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Abstract. We study compactness and noncompactness phenomena for the CR
Yamabe equation on compact strictly pseudoconvex CR manifolds. First, in dimen-
sion five, we establish uniform a priori estimates for families of positive solutions of
subcritical equations for the conformal CR sub-Laplacian

LJu = up,

with p bounded away from the critical exponent, assuming positivity of the CR
Yamabe constant and positivity of the p-mass at every point. As a consequence,
the corresponding set of solutions is precompact in Hölder topologies. Secondly, we
consider the equivariant CR Yamabe problem for a compact subgroup G of pseudo-
Hermitian transformations. We construct a G-invariant CR structure on S3, not
equivalent to the standard one, for which the associated CR Yamabe equation ad-
mits a sequence of G-invariant solutions whose maxima diverge, thereby proving
noncompactness in the equivariant setting. The arguments combine a Pohozaev-
type identity in pseudohermitian normal coordinates with a blow-up analysis and
Liouville-type classification results on the Heisenberg group.

1. Introduction

Suppose (M, g0) is a compact n-dimensional Riemannian manifold of dimension
n ≥ 3. As a generalization of the Uniformization Theorem, the Yamabe problem is to
find a metric g conformal to g0 such that the scalar curvature Rg of g is constant. If

we write g = u
4

n−2 g0 for some 0 < u ∈ C∞(M), then the scalar curvatures of g0 and g
are related by

(1.1) −4(n− 1)

n− 2
∆g0u+Rg0u = Rgu

n+2
n−2 ,

where ∆g0 is the Laplacian with respect to the metric g0. In view of (1.1), the Yamabe
problem is equivalent to finding 0 < u ∈ C∞(M) such that

(1.2) −4(n− 1)

n− 2
∆g0u+Rg0u = cu

n+2
n−2

for some constant c. The Yamabe problem was solved in a series of work by Aubin
[6], Trudinger [41], and Schoen [39]. In other words, (1.2) has at least one solution.

When (M, g0) has negative or zero Yamabe constant (which corresponds to the case
when c < 0 or c = 0 in (1.2) respectively), it is easy to see that the solution to (1.2) is
unique up to normalization. In the case when (M, g0) has positive Yamabe constant
(which corresponds to the case when c > 0 in (1.2)), Schoen raised the compactness
conjecture in a topics course at Stanford in 1988: the set of solutions of the Yamabe
equation (1.2) is compact except when the manifold is conformally equivalent to the
standard unit sphere Sn.
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The compactness conjecture was proved by Khuri, Marques and Schoen [34] in
dimension n ≤ 24 (see also [19, 35, 36, 38] for previous results). It turns out that the
compactness conjecture is false when n ≥ 25; the counterexample was constructed by
Brendle for n ≥ 52 in [8] and by Brendle and Marques for 25 ≤ n ≤ 51 in [9].

Since then, various compactness and noncompactness results have been proved in
different contexts. For example, compactness and noncompactness results were ob-
tained for the Yamabe-type problem on manifolds with boundary [3, 4, 5, 13, 16, 17,
24, 27, 33].

The Yamabe problem can also be posed in the context of CR manifolds. Given a
compact strictly pseudoconvex CR manifold (M,J, θ) of real dimension 2n + 1, the
CR Yamabe problem is to find a contact form conformal to θ such that its Webster
scalar curvature is constant. This was first introduced by Jerison and Lee in [30]. If

we write θ̃ = u
2
n θ for some 0 < u ∈ C∞(M), then the Webster scalar curvature of θ

and θ̃ are related by

(1.3) LJu = R̃u1+
2
n

where LJ is the conformal CR sub-Laplacian given by

LJ = −bn∆b +R, bn := 2 +
2

n
.

Here, R and R̃ are the Webster scalar curvatures of θ and θ̃, respectively. It follows
from (1.3) that the CR Yamabe problem is equivalent to finding 0 < u ∈ C∞(M) such
that

(1.4) LJu = cu1+
2
n

for some constant c. After the work of Jerison and Lee in [31, 32, 30], the CR Yamabe
problem was studied in [14, 21, 22].

Inspired by Schoen’s compactness conjecture stated above, it is natural to consider
the compactness and noncompactness of solutions to the CR Yamabe equation (1.4).
The following theorem was proved in [1] by the first author.

Theorem 1.1 (Theorem 1.1 in [1]). Let (M,J, θ) be a compact 3-dimensional strictly
pseudoconvex CR manifold of positive CR Yamabe constant such that, for every x ∈M ,
its p-mass at x is positive, i.e. mx > 0. Then, for every ϵ > 0 and k ∈ N, there exists
a constant C such that

1

C
≤ u ≤ C, ∥u∥Γk,α ≤ C

for every u ∈ ∪1+ϵ≤p≤3Mp and 0 < α < 1. Here

Mp = {u > 0 : LJu = up},

where Γk,α is the Hölder space. In particular, ∪1+ϵ≤p≤3Mp is compact in the Γk,α

topology.

As pointed out in [1], the assumption that p-mass is positive at every point x ∈M
is difficult to check. Fortunately, we have the results by Takeuchi in [40] and by
Cheng, Malchiodi, and Yang in [14], which say that any embeddable 3-dimensional
CR manifold M which is not CR-equivalent to S3 with the standard CR structure
must have positive p-mass at every point x ∈M . Combining these with Theorem 1.1,
we have the following:
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Corollary 1.2 (Corollary 1.2 in [1]). Suppose that (M,J, θ) is an embeddable 3-
dimensional CR manifold which has positive CR Yamabe constant and is not CR-
equivalent to S3 with the standard CR structure. Then the statement of Theorem 1.1
holds.

In this paper, we prove the following theorem, which is the corresponding case of
Theorem 1.1 for dimension 5.

Theorem 1.3. Let (M,J, θ) be a compact 5-dimensional strictly pseudoconvex CR
manifold of positive CR Yamabe constant such that, for every x ∈ M such that the
Chern tensor satisfies S(x) = 0, its p-mass at x is positive, i.e. mx > 0. Then, for
every ϵ > 0 and k ∈ N, there exists a constant C such that

1

C
≤ u ≤ C, ∥u∥Γk,α ≤ C

for every u ∈ ∪1+ϵ≤p≤2Mp and 0 < α < 1. Here

Mp = {u > 0 : LJu = up},
where Γk,α is the Hölder space. In particular, ∪1+ϵ≤p≤2Mp is compact in the Γk,α

topology.

The Chern tensor in the above theorem is the analogue of the Weyl tensor in Rie-
mannian geometry and will be defined in Section 2.

As in the three-dimensional case, the verification of the hypothesis of positivity of
the mass can be checked by the positive mass theorems available in the literature: the
one in [11] is valid for spherical CR manifolds satisfying an analytical condition in
dimension five, the one in [12] is valid for five-dimensional spherical spin manifolds.
Many conjecture that in dimensions higher than three, a CR Positive Mass Theorem
without additional hypotheses, similar to the Riemannian one, should hold, but the
problem is currently completely open.

Our proof of Theorem 1.3 is inspired by the work of Marques [38]; in particular, we
adapt to the CR case the technique of symmetry estimates.

The equivariant CR Yamabe problem was first introduced and studied by the second
author in [26]. To state it, we recall that a CR automorphism of (M,J, θ) is a diffeo-
morphism f : M → M such that its differential at any point maps horizontal vectors
to horizontal vectors, i.e. f ∗(ker θ) ⊆ ker θ. Note that f is a CR automorphism if and
only if

f ∗θ = uθ for some u ∈ C∞(M).

Let AutCR(M,J, θ) be the group of all CR automorphisms of (M,J, θ). On the other
hand, let I(M,J, θ) be the group of all pseudo-Hermitian transformations f of (M, θ)
that preserve the associated contact Riemannian metric

g = θ · θ + dθ ◦ J.
Note that I(M,J, θ) is a subgroup of AutCR(M,J, θ) (cf. [7]).

Conjecture 1.4 (Equivariant CR Yamabe problem). Given a compact strictly pseu-
doconvex CR manifold (M,J, θ) of real dimension 2n+1, and a compact subgroup G of
I(M, θ), there exists a G-invariant contact form conformal to θ such that its Webster
scalar curvature is constant.

Here, a contact form θ̃ is said to be G-invariant if f ∗θ̃ = θ̃ for all f ∈ G. We
remark that the classical CR Yamabe problem is the special case of Conjecture 1.4
when G = {idM}.
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In [2], the first and third authors proved the following:

Theorem 1.5 (Theorem 1.1 in [2]). There exists a CR structure on S3, not equivalent
to the standard one, such that the associated CR Yamabe equation

LJu = 2u3

has a set of solutions {uk}k∈N with maxuk → ∞.

Here, LJ = −4∆b +R is the conformal CR sub-Laplacian when n = 1.
It is natural to ask whether the result corresponding to Theorem 1.5 is true in the

equivariant case. To answer this, we let f : S3 → S3 be given by

f(w1, w2) = (−w1, w2) for (w1, w2) ∈ S3,

and let G = {f, idS3}. We have the following:

Theorem 1.6. There exists a CR structure on S3 which is G-invariant and not equiv-
alent to the standard one, such that the associated CR Yamabe equation

(1.5) LJu = 2u3

has a set of G-invariant solutions {uk}k∈N with maxuk → ∞.

Here, a function u is G-invariant if ϕ∗u = u for all ϕ ∈ G, and a CR structure is G-
invariant if ϕ∗J = J for all ϕ ∈ G. Therefore, Theorem 1.6 proves the noncompactness
of the equivariant CR Yamabe problem. We remark that the noncompactness of the
equivariant Yamabe problem and the equivariant Yamabe problem with boundary
were obtained in [25] and [28], respectively.

We also remark that the compactness and noncompactness of the equivariant CR
Yamabe equation can be subtle. Indeed, if we take H to be the group {h, idS3}, where

h(w1, w2) = (−w1,−w2) for (w1, w2) ∈ S3.

On the Rossi sphere (S3, Js), all H-invariant solutions u of the CR Yamabe equation
(1.5) can be viewed as a solution of the CR Yamabe equation (1.5) on the quotient
(S3/H, Js). It is known that (S3/H, Js) is embeddable and has positive CR Yamabe
constant. In particular, it follows from Corollary 1.2 stated above that the set of all
solutions to the CR Yamabe equation (1.5) on (S3/H, Js) is compact. Hence, the set
of all H-invariant solutions to the CR Yamabe equation (1.5) on the Rossi sphere
(S3, Js) is compact.

Organization of the paper: In Section 2 we collect the basic pseudohermitian
and CR-geometric preliminaries, fix notation, and recall the CR Yamabe operator and
its main analytic properties. In Section 3 we prove Theorem 1.6. Section 4 is dedicated
to the blow-up analysis and the proof of Theorem 1.3. We conclude the paper with
an Appendix containing some technical computations.
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2. Preliminaries

We briefly recall some basic notions about CR geometry, referring to the monograph
[18] for a complete introduction. A CR structure on a 2n+1-dimensional manifold M
is an n-dimensional complex subbundle H of TM ⊗C such that H ∩ H = {0} and
[Γ(H ),Γ(H )] ⊂ Γ(H ). The real part of H , H(M) = Re(H +H ), is called the Levi
distribution, and it carries the natural complex structure J defined by J(Z + Z) =
i(Z − Z). H(M) and J determine the CR structure. The CR structure is said to
be nondegenerate if H(M) is a contact distribution; it is said to be pseudoconvex if
for some contact form θ the bilinear form Lθ(Z,W ) = −dθ(Z,W ) is positive definite.
In the following we will always assume the hypothesis of pseudoconvexity. In such a
case, the choice of a contact form θ determines a rich geometric structure, including
a subriemannian metric on H(M) (which induces a subriemannian distance d), a
measure, and a connection called the Tanaka-Webster connection. By contracting
twice the associated curvature tensor through the metric, a scalar curvature invariant
known as Webster scalar curvature is obtained. Any other contact form for a given

CR structure is of the form θ̃ = u
2
n θ for some smooth positive function u, and the

Webster scalar curvature associated to θ̃ is given by the formula

R̃ = u−
n+2
n (−bn∆b +R)u

where ∆b = div ◦∇b (where ∇b is the subriemannian gradient) is a second-order oper-
ator known as the sub-Laplacian, and bn = 2 + 2

n
. Equivalently

∆bu = uαα + uαα.

The most important CR manifold is the Heisenberg group, which is the Lie group
Hn = Cn × R with the group law

(z, t) · (w, s) = (z + w, t+ s+ 2Im(zw)).

Hn is endowed with the left-invariant CR structure H generated by the left-invariant
vector fields

Zα =
∂

∂zα
+ izα

∂

∂t
and the contact form

(2.1) θ = dt+ i
n∑

α=1

(zαdzα − zαdzα).

Every CR manifold has local coordinates around any point with values in Hn, called
pseudohermitian normal coordinates (see [32]). We call H(H1) = Re(H + H ) the
Levi distribution associated to this CR structure, and J0 the complex structure on
it. The Reeb vector field corresponding to this contact structure is T = ∂

∂t
. Hn is

endowed with the one-parameter group of CR and group automorphisms

δλ(z, t) = (λz, λ2t),

for λ ∈ (0,∞), called dilations. The pseudohermitian measure (which is obviously a
Haar measure) satisfies (δλ)#dx = λ2n+2dx; for this reason the number Q = 2n+ 2 is
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called the homogeneous dimension of Hn. The generator of the group of dilations is
the vector field

(2.2) Ξ =
n∑

α=1

(zZα + zZα) + 2tT,

where Zα = Zα. On Hn the sub-Laplacian is equal to 1
2
∇b =

∑n
α=1(ZαZα + ZαZα).

The CR Yamabe equation in Hn

(2.3) −bn∆bu = u
n+2
n

has the solution

U(z, t) = cn
1

(t2 + (1 + |z|2)2)n/2

which geometrically corresponds to the standard contact form of the CR sphere S2n+1

pulled back to Hn through the Cayley transform, a CR equivalence analogous to
the stereographic projection. If Lx(y) = x−1y denotes left translation, then, by the
invariance properties of the sub-Laplacian, the functions

(2.4) Ux,λ = λU ◦ δλ ◦ Lx

for x ∈ Hn and λ ∈ (0,∞) form a family of solutions.
Let S1(Hn) be the completion of C∞

c (Hn) with respect to the product

⟨u, v⟩ =
ˆ
Hn

∇bu · ∇bv

which, by the Folland-Stein embeddings, is a subset of L
2Q
Q−2 .

Then the family of solutions {Ux,λ}x∈Hn,λ>0 is stable in S
1(Hn) in the following sense.

Theorem 2.1 (Lemma 5 from [37]). u ∈ S1(Hn) solves the linearized equation of
(2.3) in U

−bn∆bu =
n+ 2

n
U

2
nu

if and only if there exist a, γ ∈ R and µα ∈ C such that

u = aΞU + γTU +
n∑

α=1

(µαZαU + µαZαU).

Similarly to Riemannian geometry, there exists a tensor which characterizes confor-
mal flatness (except in the lowest dimensions). We recall that a CR manifold is called
spherical if it is locally CR equivalent to Hn (or equivalently to S2n+1). The Chern
tensor is defined as the tensor

Sβ
α
λσ = Rβ

α
λσ −

1

n+ 2
(Rβ

αhλσ +Rλ
αhβσ + δβ

αRλσ + δλ
αRβσ)+

+
R

(n+ 1)(n+ 2)
(δβ

αhλσ + δλ
αhβσ)

where Rβ
α
λσ is the curvature tensor, hλσ is the metric and Rβ

α = Rβ
σ
σγh

αγ is the
pseudohermitian Ricci tensor.

Then the following theorem of Chern and Moser [15] holds (see Section 7.3 in [29]
for a more modern presentation and an alternative proof).

Theorem 2.2. If n ≥ 2 then M is spherical if and only if S = 0.
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3. Proof of Theorem 1.6

In this section we will work in the first Heisenberg group H1. We will consider
various CR structures whose Levi distribution coincides with H(H1), and we will fix
the contact form θ defined in equation (2.1). Therefore the CR structure will be
uniquely determined by the complex structure J on H(H1), and we will denote by ∇J ,
∆J and so forth the various pseudohermitian quantities when the dependence on J is
relevant.

We define f̂ : H1 → H1 by

f̂(z, t) = (−z, t).
Let Ĝ = {f̂ , idH1}.

Let X be the Hilbert space

X = {u ∈ L4(H1) : ∥∇J0u∥L2 <∞}
with the inner product

⟨u, v⟩X =

ˆ
H1

∇J0u · ∇J0v.

Let XĜ be the subspace of X which contains all the Ĝ-invariant functions in X, i.e.

XĜ =
{
u ∈ X : u is Ĝ-invariant

}
.

The Folland-Stein embedding asserts that there exists K such that

∥u∥L4 ≤ K∥u∥X .
We define

M = {Ux,λ : x ∈ H1, λ ∈ (0,∞)}
where Ux,λ is given as in (2.4). We also let

E(x,λ) = span{Z1Ux,λ, Z1Ux,λ, TUx,λ,ΞUx,λ}⊥.
That is to say,

E(x,λ) =
{
u ∈ X : ⟨u, Z1Ux,λ⟩X = ⟨u, Z1Ux,λ⟩X = ⟨u, TUx,λ⟩X = ⟨u,ΞUx,λ⟩X = 0

}
.

We also let
M0 = {Ux,λ : x ∈ H1

0, λ ∈ (0,∞)}
where

H1
0 = {x = (z, t) ∈ H1 : z = 0},

and
E(x,λ),Ĝ = {u ∈ E(x,λ) : u is Ĝ-invariant}.

In general, Ux,λ ̸∈ E(x,λ),Ĝ. But Ux,λ ∈ E(x,λ),Ĝ whenever x ∈ H1
0.

Note that the CR Yamabe equation for J is the Euler-Lagrange equation for the
functional

IJ(u) =

ˆ
H1

uLJu−
ˆ
H1

u4

in the space X.

Proposition 3.1. There exists a constant α such that if J is a Ĝ-invariant CR struc-
ture on H1 coinciding with J0 on H1 \ B1(0) and such that ∥J − J0∥Γ2 ≤ α, then, for
every (x, λ) ∈ H1

0× (0,∞), there exists a unique vx,λ ∈ E(x,λ),Ĝ with ∥v∥ ≲ α satisfying

πE
(x,λ),Ĝ

(
∇IJ(Ux,λ + vx,λ)

)
= 0.
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Proof. The proof is exactly the same as the proof of [2, Proposition 3.2]. □

We have the following:

Proposition 3.2. If (x, λ) ∈ H1
0 × (0,∞) is a critical point of IJ(Ux,λ + vx,λ), then

∇IJ(Ux,λ + vx,λ) = 0.

Proof. By the Lyapunov-Schmidt method, we can conclude that

(3.1)

ˆ
H1

(
4⟨ϕ, Ux,λ + vx,λ⟩X +R(Ux,λ + vx,λ)ϕ− 2(Ux,λ + vx,λ)

3ϕ
)
= 0

for all ϕ ∈ XĜ. Let w ∈ X be the unique solution to

(3.2) LJ(w) = 2(Ux,λ + vx,λ)
3.

Since J is Ĝ-invariant and Ux,λ+vx,λ is Ĝ-invariant, we conclude that w is Ĝ-invariant.
Putting Ux,λ + vx,λ − w ∈ XĜ into (3.1) and using (3.2), we obtain

0 =

ˆ
H1

(
4⟨Ux,λ + vx,λ − w,Ux,λ + vx,λ⟩X

+R(Ux,λ + vx,λ)(Ux,λ + vx,λ − w)− 2(Ux,λ + vx,λ)
3(Ux,λ + vx,λ − w)

)
=

ˆ
H1

(
4⟨Ux,λ + vx,λ − w,Ux,λ + vx,λ⟩X + 4(Ux,λ + vx,λ − w)∆bw

)
=

ˆ
H1

4⟨Ux,λ + vx,λ − w,Ux,λ + vx,λ − w⟩X .

From this, we conclude that w = Ux,λ + vx,λ. In particular, it follows from (3.2) that
Ux,λ + vx,λ satisfies

LJ(Ux,λ + vx,λ) = 2(Ux,λ + vx,λ)
3.

This proves the assertion. □

Let xk = (0, 0, 1
k
) ∈ H1

0 and let rk, Rk, sk be sequences converging to zero such that

the balls BRk
(xk) are disjoint. Let J be a Ĝ-invariant CR structure coinciding with

J0 in H1 \
⋃
BArk(xk), with Jsk on Brk(xk), and with Jf on BArk(xk) \Brk(xk), where

|f | ≤ sk.
Let us define

Ωk =

{
Ux,λ : x ∈ H1

0, |x− xk| < Rk,
α

Rk

< λ <
β

rk

}
⊂ M0

with α and β to be chosen later.
Then we want to show that, up to choosing the parameters appropriately, for every

k there exists a critical point of IJ(Ux,λ + vx,λ) in Ωk, that is, a Ĝ-invariant solution
to the CR Yamabe equation for J that is approximately a bubble centered at xk.
Note that Lemmas 4.4-4.7 in [2] still hold in our case.

Proof of Theorem 1.6. We choose the Ĝ-invariant CR structure as above, and rk =
2−k, Rk = C2−k with C large enough, α, β ≫ 1, sk = 2−2k . Thanks to Lemmas 4.4-4.7
in [2], we have

max
Ωk

IJ(Ux,λ + vx,λ,sk) > max
∂Ωk

IJ(Ux,λ + vx,λ,sk),
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and therefore there exists a critical point of IJ(Ux,λ + vx,λ) restricted to M0 in Ωk.

By Proposition 3.2, it is a free critical point, and therefore a Ĝ-invariant solution to
(1.5). Finally, since

|Brk(xk)|
1
4 max
Brk

(xk)
(Ux,λ + vx,λ,sk)

≥ ∥(Ux,λ + vx,λ,sk)∥L4(Brk
(xk)) ≥ ∥Ux,λ∥L4(Brk

(xk)) − ∥vx,λ,sk∥X ,
we have maxBrk

(xk)(Ux,λ + vx,λ) → ∞. This completes the proof of Theorem 1.6. □

4. Compactness

We recall the Pohozaev identity for CR manifolds (see [1, Proposition 3.3]), which is
the Pohozaev identity for Hn by Garofalo and Lanconelli in [23] written in pseudoher-
mitian normal coordinates. In the following, when working in such coordinates, we will
use a circle superscript to indicate objects coming from Hn through these coordinates

(
◦
∆b,

◦
∇b,...).

Proposition 4.1. Let x ∈M and u be a solution of

−bn∆bu+Ru = R̃up.

Then, in pseudohermitian normal coordinates around x, the following holdsˆ
Br(x)

(
1

bn

(
2n+ 2

p+ 1
− n

)
R̃up+1 − 1

bn
Ru2 +

1

bn(p+ 1)
Ξ(R̃)up+1

− 1

2bn
Ξ(R)u2 − (Ξu+ nu)(∆bu−

◦
∆bu)

)
d

◦
V

=

ˆ
∂Br(x)

((
1

bn(p+ 1)
R̃up+1 − 1

2bn
Ru2

)
Ξ · ◦

ν + B(x, u,
◦
∇bu)

)
d
◦
σ,

where

B(x, u,
◦
∇bu) = nu(x)

◦
∇bu(x) ·

◦
νBd(x,0)

(x)− 1

2
|
◦
∇bu(x)|2Ξ(x) ·

◦
νBd(x,0)

(x)

+ Ξu(x)
◦
∇bu(x) ·

◦
νBd(x,0)

(x)

and Br denotes the ball with respect to the Korányi norm.

4.1. Blow-up analysis. LetM be a (2n+1)-dimensional CR manifold equipped with
a pseudohermitian structure θ, pi be a sequence with 1 < pi ≤ bn − 1 for all i and
pi → bn − 1 as i→ ∞, and ui ∈ C2(M) a sequence of positive solutions of

(4.1) LJui = R̃upii ,

where R̃ is a positive function of class C1.

Definition 4.2. A point x ∈ M is called a blow-up point if there exists a sequence
xi → x such that Mi = ui(xi) → ∞.

Definition 4.3. A point x ∈ M is called an isolated blow-up point if there exist
r > 0, a constant C, and a sequence xi → x such that xi is a local maximum of ui,
Mi = ui(xi) → ∞, and

ui(x) ≤ Cd(x, xi)
− 2

pi−1

for every x ∈ Br(xi).
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Given an isolated blow-up point x, we define

ui(r) =

ˆ
∂B1(xi)

ui ◦ δrd
◦
σ

in pseudohermitian normal coordinates, and wi(r) = r
2

pi−1ui(r).

Definition 4.4. An isolated blow-up point x is called an isolated simple blow-up point
if there exists ρ ∈ (0, r) independent of i such that wi has exactly one critical point in
(0, ρ).

We have the following lemma from [1].

Lemma 4.5 (Lemma 4.4 in [1]). If x is an isolated blow-up point, then there exists C
such that, for 0 < r < r/3, there holds

max
B2r(x)\Br/2(x)

ui ≤ C min
B2r(x)\Br/2(x)

ui.

Consider the CR Yamabe equation on the Heisenberg group

(4.2) −bn∆bu = ubn−1 in Hn.

We have the following classification theorem proved by Flynn and Vétois; see also [10].

Theorem 4.6 (Theorem 1.1 in [20]). Let n ≥ 2 and u be a positive solution to (4.2)
such that

u(z, t) ≤ C(|z|2 + |t|)−
n−2
2 for all (z, t) ∈ Hn \ {(0, 0)}

for some constant C > 0. Then u is of the form

(4.3) U(z, t) =
c1

(t2 + (1 + |z|2)2)n
2

up to the left translation Lx0(x) = x−1
0 x, for some constant c1 > 0. In particular, when

n = 2, any bounded positive solution to (4.2) must be of the form (4.3) up to the left
translation.

In the following, given an isolated blow-up point xi → x, in order to study the
blow-up sequence of functions, we rescale by defining Mi = ui(xi) and

vi =
1

Mi

ui ◦ δ
M

− pi−1
2

i

◦ Lxi

defined on B
rM

pi−1
2

i

(x). Note that vi satisfies

Lθivi = (R̃ ◦ δ
M

− pi−1
2

i

)vpii

where Lθi is the conformal CR sub-Laplacian with respect to the rescaled contact form

θi =M−pi+1
i

(
δ
M

− pi−1
2

i

◦ Lxi

)∗

θ on the rescaled CR structure.

In the following all covariant derivatives applied to vi are meant with respect to this
rescaled pseudohermitian structure.

Proposition 4.7. Suppose that n = 2. If x is an isolated blow-up point, then for
any Ri → ∞, ϵi → 0 and k ∈ N, after passing to a subsequence, in pseudohermitian
normal coordinates around x, there holds∥∥∥∥ 1

Mi

ui

(
δ
M

− pi−1
2

i

(x−1
i · x)

)
− (U ◦ δR̃(0)1/2)(x)

∥∥∥∥ ≤ ϵi,
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where U is defined as in (4.3), Mi = ui(xi), and

Ri

logMi

→ 0.

Proof. We just sketch the proof, since it is very similar to that of [1, Proposition 4.5].
Using the notation above, we note that vi satisfies


Lθivi = (R̃ ◦ δ

M−i−
pi−1

2
)vpii ,

vi(0) = 1,
∇b,θivi(0) = 0,

0 < vi(x) < Cd(x, 0)
− 2

pi−1 .

Following the argument of the proof of [1, Proposition 4.5], we find that, for any k
and R > 0, after passing to a subsequence, vi tends to some limit v in Ck,α(BR). By
a diagonal argument, after passing to a subsequence, we obtain a function v, defined
and bounded on Hn, satisfying

(4.4)


L◦
θ
v = R̃(0)vbn−1,

v(0) = 1,
∇b,θiv(0) = 0,
v > 0.

Now Proposition 4.7 follows from Theorem 4.6. □

Lemma 4.8. Let x be an isolated simple blow-up point, Ri → ∞, and suppose that
Proposition 4.7 holds for some ϵi → 0. Then, given a fixed sufficiently small δ > 0,
there exists ρ1 ∈ (0, ρ) where ρ is the one from Definition 4.4 such that

ui(x) ≤ CM−λi
i d(x, xi)

−2n+δ,

|(ui),α(x)| ≤ CM−λi
i d(x, xi)

−2n−1+δ for α = 1, 2, ..., n,

|(ui),αβ(x)| ≤ CM−λi
i d(x, xi)

−2n−2+δ for α, β = 1, 2, ..., n,

|(ui),αβ(x)| ≤ CM−λi
i d(x, xi)

−2n−2+δ for α, β = 1, 2, ..., n,

|(ui),0(x)| ≤ CM−λi
i d(x, xi)

−2n−2+δ,

|(ui),0α(x)| ≤ CM−λi
i d(x, xi)

−2n−3+δ for α = 1, 2, ..., n,

|(ui),00(x)| ≤ CM−λi
i d(x, xi)

−2n−4+δ,

for RiM
− pi−1

2
i ≤ d(x, xi) ≤ ρ1, where λi = (2n− δ)pi−1

2
− 1.

Proof. The proof is analogous to the proof of [36, Lemma 3.3]. □
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Lemma 4.9. In the hypotheses of Lemma 4.8 for |x| ≤ ρ1M
pi−1

2
i , the following esti-

mates hold:

vi(x) ≤ CM
pi−1

2
δ

i d(x, xi)
−2n,

|(vi),α(x)| ≤ CM
pi−1

2
δ

i d(x, xi)
−2n−1 for α = 1, 2, ..., n,

|(vi),αβ(x)| ≤ CM
pi−1

2
δ

i d(x, xi)
−2n−2 for α, β = 1, 2, ..., n,

|(vi),αβ(x)| ≤ CM
pi−1

2
δ

i d(x, xi)
−2n−2 for α, β = 1, 2, ..., n,

|(vi),0(x)| ≤ CM
p1−1

2
δ

i d(x, xi)
−2n−2,

|(vi),0α(x)| ≤ CM
pi−1

2
δ

i d(x, xi)
−2n−3 for α = 1, 2, ..., n,

|(vi),00(x)| ≤ CM
pi−1

2
δ

i d(x, xi)
−2n−4,

Proof. This follows from Proposition 4.7 and Lemma 4.8. □

Lemma 4.10. If x is an isolated blow-up point, then, with the notation of Lemma
4.8, in pseudohermitian normal coordinates around xi∣∣∣∣∣

ˆ
Bρ1 (xi)

(ui + nΞui)(
◦
∆bui −∆bui)

∣∣∣∣∣ ≤


CM
−1+δ+o(1)
i , if n = 2;

CM
− 11

2
+ 2

3
δ+o(1)

i , if n = 3;

CM
1+n−n2+ 2

n
δ+o(1)

i , if n ≥ 4.

Proof. Thanks to (2.2), (A.3), Lemma 4.9, and the fact that vi is real, we have

|vi + nΞvi| ≲ vi + |x||
◦
Zαvi|+ |x|2|

◦
Tvi| ≲ vi + |x||(vi),α|+ |x|2|(vi),0|

≲M
pi−1

2
δ

i (1 + |x|)−2n + |x|M
pi−1

2
δ

i (1 + |x|)−2n−1 + |x|2M
pi−1

2
δ

i (1 + |x|)−2n−2

≲M
pi−1

2
δ

i (1 + |x|)−2n.

Furthermore, using Lemmas A.5 and 4.8, we have

|
◦
∆bui −∆bui|
≲ |x||(ui),α|+ |x|2|(ui),0|+ |x|2|(ui),αβ|+ |x|2|(ui),αβ|+ |x|3|(ui),0β|+ |x|6|(ui),00|

≲Mi

(
M

− pi−1

2
i |x|M

pi−1

2
i |(vi),α|+M

−(pi−1)
i |x|2Mpi−1

i |(vi),0|

+M
−(pi−1)
i |x|2Mpi−1

i |(vi),αβ|+M
−(pi−1)
i |x|2Mpi−1

i |(vi),αβ|

+M
−3

pi−1

2
i |x|3M3

pi−1

2
i |(vi),0α|+M

−3(pi−1)
i |x|6M2(pi−1)

i |(vi),00|

)
◦ δ

M
pi−1

2
i

≲MiM
pi−1

2
δ

i

(
|x|(1 + |x|)−2n−1 + |x|2(1 + |x|)−2n−2 + |x|3(1 + |x|)−2n−3

+M
−(pi−1)
i |x|6(1 + |x|)−2n−4

)
◦ δ

M
pi−1

2
i

≲MiM
pi−1

2
δ

i

(
|x|(1 + |x|)−2n−1 +M

−(pi−1)
i |x|6(1 + |x|)−2n−4

)
◦ δ

M
pi−1

2
i

.
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Combining these yields∣∣∣∣∣
ˆ
Bρ1 (xi)

(ui + nΞui)(
◦
∆bui −∆bui)

∣∣∣∣∣
=M2

i M
− pi−1

2
(2n+2)

i

∣∣∣∣∣∣∣
ˆ
B

ρ1M

pi−1
2

i

(0)

(vi + nΞvi)(
◦
∆bui −∆bui) ◦ δ

M
− pi−1

2
i

∣∣∣∣∣∣∣
≲M2

i M
− pi−1

2
(2n+2)

i M
(pi−1)δ
i

ˆ
B

ρ1M

pi−1
2

i

(0)

(1 + |x|)−2n

(
|x|(1 + |x|)−2n−1

+M
−(pi−1)
i |x|6(1 + |x|)−2n−4

)

≲


M

n+3−(n+1)pi
i M

(pi−1)δ
i

(
logMi +M

−(pi−1)(n−2)
i

)
, if n = 2;

M
n+3−(n+1)pi
i M

(pi−1)δ
i

(
M

−(pi−1)(n−1)
i +M

−(pi−1)
i logMi

)
, if n = 3;

M
n+3−(n+1)pi
i M

(pi−1)δ
i

(
M

−(pi−1)(n−1)
i +M

−(pi−1)(n−2)
i

)
, if n ≥ 4.

Note that the last terms are of order
M

−1+δ+o(1)
i , if n = 2;

M
− 11

2
+ 2

3
δ+o(1)

i , if n = 3;

M
1+n−n2+ 2

n
δ+o(1)

i , if n ≥ 4,

This proves the assertion. □

Lemma 4.11. In the assumptions of Lemma 4.8, if τi := bn − 1− pi, then

τi = O(ui(xi)
−1+δ+o(1)) whenever n = 2,

and in particular, ui(xi)
τi → 1.

Proof. Applying the Pohozaev identity of Proposition 4.1 with respect to the base
point xi with r = ρ1:

ˆ
Bρ1

(
1

bn

(
2n+ 2

pi + 1
− n

)
R̃upi+1

i − 1

bn
Ru2i +

1

bn(pi + 1)
Ξ(R̃)upi+1

i

− 1

2bn
Ξ(R)u2i − (Ξui + nui)(∆bui −

◦
∆bui)

)
d

◦
V

=

ˆ
∂Bρ1

((
1

bn(p+ 1)
R̃upi+1

i − 1

2bn
Ru2i

)
Ξ · ◦

ν + B(x, ui,
◦
∇bui)

)
d
◦
σ.
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We are going to estimate each term in the above expression. By Lemma 4.9, we haveˆ
Bρ1

Ξ(R̃)upi+1
i

≲Mpi+1
i M

−(n+1)(pi−1)
i

ˆ
B

ρ1M

pi−1
2

i

(
M

− pi−1

2
i |x|+M

−(pi−1)
i |x|2

)
vpi+1
i

≲M−npi+n+2
i

(ˆ
B

ρ1M

pi−1
2

i

M
− pi−1

2
i |x|vpi+1

i +

ˆ
B

ρ1M

pi−1
2

i

M
−(pi−1)
i |x|2vpi+1

i

)

≲M
−(2n+1)pi+2n+5

2
i M

p2i−1

2
δ

i

ˆ
B

ρ1M

pi−1
2

i

|x|(1 + |x|)−2n(pi+1)

+M
−(n+1)pi+n+3
i M

p2i−1

2
δ

i

ˆ
B

ρ1M

pi−1
2

i

|x|2(1 + |x|)−2n(pi+1)

≲M
−(2n+1)pi+2n+5

2
i M

p2i−1

2
δ

i M
pi−1

2
(−2npi+5)

i +M
−(n+1)pi+n+3
i M

p2i−1

2
δ

i M
pi−1

2
(−2npi+6)

i

=M
−np2i+2pi+n
i M

p2i−1

2
δ

i .

Similarly, by Lemma 4.9, we have
ˆ
Bρ1

(
1

bn
R +

1

2bn
Ξ(R)

)
u2i ≲M2

i M
−(n+1)(pi−1)
i

ˆ
B

ρ1M

pi−1
2

i

v2i

≲M
n+3−(n+1)pi
i M

(pi−1)δ
i

ˆ
B

ρ1M

pi−1
2

i

(1 + |x|)−4n

≲

{
M

n+3−(n+1)pi
i M

(pi−1)δ
i logMi, if n = 2;

M2n+2−2npi
i M

(pi−1)δ
i , if n ≥ 3.

Moreover, thanks to Lemma 4.8, we have

ˆ
∂Bρ1

((
1

bn(p+ 1)
R̃up+1

i − 1

2bn
Ru2i

)
Ξ · ◦

ν + B(x, ui,
◦
∇bui)

)
d
◦
σ

= O(M−2λi
i ) = O(M

−(2n−δ)(pi−1)+2
i ).

By Proposition 4.7, there holds

ˆ
Bρ1

upi+1
i ≳M

pi−1

2
(2n+2)

i Mp1+1
i

ˆ
B

ρ1M

pi−1
2

i

(
1

Mi

ui ◦ δ
M

− pi−1
2

i

)pi+1

≳M
(n+2)pi−n
i

ˆ
B

ρ1M

pi−1
2

i

(
U ◦ δR̃(0)1/2

)pi+1

≳M
(n+2)pi−n
i M

3n
4
+4−n

2
pi

i =M
−n

4
+2+(n

2
+2)pi

i ≳ 1.
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Now, combining these with Lemma 4.10 and the fact that

1

bn

(
2n+ 2

pi + 1
− n

)
=

n2

(pi + 1)(2n+ 2)
τi,

we prove the assertion. □

Lemma 4.12. Suppose that n = 2. Under the hypotheses of Lemma 4.8, if x is an
isolated simple blow-up point, then for every σ ∈ (0, r

2
)

lim sup
i→∞

max
∂Bσ

Miui(x) ≤ C(σ).

Proof. Thanks to Lemma 4.5, it is sufficient to prove the statement for σ small enough.
In particular, as in the proof of Proposition 4.7, we can suppose that R > 0.

Let xσ be such that d(xσ, xi) = σ, and define wi(x) = ui(xσ)
−1ui(x). Then wi

satisfies

(4.5) Lθwi = ui(xσ)
pi−1wpi

i .

Thanks to Lemmas 4.5 and 4.8, for every compact K ⊂ Bρ1(x) \ {x}, there exists CK

such that C−1
K ≤ wi ≤ CK . Therefore, applying the regularity theory from [1, Theorem

2.3], we can deduce that, after passing to a subsequence, wi → w in C2
loc(Bρ1(x)\{x}),

and since, by Lemma 4.8, ui(xσ) → 0, passing to the limit in (4.5), we get that
Lθw = 0.

Since the blow-up is isolated simple, and since Proposition 4.7 implies that r
2

pi−1ui

has a critical point in (0, RiM
− p1−1

2
i ) after which it is decreasing, r

2
pi−1ui is decreasing

in (RiM
− p1−1

2
i , ρ), and because

ui(xσ)
−1r

2
pi−1ui(r) = r

2
pi−1wi(r) → rnw(r),

rnw(r) is decreasing on (0, ρ). Since w > 0, w must be singular at x. Corollary 9.1 in
[36] can be extended to pseudohermitian geometry by repeating the proof with minor
adaptations. Applying it, we get that

(4.6) −
ˆ
Bσ(xi)

∆bwi = −
ˆ
∂Bσ(xi)

∇bwi · ν = −
ˆ
∂Bσ(x)

∇bw · ν + o(1) = c+ o(1) > 0,

while integrating (4.5) yields

(4.7) −bn
ˆ
Bσ(xi)

∆bwi =

ˆ
Bσ(xi)

(−Rwi + ui(xσ)
pi−1wpi

i ) ≤ ui(xσ)
−1

ˆ
Bσ(xi)

upii .

But if we call ri = RiM
− pi−1

2
i , it follows from Proposition 4.7, Lemma 4.8 and Lemma

4.11 thatˆ
Bσ(xi)

upii =

(ˆ
Bri (xi)

+

ˆ
Bσ(xi)\Bri (xi)

)
upii

≲M
−(n+1)(pi−1)
i Mpi

i

ˆ
BRi

(0)

(1 + |x|)−2npi +M−λipi
i

ˆ
Bσ(xi)\Bri (xi)

|x|(−2n+δ)pi

≲M
−(n+1)(pi−1)
i Mpi

i logRi +M−λipi
i

(
RiM

− pi−1

2
i

)−(2n−δ)pi+2n+4

≲M−1
i

(4.8)

whenever n = 2. Combining (4.6)-(4.8), we see that Miui(xσ) is a bounded sequence.
Now the assertion follows from Lemma 4.5. □
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Proposition 4.13. If x is an isolated simple blow-up point then there exists C such
that

Miui(x) ≤ Cd(x, xi)
−2n

if d(x, xi) ≤ ρ
2
. Furthermore, after passing to a subsequence, there exists a > 0 such

that
Miu(x) → aGx(x) + b

in C2
loc(B ρ

2
(x) \ {x}), where Gx is the Green function of Lθ (which exists because M

has positive CR Yamabe class) and Lθb = 0 on B ρ
2
(x).

Proof. If this were not the case, then, after passing to a subsequence, there would exist
a sequence x̃i with d(xi, x̃i) ≤ ρ

2
and

(4.9) Miui(x̃i)d(xi, x̃i)
2n−2 → ∞.

Define r̃i = d(xi, x̃i).
After passing to a subsequence such that Proposition 4.7 holds for some Ri → ∞ and

εi ≤ e−Ri , it is easy to verify, using Lemma 4.11 and the fact that supλ>0 λ
2U(δλ(x)) ≤

C
|x|2n , that eventually r̃i ≥ RiM

− pi−1

2
i .

Define ũi = r̃
2

pi−1

i ui ◦ δr̃i ◦ Lxi
in B2. ũi satisfies

Lθiũi = R̃ũpii

and satisfies the hypotheses of Lemma 4.12, therefore max∂B1 ũi(0)ũi <∞. Using the
definition of ũi and Lemma 4.11, this contradicts formula (4.9).

Hence Miui is locally bounded in B ρ
2
(x) \ {x}, and satisfies

Lθ(Miui) =M1−pi
i (Miui)

pi ,

therefore, applying regularity theory,

Miui → v in C2
loc(B ρ

2
(x) \ {x})

with v satisfying Lθv = 0. Known results about singular solutions (see for example
Proposition 9.1 in [36], which can be adapted without difficulty to pseudohermitian
geometry) imply the rest of the claim, except for the fact that a > 0. This can be
proved by showing that v must be singular by the same proof as Lemma 4.12. □

In order to proceed we need a generalization of Theorem 2.1.

Lemma 4.14. If u is a function on Hn satisfying

−∆bu = U
Q+2
Q−2u

and limx→∞ u = 0, then u is one of the Malchiodi-Uguzzoni solutions of Theorem 2.1.

Proof. The Cayley transform v of u satisfies

−∆bv = U
Q+2
Q−2v

and limx→0 |x|Q−2v = 0. In particular v ∈ L1
loc(Hn), and therefore it is a distribution.

Thus −∆bv − U
Q+2
Q−2v is a distribution on Hn whose restriction to Hn \ {0} is zero,

and therefore it is equal to
∑

α a
α∂αδ. Hence if ϕ is a smooth compactly supported

function which is one in a neighborhood of the origin,

−∆b(ϕv)− U
Q+2
Q−2ϕv = ψ +

∑
α

aα∂αδ
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for a smooth compactly supported function ψ, therefore

ϕv = G ∗ (U
Q+2
Q−2ϕv) +G ∗ ψ +

∑
α

aα(−1)|α|∂αG.

Since |U
Q+2
Q−2ϕv| ≲ 1

|x|Q−2 , |G ∗ (U
Q+2
Q−2ϕv)| ≲ 1

|x|Q−4 for n ≥ 2, whereas |G ∗ (U
Q+2
Q−2ϕv)| ≲

| log |x|| for n = 1. This and the fact that limx→0 |x|Q−2v = 0 imply that aα = 0.

Therefore −∆bv = U
Q+2
Q−2v on H1 and by regularity theory it is smooth; therefore, the

result by Malchiodi and Uguzzoni applies. □

From now on 2n+ 1 = 5.

Lemma 4.15. If x is an isolated simple blow-up point then there exists γ > 0 such
that

|vi − U | ≲ max{M−2
1 logMi, τi}

for |x| ≤ γM
pi−1

2
i (where τi =

n+2
n

− pi).

Proof. Let ℓi = γM
pi−1

2
i and

Λi = max
|y|≤ℓi

|vi(y)− U(y)|

realized by some yi. If |yi| ≥ cℓi for some c then, since wi ≲ U and U(y) ≲ 1
|y|−2n on

the considered domain, then

|vi(yi)− U(yi)| ≲
1

|yi|−2n
≲ ℓ−2n

i ≲M−2
i

(using the lemma...) and therefore by definition of yi we obtain the conclusion. There-
fore we can suppose that |yi| ≤ ℓi

2
. Define

wi(x) =
1

Λi

(vi(x)− U(x)).

Then wi satisfies

Lθ̃i
wi(x) =

1

Λi

vpii (x)−
1

Λi

U(x)
n+2
n−2 +

1

Λi

(Lθ̃i
−∆θH2 )U

=
1

Λi

(vpii − Upi) +
1

Λi

(
Upi − U

n+2
n−2 + (Lθ̃i

−∆θH2 )U
)

=
vpii − Upi

vi − U
wi+

+
1

Λi

(
Upi − U

n+2
n−2 +M

−(pi−1)
i R ◦ δ

M
− pi−1

2
i

U +O
(
M

−(pi−1)
i (1 + |x|)−2

))
(where, we recall, θi =M

−(pi−1)
i

(
δ
M

− pi−1
2

i

◦ Lxi

)∗

θ).

Setting bi =
v
pi
i −Upi

vi−U
by the estimates of the preceding lemmas

|bi(x)| ≲ (1 + |x|)−4 |x| ≤ ℓi.

Call also Qi = Lθ̃i
wi − biwi.

Then

wi(y) =

ˆ
Bℓi

Gi(y, ξ) (bi(ξ)wi(ξ)−Qi(ξ)) dξ −
ˆ
∂Bℓi

νξGi
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Let ti = M−2
i logMi. Suppose, for contradiction, that Λ−1

i max{ti, τi} → 0. In CR
normal coordinates R = O(|x|2) (see [32]), then

|Qi(y)| ≲ Λ−1
i

(
τi logU(1 + |x|)−8 +M

− 2
3

i |x|2(1 + |x|)−6 +O
(
M

−4/3
i (1 + |x|)−2

))
The estimates above show |wi| ≲ Λ−1

i M−2
i , and it is standard that |Gi(y − ξ)| ≲

|y − ξ|−4 for |y − ξ| ≤ ℓi
2
, therefore

(4.10) |wi(y)| ≲
(
(1 + |y|)−2 + Λi logMiM

−2
i

)
.

By Schauder estimates, after passing to a subsequence, wi → w in the subriemannian
Hölder space satisfying

LθH2w = Uw

and |w(y)| ≲ (1+|y|)−2. By Lemma 4.14, w is one of the Malchiodi-Uguzzoni solutions.
The definition of v implies that w(0) = dw(0) = 0, and therefore w = 0, which implies
(since wi(yi) = 1) that |yi| → ∞, but this contradicts equation (4.10) since we had
supposed by contradiction that Λi logMiM

−2
i → 0. □

Lemma 4.16.

τi ≲ logMiM
−2
i .

Proof. If this were not true, then by the previous lemma |vi − U0| ≲ τi. Setting

wi(x) =
1

τi
(vi(x)− U(x)),

wi satisfies

Lθ̃i
wi(x) =

vpii − Upi

vi − U
wi + Q̃i

where

Q̃i =
1

τi
O
(
τi logU(1 + |x|)−8 +M

− 2
3

i |x|2(1 + |x|)−6 +M
−(pi−1)
i (1 + |x|)−2

)
.

Suppose by contradiction that logMiM
−2
i τ−1

i → 0. By Schauder estimates wi → w
on compact sets. Let ψ = Q−2

2
U + ΞU . Then we haveˆ

|y|≤ℓi/2

ψ
1

τi
O
(
M

− 2
3

i |x|2(1 + |x|)−6 +M
−4/3
i (1 + |x|)−2

)
→ 0

therefore

lim
i→∞

ˆ
|y|≤ℓi/2

ψQ̃i =

ˆ
H2

ψ logUU2.

At the same time ˆ
|y|≤ℓi/2

ψQ̃i =

ˆ
|y|≤ℓi/2

ψ(Lθ̃i
wi + biwi) =

=

ˆ
|y|≤ℓi/2

(Lθ̃i
ψ + biψ)wi +

ˆ
|y|=ℓi/2

(ψνwi − wiνψ)

therefore passing to the limit

lim
i→∞

ˆ
|y|≤ℓi/2

ψQ̃i =

ˆ
H2

(LH2ψ + U2ψ)w = 0

which is a contradiction. □
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Corollary 4.17. If x is an isolated simple blow-up point then there exists γ > 0 such
that

|vi − U | ≲M−2
1 logMi

for |x| ≤ γM
pi−1

2
i (where τi =

n+2
n

− pi).

Arguing in a similar way as in the previous lemmas, following the proof of Proposi-
tion 5.5 and the following Remark 1 in [38], we also obtain the following estimates.

Lemma 4.18. Under the previous hypotheses,

|vi − U |(y) ≲M
−3/2
i (1 + |y|)−1

|∇b(vi − U)|(y) ≲M
−3/2
i (1 + |y|)−2

|∇2
b(vi − U)|(y) ≲M

−3/2
i (1 + |y|)−3

Lemma 4.19. If x is an isolated simple blow-up point then S(x) = 0 (where S is the
Chern tensor defined in Section 2).

Proof. We want to apply the Pohozaev identity from Proposition 4.1. Now

Ai(r) :=M2
i

ˆ
Br

(
−1

3

(
R +

1

2
Ξ(R)

)
u2i − (Ξui + 2ui) (∆bui(x)−

◦
∆bui)

)
d

◦
V =

=M2
i M

2−2(pi−1)
i

ˆ
B

rM

pi−1
2

i

(
−1

3
M

−(pi−1)
i

(
R +

1

2
Ξ(R)

)
◦ δ

−M
pi−1

2
i

v2i+

− (Ξvi + 2vi) (∆
′
bvi −

◦
∆bvi)

)
d

◦
V

Defining

Âi(r) =M2
i M

2−2(pi−1)
i

ˆ
B

rM

pi−1
2

i

(
−1

3
M

−(pi−1)
i

(
R +

1

2
Ξ(R)

)
◦ δ

−M
pi−1

2
i

U2+

− (ΞU + 2U) (∆′
bU −

◦
∆bU)

)
d

◦
V

then

|Ai(r)− Âi(r)| ≲Mi

ˆ
B

rM

pi−1
2

i

(
|vi − U |(y)(1 + |y|)−4+

+|∇b(vi − U)|(y)(1 + |y|)−3 + |∇2
b(vi − U)|(y)(1 + |y|)−2

)
≲

≲M
−1/2
i

ˆ
B

rM

pi−1
2

i

(1 + |y|)−5 ≲ 1.

Finally ˆ
Br

(
Q

p+ 1
− Q− 2

2

)
R̃up+1 ≥ 0

and therefore, since |M2
i B(x, u,

◦
∇bui)| ≲ 1 by the fact that Miui has limit in Γ2,α on

compact subsets of M \ {x}, we get that Âi(r) ≲ 1. Now

M2
i M

2−2(pi−1)
i

ˆ
B

rM

pi−1
2

i

(ΞU + 2U) (∆′
bU −

◦
∆bU)d

◦
V ≲
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≲M2
i M

2−2(pi−1)
i M

−(pi−1)
i

ˆ
B

rM

pi−1
2

i

(1 + |y|)−4(1 + |y|)−2 ≲ 1

By following the proof of Proposition 4.2 in [32], it can be shown that

M2
i

ˆ
B

rM

pi−1
2

i

(
−1

3
M

−(pi−1)
i

(
R +

1

2
Ξ(R)

)
◦ δ

−M
pi−1

2
i

U2

)
d

◦
V ≳ |S(x)|2 logMi

therefore the claim follows. □

Lemma 4.20. If x is an isolated simple blow-up point and Miui → h in M \ {x} then

lim inf
r→0

B(x, h,
◦
∇bh) ≥ 0.

Proof. Using the Pohozaev identity it can be proved like in Lemma 4.14 in [1], in a
manner similar to the proof of the previous lemma, that

lim inf
r→0

B(x, h,
◦
∇bh) ≳ lim inf

r→0

ˆ
B

rM

pi−1
2

i

(ΞU + 2U)RU

which is nonnegative, by reasoning as in the proof of Proposition 4.2 in [32] □

Lemma 4.21. Isolated blow-up points are isolated simple.

Proof. The proof is the same as that of Proposition 4.15 in [1] or Proposition 4.1 in
[36], using Lemma 4.20. □

Lemma 4.22. In the hypotheses of Theorem 1.3, the set of blow-up points is finite
and it consists of isolated simple blow-up points.

Proof. The proof is the same as [36] or [1]. □

Proposition 4.23. LetM be a five-dimensional pseudoconvex CR manifold of positive
CR Yamabe class, and let p ∈ M such that S(p) = 0. Then the Green function Gp of
the conformal sub-Laplacian at p in CR normal coordinates centered at p satisfies

Gp(x) =
a

|x|4
+ Ap +O(|x|)

where Ap = bmx for some constant b > 0.

Proof. Since in CR normal coordinatesRαβ(p) = 0 by Proposition 3.12 in [32], Rβ
α
λσ(p) =

0. Thanks to this and to Proposition 2.5 in [32], by repeating the proof of Lemma
A.5, it can be checked that

(∆b −
◦
∆b)

1

|x|4

is locally bounded around the origin, and therefore

Gp(x) =
a

|x|4
+ Ap +O(|x|).

The last assertion of the proposition is proved by following the proof of Proposition
3.7 in [12]. □
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Proof of Theorem 1.3. By standard arguments through elliptic theory, it suffices to
show that the set is bounded in C0.

If a sequence ui violates this, by Lemma 4.22, after passing to a subsequence, it
has a blow-up set S = {x1, . . . , xN} formed by isolated simple blow-up points. After
passing to a subsequence, we can suppose that ui(x

1
i ) ≤ ui(x

k
i ) for every k, and setting

wi = ui(x
1
i )ui, by the previous results we can deduce that

wi(x) → h(x) =
N∑
k=1

akGxk(x).

Thanks to the hypothesis and to Lemma 4.19 the Chern tensor satisfies S(x1) = 0,
and therefore thanks to Proposition 4.23 we obtain that in CR normal coordinates

h(x) =
c

|x|4
+ A′

where A′ > 0, but from this and Lemma 4.20 we get a contradiction. □

Appendix A

LetM be a 2n+1-dimensional pseudoconvex pseudohermitian manifold and x ∈M .

Proposition A.1. In pseudohermitian normal coordinates

θα = (1 +O(|x|2))
◦
θ
α
+O(|x|2)

◦
θ
β
+O(|x|2)

◦
θ
β
+O(|x|)

◦
θ

θ = (1 +O(|x|2))
◦
θ +O(|x|3)θβ +O(|x|3)θβ.

(A.1) ω1
1 = O(|x|)

◦
θ
β
+O(|x|)

◦
θ
β
+O(|x|)

◦
θ

Proof. It follows from Proposition 2.5 in [32]. □

Lemma A.2. In pseudohermitian normal coordinates

(A.2)


Zα =

◦
Zα +O(|x|2)

◦
Zβ +O(|x|2)

◦
Zβ +O(|x|3)

◦
T

Zα =
◦
Zα +O(|x|2)

◦
Zβ +O(|x|2)

◦
Zβ +O(|x|3)

◦
T

T = O(|x|)
◦
Zβ +O(|x|)

◦
Zβ + (1 +O(|x|2))

◦
T

,

and

(A.3)


◦
Zα = Zα +O(|x|2)Zβ +O(|x|2)Zβ +O(|x|3)T
◦
Zα = Zα +O(|x|2)Zβ + (1 +O(|x|2))Zβ +O(|x|3)T
◦
T = O(|x|)Zβ +O(|x|)Zβ + (1 +O(|x|2))T

Proof. Letting Zα = aβ
◦
Zβ + bβ

◦
Zβ + c

◦
T and applying θβ, θβ and θ, we get

δβα = (δβα +O(|x|2))aβ +O(|x|2)bβ +O(|x|)c,
δβα = (1 +O(|x|2))bβ +O(|x|2)aβ +O(|x|)c,
0 = (1 +O(|x|2))c+O(|x|3)aβ +O(|x|3)bβ

respectively. The third one implies that c = O(|x|3), and using this in the other two

allows to deduce that aβ = δβα +O(|x|2) and bβ = O(|x|2). Therefore

Zα =
◦
Zα +O(|x|2)

◦
Zβ +O(|x|2)

◦
Zβ +O(|x|3)

◦
T .
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Letting T = dβ
◦
Zβ + eβ

◦
Zβ + f

◦
T and applying θβ, θβ and θ, we get


0 = (1 +O(|x|2))dβ +O(|x|2)eβ +O(|x|)f,
0 = O(|x|2)dβ + (1 +O(|x|2))eβ +O(|x|)f
1 = (1 +O(|x|2))f +O(|x|3)dβ +O(|x|3)eβ.

Arguing as before, these imply that dβ = O(|x|), eβ = O(|x|) and f = 1 + O(|x|2).
Therefore

T = O(|x|)
◦
Zβ +O(|x|)

◦
Zβ + (1 +O(|x|2))

◦
T .

So we proved the first part of the Lemma.
We can write the formulas we proved as

 Zα

Zα

T

 =

I +
 O(|x|2) O(|x|2) O(|x|3)

O(|x|2) O(|x|2) O(|x|3)
O(|x|) O(|x|) O(|x|2)




◦
Zα◦
Zα◦
T

 .

Applying the Taylor expansion for the matrix inverse (I+A)−1 = I−A+A2+O(∥A∥3),
we get


◦
Zα◦
Zα◦
T

 =

I +
 O(|x|2) O(|x|2) O(|x|3)

O(|x|2) O(|x|2) O(|x|3)
O(|x|) O(|x|) O(|x|2)

+

+

 O(|x|4) O(|x|4) O(|x|5)
O(|x|4) O(|x|4) O(|x|5)
O(|x|3) O(|x|3) O(|x|4)

+O(|x|3)

 Zα

Zα

T

 =

=

I +
 O(|x|2) O(|x|2) O(|x|3)

O(|x|2) O(|x|2) O(|x|3)
O(|x|) O(|x|) O(|x|2)

 Zα

Zα

T

 .

This implies the second part of the claim. □
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Lemma A.3. In pseudohermitian normal coordinates
(A.4)

◦
Z

2

α = Z2
α +O(|x|)Zβ +O(|x|)Zβ +O(|x|2)T +O(|x|2)ZαZβ +O(|x|2)ZαZβ+

+O(|x|3)ZαT +O(|x|4)ZβZγ +O(|x|4)ZβZγ +O(|x|4)ZβZγ+

+O(|x|5)ZβT +O(|x|5)ZβT +O(|x|6)T 2

◦
Zα

◦
Zβ = ZαZβ +O(|x|)Zγ +O(|x|)Zγ +O(|x|2)T+

+O(|x|2)ZαZγ +O(|x|2)ZαZγ +O(|x|3)ZαT+

+O(|x|2)ZγZβ +O(|x|2)ZγZβ +O(|x|3)TZβ+

+O(|x|4)ZγZµ +O(|x|4)ZγZµ +O(|x|4)ZγZµ+

+O(|x|5)ZγT +O(|x|5)ZγT +O(|x|6)T 2

◦
Zα

◦
Zβ = ZαZβ +O(|x|)Zγ +O(|x|)Zγ +O(|x|2)T+

+O(|x|2)ZαZγ +O(|x|2)ZαZγ +O(|x|3)ZαT+

+O(|x|2)ZγZβ +O(|x|2)ZγZβ +O(|x|3)TZβ+

+O(|x|4)ZγZµ +O(|x|4)ZγZµ +O(|x|4)ZγZµ+

+O(|x|5)ZγT +O(|x|5)ZγT +O(|x|6)T 2

◦
Zα

◦
Zβ = ZαZβ +O(|x|)Zγ +O(|x|)Zγ +O(|x|2)T+

+O(|x|2)ZαZγ +O(|x|2)ZαZγ +O(|x|3)ZαT+

+O(|x|2)ZγZβ +O(|x|2)ZγZβ +O(|x|3)TZβ+

+O(|x|4)ZγZµ +O(|x|4)ZγZµ +O(|x|4)ZγZµ+

+O(|x|5)ZγT +O(|x|5)ZγT +O(|x|6)T 2

◦
Zα

◦
T = ZαT +O(1)Zβ +O(1)Zβ +O(|x|)T+

+O(|x|)ZαZβ +O(|x|)ZαZβ +O(|x|2)ZβT +O(|x|2)ZβT+

+O(|x|3)ZβZγ +O(|x|3)ZβZγ +O(|x|3)ZβZγ +O(|x|3)T 2

◦
T

2
= (1 +O(|x|2))T 2 +O(1)Zβ +O(1)Zβ +O(|x|)T +O(|x|)ZβT+

+O(|x|)ZβT +O(|x|2)ZβZγ +O(|x|2)ZβZγ +O(|x|2)ZβZγ

Proof. It follows from Lemma A.2 and straightforward computations. □

Lemma A.4. For any function f in CR normal coordinates around x

|f,α −
◦
Zαf | ≲ (|f,β|+ f,β|)|x|2 + |f,0||x|3,

|f,0 −
◦
Tf | ≲ (|f,β|+ f,β|)|x|+ |f,0||x|2,

|f,αβ−
◦
Zα

◦
Zβf | ≲ (|f,γ|+|f,γ|)|x|+(|f,0|+|f,αγ|+|f,αγ|+|f,γβ|+|f,γβ|)|x|2+(|f,α0|+f,0β)|x|3+

+(|f,γµ|+ |f,γµ|+ |f,γµ|)|x|4 + (|f,0γ|+ |f,0γ|)|x|5 + |f,00||x|6,

|f,αβ−
◦
Zα

◦
Zβf | ≲ (|f,γ|+|f,γ|)|x|+(|f,0|+|f,αγ|+|f,αγ|+|f,γβ|+|f,γβ|)|x|2+(|f,α0|+f,0β)|x|3+

+(|f,γµ|+ |f,γµ|+ |f,γµ|)|x|4 + (|f,0γ|+ |f,0γ|)|x|5 + |f,00||x|6,

|f,0α −
◦
Zα

◦
Tf | ≲ |f,β|+ |f,β|+ (|f,0|+ |f,αβ|+ |f,αβ|)|x|+ (|f,0β|+ |f,0β|)|x|2+

+(|f,00|+ |f,βγ|+ |f,βγ|+ |f,βγ|)|x|3,
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|f,00−
◦
T

2
f | ≲ |f,β|+ |f,β|+(|f,0|+ |f,0β|+ |f,0β|)|x|+(|f,βγ|+ |f,βγ|+ |f,βγ|+ |f,00|)|x|2.

Proof. The first two estimates follow from formulas (A.3) and (A.1). The other esti-
mates follow from formulas (A.4) and (A.1). □

Lemma A.5. In pseudohermitian normal coordinates around a point x

∆bf =
◦
∆bf +O(|x|)(|

◦
Zβf |+ |

◦
Zβf |)+

+O(|x|2)(|Tf |+ |
◦
Zβ

◦
Zαf |+ |

◦
Zβ

◦
Zαf |+ |

◦
Z ,α

◦
Z ,βf |+ |

◦
Zα

◦
Zβf |)+

+O(|x|3)(|
◦
ZαTf |+

◦
ZαTf) +O(|x|4)(|

◦
Zγ

◦
Zβf |+ |

◦
Zγ

◦
Zβf |+ |

◦
Zγ

◦
Zβf |)+

+O(|x|5)(|
◦
ZβTf |+ |

◦
ZβTf |) +O(|x|6)|T 2f |

Proof. Using formulas (A.2) and Lemma A.4 we get

|(∆b −
◦
∆b)f | = |fαα + fαα −

◦
Zα

◦
Zαf −

◦
Zα

◦
Zαf | ≲

≲ (|f,β|+ |f,β|)|x|+ (|f,0|+ |f,αβ|+ |f,αβ|+ |f,βα|+ |f,βα|)|x|2 + (|f,α0|+ f,0α)|x|3+

+(|f,βγ|+ |f,βγ|+ |f,βγ|)|x|4 + (|f,0β|+ |f,0β|)|x|5 + |f,00||x|6 ≲

≲ (|
◦
Zβf |+|

◦
Zβf |)|x|+(|Tf |+|

◦
Zβ

◦
Zαf |+|

◦
Zβ

◦
Zαf |+|

◦
Z ,α

◦
Z ,βf |+|

◦
Zα

◦
Zβf |)|x|2+(|

◦
ZαTf |+

◦
ZαTf)|x|3+

+(|
◦
Zγ

◦
Zβf |+ |

◦
Zγ

◦
Zβf |+ |

◦
Zγ

◦
Zβf |)|x|4 + (|

◦
ZβTf |+ |

◦
ZβTf |)|x|5 + |T 2f ||x|6

□
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