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ABSTRACT. We study compactness and noncompactness phenomena for the CR
Yamabe equation on compact strictly pseudoconvex CR manifolds. First, in dimen-
sion five, we establish uniform a priori estimates for families of positive solutions of
subcritical equations for the conformal CR sub-Laplacian

Lju=uP,

with p bounded away from the critical exponent, assuming positivity of the CR
Yamabe constant and positivity of the p-mass at every point. As a consequence,
the corresponding set of solutions is precompact in Holder topologies. Secondly, we
consider the equivariant CR Yamabe problem for a compact subgroup G of pseudo-
Hermitian transformations. We construct a G-invariant CR structure on 52, not
equivalent to the standard one, for which the associated CR Yamabe equation ad-
mits a sequence of G-invariant solutions whose maxima diverge, thereby proving
noncompactness in the equivariant setting. The arguments combine a Pohozaev-
type identity in pseudohermitian normal coordinates with a blow-up analysis and
Liouville-type classification results on the Heisenberg group.

1. INTRODUCTION

Suppose (M, gp) is a compact n-dimensional Riemannian manifold of dimension
n > 3. As a generalization of the Uniformization Theorem, the Yamabe problem is to
find a metric g conformal to gy such that the scalar curvature R, of g is constant. If

we write g = = go for some 0 < u € C°°(M), then the scalar curvatures of gy and ¢
are related by

(1.1)
where A, is the Laplacian with respect to the metric go. In view of (1.1), the Yamabe
problem is equivalent to finding 0 < u € C*°(M) such that
4(n—1)
n—2

_4(n -1)

nt2
m— Agu+ Ryou = Ryun—=2,

(1.2) Agu+ Ryyu = cun-s
for some constant ¢. The Yamabe problem was solved in a series of work by Aubin
[6], Trudinger [41], and Schoen [39]. In other words, (1.2) has at least one solution.
When (M, go) has negative or zero Yamabe constant (which corresponds to the case
when ¢ < 0 or ¢ = 0 in (1.2) respectively), it is easy to see that the solution to (1.2) is
unique up to normalization. In the case when (M, go) has positive Yamabe constant
(which corresponds to the case when ¢ > 0 in (1.2)), Schoen raised the compactness
conjecture in a topics course at Stanford in 1988: the set of solutions of the Yamabe
equation (1.2) is compact except when the manifold is conformally equivalent to the
standard unit sphere S™.
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The compactness conjecture was proved by Khuri, Marques and Schoen [34] in
dimension n < 24 (see also [19, 35, 36, 38| for previous results). It turns out that the
compactness conjecture is false when n > 25; the counterexample was constructed by
Brendle for n > 52 in [8] and by Brendle and Marques for 25 < n < 51 in [9].

Since then, various compactness and noncompactness results have been proved in
different contexts. For example, compactness and noncompactness results were ob-
tained for the Yamabe-type problem on manifolds with boundary [3, 4, 5, 13, 16, 17,
24, 27, 33].

The Yamabe problem can also be posed in the context of CR manifolds. Given a
compact strictly pseudoconvex CR manifold (M, J,0) of real dimension 2n + 1, the
CR Yamabe problem is to find a contact form conformal to # such that its Webster
scalar curvature is constant. This was first introduced by Jerison and Lee in [30]. If
we write § = w6 for some 0 < u € C>°(M), then the Webster scalar curvature of 6
and 0 are related by

(1.3) Lyju= Ru'*a
where L; is the conformal CR sub-Laplacian given by

2
Ly=—b,Ay+ R, by =2+ .
n

Here, R and R are the Webster scalar curvatures of 6 and 5, respectively. It follows
from (1.3) that the CR Yamabe problem is equivalent to finding 0 < u € C*°(M) such
that

(1.4) Lyu=cuts

for some constant c. After the work of Jerison and Lee in [31, 32, 30], the CR Yamabe
problem was studied in [14, 21, 22].

Inspired by Schoen’s compactness conjecture stated above, it is natural to consider
the compactness and noncompactness of solutions to the CR Yamabe equation (1.4).
The following theorem was proved in [1] by the first author.

Theorem 1.1 (Theorem 1.1 in [1]). Let (M, J,0) be a compact 3-dimensional strictly
pseudoconvexr CR manifold of positive CR Yamabe constant such that, for everyx € M,
its p-mass at x is positive, i.e. my > 0. Then, for every e > 0 and k € N, there exists

a constant C' such that
1

c
for every u € Uy e<p<sM, and 0 < o < 1. Here

M, ={u>0:Lu=ul},

<u <O |ullpre <C

where Ty is the Holder space. In particular, Uyyc<p<sM, is compact in the T*
topology.

As pointed out in [1], the assumption that p-mass is positive at every point = € M
is difficult to check. Fortunately, we have the results by Takeuchi in [40] and by
Cheng, Malchiodi, and Yang in [14], which say that any embeddable 3-dimensional
CR manifold M which is not CR-equivalent to S® with the standard CR structure
must have positive p-mass at every point x € M. Combining these with Theorem 1.1,
we have the following:
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Corollary 1.2 (Corollary 1.2 in [1]). Suppose that (M, J,0) is an embeddable 3-
dimensional CR manifold which has positive CR Yamabe constant and is not CR-
equivalent to S* with the standard CR structure. Then the statement of Theorem 1.1
holds.

In this paper, we prove the following theorem, which is the corresponding case of
Theorem 1.1 for dimension 5.

Theorem 1.3. Let (M, J,0) be a compact 5-dimensional strictly pseudoconvexr CR
manifold of positive CR Yamabe constant such that, for every x € M such that the
Chern tensor satisfies S(x) = 0, its p-mass at x is positive, i.e. my > 0. Then, for
every € > 0 and k € N, there exists a constant C' such that

1
ol <u<C Jullpre <C

for every u € UjyecpcaM, and 0 < o < 1. Here
M, ={u>0:Lu=ul},

where T'y o s the Holder space. In particular, Uite<p<aM, is compact in the ke
topology.

The Chern tensor in the above theorem is the analogue of the Weyl tensor in Rie-
mannian geometry and will be defined in Section 2.

As in the three-dimensional case, the verification of the hypothesis of positivity of
the mass can be checked by the positive mass theorems available in the literature: the
one in [11] is valid for spherical CR manifolds satisfying an analytical condition in
dimension five, the one in [12] is valid for five-dimensional spherical spin manifolds.
Many conjecture that in dimensions higher than three, a CR Positive Mass Theorem
without additional hypotheses, similar to the Riemannian one, should hold, but the
problem is currently completely open.

Our proof of Theorem 1.3 is inspired by the work of Marques [38]; in particular, we
adapt to the CR case the technique of symmetry estimates.

The equivariant CR Yamabe problem was first introduced and studied by the second
author in [26]. To state it, we recall that a CR automorphism of (M, J,0) is a diffeo-
morphism f : M — M such that its differential at any point maps horizontal vectors
to horizontal vectors, i.e. f*(kerf) C ker . Note that f is a CR automorphism if and
only if

70 = uf for some u € C(M).
Let Autcr(M, J,0) be the group of all CR automorphisms of (M, J,#). On the other
hand, let I(M, J,0) be the group of all pseudo-Hermitian transformations f of (M, 0)
that preserve the associated contact Riemannian metric

g=0-0+dhoJ
Note that I(M, J,0) is a subgroup of Autcr(M, J,0) (cf. [7]).

Conjecture 1.4 (Equivariant CR Yamabe problem). Given a compact strictly pseu-
doconvexr CR manifold (M, J,0) of real dimension 2n+1, and a compact subgroup G of
I(M,0), there exists a G-invariant contact form conformal to 0 such that its Webster
scalar curvature 1s constant.

Here, a contact form 6 is said to be G-invariant if f*0 = 0 for all f € G. We
remark that the classical CR Yamabe problem is the special case of Conjecture 1.4
when G = {idy}.
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In [2], the first and third authors proved the following:

Theorem 1.5 (Theorem 1.1 in [2]). There exists a CR structure on S*, not equivalent
to the standard one, such that the associated CR Yamabe equation

Lyju=2u?
has a set of solutions {u }reny with maxuy, — 00.

Here, L; = —4A, + R is the conformal CR sub-Laplacian when n = 1.
It is natural to ask whether the result corresponding to Theorem 1.5 is true in the
equivariant case. To answer this, we let f : S — S3 be given by

fwy,wy) = (—wy,wy) for (wi,ws) € S°,
and let G = {f,idgs}. We have the following:

Theorem 1.6. There exists a CR structure on S® which is G-invariant and not equiv-
alent to the standard one, such that the associated CR Yamabe equation

(1.5) Lyu = 2u®
has a set of G-invariant solutions {uy }reny with maxuy — 0.

Here, a function u is G-invariant if ¢*u = u for all ¢ € GG, and a CR structure is G-
invariant if ¢*J = J for all ¢ € GG. Therefore, Theorem 1.6 proves the noncompactness
of the equivariant CR Yamabe problem. We remark that the noncompactness of the
equivariant Yamabe problem and the equivariant Yamabe problem with boundary
were obtained in [25] and [28], respectively.

We also remark that the compactness and noncompactness of the equivariant CR
Yamabe equation can be subtle. Indeed, if we take H to be the group {h,idgs}, where

h(wi,ws) = (—wy, —wsy) for (w1, w,) € S

On the Rossi sphere (S3,J,), all H-invariant solutions u of the CR Yamabe equation
(1.5) can be viewed as a solution of the CR Yamabe equation (1.5) on the quotient
(S3/H, J,). Tt is known that (S3/H, J,) is embeddable and has positive CR Yamabe
constant. In particular, it follows from Corollary 1.2 stated above that the set of all
solutions to the CR Yamabe equation (1.5) on (S®/H, J,) is compact. Hence, the set
of all H-invariant solutions to the CR Yamabe equation (1.5) on the Rossi sphere
(53, J,) is compact.

Organization of the paper: In Section 2 we collect the basic pseudohermitian
and CR-geometric preliminaries, fix notation, and recall the CR Yamabe operator and
its main analytic properties. In Section 3 we prove Theorem 1.6. Section 4 is dedicated
to the blow-up analysis and the proof of Theorem 1.3. We conclude the paper with
an Appendix containing some technical computations.
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2. PRELIMINARIES

We briefly recall some basic notions about CR geometry, referring to the monograph
[18] for a complete introduction. A CR structure on a 2n 4 1-dimensional manifold M
is an n-dimensional complex subbundle /7 of TM ® C such that # N # = {0} and
[0(#),T ()] C T(H). The real part of s, H(M) = Re(J +I), is called the Levi
distribution, and it carries the natural complex structure J defined by J(Z + Z) =
i(Z — Z). H(M) and J determine the CR structure. The CR structure is said to
be nondegenerate if H(M) is a contact distribution; it is said to be pseudoconvex if
for some contact form @ the bilinear form Ly(Z, W) = —df(Z, W) is positive definite.
In the following we will always assume the hypothesis of pseudoconvexity. In such a
case, the choice of a contact form 6 determines a rich geometric structure, including
a subriemannian metric on H(M) (which induces a subriemannian distance d), a
measure, and a connection called the Tanaka-Webster connection. By contracting
twice the associated curvature tensor through the metric, a scalar curvature invariant
known as Webster scalar curvature is obtained. Any other contact form for a given
CR structure is of the form 6 = u»0 for some smooth positive function u, and the
Webster scalar curvature associated to € is given by the formula

R= u_nTH(—bnAb + R)u
where A, = div oV, (where V, is the subriemannian gradient) is a second-order oper-
ator known as the sub-Laplacian, and b, = 2 + % Equivalently

Ayt = Upg + Ugg-

The most important CR manifold is the Heisenberg group, which is the Lie group
H" = C™ x R with the group law

(z,t) - (w,s) = (z+w, t + s + 2Im(zw)).

H" is endowed with the left-invariant CR structure .77 generated by the left-invariant
vector fields

0 0
Z,=— +1iz%—
= T
and the contact form
(2.1) O0=dt+i) (:*dz" —z°dz").
a=1

Every CR manifold has local coordinates around any point with values in H", called
pseudohermitian normal coordinates (see [32]). We call H(H') = Re(J# + J#) the
Levi distribution associated to this CR structure, and Jy the complex structure on
it. The Reeb vector field corresponding to this contact structure is 7' = 2. H" is

ot
endowed with the one-parameter group of CR and group automorphisms
5A<Za t) = ()‘Za )‘Qt)?

for A € (0,00), called dilations. The pseudohermitian measure (which is obviously a
Haar measure) satisfies (0y)gdz = X\*"*2dz; for this reason the number Q = 2n + 2 is
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called the homogeneous dimension of H". The generator of the group of dilations is
the vector field

(2.2) E= (224 +7Zs) + 2T,
a=1
where Zz = Z,. On H" the sub-Laplacian is equal to %Vb =Y (ZoZz+ ZzZ,).
The CR Yamabe equation in H"
n+2

(2.3) b, Npu=u

has the solution .

(82 + (1 + [22)2)"*
which geometrically corresponds to the standard contact form of the CR sphere S?"+1
pulled back to H"™ through the Cayley transform, a CR equivalence analogous to

the stereographic projection. If L,(y) = z~'y denotes left translation, then, by the
invariance properties of the sub-Laplacian, the functions

(24) UL)\ =ANUo 5)\ 9] LI

U(z,t) = cp

for x € H™ and X € (0, 00) form a family of solutions.
Let S'(H") be the completion of C2°(H") with respect to the product

(u,v) = / Viyu - Vv

which, by the Folland-Stein embeddings, is a subset of Lo,
Then the family of solutions {U, )} »enn x>0 is stable in S*(H") in the following sense.

Theorem 2.1 (Lemma 5 from [37]). u € S'(H") solves the linearized equation of
(2.3) in U

2
n U%u

—bnAbu =
n

if and only if there exist a,y € R and p, € C such that

u=aZU +vTU + Y (taZoU + FaZsU).

a=1

Similarly to Riemannian geometry, there exists a tensor which characterizes confor-
mal flatness (except in the lowest dimensions). We recall that a CR manifold is called
spherical if it is locally CR equivalent to H" (or equivalently to S?"*!). The Chern
tensor is defined as the tensor

1
Slga)\E = nga)\g — m (Rﬁah)\g + R,\ahﬁﬁ + 5ﬁaR)\E "’ 5)\OCR,3§) +

R
HCERCES)
where Rg®)z is the curvature tensor, hyz is the metric and Rz® = Rg%,5h®7 is the
pseudohermitian Ricci tensor.

Then the following theorem of Chern and Moser [15] holds (see Section 7.3 in [29]
for a more modern presentation and an alternative proof).

((Sgah,\g + 5)\ahﬁ5)

Theorem 2.2. [fn > 2 then M is spherical if and only if S = 0.
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3. PROOF OF THEOREM 1.6

In this section we will work in the first Heisenberg group H!. We will consider
various CR structures whose Levi distribution coincides with H(H!), and we will fix
the contact form 6 defined in equation (2.1). Therefore the CR structure will be
uniquely determined by the complex structure J on H(H'), and we will denote by V;,
A and so forth the various pseudohermitian quantities when the dependence on J is
relevant. N

We define f: H' — H! by

f(z,t) = (—z,1).
Let G ={f,idy:}.
Let X be the Hilbert space
X ={uec L*H") : |Vsul < oo}
with the inner product

(u,v)x = Viu -V .
Hl

Let Xz be the subspace of X which contains all the G-invariant functions in X , l.e.
Xg= {u e X :uis @—invariant} .
The Folland-Stein embedding asserts that there exists K such that
Jullzs < Klfullx.
We define
M={U,r:x€H' \€ (0,00)}
where U, ) is given as in (2.4). We also let
g(cc)\) = Span{ZlUx,)\v ZTUQU,/\u TUx,)\v = £E,)\}J_'
That is to say,
Eany ={ue X (u, Z1U, p\) x = (u, ZiUp\) x = (u, TU, \) x = (u,ZU,\)x = 0}.
We also let
Mo ={U,»:z€Hy e (0,00)}
where
Hy = {z = (2,t) e H' : 2 = 0},
and R
Ewnyg = {u € & wis G-invariant}.

In general, U, ) & S(x n.G- But Uy € E(x ».@ Whenever z € HQ.
Note that the CR Yamabe equation for J is the Euler-Lagrange equation for the

functional
IJ(u):/ uLJu—/ ut
H! H!

Proposition 3.1. There exists a constant a such that if J is a G-invariant CR struc-
ture on H' coinciding with Jy on H'\ By(0) and such that ||J — Jo||r= < «, then, for
every (z,\) € H} x (0,00), there exists a unique v, ) € Eny.g With [[v]| S a satisfying

(VIJ(Ux)\ -+ UCE,)\)) =0.

in the space X.

71—‘g@,,\),é
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Proof. The proof is exactly the same as the proof of [2, Proposition 3.2]. O
We have the following;:

Proposition 3.2. If (z,\) € Hj x (0,00) is a critical point of Z;(Uy + vs), then
VIJ(Ux)\ + Ul‘,)\) = 0.

Proof. By the Lyapunov-Schmidt method, we can conclude that

(3.1) /1 (400, Upr + von)x + B(Upx + v50)0 — 2(Upx + v:0)°¢) =0
H

for all 9 € X5. Let w € X be the unique solution to

(3.2) Ly(w) =2(Ugp + vz0)°.

Since J is G-invariant and Upr+vg) 1s @—invariant, we conclude that w is G-invariant.
Putting U, » + v, » —w € Xg into (3.1) and using (3.2), we obtain

0= / (4<Ua:,>\ + Vg X — W, Ua:,)\ + Ua:,)\>X
Hl
4 R(Uy + 050) (Usr + s — W) — 2Usx + 052)> (Usr + vr — w))

= / <4<U(E,)\ +vpn — W, Upx + s ) x + AUz ) + vp0 — w)Abw>
Hl

= / 4<Ux,>\ + Vg A — W, Ux,)\ + Vg X — w>X~
HL

From this, we conclude that w = U,  + v, ». In particular, it follows from (3.2) that
Uz + vy ) satisfies

Ly(Upx +v2p) = 2(Upr + o).

This proves the assertion. O

Let x, = (0,0, %) € H} and let ry, Ry, s be sequences converging to zero such that

the balls Bp, (z)) are disjoint. Let J be a G-invariant CR structure coinciding with
Jo in H'\ J Bay, (zx), with J;, on B, (zx), and with J; on Ba,, (zx) \ By, (z1), where

|f| < sk
Let us define

i<>\<£}CMO

Q=S Uyy:x el |z — x| < Ry,
o= Uiz Bl -l < R <A<

with a and 3 to be chosen later.
Then we want to show that, up to choosing the parameters appropriately, for every
k there exists a critical point of Z;(U, \ + v,) in Qf, that is, a G-invariant solution
to the CR Yamabe equation for J that is approximately a bubble centered at x.
Note that Lemmas 4.4-4.7 in [2] still hold in our case.

Proof of Theorem 1.6. We choose the G-invariant CR structure as above, and 7, =
27% R, = C27% with C large enough, o, 3 > 1, 55, = 22" Thanks to Lemmas 4.4-4.7
in [2], we have

maxZ;(Uyx + Vzns,) > maxZy(Upx + Uz rs, ),
Qp O0Q
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and therefore there exists a critical point of Z;(U, x + v,\) restricted to My in €.
By Proposition 3.2, it is a free critical point, and therefore a G-invariant solution to
(1.5). Finally, since

1
| By, ()| maX)(Ux,A + U r i)

r Tk
2 [[(Uer + vers) Lo @) 2 1Uaallzas,, @) = lveas,lx,

we have maxp, (@) Uz x + vz2) = 00. This completes the proof of Theorem 1.6. [

4. COMPACTNESS

We recall the Pohozaev identity for CR manifolds (see [1, Proposition 3.3]), which is
the Pohozaev identity for H" by Garofalo and Lanconelli in [23] written in pseudoher-
mitian normal coordinates. In the following, when working in such coordinates, we will
use a circle superscript to indicate objects coming from H™ through these coordinates

(Ap, Vi,...).
Proposition 4.1. Let * € M and u be a solution of
—b,Ayu + Ru = RuP.

Then, in pseudohermitian normal coordinates around T, the following holds

1 /2n+2 ~ 1 1 ~
_ _ RPH——Rz—i——ER p+1
/m«) (bn(pﬂ n) ! b bu(p+1) (R)u

— —ZE(R)u® — (Zu + nu)(Ayu — Abu)) v

T
1 (o] o (o]
( R pHl —RuQ) =-v+ AB(x,u, Vbu)> do,
6Br 2by,

where

]

B, u, Vi) = nu(z)Viu(z) - U, (x) - —\vbu< PE(@) - Vpy, (@)

+ Zu(x)Vyu(z) - ;Bd(z,o) (x)
and B, denotes the ball with respect to the Koranyi norm.
4.1. Blow-up analysis. Let M be a (2n+1)-dimensional CR manifold equipped with
a pseudohermitian structure 6, p; be a sequence with 1 < p; < b, — 1 for all ¢ and
— b, — 1 as i — 00, and u; € C*(M) a sequence of positive solutions of
(4.1) Lyu; = Ru?",
where R is a positive function of class C*.
Definition 4.2. A point T € M is called a blow-up point if there exists a sequence
x; — T such that M; = u;(x;) — oc.

Definition 4.3. A point ¥ € M is called an isolated blow-up point if there exist
7 > 0, a constant (', and a sequence x; — T such that z; is a local maximum of w;,
M; = u;(z;) — oo, and

2

ui(z) < Cd(x,x;) vt
for every x € Br(x;).
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Given an isolated blow-up point T, we define

u(r) = / u; 0 8, do
8B ()

2
in pseudohermitian normal coordinates, and w;(r) = r7i—Tu;(r).

Definition 4.4. An isolated blow-up point T is called an isolated simple blow-up point
if there exists p € (0,7) independent of 7 such that w; has exactly one critical point in

(0, p).

We have the following lemma from [1].

Lemma 4.5 (Lemma 4.4 in [1]). If T is an isolated blow-up point, then there exists C
such that, for 0 <r <7/3, there holds

max w; < C min U;.
B2 ()\B,/2(T) B2y (T)\B, 2(T)

Consider the CR Yamabe equation on the Heisenberg group
(4.2) —b,Apu = w1 in H".
We have the following classification theorem proved by Flynn and Vétois; see also [10].

Theorem 4.6 (Theorem 1.1 in [20]). Let n > 2 and u be a positive solution to (4.2)
such that »
u(z,t) < C(zP+ [t) ™= for all (z,t) € H" \ {(0,0)}
for some constant C' > 0. Then u is of the form
C1

4.3 U(z,t) = m

- O @ e
up to the left translation L,,(z) = zy'x, for some constant ¢; > 0. In particular, when

n = 2, any bounded positive solution to (4.2) must be of the form (4.3) up to the left
translation.

In the following, given an isolated blow-up point x; — %, in order to study the
blow-up sequence of functions, we rescale by defining M; = u;(x;) and

1
Vi =—u; 00 _p—1 0L,

Mi M.

7

defined on B ;-1 (). Note that v; satisfies
M, 2

3

7

Lo,v; = (ﬁo 6 _pi1)ul
Mi -2

where Ly, is the conformal CR sub-Laplacian with respect to the rescaled contact form

*

0, = M[””H 0 p-10 in> @ on the rescaled CR structure.
Mi 2

In the following all covariant derivatives applied to v; are meant with respect to this
rescaled pseudohermitian structure.

Proposition 4.7. Suppose that n = 2. If T is an isolated blow-up point, then for
any R; — o0, ¢, — 0 and k € N, after passing to a subsequence, in pseudohermitian
normal coordinates around T, there holds

1 _
—U; (5Mpzl(l‘l 1 . 1’)) — (U (@) 5§(0)1/2)($)

M. - S €,
7
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where U is defined as in (4.3), M; = u;(z;), and

R;

0.
log M; -

Proof. We just sketch the proof, since it is very similar to that of [1, Proposition 4.5].
Using the notation above, we note that v; satisfies

Lov; = (Ro 6Mir%)vfi,
vi(0) =1,

Vbﬂifuz( )

0 < wv(x) <

Cd(z,0) 7T

Following the argument of the proof of [1, Proposition 4.5], we find that, for any &
and R > 0, after passing to a subsequence, v; tends to some limit v in C**(Bg). By
a diagonal argument, after passing to a subsequence, we obtain a function v, defined
and bounded on H", satisfying

Lev = R(0)vn 1,

(4.4) v(0) =1,
Vb,giv(O) = 0,
v > 0.
Now Proposition 4.7 follows from Theorem 4.6. 0

Lemma 4.8. Let T be an isolated simple blow-up point, R; — oo, and suppose that
Proposition 4.7 holds for some ¢, — 0. Then, given a fixed sufficiently small 6 > 0,
there exists p1 € (0, p) where p is the one from Definition 4.4 such that

wi(x) < OM;Md(z, z;) 2,

() ()] < OM;Nd(x,2;) 7270 fora =1,2,...,n,

U;) ap(T SC'M id(z, )" fora,f=1,2,..,n
,ap

w;) #(z)| < CMNd(z, ;) 72 fora,B=1,2,...n
af

(i) o(@)] < CM () T

(1) 00 ()| < CM;Nd(z, 2;) 7273 fora=1,2,...,n,

[(ui) 00(2)| < CM id(x, @) T2

pi—1

for RiM; 7 < d(x,x;) < p1, where \; = (2n — )25 — 1.

Proof. The proof is analogous to the proof of [36, Lemma 3.3]. O
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—1

Lemma 4.9. In the hypotheses of Lemma 4.8 for |x| < le E , the following esti-
mates hold:

vi(z) < CM (:v,xz) —n

|(vi) o(x)] < CM, =N d(m,xz) “2nl fora=1,2,...,n,
|(vi) ap(2)] < C’M d(x,xz) 2 fora,B=1,2,.
|(UZ)7QE(ZE)’ < C’Mpl d(x,xz) 22 fora,B=1,2,.

v;)o(T SCM 5d:Ua;Z man=2

|(vi) 0(2)] ,
(0 0a(@)]| < CM T 2d(z, )23 fora=1,2,..m,

Vi) .00\T S CM%éd T, T; —2n—4’

| (Vi) 00()] i

Proof. This follows from Proposition 4.7 and Lemma 4.8. 0

Lemma 4.10. If T is an isolated blow-up point, then, with the notation of Lemma
4.8, in pseudohermitian normal coordinates around x;

CMZ-_HMO(I), ifn=2:
0 11, 2
/ (u; + nZu;) (Apu; — Ayuy) | < C'Mi_7+§5+o(1), ifn=3;
By, (x: n—n2+28+o0
p1 (@) 14 +25+0(1) ifn >4

CM,
Proof. Thanks to (2.2), (A.3), Lemma 4.9, and the fact that v; is real, we have

1 )

v + nZvi| S v + [2]|Zavi] + 2P| Tvi| S v + ]| (i) .l + 127 (vi) 0
Bty —on bizls —on—1 90l to —on—2
SM; 2 ()7 |z[M; 2 (1 z]) + [z|"M; 2 (1 + |z])
N M o =0 (1 + Ja]) 2
Furthermore, using Lemmas A.5 and 4.8, we have

|Abui - Abui|
< 2 l(u) ol + 2] (ui) 0

2 (wi) ] + 12 (i) o5] + 12l (i) og] + 121 (ui) 00l
< *% piT_l —(pi—=1)| 12 aspi—1
S M| M, || M; 2 |(vi) o] + M, |z |* M| (vs) o
3 - iil T
+ MOV PP (07) ] + M7V 2PMPTY (07) o5
,3@ pi_l _ _ _
+ M 2P M T |(0) gl + MV [ M ”|<vi>,00'> SR

pi—1
S Mz-MiTé(mm 1a) 7 a1+ [2l) 7 4 [P+ )
+ MV o)) 06
M, 2

< MM, T (yx\<1+yx\) 2 MYl 4 [2l) ) 06 b
M

%
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Combining these yields

/ (u; + nZu;) (Apu; — Apuy)
By, (z3)

_Pizlio, °
e e / (0 + nZ0) By — M) 06y
B

pi—1 (0) Mi

L+ Jz[)~" (\x|(1 +faf)

MY o1+ |x|>-2“-4)

Min-i-3—(n+l)pz‘ Mi(pi_l)é log M; + Mi_(pi_l)(n_m)’ if n =2;
N3t pi y p(pi=1)8 (g r=(pi=1)(n—1) + Mi_(p"_l) log Mi>7 if n = 3;

AN

K3 (2 K3

MDD (e 1) M;@H)(n*?)), if n > 4.

7

Note that the last terms are of order

Mi_1+6+0(1), if n=2;
_u 250, ]
M, 2 T30t (1), if n =3;
TL—TL2 2 O .
MiH +26+ (1)’ i1 > 4,
This proves the assertion. |

Lemma 4.11. In the assumptions of Lemma 4.8, if 7; := b, — 1 — p;, then
7 = O(u;(z;)"1H0+°W)  whenever n = 2,

and in particular, u;(x;)™ — 1.

Proof. Applying the Pohozaev identity of Proposition 4.1 with respect to the base
point z; with r = py:

1 (2n+2 ~ 1 1 ~
/ (s, Rul™ — —Ru? + ————Z(R)u?t!
By, \Un \pi+1 bn bu(pi +1)

= E(R)uZ — (Zu; + nug) (Apu; — &buz)> d‘o/

ﬁ
= Rub LRu2 = v+ Bz, u; %bu») do.
8Bp1 p + 1 2bn ‘ T '
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We are going to estimate each term in the above expression. By Lemma 4.9, we have

/ E(R)ul !
B

Pl

5 MlZ?i+1Mi_(n+1)(pi—1)/ (Mipi2_1|l.|_’_Mi_(pi_1)|$|2>vipi+1

B i1
p1M; 2
pi—1
—npi+n+2 73 pi+t1 —(pi=1)| .12, pitl
< M, / M, ||Vl —i—/ M, || v
B pi—1 B pi—1
p1 M, 2 1M, 2
—(2n+1)p;+2n+5 p?*ld
2 2 —2n(p;+1)
S T
B -1
p1M; 2

(e pitnts s 2 —2n(pi+1)
s M, 2[P(1+ |a])

pi—1
M, T
Z@ntDpgt2nds  Pi=ls  pi—l_ g, 45 _ . pfflé Pivl(_onp 16
S Mz 2 Mz 2 Ml 5— (—2np;+5) _'_]\/[Z (n+1)pz+n+3Mi 5 MZ 5— (—2np;+6)
—np242p;+n p12715
S Ve Gl V)
Similarly, by Lemma 4.9, we have
1 L - 2 24 r—(n+1)(p;—1) 2
— R+ —Z(R) | ui S MM, : v
5, \ba' " 2b, -
Pljui 2
3— 1)p; i—1)0 _
SMZH- (n+1)p Mi(p ) / (1+]z|) 4n
B pica
p1M; 2

) MO IR D00 i = 2
N ]\/‘,l'2n+2—2mm]\/[i(pz'—m7 it n > 3.

Moreover, thanks to Lemma 4.8, we have

1 ~ 1 ° ° )
—— RuPT — —Ru?) =-v+ B(x,u;, Vyu;) |do
/aBm ( (bn(p +1) 2by, ( o)

_ O(Mi—z)\i) _ O(Mf(Zn*é)(pi*1)+2)'

)

By Proposition 4.7, there holds

1 Pi= (2n+2) 1 1 Pt

. T

/ ul > M2 M / <—u,-o5 1>
M; ' u T

By, B i v i
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Now, combining these with Lemma 4.10 and the fact that

1 (2n +2 ) n?
T —n| = Tis
bn \ pi+1 (pi +1)(2n +2)

we prove the assertion. ]

Lemma 4.12. Suppose that n = 2. Under the hypotheses of Lemma 4.8, if T is an
isolated simple blow-up point, then for every o € (0, 5)
lim sup max M;u;(x) < C(0).
isoo 9Bs

Proof. Thanks to Lemma 4.5, it is sufficient to prove the statement for o small enough.
In particular, as in the proof of Proposition 4.7, we can suppose that R > 0.

Let z, be such that d(z,,z;) = o, and define w;(z) = w;(x,) tu;(z). Then w;
satisfies

(4.5) Low; = ui(370>prlwfi'

Thanks to Lemmas 4.5 and 4.8, for every compact K C B, (Z) \ {7}, there exists Ck
such that Cx' < w; < Ck. Therefore, applying the regularity theory from [1, Theorem
2.3], we can deduce that, after passing to a subsequence, w; — w in C? (B,, (%) \ {T}),
and since, by Lemma 4.8, u;(z,) — 0, passing to the limit in (4.5), we get that
1;910 =0.

2
Since the blow-up is isolated simple, and since Proposition 4.7 implies that rzi—17;
_p=t 2
has a critical point in (0, R;M; 2 ) after which it is decreasing, r»i~11; is decreasing
p1—1

in (R;M; ?* ,p), and because
ui(:cg)’lr#m(r) = rﬁwi(r) — r"w(r),

r"w(r) is decreasing on (0, p). Since w > 0, w must be singular at Z. Corollary 9.1 in
[36] can be extended to pseudohermitian geometry by repeating the proof with minor
adaptations. Applying it, we get that

(4.6) —/ Abwi:—/ wai-l/:—/ Vyw-v+o(l)=c+o(l) >0,
Bo(x:) 0B () 0B, (%)

while integrating (4.5) yields
an b [ A= [ (R ) Swe) [
Bg(xi) Bg(xi)

Bo- (JCZ)

But if we call r; = RZ‘M;iT_, it follows from Proposition 4.7, Lemma 4.8 and Lemma

4.11 that

ot~ (o)
Bo(z;) 7 (@) Bo (z:)\Br; (zi)

(4.8) < Mi("Jrl)(pz‘l)Mlpi/ (1+ |x|)—2npi +Mi_Aipi/ |$‘(—2n+5)17i
Br,(0) Bo (x:)\Br; ()

i— ; D _pi=l\ —(2n—0)p;+2n+4
< Mli(nﬂ)(pz 1)szz logRi_i_M;Alpl (RiMZ' - ) <

-1

~ %

whenever n = 2. Combining (4.6)-(4.8), we see that M;u;(z,) is a bounded sequence.
Now the assertion follows from Lemma 4.5. O
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Proposition 4.13. If T is an isolated simple blow-up point then there exists C' such
that

Mlul(m) S Cd(&?, Ii)iml
if d(z, ;) < 5. Furthermore, after passing to a subsequence, there exists a > 0 such
that

Mu(z) = aGz(x) + b
in CF (Bg(T) \ {T}), where Gz is the Green function of Ly (which eists because M

ocC

has positive CR Yamabe class) and Lyb = 0 on B (7).

Proof. If this were not the case, then, after passing to a subsequence, there would exist
a sequence 7; with d(z;, 7;) < § and

Define ;fv’z = d([Ez, Ez)
After passing to a subsequence such that Proposition 4.7 holds for some R; — oo and
g; < e i it is easy to verify, using Lemma 4.11 and the fact that sup,. o A2U (6x()) <

pi—1

O, that eventually 7; > R;M, 7 .

‘ZE|2" Y
2
Define u; = 77"~ u; 0 &7, o L,, in By. U, satisfies
and satisfies the hypotheses of Lemma 4.12, therefore maxgp, 4;(0)u; < co. Using the

definition of u; and Lemma 4.11, this contradicts formula (4.9).
Hence M;u; is locally bounded in B () \ {T}, and satisfies

Lo(Mju;) = Mil_pi(Miui)pi,
therefore, applying regularity theory,
Mu; — v in C’lzoc(Bg () \ {7})

with v satisfying Lyv = 0. Known results about singular solutions (see for example
Proposition 9.1 in [36], which can be adapted without difficulty to pseudohermitian
geometry) imply the rest of the claim, except for the fact that a > 0. This can be
proved by showing that v must be singular by the same proof as Lemma 4.12. 0

In order to proceed we need a generalization of Theorem 2.1.

Lemma 4.14. If u is a function on H" satisfying
—ANpu=U %u
and lim,_, u = 0, then u is one of the Malchiodi-Uguzzoni solutions of Theorem 2.1.

Proof. The Cayley transform v of u satisfies
Q+2

Ay =Ue—2p

and lim, o |2|972v = 0. In particular v € L} (H"), and therefore it is a distribution.

Q2 e . .
Thus —Ayv — U@—2v is a distribution on H" whose restriction to H" \ {0} is zero,
and therefore it is equal to > a®0,6. Hence if ¢ is a smooth compactly supported
function which is one in a neighborhood of the origin,

~Ay(¢0) ~ UG 2go =4 + > a0u0
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for a smooth compactly supported function 1, therefore

dv = G * (UG 2¢v)+G*¢+Z 1Hllg,a.

Since |UQ 2qbv| < |:c|Q 5, |G * (UQ 2¢v)] S |x\Q ; for n > 2, whereas |G * (U%Qﬁvﬂ S

|log |z|| for n = 1. This and the fact that lim, o |2|?"2v = 0 imply that a® = 0.
2

Therefore —Ayv =U %v on H' and by regularity theory it is smooth; therefore, the

result by Malchiodi and Uguzzoni applies. [l

From now on 2n + 1 = 5.

Lemma 4.15. If T is an isolated simple blow-up point then there exists v > 0 such
that
lv; — U| < max{M; ?log M;, 7;}

pi—1
for |z| <M, * (where 7; = 252 —p, ).

pi—1

Proof. Let (; = fy]\/[ilT and

1
ly| =2

realized by some y;. If |y;| > ¢f; for some ¢ then, since w; < U and U(y) < on

~

the considered domain, then

lvi(yi) — U(yi)| S

(using the lemma...) and therefore by definition of y; we obtain the conclusion. There-
fore we can suppose that [y;| < 4. Define

wi(e) = (o) ~ U@)).

%

Then w; satisfies

1 1 nt2 1

L Zwl( ) A—iv. (x) A—lU(x)n A—(L — Ag,))U

1 . . ]. n+2
= L =)+ (Upl U 4+ (Ly — AQHQ)U>

UPpi

T aou T

1 e
+K(Upi—Un : + M, " VRos pi;1U+O(Mi (> 1)(1—|—|:L‘|)_2>)

7

(where, we recall, 6; = MPiD <5 _piz1 O in) 0).
Mi

Setting b; = =& Ii_U ' by the estimates of the preceding lemmas

bi(@)] S L+ 2™ Jal < 4.

Call also Q; = Lgw; — bjw;.
Then

wily) = /B Gl &) (bi(©)wil€) — Que) de — [ e,

0By,
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Let t; = M; ?log M;. Suppose, for contradiction, that A;'max{t;,7;} — 0. In CR
normal coordinates R = O(|z|?) (see [32]), then

Q)| S AT (7ilog UL+ [al)™ + M [af2(1+ [of) 0 4+ O (M; (1 + J2))2) )

The estimates above show |w;| < A;'M; 2, and it is standard that |G;(y — &) <
ly — &7 for |y — £| < 4, therefore
(4.10) wi(y)] S ((1+ |y[) 7 + Aslog M; M%) .
By Schauder estimates, after passing to a subsequence, w; — w in the subriemannian
Holder space satisfying

Ly, w=Uw

and |w(y)| < (1+]y|)~2. By Lemma 4.14, w is one of the Malchiodi-Uguzzoni solutions.
The definition of v implies that w(0) = dw(0) = 0, and therefore w = 0, which implies

(since w;(y;) = 1) that |y;| — oo, but this contradicts equation (4.10) since we had
supposed by contradiction that A;log ]\LM[2 — 0. O

Lemma 4.16.
T; 5 log MiMZ’_2~

Proof. 1f this were not true, then by the previous lemma |v; — Up| < 7;. Setting
1

w;(z) = ;(Ui(ﬂf) — Ul(z)),
w; satisfies
bi _ [Jpi -
Lgwi(z) = Uz—wz‘ + Qi

V; — U
where
~ 1 _2 (pi—
Qi = —0 (rilog UL+ |o)™ 4 M *|o(1 + |al)™® + M; ® (1 +]a]) %) .
Ti
1

Suppose by contradiction that log M;M; ;' — 0. By Schauder estimates w; — w
on compact sets. Let 1) = %U + ZU. Then we have

1 _2 _

/ =0 (M7 11+ [2l) ™ + M1+ [a])2) = 0
lyl<ti/2 Ti

therefore

lim VQ; = | YlogUU?.

=00 Jly|<e;/2 H2

/ VQi = / Y(Lgw; + biw;) =
ly|<£:/2 ly|<t;/2

= / (Lg ¥ + bip)wi + / (Yrw; — wivih)
ly|<ti/2

lyl=¢£:/2

At the same time

therefore passing to the limit

=00 Jly<e;/2

which is a contradiction. ]
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Corollary 4.17. If T is an isolated simple blow-up point then there exists v > 0 such
that
‘Uz' - U| SJ Ml_QlOng

pi—1
for |2 < yM, ?

; n+2 )

(where T; = 5= — p;

Arguing in a similar way as in the previous lemmas, following the proof of Proposi-
tion 5.5 and the following Remark 1 in [38], we also obtain the following estimates.

Lemma 4.18. Under the previous hypotheses,
lo; = Ul(y) < M1+ Jy))~!
Vo (vi = U)l(y) S M2 (1 + [y)) 2
V3w = U)|(y) S M; (1 + [y)) 8

Lemma 4.19. If T is an isolated simple blow-up point then S(T) =0 (where S is the
Chern tensor defined in Section 2).

Proof. We want to apply the Pohozaev identity from Proposition 4.1. Now

Ai(r) == M} / T (—1 (R + 15(3)) u? — (Bu; + 2u;) (Apus () — &bui)> av =

3 9
21 72—2(pi—1) 1 —(pi—1) 1_ 2
= M M, —=M, R+ =E(R)) 06 p-1vi+
! B 1 3 2 M, T

erf

(v + 20;) (Abv; — ﬁbvi)> 4V
Defining

. i 1 1
Ai(r) = M2 2P / (——Mi i~1) (R+—E(R)> 08 U+
B pi—1 3 2 7M7; 2
rMiLT

— (U + 2U) (AU — &,U)) v

then
A(r) — A(r) < M, / (v — U@) (1 + [y)~*+
rk[i&;
+|Vo(v; = U)|() (X + y]) 7> + [Vilvs = U)|(n) (1 + Jy]) %) S
<M (1+[y)° S 1.
B p—1
M, 2

Finally

Q _Q_2 D, pt+1
/Br<p+1 2 )Rup =Y

and therefore, since |M2%(x, u, Vyu;)| < 1 by the fact that My, has limit in T on
compact subsets of M \ {z}, we get that A;(r) < 1. Now

M2ME2D) / (ZU +20) (ALU — A0)dV <
B i1

rM. 2
i
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SUMEEEIMEOT [ ey ) S
B i

rM, 2
i

By following the proof of Proposition 4.2 in [32], it can be shown that

1 o 1 o
Mf/ <—§Mi (i=1) (R + 55(3)) 06 wU2) dV > |S(z)|* log M;
B, 7Mi 2

rJWZ.T
therefore the claim follows. O

Lemma 4.20. If T is an isolated simple blow-up point and Myu; — h in M\ {T} then
lim inf %(z, h, Vi) > 0.
r—0

Proof. Using the Pohozaev identity it can be proved like in Lemma 4.14 in [1], in a
manner similar to the proof of the previous lemma, that

liminf Z(z, h, Vyh) > liminf / (EU +2U)RU
r—0 r—0 B i1
rM, 2

which is nonnegative, by reasoning as in the proof of Proposition 4.2 in [32] O
Lemma 4.21. Isolated blow-up points are isolated simple.

Proof. The proof is the same as that of Proposition 4.15 in [1] or Proposition 4.1 in
[36], using Lemma 4.20. O

Lemma 4.22. In the hypotheses of Theorem 1.3, the set of blow-up points is finite
and it consists of isolated simple blow-up points.

Proof. The proof is the same as [36] or [1]. O]

Proposition 4.23. Let M be a five-dimensional pseudoconvex CR manifold of positive
CR Yamabe class, and let p € M such that S(p) = 0. Then the Green function G, of
the conformal sub-Laplacian at p in CR normal coordinates centered at p satisfies

. a
el

Gp() + Ay + O(Jz])

where A, = bm, for some constant b > 0.

Proof. Since in CR normal coordinates R,3(p) = 0 by Proposition 3.12 in [32], Rs%xz(p) =
0. Thanks to this and to Proposition 2.5 in [32], by repeating the proof of Lemma
A.5, it can be checked that

0 1
(Ap = Ap)—7

|z[*
is locally bounded around the origin, and therefore
a

Gp(r) = — + Ay, + O(|z)).

[t

The last assertion of the proposition is proved by following the proof of Proposition
3.7 in [12]. 0
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Proof of Theorem 1.3. By standard arguments through elliptic theory, it suffices to
show that the set is bounded in C°.

If a sequence u; violates this, by Lemma 4.22, after passing to a subsequence, it
has a blow-up set S = {z',..., 7"} formed by isolated simple blow-up points. After
passing to a subsequence, we can suppose that u;(x}!) < u;(x¥) for every k, and setting
w; = ui(x})u;, by the previous results we can deduce that

N
= Z ap Gz ()
k=1

Thanks to the hypothesis and to Lemma 4.19 the Chern tensor satisfies S(z') = 0,
and therefore thanks to Proposition 4.23 we obtain that in CR normal coordinates

hz) = — + A’

| z[*
where A’ > 0, but from this and Lemma 4.20 we get a contradiction. O
APPENDIX A

Let M be a 2n+ 1-dimensional pseudoconvex pseudohermitian manifold and = € M.

Proposition A.1. In pseudohermitian normal coordinates
0 = (1+ 0(|z[2)8" + 02§’ + 0|z + O(|a])é
0= (1+0(jz*)0 + 0(|x|3)95 +0(|z*)0°

(A.1) ' = 0|28 + O(la))d + O(|x])
Proof. 1t follows from Proposition 2.5 in [32]. O
Lemma A.2. In pseudohermitian normal coordinates

Z, = Z + O(|z|? )Zg+0(]a:| )ZB+O(|37| )
(A.2) i Z +O(|x| )Z5+O(|x| )Z —|—O(|x| )
T = O(|z)Zs + O(|z]) Z5 + (1 + O(|z[*)T

T
T,
and

Zo= Zo+ O|2) Z5 + O(J2|*) Z5 + O(|z[)T
(A.3) Za=Zs+O(|z|*)Zs+ (1 + O(|x|2))ZE + O(|z])T

T =0(|2)Zs + O(|z]) Zz + (1 + O(|z*))T
Proof. Letting Z, = a” Z 5+ bgég + T and applying 07, 6% and 0, we get

05 = (82 + O(lz]*)a’ + O(|2*)b” + O(Jz|)e,
0g = (1+O(jz))V” + O(|z*)a’ + O(Jz)e,
0= (1+0(z[*))c+ O(x[*)a” + O(|z[*)p”

respectively. The third one implies that ¢ = Q(|x|3)7 and using this in the other two
allows to deduce that a® = 62 + O(|z|?) and b® = O(|z|?). Therefore

Zo = Za + O|2*)Z5 + O(|2[*) Z5 + O(|z[*)T
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Letting T' = dﬁéﬁ + eﬁég + f?oﬂ and applying 67, 6% and 0, we get

0= (1+0(|z]*)d® + O(|z*)e? + O(|z]) ,
0= O(Ja])d” + (1 + O(|z*))e” + O(|a|) f
1= (1+0(z]2))f + O(|z[*)d® + O(|z|?)eP.

Arguing as before, these imply that d® = O(|z|), € = O(|z|) and f = 14 O(|z[?).
Therefore

T = O(|z)Zs + O(|z]) Z5 + (1 + O(|«[*))T-

So we proved the first part of the Lemma.
We can write the formulas we proved as

Za O(lz*) O(|z*) O(|«|*) Za
Zg | =1+ | O(zP) O(xl*) O(lz[?) Zz
T O(lz)  O(jz])  O(|z*) T

Applying the Taylor expansion for the matrix inverse (I4+A4)~" = I—A+A2+O(||A*),
we get

This implies the second part of the claim. 0
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Lemma A.3. In pseudohermitian normal coordinates
(A.4)
(Zi = 73+ O(|z) Zs + O(|2]) Z5 + O(|= )T + O(|z
+0(|z[) ZT 4+ O(|x|")Zs Z, + O(|x|*) ZsZ5 + O(|x
+0(|z|°)ZsT + O(|z|? )Z T + O(|z|%)T?
oZp = ZaZs + O(|2]) Zy + O(|2)) Z5 + O(|2|) T+
(|12|*)ZaZy 4+ O(|2|?) Zo Z5 + O(|2|*) Zo T+
O(|2*)Z,Z5 + O(|2|*) ZZ5 + O(|z]*)T Zs+
O(|2") 2, Z, + O(|2|") Z, Zg + O(|x|*) Z5 Z+
O(\:c Z, T + O(|z|°) Z5T + O(|x|°)T?
= ZuoZ7+ O(|z]) Z, + O(|7|) Z + O(|z|?) T+
2)ZoZy + O(|2]?) Zo Zs + O(|2|*) Z T+
)2, Z5 + O(|2?) ZyZ5 + O(||*)T Zz+
N2 Zy + O(|2|*) 2 Zg + O(|2|*) Z5 Zpt
2, T + O(|z]°) Z5T + O(|x|°)T?
wl5 = ZalZg + O(|z]) Zy + O(|2]) Zy + O(|z]) T+
VZ5 Z + O(|z|?) ZaZ= + O(|z|*) ZaT+
)Z,YZBJFO(]xP)ZyZEjLO(]mP)TZEjL
22,2, + O(|2|*) 2, Zg + O(|x|*) Z5 Zn+
)2, T + O(|z]?) Z=T + O(|x|%)T?
oI = Z,T +0(1)Zs + O(1) Z5 + O(|z|) T+
O(|z])ZaZs + O(|2]) ZoaZ7 + O(|z|*) ZsT + O(|z|? )Z5T+
+0(|z[*)ZsZ, + O(|z? )ZgZ + O(|z)? )Z Z=+ O(|x*)T?
T = (14 O(|2[2)T2 + O(1) Zs + O(1)Z5 + O(|z|)T + O(|]) ZsT+
+O(12)) Z5T + O(|2*) Zs Zy, + O(|2*) Zs Z5 + O(|2[*) Z5Z5

©[2) ZaZs + O|2[?) Zo Z5+
oY) 2575+

ToE e

No-i-

Proof. Tt follows from Lemma A.2 and straightforward computations. O

Lemma A.4. For any function f in CR normal coordinates around T

o= Zaf) S (f 8l + F3D)]2)? + | Foll2]?,
[fo—TFI S (F 5l + F3Dlal + [ follzl?,

fas—Za25f) S (115D |24 fol 1 ar | f s+ sl 58D 1214 f a0l Fos) 2P+
(| f ol + ol + [ FaDlel® + (fonl + [ forDIz]® + | fool|2[°,

o [e)

\fas—ZaZ5f| S (Fal+faDlzl+( fol+ fran [+ farlH f 5l fsaD |2+ faol+f ) 2P+
(| fol + 1ol + £l + (ool + [ For DI + 1 fool 2],

[foa = ZoTfI S| fsl + 1 f 5l + (fol + [ fasl + [ fagDlzl + (1 fosl + 1 g5])]x])*+
+(|f 00l + 1£.59] + 1£.55] + 1 £ 3=D)]],
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oo~ T FI S 16l + £ 5l + (L fol + | fosl + 1 aDlwl + (1f.5] + [ 5] + [ £ 35l + [ ool ]

Proof. The first two estimates follow from formulas (A.3) and (A.1). The other esti-
mates follow from formulas (A.4) and (A.1). O

Lemma A.5. In pseudohermitian normal coordinates around a point x
Auf = Bof +O(Ie)(1 Zf| +|Z5f )+
0P )T S| +1Z52af| +\Z520f| +|Za2 5| + | ZaZ5f )+
+0(al*)(1 2T+ ZaTf) + OUal V(1 2, Zsf| + 125258 | + 122251 )+
0|2 )(|1ZT 11 + 25T £1) + O(|al*) | T*
Proof. Using formulas (A.2) and Lemma A.4 we get

|(Ab - &b)f| = |faa + faa - éaéaf - éaéaﬂ 5

S (Fsl + 1 5012] + (ol + 1 fasl + 1,05l + 1 f el + | £ 5D + ([f a0l + fos) |2+
+(1 £l + 1 57] + 35012l + (fosl + £ 5D 12l” + | foollz]® <

SZsfIH Zaf e+ (T f 1+ Zs Za f|1H Z5Z o1+ Z a2 p |+ ZaZgf ) ol +(| ZaT fI+ ZaT [l 2P+

+(12,2Z5f1 +12525f | + 1 Z5Z5f el + (12T f| + | Z5T )|l + [T ]| 2]°
0
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