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Abstract

We study the regularity of minimizers of one-dimensional convex functionals F(u) : BV (I;R*) —

R with linear growth with respect to u’ and an L' fidelity term / |u — w| dz. We prove

I
that minimizers are of class C1(I;R*) whenever w is sufficiently small either in L> or in
L', with thresholds independent of the length of the interval. In the case of the relaxed
length functional, this provides a positive answer to De Giorgi’s conjecture [§] under the
weaker assumption of smallness in the L' norm.
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1 Introduction

Variational problems involving convex functionals with linear growth arise in several contexts,
ranging from image processing to free-discontinuity problems. In this setting, one of the main
issues concerns the regularity of minimizers of relaxed energies defined on spaces of functions
of bounded variation.

In this paper we consider the functional

b b
F(u):/ gb(\u’])dx—l—\DsuKa,b)—i—/ lu— w| dx,

defined for u € BV (I;R¥), where w is a prescribed datum, and ¢ : [0, +00) — (0,400) is a
strictly convex function of class C'! with linear growth at infinity. Here u’ denotes the absolutely
continuous part of the distributional derivative of u, while Dsu denotes its singular part. The
functional F is convex (although not strictly convex), coercive and lower semicontinuous with
respect to the L!-topology. Therefore, minimizers exist in BV (I ;]Rk), although uniqueness
cannot in general be expected. A natural question is whether minimizers exhibit a stronger
regularity. Our first result shows that the C! regularity holds whenever the datum w is suffi-
ciently small in L°°, with a threshold depending only on the integrand ¢ and independent of
the length of the interval I = (a,b). More precisely,
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Theorem 1.1. There exists a constant v > 0 independent of I and depending only on ¢ such
that the following holds: for all w € L>®(I;RF) with ||w||p~ < v minimizers of F are of class
CHI;R¥).

The independence of the constant v from the interval I is particularly relevant, as we will see
in the following.

Our second result further weakens the assumptions on the datum. Specifically, we prove that
it is sufficient to require the smallness of w in the L'-norm.

Theorem 1.2. There exists a constant 5 > 0 independent of I and depending only on ¢ such
that the following holds: for all w € L*(I;RF) with ||w| ;1 < A minimizers of F are of class
CH(I;R¥).

In the particular case ¢(t) = v/1 + t2, F is related to the area functional. Namely, given  an
open bounded subset of R” and a map u € C(£; Rk), the area functional measures the area of
the graph of u. The relaxation of this functional has been extensively studied in the literature,
mainly due to its application to the Cartesian Plateau problem; see, for instance, [II 6, [§].
In the one-dimensional setting, the area functional naturally reduces to the length functional
Ay (u), measuring the length of the generalized graph of a given curve u in R¥. Specifically,
given an interval I = (a,b), for every u € BV (I;R¥), the relaxed length functional with the
fidelity term in L' is

b b
Aw(u):/ \/1+]u’|2dx+|Dsu](a,b)+/ lu — w| dx,

where w € L>(I;RF) is a given map acting as fidelity term. As already observed, multiple
minimizers may exist. According to De Giorgi [§], its conjecture asserts that minimizers are
of class C! if the L>®-norm of w is sufficiently small. More precisely, the conjecture reads as
follows:

Conjecture 1.3. There exists a constant v > 0 independent of I such that the following holds:
for all w € L®(I;R*) with ||w||p~ < v minimizers of Ay, are of class C(I;RF).

In [5] we addressed a variant of this conjecture: starting from an Ambrosio—Tortorelli-type
functional, and under suitable conditions on the fidelity term, we proved that its minimizers
are Sobolev-regular and that the same regularity property is inherited by its I'-limit. As a

L L )1/2} such

corollary, we obtained the existence of an explicit constant f = min{ T8 68(b-a)1/2

that for every w € L?(I;R") with ||w| ;2 < B, the unique minimizer of
b b
/ 1+ [WPdz + | Daul(a,b) +/ lu— w|? da
a a

is of class C'1(I;R¥).
We emphasize that this variant differs from the original conjecture in two respects: first, the
presence of the exponent 2 in the fidelity term (namely, the squared L?-norm of w — u in place
of the L' term), and second, the explicit dependence of 3 on the interval I for large domains
(specifically, for b — a > %). On the other hand, the result contains the weaker assumption
that w has a small L?-norm, rather than a small L>-norm.
We also point out that Conjecture has recently been tackled in [4] with techniques different
from those in [5], although the proof still requires the constant 5 to depend on the interval I.
In this work we make an incremental step toward the original De Giorgi conjecture in the one-
dimensional case, obtaining a result that removes the dependence of 8 on I and thereby refines
the contributions in [5, 4]. Furthermore, Theorem shows that the regularity conclusion
remains valid under a different smallness assumption on the fidelity datum: it is enough to
require the L'-norm of w to be sufficiently small, instead of assuming smallness in the L>



topology as in Conjecture [1.3] Therefore, our result provides a positive answer to De Giorgi’s
conjecture under a weaker norm assumption on the datum. On the other hand, we emphasize
that Theorem does not follow from Theorem [1.2] since for large domain b —a >> 1 the
smallness in L™ does not imply the smallness in L'.

In order to prove our main results, we first select a minimizer @ of F and introduce the functional
F given by Fy(u) = F(u) + A f; |u — u| dz. This energy has as unique minimizer u; in order
to prove regularity of u we regularize F introducing, for a parameter € € (0, 1), the functional
Fz in , which we will prove to I'-converge to Fy (as ¢ — 0). Hence we prove uniformly
a-priori estimates on the W1 *-norm of minimizers of F: ) to obtain that similar estimates are
satisfied by u. In this strategy, some additional effort is due to the presence of ¢, which is not
C? and for this reason has to be regularized as well (see Section .

The paper is organized as follows: in Section [2| we introduce the setting of the problem and
prove, using the regularizations of F,, the aforementioned a-priori estimates needed to prove
Theorem In Section [3| we assume w merely in L', and following a similar strategy (which
differs a bit from the one in Section , we show the counterpart a-priori estimates. With these
at our disposal, we can conclude the proofs of our main results in Section

2 Preliminary results

This section collects the notation, assumptions, and preliminary results that will be used
throughout the paper.
We consider a one-dimensional setting, where I := (a,b) represents the domain of interest. We
use standard notation for Sobolev and Lebesgue spaces. If y is a Radon measure with bounded
total variation, we denote by |u|(a,b) its total variation on (a,b).
Let u € BV (I;R¥) be a map. We denote by Du the distributional derivative of u, which splits
as

Du = Vu+ Dgu,

where Vu is the absolutely continuous part of Du with respect to the Lebesgue measure £!,
and Dgu is the singular part of Du. For a detailed study of the properties of BV functions, we
refer to [2]. Moreover, a comprehensive introduction to I'-convergence can be found in [7].

2.1 The function ¢

We now discuss the main properties of the integrand ¢ and establish the auxiliary estimates
needed in the sequel (see Theorem .

Let k > 1 be an integer and w € L>®(I;R¥). We assume that ¢ : [0, +00) — (0,40c0) is a
strictly convex function of class C? satisfying ¢'(0) = 0 and lim;_, 100 ¢(t)/t =: 0 € (0, +00).

Lemma 2.1. Let ¢ : [0,+00) — (0,+00) be a strictly convex function of class C' such that
¢'(0) =0. Then
0(t) = te'(t) — o(t) + 6(0)

is increasing and 0(0) = 0. In particular,

lim 6(t) =:¢ > 0.
t——+o0
Proof. The identity 6(0) = 0 follows immediately from the definition of . Let 0 < s < t. To
prove that 6(t)—6(s) > 0, it is sufficient to combine the inequality ¢(s)—o(t) > ¢'(t)(s—t) with
the relation ¢'(t) > ¢'(s), which follows directly from the strict convexity of ¢. Consequently,
since # is increasing on [0,+oc) and 6(0) = 0, using the strict monotonicity of ¢ and that
¢'(0) = 0, it follows that 6(¢) > 0 for all ¢ > 0, which directly implies that lim; 1 6(¢) > 0. O



We observe that the hypothesis that lim; 4o ¢(t)/t = 0 < 400 implies that ¢ has a linear
growth, i.e.,

¢(t) < ¢(0) + at,

for all t > 0. The hypothesis that ¢(0) > 0 also implies that there is a constant ¢ € (0, 1] such
that

o(t) > ot
for all ¢ > 0. The prototype energy we have in mind is
o(t) =V 1+t2,
for which one takes 0 = 6 = 1. Eventually, we notice that it can be also £ = +oc and we set
¢g :=min{/, 1}.

In the case ¢(t) = V1 + t? it is easily seen that £ = ¢, = 1.

2.2 Perturbation and regularization of the functional F

In this section, we introduce the functional F, whose minimizers are the main object of our
regularity analysis. To this end, we first define the perturbed functional F,, whose unique
minimizer is a given minimizer @ of F, and then approximate it by the regularized functionals
Fz . Uniform W12 a priori estimates for the minimizers of Fe .\, together with I'-convergence,
allow us to deduce the regularity of .

Let us introduce the functional

b b
f(u):/ (1)) da:+|DSu](a,b)+/ -

for u € BV (I;RF). By standard arguments, it is straightforward that F admits minimizers in
BV (I;RF). By a truncation argument we have:

Lemma 2.2. Any minimizer u of F belongs to L>°(I;R¥), and satisfies ||i| = < ||w|/p=. In
particular

min{F(u) : v € BV(I;R")} = min{F(u) : u € BV(L;R¥), |ju|p~ < |Jw|/g=}.

Proof. Let u € BV (I;RF) be a minimizer of . We set M := ||w||z~ and define the truncated
function v € BV (I;R¥) as:

0 otherwise,

. {mﬂﬂ!)%,, if 1 # 0,

where Ty(p) = min{p, M}. Observe that v' = 0 a.e. on Ej; := {|u| > M} and moreover
|Dsv|(I) < [Dsul(I); (2.1)

furthermore it is easy to check that, since |w| < M a.e., it follows

b b
/ lv —w| dx S/ |t — w| dz, (2.2)

and strict inequality holds if |Eys| > 0. Finally, recalling that ¢ is strictly increasing, we get

b b
/ o(|v')) da < / o(@)) da. (2.3)



Hence, combining (2.1)), (2.2)) and ({2.3]), we obtain
F(v) < F(w),

if |Ep7| > 0. This contradicts the hypothesis that w is a minimizer; thus, |Ej| = 0 and
@ € L>®(I;R¥). In particular,

[@]l Lo < [Jwl| oo (2.4)
O

Let % be a minimizer of F and, for a real number A > 0, consider the perturbed functional

b
Fo(u) = Fu) + )\/ @i da.

Notice that % is the unique minimizer of Fy. Indeed, we have
Fala) = F(u) < F(u) < Fx(u) for all u # .

Furthermore, given a parameter ¢ € (0,1), we also consider the regularized functional F; ) :
LY(I;R¥) — [0, +00] defined, for all u € H'(I;R¥) by

b b b b
'BAW):/mMWWdI+;/QWde+/‘m—uM“dz+A/u—m“ﬂm,

and defined as +oo on L'(I;RF)\ H(I;R¥). As we will prove, the functional F. \ I'-converges
with respect to L!((a,b)) to the functional Fy as ¢ — 0. Hence, we proceed to study the
minimizers u. y of .y and then pass to the limit to recover properties of the minimizer u of

Fi.

2.3 A regularization of 7. ,: the functional F. ),

In this section, we introduce a further regularization of F; , denoted as F; ), by replacing
the integrand ¢ with a suitable C? approximation. This additional regularization is required
since ¢ is only of class C*.

We extend ¢ to R by symmetry with respect to the y-axis and define

. z+h
o=y [ o) ds

Observe that

Gy = N0 Gy SCIN )

Moreover, ¢y, is increasing on (—%, +00), while for z < —% it is decreasing. Furthermore

Oh(=5) =0.
We also define

() = on (Z - g),

and observe that ¢, € C*(R) and ¢} (0) = 0. Moreover, ¢p, — ¢ in CL (R) as h — 0T.
We introduce

b b b b
FE,A,h(u):/ on(ju]) d:c—&—é/ |u’\2dx+/ ]u—w[1+5dx+/\/ lu — | da,

defined for v € H'(I; R¥).



Theorem 2.3. The functional F; »p admits minimizers uy, in W2ee (T, Rk) for every e, A\, h >
0, with ||up||p~ < ||w||L, and each of it satisfies the Euler—Lagrange equation

/ -
I (i +20h) = (o) | Bt =l A S =i | (25)
with Neumann boundary conditions
up(z) =0 for x € {a,b}. (2.6)
Furthermore, there exists a constant C > 0 independent of h such that
[unllwze < C. (2.7)

Proof. Let (uj) € H*(I;R¥) be a minimizing sequence and assume without loss of generality
that for all 7 > 1

Fean(uj) < m.
Thus from ;/W;]Qdaﬂ < m we get
I

[l 2 < C.

Using that u,w € L>(I; R¥) together with ||u||z < ||w| L=, by a truncation argument similar
to the one applied in Lemma [2.2] we might assume

gz < [Jw][zoe.
Therefore,
lujllzr <C V)
and up to a subsequence, u; — u weakly in H(I; R¥). Weak convergence in H'(I; R¥) ensures
ol < T o

and, as a consequence, we have

5 W@ de < tmint S [ @) e (2.8)

Moreover, by the Rellich Theorem, u; — u strongly in L'*2(I; RF) which in turn implies

b b
/ lu — w|'*e dz = lim / luj —w|*e da,
a a

j—+oo
b . (2.9)
)\/ lu — [T dz =\ lim / luj — u|'e du.
a J—=toe Jg
Finally, since u}; — v/ in LY(I;R*) and ¢p,(u') is convex with respect to u/, we obtain

b b

/ on(|u']) do < liminf/ on(|ujl) da. (2.10)
a J7Foo Jg

Collecting ([2.8)), (2.9) and (2.10]), we conclude that

]'—a,)\,h(u) < hminf }—a,)\,h(uj)
J—+oo



and v is a minimizer of F; ) p.
We now proceed to prove the second part of the statement. Let uy be a minimizer of the
functional. Again from a truncation argument, we get

lunllpee < [lwlzee.

By standard computations we obtain that the weak form of the Euler-Lagrange equations is

/

b
0= [ (h(uipr +euh) ' do
a ‘uh’
b ~
Up — W up — U ~
+(1+6>/(hIuh—wl"fﬂf%!uh—ula)'@dw’
a h up, — ul

valid for all ¢ € H(I;R¥). Define ¥, : RF — R* as Uy, (p) := ¢}, (|p|)|p‘ + ep where ¥, (0) = 0.
Since ¢, € C? and ¢}, (0) = 0, Taylor’s expansion gives #),(Ip|]) = o(1) as p — 0. Therefore, ¥y,
is continuous in 0. Moreover, writing ¥y (p) = |p‘ (@5, (Ip|) +€lp|) it is easy to see that Wy is

surjective, we get ¥;, € C1(R*\ {0}) and

V) = o) L & Lot h) (| )+eld

We show that Uy, is injective. If Uy, (p1) = ¥ (p2), from the definition of Wy, it is easy to verify
that po = tp1, for some t € R. Hence, we deduce

&n(tp1]) + elprlt = @), (Ip1]) + €lpal,

and this implies ¢ = 1, because |p| — ¢}, (|p|) + |p|e is strictly monotone. Moreover, ¥, ' €
C1(R¥\ {0}), its derivative is bounded, and W, is continuous in 0. Indeed, passing in polar
coordinates, a straightforward computation shows that

IVEL(p) | > V2e,

and therefore, by the inverse function theorem, we get

IV W) < ¢1§ vy e R\ {0}, (2.11)

Consequently, \Ifgl is Lipschitz continuous with Lipschitz constant at most 1/+v/2¢.

Now, from ({2.3)), we have

d b
< - —\Ilh(uﬁl),gp> =(1+ s)/ F(up)p dz for all ¢ € HY(I;RY),

where F(up) = =% |y, — w|® + A =% |y, — 4|5, Using (2.3) and the assumption w €

lun—wl un—ul

L>(I;R¥), we deduce that F(uy) € L°°(I;R*) and, by comparison

d (o]
%[\Ilh(u/h)] € L™(I;RY)
and hence
Uy (uh) € WHoo(I; RF). (2.12)

Hence, from (2.12) and (2.11]), we get u}, € Whoo(I; R¥), and in particular

14+¢ 14+ A
[upllpe < VR [ (un) | oo <4\/§€ [wl|Zee,

(2.13)



for all e, A\, h € (0,1). This, together with (2.3)), implies
up, € WA=(I; RF)

and it yields

e G R | e R e I N
¢%(\u%(m)|)m +eup(z) =0 for x € {a,b}. (2.14)

Observe that ([2.6) follows from (2.14)) since ¢ > 0 and ¢, > 0. The control on ||up ||y 2. follows

from and . O

Proposition 2.4. Let €,\ € (0,1) be fized. Then the family of functionals F xp I'-converges
to F.x with respect to L*(I;R¥) as h — 0F. In particular, if u, € W2°(I;R¥) is a minimizer
of Fzn, then,

up — u weakly™ in WQ’OO(I;Rk),

and w s a minimizer of F. x. Moreover, u satisfies

b / b e
_ D -2 o dr = MW W L A EA T
/Q((ﬁ(\u])’ ‘—i—su) ' dx (1+€)/a<]u—w\ lu — w| +)\\u—ﬂ\ lu u|) pdx,

(2.15)
for all o € HY(I;RY), and |juf o < ]|z
Notice that the strong form of the Euler-Lagrange equation holds true
4 (¢’(|u’|)l/) =~/ + (14 ) (T fu—wf A L e ) (2.16)
dx % lu | |u ul ’

a.e. on (a,b), and by comparison

¢'(J/ I)ﬁ € Wh(I;RY).

Proof. Let us prove the I'-convergence result: let v, — v in L'(I;R¥) and assume that

lim 1nf Fean(vn) < +oo.
h—0+

Up to a subsequence, we may suppose that

sup Fean(vp) < 400.
h—0t

Since € > 0, this implies
b

sup [uj,|? dz < +oc.
h—0t Ja

Moreover, the fidelity terms give a uniform bound of v, in L'*¢(I; R¥). Hence (vy,) is bounded
in H(I; ]Rk) and, up to a subsequence,

vy, — v weakly in H*(I; R¥).

Therefore, by lower semicontinuity,

e [P e [°
/ [v'|? dz < lim inf / v}, | d.
2/, r—0t 2 J,

8



Moreover, since vy — v strongly in L'*¢(I;R¥), we have

b b
/ ]vh—w|1+€daz—>/ lv — w|'T¢ dx
a a

and
)\/|Uh —alttedr — )\/ lv — w|'T d.
I I

Finally, using the convergence ¢, — ¢ in C}. (R) and the convexity of ¢;,, we obtain

/qb(v’)d:n < liminf/gbh(vﬁl) dx.
I I

h—0t
Combining the previous inequalities gives

./_“5,)\ (U) S lzﬁ_l}al_l‘_f fe’)\,h(vh).

We now prove the limsup inequality. Let v € L'(I;R¥). If F. \(v) = +oo, there is nothing
to prove. Otherwise v € H'(I;R¥) and we choose vy, := v. Then v, — v in L'(I;R¥). The
quadratic term and the fidelity terms are independent of h, while

/1 on(1v']) d /] o(1v']) da

by the convergence ¢, — ¢ in CL_(R). Therefore,
lim F, = F .
Jim Fexn(vn) = Fea(v)

This concludes the proof of the I'-convergence.
Let now uy, be minimizers of F.  ; by (2.7) there exists u € W2(I; R*) such that

up, — u weakly* in W2°(I; R¥),

and u is a minimizer of 7. x. We now pass to the limit in the weak form of the Euler-Lagrange
equation (2.3) valid for all ¢ € H'(I;R¥), so that, exploiting again the convergence ¢j, — ¢ in

CL.(R) and that uj, — v’ in WH°(I;R*) we obtain (2.15). Finally |ullp~ < |lw| e follows
from ([2.3]). O

Lemma 2.5. Let u € W2(I;R¥) be the minimizer of F. . Then

o o ey < (b= ) @7 (2wl ). (2.17)

where ®(t) = ¢(t) — ¢(0).

Proof. Since u is a minimizer, F; x(u) < F¢ 1(0); hence

b
[ ot do < Fesatw)
b b b
st,é,A(O) —/ (Z)(O)d.%'+/ \w]1+5dm+/\/ ’H‘H—de.

Recalling the results achieved in Lemma and using (2.3]), we obtain

b b
[ @ s e < [0+ Wil d



Dividing by the length of the interval we get

1
b—a

Taking du = 2% and ®(p) = ¢(p) — ¢(0), we can rewrite (2:18) as

b
/ (e(|']) = ¢(0)) dz < (1 + N)[wlE < 2l|wl| ;. (2.18)

b
/ (|’ ()]) du(w) < 2wl &

Applying now Jensen’s inequality we have

@(LﬂmedeQfs[f¢wmxmduu>szwwﬂs
( /|u ydx)<2|ywul+€.

Since ® is strictly increasing, convex, continuous, and invertible, with continuous inverse ®~1,
from the previous inequality we have

that is,

b
/ W/ ()] dz = [[u'[| 2 < (b~ a) 27" (2]|w] 1K)

Corollary 2.6. Under the same assumptions of Lemma [2.5]

b b )
/q)(’“/(x)|)d$</ !w|1+5da:+>\/ 13 da

Theorem 2.7. Let u € W2>(I ;]Rk) be the minimizer of F. x. There exist positive constants
v and C, depending only on ¢, such that if ||w| g < 7 then

HU/HLOO(I;Rk) < C < +oo, (2.19)
for all e, X € (0,1).

Proof. We split the proof into two cases, depending on whether the length of the interval b —a
is sufficiently small or not.

Caseb—a <1. In we choose ¢ = v/, and integrating over (a,z) we obtain
(1+6)/xu"[H| w!6+)\‘ ;‘ |u—u|5]
= [/ (z)]¢' (Ju'(z)]) — Iu”- '(|u : 1 (2)?
— W@ @) - [Car (S ) e S
= [u'(2)]¢ (Ju'(2)]) — ¢(|u(x)]) + $(0) + §\U’(w)|2
> | (2)|¢' (| ()]) = (' ()]) + 6(0). (2.20)

The left-hand side can be estimated as

x
/
[
a

<21+ e) (1 + Nlwloollullzs
< 2°(1+ ) (1 + Nllwl|z @ (2]|w] LK),

U —w —u

1 € )\ —aul®| dt
(1+¢) lu —wl|® + - u‘]u u|]

lu—wl

10



where we have used together with b — a < 1. Hence, we arrive to
[/ ()] (| (2)]) = (' (2)]) + ¢(0) < 2°(1 +€)(1 + M) w700 27" (2]|0]| 1)
Assuming, without loss of generality, that ||w||z~ < 1 and using the monotonicity of ® we infer
[/ ()¢ (' (2)]) = ¢(|u'(2)]) + ¢(0) < 807 (2w][z==).

Now ®(s) — 0 as s — 07, and so there is a constant 43 > 0 such that if s < v; it holds

801(2s) < %, where £ = limy_,o 0(t) is the constant appearing in Lemma 0(t) = td'(t) —
o(t) + ¢(0), and ¢, := min{¢, 1}. We obtain the inequality
a
ool (@) = .

that, since 0 is strictly increasing and invertible, implies

W/ (z)] < 9—1(%) < +00. (2.21)

Case b—a > 1. Let a, 8 be such that a < a < 8 < b and
B—a=1. (2.22)

Our goal is to obtain, for ||w|| L~ sufficiently small, an upper bound for |[v[|11((4 g)rr). This
local estimate will then allow us to derive an upper bound for ||| ;e ((q,5):r%)-

Denote by r, s the affine function passing through the points (o, u(«)) and (8, u(3)) and let
ma,g denote its slope. Since ||u||p~ < [|wl||ze, on (o, §) we have

70,8l < max (Ju()], [u(B)]) < [lwlLe, (2.23)

Ml = Ju(a) —u(B)| < 2[wl|ze. (2.24)

Since u|(4,3) is @ minimizer of

8 R 8 8
/¢(!v’])dw+2/ ]v’]zdx—i—/ \w—v|1+€dx+)\/ [ —v|'€ da,

among all the functions v € H'((c, 3); R¥) such that v(a) = u(a) and v(8) = u(B), it follows
that

I B - (B ) B Lte B 14e
o(Ju']) dx < ¢(|ma75|)dm~l—§ |mq gl do + ‘w—raﬁ‘ dr + A\ ‘u—ra75| dx.

From (2.23) and (2.24), and using that ¢(ma,ﬁ) < ¢(0) + ¢,(ma,ﬁ)ma,ﬁ < ¢(0) + 0Mg,3, WE
deduce that

8
/ $(|u']) — ¢(0) dz < 20]w]| e + 2w Foe + 4flw]roe < 8llw]goe.
«

Setting ®(p) = ¢(p) — #(0), we use Jensen inequality to obtain

B
o ([ Wide) < suil-.

1| 1 (a0, Ry < @71 (8l ee) - (2.25)

that is

11



Since v’ € Wh*(I;R¥), the function x + |u/(x)| is continuous. Therefore, there exists a point
Ta3 € (a, B) such that

B
W (T )| < / (1) dt < &1 (8]jw]] ) (2.26)

where we used (2.22)).
Multiplying ([2.16)) by v’ and integrating over (T, g, ), arguing as in (2.20)), we obtain

- B .
(1+6)/ u’-[uw|u—wl‘5+/\u E‘]u—ms dt
—u

N T u
= 0l (@)]) = Ol @ap)]) + 5 (10 @) = [ @) (2.27)
Hence,
Ol (@)1) < O Fa)) + S (Ta) P + 81021, (2.28)

Using (2.25]) and ([2.26)), we get
1

0|/ (2)]) < 0 (27 (8l|wllze)) + 5 (@7 (81wl z=))” + 88" (]| =)

Recalling that 6(s) — 0 as s — 07 and that ®~1(s) — 0 as s — 07, there exists a constant
2 > 0 such that, if s < 79, then

0 (27(8s)) + % (®1(85))” + 85 1(85) < %

Hence, as in the previous case, we obtain (2.21]). The proof is complete in all cases, by setting
v :=min{y1,72,1} and C := 671 (%). O

2.4 Approximation of F,

In this section we prove the I'-convergence of F; ) to Frase—07.

Theorem 2.8. For all e € (0,1) let v. € H'(I;R*) and suppose that there exists a constant
C > 0 such that

sup Fea(ve) < C. (2.29)
€€(0,1)

Then there exists C' > 0, independent of €, such that

sup ||ve|lpra < C”. (2.30)
e€(0,1)

Furthermore, the functional F. \ I'-converges with respect to LY(I;R¥) to the functional Fy as
e— 0T,

Proof. Let us prove the first part of the statement. Let v, satisfy (2.29)); we readily see that

b b
/ o(|[vl])dx +/ lve — w|'Tedx < C.
a a
By the linear growth condition of ¢ it follows that

vl < C,

12



b
and the L! control of v, easily follows from / |ve — w|'*¥d2 < C. Indeed, notice that for any
a

t>0and a >0,
t <t 4 a

Applying this to t = |ve(z) — w(z)| and o = e, we obtain
lve(z) — w(z)| < |Jve(z) — w(z)|1Te + e (2.31)

We conclude that ||ve|| ;1 is uniformly bounded. The inequality (2.30) is then obtained.
It remains to address the I'-convergence, proving the I' —lim inf and the I —lim sup inequalities.
Let v., — v in L*(I; R¥) and assume that

lim inf 7, )(ve;) < +o00.
J—r+oo

Up to a subsequence, we may suppose that

sup ‘FE,)\(/UE]') < C,

j—+o0
which from (2.30)) implies v.; — v weakly* in BV (I; R*). Given the assumptions on the function

¢, it is well known that the functional

b
UH/ (|0|) dz + | Dyl (a, b)

is L'-lower semicontinuous. Consequently,
b b
[ o) da + |Dvl(ab) < timint [ o0t ) do -+ 1Dav (0
a J=too Jg !

b
RT . /
—hmlnf/a o(|v,|) dz, (2.32)

Jj——+o0

where we have used that each v, belongs to H L(I;R¥). Moreover, using the same inequality
as in (2.31]) we pass to the liminf in both sides and we get

[v(z) —w(r)| < liminf v, (z) — w(z)| e
J]—00

The same argument applies to |v(x) — u(z)|. Applying Fatou’s Lemma, we obtain

b b
/ |v —w|dx < liminf/ lve, — w|' T da, (2.33)
a J=too Jg !

b b
A/ lv — | dx < liminf)\/ ve, —u|'* da. (2.34)
a J—rtoo a

Combining (2.32)), (2.33)), (2.34), we complete the I'-liminf inequality. Thus, we are left with
the construction of a recovery sequence (v,). If v € H'(I; R¥), we simply set Ve, = v.
On the other hand, we first introduce

b
I(v) ::/ &(|v'|) dx + |Dsvl(a, b).

13



If v € BV(I;RF) \ H'(I;R¥), we have to prove that:

b
tin [ (L)) dz = I(0), (2.35)
j—+oo J, J
b b
lim / Ve, — w1t de = / |v —wl|dz, (2.36)
Jj—too Jq a
b b
lim )\/ Ve, — |t da = /\/ |v — ul| de, (2.37)
J—+o0 a a
lim 2 b\’Pd =0 (2.38)
oo 2, el T '

We begin by noting that

I(v) = inf{liminf/¢(|v7’1|) dz : v, — v in LY(I;RF), v, € Hl(I;Rk)},
I

n—-+0o

i.e., I(v) is the relaxation of / #(|vl,]) dz. Thus, there exists a sequence v, € H'(I;R¥), n > 0,
I
such that

lim /I¢(|U;L|) dx = I(v). (2.39)

For n = 0 set vg = 0, and for n > 0 consider the sequence v,, such that (2.39) holds. For each
7 consider the indices in
1
Jj = {n €N |vnl3n < }
VEi
Note that J; # () because vy € J;, and at the same time J; is finite, thanks to the assumption
that u ¢ H'(I;R¥). For each j, choose n; := max{n : n € J;} and set Ve, = Up;-
We now prove ([2.38)): indeed

ejllve; 72 < jllve 7 = ejllon, i < V.

Therefore follows from v, — v weakly™ in BV (I; R*¥), which implies ve; — v. Moreover,
as our domain is bounded and 1 + ¢; < 2 for large j, the strong convergence v, — v in
L't (I; R*) follows immediately from the strong L?-convergence via Holder’s inequality. The
same holds for .

To establish (2.35), it is enough to check that ve; = vy, is still a recovery sequence for the
relaxation, i.e.,

lim [ ¢(|vy,,|) de = I(v).

By (2.39)), this would be true if we prove that
nj —» 00 as j — 0o.

To see this, we observe that J; C J;41 and Uj Jj =N, since as j — +00, £; — 0 and \/% — 00,
meaning that every n € N belongs to some J;. Moreover n; is a non-decreasing sequence
of natural numbers that cannot stabilize; if it did, there would exist a constant C' such that

|Jj| < C for all j, contradicting the fact that J; J; = N. We have concluded. O
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3 The case w € L'((a,b); R¥)

In this section we assume that w € L*(I;R¥). For ¢ € (0,1) we define the truncation
1 1
we :=(—=)VwA —.
€ €

which belongs to L>(I; R¥). Moreover, the functional

b b
F(u) :/ é(|v'|) dz + |Dsul(a,b) +/ |lu — w|dx

for u € BV (I;R*) admits, by standard arguments, minima in BV (I;R¥). Denoting, as before,

by u a minimum of it, we define
~ ( 1) VA 1
Ue == (—=)VuA-—.
c € €

The approximating functional is now

fs,A,h(u):/ ¢h(’u") dx—i—;/ ‘u,’2d$+/ |u—w€|1+£dx+)\/ ‘U—ﬂ5’1+adx,

defined for u € H'(I;RF), where ¢y, is the regularization of ¢ defined as in Section The
counterpart of Theorem [2.3]is the following:

Theorem 3.1. The functional .7?€,A7h admits minimizers in WQ’OO(I;Rk) for every e, \,h > 0.
Moreover, every minimizer uj, belongs to W (I; R*) with |jup||z~ < ||welp, and satisfies
the Euler—Lagrange equation

/

d u
7 (it +eu ) = 1+

Uh — We ]uh—wg|5—|-)\7uh_u8

|un — a5|€]

[up, — we| |up — e
with Neumann boundary conditions
up(z) =0 for x € {a,b}.
Finally, there exists a constant C' > 0 independent of h such that
[un[lwze < C.
The I'-convergence as h — 0 of .7?5, A, is easily achieved, following Proposition

Proposition 3.2. Let ¢, A € (0,1) be fized. Then ﬁak’h I'-converges, with respect to L' (I; RF)
as h — 01, to

b b b b
Fer(u) ::/ o(|u']) dm—l—z/ |u'\2dx—|—/ u—welHEdm—l—/\/ lu — e |' T da.

If u, € W2(I;R*) is a minimizer of .7?5)\7;1, then
up, — u weakly* in W (I; RF),

u is a minimizer of F¢ x, and u satisfies

b / b _ _
—/ <¢/(|u/|)u—/—|—5u/) ' dr = (1—|—5)/ (whﬁ_wg‘s—'_)\ Y Qis |u—ﬂg\5> ~pdr,
a || o Mu—we [u — e

for all o € HY(I;R¥). Finally ||lu||z < |lwe| -
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By Corollary [2.6] we see that the minimizer w, ) satisfies

b b b
/ B(July(2)]) di < / e[ da + A / %[+ de,

= ¢(p) — ¢(0). From this and the hypothesis for which there exists o € (0, 0) such

where ®(p)
> op, we readily obtain

that ¢(p)

b b
B\l < / e | 1 da + )\/ e d o+ (b — a)(0).
a a
Using now Lemma [3.4] and the definitions of w. and @. we conclude

1 b—a)p(0
Il < 2z @+ 23) o] o + 220 (3.1)

We finally state the following crucial I'-convergence result:

Theorem 3.3. If u., is a sequence with €, — 0 as k — +oo and

sup Fe, (ue, ) < 400,
keN

then there exists u € BV(I;R’“) such that, up to a subsequence,

Uue, — u weakly* in BV (I;R¥),

as k — oo. Moreover, the functionals .7?57)\ I'-converge in Ll(I;Rk) to Fy.

Proof. The linear growth condition of ¢ yields

b
sup/ ug, | dz < +oo,
k Ja

b
and the L' control of u., follows from / |ug, — we|dx < C, exactly as in the proof of The-
a

orem Exploiting the definitions of w. and ., it is easy to see that |w.|'™® — |w| and
[a|'T¢ — |u| in L'(I), and in particular

b b b b
/st”fdxﬂ/ e dr - /|w|d:c+)\/ ] da

Therefore, the proof of the I'-convergence follows exactly the same arguments as in the proof
of Theorem Indeed, the lower bound is obtained by combining the lower semicontinuity of
the relaxed functional with the above convergence, and also the recovery sequence is the same
as in the previously cited theorem. O

The functional ]?87 A is strictly convex, coercive and sequentially lower semicontinuous with
respect to the weak topology. Hence it admits a unique minimizer, denoted by wu. ), which
belongs to W2 (I;R¥). From Theorem ue y — u weakly™ in BV (I;R¥) for any A > 0,
where % is the unique minimizer of Fy.

As a consequence of the previous result, we get the following a posteriori estimate:

Lemma 3.4. One has
all Ly rmry < 2llwllpr(rmry)-
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Proof. We show that u. ) satisfies

b b b
1+)\)/ e |1 dt < 21+ (/ |w5|1+5dt—|—)\/ |&€|1+Edt>. (3.2)

Passing to the limit as ¢ — 0 and applying Fatou’s lemma (possibly after extracting a subse-

quence), we obtain
b b b
(1+)\)/ |aydt<2</ \w|dt+)\/ |aydt>.

Since this holds for any A > 0, the thesis follows.
Let us now prove (3.2]). Using ¢ = u. y in (3.2), we get

0>(1+¢) b|zz:\\:ws||u5>\ Wel® - ue y dt
+)\/b|Zii_u||u€>\ Ue | -uaﬂ/\dt]
=(1+¢) /‘U6Aw5|1+€dt+/ %mm we|* - w. dt
—l—)\/ |u6,\—u5|1+€dt+)\/ hh%,\ Ue|® ugdt]

Applying Young inequality in the second and fourth integral of the previous equality with
conjugate exponents p = HE and ¢ =1 + ¢, we infer

b b b
0> (1+€)/ |u57)\—w£|1+€dt—5/ \ugﬁ,\—w5|1+€dt—/ |w€|1+€dt
a a a
b b b
+)\(1+5)/ e — 2| F dt—)\a/ ey — 70| dt—)\/ | dt
a a a

b b b b
= / |u8,>\ - w€|1+6 dt — / |ws|1+‘E dt + A [/ ‘Ua)\ - a€|1+6 dt — / |a€|1+6 dt:| .
a a a a

Using now the convexity of z — |z|1*¢, we have

b b
022—6/ |u£,,\\1+6dt—2/ e [ dt
a a

b b
+A (25/ ]ue,,\|1+€dt—2/ |+ dt)
a a

which implies (3.2)). O
Corollary 3.5. We have

< 2155 (1 4 20w 1.

and so
lueallpr < T8 2(b — a) T (14 23) o= ku

In particular, there exists eg € (0,1) (depending on b — a), such that, for all € € (0,e9) there
holds

lueallzr < 8(1+2X) 75 [wl| 1} i
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Assuming, without loss of generality, that A € (0,1) and ||w||;1 <1, it follows that
_1
fuealln < 24l 5 (3.3)

Theorem 3.6. Let u. ) € W2 (T, Rk) be the minimizer of]?e,,\. There exist positive constants
~ and C' depending only on ¢ such that, if ||w| 1 <7, then

[z \ll oo (ririy < C < +o00,
for all X\ € (0,1) and & small enough.

Proof. Step 1: Assume in this case
ceo
—a<k:=
T 520(0)
We follow the argument used in the proof of Theorem in this case, the term in the left-hand
side of ([2.20]) is estimated as

(1+¢)

i - L
/ il | AT A AT e G
a ’ |Us,>\ — we| ‘ue)\ — U]

&

2
< 1+ + Nl =

<+ 94N (o004 Wl +

e’ o et
96 ko (0)
< — . 16—,
S = lwll £r (rmey + =

where we have used (3.1) and that e € (%, 1) for € small enough. We have obtained, recalling

that k = 3557,

c

Px

Therefore there exists a constant 7; > 0 (depending only on ¢) such that if ||w]|| 1 < 7; it holds
O(lul ,(2)]) < 2¢¢ for all z € I, and so

96
O(luza(@)]) < =llwlp +

_1/2
il < 67 (See) < +oo, (3.4)

for all € small enough. A
Step 2: Assume now b—a >k, let h =& = %&0) and let z,z + h € (a,b). Consider the
function vy, ;. defined by

us\(t), te€la,x]Uz+ h,b|,
Un,a,e(t) 1=
Thae(t), t€ [z, x4+ hl
where 7y, , . is the affine function interpolating the values of u.  at the endpoints of the interval
[z, + h], namely

ue(x + h) — us(x)
h
In the following, we simplify the notation writing u = . . Since

Thae(t) = ue(z) + (t —z).

~

]:a,A(U) < ﬁa,A(”h,x@)a

we obtain, recalling ®(p) = ¢(p) — ¢(0) < ¢'(p)p < op,
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z+h , z+h , c z+h ) )
[ ew@do [ iawas S [ 0P d
xT x x

+ / . [Phae (t) — we ()75 dt + X / o [7hye,e (1) = Ue(8)[FF dt
<olu(z + h)| + olu(z)| + (IU($+h)I2+IU( )

) /:Jrh[]u(x)] + !:(at +h)| N !’ws(t)l} HEdt

oth iz u(x
o [ e

dt

:|1+6

Exploiting the convexity of s — |s|1¢ we infer

/xﬁh@(u’(t))dt < (‘u(erh)] + |u(x)|) <a+ 2)

+L“)(| (@) 4 fua + )<)
27 (w4 agcoa

B —a=2h.
If (o, B) C (a+ h,b— h), integrating on (o — h, §) with respect to x we get

h/j Bl (1)) dit < /j_h(m(ﬁhn + Ju(a))) (0+]11> do

+/B <1+A>(|u< I 4 e+ ) da

/ / 1) + At )|)dt dz

1
< 2|l <a tot 12(1 + A)) +6(1 4+ 2\ ||w]| 11

Now, let (o, 8) C (a,b) be such that

1
< 48wl T <O‘ + 7 + 24> + 18||wl| 11
128¢( )
ceo

1
< 48||wl|2, <a+ +24> + 18]|w]) 11,

for € small enough, where we have used (3.3]).
Assume now «a € [a,a + h); for all x € [a + h,a + 2h) we use the function

Ju(@) ifte (a,x),
Uhee(t) = {u(t) if t € [z,b),

and by minimality of u we infer

a+h
/ @(u’)dtg/ dt</ (2 \1+€dt+)\/ lu(x) — e (t)|*dt

§4/ |u(x)|dt+2/ |+ Al (8)|de
< 8hlu(z)] + 2|w|zr + 4||w| 1
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Integrating both side on (a + h,a + 2h) in the = variable

a+h
h/ O (u')dt < 8hllul|p1 + 2h||wl| 1 + 4h||w|| 1

1
< 1920w, + 6h]w] 1

A similar argument shows that, if 8 € (b — h,b) then
b 1
h/ B(ul )t < 192h]fwl|, + 6kl
b—h

Using this together with (3.5 we finally obtain that, given any interval («, ) of amplitude 2h
it holds

i L 128¢(0) .
h| ®)dt <48||lwl[f, | o+ s +24 ) + 18w 1 + 192h[|w]|}, + 6h|w]| L1,
« {
from which, using Jensen inequality and recalling that h = % = %, we deduce that there

exists a positive constant ¢’ depending only on ¢, such that

1, , 1
e lu'ldt | < c(|lw][zr + [Jw]|71)

for all € > 0 small enough. Hence,

B 1
/ |u/|dt < a1 (c/ <||U)HL1 + ||wa21> ) (3.6)

whatever is the interval (o, 8), with 8 —a = 2h. In turn, this implies that for all such intervals
there exists a point Zo g € (a, 5) such that

)l < 507 (¢ (ol + il ) ).

We now go back to the proof of Theorem [2.7] and, arguing as in the case b —a > 1, we use

¢ =1 1in (3.2), integrate on (T, g, ) to obtain (as in ([2.27) and (2.28)) for ¢ small enough
1__ 1 B 1
0/ @) < (507 (¢ (Il + wll3 ) )) +¢he™ (¢ (wllo + wll2) ).

where now the last term is obtained by using (3.6]).
We conclude that there exists a constant 75 > 0, depending only on ¢, such that whenever
|wllz1 < 72 there holds 6(|u/(2)]) < 2¢,. From this (3.4) holds in any case as soon as |lw|[z1 <

? = min{‘y\l,‘y\g, 1} O
4 Proof of the main results

We begin by recalling a result on maximal monotone operators (see [3, Lemma 3.57] for a
related statement).

Lemma 4.1. Let A be a mazimal monotone operator, A : L>(I;R*) — L?(I;R*) and (y., A(y-))
a sequence in L?(I;R¥) x L?(I;R¥) which satisfies:

(i) ye — y weakly in L?, A(y.) — n weakly in L?,

(i) 1ir;lj(l)lp (A(ye)s ye) < (n,y)-
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Then n = A(y).

We are now in a position to prove our main results.

Proof of Theorem[I.1l Let u.x € W2°°(I;R¥) be the minimizer of F ) and assume ||w]|pe <
v, so that by Theoremwe have that u. ) are uniformly bounded in Whee (T, Rk ) with respect
to e € (0,¢0) for a certain value €9 > 0. Further u, ) satisfies the Euler-Lagrange equation in
(2.16)) with Neumann boundary conditions, namely

d
S (wetl) =rea@),  ul@ =ul\0) =0, (4.1)
where
P Ug ) — W Us ) — U ~
() i= (o) L+ ep, @) i= (14 2) | 22 ey — w4+ A 2y — |
[p| |uex — w| |ue x — 1l

After integration on (a,z), (4.1) can be rewritten as

ug A (@)

aw; e / _ xr _. T
O A @) iy + () = / oA(t) df = Rex(z). (4.2)

Since 7\ € L°(I;R¥) by definition and the boundedness of u. y,w, @, it follows that

)

R.\ € Wh(I;RY). (4.3)
Define the function H : R¥ — R as

H(U;,A) = ¢(|Ula,>\|)

and observe that

ula)\
‘U/,,\|

£

[VH (ul ,)| =

¢'(lucal)

= ¢'(Jut]) < C, (4.4)

where the boundedness follows from the assumptions on the function ¢.

Now, reads as
VH (u )+ eu. ) = Rc x. (4.5)

Denoting by (-,-) the scalar product in L?(I; R¥) and multiplying both sides by u’E \» we get

(VH(uly),ue \) +{ul y, ug ) = (Rep, ug ) (4.6)
By we deduce that there exists some 7 € L°°(I; R¥) such that, as ¢ — 07,

VH(u,y) =1 weakly in L%
Moreover, from Theorem and
ug sy — U weakly in L2,

and from (4.3)) it follows

Roa(@) = Ra(x) i= / ") dt,
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where 7. y — r) weakly* in L>°. As a consequence, passing to the limit as e — 07 in (4.6)), we
get

i (VH(ul ) 0l 5) = lim (Rl ) = iyl 2)) = (B, @),

In order to apply Lemma we want to show that

(n, ') = (R, ). (4.7)

To this end, we pass to the limit in (4.5) and we integrate by parts, obtaining

b b
/n-ﬁ’dx:/RA-ﬂl,
a a

where we have used that Ry(a) = Ry(b) = 0. Hence, (4.7) follows:

n=VH{).
Thus
~
/1~ U
= = R 5
o177 = P

where Ry belongs to W1 and, consequently, it is continuous. Let us now define v := ¢’ (\p])‘%'
and G : R¥ — R as

G(p) == .

It is easy to check that
_ _ v
G ) = (&) ()

o]

which is a continuous function, as ¢’ is continuous and strictly increasing, and hence invert-
ible with a continuous inverse. Thus, we can conclude that @' = G~!(R)). Since it is the
composition of continuous functions, @’ is also continuous. O

Proof of Theorem[1.3 This can be done following the previous argument, from which the proof
of Theorem [I.2 differs very slightly. The difference is that now

RE,)\ € Wl’l(I)a

and the convergence R,y — R) takes place weakly in Wh1(I;R¥) and strongly in L?(I; RF).
The rest of the proof is identical. O
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