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Abstract. We construct a contact form on a three dimensional
CR manifold such that the CR Yamabe flow fails to converge. More
precisely, on small Rossi deformations of the standard CR three-
sphere, we exhibit an example whose corresponding CR Yamabe
flow develops a one-bubble concentration regime.

The construction is based on the negativity of the pseudoher-
mitian mass on the Rossi spheres. This shows that mass positivity
is not merely a technical assumption in the known convergence re-
sults for the CR Yamabe flow, but is genuinely connected to the
large-time dynamics of the flow.

1. Introduction

Given a compact Riemannian manifold (M, g), the Yamabe prob-
lem consists of proving the existence of a metric conformal to g with
constant scalar curvature. This problem, which has played a major
role in Geometric Analysis, has been solved through the works of Yam-
abe, Trudinger, Aubin (who settled the case of non-conformally flat
manifolds of dimension n ≥ 6) and Schoen (who settled the remaining
cases). The proof is based on the study of the Yamabe functional

R(g) =

∫
M
RgdVg

Volg(M)
n−2
n

,

whose critical points, when restricted to a conformal class, are solutions
of the Yamabe problem. The final step by Schoen requires the Positive
Mass Theorem.

Over the last few decades, flowing methods have attracted a consid-
erable attention in Geometric Analysis, and have been employed to try
to solve a lot of problems. The Yamabe problem is no exception, and
because of its variational form, it is quite natural to define a flow based
on it: indeed, up to an inessential renormalization, the L2 gradient flow
of the functional R is given by the following equation

∂g(t)

∂t
= −(Rg(t) − rg(t))g(t)
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where rg(t) is the average scalar curvature of g(t). It is easy to see that
if the Yamabe flow has a solution for t ∈ (0,∞) and if g(t) converges to
some metric g∞, then g∞ is a solution of the Yamabe problem; therefore
it is natural to study whether global existence and convergence hold.

Both questions have been answered positively by Brendle: conver-
gence in low dimensions and long time existence in general in [B1], and
convergence in every dimension in [B2] (under the assumption that the
Positive Mass Theorem holds in any dimension).

These questions arise also naturally in the context of CR manifolds.
CR manifolds are defined as 2n+1-dimensional manifolds M endowed
with a complex n-dimensional subbundle H of TM ⊗ C such that
[Γ(H ),Γ(H )] ⊆ Γ(H ) and H ∩ H = {0}. CR manifolds provide
an abstract model for real hypersurfaces in complex manifolds. They
are called nondegenerate if H(M) = Re(H ⊕ H ) is a contact distri-
bution; in such a case the choice of a contact form determines a rich
geometric structure on M , in particular a metric on H(M) and a con-
nection. By contracting twice the curvature tensor of the connection
with the metric, analogously to Riemannian geometry, one gets a scalar
curvature invariant, called Webster curvature. Since a contact form is
determined up to multiplication by a nowhere-vanishing function, it is
natural to study the problem of finding a contact form such that the
Webster curvature is constant, known as CR Yamabe problem.

The CR Yamabe problem shows strong similarities with the Rie-
mannian one; in particular it is equivalent to finding critical points of
the CR Yamabe functional

Q(θ) =

∫
M
RθdVθ

Volθ(M)

(see Section 2 for the notation). In [JL], Jerison and Lee solved the
problem for CR manifolds of dimension 2n+1 ≥ 5 not locally equivalent
to S2n+1 using a strategy analogous to Aubin’s in the Riemannian case,
while Gamara and Yacoub in [G, GY] settled the remaining cases; since
no analogue of the ADM mass was available at the time, they used
Bahri and Coron’s method of critical points at infinity, a topological
method based on the deformation of sublevels of the functional Q by
adding virtual critical points in order to bypass the failure of the Palais-
Smale condition. In particular they proved the existence of critical
points of Q, but not of minimizers.

In [CMY1] Cheng, Malchiodi and Yang defined a notion of mass
for asymptotically flat CR manifolds (in dimension three, but easily
generalizable to higher dimensions as was done in subsequent works),
and proved a Positive Mass Theorem in dimension three, but with the
additional assumption that a certain fourth-order differential operator,
the CR Paneitz operator Pθ, is positive definite. They showed that the
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pseudohermitian mass appears in the expansion of the Green function
of the conformal sublaplacian in a way similar to Riemannian geometry,
and as a result, they proved that if Pθ is positive definite, the functional
Q attains its minimum.

Later Takeuchi in [T] proved that the positivity of Pθ is equivalent
to embeddability in CN for some N , a condition that always holds in
dimension n ≥ 5 by a theorem of Boutet de Monvel (proved in [BdM],
see Theorem 12.2.1 in [CS] for a more recent exposition) but may fail
in dimension three.

In [CMY2] Cheng, Malchiodi and Yang estimated the pseudohermi-
tian mass of the Rossi spheres S3

s , the simplest non-embeddable exam-
ple of a three-dimensional CR manifold (see Subsection 12.4 in [CS] for
a proof of this fact) and showed that it satisfies ms = −18πs2 + o(s2),
and thus is negative for small values of s. Using this result they showed
that on the Rossi spheres the CR Yamabe functional does not attain
its minimum, and therefore that in order to solve in general the CR
Yamabe problem, a non-minimizing proof like the one of Gamara and
Yacoub is required.

These results are not the only ones that show a breakdown of the
analogy between Riemannian and CR geometry which occurs only for
non-embeddable CR manifolds (and therefore only in dimension three):
in [AP] the first two named authors built a CR structure on S3 for which
the set of solutions to the CR Yamabe problem is not compact (un-
like Riemannian manifolds of dimension up to 24), and in [ACMY] the
first named author, Cheng, Malchiodi and Yang computed the vari-
ation (with respect to the CR structure) of the CR Einstein-Hilbert
functional on S2n+1, observing that for n ≥ 2 its behavior is essentially
the same as the analogous problem in Riemannian geometry, while on
S3 it behaves in the same way only on the subspace corresponding to
embeddable CR structures, and in the opposite way on the orthogonal
complement.

Motivated by the interest in the CR Yamabe problem, a flow analo-
gous to the Yamabe flow has been introduced in order to study it: the
so-called CR Yamabe flow is defined by

∂θ(t)

∂t
= −(Rθ(t) − rθ(t))θ(t).

or equivalently, writing θ(t) = u(t)
2
n θ0,

∂u

∂t
=

n

2
u− 2

n

(
bn∆θ0u−Rθ0u+ rθ(t)u

n+2
n

)
(see Section 2 for the notation). This flow has been shown to have a
solution θ(t) for all t ∈ [0,∞) as proved by the third, together with
Shen and Wang, in [H1]. Regarding convergence, in [HSW] the third
named author, Sheng and Wang proved a convergence theorem; since
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the positivity of the pseudohermitian mass was required, that theorem
was formulated under the hypotheses of the available Positive CR Mass
Theorems, that is the already cited one from [CMY1] or [CCY]. Note
that other versions of Positive CR Mass Theorem have been proved in
[CChi] and [H2]. See also [ChaC, CCW, H3, H4, HW, SW] and the
references therein for results related to the CR Yamabe flow.

Since the Positive Mass Theorem fails for the pseudohermitian mass,
it is natural to ask whether convergence holds in general for the CR
Yamabe flow. In this article we answer this question negatively.

Theorem 1.1. There exists s0 > 0 such that for every s with 0 < |s| <
s0 there exists a smooth contact form θs for the Rossi sphere S3

s such
that the CR Yamabe flow with initial condition θs does not converge.

To our knowledge, this provides the first natural non-convergence ex-
ample for the CR Yamabe flow. Our construction shows that negative
pseudohermitian mass is not merely an obstruction to the convergence
of the flow; it gives rise to an instability of the flow itself, forcing the
solution toward a bubbling regime.

Let us describe the main idea behind the proof. The proof of conver-
gence uses a concentration-compactness principle to prove that, up to
subsequences, a non converging solution must blow up by forming bub-
bles at a certain number of points; namely, that there exist sequences
xα
i ∈ M and εαi > 0 for α = 1, . . . , N such that

u(ti)−
N∑

α=1

uxα
i ,ε

α
i
→ u∞

in the Sobolev-type space S1,2(M), where uxα
i ,ε

α
i
is a family of blowing

up solutions of the problem on Hn called bubbles, transferred to M
through appropriate local coordinates, and then proving that the num-
ber of such bubbles is zero. Therefore, the simplest possible blow-up
that could happen is one in which u∞ ≡ 0 and there is only one bubble.
Hence we look for a counterexample in a neighborhood of a very con-
centrated bubble. By [CMY2] we know that, in order to perform fine
estimates for the CR Yamabe functional on bubbles on Rossi spheres,
it is necessary to apply the Lyapunov-Schmidt method to the four-
dimensional manifold M ⊆ S1,2(S3) of bubbles, getting a perturbed

manifold M̃ = {Φs
p,λ | p ∈ S3, λ > 0}. Inspired by computations in

[CMY2], we prove the following estimate for the CR Yamabe functional
Qs

(1)
∂

∂λ
Qs(Φ

s
p,λ) =

4

3π

ms

λ3
+O

(
s2

λ4

)
which, thanks to the negativity of ms and together with U(2) invari-
ance, suggests that the CR Yamabe flow for Rossi spheres starting in
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M̃ should blow up. But M̃ is not invariant under the CR Yamabe
flow, and so we define a neighborhood of it in S1,2(S3)

Ω =

{
Φs

p,λ + v

∣∣∣∣ v ∈ Vp,λ, ∥v∥ < C
s2

λ2
, λ > Λ, p ∈ S3

}
where Vp,λ = (Tφp,λ

M )⊥. Since M is the set of critical points of Q0

and the CR Yamabe flow is essentially the L2 gradient flow of Qs,
the invariance of Ω is governed by the second differential of Q0 on Vp,λ.
D2Q0(φp,λ) has been studied by Malchiodi and Uguzzoni in [MU] using
the spectral analysis of the sublaplacian on the CR sphere by Folland
in [F]; it is not positive definite on Vp,λ, but it is nondegenerate with
Morse index one. We overcome the difficulty caused by the negative
eigenspace by using the fact that the CR Yamabe flow preserves the
volume in order to essentially restrict the flow to a codimension-one
submanifold where D2Q0(φp,λ) becomes positive definite. Once proven
that Ω is invariant by the CR Yamabe flow, since estimate (1) holds
on Ω, the fact that the flow with initial condition in Ω diverges follows
easily.

We believe that this counterexample highlights the role of the pseu-
dohermitian mass in the dynamics of the CR Yamabe flow. In the
Riemannian setting, this role is harder to isolate, since the Positive
Mass Theorem rules out the negative-mass mechanism exploited here.
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2. Preliminaries in CR geometry

We recall some notions about CR manifolds. For a complete intro-
duction we refer to the standard monograph [DT]. We recall that a
CR structure on a 2n + 1-dimensional manifold M is a complex n-
dimensional subbundle H ⊂ TM ⊗ C such that H ∩ H = {0} and
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[Γ(H ),Γ(H )] ⊂ Γ(H ). Every real 2n+ 1-dimensional real submani-
fold of Cn+1 inherits the CR structure

(TM ⊗C) ∩ span

{
∂

∂z1
, . . . ,

∂

∂zn+1

}
.

A CR structure is called nondegenerate if H(M) = Re(H ⊕ H ) is a
contact distribution; in such a case a contact form is called a pseudo-
hermitian structure. The choice of a contact form θ induces a linear
connection called the Tanaka-Webster connection, and a nondegener-
ate symmetric bilinear product Gθ on H(M); the CR manifold is called
pseudoconvex when Gθ is positive definite. By contracting twice the
restriction of curvature tensor of the Tanaka-Webster connection to
H(M) through Gθ, a scalar curvature invariant R called the Webster
curvature arises.

Since a contact form for a given CR structure is unique up to multi-
plication by a nowhere zero function, it is natural to study conformal

changes. If we write θ̃ = u
2
n θ, the Webster curvature associated to θ̃ is

given by

(2) R̃ = u−n+2
n (−bn∆b +R)u

where bn = 2 + 2
n
and ∆bu = u,αα + u,αα is a second order subellip-

tic differential operator called the sublaplacian. The operator Lθ =
−bn∆b + R is called the conformal sublaplacian, and it satisfies the
conformal covariance law

(3) Lθ̃

(φ
u

)
= u−n+2

n Lθφ.

Furthermore the choice of a contact form induces a volume form dVθ =
θ ∧ (dθ)n, satisfying the conformal transformation law

(4) dVθ̃ = u2n+1
n dVθ.

The problem of finding contact forms with constant Webster curva-
ture is equivalent to finding critical points of the CR Yamabe functional

(5) Qθ(u) =

∫
R̃dṼ

Volθ̃(M)
=

∫
(bn|∇bu|2 +Ru2) dV(∫

u
2n+2

n dV
) n

n+1

=

∫
uLθudV(∫

u
2n+2

n dV
) n

n+1

.

The most important CR manifold is the Heisenberg group Hn, defined
as Cn×R with the group law (z, t) · (w, s) = (z+w, t+s+2Im(z ·w)),
endowed with the left-invariant CR structure generated by the left-
invariant vector fields

Zα =
∂

∂zα
+ izα

∂

∂t

and the contact form Θ = dt + i
∑

α (z
αdzα − zαdzα). Hn admits the

family of CR and group isomorphisms δλ(z, t) = (λz, λ2t) for λ > 0,
called dilations.
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The other fundamental CR manifold is S2n+1 with the CR structure
induced by Cn+1, and carries the unique (up to a constant) U(n)-
invariant contact form

θ =
i

2
(∂ − ∂)|z|2 = i

2

n+1∑
k=1

zkdzk − zkdzk

whose Webster curvature is a constant Rn by U(n) invariance.
Hn and S2n+1 are locally CR equivalent: in fact the map F : S2n+1 \

{(−1, 0, . . . , 0)} → Hn given by

F (z1, . . . , zn) =

(
z1

1 + zn+1
, . . . ,

z1

1 + zn+1
,Re

(
i
1 + zn+1

1− zn+1

))
,

called the Cayley map, is a CR equivalence. The respective contact
forms are related by

(F−1)∗θ = U
2
nΘ

where

U(z, t) =
cn

(t2 + (1 + |z|2)2)
n
2

,

which by equation (2) is a solution of −bn∆HnU = RnU
n+2
n−2 Using the

translations τxy = x · y and the dilations we can get other solutions
(called ”bubbles”) by Ux,λ = λnU ◦ δλ ◦ τx−1 .
We can use the Cayley transform to transfer the bubbles to S2n+1:

in the case n = 1 from calling Uλ = U0,λ we get conformal factors φλ

such that

φ2
λθ = F ∗(U2

λΘ)

and therefore solving

(6) LS3φλ = 2φ3
λ.

By composing φλ with elements of SU(2) we get a finite dimensional
submanifold M of S1,2. Each element of M (except the constant 1) is
determined by the parameter λ > 1 of the bubble φλ from which it is
obtained and its maximum point p; we denote such a bubble by φp,λ.
Denote by Xk for k = 1, 2, 3 the vector fields associated to some basis
of su(2) with respect to the action of SU(2) on S3, the tangent space
of M at φp,λ is

span

{
X1φp,λ, X2φp,λ, X3φp,λ,

∂φp,λ

∂λ

}
.

Given a CR manifold with a contact form θ0, the CR Yamabe flow
is the flow of contact forms θ(t) for t ∈ [0,∞) defined as{

∂θ
∂t
(t) = −(Rθ(t) − rθ(t))θ(t)

θ(0) = θ0.
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Writing θ(t) = u(t)
2
n θ0, this is equivalent to

(7)
∂u

∂t
=

n

2

1

u
2
n

(
−Lθ0u+ rθ(t)u

n+2
n

)
where

rθ(t) =

∫
M
Rθ(t)dVθ(t)

Volθ(t)(M)
=

∫
M
u(t)Lθ0u(t)dVθ0∫
M
u(t)

2n+2
n dVθ0

.

Since the linearization of the right hand side of (7) is a second order
subelliptic operator, it is standard to prove short-time existence and
uniqueness using the heat kernel for Lθ and Duhamel’s formula; see
[Z] for a proof performed by adding ε∆g (the Laplace-Beltrami oper-
ator with respect to a certain metric) to Lθ, and by proving uniform
estimates for ε → 0. By [H1] the solution exists for all t ∈ [0,∞).

From now on we always assume n = 1; in particular the CR Yamabe
flow equation becomes

(8)
∂u

∂t
=

1

2

1

u2

(
−Lθ0u+ rθ(t)u

3
)

Using this equation and formula (4) it is not hard to verify that the
volume of M is invariant under the flow (for a proof see Proposition
3.1 in [H1]).

The CR structure of S3 is generated by the vector field

Z = z2
∂

∂z1
− z1

∂

∂z2
.

The Rossi spheres S3
s are defined as S3 with the CR structure gener-

ated by Z + s√
1+s2

Z. We call Ls the conformal sublaplacian associated

to this CR structure and the contact form θ of S3 defined above.
We define the Folland-Stein space S1,2 as the subspace of W 1,2

loc (S
3)

for which the norm

∥u∥2S1,2 =

∫
M

uL0u

is finite. S1,2 is a Hilbert space with the scalar product

⟨u, v⟩ =
∫
S3

uL0v.

Notice that the norms ∥u∥2s =
∫
uLsu are equivalent for |s| ≤ M for

any M < 1, and we choose to use a fixed norm for convenience.
In [JL] Jerison and Lee defined coordinates for a neighborhood of a

point of a pseudoconvex CR manifold taking value in Hn and analo-
gous to conformal normal coordinates in Riemannian geometry; these
coordinates are called CR normal coordinates.

Now suppose that the CR structure is of positive CR Yamabe class,
that is, that Lθ is positive definite; then, given a point p ∈ M , Lθ

has a Green function Gp defined as the solution of LsGp = 64πδp. On

H1 the Green function is given by 2
ρ2
, where ρ = (|z|4 + t2)

1
4 is called
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the Korányi norm; it was proved in Proposition 5.2 in [CMY1] that in
general Gp has the expansion in CR normal coordinates

(9) Gp =
2

ρ2
+ A+O(ρ)

where A is a constant. Similarly to Riemannian geometry, the constant
A is related to asymptotic geometry: the CR manifold M \ {p} with
the contact form G2

pθ is asymptotically flat, in the sense that outside of

a compact set it has coordinates with values in H1 which approximate
it well enough (see Definition 2.1 in [CMY1] for a precise definition);
those manifolds admit an invariant called pseudohermitian mass defines
as

m = i lim
R→∞

∫
SR

ω1
1 ∧ θ

(see [CMY1] for the notation), and the constant A above is related to
m by

(10) m = 12πA.1

In [CMY2] the authors performed this computation for the Rossi spheres
with small parameter s.

Proposition 2.1. Let ms be the pseudohermitian mass of the manifold
obtained from the Rossi sphere S3

s through the process defined above.
Then, for s → 0,

ms = −18πs2 + o(s2).

3. Proof of Theorem 1.1

We recall Proposition 5.2 from [CMY2].

Proposition 3.1. There exists a unique wλ ∈ S1,2(S3), depending
smoothly on λ, such that ∥wλ∥S1,2(S3) ≤ C s and satisfies∫
S3

φ2
λ

∂φλ

∂λ
wλ θ∧dθ = 0; Ls(φλ+wλ)−2(φλ+wλ)

3 = ℓ φ2
λ

∂φλ

∂λ

for some ℓ ∈ R.

Let

Vp,λ = span

{
X1φp,λ, X2φp,λ, X3φp,λ,

∂φp,λ

∂λ

}⊥

that is the orthogonal in S1,2 of the tangent space of M at φp,λ.
Let Φp,λ = φp,λ + wλ. Φp,λ depends on s, as wλ does, but we will

omit this dependence unless necessary.
Define

Ω =

{
Φp,λ + v

∣∣∣∣ v ∈ Vp,λ, ∥v∥ < C
s2

λ2
, λ > Λ, p ∈ S3

}
1In this paragraph there are differences in constants with [CMY1] because we

used the definition of the Green function as in [CMY2].
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for some Λ (which will be chosen big enough in order that the following
propositions hold).

Proposition 3.2. Let u(t) be a solution of the CR Yamabe flow such
that u(t) ∈ Ω for t ∈ [0, t0). Then, for s sufficiently small

u(t0) ̸∈
{
Φp,λ + v

∣∣∣∣ v ∈ Vp,λ, ∥v∥ = C
s2

λ2
, λ ≥ Λ, p ∈ S3

}
.

Proof. By hypothesis u(t) = Φp(t),λ(t) + v(t) with ∥v(t)∥ < C s2

λ2 and

∥v(t0)∥ = C s2

λ2 , which implies that

0 ≤ d

dt

∣∣∣∣
t=t0

∥v(t)∥2 = 2

〈
v(t0),

∂v

∂t
(t0)

〉
= 2

〈
v(t0),

∂u(t0)

∂t
−

∂Φp(t0),λ(t0)

∂p
p′(t0)−

∂Φp(t0),λ(t0)

∂λ
λ′(t0)

〉
= 2

〈
v(t0),

∂u(t0)

∂t

〉
+O

(
C
s4

λ4

)
.(11)

But using the equation of the CR Yamabe flow (8), and setting

Φ = Φp(t0),λ(t0), u = u(t0) and v0 = v(t0)

we have 〈
v(t0),

∂u(t0)

∂t

〉
=

∫
∂u(t0)

∂t
Lsv(t0)

=
1

2

∫
1

u2

(
−Lθu+ rt0u

3
)
Lsv(t0)

=
1

2

∫
1

(Φ + v0)2
(
−Ls(Φ + v0) + rt0(Φ + v0)

3
)
Lsv0

=
1

2

∫
1

(Φ + v0)2
(
−Lsv0 + rt0(Φ + v0)

3 − 2Φ3
)
Lsv0(12)

We have that

rt0 =

∫
M
Rθ(t)dVθ(t)∫
M
dVθ(t)

=

∫
M
uLsudV0∫

M
u4dV0

= 2 +O

(
s2

λ2

)
by [CMY2, Section B]. Then formula (12) becomes〈

v(t0),
∂u(t)

∂t

〉
=

=
1

2

∫
1

(Φ + v0)2
(
−Lθv0 + 6(Φ + v0)

2v0
)
Lθv0 +O

(
C
s4

λ4

)
.

Now let θ̃ = (Φ+v0)
2θ. Then by formulas (3) and (4) dVθ̃ = (Φ+v0)

4dVθ

and

Lθ̃

(
v0

Φ + v0

)
= (Φ + v0)

−3Lθv0,
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therefore we get〈
v(t0),

∂u(t)

∂t

〉

=
1

2

∫ (
−Lθ̃

(
v0

Φ + v0

)
+ 6

v0
Φ + v0

)
Lθ̃

(
v0

Φ + v0

)
dṼ +O

(
C
s4

λ4

)
.

(13)

Since the CR Yamabe flow preserves the total volume, we have

0 =
d

dt

∣∣∣∣
t=t0

∫
u(t)4 = 4

∫
u(t0)

3∂u

∂t
(t0) =

= 2

∫
u(t0)

(
−Lsu(t0) + rt0u(t0)

3
)
.

Reasoning as above we get

0 =

∫
(Φ + v0)

(
−Lsv0 + 6Φ2v0

)
+O

(
C2 s

4

λ4

)
=

=

∫
Φ
(
−Lsv0 + 6Φ2v0

)
+O

(
C2 s

4

λ4

)
=

= −
∫

ΦLsv0 + 6

∫
Φ3v0 +O

(
C2 s

4

λ4

)
=

= −
∫

ΦLsv0 − 3

∫
LsΦv0 +O

(
C2 s

4

λ4

)
=

(14)

= −4

∫
Lθ̃

v(t)

Ψ + v0
dṼ +O

(
C2 s

4

λ4

)
= −4

〈
1,

v(t)

Ψ + v0

〉
X

+O

(
C2 s

4

λ4

)
where X is the space where the norm

∥u∥2X =

∫
uLθ̃udVθ̃

with the obvious Hilbert product.
It follows from the proof of Lemma 5 in [MU], despite not explicitly

being stated there, that the operator Lθ − 6φ2
p,λ is nondegenerate on

Vp,λ with Morse index one, and by conformal covariance and continuity
also Lθ̃−6 is. Since (Lθ̃−6)1 = −4, formulas (13) and (14) imply that〈

v(t0),
∂u(t)

∂t

〉
< −∥v∥2 +O

(
C
s4

λ4

)
= −C2 s

4

λ4
+O

(
C
s4

λ4

)
;

but choosing C large enough in the definition of Ω and also Λ large
enough, we get a contradiction with formula (11). □

Proposition 3.3. In Ω the CR Yamabe functional (defined in (5)) for
the Rossi sphere Qs satisfies the estimate

∂

∂λ
Qs(Φλ + v) =

4

3π

ms

λ3
+O

(
s2

λ4

)
.
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Proof. To obtain this estimate, we will need the approximate critical
points φ̆λ for Qs defined in Subsection B.1 in [CMY2]. Given p ∈
S3 and r > 0 small, consider a function F such that in CR normal
coordinates {

F (z, t) = |z|2 for ρ ≤ r;

F ≡ 0 for ρ ≥ 2r

where, we recall, ρ4 = |z|4 + t2. Let Gp be the Green function for Ls

centered at p as defined in Section 2.

Let G̃ = G−2
p . Then we define

φ̆λ =
λ(

1 + λ2F + λ4G̃
) 1

2

(we omit the dependence on p and s as superfluous).
Let

Sλ =

∫
S3

φ̆λLsφ̆λ θ ∧ dθ, Vλ =

∫
S3

φ̆4
λ θ ∧ dθ.

Then Qs(φ̆λ) = SλV
−1/2
λ , and hence

(15)
d

dλ
Qs(φ̆λ) = S ′

λV
−1/2
λ − 1

2
SλV

−3/2
λ V ′

λ.

In the proof of Lemma B.3 in [CMY2] they prove that

Sλ = 2Vλ −
3

2
A

∫
H1

|z|2(4 + λ2|z|2)ρ2
◦
U

6

λ Θ ∧ dΘ+

+

∫
S3

φ̆4(O(λ2ρ2) +O(ρ3))θ ∧ dθ +

∫
S3

φ̆6(O(ρ5) +O(λ2ρ7))θ ∧ dθ

where

◦
Uλ =

λ(
1 + λ2|z|2 + 1

4
λ4(|z|4 + t2)

) 1
2

, (z, t) ∈ H1,

and A is defined in formula (9); therefore, calling

S1
λ =

∫
H1

|z|2(4 + λ2|z|2)ρ2
◦
U

6

λ,

it holds that

Sλ = 2Vλ −
3

2
AS1

λ +O

(
1

λ3

)
.
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It can similarly be proved that

dSλ

dλ
= 2

∫
S3

(
∂

∂λ
φ̆λ

)
Lsφ̆λθ ∧ dθ

= 8

∫
S3

φ̆3
λ

(
∂

∂λ
φ̆λ

)
θ ∧ dθ − 9A

∫
H1

|z|2(4 + λ2|z|2)ρ2
◦
U

5

λ

(
∂

∂λ

◦
Uλ

)
Θ ∧ dΘ

− 3λA

∫
H1

|z|4ρ2
◦
U

6

λ Θ ∧ dΘ+

∫
S3

φ̆3
λ

(
∂

∂λ
φ̆λ

)
(O(λ2ρ2) +O(ρ3))θ ∧ dθ

+

∫
S3

φ̆5
λ

(
∂

∂λ
φ̆λ

)
(O(ρ5) +O(λ2ρ7))θ ∧ dθ.

hence
dSλ

dλ
= 2

dVλ

dλ
− 3

2
A
dS1

λ

dλ
+O

(
1

λ4

)
.

In the proof of Lemma B.3 in [CMY2] they prove that

φ̆λ =
◦
Uλ +

1

8
Aρ6λ2

◦
U

3

λ +O

(
ρ12λ8

(1 + λ4ρ4)2

)
◦
Uλ

and in a similar way it can be proved that

∂

∂λ
φ̆λ =

∂

∂λ

◦
Uλ +

1

4
Aρ6λ

◦
U

3

λ +
3

8
Aρ6λ2

◦
U

2

λ

∂

∂λ

◦
Uλ+

+O

(
ρ12λ7

(1 + λ4ρ4)2

)
◦
Uλ +O

(
ρ12λ8

(1 + λ4ρ4)2

)
∂

∂λ

◦
Uλ.

There they also prove that

Vλ =

∫
S3

φ̆4
λθ ∧ dθ =

∫
H1

◦
U

4

λΘ ∧ dΘ+
1

2
Aλ2

∫
H1

ρ6
◦
U

6

λΘ ∧ dΘ+O(1/λ3)

that is, calling

V 1
λ =

∫
H1

ρ6
◦
U

6

λΘ ∧ dΘ,

that

Vλ =

∫
H1

◦
U

4

λΘ ∧ dΘ+
1

2
Aλ2V 1

λ +O(1/λ3)

and it can similarly be proved that

dVλ

dλ
= 4

∫
S3

φ̆3
λ

∂

∂λ
φ̆λθ ∧ dθ =

= Aλ

∫
H1

ρ6
◦
U

6

λΘ ∧ dΘ+ 3Aλ2

∫
H1

ρ6
◦
U

5

λ

∂

∂λ

◦
UλΘ ∧ dΘ+O(1/λ4) =

= AλV 1
λ +

1

2
Aλ2dV

1
λ

dλ
+O(1/λ4).

They also prove that ∫
H1

◦
U

4
√
2Θ ∧ dΘ = 4π2.
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Putting all of the above estimates in formula (15), we get that

d

dλ
Qs(φ̆λ) = V

− 3
2

λ

[(
2
dVλ

dλ
− 3

2
A
dS1

λ

dλ

)(
4π2 +

1

2
Aλ2V 1

λ

)
+

−1

2

(
2Vλ −

3

2
AS1

λ

)
dVλ

dλ

]
+O

(
1

λ4

)
=

= V
− 3

2
λ

[(
2
dVλ

dλ
− 3

2
A
dS1

λ

dλ

)
· 4π2 − Vλ

dVλ

dλ

]
+O

(
1

λ4

)
=

= (4π2)−
3
24π2

[
AλV 1

λ +
1

2
Aλ2dV

1
λ

dλ
− 3

2
A
dS1

λ

dλ

]
+O

(
1

λ4

)
=

=
1

2π
A

[
λ

∫
H1

ρ6
◦
U

6

λΘ ∧ dΘ+
1

2
λ2

∫
H1

ρ6 · 6
◦
U

5

λ

(
∂

∂λ

◦
Uλ

)
Θ ∧ dΘ+

−3

2

∫
H1

|z|2 · 2λρ2
◦
U

6

λΘ ∧ dΘ− 3

2

∫
H1

|z|2(4 + λ2|z|2)ρ2 · 6
◦
U

5

λ

(
∂

∂λ

◦
Uλ

)
Θ ∧ dΘ

]
=

=
1

2π
A

(
λ

∫
H1

(
ρ6 − 3|z|4ρ2

) ◦
U

6

λΘ ∧ dΘ+

+

∫
H1

(
3λ2ρ6 − 9|z|2(4 + λ2|z|2)ρ2

) ◦
U

5

λ

(
∂

∂λ

◦
Uλ

)
Θ ∧ dΘ

)
+O

(
1

λ4

)
.

But
d

dλ

∫
H1

(
3|z|2(4 + λ2|z|2)− λ2ρ4

)
ρ2

◦
U

6

λ Θ ∧ dΘ =

=

∫
H1

(
6λ|z|4 − 2λρ4

)
ρ2

◦
U

6

λ Θ ∧ dΘ+

+6

∫
H1

(
3|z|2(4 + λ2|z|2)− λ2ρ4

)
ρ2

◦
U

5

λ

∂

∂λ

◦
Uλ Θ ∧ dΘ

and in the proof of Lemma B.3 in [CMY2] it is proved that∫
H1

(
3|z|2(4 + λ2|z|2)− λ2ρ4

)
ρ2

◦
φ
6

λ

◦
θ ∧ d

◦
θ =

32π

λ2
.

Therefore
d

dλ
Qs(φ̆λ) =

= A
1

2π

(
λ

∫
H1

(
ρ6 − 3|z|4ρ2

) ◦
U

6

λΘ ∧ dΘ+

+

∫
H1

(
3λ2ρ6 − 9|z|2(4 + λ2|z|2)ρ2

) ◦
U

5

λ

(
∂

∂λ

◦
Uλ

)
Θ ∧ dΘ

)
+O

(
1

λ4

)
=

= −A
1

4π

d

dλ

∫
H1

(
3|z|2(4 + λ2|z|2)− λ2ρ4

)
ρ2

◦
U

6

λ Θ ∧ dΘ+O

(
1

λ4

)
=

= −A
1

4π

d

dλ

(
32π

λ2

)
+O

(
1

λ4

)
= A

16

λ3
+O

(
1

λ4

)
.
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The estimate is shown to hold for Φλ + v too by the same argument in
Subsection B.3 in [CMY2]. Then the thesis follows thanks to formula
(10). □

Lemma 3.4. Up to choosing Λ big enough in the definition of Ω, it is
invariant by the CR Yamabe flow.

Proof. We have

dQs(u)[v] =
2
∫
M
vLsu

∫
M
u4 − 1

2

∫
M
uLsu4

∫
M
u3v(∫

M
u4
) 3

2

=

(16) = 2

(∫
M

u4

)− 1
2
∫
M

(
Lsu− rθu

3
)
v

By Proposition 3.2 we have to prove that if u(t) ∈ Ω for t ∈ [0, t0) then

u(t0) ̸∈
{
Φp,Λ + v

∣∣∣∣ v ∈ Vp,Λ, ∥v∥ < C
s2

λ2
, p ∈ S3

}
.

Writing u(t) = Φp(t),λ(t) + v(t), if this were the case, projecting on the

submanifold M̃ = {Φp,λ + v(t0)}, then we would have

d

dt

∣∣∣∣
t=t0

Φp(t),λ(t) ∈
{
v ∈ Tp(t0),ΛM̃

∣∣∣∣ 〈∂Φp(t0),Λ

∂λ
, v

〉
L2

≤ 0

}
Putting u = Φp(t0),Λ, and taking v =

∂Φp(t0),Λ

∂λ
in formula (16) and s

is small enough we get a contradiction with Proposition 3.3 and the
negativity of the mass for Rossi spheres (Proposition 2.1). □

Lemma 3.5. If u(t) = Φp(t),λ(t) + v(t) is a CR Yamabe flow in Ω then

λ(t) ≳ t
1
4

Proof. It follows from Proposition 3.3 with an argument similar to that
of Lemma 3.4. □

Proof of Theorem 1.1. The theorem follows from Lemma 3.5 and the
density of smooth functions in S1,2. □
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tech., Paris, 1975.

[B1] S. Brendle, Convergence of the Yamabe flow for arbitrary initial energy, J.
Differential Geom. 69 (2005), no. 2, 217–278.



16 CLAUDIO AFELTRA, PAK TUNG HO, AND ANDREA PINAMONTI

[B2] S. Brendle, Convergence of the Yamabe flow in dimension 6 and higher, Invent.
Math. 170 (2007), no. 3, 541–576.

[ChaC] S.-C. Chang, J.-H. Cheng, The Harnack estimate for the Yamabe flow
on CR manifolds of dimension 3, Ann. Global Anal. Geom. 21 (2002), no.
2, 111–121.

[CCW] S.-C. Chang, H.-L. Chiu, C.-T. Wu, The Li-Yau-Hamilton inequality for
Yamabe flow on a closed CR 3-manifold, Trans. Amer. Math. Soc. 362 (2010),
no. 4, 1681–1698.

[CS] S.-C. Chen, M.-C. Shaw, Partial differential equations in several complex vari-
ables, AMS/IP Studies in Advanced Mathematics, 19. American Mathematical
Society, Providence, RI; International Press, Boston, MA, 2001. xii+380 pp.

[CChi] J.-H. Cheng, H.-L. Chiu,Positive mass theorem and the CR Yamabe equa-
tion on 5-dimensional contact spin manifolds, Adv. Math. 404 (2022), part B,
Paper No. 108446, 50 pp.

[CCY] J.-H. Cheng, H.-L. Chiu, P. Yang, Uniformization of spherical CR mani-
folds, Adv. Math. 255 (2014), 182–216.

[CMY1] J.-H. Cheng, A. Malchiodi, P. Yang, A positive mass theorem in three
dimensional Cauchy-Riemann geometry, Adv. Math. 308 (2017), 276–347.

[CMY2] J.-H. Cheng, A. Malchiodi, P. Yang, On the Sobolev quotient of three-
dimensional CR manifolds, Rev. Mat. Iberoam. 39 (2023), no. 6, 2017–2066.

[DT] S. Dragomir, G. Tomassini, Differential geometry and analysis on CR man-
ifolds, Progress in Mathematics, 246. Birkhäuser Boston, Inc., Boston, MA,
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