) > e%yR.
This concludes the proof of the claim. From (5.9) we now deduce that
Evp#Pl < Y > E¥(ue, PUP') < BEX(u, ), (5.10)
PeP? P'eN:(P)

where the constant 5 comes from the fact that each couple of neighbouring prisms in P? is accounted
for at most 5 times. Combining and then gives the estimate

5(¥3 +3)
wlol U P|| <222
PeP?

Finally, combining (5.7)), (5.11), and (5.5)) we deduce that there exists M > 0 independent of €’
such that

E% (ue, Q). (5.11)

~ M

H2(0{R- =1} NQ) < —

TR

for e sufficiently small (depending on ©’). Thus, [B, Theorem 3.39 and Remark 3.37] imply that

there exists X € BV (; {—1,1}) such that, up to a subsequence,
~ ~ . 1
Xe X in L ().

Step 2. (Closeness of x(uc) and X.)
In this step we show that

Ix(ue) = Xellzi@) — 0 ase — 0, (5.12)

which together with Step 1 implies that x(u:) — x in L'(Q). To achieve this, it suffices to show
that for every 4 > 0 and every Q' CC , it holds

lim [{I<= — x(u2)] > 6} N €| =0, (5.13)

then (5.12)) follows from the fact that ||x(ue) — Xel[ Lo (@) < 2. Let ' CC Q and ¢ > 0 be arbitrary.
We define the family of prisms

Pl ={P e P2 | x(u, P) € (-1 +6,1-5)} .
Since the volume of a prism P in P34(R?) is |P| = 53@ we have that

3f

{IX= = x(ue)| > 0} N Q| < ==#P2 +1(e), (5.14)

where the remainder r due to boundary effects is a non—negatlve function satisfying r(¢) — 0 as
e = 0. From Remark we obtain the constant Cs and the estimate

Cse®#P2 < > E2%(uc, P). (5.15)
PcP?

Combining [5.14] and [5.15 we get
- 5
X = x(ue)[ > 0} N O] < & Y EXp(ue, P)+r(e).
Pep?

Together with (5.5 this yields (5.13])
Step 3. (Proof of (5.6])
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Let Q' CC Q be an open set, let II., be as in (5.1)) and for H2-a.e. y € I, let u¥* : L4 — St
be as in (5.4). Then for e > 0 sufficiently small (depending on ') the following holds true. Let
T € 724 and br € int T its barycentre; then

E¥ e, | PNQ| =Bl ()eynr) - (5.16)
PeC.(T)

Moreover, since y = E1% (u?, (@), ) is constant on T' we have that

/ EX Qe () eg ) dH (y) (5.17)
T

E;?R(u:&bTa (QI)GB,bT) = |€T f|
re

where |eTyef| = 2{ is the area of the scaled reference triangle By decomposing P3¢ into columns
C.(T) with T varying in T2¢ we finally deduce from (5.16] - ) that

B = 3 B |ue | Pro)> / BN, (S ()., ,)dHA(y)
TeT2d PeC.(T)

Together with Fatou’s Lemma this implies that
4
lim inf B3 (e, Q) > / lim inf B2 (55, (), ) AH2(0). (5.18)
Moreover Fubini’s Theorem implies that for H?-a.e. y € Il we have that x(u¥) = (x(u.))%¥ —

XY in L'(Qe, ). Thus, an application of Theorem (il) yields
lim inf 1% (ul, (Q/)ew) > cR#(SXm N (Q)eay)

for H?-a.e. y € Il.,. Together with (5.18) and ( this gives

4CR 2
75 S o |30 ) P2)

and we conclude by letting Q' 7 Q. O
Based on Proposition we can now prove Theorem i).

Proof of Theorem [3.9(i). Let © C R® be open bounded and with Lipschitz boundary (not neces-
sarily cylindrical) and let (x.) C L'(€) be such that sup, 2% (xe, ) < +00. By definition of
55’7‘%5 this implies that for every ¢ > 0 there exists u. € SF. with y(u:) = x. £3-a.e. on  and
E3% (ue,Q) < E3% (xe,Q) +e. This in particular implies that

lim inf E3% (ue, Q) >

M :=sup Eg’ﬁ{s (ue, ) < 400. (5.19)
e>0

Let moreover R > 0 be arbitrary. Then E3% (uc,Q) > E3%(u,Q) for e sufficiently small and
thus together with Proposition yields the existence of a subsequence (not relabelled) and
X € BV (;{—1,1}) such that x(u.) — x in L}(Q). Moreover, the auxiliary lower bound in
Proposition ensures that

4CR

7
Together with Theorem (iii) this implies that

M > liminf E2% (u., ) > |< (W), e3)|dH? (y) .
e— ’

4CO

M > —\F/ vy (), e3)|[dH?(y) . (5.20)



LAYERED TRIANGULAR LATTICE 25

Since R > 0 is arbitrary this implies that (v, (y), es) = 0 for H*-a.e. y € S, which concludes the
proof. O

5.2. Rigidity in a cylindrical domain. The proof of Theorem Ml) does not require €2 to
be cylindrical. However, in the case that  is cylindrical, the condition (v, (y),es) = 0 enforces
x € BV (;{—1,1}) to be constant (or rigid) in the es-direction. This result together with some
further useful properties of such rigid functions is contained in Lemma [5.2} To prove it, it is
convenient to introduce some notation that we will employ also in Section [6]

For v € S? we let Q¥3? C R? be a cube centred at zero with side-length 1 and two faces
orthogonal to v. Here we use the the convention that for v = (v1,v2,0) = (/,0) with v/ € S! we
choose

Q3 ={z e R |(m, 1) < , [, v ) < &, Iz e0)] < 3,

where vt 1= (=, 11,0) = ((¢)*,0). In this way, we have that
Qu,?)d —_ Ql/ ,2d % ( _ %, %) (521)

with Q”I’Qd as in (3.5). For p > 0 and zy € R?, we also write Qz"n’d = pQ"3¢ and QZ’M(xO) =
pQV 3% + x4 for the scaled cubes with side-length p centred at zero and zg, respectively. Finally,
we set

Qv (o) = Q4 (o) N {&(x — @0, v) > 0}. (5.22)
For yo € R? and 1/ € S' we use the analogue notation Q;/’Qd(yo) and Q;:ﬁd(yo).
Lemma 5.2. Let Q = w x (a,b) with w C R? being an open, bounded set with Lipschitz boundary

and (a,b) C R a non-empty open bounded interval. Suppose moreover that x € BV (Q;{—1,1})
satisfies (vy(x),e3) =0 for H*-a.e. x € Sy, and define X : w — R by setting

a

- 1P
X(y) = 3= / x(y, s)ds
for every y € w. Then X € BV (w;{—1,1}). Moreover, we have that
x(y,t) = X(y) for L*-a.e.y € w and L -a.e.t € (a,b). (5.23)

Finally, for £?-a.e. y € w we have y € J if and only if (y,t) € Jy, for every t € (a,b). In this
case, vy (y,t) = (vx(y),0).

Proof. Let x € BV (€;{—1,1}) be as in the statement. Then (5.3) ensures that for #?-a.e.
y € w the function x, : (a,b) = R, x,(t) := x(y,t) belongs to B%a,b); {=1,1}) and satisfies
#(Sy, N (a,b)) = 0. Since (a,b) is connected, thanks to the Poincaré inequality [5, Theorem 3.44]
this implies that for H?-a.e. y € w the function x, is constant on (a,b) with x,(t) = X(y) for
Hl-a.e. y € w. This shows that X takes values in {—1,1} and .

To show that X is a BV-function, we first observe that ¥ € L!(w). Thus, in view of [5, Theorem
3.9] it suffices to show that there exists a sequence (1b,) C C°°(w) with sup,, \|Vyzzn\\L1(w) < +00
and ||t — Xllzi(w) — 0 as n — co. Since x € BV (Q;{—1,1}) and Q has Lipschitz boundary,
thanks to [5, Theorem 3.9 and Remark 3.22] there exists a sequence (¢,) C C>(Q) satisfying

N :=sup,, ||V 11(0) < +oo and ||[x —n|lL10) — 0 as n — +o00. We then define 1, : w — R by
setting zl;vn(y) = ﬁ f; Yn(y, s) ds for every y € w. Since 1, € C>°(Q), we have that {Z;n € C®(w)
with B

Dtpn 1" On

3yk(y):b—a j ayk(y,s)ds for k € {1,2}.
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Together with Fubini’s Theorem this implies that

- 1 1 N
/w|vy7/’n(y)|dy < m/ﬂ|vy¢n(y»3)|d(y,s) < m/ﬂ Vb ()| dx < b—a

for every n € N. Finally, again by Fubini we have that ||x — {/;,LHLWJ) < 7 llx = Yallri) — 0 as
n — 400, and we conclude that ¥ € BV (w; {—1,1}).

To establish the last part of the statement, we first observe that for Z2-a.e. y € w, every
t € (a,b), and p > 0 sufficiently small such that (¢t — p/2,t 4+ p/2) C (a,b) we can write

_ 1 [tte/2
) = / X(y. ) ds (5.24)
P t—p/2

Let now yo € w be fixed such that (5.24) holds and let ¢y € (a,b). Let moreover v/ € S!,
v:=(v,0) € S?* and let z € {—1,1}. From (5.24) we deduce for p > 0 sufficiently small

1 B 1 to+p/2
7/ o Ix(y)—ZIdy:—g/ . / (x(y,t) — 2) dt| dy
P=JQy 2% (vo) P JQy 2 (yo) | Jto—p/2
1
= Ix(x) — 2| dz,

P Q4% (yo,to)
where in the last step we used again that x is constant in the es-direction. Letting p — 0 and
using the definition of approximate jump points [5l, Definition 3.67] we conclude that yo € Jy with
normal vg(yo) if and only if (yo,to) € Jy with normal vy (yo,t0) = (v%(y0),0). This concludes the
proof. O

6. PROOF THEOREM [3.211)

We finally prove Theorem ii). The proof will be split into two parts establishing separately
the lower and the upper bound for the I'-limit. We start by fixing the following notation.

For n € {2,3} and v € S"! we let HY := {& € R" : (z,v) > 0} and H” := R" \ HY be
the half two spaces separated by the hyperplane II, defined in . Moreover, we let x* €
BVipe(R™; {—1,1}) defined via

(6.1)

, 1 ifre HY,
x(x):{

-1 ifxze H”
be the pure jump function with Sy = 1I,.

6.1. Proof of the lower bound. Throughout this section we assume that (R.). is an increasing
sequence of parameters R, — 400 as € — 0 and we establish the following lower-bound inequality.

Proposition 6.1. Let  C R? be open, bounded, and with Lipschitz boundary. Then for every
x € L1(Q) we have
D(LY)-Tim inf £2%, (x) > £¥(x) ,
e— e

where the energies 563,%%5 are given by ([3.1)) and £3¢ is given in Theorem .

Proof. Let x € L'(Q) and (x.) C L' () with y. — x in L*(Q). Upon extracting a subsequence it is
not restrictive to assume that liminf. 3% (x.,Q) = lim. £3%, (xc, ). It then suffices to consider
the case where sup, 55’7‘%5 (xe, ) < +o0. In particular, for every e > 0 we can find u. € SF.
satisfying x(us) = x. a.e. on © and ES,%%E (ue, ) < 553,%5 (xe, Q) + &. In this way, (u.). satisfies

sup, E3% (uc, ) < 400 and thus Theorem (1) implies that
X €BV(Q;{-1,1}) and (v,(y),e3) =0 H*-ae. on Sy. (6.2)
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For #*-a.e. y € Sy we can thus write v, (y) = (¥} (y),0) with v, (y)" € S! and it remains to show
that

lim B (0 ) 22 [ ) ), (63)
where ¢?¢ is as in (3.7). To this end, we define the non-negative finite Radon measures

Ngd = Z Eg,dRE (’U'E» P)(Sb(T) )
PeP3(Q)

where for any P = conv{T,T + ze3} € P3¢ we denote by dy(7y the Dirac delta in the barycentre
b(T) of T. In this way, we have that

p2(Q) = B¥% (ue, Q) (6.4)
hence the equi-boundedness of Egﬁ.%a (ue, ) ensures that sup, |pe|(£2) = sup, pe(2) < +o00. Thus,

there exist a subsequence (not relabelled) and a non-negative finite Radon measure p such that

fte = pu as € — 0. Thanks to the Besicovitch derivation theorem [24, Theorem 1.153], there exist
two non-negative and mutually singular measures p; and ps such that

I zuj’HQI_SX—i—uS.
In view of , to establish it then suffices to show that
pj(z0) > 2¢0°% (vy(x0)') for H-a.e. zg € Sy . (6.5)
To this end, we choose zy € Sy satisfying

(i) (vx(@0),e3) =0,
. dp (@53 (o))
(i1) pj(wo) = m(wo) = gl_f)r(l) oz
1 1
(iii) hm—/ [x(z) —1|dz=0= hm—/ Ix(z) + 1| dz,
p—0 p ;,id(wo) p—0 p v, Sd(wo)
where v := v, (z9) and Q) 3d(ac0) is as in (5.22). Note that (i) and (iii) are satisfied for H?-a.e.
z9 € Sy thanks to the Beblcovitch derivation Theorem and the definition of approximate jump
point, respectively, while (i) is satisfied for H?-a.e. zo € S, thanks to (6.2). Moreover, since u is a
finite Radon measure, we can choose a sequence p,, — 0 along which /L(@QZfd(xo)) = 0. It is not
restrictive to assume that p, € (0,1) for every n € N. Applying [B, Proposition 1.62 (a)] to the

upper-semicontinuous function with compact support 11—+ and using the convergence . —

Qpy " (20)
then yields

p((@ @) = 1(Q5 (x0) = limsup e (57 (w0) = imsup B, (e, Q52 (a0).
€

e—0

Together with (ii) this implies that

(o) =t Qe (0)

> lim sup lim su B3 (ug, Q2% (x0)) . 6.6
n—+00 p% n—>+o<I>) s—>0p,02 ERE( 1 on ( O)) ( )

Now, we estimate from below the energy in Z’n‘n’d( 0) by the energy in Q). 3d( €) for suitable

sequences (p5). and (2°). such that lim, pS = p,,, lim. 2° = z¢, 2° € £3? and
Pdd(QVBd( 5)) Pdd( 1/3d($0)).

Specifically, writing zo in the basis é1, és, e3 as xg = a1€1 + azés + azes for some aq,as,a3 € R we

consider a a a
1] 4 2| . 3

zf=¢ L—J é1+¢ L—J eg+st—J es.
5 5 €
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(Here we consider é; and é; as elements of R? according to Remark [2.1)). By construction, z¢ € £3¢

and |z —z| < 3e. In particular, z° — xg as ¢ — 0. Moreover, for ¢ > 0 sufficiently small
. d v

(depending on n) we have pf, = p, — 9¢ > 0 and P3¢( Z’; (z%)) C P2YQY3(x0)). By the

non-negativity of the energy this implies that

E3% (ue, @5 (20)) > B2 (ue, Q2 (%)) = Y E3% (ue, P). (6.7)
PeP3(Q> (x¢))

Let now P = conv{T,T + ce3} € Pg’d(QZ’;d(xs)) with T' = conv{ei,ej, ek} and set o = <.
Then pii(P —2°) € P3(Q"*?). Moreover, since & = pya5, < o7, for p, < 1, we have R. > R .
Let us set ve ,(2) = us(x° + p52) for every z € Eg% and ' := B+ e3 for 8 € {i,j,k}, so that
T := conv{ei’,ej’,ek’} = T + €e3. Then we have

Eg’fiRE (ue, P) = &* <|u5(52) + e () + ue(k)|? + |ue(ed') + ue(e5') + ue (5l<:’)|2

PR o) - uel )

Bedi gk}
> (p505)? (|us<sz'> e (ed) e (k) 2+ e (e) + ue () +ue (k)2 O
PRy S (o) - ue )
Be{i gk}
— (PEY (v (P - 1),
Summing up over all prisms P € Psd(Q;f;d(xE)) and using (6.7)) yields
iESd (u QV,Bd(x )) > (PZ)QE:M (v Qu,sd) (6.9)
P% e, R \Yer wp, 0/)) = p% o Rg \Unes . .

Finally, thanks to (iii) and the fact that y(u.) — x in L'(Q) we have that y(v.,) — x” in
L' (Q"39) as first ¢ — 0 and then n — oo, where x” is as in (6.1)). Thus, combining and (6.9),
a diagonal argument provides us with a sequence o, := o — 0 such that vy, := v, »,, satisfies
X(Vm) = x¥ in LY(Q¥3%) as m — 400 and

(o) 2 limint B3 (0, Q).

In particular, we have that

pj(x0) > inf { lim inf B35 (ve, Q)2 vy € SFo, x(vs) = X" in L1(Q")}
and thus follows from (i) together with Lemma [6.2] below. O
Lemma 6.2. For any v € S? let " is be as in and let

Y(v) := inf { ligri)iélf E?ﬁzs (Ue, Q”’Sd): ue € SFe, x(us) — x¥ in Ll(Q”73d)} .
Then ¥ (v) > 2024 (V") for all v = (V',0) € S N11;.
Proof. Let v = (v',0) € SNTl,, and let us choose u. € SF. with x(us) — x” in L'(Q"*?) and

V() = lim B (1., Q). (6.10)
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which is always possible up to passing to a subsequence. Moreover, we choose a sequence o, with
0. = +o0 as € — 0 and
oellx” — X(UE)”LI(Qu,Sd) —0 ase —0, (6.11)

and we consider the perturbed energies
F (U57 QV’?)d) = Esz-ta (uea QU’Sd) +oe|x” — X(us)HLl(Q"ﬁd) .
In this way, (6.10) and (6.11) ensure that
= lim F, v3d 12
w(l/) sl—IR) €(u€7Q ) ) (6 )

and it remains to estimate F.(u.,@">?). This will be done by slicing Q¥*3? vertically into shifted
copies of Q”/’2d (which is possible thanks to (5.21))) and select a slice of minimal energy. To this
end, for every m € Z, we let

Sem = {aj € Q™30 < (z,e3) < 5} + emes

denote the slice of Q3¢ of thickness ¢ between emes and £(m + 1)ez. Recalling that Q*3¢ =

QV'2d x (—%, %), we observe that for any m € {—L%EJ, LiJ} the slice S. ,, contains exactly one

layer of prisms in P3¢(Q"3¢), hence
L]
(e, Q%) > 30 (B (ueSem) + 0l — x()lrson) - (613)
m==| %]
Moreover, we observe that for any m € {—|%|, |5 |} and any prism P = conv{T,T + ee3} €
P34(S, ;m) with T = conv{i, j, k}, we have
B2 (e, P) 2 & (Jue(3) +12(3) + uc(k) + [ucli + ces) + ue(j + ces) + ek + ces) ?)
= B2 (ue, T) + eE2%(ue, T + ce3) .
Summing up over all prisms P € P3¢(S. ,,,) this gives
B2k (e, Sem) > e B2, Q72) + e B2 ("1, Q1 24), (6.14)

where for any 2 € Z we define u? : £2¢ — S! by setting uZ(cq) := u.(eq, 2) for every a € £24. In
addition, we know that the restrictions x(uc)s.,, and sts,m are constant in the es-direction by
definition. Consequently, using Fubini’s theorem, we can write

=t = [ ([ W) - X+t d22) ) a
‘ (6.15)

=< [ W XD = XD gy

where XU/ is defined according to with v replaced by v’. Combining this with and
yields
[2=]
F(ue, @) > ¢ (B2 uz, @) + B2 (w1, Q7 21) 4 o |x” = () grr a0 )
m=—|5|
ls=1-1
>e Y (2B, Q) + ol — Xl s guras))

=

(6.16)
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Now, for each ¢ > 0 there exists m. € {— |5, ..., | 2]} such that
2E2 (ul", QV/Qd) +oellx” - X)Ly 2a)
> 2B2 (ul", Q2N + oo X = x(ul)| i (gurzay  (6.17)

for all m € {— L2—1€J +1,..., LéJ — 1}. Note that

#{= R+ [ - =2l -2 2R

€
Thus, a combination of (6.16]) and (6.17)) yields
Fufe, @734 2 (1= 3) (224w, Q7 2) + 0ul” = X prgrsny) - (619)

Finally, thanks to (6.12)), the non-negativity of E2¢, and the fact that o. — +oo as ¢ — 0, we
deduce from (6.18)) that

||XV, = x(ul")|l 1 (qvr2ay > Oas e — 0.
Consequently, Theorem implies that

.. 2d(, me. ',2d > Tim 2d me v',2d > 2d (. 1 1_ .2 o
llgll}(r)leE (ul,Q )_hrgn_}(r)lf(‘)E (x(ul*), Q" *%) > g ,mQy/ymgo (V') dH = o** (V)

(6.19)
Finally, combining (6.12)), (6.18)), and (6.19) gives ¥(v) > 2¢?4(v/), which concludes the proof. [J

6.2. Proof of the upper bound. It remains to prove the I-lim sup inequality in Theorem [3:2]in
the case that € is a cylindrical domain as in (3.9)).

Proposition 6.3. Suppose that Q = w x (a,b) C R? is as in (3.9). For every x € L*(Q) we have
D(LY)-limsup £2% (x) < £%(x),
e—0

where £3% is given in Theorem and 55’7‘11{6 is defined in (3.1]).

Proof. It is not restrictive to assume that x € BV (Q2;{—1,1}) and that (v,,e3) = 0, since oth-
erwise £3¢(y) = +oo and there is nothing to prove. Let now X be as in Lemma Since
X € BV (w;{—1,1}), Theorem [3.1| provides us with a sequence of spin fields u. : £2¢ — S! satisfy-
ing x (%) — X in L'(w) and

1
lim E?%(u,,w) = / * vz (y)) dH = 7/ o(vy)dH?, (6.20)
JzNw 2(b—a) J N8

e—0

where the second equation follows again from Lemma and the definition of ¢(v,). We now
define u. on L3¢ by setting u.(eq,ez) := u.(ea) for any (a,z) € £2¢ x Z. In this way, for any
P = conv{T + cze3, T + &(z + 1)e3} with T € T2%¢(w) we have that x(uc, P) = x(%u.,T). Since in
addition for any y € T' we can write

N 1 b £(2+1)
X)) =3—2 ’ x(y,t)dt = g/sz x(y,t)dt
we find that

Ix(ue) = xllrpy = ellx(@e) = Xl 21 (7) - (6.21)

Moreover, by construction we have that

E¥, (u.,P) = E(Egd(ag, T+ ezes) + B2, T +e(z + 1)63)) . (6.22)
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Since P3%(Q) is contained in the family of sets conv{T + eze3, T + (2 + 1)es} with T' € T2%(w)
and z € {LgJ e, LEJ }, summing up (6.22) over all prisms P € P3(Q) yields

]
Bl (ue, @) <e > >0 (B2, T +ezes) + B2, T+ (= + 1)es) )
L%J TeT2d(w) (6.23)

<2e(|8] = 2] + 1) B2(0,w).
Combining (6.20) and (6.23)) and letting ¢ — 0 finally gives

limsup E2%, (ue, Q) < 2(b — a) lim E24(7.,w) = / o(vy)dH? . (6.24)
e €0 JNQ

e—0

Thus, to conclude it suffices to show that y(ue) — x in L(Q). Using that ||x(us) — x|z~ < 2 we
obtain

Ix(ue) = xlleey < D Ix(ue) = xlloip) + 227 (Q\ U P> : (6.25)
PeP3i(Q) PeP34(Q)
Thanks to (6.21) the first term in (6.25)) can be estimated via
S ) =Xl <e([2 - 12 +1) > (@) — Rl
PEP3d(Q) TeT24(w) (6.26)
< (b—a+2e)|x(ue) = Xl (w) -

Moreover, since € is bounded and has Lipschitz boundary, the two-dimensional Minkowski content
M?2(09) of 9 coincides with H2(02), which in turn implies that

3 (Q\ U P) < ceMP(00) = ceH?(00) (6.27)

PeP3d(Q)
for some ¢ > 0 and e > 0 sufficiently small. Gathering (6.25)—(6.27) and recalling that x(u.) — X
in L' (w), we finally conclude that x(u:) — x in L'(Q). O

Remark 6.4 (Lack of a density result for rigid jump functions). The assumption of Q being cylin-
drical was essential to employ the two-dimensional result Theorem [3.1] to construct a recovery
sequence. For general bounded Lipschitz domains @ C R3 a standard approach for construct-
ing a recovery sequence would consist in first constructing a recovery sequence for functions
X € BV(Q;{—1,1}) whose jump set is polyhedral and then argue via density. However, even
though [13, Theorem 2.1] provides an approximation result for finite partitions in terms of poly-
hedral partitions, keeping the rigidity constraint (v,,es) = 0 in the approximation procedure is in
general not possible.

7. PROOF OF THEOREM [3.4]

This section is devoted to the proof of the dimension-reduction result. Recall that M € N
is fixed, w C R? is a bounded open set with Lipschitz boundary, and for each ¢ > 0 we have
QM :=w x (0,(M + 1)e). Also recall that for any u € SF. we have set

EM(u,w) = Z (E?d(u,T) + E?(u, T + ce3) + ¢ Z lu(e(B +e3)) — u(56)|2> , (7.1)
PeP2HQY) pefigk}
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where we use the convention P = conv{T,T +ces} with T' = conv{ei,ej,ek}. Similar to [2], it will
be convenient to associate to any function u : £3¢(QM) — S! functions u’ : £2¢(w) — S* defined
for £ € {1,..., M} by setting

u' (@) = u(a,el) for all o € L2 (w). (7.2)

Note that in this way we have that x(u’) = x*(u) for each ¢ € {1,..., M}, where x*(u) is as
in (3.11)). Moreover, we can rewrite EM (u, w) as

EM(u,w) = E*'(u",w) + B2 (u Z 2F2(uf, w)
(7.3)

YT Y e (@),

=1 TeT2(w) acL2d(T)

Note that for T' = conv{ei, ej, ek} € T24(w) we have L£24(T) = {ci,cj, ek}, so that (7.3) is indeed
consistent with the definition of EM in (7.1). We now proceed with the proof of Theorem

Proof of Theorem[3.4)(i). Let (x.) C [L'(w)]™ be such that sup, EM(y.,w) < +oco and for each
e > 0 let u. € SF. be such that x‘(u.) = x¢ a.e. on w for all £ € {1,..., M} and such that
EM(u.,w) < EM(x.,w) + . Then equi-boundedness in energy of x. ensures that
sup EM (u.,w) < +o0. (7.4)
e>0
Below we first convert the energy EM (u.,w) supported on the thin domain Q into a fully three-
dimensional energy on the thick domain Q* := w x (0, M) and we obtain a compactness result for
an auxiliary chirality variable in L'(Q™). Based on this, we will establish the compactness of x..

Step 1. (Compactness of an auxiliary variable in L!(QM))

As common in dimension-reduction problems, in this step we transform our energies EM defined
on the thin domain Q¥ into energies on the thick domain Q* by defining suitably rescaled spin
fields ve. Specifically, we would like to obtain spin fields v. € SF. satisfying for any ¢ € {1,..., M}
and any o € £24(w)

ve(a,e2) = ul(a) forall z € (&) +1,..., 4]} (7.5)
This can be done by setting v («,ez) := u. (o, e[ez]) for every (a,ez) € £3d. For any z € 7Z set
w? 1= w X [z, z + 1]; then the definition of v, implies that for any z € {{<2] +1,..., 4]}
x(ve, P) = x(ut, T) = x*(uc, T) for any P = conv{T, T + ce3} € Pgd(wj) . (7.6)
We next show that
E3 (v, QM) < 2B (u.,w). (7.7)
In view of (7.5)) it is convenient to split Eg’dl (ve, QM) into the energetic contributions of v. on each
layer w?. Indeed, since P34(QM) can be decomposed into P3%(w?) with z = 1,...,[%] — 1, we
find that
L)1

B (02 0Y) = 3 B2 (ve, )
z=1
Mo L)1 M-1
= Z B (0e,w2) + 3 B2 (ve,wt?),
/=1

=1 z=|_ ]+1

€
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and we estimate the two terms on the right-hand side of ((7.8)) separately. To estimate the first term,

let £ € {1,...,M} befixedandlet z € {| ==L ]+1,..., [£] -1} and P = conv{T, T+ees} € P34(w?)
be arbitrary. Then (7.5)) implies that

Egdé (ve, P) = B3 (v, T) + B3 (v., T + ees) = 2e B2 (ul, T — ze3) .
Summing up over all P € P3¢(w?) thus yields E3 (ve, ?) < 2eE%4(ul,w), hence

L£)-1

Z E (vE, Z) < 25({ | - 1£2] - 1)E§d(uﬁ,w) < 2E?(uf,w). (7.9)
a=| 241
To estimate the second term, let £ € {1,.. —1} and P = conv{T,T + cez} € P>%(ws L2 J) be

fixed. In view of (7.5) we have that
EX (0., P) = eE2 (ul, T — [£]es) + e B2 (uft!, T — [L]es) +2 Y |ult(a) — ul(e)]*.

ae24 (T Jes)

Summing up over all P € P3%(w; L£ J) this gives

B9 (o)) < Bl + B0 1YY et ) —al@f . (70)
TeT2(w) aeLl24(T)

Combining (7.8)—(7.10) and taking into account (|7.3)) we infer
Efjﬁ(ve,QM) (1+¢)EM (ue,w) + 26 E*(ul, w) + 2e B2 (uM W) < (1 +2¢)EM (u.,w).

In particular, we have that sup, E3 L (ve, QM) < +o00. Thus, applying (i) in Theorem with the

diverging sequence R, = % we deduce that up to a subsequence (not relabelled) x(v.) — X for
some X € BV (QM;{—1,1}) satisfying (v5(y), e3) = 0 for H*-a.e. y € Sg. For every £ € {1,..., M}
we define ¢ : w — R by setting

¢
() = / X(y,t) dt for H?-a.e. y € w,
-1

Step 2. (Convergence of x% to x
We finally show that x‘(u.) — x* in L!(w) for every £ € {1,..., M}. Since x*(u.) = x* a.e. on
w, this concludes the proof. Let £ € {1,..., M} be fixed; by definition we have that

W) =l = [ oo - [ xwnaas [ ([ o - xoola)

X
< % /( /E(Hl)mwe)(y,t)>z<y,t>dt)dy
=l

+/w (/;E'ZEIJl X (ue) (y) %(y,t)|dt) dy,

then Lemmaensures that X' = X =xM € BV(w;{—1,1}) for each £ € {1,..., M}.
D)
‘

(7.11)
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where in the last step we used (7.6)). Since both x‘(u.) and ¥ take values in {—1,1}, the last term
on the right-hand side of (7.11) can be estimated via

/w (/;VEIJl X (ue)(y) = X(y,1)] dt> dy < 2% (w) .

-1
Thus, (7.11)) implies that
X () = X1 w) < Ix(02) = XLt @x (e-1,0) + 2627 (w) — 0 ase =0,

which concludes the proof. |
We close this section by proving Theorem ii).

Proof of Theorem[3.4)(ii). Let x = (x*,...,x™) € [L*(w)]™ and (x.) C [L'(w)]M with x. — x
strongly in [L'(w)]M. We claim that

lim i(r)lf EM(xe,w) > EM(x). (7.12)
E—

Upon passing to a subsequence (not relabelled) we can assume that the liminf in (7.12)) is a limit
and the sequence (x.) satisfies sup, EM (x.,w) < +00, since otherwise (7.12)) trivially holds. Then
Theorem [3.4(1) implies that

X'=xt=...=xMeBV(w;{-1,1}). (7.13)

Moreover, for any ¢ > 0 we can find u. € SF. with x*(u.) = x(uf) = x¢ for all £ € {1,..., M}
and EM (u.,w) < EM(x.,w) + ¢. Together with (7.3)) this implies that

M-1
M (xew) 2 B2 (ul,w) + EX(ul) + 2 ) E2(uf,w) —e, (7.14)
(=2

where u! is defined according to (7.2)). For any ¢ € {1,..., M} we can now apply Theorem [3.1| to
obtain that

lim iglf E?(ul,w) > liminf £2¢(x%, w) > /
e— e—0 SXIZ Nw

G (1) dHM ) = / G (i) A (y)

SXI Nw

where the last step follows from ([7.13)). Summing up over all £ € {1,..., M} and using (7.14)) this
finally yields

lim iglesM(Xs,w) >2(M — 1)/ gozd(z/xl) dH'(y),
e—

le Nw

which proves (7.12)).

Let now x € [L}(w)]™ be arbitrary and let us show that there exists (y.) C [L(w)]™ with
Xe — X strongly in [L'(w)]™ and
limsup £ (o) < £ (1) (7.15)

e—0

It is not restrictive to assume that x = (x!,...,x™) satisfies (7.13), since otherwise (7.15) is
automatically satisfied. Moreover, in view of Theorem there exists a sequence of spin fields
u. € SF. such that x(u.) — x! in L!(w) and

limsup B2 (u.,w) < / P* (1) dH . (7.16)
leﬁw

e—0
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We now define v, : £2¢ — St by setting v (e, 2) 1= uc (e, 0) for all (o, z) € £24 x Z. Moreover,
for every £ € {1,..., M} let x¢ := x(u.). In this way, we have that x! = X (Ve)jwxee,e+1) for every
¢ € {1,...,M}. Hence, by definition of EM in (3.12) we have

EM (xeyw) < BM(ve,w) = 2(M — 1) EZ(ue, w) , (7.17)

where the last step follows from ([7.3]) together with the fact that v.(ea,e(z + 1)) = v.(ea,ez) for
all (o, z) € £2? x Z. Combining (7.16) and (7.17) finally gives

limsup EM (., w) < 2(M — 1)/ P* ) dH = EM(x),
e—0

le Nw

and we conclude by observing that x! = x(u.) — x' = x* in L' (w) for all £ € {1,..., M}, hence
xe = xin [LH @), -
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