A LAND OF MONOTONE PLENTY, BIS REPETITA:
FROM CLASSICAL TO WEAK OPTIMAL TRANSPORT

VIRGINIE EHRLACHER, RODRIGUE LELOTTE, AND LUCA NENNA

ABSTRACT. The celebrated c-cyclical monotonicity property is shown
to boil down to the zeroth-order optimality condition for the optimal
transport problem. More precisely, we show that optimality is equiva-
lent to the non-negativity of the linear transport cost functional on the
radial cone of admissible perturbations. We then utilise this point of
view to extend the c-cyclical monotonicity property to the weak optimal
transport problem, for which it corresponds to the first-order optimality
condition, namely to the non-negativity of the linearisation of the weak
transport cost functional near the optimiser. Altogether, this sheds new
light on this monotonicity concept. For both classical and weak opti-
mal transport, we show that this property characterises (under suitable
assumptions) optimal transport plans. In the classical case, we recover
known results of the literature but with revisited proofs.
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1. INTRODUCTION

The notion of c-cyclical monotonicity occupies a central role in optimal
transport theory. A transport plan is said to be c-cyclically monotone if, in
essence, local re-routing of the mass on the support of the transport plan
leads to an increase of the overall cost of transport. Under suitable assump-
tions, this property is both necessary and sufficient for optimality. We refer
the reader to the recent survey of De Pascale, Kausamo, and Wyczesany
[14] for a broad overview of the subject.

1.1. Contributions. The purpose of the present work is twofold. First, we
revisit cyclical monotonicity from a perturbative perspective based on ele-
mentary optimality considerations. In particular, we show that this property
characterises under suitable assumptions optimal transport plans. Although
we recover known results of the literature, the proofs are revisited in light
of our approach. Second, building on this approach, we extend the notion
of c-cyclical monotonicity to the case of the weak optimal transport prob-
lem by introducing a notion of monotonicity which, contrary to previously
existing notions in the literature, genuinely recovers the classical c-cyclical
monotonicity property as a special case.

1.2. The gist of it. Given two Polish spaces X and Y, two probability
measures p € P(X) and v € P(Y), and a Borel cost function ¢: X XY —
R U {400}, the classical optimal transport problem reads
inf € (n), C(m) = / c(z,y) m(dx,dy),

XxY

mell(p,v)

where TI(u, ) denotes the set of transport plans with marginals p and v.
Our starting point is deceptively simple. If 7 is an optimal transport plan
and if ) is an admissible perturbation preserving the marginal constraints,
that is a signed Radon measure n € M(X x Y) so that = + tn € II(u,v) for
t > 0 small enough, then it obviously holds

C(m+tn) > €(n).

This is just the zeroth-order optimality condition. In the classical opti-
mal transport problem, the cost functional is linear, and therefore optimality
is equivalent to the non-negativity condition

¢ (n) >0

for every admissible perturbation n. Now, it will follow from elementary ma-
nipulations that the c-cyclical monotonicity exactly rephrases as demanding
that € be non-negative for a special kind of “cyclical” perturbations 7. The
gist of our work is to show that € being non-negative on the set made of
these special perturbations is sufficient for it to be non-negative over the en-
tire set of admissible perturbations and vice-versa, thus yielding sufficiency
and necessity of c-cyclical monotonicity for optimality in the optimal trans-
port problem. This gives a new and conceptually transparent route to the
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equivalence between optimality and cyclical monotonicity. Moreover, the
same approach can be used to derive the analogue of c-cyclical monotonic-
ity in other types of optimal transport problems.

Indeed, a central contribution of the paper concerns the weak optimal
transport problem. We recall that this problem reads

inf C(x,m dz),
it /X (2,2 ()

where (7;)zex denotes the disintegration of 7 with respect to its first mar-
ginal and the function C': X x P(Y) — RU {400} is (typically) convex in
its second argument.

A notion coined as C'-monotonicity was introduced in the literature by
Backhoff-Veraguas, Beiglbock, and Pammer [2] and shown to be necessary
and sufficient for optimality under suitable assumptions. However, this no-
tion does not fully recover classical cyclical monotonicity when the weak
transport problem reduces to the ordinary optimal transport problem (see
Example [2| infra). One of the contributions of the present work is to in-
troduce a notion of monotonicity for weak optimal transport, which we
call C-cyclical monotonicity, that genuinely extends the classical notion of
c-cyclical monotonicity to the weak setting. This notion is formulated in
terms of the gradients (or subgradients) of the weak cost with respect to its
measure argument. Concretely, if p — C(z, p) is differentiable in an appro-
priate sense (see Section , then our monotonicity condition takes the
form

SOV Clan ) i) € O V,Cla ma ) (wir).

i=1 i=1

for all n € N and all families (x1,91),...,(Tn,yn) € I' where I' C X x Y is
a measurable set so that «(I') = 1. Here, we let y,+1 := y1. This property
enjoys several important features. First, it exactly recovers the classical
c-cyclical monotonicity when the weak problem boils down to the classical
one, namely when the cost of transport is given by

Clz,p) = /Y c(z,y) p(dy).

Indeed, in this case the gradient is given by V,C(z,p)(y) = c(z,y), and
one recognises that the above condition is exactly the c-cyclical monotonic-
ity property. Second, we show that C-cyclical monotonicity is equivalent
to optimality under assumptions comparable to those used in the classical
setting.

Our C-cyclical monotonicity property is derived by looking at the first-
order optimality condition for the weak optimal transport. Indeed, the
objective of this problem is

€ (m) ::/)(C(x,ﬂx)u(d:c),
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which, contrary to the classical optimal transport problem, is no longer lin-
ear, so we need to go to the first-order to say anything meaningful. Whereas
in the classical problem, optimality is encoded by the non-negativity of the
cost on admissible perturbations, in the weak setting, the same mechanism
survives after replacing the transport cost by the linearised quantity

n— V,C(x, 7)) (y) n(dz, dy).
XxY

The C-cyclical monotonicity introduced above is then derived from the non-
negativity of the above functional once evaluated at these special “cyclical”
perturbations already mentioned above.

1.3. Previous works. It is possible that part of our arguments may not be
completely new to some readers already familiar with the subject. In a way,
a part of what we present in this work can be seen as a way of explaining
what cyclical monotonicity is all about in a different perspective with a
different terminology, thus shedding a new kind of light on this concept.
Whether or not these ideas are known to specialists, they are certainly not
widely familiar to a broader audience. During our investigation, we came
across a couple of works of S. Bianchini and L. Caravenna [9, |L0] which share
some common features with our own work here and that should be readily
advertised. We shall also mention the work of Beiglbéck [4] which utilises
the ergodic theorem to prove sufficiency of the c-cyclical monotone property
for optimality somehow in the same way as we do. Also — as the title of our
paper is obviously a nod to this work — we shall also mention the seminal
paper [5] — and also [21]. However, the unified formalism presented here
and its use as a systematic recipe to derive the monotonicity property to
other type of optimal transports is decidedly new — at least to the best of
our knowledge.

1.4. Outline of the paper. Section [2| revisits the c-cyclical monotonicity
property in the classical optimal transport through the perturbative point
of view. We introduce the radial cone of admissible perturbations and show
that optimality is equivalent to the zeroth-order optimality condition on
this cone. We then relate this condition to finite optimality and to c-cyclical
monotonicity. Section|3|is devoted to weak optimal transport. We derive the
first-order optimality conditions for weak transport problems, and use them
to define the notion of C-cyclical monotonicity and establish its equivalence
with optimality under suitable assumptions. We also discuss the case of the
barycentric cost (which is non-differentiable).

2. A PERTURBATIVE APPROACH TO THE CLASSICAL OPTIMAL TRANSPORT

2.1. Setting and notations. For a Polish space Z, we write M(Z) the set
of finite (and signed) Radon measures on Z. By a finite Radon measure 7,
it is meant that ||n||7v < oo where the total variation norm ||n||7y is defined
as ||nllrv = [n|(Z) where |n| := n4+ 4+ n— with n4 and 7— being respectively
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the positive and negative parts of the signed measure . The space M(Z)
is equipped with the vague topology, that is in duality with Cy(Z), i.e. the
set of real-valued continuous functions on Z vanishing at infinity — when Z
is compact, this set is simply the set of all continuous functions. We recall
that finite radii balls {n € M(Z) : [n|(Z) < r} for 0 < r < co are metrisable
in this topology provided that Z is Polish and furthermore locally compact,
see e.g. [12, Theorem 3.29]. Finally, we write P(Z) C M(Z) be the subset
of probability measures.

Let o € P(X) and v € P(Y) be probability measures on Polish (and
locally compact) spaces X and YV, and let ¢ : X XY — RU {+oc} be a
Borel-measurable cost of transport possibly assuming +oo as value. We
consider the classical optimal transport problem

(0OT) wer%[l(i;r},y)%(w)’ € () = /XXY c(x,y) w(dz, dy)

where II(u, v) is the standard set of transport plans, that is those probability
measures 7 € P(X x Y) so that the first marginal of 7 (i.e. with respect
to X) is u and such that the second marginal of 7 (i.e. with respect to Y')
is v. This also rewrites prgﬂ = u and prgw = v where pr; : X XY — X
and pry : X XY — Y are the canonical surjections of the Cartesian product
X xY onto its factors X and Y — and where we use the standard notation
fir for any measurable map f : X x Y — Z to mean the push-foward

measure defined as fiw(A) := w(f~1(A)) for all Borel sets B C Z.

2.2. The zeroth-order optimality condition for . We start with
the following simple observation. If 7 € II(u,v) is optimal for the opti-
mal transport problem and 7 has finite transport cost, meaning that
¢ (m) < oo, then it must be that €(m + tn) > € (w) for all ¢t € R and
n € M(X xY) such that w4+ tn is still an admissible transport plan, that is
m+tn € I(u,v). By linearity of the cost functional %, this is equivalent to
saying that € (n) > 0 for such perturbations n provided that ¢t > 0. Let us
then introduce for m € II(p, v) the set Ry C M(X x Y') defined as

(1) Re = {nEM(XxY) cm+tn € (p,v) for somet>0}.

Then, the previous statement rephrases as follows: If 7 is optimal for the
optimal transport problem and has finite transport cost, that is € (m) <
oo, then €(n) > 0 for all n € R;. In the context of convex analysis,
the set Ry is referred to as the radial cone to the (convex) set II(u,v)
at the point . We refer to Remark (1| and infra for a general definition
of the radial cone to a convex set. Furthermore, the converse statement
holds as well: If m € II(p,v) is such that € is non-negative on R, then
m is optimal in — again, provided that € (m) < oo. Indeed, for all
v € (p,v),one has € (v) =€ (y—n+7n) =€ (y—m) + € (n) > € (m) since
1 =~y — 7 is obviously an element of R;. Thus 7 is optimal. Altogether, we
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obtain the following proposition which is just the zeroth-order optimality
condition for (OT]):

Proposition 1. A transport plan © € II(p, v) with finite cost € (m) < oo is
optimal in (OT)) if and only if €(n) > 0 for all n € Ry, where Ry is the
radial cone to the feasible set I1(u,v) at the point 7 as defined in .

Remark 1. Proposition[]] is just one particular instance of a much general
situation. Let X be a normed vector space, L : X — R U {+o0} be a linear
function on X and C C X be a convex set. Let us consider the minimisation
problem
(2) min Lz.

zeC
Then, x € C is optimal for if and only if (provided that Lx < oo) Lh >0
for all h € Reo(x), where the radial cone Ro(x) C X (“to the convex set C
at the point x’) is defined as

(3) Re(z) :={he X :x+theC for somet>0}.

(We remark passing by that by convezity of C, if there exists to > 0 such that
x +toh € C then x +th € C for all0 <t <ty.) Now, let us assume that x
is optimal, and let h € R (x). Then, there exists a small enough t > 0 such
that x + th € C. By optimality of x (and the fact that Lx < co), we have
L(z+th) > L(x) and thus L(h) > 0 by linearity of L. The other direction is
also straightforward. Indeed, assume that L(h) > 0 for all h € Ro(x). Then
for ally € C, we have L(y) = L(x) + L(y — z) > L(z) since y —x € Ro(x),
and thus x is optimal for the problem .

Let us now characterise the radial cone R, defined above in explicitly.
We have:

Lemma 1 (Characterisation of the radial cone Ry). Let any m € II(p,v).
The radial cone R, to the set of transport plan II(u,v) at the point T —
as defined in — is characterised as the set of signed Radon measure
n=mn"—n" such that ™ and n~ share common marginals, that is pr?n* =

prgn_ fori=1,2, and such that n~ < 7 and ?—; € L*>(m).

Here, we write = the negative part of  and correspondingly n™* its non-
negative part. We use the standard notation n~ < 7 to mean that n~

is absolutely continuous with respect to w, and we write d(?—ﬁ_ the Radon-

Nykodym density of n~ with respect to m. We remark that, in Lemma
i

the fact that n™ and 7~ share common marginals also rephrases as pr;

for i = 1,2, that is the (signed) measure 7 has zero marginals.

n=20

Proof of Lemmalll Let R, C M(X x Y) be the set

(4) IR;T:{nEM(XXY)‘prgn:Oforizl,Q, (ZZTGLOO(W)}.



A LAND OF MONOTONE PLENTY, BIS REPETITA 7

— where it is implicitly understood that n~ < 7. Let us show that R, = R/,
which is exactly the thesis of Lemma Let n € R and let us define
m = m + tn. We need to show that for a small enough ¢ > 0, the measure
7y is in the set of transport plans II(u,r). This means showing that
is positive and that it verifies the marginal constraints — note that, if we
show these two properties hold, it will immediately follow that this measure
is in fact a probability measure. Let us decompose 1 := n™ — n~. By
assumption, the negative part 1~ is absolutely continuous with respect to 7
and its Radon-Nykodym density is in L (7). Therefore, m; is positive for

all 0 < t < to where we define ;' := ||CZ7—;||L00(W) > 0. Now, the fact that m

verifies the marginal constraints is immediate from the fact that prg

for all i = 1,2. This shows that R, C R,. We now prove the converse
inclusion. Let n € R;. Then, there exists a (small enough) ¢ > 0 such
that m; € II, where we let m; as above. This (again) immediately implies

n=20

that pr?n = 0 for all # = 1,2. Furthermore, because 7; must be a positive
measure, it must be that tn~(A) < w(A) for all Borel sets A C X x Y,
which means that 7~ is absolutely continuous with respect to m and that
its Radon-Nykodym density is uniformly bounded with respect to m — and
moreover ||%7—;||Loo(7r) < t7!. Hence R, = R/ and the thesis of Lemma

follows. U

2.3. On c-cyclical monotonicity and its related notions. In this sec-
tion, let us recall what c-cyclical monotonicity is all about and how it can
be related to the perturbative approach outlined above. First, let us recall
the mere definition of c-cyclical monotonicity:

Definition 1. A set I' C X x Y is said to be c-cyclically monotone if for
all couples of points (z1,91),..., (Tn,yn) in I' — where n € N is arbitrary
(but finite) — we have

n

n
(5) D el@iyi) < elwiyyi),
i=1 i=1
where we let y,+1 := y1. A transport plan 7 € II(u,v) is said to be c-
cyclically monotone if it is concentrated on a c—cyclically monotone set,
that is if there exists I' C X x Y which is c-cyclically monotone such that
m(l) = 1.

It is known that a property equivalent to that of c—cyclical monotonicity
is the following:

Definition 2. A transport plan 7 € II(u,v) is said to be finitely optimal
if for all couples of positive measures o and o’ € M(X x Y) with finite
supports sharing common marginals — that is prf

— and such that the support of « is contained in that of m, it holds that
€ (o) <E(d).

o = prfo/ for i = 1,2
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The fact that this propertyﬂ implies c-cyclical monotonicity is rather
straightforward. Indeed, let us assume that m € II(u,v) is finitely opti-
mal, and let (z1,y1),-.., (Zn,yn) €T for n € N where I' := supp(7). Then,
let us define the positive and finitely supported measures « := " , %
and o == Y1 1 8, i)
supp(a) C T'. Tt is also evident that o and o' share the same marginals
— since yn4+1 = y1. Therefore, finite optimality says that €(a) < €(a).
But ¢ (a) = Y1 (@i, y:) and €(a’) = Y1 c(xi, yi+1) so that we exactly
recover the c-cyclical monotonicity property. The proof of the converse
statement, namely that c-cyclical monotonicity is equivalent to the finite
optimality property is to be found in [18, Prop. 1.6] or yet [14] — see also
Remark 2

Finite optimality of Definition [2] and the zeroth-order optimality condi-

Ti,Yi)
where we let y,41 := y1. By construction, we have

tion shown in Proposition [I| are obviously resembling. In the case of finite
optimality, if we let 1 := o’/ — a where a and o/ are as in Definition |2 then
we see that 7 is a specific kind of perturbation of the constraint set IT(u, )
at the point 7. Indeed, since @ and o’ share common marginals, the mea-
sure T + 7 is a “coupling” of p and v, in the sense that its marginals are
precisely p and v. Nevertheless, we stress out that it need not be a rightful
element of the radial cone R, because « is purely atomic and therefore has
no reason a priori to be absolutely continuous with respect to . Another
way to express this is by the fact that m + 1 may not be a positive measure
in this situation.

On the other side, in terms of the vocabulary of [5], this means that the
elements of the radial cone n € R are precisely those (signed) measure such
that n = n™ —n~ and n™ is a competitor for n~. In essence, n* represents
a re-routing of some amount of mass taken from the transport plan 7, which
is understood from the fact that n~ is absolutely continuous with respect to
m, that is n~ < 7. Again, the difference here with the notion of competitors
of [5] is that it is demanded here that ~ be absolutely continuous, whereas
in the case of finite optimality, it is demanded that ™~ be finitely supported
inside the support of 7.

Definition 3 (Finite perturbations). Let us define , C M(X x Y") the set
of perturbations pertaining to finite optimality, namely the set of (signed)
purely atomic measures n with finite support — meaning that supp(|n|) is
a finite set where we recall that || = n* +n~ — such that prgn = 0 for
i = 1,2 and such that supp(n~) C supp(w). In the language of [5], this
means that ' is a competitor to n~. We will refer to elements of F, as
finite perturbations.

IThis notion goes back to at least the work of Beiglbock and Griessler [5] — and [6]
in the case of the martingale optimal transport setting. Nevertheless, the journal version
(& first preprinted version) of 5] refers the reader to [20, Ex. 2.21] — whereas the second
preprinted version of same article also refers to [1] when introducing this notion. Bottom
line, finite optimality has probably been around as folkloric knowledge for quite a while.
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By construction, it is obvious that finite optimality as in Definition[2
is equivalent to demanding that € (n) > 0 for all n € F;. We can also
define the subset C, of F; of cyclical perturbations, to wit the set of (signed)
purely atomic measures 1 of the form

n

= n Z((S(Iuywl) - 5(%‘,2/1'))'
i=1
for some n € N and family of points (z1,y1), -, (Tn,yn) € supp(m) with

Yn+1 := Y1. 1t is then obvious that the c-cyclical monotonicity property
is exactly equivalent to the fact that ¢ (n) > 0 for all n € C;.

Remark 2 (Equivalence between finite optimality and c-cyclical monotonic-
ity). We explained above that finite optimality implies c-cyclical monotonic-
ity. Within our language, this trivially follows from the fact that Cr is a
subset of F. The reverse statement also holds, and we refer the reader to
114, Appendiz D]. We stress out that this necessitates no assumptions what-
soever on the cost of transport c. In fact, the rationale found in [14)] relies
on purely algebraic manipulations, and in fact it can be stated abstractly as
follows: If L : M(X xY) — RU {400} is a (not necessarily continuous)
linear functional, and if L(n) > 0 for all cyclical perturbations n € €, —
provided Ln~ < oo so that the quantity L(n) makes sense as an element of
R U {+o00} — then L(n) > 0 for all finite perturbations n € Fr — again,
so that L(n~) < oo. Here, in our present context, the linear function L is

simply given by € the cost functional of (OT)).

The game will be to show that (under suitable assumptions) the cost
functional ¥ being non-negative over the radial cone R, is equiv-
alent to it being non-negative over the set of finite perturbations
Fr or equivalently on the set of cyclical perturbations C,. We will
first show (under suitable assumptions) that c-cyclical monotonicity is nec-
essary for optimality in Section (“If € is non-negative over R, then
it is non-negative over Crp (or equivalently over F)”) then prove that it is
sufficient in Section (“If € is non-negative over Cr (or equivalently over
Fr), then it is non-negative over R;”). In fact, we will show every element of
the radial cone R is an accumulation point of F (see Proposition [3| infra).
This last property is actually somehow completely agnostic to the cost of
transport, but allows to retrieve the equivalence between optimality and c-
cyclical monotonicity under appropriate continuity assumptions on the cost
of transport ¢ (see Proposition 4| infra).

2.4. Optimality implies c-cyclical monotonicity (=). We start by
showing in our framework that optimality implies c-cyclical monotonicity.
The most general result in this direction is that of Beiglbock et al. |7] under
the sole assumption that the cost of transport ¢ : X x Y — [0, oc| be Borel-
measurable. Here, we revisit the proof that optimality implies c-cyclical
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monotonicity under the slightly stronger assumption that c is integrable
with respect to p ® v:

Theorem 1. Let ¢ : X XY — RU {400} be Borel-measurable so that c
is (locally) integrable with respect to p @ v. If m € W(u,v) is an optimal
transport plan with € (m) < oo, then 7 is c-cyclically monotone.

We stress out that c¢ is allowed to assume +oo as value (and in fact we do
not demand that ¢ be either non-negative nor bounded from below at this
stage). In the following proposition, we first prove Theorem (1| in the special
case where the marginal spaces are Euclidean, that is X = R% and Y = R™
for d,m € N. This assumption will be removed afterwards.

Proposition 2. Let ¢ : R? x R™ — RU {+00} be Borel-measurable so that
c is (locally) integrable with respect to p @ v. If m € I(u,v) is an optimal
transport plan such that € (mw) < oo then 7 is c-cyclical monotone.

Proof of Proposition[J Let us consider a (finite) sequence of points (x1,y1),
cor(Tp,yn) € T for a set I € R? x R™ such that 7(I') = 1. The precise
definition of the set I' is to be given at the end of the proof. Here, recall
that we let y,11 := y1. Let ¢ > 0 and let B! C R? x R™ be the ball of
radius € centered at (z;,7;). Again, let B"! := BLl. Up to refining the set
', we may (and will) assume without loss of generality that 7(B%) > 0 for
alle >0 and all i =1,...,n. Let us then define o to be the restriction of
7 to the ball B! normalised so as to make it a probability measure, that is
of = n(Bi)"Ix [pi. We then let

n
O 1= E o;.
i=1

We note that 0. < 7 and that the Radon-Nykodym derivative of o, with
respect to 7 is uniformly bounded since w(B:) > 0 for all i = 1,...,n.
More precisely, we have ||%HZ§O (m) = Mii=1,_n 7(BY). Now, we introduce

& = plrjiaf®p1rﬁzaf_H forall2=1,...,n, where again we let o}, := of and

55 = Zfze
i=1

By construction o. and &. share common marginals. Therefore n. := & —
oc € Ry is an admissible perturbation at m — since 7+ t(§. — 0.) € II(p, v)
forall 0 <t < ||Cigf ||Z§o(7r) — and by optimality (and finiteness) of 7 it
must be that € (£.) > €(o.). Let us show that € (o.) — Y i (i, y;) and
C (&) = Do c(xi,yit1) as € — 0, so that the thesis of Proposition [2| will
follow.

let us define

We now recall that by virtue of Lebesgue differentiation theorem for m-a.s.
all point (z9,y0) € R% x R™ one has

(© 7 . el n(ardn) — elro. )

>
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where B is the ball of radius € centred at (o, yo). This theorem is valid for
any Radon measure on Euclidean spaces, see e.g. [8, Theorem 8.4.6]. This
is veracious since 7 has finite transport cost, meaning that ¢ € L!(rx). Let
then Ty € R? x R™ be the set of points (zo,y0) € R% x R™ such that @
holds — which has therefore full m-measure. Then — provided (x;,y;) € T'g
foralli=1,...,n — we have

“od)= [, clawoildndy)
Xm

1
- (B
We have therefore obtain the sought-for claim that

(o)=Y €(0F) = > clwi yi)
i=1 i=1

/ C(l’,y) W(dxvdy) — C(mlayz)
Bé e—0

as € — 0. It remains to take care of the other limit.
We have

%@z/ (2, y) priof ® priot,, (dz, dy)
RIxR™

= e 04 (g f ot ) (g [0

1
= - . c(z,y) ™ @ n(de,dy, dz’, dy).
(r@m)(BLx BT /BixBé‘H (z.y)m @ n(dr,dy v)
We can then appeal again to Lebesgue differentiation theorem, applied this
time to the probability measure 7 ® 7 € P((R? x R™) x (R? x R™)) and
for the integrand c¢ seen as the function c(z,y’, 2’,y) := ¢(x,y). Note that

this is righteous since ¢ is assumed to be (locally) integrable with respect

tou®v. Foralli=1,...,n, we have (z;,y;+1) € B. x B! and letting
e — 0 yields that € (&) — c(x4, yi+1), and therefore the claim that €' (&) =
S C(&) = Yo e(xi,yiy1). This terminates (in essence) the proof of
Proposition [2}

To finish, let us discuss how to construct the set I' introduced at the
beginning of this proof. Let I'y := (,_; , pry(X) where ¥ C (R4 x R™) x
(R? x R™) is the set of points for which Lebesgue differentiation theorem
holds this time for 7 ® 7w and where evidently we define pry(x,y, z,t) = (z,y)
and pry(z,vy, 2,t) = (z,t) for all (z,y,2,t) € (R? x R™) x (R? x R™). Tt is
well-known that the sets pr;(X) and pry(3) need not be Borel-measurable,
but that they are certainly Lebesgue-measurable [13, Theorem 2.12]. It
then suffices to consider I' := I'g N I"; where 'y was introduced above as the
(Borel-measurable) set of points for which Lebesgue differentiation theorem
holds @ in the case of m. Note that I" is a priori only Lebesgue-measurable.
Nonetheless, as such there exists a Borel set IV ¢ R x R™ and a w-null set
N C R? x R™ so that I' = I/ U N. Then I" is the sought-for c-cyclically
monotone Borel-measurable set over which 7 concentrates. U
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In the preceding proposition, we have assumed that the marginal spaces
where Euclidean so as to appeal to the standard Lebesgue differentiation
theorem, see [8, Theorem 8.4.6]. In the non-Euclidean setting, this theorem
is still much valid but requires additional assumptions either on the underly-
ing space or on the probability measure under consideration. Typically, one
demands that this measure be doubling, see e.g. [16, Chapter 2.9]. But this
is completely inadequate, since there are no reasons for a (optimal) trans-
port plan to be doubling — and in fact it is easy to build counterexamples.
The gap between the Fuclidean and non-Euclidean setting in the Lebesgue
differentiation theorem boils down to the choice of the differentiation basis
— i.e. whether or not we can consider “nice” shrinking sets like balls or
cubes. But for what matters to us, this is rather unimportant. More pre-
cisely, we can attach to each point a sequence of measurable sets specifically
tailored to this point so that the Lebesgue differentiation theorem holds:

Lemma 2. Let v € P(Z) where Z is a Polish space. Then, for v-a.s all
z € Z, there exists a sequence Ey(z) of Borel sets all containing z such
that v(Ex(z)) > 0 for all k € N and such that for any function ¢ : Z — R
integrable with respect to v, we have

1
7) B oy 2000 002

for v almost-surely all z € Z.

The proof of the technical Lemma [2]is postponed to Appendix[A] We can
prove Theorem [I|in full generality using this lemma:

Proof of Theorem[1. The proof is identical to that of Proposition [2| but this
time we need to care for which kind of neighbourhood we are restricting 7
onto. Let (x1,y1),..., (Tn,yn) € ', where I is a set such that 7(I') = 1 that
will be constructed again a posteriori. For each z € X x Y, let Ey(z) be the
Borel sets of Lemma [2l Let us then write E! = Ey(z;) where z; := (4, ;).

Let then 7F be the normalised restriction of 7 to Ef and oy, := Y1 | oF.
Then, we let {f = prﬁaf@prgafﬂ foralli =1,...,n (where affLH ;= o¥) and

let & := "1, €. In virtue of Lemma |2} just as in the proof Proposition
we have €(o;) — > c(zi,yi) as k — oo. Also, again using Fubini’s
theorem in the same spirit as in the proof of Proposition [2] write

1
8) €& = - . / c(z,y) ™ @ n(de,dy’, da’, dy
( ) ( ) 7T®7T(Ell€ X E;;:—i-l) E}iin ( ) ( )

k+1

Now, the thesis of Lemma [2] still holds here — we refer to Remark [7]in the
Appendix. In particular, we have €(£F) — c(zi,yip1) for alli = 1,...,n
and therefore € (§;) — >y ¢(xi, yi+1). This finishes the (core of the) proof.
The set I is built exactly as in the proof of Proposition[2] so we do not repeat
the argument here. O
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FIGURE 1. Schematic explanation of the construction of the
measures o; and & (¢ = 1,...,n) in the proof of Proposi-
tion [21

2.5. c-cyclical monotonicity implies optimality (<). We will now dis-
cuss the reverse implication, namely that c-cyclical monotonicity is a suffi-
cient criterion to yield optimality under suitable assumptions on the cost c.
The idea is as follows: provided the c-cyclical monotonicity property holds,
that is € (n) > 0 for all n € €, — or equivalently for all n € F; — the game
is to show that this implies that €(n) > 0 for all n € R, thus implying
that 7 is optimal according Proposition In fact, we will first prove the
following statement:

Proposition 3. For all m € II(u,v), any element of the radial cone Ry is
an accumulation point of the set of finite perturbations F.

Under the assumption that € is continuous — i.e. when ¢ € Cp(X x Y)
— then it follows immediately from the above proposition that c-cyclical
monotonicity implies optimality:

Proposition 4. Let ¢ : X XY — R be in Cp(X xY), i.e. continuous
and vanishing at infinity (or yet that c is continuous and the marginals
and v are compactly-supported). If w € I(u,v) is c-cyclically monotone and
€ (m) < o0, then m is optimal.

Proof of Proposition[f} We need that show that €(n) > 0 for all n € R;.
But for any admissible perturbation n € R, according to Proposition [3] we
can find (xn)n C Fr such that y,, — 7 in the limit n — oo. By c-cyclical
monotonicity, we have € (x,) > 0 for all n € N. By the assumptions on
the cost of transport ¢, the transport cost functional @ : P(X xY) — R is
vaguely continuous, which entails that €(n) = lim, o € (xn) > 0 so that
the thesis is proved. O
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It is interesting to remark that the result of Proposition [3|is in a sense
completely disconnected from the notion of c-cyclical monotonicity per se,
since it has nothing to do with the cost of transport ¢. The c—cyclical mono-
tonicity is certainly implied by it under continuity assumption on the cost
of transport as shown above in Proposition [d] We will show afterward how
to obtain sufficiency of the c-cyclical monotonicity property for optimality
without the stringent continuity assumptions on the cost of transport of
Proposition [d First, we prove Proposition [3] by constructing explicitly for
each n € R; a sequence of finite perturbations vaguely converging to n.

2.5.1. Proof of Proposition [J. We fix an admissible perturbation n € R,.
We remark that we may (and will) assume without loss of generality that
n* and 1~ are normalised so that they are probability measures, that is

Jxesy 1T = [xuy 77ﬁ_ = 1. By definition " and 1~ share common marginals,

i
ma(y) the disintegration of n~ onto its second marginal mgy, and likewise

that is pr?n+ = pr;n~ :=m, for i = 1,2. We can then write n~ = 1, () ®

nt =mq(x) ®n} (y) the disintegration of n onto its first marginal m;. We

are going to build samples Z;,...,Z _; — resp. Zg', ey Z:{_l — from the
probability measure n~ — resp. nt — such that (%) the associated empirical
measures

1 n—1 1 n—1
n, :ZEZ(SZ[ and 0t ::EZ(SZZ*
=0 =0

vaguely converge to respectively n~ and nt and (4%) such that these em-
pirical measures share common marginals. Then, n, := n —n, will be a
rightful finite perturbation at m, i.e. an element of ¥, and n, — 7.

Let us now explain how to build such samples. First, assume that Z; :=
(z0,y0) is drawn according to the probability measure n~. Now, draw y; €
Y according to 77;{0 and let Zar = (x0,%1). Then, to build Z, we draw
r1 € X according to 7, and let Z;" := (x1,y1). This procedure can be
further continued, yielding two sequences of points (Z, )nen and (Z,; )nen
both inside the Cartesian product space X x Y. The associated empirical
measures 7, and 1, are such that their first marginals always coincide,

i.e. pri}ng = prﬁn}{ — or otherwise stated prﬁnn = 0. Nevertheless, we

have prgnn = prgn; - %(5% + %5 ., S0 that these two marginals do not a
priori coincide except in the eventuality that yg = y,. We therefore need to
correct this sampling procedure so as to ensure that the second marginals
also coincide.

Before that, in all due respect, we need to put some rigour on the above
construction. Let © := Q= x QT where O~ = QF := X x Y, each of
these spaces being equipped with the corresponding product o—algebras.
We let Z,, := (Z,,Z;) € Q_ x Q4. Then, the sequence (Z,), is a time-
homogeneous Markov chain with canonical paths space QY — equipped
again with its standard product c—algebra. Let us remark that for all n € N
we have Law(Z,,) = n~ and Law(Z, ) =n~. Indeed, let f : X XY — R be
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a test function, say continuous and bounded. We have

Ef(Z0)|Z5 = (w0,00)] = /X ), ) @ (da),

Therefore

Blf(Z) = |

XxY

</ny Sz, y)ny (dy) @ ny(dx)> 0 (o, dyo)

where we used that by construction Law(Z;, ) = n~. Let us then integrate
over the variable yy € Y, so that

Bl = [ ( |t @n;(dx>) i (do)

X
Then, let us integrate over o € X and then over y € Y

Bz = [ s ([ ) ) @)

XxY
9) = / f(@,y)n, (dz) © ma(dy)
XxY
(10) — [t @y
XxXY
where we used disintegration of ™ — resp. reintegration of n~ — in @ and

(10). Therefore, Law(Z; ) =n~, and by an immediate induction Law(Z,, ) =
n~ for all n € N. Using the same rationale, one shows that Law(Z,;") = n*
for all n € N.

We stress out that the empirical measures 7, and 7, are random mea-
sures 7, = 1, (w) and n = 7 (w) depending on the path w € QY. As
noted above, we need to correct this sampling procedure so that the second
marginals of these empirical measures coincide. Let us define

1 1 1 1
— e + .t
X =0 0@ T 0wy Xn =+ 0@ + 0

where we choose any (Z,y) € supp(n~) here. What we have done here is
to add ad hoc corrections to the empirical measures 7, and 7" so that
now the resulting measure ., and x;’ verify that both of their marginals
coincide, i.e. prgxg = prgx;: for all n € N and ¢ = 1,2. Furthermore,
we duly emphasise that supp(x,,) = {(x;,y:;) : i = 0,...,n} U{(Z,7)} is
contained in supp(n~), which is itself contained in the support of 7 since
n € R,. Therefore, letting x, = x;7 — x;,, we readily see that x, is a
rightful finite perturbation at =, i.e. x, € Fr. Now, let us rewrite x,, =
N, + ¢, where ¢, = %6@@) + %5(%’%) and likewise ;7 = n, + & where
gr = %6(@2}0) + %5(%@. Since both ¢;, and &, converge vaguely to zero as
n — 00, if we can prove that the empirical measure 7, (resp. ;) converge
vaguely to i~ (resp. n") then the corrected measure x,, (resp. X, ) will
converge to n~ (resp. n1), henceforth y,, will converge vaguely to n. This

would imply the thesis of Proposition [3|since (xn ), would be a sequence of
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finite perturbations approaching 7, thus proving that every element of the
radial cone is an accumulation point of finite perturbations.

Nevertheless, some care should be given here, since it need not be true that
the empirical measures 7, (resp. 7,7) samples consistently the probability
measures 7~ (resp. n7) as n — oo. This is easily foreseen from the fact
that the underlying Markov chain need not be ergodic, as shown by the next
example.

Example 1. Assume that X =Y = [0,1]. Let Su(z) := z + a mod 1
be a shift, where o € R. Let n~ be the uniform distribution over the
diagonal A := {(z,z) : = € [0,1]} of the square [0,1] x [0,1] and T be
the uniform distribution over the shifted diagonal A, := {(z, Sa(x)) : x €
[0,1]}. Otherwise stated n~ := (Id, Sp)*A and n* := (Id, S,)*\ where X is
the Lebesgue measure on [0,1]. First, we remark that the initial condition
Zy = (x0,z0) determines the values of the entire chain. More precisely, we
have 7, = (S&n)xo,Sén)xo) and Z, = (S&n_l)xo,S&n)xo). fa=2cQ

is rational, then To({m)

= Id and therefore a single chain will never sample
entirely neither n™ nor n~. On the contrary, it is well-known that if « is
irrational the underlying Markov chain is ergodic, and incidently n* and n~
will be completely sampled from using a single chain. We note passing by
that this example is closely related to a well-known counterexample in the
literature to sufficiency of c-cyclical monotonocity to yield optimality, see

e.g. |7, Example 1.2].

But the obstacle raised by the previous example can easily be bypassed for
what matters to us — where all is fair game as long as we manage to sample
from n* and . Indeed, the idea to swerve away from this problem is simply
to run multiple and independent copy of our constructions. That is, we run
several independent Markov chains (Z%)n for j = 1,..., M where 7] =
(Z, pE Z + ) each chain starting from independently drawn initial conditions
2o ™~ n for all j = 1,..., M. For each chain, let . and 77 be the
empirical measures, x,, ; and XI j be the corrected empirical measures and

resp. €, ;) the said corrections. We then consider the pooled estimators

RSV Znn,y’ 4:, ZXM’ En MZ‘E,J

and their obvious counterparts ﬂn M, Xn o and §n v+ We then let X, =

Jr _ —
Xn,M Kn M’

)

it holds that the empirical measure Y (resp. Q:Lr M) vaguely converge to

€ (

That is still an element of F,. Now, for any fixed n € N,

n~ (resp. n") from shear independence of the chains in the limit M —
oo and since Law(Z,, ;) = n~ and Law(Z:;j) = nt for all n € N and all

7 € N. On this matter, we yet remind the reader that both Y and

ﬂ: 1y are random measures depending on w € OV, so that this convergence
actually holds for almost-surely all w (with respect to the underlying path
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measure). This is a classical result, see Varadarajan’s theorem [15, Thm.
11.4.1]. We emphasise here that this result has essentially nothing to do with
the underlying Markovian structure of our construction, and is in essence
just the law of large numbers. Moreover, by the exact same rationale, it
holds that €, ,, — €, and giM — e as M — oo where e, = %5(5@ + %77_
and e = %5;@ mo + %ml ® 0.

To finish, let us rewrite Xont = Mo
and likewise En, M = gj{ v — Enar- The double-entry sequence

— &, Where we let n =

UMY/ MY
(Xn,M)”vM verifies that x  , — nt—n~—eb +e;, as M — oo and, since both
e, and e} vanish vaguely in the limit n — oo, we obtain that the double
(vague) limit limy, o0 limpas o0 X, s 18 equal to n™ —n~ , that is . Finally,
we remark that [x  [lrv < 2(17—1— 2/n) < 6 for all n,M € N, where we
recall that || - |7y denotes the standard total variation norm. We also recall
that finite radii balls of M(X x Y') are metrisable for the vague topology. As
in any metrisable space, we can perform a diagonal argument on the double-
entry sequence (Xn, M)m M, so that there exists a sequence (M,,), such that
Xpar, = This sequence being in F;, we have proved that any admissible
perturbation 7 € R; can be approximated by finite perturbations, that is
elements of &, thus yielding the thesis of Proposition

Remark 3. A small technical remark is to made here. We cannot work
here with the narrow topology, that is in duality with continuous and bounded
functions Cy(X X Y'). Indeed, neither the space M(Z) of finite signed Radon
measures is metrisable (except in the degenerate case where the base space
Z is finite) nor its unit ball (except when the base space Z is compact, but
in which case the narrow and vague topologies coincide). On this matter,
see e.g. [19].

2.5.2. Sufficiency of c-cyclical monotonicity without continuity. It is shown
above in Proposition [4] that c-cyclical monotonicity is a sufficient criterion
for optimality under continuity assumption on the cost of transport. This
was true in virtue of Proposition [3| in which we proved that every admissible
perturbation n € R, can be approximated, in the vague topology, by finite
perturbations, i.e. elements of the set ;. In this section, we would like to
show how to remove these assumptions.

Theorem 2. Let ¢: X x Y — [0,00] be Borel-measurable and assume that
¢ is finite p ® v-almost everywhere. Then, if 7 € Il(u,v) is c-cyclically
monotone and € (m) < oo, then 7 is optimal for (OT]).

Remark 4. We remark that the weakest theorem in this direction is that
of [7], see Theorem 1.b there. It states sufficiency of cyclical monotonicity
under the assumption that {c = co} = F UN where F' is any closed set and
u@v(N) = 0. Our theorem above does not recover a part of this assumption,
namely the one embodied by the closed set F. It may be possible to do that,
although we have not attempted it.
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Let us scrutinise more closely the construction built in the proof of Propo-
sition [3] For the sake of completeness, we recall some elementary fact here
on the ergodic theorem of Birkhoff and how to apply it in the context of
Markov chains, see e.g. [17]. Let T : QY — ON be the shift operator
T(z20,21,...) = (21,22,...), where we recall that Q := Q= x Q" where
Q" =07 = X xY. According to what precedes, the Markov chain (Zy),,
admits as a stationary measure the probability measure = € P(Q) defined
as

=(B) = /B 0 (da,dy") ® (6, (da) @ it (dy™))

for all Borel sets B € Q. We let Pz € P(QY) be the path probability measure
of the chain with initial distribution = € P(2). By stationarity of = in the
Markovian sense, the probability measure Pz is left invariant by the shift
operator T, i.e. T!P=z = P=. The celebrated theorem due to Birkhoff states
that for any measurable function f : QY — R which is integrable with
respect to Pz, it holds that

%Z foT"(w) — Ep.[f]7)(w)
k=1

for Pz almost-surely all w € QY where Ep_[f|J] denotes the conditional
expectation under Pz of the function f with respect to the o—algebra con-
sisting of all Borel sets left invariant by the shift, i.e. J := {B € QY :
T-1(B) = B}. For what matters to us, we should also state that the same
result applies in the case where f is not necessarily integrable with respect
to Pz but where it is nevertheless (measurable and) non-negative, in which
case the convergence almost-surely still holds but the conditional expecta-
tion may assume +oo as value. In particular, we can apply Birkhoff theorem
to any function f of the form g — h where ¢ is measurable and non-negative
and h € L'(Pz). In particular, let us consider the function f. : QN — R
defined as f.(w) := c(zg,yg) — c(zg, Yo ) Where we write w = (2p,...) € QN
with 20 = (25,25) € Q and where we further write 25 = (z5,y5) € O
and z = (z7,y7) € QF. Here, g(w) = c(zy) which is non-negative and
h(w) = ¢(z, ) which is integrable with respect to Pz, since

/QN h(w)P=(dw) = /Qc(zo_) 2(dzy ,dzg) = /Q_ c(zy )n (dzy ) < 00

where we successively used that the marginal (at “time” m = 0 ) of the
path measure Pz is (by definition) Z and that the marginal (in space) of =
with respect to Q7 is = — and evidently that € (n~) < oo is finite by the
assumption that ¢'(m) is finite and the fact that n~ < 7 and d;’—; € L>™(m).
Let us then come back to the construction of the previous section and show
how Birkhoff’s theorem can be applied rightfully in order to conclude.

Let us first consider a single Markov chain (Z,), € QY where Z, =
(Z,,ZF) and where Z, = (zp,yn) and Z = (2, yn+1). Beware again
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that all these quantities are random and depend intrinsically on a path
we OV de x, =2,(w) and y, = y,(w). Applying what precedes, we have
1 n—1
- > le(@r, yrar) — ez, yi)] = Epo[felI)(w)
k=0
for Pz almost-surely all w € QY. Now, thanks to the c-cyclical monotonicity
property which is assumed to hold, we have

n—l
- Z (T, Yrt1) — (Th, Yi)]
k=0

1 1 1 1
+ Ec(x, Yo) + Ec(azn,y) — ﬁc(m,y) — Ec(xn,yn) >0

— again for Pz almost-surely all w € QY. By non—negativityﬂ of the cost of
transport ¢, this implies that

1 1 1
(11) = > le(@r, Yrr1) — c(Tr, yr)] = —=c(T, y0) — —c(@n, 7).

s n n

Let us assume for the moment that the cost of transport ¢: X xY — R4

is uniformly bounded. Then, the right-hand side in the above inequality
vanishes in the limit n — oco. This entails that Ep_[f.|J] > 0. But, taking
again the expectation with respect to Pz, this implies that Ep_[f.] > 0. But

Ep_[f.] := / fe(w)Pz(dw)
_ /Q [e(=) — e(z5)|E(dzy , dz)
= [ et @) - [ el @) =6
Q+ Q-

where we used that the marginal of = with respect to Q= (resp. Q) is
n~ (resp. ™). Thus, we obtain € (n) > 0 as sought-for in the case where
the cost of transport is uniformly bounded, leading to the sufficiency of
c-cyclical monotonicity to yield optimality in this case. Let us now prove
Theorem [2) which states this result for less stringent assumption on the cost
of transport.

Proof of Theorem[9. The cost of transport ¢ is only assumed here to be
finite 4 ® v almost-surely. In this case, the right-hand side does not
necessarily vanish in the limit n — oo and we cannot conclude as easily as
in the case where c¢ is uniformly bounded. Here, the game is to select the
point (Z,y) € supp(m) so that the two terms on the right-hand side vanish
in the limit n — oo. Since c is finite pu ® v-almost everywhere, and thus

20f course, we could certainly work with a cost that is bounded from below using the
known trick consisting in adding and removing this constant, or more generally with costs
of transport which are bounded from below by a sum of functions which are integrable
with respect to the marginals, see e.g. |20, Theorem 4.1]
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also m; ® me-almost everywhere since m; < p and mg < v, and since
Law(yg) = my, there exists a Borel set A C X so that mi(A) = 1 and
such that for all Z € A we have Pz almost-surely that ¢(Z,yg) < oo and
thus %c(f, yYo) — 0 as n — oo. Now, as for the second term, we remark
that Law(z,) = Law(zg) = my for all n € N. Therefore, we claim that
there exists a set B C Y so that mo(B) = 1 and so that 1¢(z,,7) — 0 in
probability for y € B — and thus Pz almost-surely up to a subsequence.
Indeed,

PE(%c(an,y) > g) = P=(c(xo,7) > en) — P=(¢(x0,7) = 00)

Therefore — again by the finiteness assumption p ® v-almost everywhere of
the cost of transport — there exists a set B as claimed. Now, for both terms
to vanish simultaneously, it suffices to take any (Z,y) € supp(n~) N (A x B),
which is non-empty since n~ (A x B) = 1. O

3. EXTENSION OF CYCLICAL MONOTONICITY TO THE WEAK OPTIMAL
TRANSPORT

3.1. Setting and notations. We use the strategy introduced above to
extend the cyclical monotonicity to the weak optimal transport problem,
namely:

(WOT) inf )/XC(ar,wx),u(da?)

well(p,v

where p € P(X) and v € P(Y) are the two marginals and C : X x P(Y) —
R U {400} is throughout assumed to be convex with respect to its sec-
ond variable, namely for every x € X, the map p — C(z, p) is convex. Here
(72)zex denotes the disintegration of the transport plan 7 onto its first mar-
ginal p so that 7(dz,dy) = pu(dz) @ 7, (dy). A sort of cyclical monotonicity
property for has been introduced and coined as C-monotonicity in
[2]. It reads as follows:

Definition 4. A transport plan 7w € II(u,v) is said to be C—monotone if
there exists a set I' C X with p(I") = 1 such that for any finite number
of points z1,...,x, € supp(I') and measures my,...,m, € P(Y) such that
Sy mi =Y. Ty, we have

(12) Zc(l‘i,ﬁxi) < ZC(xi,mi)
i=1 i=1

It is known that this notion does not extend rightfully the classical notion
of cyclical monotonicity, since one does not (always) recover it in the special
where the weak optimal transport problem is actually the classical one, that
is for the choice C(z,p) := [, c¢(x,y)p(dy). The following counterexample
is to be found in 3, Example 5.3]:

Example 2. We assume that the underlying marginal spaces are X =Y =
[0,1] and that C(z,p) = f[o 1] c(z,y)p(dy) where c(z,y) := 1 — 1, (y). Let
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A be the Lebesgue measure on [0, 1]. Then, the transport plan 7 := A® X €
II(A, ) is easily seen to be C-monotone in the sense of Definition {4 but it
is certainly not optimal for the optimal transport problem where p =v = A
and where the cost of transport is precisely given by c.

In contrast, we introduce in Definition [5| below a more consistent exten-
sion of the c-cyclical monotonicity property for the weak optimal transport,
in the sense that it is equivalent to the classical cyclical monotonicity as
in Definition [I) when the weak transport is actually the classical one. Be-
fore that, we discuss an ad hoc notion of differentiability that will be used
throughout this section.

3.1.1. A notion of differentiability. Let us explain the notion of differentia-
bility that will be used throughout this section. Here, for each fixed x € X,
the convex functional P(Y) 5 p — C(x, p) is canonically extended to the set
M(Y) of all signed and finite Radon measures by setting C(x, p) = +oo if
p ¢ P(Y). We first let 0,C(z, p) be the subdifferential at the point p € P(Y")
defined as

(13) 9,C(z,p) := {9 € Co(Y) : C(z,p) 2 C(z,p)

+/ g()lp —pl(dy), Vp € M(Y)}
Y

where we recall that Cp(Y') denotes the set of real-valued continuous func-
tions on Y which vanish at infinity. The elements of the subdifferential are
the so-called subgradients. For what matters to us, this definition is slightly
too strong since we want to cope with subgradients which are not necessarily
continuous. To this end, we define an extended subdifferential as follows.

Let us write 9(Y") the set of Borel measurable functions g : Y — R. We
say that g € M(Y) is an extended subgradient of the function P(Y) 3 p —
C(z,p) at the point p € P(Y) if

C(z,p) = C(x,p) + /Yg(y)[p — 7l(dy)

for all p € P(Y) provided that [, |g[p < co and that [ [g]p < oo as
soon as C(z,p) < oo. The set of all g verifying the above inequality and
assumptions will be denoted ©,C(x, p) and will be referred to as the extended
subdifferential and its elements as extended subgradients. Obviously, this is a
superset of the standard set of subgradients, that is 0,C(z,p) C ©,C(z,p).

Now, we will say that p — C(z, p) is differentiable at p € P(Y) if the ex-
tended subdifferential ©,C(x, p) consists in a single element (up to additive
constants). In this case, we will write (a canonical representation of) this
element V,C(z,p) and simply call it the gradient. It is a well-known fact of
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convex analysis that, assuming that C(z,p) < oo, it holds

lim C(l‘,(l *t)ﬁ+t€) *C(x’ﬁ) — sup /Yg(y)[g_p](dy)

A t 9€8,C(2.p)

for all £ € P(Y') such that C(z,£) < oo. Now, evidently, by definition of
extended subgradients, we also have:

 Cle,(1—t)p + 1) — Ol p) _
1 — d
i t zﬁiﬁmméﬁwk 7l(dy)

This entails that

sup Ag@M—mmwz

9€0,C(z.p)

sup Lp@m—mmw

ge@ﬂc(xap)

> sup / 9(y)[§ — pl(dy)
9€0,C(z,p) /Y
where, in the last inequality, we used that 0,C(z, p) C ©,C(x, p). Therefore,
we have equality of both suprema. In particular, if P(Y) 5 p — C(x,p) is
differentiable in the aforementioned sense at the point p € P(Y), then we
have
1—-t)p+t&) —
tlo+ t

<%m:Avp@w@M—m®»

provided that C(z,§{) < oo, where the gradient V,C(z, p) is understood in
the extended sense, i.e. it is only considered measurable and thus may not
be necessarily continuous.

3.1.2. The C-cyclical monotonicity property. We are now ready to introduce
the C'-cyclical monotonicity property, which will serve as the analogue of the
c-cyclical monotonicity property of the classical optimal transport setting.
This property reads as follows:

Definition 5. A transport plan 7 € II(u, v) is said to be C'-cyclically mono-
tone if it is concentrated on a set I' C X x Y so that for all n € N and all
(1,Y1)s -+, (Tn,yn) €T, it holds that

n n
(15) D Vo Cli,m) (i) < VOl my) (yirn)

i=1 i=1
where we let 4,41 := y1 and where Y > y — V,C(z,m,;)(y) is the gradient
(see supra) of the cost C (provided it exists) with respect to its second
argument evaluated at the point (z,7,;) € X x P(Y).

Example 3. (1) In the special case where C(z,p) = [} c(z,y)p(dy),
that is when the weak optimal transport problem boils down to the
classical one, then the gradient of the cost of transport C' is simply
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the function y — c(z,y) for all z € X, and is therefore seen to
be the usual, standard c-cyclical monotonicity as of Definition
(2) In the case of the barycentric quadratic cost, namely C(z, p) 1= ||z—
[y zp(dz)||?, then V,C(z, p)(y) = y7 ([y zp(dz) —z) for all z € X
and p € P(Y) and the C-cyclical monotonicity property reads

Zyz </zz7ra: (dz) —xz) Zyzﬂ </27r$i(dz) —xi>.

Our main result in this section is that (under suitable assumptions) the C-
cyclical monotonicity property as defined above in Definition [5|is equivalent
to optimality for the weak optimal transport problem . The neces-
sary part will be stated and proved below in Theorem [3| and the sufficient
part in Theorem [4

3.2. The first-order optimality conditions for . In this section,
we follow the same strategy as in Section [2] where we derived the zeroth-order
optimality condition for the classical OT problem. The main difference here
is that the objective of the weak optimal transport problem

- [ ctemutaa)

is no longer linear. Nevertheless, under the assumption that C' be convex
with respect to its second variable, the function % is convex, so that its
minimum can be characterised using a first-order optimality condition. We
will assume from now on that % is extended from II(u, v) to the entire space
of (finite and signed) Radon measures M(X xY') by letting ¢ = +o0 outside
of the feasible set of transport plans. We start with the following lemma:

Lemma 3. Let C : X xP(Y) = RU{+o0} be convex and differentiable with
respect to its second variable. Then, the objective function € : M(X xY') —
R U {400} of the weak optimal transport problem is convex. Furthermore,
let m € I(p,v) be such that € (m) < oo and such that the following property
holds
(Ar) C(y) <0 = .. \V,C(z,m)(y)|y(dz, dy) < oo,

X
for all v € W(p,v). It is implicitly assumed in (A7) that X XY > (z,y) —
V,C(z,m)(y) is jointly measurable. Then, for all v € I(u,v) such that
€ () < o0, it holds that

1 E0 e+ [[ V0@ m)wh - )
X
Furthermore, again for all v € II(u,v) such that € () < oo, we have

(A7) lim C((1—t)mr+ty) —€(n)
tlo+ t

= VoC(x, ) (y)ly — ] (dw, dy).
XxY
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Let us point out that the assumption (A;) (and the assumption (A’;)
below) is only used to guarantee that the linearised functional is well-defined
along all finite-cost competitors.

The inequality of Lemma would read that the function g is a sub-
gradient (in the usual sense, that is in duality with Cp(X x Y')) of the cost
functional € at the point 7 if it was furthermore known that g were at least
continuous. Nevertheless, there is no reason for this to be true, since the
measurable map X 3 z — 7, € P(Y) is not necessarily (vaguely) continu-
ous. Instead, g should be thought as an “algebraic” sort of subgradient.

The technical condition ensures that the integral on the right-hand
side of makes sense as soon as the left-hand side is finite. We will
make use of this assumption throughout our result. We remark that, in
the case where C(z,p) = [, c(x,y)p(dy), in which case V,C(z,p)(y) =
¢(x,y), then this condition simply says that 7 as finite transport cost, and
is therefore always true since it is precisely assumed that 7 has finite cost,
that is | yxy ¢dm < o0o. It is also met for the barycentric squared cost if
Jy lyl*v(dy) < co. Indeed, in this case V,C(z,p)(y) = yT( [y zp(d2) — x)
and thus

/ 1,0, m2) (9) [y (de, dy) <
XxY

\/ | HyH?v(dx,dy)\/ | e [ et

by the standard Cauchy-Schwarz inequality. Therefore, marginalising the

2
v(dz, dy)

integrals in the above inequality, we obtain

/XXY x—/ym(dz)

2
y(dz,dy)

:/X x_/ym(dz)

/ gl (de, dy) = / lylPv(dy) < oo
XxXY Y

Thus [y, |V,C(2,72)(y)|y(de,dy) < oo is finite for all v € II(u,v) pro-
vided that v has bounded second-moment. We note that this holds irrespec-
tive of whether or not %’(7y) is finite, so that the assumption is always
verified. The same rationale can be applied to weak costs of transport of the
form C(z,p) := 6(z — [, zp(dz)) where 6 : R? — R is convex and differen-
tiable function that furthermore verifies ||V|> < 6 (up to a multiplicative
constant). The assumption is also seen to hold for the Marton cost,
i.e. C(z,p) = ([y L1z (2)p(dz))? — with underlying spaces X =Y = [0, 1].
Altogether, this assumption is general enough to encompass important cases
of applications of the weak optimal transport.

2
pu(dx) = €(r) < oo

and
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Proof. Let m,~ € II(u, v) with disintegrations (7;)zex and (vz)zex with re-
spect to the marginal . Then, the disintegration of the convex combination
(1 — t)m + ty with respect to p is simply given by the convex combination
of the disintegrations, to wit ((1 — ¢)m; + tvz)zex. Therefore,

C((1—t)mr+ty) = /X C(z, (1 — t)my + ty,)p(de).

<=0 [ Clmutdn)+t [ Clao)u(dn

() “(v)

where we used solely the convexity of C' with respect to its second argument.
This proves that € is convex. Now, we also have that

C() — C(m) = /X (Cl,7a) — O, m)) ()

for all v, € II(u, v). Here, we note that we used that € (7) < oo, so that
the above difference makes sense. For all v € II(u, ), using the convexity
and differentiability of C' with respect to its second variable, we have

(18) Clr,72) = Clx, ) + /Y VoC(2,m2)(y) e — 72](dy)

We emphasise here that by the technical assumption (A)) the integrals on
the right-hand side make sense. Then, integrating with respect to u, we
obtain

(19 60) 2 €@+ [ V,00m)) po = ml(dy) @ u(da)
=[y—m](dz,dy)

Here, we relied implicitly (again) on the technical assumption S0 as to

appeal to Fubini-Lebesgue theorem — as we did also above in (18]). This

proves . Now, let us show . First, applying the inequality that
we have just proved to v < (1 — t)7 4 t-y, we have immediately that

lim inf A =t)m +ty) = €(m) > / V,C(x,m)(y) [y — 7](dz, dy).
XxY

tl0 t
Let us now show that the supremum limit is smaller or equal to the right-
hand side, so that will follow. We have

C(1-t)yr+ty)—C(m
=Tt =80 _ [ gueputan)
X
where we define ¢, : X — R as
Clz,mp +t(ve — 7)) — Clz, my
o) = Clme s~ ) = Clovrs)
The function ¢; is measurable. Furthermore, for each fixed x € X, thanks

to the convexity of C' with respect to its second variable, it is monotone
in the variable t € [0,1]. In particular, we have ¢i(z) < ¢1(x) for all
x € X. We claim that ¢; is integrable with respect to u. Indeed, ¢1(x) =
C(z,7y) —C(z,m;), and both of these terms once integrating against u yield
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respectively the weak costs €’(v) and €'(7), which are assumed to be finite.
Therefore, we can appeal to Fatou’s lemma to obtain

lim sup Gl =+ ty) = (r) < / lim sup ¢¢(z) p(dzx)
t10+ 3 X tlo
= [ timou(a) uta)

Here, the supremum limit is a limit by convexity of P(Y) 3 p — C(z, p).
But now, we recall by differentiability of C' with respect to its second variable
that

;%Mmzéwawm@m—mww

as shown in . We emphasise that the above limit holds for p almost-
surely all x € X since the assumption %'(7) < oo implies that C(x,~;) is
finite for p almost-surely all x € X, which ensures that holds. This
terminates the proof of . O

We will show the following first-order optimality conditions for the weak
OT problem:

Lemma 4. Let C : X x P(Y) — RU {400} be such that for all x € X the
map P(Y) 3 p— C(x,p) is conver and differentiable. Assume 7 € I1(p, v)
has finite cost € () and the property holds. Then 7 is optimal for the
weak optimal transport problem if and only if

(20) V,C(x, ) (y)n™ (d, dy) > V,C(x, 7)) (y)n~ (dz, dy)
XxY XxY

for all n € Ry provided that € (m + tn) < oo for all t > 0 small enough.

We recall that R, is the radial cone to feasible set II(u, ) at the point
7 € I(u,v) as defined in (4). We also recall that n™ (resp. 1) denotes
the positive (resp. negative) part of the signed and finite Radon measure
n € M(X x Y). The inequality is the first-order optimality condition
analogue of the zeroth-order optimality condition of Proposition Here,
we need to go to the first order because the objective of the WOT problem
is no longer linear — see also Remark [5| below for a more general picture of
the situation.

Proof of Lemma[fl We start with the sufficient part. Beware that through-
out, we work under the technical assumption (A.)). Let v € II(u, v) be such
that €¢'(7) < co. By Lemma 3, we have

C(v) =2 €(m) + Vo C(x, ) (y) [y — 7)(d, dy).
XxY

We now prove that the last integral is non-negative. Let us set n := v —m,
so that 7 is an admissible perturbation at m, that is 7 € R,. Indeed, we
have

T4+tn=(1—t)m+ty € Il(p,v) for all ¢ € [0, 1].
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Moreover, by convexity of €,
C(m+tn) =C((1—-t)r+ty) < (1 -1)€(7) +t€(y) < o0

for all t € [0,1]. Hence, we can rightfully appeal to the condition (20).
Writing n = ™ — 5~ for the Jordan decomposition of the signed measure 7,
the condition yields

V,C(x,me)(y) n™ (da, dy) > V,C(x,m)(y) n~ (dz, dy).
XxXY XxY
Consequently,
V,C(x,m3)(y) [y — 7l(dz, dy) = V,C (2, m)(y) n(dz, dy) > 0.
XXY XXY

Therefore € (y) > % '(m). Since this holds for every v € II(u, v) with €(v) <
00, the transport plan 7 is optimal.

Let us now deal with the necessary part of the lemma. Let 7 € II(u,v)
be an optimal transport plan for the weak optimal transport problem that
verifies the assumptions of the lemma. Given a perturbation n € R, let us
show that holds. By optimality of 7 — and the fact that € (7) < oo —
we have € (m +tn) — € (w) > 0 for all t > 0 small enough. Dividing by ¢ this
inequality, letting ¢ — 0 and appealing to , we obtain that

V,C(z, ) (y)n(dz, dy) > 0.
XxXY

We then obtain the claim that holds by decomposing 7 into its positive
and negative parts. U

Remark 5. As in Remark[l] let us indicate that is again a much general
sttuation to which the weak optimal transport problem is only a particular
case. Let X be a normed vector space, f : X — RU {400} be a (differen-
tiable) convex function on X and C C X be a convex set. Let us consider
the convex minimisation problem

(21) min f(x).

zeC
Then, x € C is optimal if and only if Vf(x)[h] > 0 for all h € Ro(x) —
where Ro(x) is the radial cone defined in . Indeed, let us assume x is
optimal, and let h € Ro(x). Then, f(x +th) — f(x) > 0 fort > 0 small
enough, so that standardly dividing by t and letting it tend to zero yields
the claim. The other direction goes as follows: since f is conver, we have
flz)+ Vf(x)y —z] < fly) for all x,y € C. Thus, if Vf(x)[h] > 0 for
all h € Re(x), it is then immediate that f(z) < f(y) for all y and thus
x is optimal. In the case where f is not differentiable, then we can use
subgradients. Then, if for all h € Ro(x) there exists at least one g € Jf(x)
— where 0f(z) denotes the (non-empty) subdifferential of f at x — such
that (g,h) > 0, then z is optimal. Indeed, for all y € C, letting h :=y — =z,
then f(z) < f(z)+ (9,h) < f(z + h) = f(y) such x is optimal. In the
other direction, assume that x is optimal. Then, for all h € Rco(x) and
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t small enough f(x + th) > f(x). This entails that f'(z;h) > 0 for all
h € Rc(x) where we let f'(x;h) be the directional derivative at f in the
direction h (since f is convez, it exists for all h in RU{+o00}). Then either
f'(x;h) =0 for all h, then f is actually differentiable at x and V f(z) = 0,
so the conclusion is trivial. Otherwise, there exists a direction hg € Ro(x)
such that f'(z;ho) > 0. Using that f'(x,ho) = Subgepr(z)(9; ho) this means
that there exists a subgradient gy € Of(x) such that (go, ho) > 0. Therefore,
the exact statement is: if © is optimal, then for all h € Ro(x) there exists

g € Of (x) such that (g,h) > 0.

3.3. C'-cyclical monotonicity characterises optimality. We have shown,
in the case of the classical OT problem, that one can easily go from the va-
lidity of the zeroth-order optimality condition for the classical OT problem
onto R, from its validity onto F,, — yielding the necessary part of c-cyclical
monotonicity for optimality — either by mere density if the cost functional
T yxy ¢dm was continuous, see Proposition {4 or under less stringent
assumptions on the cost of transport ¢ using the ergodic theorem, c¢f. The-
orem Vice-versa, we went from the validity of the zeroth-order optimal-
ity condition from F, onto R, — yielding the sufficient part of c-cyclical
monotonicity for optimality — either by mere density again, appealing to
Proposition [3] if again the cost functional is continuous, cf. Proposition [4

Now, to prove that C-cyclical monotonicity as defined in Definition [5| is
equivalent to optimality for the weak optimal transport problem is
in some sense completely “free”, thanks to the work done previously for the
classical optimal transport problem.

First, let us remark that C-cyclical monotonicity as in Definition [9 is
trivially equivalent to the veracity of the first-order optimality condition
(20) when evaluated at cyclical perturbations n € Cr. Just as in the clas-
sical optimal transport case, we can define finite optimality here, which
simply consists in the validity of first-order optimality condition when
evaluated at finite perturbation n € F,.. We emphasise that finite opti-
mality and C-cyclical monotonicity are again equivalent for the weak opti-
mal transport. Indeed, it suffices to apply Remark [2| with the linear map
L:M(X xY)— RU{+oo} defined as

Lin) := /X 9, Gl m) (e, dy).

— provided that the map X xY 3 (z,y) — V,C(z,m;)(y) is Borel measur-
able, as will be assumed in our theorems.

Second, we also know by Lemma {| above that optimality in is
completely equivalent to the first-order optimality condition evaluated
for perturbations n € R, in the radial cone. So, it suffices to prove that
(under suitable assumptions) we can go from these two properties back-
and-forth, just like we did in the case of the classical optimal transport
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problem. But whereas previously, we worked with the cost functional

™ c(z, y)m(dz, dy)
XxY

to be non-negative of the radial cone R, now instead of the cost functional,
we work with

n— V,C(x, 7)) (y)n(dz, dy)
XxY

which is to be thought as the linearisation of the weak cost functional € at
w. To prove the necessary and sufficient parts of C-cyclical for optimality,
we just need to re-enact the former proofs of Theorem [I| and Theorem
with the “cost” function c(x,y) := V,C(x, m:)(y).

The necessary part reads as follows:

Theorem 3. Assume that the map
X xPY)xY 3 (z,p,y) = V,C(z,p)(y) € RU{+00}

is Borel-measurable and (locally) integrable with respect to u @ v. Then, if
an optimal transport plan m € (u,v) has finite cost, that is € (w) < oo, and
that it furthermore verifies the property holds, then m is C-cyclically
monotone.

Proof of Theorem[3. This is direct from the (proof of) Theorem [I} Indeed,
we first remark that the map =z — 7, is measurablﬂ by definition of the
disintegration. Therefore, the map X x Y 3 (z,y) — V,C(z,7;)(y) is also
Borel-measurable. According to Lemma 4] by optimality of 7 — and by the
assumptions that ¢’ (7) < oo and that the technical assumption holds
— we have

/ c(z,y)n(dz,dy) >0
XxY

for all n € Ry where we let c¢(z,y) := V,C(z,7m,;)(y). To prove that 7 is
C-cyclically monotone, we want to prove that [ - c(x,y)n(dz,dy) > 0 for
all n € C,, that is for all cyclical perturbations. To do so, it suffices to
reiterate again the construction of the proof of Theorem [I] as-is, where this
time the “cost” function ¢: X x Y — R U {+o0} is the map defined above.
Indeed, under the assumption of the above theorem, the function ¢ valued
in the extended real line is Borel-measurable, which was the sole assumption
of Theorem [1I O

Remark 6. This theorem should be compared to [2, Theorem 5.3/, where it
is proved that optimality implies C-monotonicity in under the assumptions
that C' be jointly measurable, and convex and lower semicontinuous with
respect to its second variable. Here, the sole underlying assumption on C

3This is understood in the sense that for all Borel set B € P(Y), the map xz — 7, (B) €
R is Borel measurable. This implies by the monotone class theorem that z € X +—
Jxwy f(#,y)pa(dy) is Borel measurable for all (bounded from below) Borel functions f,
see |1, Section 5.3]
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itself is that it be convex with respect to its second variable — but evidently
assumptions on its gradient are needed. Of course, here, we remind the
reader that we work with a different notion of cyclical monotonicity.

As for the sufficient part, it is also as straightforward. First note that
we do not have a clear counterpart of Proposition [4 This is because there
are no adequate assumptions making the function (z,y) — V,C(z,7:)(y)
continuous (and vanishing at infinity). Indeed, the map = — 7, need not
be continuous under further structural assumption on C. For instance, for
the classical OT problem, assuming that the optimal transport plan is of a
Monge-type, meaning that 7, = d7(,) where T" is the associated transport
map, then this requires that it be continuous, which need not be true in full
generality. So, we move on directly to the counterpart of Theorem

Theorem 4. Assume the map
X X ?(Y) X Y > (xvpay) = VPC(:L‘,p)(y)

is Borel-measurable, bounded from below, and finite p®v-almost everywhere.
Then, if w € II(u, v) is C-cyclically monotone and has finite cost € (m) < oo,
and provided property holds, then it is optimal for the weak optimal
transport problem (WO')).

Proof. Again, as in the above proof for the necessary part, this is a direct
application of the preceding proofs, more precisely that of Theorem [2] Ac-
cording to Lemma [4] we need to show that

/ c(z,y)n(dz,dy) >0
XxY

for all n € R such that € (7 + tn) is finite for all ¢ > 0 small enough, where
we let c(x,y) = V,C(x,m;)(y), provided the above inequality holds for
finite perturbations, that this for all n € F,. Here, and for the same reasons
as put forward in the proof of Theorem (3] the function ¢: X xY — RU
{+0o0} is Borel-measurable and bounded from below under the assumptions
of the theorem. It suffices to use the Markovian construction of the proof of
Theorem [2| with our specific cost c. g

3.4. Removing differentiability: the case of the barycentric cost.
In this section, we explore briefly if what precedes can be extended to the
case where the weak cost of transport C' is not differentiable with respect to
its second variable (but is nonetheless convex). In Section we explain
how one could extend the previous results without going into the details. In
particular, we do not state any theorem. In Section [3.4.2] we rather specify
more in detail what can be said in the case of the barycentric cost, which
is not differentiable everywhere, as an illustration of the general arguments
put forward in the first section.
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3.4.1. Remowing differentiability. A natural question is if whether or not
what precedes can be extended to the case where the weak cost of transport
C' is not differentiable with respect to its second variable. Here, we recall
that differentiability is understood in the sense introduced in Section [3.1.1
Of course, because for all z € X the function P(Y) 5 p +— C(z, p) is convex,
we can still work with (extended) subgradients. What is then the equivalent
of Lemma[) ¢ To answer that, we first need to ask ourselves what is the
equivalent of Lemma |3| In its proof, we remark that shall be replaced
with

C(,7) > Clema) + /Y 01D — 2] (dy)

where g, : Y — R is a subgradient of C(xz,-) at the point 7. Of course, if g,
is continuous and vanishing at infinity (or in fact simply bounded), then the
integral [} g.(y)v.(dy) always makes sense. This is not a priori the case if
gz is understood in the extended sense, in which case g, is only assumed to be
measurable. Furthermore, in the extended setting, for the above inequality
to make any sort of sense, we have to assume that [, |g.(y)|p(dy) < oo
as soon as C(z,p) < oo — at least for p almost-surely all z € X. Now,
to obtain the equivalent of , we have to integrate against u the above
inequality, yielding (formally)

“(y) > € (m) + / 0e(@) ]y — 7)(de, dy).

XXY

Of course, here, we used formally the Fubini-Lebesgue theorem. For this to
be readily justified, we need to add the following assumption, which is the
analogue of the assumption (A): for all m € II(u, ) so that €(m) < co, we
have the property

(A'x) C(7) <oo = |92 (y) |y (dw, dy) < oo,
XxY

for all v € II(u,v). Here, g, € ®,C(x,m;) is an extended subgradient
at m; for all x € X. We emphasise that here it is implicitly assumed
that the family of subgradients (g,).cx under consideration in the
statement of the assumption verifies that X xY > (z,y) — g.(v)
is Borel-measurable. We then obtain the following claim. If 7 € II(u,v)
has finite cost € (m) < oo and if the property holds — which implicitly
implies that for all transport plan v € II(u,v) such that €(y) < oo there
exists a family (g;)zex of extended subgradients g, € ©,C(z, ;) such that
(z,y) — g.(y) is jointly measurable — and if

(22) /X osl)fy = 7l(da.dy) > 0,

then m must be optimal for the weak optimal transport problem (WO'T)).
Beware that g, = g2 a priori depends on v. Conversely, let us assume that
7 is an optimal transport plan for (WOT]). Then, provided that €(y) < oo,
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we have that

iy — 7)) — € ()
tl0 t
Here, the limit exists as an element of the extended real-line RU{+o0} since

>0

% is convex and by assumption € (7) < co. By the same rationale as in the
proof of Lemma [3] this entails that

/ lim C(z, 7y +t(y2 — 7z)) — C(=, m),u(dx) >0.
x tl0 t

Here, note that the limit of the integrand does exist as an element of the
extended real-line R U {400} since C' is convex with respect to its second
variable and that, from the fact that € (7) < oo, then C(z,m;) < oo for
v almost-surely all x € X. Therefore, using what has been devised in
Section [3.1.1}, we have

(23) /X <ge©fga . /Y 9o (V) [Vz — m](y)> p(dz) > 0.

3.4.2. The case of the barycentric cost. We will not further explore the ex-
tension of what precedes in the case of any (non-differentiable) convex weak
cost of transport C. Rather, we now specify more in detail what happens
in the case of the plain barycentric cost. That is, we have X =Y = R? and

Clap) = o= [ z0(d2)

We have that the barycentric cost C' is differentiable with respect to
its second variable at the point (z,p) € R? x P(R?) if (and only if) = #
Jra zp(dz), and in this case

_yT (-’E - fRd zp(dz))
2 = Jaa 2p(d2)]|

up to additive constants. Otherwise, if # = [p4 2p(dz), the subdifferential
is not reduced to a single element. It is obvious that functions of the form
g(y) = u'y where u € R? is such that |lu|| < 1 are subgradients, although
we stress out that there may exist subgradients which are not of this formﬁ
The supremum in enjoys a totally explicit form. Indeed, it is attained
for g.(y) := u, y where the vector u, € R? is given by

T Jga zm2(dz)

l# = Jpa 22 (d2)
if # # [ga 2mx(d2). Indeed, in this case, the extended subdifferential ©,C(x, 7;)
is reduced to a single function precisely stemming from the aforementioned

vector. Otherwise, if # = [pq 27, (dz) and if [pq 27,(dz) # @, then we claim
that

Vo C(z,p)(y) =

Uy =

_ Jpe#72(d2) — fpa 2ma(dz)
| Jpa 272(d2) — [pa 2me(d2)]|

4For instance, the function g(y) = —||y| is an element of ®,C(0, ).

(24) Uy
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Indeed, by definition of a subgradient ¢ : R* — R, we have

o= [ e

where it is used here that C(x,m;) = 0 since we are in the case where
T = f]Rd zmz(dz). Now, the choice precisely saturates the bound ,
and thus is the optimiser in in this context. Finally, the third and last
case arises when [pq 27,(dz) = [pa 2m,(dz) = 2. In this case, a subgradient
g must verify that

(25) [ e - @) <

/ 9(2) [z — m)(dz) <0.
Rd

To sature this bound, it suffices to take u, = @ where @ € R? is any vector
with ||z|| < 1. Let us define

A= {xeRd:x# zwx(dz)}

Rd

and

B, = {x eR?: /Rd cmp(de) = 2 £ /Rd z%(dz)}.

We remark that A and B, are Borel measurable sets since z — 7, and
T +— 7y, are measurable maps. Then, the inequality reads

o0 - [ (=) (fos )

+/B /Rd Y[z — wx](dy)H p(dz) > 0
or yet

e (e fii iiiﬁiiinfm ~mlde,dy) 2
e

Theorem 5. Let m € II(u,v) be an optimal transport plan for the weak opti-

mal transport (WOT)) with barycentric cost, i.e. C(x,p) = ||z — [ga 2p(d2)].
Let us also assume that [pq ||y|lv(dy) < oo. Then, there exists a measurable

set T C R4 x R? such that ©(T') = 1 and so that, for alln € N and all points
(x1,y1)s - (Tn,yn) €T, we have

(Yit1 — yi)T (b — i)
Z|(El;ébl v ¢

~

p(dz)

We have the following theorem:

where we let b; 1= f]Rli 27, (dz) and where we let yn41 := y1.
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This statement and the inequality should be thought as an analogue
of c-cyclical monotonicity for the weak optimal transport problem
in the specific case of the barycentric cost. The proof is in essence similar
to that of Theorem [I] although with some technical differences:

Proof of Theorem[3. Let (x1,y1),...,(zn,yn) € T where I' C X x Y is a
Borel set so that w(I') = 1. This set is to defined at the end of the proof
by successive refinements, similar to the proof of Theorem For each
i=1,...,n,let Bf C R? x R? the “ball” of radius € > 0 centred at (;, ;) €
R? x RY. More precisely, to simplify a bit the presentation, assume that
B¢ := B.(z;) x Be(y;) where B.(x) := {z € R? : ||z —z|| < ¢}. We may (and
will) assume without loss of generality — up to refining I' — that =(B5) > 0
for all e > 0 and all ¢ = 1,...,n. Let of be the restriction of 7 on B}
normalised to a probability measure, so that of(A) := 7(B)~lr(A N Bf)
for all Borel set A C R? x RY, and let 0 := > 0f. We then define
£ = pr’iaf ® prgaf_H and &% := > " | &. Letting 7° := 7 + (&% — 0%), then
~v¢ € I(u,v) for all € > 0 and any 0 < t < t. where . := ||%||Loo(7r). We
apply the inequality to v < %, which gives

_/ (z — Jpa 2, (d2)) Ty
A

xrt @ = Jpa 2ma(d2)]|

(29) [ — 7](da, dy) >

[ | [ =509~ | niao)
B ||/Re
where we recall that the measurable sets A and B.- are defined by
A:{xeRd:x;ﬁ zm(dz)}
R4
and
(30) By = {a; €A x# Z’ye(dz)} :
Rd
The above inequality further develops to
_ . (d T
R A U E
Axgd [T — [pa 2me(d2)]|
- [ [, 76 - i) ntao)
B.e ||JRd

Here, (&5),cre and (05),cra are the disintegrations of £° and o with respect
to u. We have 05 = > | o7, where for all i = 1,...,n the disintegration
(05 )wex of o} with respect to u reads for z € Be(z;)

1
(32) Uf,x(dy) = @% FBa(yi) (dy)
— where 7 [p_(y,) denotes the restriction of 7, to the ball B.(y;) — and

of, = 0 for z ¢ B.(z;) otherwise. Likewise, £&& = >7I' & where the

%,T
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disintegration (& ,)zex of £ with respect to p reads for x € B.(x;)

e (qu) = L Ta(Be(y) :
(33) gz,z(dy) - W(Bf) F(Bf_t,_l) /Be(ngrl)ﬂ— erng(yi+1) (d[]} 72/)

and &5, = 0 for x ¢ B.(z;). To show that holds, we are going to take
the limit € — 0 in the inequality .

First, we note that, by the standard Lebesgue differentiation theorem and
just like in the proof of Theorem [1} it holds that — up to refining the set I':

= [ogzme(d2)T
o -~ ! Joa 202 Y1ee ey 4 ay)

xrd |z = Jga 27ma(d2)|

(Yir1 —yi) " (b — ;)

—_—
e—0 i292b; ”bz — 1‘Z”
where we recall the notation b; := [pq 27, (dz) for all i = 1,...,n. This is

exactly the left-hand side of the sought-for inequality . Now, it remains
to prove that we can recover the right-hand side of from the right-hand
side of in the limit € — 0.

Let us first remark that the right-hand side rewrites as

(35) /B )

p(dz)

|2l —m2la)

B ; /Bwf NBe(z;)

Indeed, here we used that x — £ and x — 7., are supported onto the balls
B.(z;)’s. Using the explicit formula for the disintegrations given above, we

p(da)

[0S

have

o [
B,ys NB:e (IZ)

1
() /B 15.:(2)

p(dx) =

| #l& — =)

1
Wx(Ba (yz)) /B’E (y:) e (dZ)

- 71—(B1) /B ym(da’, dy)

¢ <
i+1 i+1

m(dz, dy)

For all € > 0 (small enough) we have

(B7) Myi1 — will —2¢

1 1 /
BT oy ™) ) o, 0

i+1

<

< ||Yit1 — vil| + 2¢
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and therefore

(38) (lyiss — will - 2e>7r(135) /B L (o)(de, dy)

é /
B’YE NBe(z;)

1
S /B g, (27 (de, dy)

p(dz)

|2l —=2la)

We now claim that there exists € > 0 small enough so that we have
the set inclusion B,e C B,z for all ¢ < €. Indeed, let us remark that the
set B,e rewrites as the set of points z € X so that = [p4 27m,(dz) and
so that [p4 2€5(d2) # [pa 205(dz). This last condition rewrites, using the
disintegrations, as

1 1 /
m /Bg(yi) 2my(dz) # W(BM/B ym(dz', dy)

1>
i+1

(39)

We note that, as ¢ — 0, this condition reads (formally for the moment)
yi # yir1. Of course, we may assume without loss of generality that y; #
yi+r1. Indeed, if it were that y; = y; 11, then

w
B,YE NB:e (CCZ)

and thus, in the limit ¢ — 0, this integral does not contribute to the sum
since it vanishes to zero. Therefore, only the case where y;11 # y; is of
importance. We note passing by that the previous result implies trivially
that, in the limit € — 0, the inequality implies

(41) O it DAL VP o P
=1

o Mol

| Al - i)

p(de) < |lyipr — yil| + 26 = 2¢

But the sought-for inequality is finer since only the indices i € {1,...,n}
where z; = b; are consider in the sum on the right-hand side. Let us therefore
assume that y; # y;41 for all i = 1,...,n. If x € By, and using that
Yitl # ¥i, then there exists a small enough € > 0 such that holds for
all 0 < ¢ < €. Indeed, this follows from the obvious facts that

),

_ 2 (dz) —yil| < e

T2 (Be (i) Jp) ’
and

! / (d2’, dy) <

—The ymar, dy) — Yi+1|| S €

m(Bf, 1) Bf ., '
for all € > 0. Therefore, letting for instance € < M, we have the set

inclusion B, C Byg forall0 < e <eE.
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Using this fact, we obtain

(42) limsup/
e—0 ByeNBe(x;)

| #l& ~ =)

p(da)

: yir1 — il +2€/
< limsup 1p _(v)n(dz,dy

£—0 m(B;) B: 7 (el )
Now, according to the Lebesgue differentiation theorem, we know that there
exists a set £ C R? so that u(F) = 1 and so that

1 / /
By ) 0

for all z € E. If we could ensure that z; € F for all i = 1,...,n, then
we would obtain

lim sup /
e—0 B’YS NBe ()

and thus the claimed inequality would immediately follows. Let us
discuss how to ensure that this happens.

First, beware that the measurable set E = E[n,X, €] actually depends
on the function 1 Bz which itself depends on n, the family of points X :=

[ 216 = 721(a2) | ) < s = il (o)

{(zi,yi) : i = 1,...,n} under consideration, and € > 0. To simplify the
presentation, let us write B.e = B [n,X,Z] as well. The idea is then: since
any subspace of a metrisable separable space is itself separable, the support
supp(w) of the transport plan 7 is separable. Let us then consider S C
supp(m) to be a dense and countable subset of supp(m). For each n € N, the
set X, = {X} of all families X = {(z1,y1),--., (Tn,yn)} C S of n elements
inside S is therefore itself a countable set as a finite product of countable
sets. Then, for each € > 0, consider the set

Ef .= m ﬂ E[n,X,z]
neN XeX,
The set EF is measurable and p(E?) = 1. Then, we finally consider
E:= () EY™
meN

The set E is again measurable and u(E) = 1. We then consider I' :=
(E x RY)NT where Ty is the 7-full measure set over which the convergence
ensured by the Lebesgue differentiation theorem holds in . We claim
that the sought-for inequality holds over I'. This follows from the fact,
for any » € N and any family

X={(z1,91)s-- > (Tn,yn)} CT C(E X Rd)’

(where a priori X ¢ S) and for all n > 0, there exists a family X' € X,
which is n-close to X, in the sense that, letting

X' = {(.%"1, yll)v SRR (x;w y;’b)}’
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we have |[(z;,v;) — (2}, y)|]| < n for all i = 1,...,n. Now, let us consider
1n = €/2. Then, by similar arguments to that of preceding, we have that
B[n,X,e] € Bn,X',e/2]. In particular, selecting € = 1/m for m € N big
enough, we obtain

1 1
(43) 7T(Bf)/Bf 1z (@) (dz, dy) < (B /Bf LB g2 (z)m(dz, dy).

Finally, the right-hand side converges to 1 g, v z/2)(2:) ||Yi+1 — vil| since x; €
E. This terminates the proof.
(]

The inequality is to be thought as the analogue to the c-cyclical
monotonicity property in the special case of the barycentric cost. Theorem
says if 7 is optimal, then it must verify this analogous property. A natural
question is to go the other way around, that is to consider the following
question: Is this true that, if ™ verifies , then m is optimal for the weak
optimal transport with barycentric cost ? It is rather straightforward that:

Proposition 5. Let m € II(p,v) has finite, i.e. €(m) < co. Assume that
p almost-surely all x € R, we have x # Jga 2m2(dz).  Also assume that
Jra lyllv(dy) < co. Then, if there exists T C R x R? so that n(T') = 1 and
so that for alln > 1 and all (z1,y1),. .., (Tn,yn) €T, we have

n

(Yis1 — i) T (bi — ;)
* 2 a2

where b; = fRd 275, (dz), then 7 is optimal for the weak optimal transport

problem (WO'T|) with barycentric cost.

Proof. Because for p almost-surely all z € R?, we have x # fRd 27, (d2),
then the weak cost of transport C' is differentiable for p almost-surely all x
with respect to its second variable and its gradient reads

(Jpa 2ma(dz) — z) Ty )
= d = C(x’ y)
I f]Rd zme(dz) — 2|
To show that m is optimal, we must show that the first-order optimality
condition holds, that is

L/ e, )y — 7)(d, dy) > 0
R4 x R4

for all v € II(u,v) so that €(y) < oo, provided it holds for cyclical
perturbations 7 € C; — as is the essence of . This will follow by
applying (the proof of) Theorem |4, We therefore only need to check that
the “cost” ¢ defined above verifies the assumptions of this theorem. This

Vo, m2) (y)

function is real-valued and clearly Borel measurable — by measurability of
T — Ty, as already discussed. A bit of discussion is to be made regarding the
range of values that the function ¢ above takes. We stated Theorem [4] under
the assumption that ¢ be non-negative. But this was mainly for convenience,
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and the theorem accommodates to slightly weaker assumptions, as already
discussed above — see the footnote at p.[I9} In particular, we have

c(z,y) > —|yll = g(y)

and ¢ is integrable with respect to v since v is assumed to have finite first-
moment. This terminates the proof. U

In the case where there are points x € X so that z = [p4 2m,(dz) (with
positive p-measure) the situation is slighty more involved, since to obtain
optimality we need to be able to select a family of (extended) subgradients
so that holds. Altogether, there is a priori no reasons to obtain by
some limiting arguments as a sufficient criterion for optimality (which was
obtained using a specific kind of subgradients, i.e. the one that realises the
supremum in ) We could certainly explore more in detail this approach,
but since this section is mainly intended to explain briefly what could be
said in the non-differentiable case without going to much in details, we do
not comment further on this point.

3.5. A comment on the entropy-regularised problem. When the weak
cost of transport C': X x P(Y) — R, is (strictly) convex with respect to its
second-argument, this may push the (unique) solution of inside the
relative interior of II(u,v) compared to the problem whose solution
lives on the boundary of the constraint set (in fact, on extreme points). In
this case, the defining inequality in the C-cyclical monotonicity introduced
in Definition[5 becomes an equality. Indeed, the relative interior of the set of
transport plan is made of those plans with full support, i.e. supp(7w) = X xY.
This means that if n € R, is an admissible perturbation, then so is its op-
posite —n. This is for instance the case for the entropy-regularised optimal
transport problem, which we recall to be an instance of the weak optimal
transport problem with

C(z, p) :=€/Y1npdp+/Y0(x,y)p(dy)

where € > 0 is the regularisation parameter. The weak cost of transport
defined as such is differentiable in its second variable and its gradient (in

the sense of Section |3.1.1)) reads

V,C(z, p)(y) = c(z,y) +elnp(y) +e.

As it is well-known, the unique solution to the entropic optimal transport
lives in the relative interior of II(u,v). But then, we obtain that for all
(1,y1)s -« (Tn,yn) € T where I' C X x Y is some set over which 7 concen-
trates, we have

n n

(45) Z c(xi,yi) + ¢ Z In7my, (vi) = Z c(xi, yit1) + € Z In 7z, (Yit1)

=1 i=1 =1 =1
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where as usual y,+1 := y1. The equality is then the analogue of
the cyclical monotonicity property for the entropic optimal trans-
port problem. This equality is not at all shocking, since using the well-
known duality theory for the entropic optimal transport problem, we know
that the optimiser 7* is unique and given by the Gibbs measure

() = exp (= Lletep) - ) - 900

for some entropic Kantorovich potentials f : X — Rand g : Y — R. In
particular, the equality is in fact immediately verified.

APPENDIX A. PROOF OF LEMMA

In this appendix, we prove Lemma [2| whose statement is repeated below
for convenience of the readers. It is not unlikely that this result is known
and common knowledge to some audiences, but as it is we were not able to
find any reference for it, so that we prove it here.

Lemma 5. Let v € P(Z) where Z is a Polish space (or in fact only second
countable) equipped with its Borel o-algebra. Then, for all z € Z, there
exists a sequence (Ey(2))ken of Borel sets — all containing z — so that
v(Ex(2)) > 0 for v almost-surely all z € Z and all k € N and so that for
any measurable function ¢ : Z — R which is integrable with respect to vy, it
holds that

1
(46) TG oy 20 002

for v-a.s. all point z € Z.

Proof of Lemma[3. As a Polish space, Z is second countable, meaning that
its topology has a countable base (Uy)ren. Let us define Fy, := o(Uy, ..., Ug)
the o—algebra generated by Ui, ..., Uy, so that B(Z) = o(Jy>, Fx) where
B(Z) is the Borel o-algebra on Z. Since F, is finitely generated by k el-
ements, it has at most 2¥ atoms e, es, ... y€n, € J. Then, let us define
Ei(z) for all z € Z to be the atom in JFj that contains z. We remark
that for 7 almost-surely all z € Z, we have y(Ey(z)) > 0. Indeed, if
A :={z € Z : v(Ex(z)) = 0}, then Ay = Ujer,e; where I, C {1,...,nx}
is the set of indices so that i € I if y(e;) = 0. Since the atoms are dis-
joint by definition, we have v(Ag) = >,c; v(ei) = 0. By considering the
measurable set A = UpenAy € B(Z), we obtain that for v almost-surely all
z € Z and for all k € N we have y(Eg(z)) > 0. Then, for any function
¢ Z — RU {400} which is integrable with respect to 7, we have that
E[¢|F] is constant and precisely given by

1
(47) BT = —ps [ dw)a(du)
Y(Ek(2)) JE.(2)
Now, it is a known fact that E[p|Fr](z) — ¢(z) as k — oo for v-a.s. all
point z € Z. Indeed, this follows from Levy upwards theorem — which is
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a peculiar case of the celebrated Doob’s martingale convergence theorems,
see e.g. [11]. O

Remark 7. We remark that the exact same construction yields that for all
® c LY (y®7), it holds that
e mw
Sdy @y —— D(z,t)
Y@ Y(Ek(2) X Ex(t) JE,(2)x B (t) k00
for v ® y-a.s. all couples (z,t) € Z x Z. Here, we emphasise that we can

consider the same FE}’s are constructed above. Indeed, one replaces in the
above proof Fi. by the finitely-generated o-algebra

9k :O'({U1><U]’Z,j:1,,k})

(which in fact is the product o-algebra F, @ Fi). The atoms of Gy are the
product of the atoms of Fy, and the claim follows.

(48)

Acknowledgements. We acknowledge the financial support of Euro-
pean Research Council (ERC) under the European Union’s Horizon 2020
Research and Innovation Programme — Grant Agreement n°101077204 High-
LEAP. L.N. benefited from the support of the FMJH Program PGMO and
from the ANR project GOTA (ANR-23-CE46-0001).

REFERENCES

[1] Luigi Ambrosio, Nicola Gigli, and Giuseppe Savaré. Gradient Flows:
In Metric Spaces and in the Space of Probability Measures. Basel:
Birkh&user, 2008.

[2] J. Backhoff-Veraguas, M. Beiglbock, and G. Pammer. “Existence, Du-
ality, and Cyclical Monotonicity for Weak Transport Costs”. In: Calcu-
lus of Variations and Partial Differential Equations 58.6 (2019), p. 203.

[3] J. Backhoff-Veraguas and G. Pammer. “Stability of Martingale Op-
timal Transport and Weak Optimal Transport”. In: The Annals of
Applied Probability 32.1 (2022), pp. 721-752.

[4] Mathias Beiglbock. “Cyclical Monotonicity and the Ergodic Theorem”.
In: Ergodic Theory and Dynamical Systems 35.3 (2015), pp. 710-713.

[5] Mathias Beiglbock and Claus Griessler. “A Land of Monotone Plenty”.
In: Annali Scuola Normale Superiore - Classe di Scienze (2019), pp. 109
127.

[6] Mathias Beiglbock and Nicolas Juillet. “On a Problem of Optimal
Transport under Marginal Martingale Constraints”. In: The Annals of
Probability 44.1 (2016), pp. 42-106.

[7] Mathias Beiglbock et al. “Optimal and Better Transport Plans”. In:
Journal of Functional Analysis 256.6 (2009), pp. 1907-1927.

[8] John J. Benedetto and Wojciech Czaja. Integration and Modern Anal-
ysis. Boston: Birkhauser, 2009.



42 REFERENCES

[9] Stefano Bianchini and Laura Caravenna. “On Optimality of C-Cyclically
Monotone Transference Plans”. In: Comptes Rendus. Mathématique
348.11-12 (2010), pp. 613-618.

[10] Stefano Bianchini and Laura Caravenna. “On the Extremality, Unique-
ness and Optimality of Transference Plans”. In: Bulletin of the Insti-
tute of Mathematics Academia Sinica 4.4 (2009), pp. 353-454.

[11] Patrick Billingsley. Probability and Measure. John Wiley & Sons, 1995.

[12] Haim Brezis. Functional Analysis, Sobolev Spaces and Partial Differ-
ential Equations. New York: Springer, 2011.

[13] Hans Crauel. Random Probability Measures on Polish Spaces. CRC
Press, 2002. 138 pp.

[14] L. De Pascale, A. Kausamo, and K. Wyczesany. “60 Years of Cyclic
Monotonicity: A Survey”. In: Journal of Convex Analysis 32.2 (2025),
pp. 399-430.

[15] R. M. Dudley. Real Analysis and Probability. 2nd ed. Cambridge Stud-
ies in Advanced Mathematics. Cambridge: Cambridge University Press,
2002.

[16] Herbert Federer. Geometric Measure Theory. Ed. by B. Eckmann and
B. L. Van Der Waerden. Classics in Mathematics. Berlin, Heidelberg:
Springer, 1996.

[17] Olav Kallenberg. Foundations of Modern Probability. Vol. 99. Proba-
bility Theory and Stochastic Modelling. Cham: Springer International
Publishing, 2021.

[18] Luigi De Pascale and Anna Kausamo. “Sufficiency of c-cyclical mono-
tonicity in a class of multi-marginal optimal transport problems”. In:
European Journal of Applied Mathematics 36.1 (2025), pp. 68-81.

[19] V.S. Varadarajan. “Weak Convergence of Measures on Separable Met-
ric Spaces”. In: Sankhya: The Indian Journal of Statistics (1933-1960)
19.1/2 (1958), pp. 15-22.

[20] Cédric Villani. Optimal Transport. Grundlehren Der Mathematischen
Wissenschaften. Berlin, Heidelberg: Springer, 2009.

[21] D. A. Zaev. “On the Monge-Kantorovich Problem with Additional
Linear Constraints”. In: Mathematical Notes 98.5 (2015), pp. 725-741.

CERMICS, ECOLE NATIONALE DES PONTS ET CHAUSSEES, IPP, CNRS & INRIA
Email address: virginie.ehrlacher@enpc.fr

SAMM, UNIVERSITE PARIS 1 PANTHEON-SORBONNE, PARIS, FRANCE.
Email address: rodrigue.lelotte@univ-parisl.fr

UNIVERSITE PARIS-SACLAY, CNRS, LABORATOIRE DE MATHEMATIQUES D’ORSAY, PARMA,
INRIA SACLAY, 91405, ORSAY, FRANCE & INSTITUT UNIVERSITAIRE DE FRANCE (I.U.F.)
Email address: luca.nenna@universite-paris-saclay.fr



	1. Introduction
	1.1. Contributions
	1.2. The gist of it
	1.3. Previous works
	1.4. Outline of the paper

	2. A perturbative approach to the classical optimal transport
	2.1. Setting and notations
	2.2. The zeroth-order optimality condition for (OT)
	2.3. On c-cyclical monotonicity and its related notions
	2.4. Optimality implies c-cyclical monotonicity ()
	2.5. c-cyclical monotonicity implies optimality ()

	3. Extension of cyclical monotonicity to the weak optimal transport
	3.1. Setting and notations
	3.2. The first-order optimality conditions for (WOT)
	3.3. C-cyclical monotonicity characterises optimality
	3.4. Removing differentiability: the case of the barycentric cost
	3.5. A comment on the entropy-regularised problem

	Appendix A. Proof of Lemma 2
	References

