QUASILINEAR LIOUVILLE EQUATION
ON MANIFOLDS WITH NONNEGATIVE RICCI CURVATURE

GIOVANNI CATINO, DARIO DANIELE MONTICELLI, ALBERTO RONCORONI

ABSTRACT. We prove rigidity and classification results for the quasilinear Liouville equation
associated with the n-Laplacian on complete noncompact Riemannian manifolds with nonneg-
ative Ricci curvature. Our first result shows that, under a sharp logarithmic lower bound, the
ambient manifold must be isometric to the Euclidean space and the solution must be one of the
standard bubbles. We also prove a finite-mass rigidity theorem under the corresponding sharp
asymptotic lower bound. We show that any logarithmic lower bound forces positive asymptotic
volume ratio and one-endedness of the manifold. Finally, we construct solutions on nonflat
manifolds with nonnegative Ricci curvature showing the sharpness of our hypotheses.
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1. INTRODUCTION
The classical Liouville equation
—Au=¢e*  inR? (1.1)

is one of the basic equations in geometric analysis. It appears naturally in conformal geometry,
since conformal changes of the Euclidean metric in dimension two are governed by scalar elliptic
equations of Liouville type. More precisely, if g, = €“geucl, then the Gaussian curvature of g, is
prescribed by an equation of the above form, up to normalization. The classification of entire
solutions is therefore closely related to the global geometry of conformal metrics in R2.

Without additional assumptions, the Liouville equation admits many entire solutions. The
fundamental rigidity statement is the theorem of Chen and Li [9], which asserts that every
solution of

—Au=2¢e" in R?

satisfying the finite-mass condition

/ e"dr < +oo
RQ

is a standard bubble. In our normalization, this means that

2v/2 \

uz) =log | 7o "o

for some A > 0 and 2 € R%. In dimensions n > 3, the classical Laplacian is naturally associated
with the critical semilinear equation

n+2 . n
— Ay = yn-2 in R,
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whose positive solutions were classified by Caffarelli, Gidas and Spruck [5] (see also [9, 20]). The
quasilinear analogue involving the p-Laplacian,
. np

= sy

—Apu = uP 1<p<n, P

has also been extensively studied. Classification and symmetry results for critical p-Laplace
equations in R™, or on Riemannian manifolds (M, g) with nonnegative Ricci curvature, were
obtained in [7, 8, 10, 13, 17, 21, 24, 25, 28, 29].

The conformally invariant quasilinear analogue of the two-dimensional Liouville equation
on a Riemannian manifolds (M, g) is the n-Liouville equation

—Ajyu=e" inM, (1.2)
where
Apu = div (]Vu|”_2Vu)
is the n—Laplace-Beltrami operator. Here a solution of (1.2) is intended in the weak sense, i.e.
we WA (M) N LS. (M) which satisfies
/ \Vu"2g(Vu, V) dV, = / e'pdVy, forall pe Wol"(M) ,
M M

where WO1 (M) denotes the set of compactly supported functions of W1m(M).
In this setting, Esposito [15] proved the Euclidean classification theorem: every solution of

—Aju=¢e" in R

/ e'dr < oo
is one of the explicit bubbles

Uy, (x) = log ( e ) , (1.3)

1+)\%|1:—330|%

satisfying the finite-mass condition

where A > 0, zg € R", and

n—1

2 n
_ 1/n n
n = (n—l)

These solutions satisfy the sharp logarithmic asymptotic behaviour
2
Z/{)\#UO(:C) = _n _ 1

The same equation has also been studied in connection with blow-up analysis, Harnack inequal-
ities and anisotropic extensions; see, for instance, [16, 11, 25].

The purpose of this paper is to investigate how the Euclidean rigidity theory for the n-
Liouville equation extends to complete Riemannian manifolds with nonnegative Ricci curvature.
This is a natural geometric setting: on the one hand, nonnegative Ricci curvature provides strong
global comparison tools; on the other hand, it still allows many non-Euclidean asymptotic ge-
ometries, including cylindrical ends, asymptotically conical ends, and ends with zero asymptotic
volume ratio.

Several recent works have shown that special solutions of critical elliptic equations may
force strong rigidity of the ambient manifold. Results of this type were obtained, for instance,
by Catino-Monticelli [7] and by Ciraolo-Farina—Polvara [10] for semilinear equations on mani-
folds with nonnegative Ricci curvature. In dimension two, Cai-Lai [6] studied Liouville equations
on complete surfaces with nonnegative Gaussian curvature under finite-mass assumptions. More

log |z| + O(1) as |z| — 4o0.
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recently, Ou [22] proved a sharp rigidity theorem for the Liouville equation on complete non-
compact surfaces with nonnegative curvature. In the normalization

—Au =e" in M?>
Ou’s theorem states that if
u(x) > —4logr(z) — alog F(r(x)),

a > 0, outside a compact set, where r(x) is the Riemannian distance of = from a fixed origin
and F is positive, nondecreasing, and satisfies

/w‘“_+oo
tE(t)

then the surface is isometric to the Euclidean plane and the solution is a standard bubble. The
coefficient 4 is sharp, because it is precisely the logarithmic decay rate of the Euclidean bubbles.
Our first main result is the n-dimensional quasilinear analogue of this theorem.

Theorem 1.1. Let (M, g) be an n—dimensional, n > 2 complete Riemannian manifold with
non-negative Ricci curvature and let u be a weak solution of

—Aju=¢e* inM
n 9

such that )
u(zx) > p— logr(z) — alog F(r(x)), forr(z)>1,
and some arbitrary o > 0, where F(t) is a positive, nondecreasing function satisfying
too
/1 0] dt = +oo. (1.4)

Then (M, g) is isometric to R™ with the Fuclidean metric and u is given by (1.3).

Thus the Euclidean logarithmic decay rate is not only the asymptotic behaviour of the
explicit solutions, but also the sharp rigidity threshold on complete manifolds with nonnegative
Ricci curvature. The coefficient —*— is optimal. More precisely, for every ¢ > n"—fl, we construct
complete nonflat rotationally symmetric manifolds with nonnegative Ricci curvature supporting
radial solutions whose logarithmic decay has coeflicient strictly between n"—jl and 6. Therefore
the leading coefficient in the lower bound cannot be replaced by any larger one. This result
improves the result in [25].

We also prove that logarithmic lower bounds have an intrinsic geometric consequence. We
denote by

AVR(M, g) = lim YOUBRO)
R—+o0 wan
the asymptotic volume ratio of M, where Bg(0) denotes the geodesic ball of radius R centered at
0 € M and wy, := |B}| is the volume of the unit ball in the Euclidean space. By Bishop—Gromov
theorem, this limit exists and is independent of the base point 0. We also let 0,1 := [S"!| be
the (n — 1)-dimensional Hausdorff measure of the unit sphere in the Euclidean space, so that
nwp = Op—1-

Proposition 1.2. Let (M™,g) be a complete noncompact Riemannian manifold with Ric > 0,
and let u be a weak solution of

—Apu=c¢e" i M.
Assume that there exist constants 8 > 0, Ry > 0 such that

u(z) > —plogr(x) for r(z) > Ry, (1.5)
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for some fized point o € M. Then
0 := AVR(M, g) > 0.
Moreover, M has only one end.

Under the hypotheses of Proposition 1.2 by Bishop-Gromov volume comparison theorem we
have

Own, R" < Vol(Bg(0)) < w,R"

for every o € M, R > 0. In dimension two, Proposition 1.2 recovers the conformal-type conclu-
sion of Ou’s [22, Theorem 1.2]. Indeed, by the classical results by Cohn—Vossen [12] and Huber
[18], a complete noncompact surface with nonnegative Gaussian curvature is either conformally
equivalent to the Euclidean plane or belongs to one of the flat linear-growth alternatives, namely
the flat cylinder and, in the nonorientable case, the flat open Mébius strip. The positive asymp-
totic volume ratio given by Proposition 1.2 rules out these flat linear-growth alternatives. Hence
the surface is conformally equivalent to (RQ, Geucl); see also Ou [22, Theorem 1.2]. In dimensions
n > 3, no analogous conformal classification follows from Ric > 0 alone. Thus Proposition 1.2
only gives a volume-growth and the one-endedness of M in higher dimension.
Our third result is a finite-mass rigidity theorem.

Theorem 1.3. Let (M™,g), n > 2, be a complete, connected, noncompact Riemannian manifold
with nonnegative Ricci curvature. Let u be a weak solution of

—Apu=-¢e" m M,
such that
M= / e dVy < +o0. (1.6)
M
Assume moreover that

u(z) > — :

1 logr(z) + o(logr(z)) as r(x) — +o00. (1.7)

Then (M, g) is isometric to the Euclidean space (R™, geucl) and u is given by (1.3).

This result should be viewed as a curved analogue of Esposito’s Euclidean classification [15],
but with an essential additional asymptotic condition. Indeed, unlike in the Euclidean case, finite
mass alone does not imply rigidity on curved manifolds, even under nonnegative Ricci curvature
and positive asymptotic volume ratio. The asymptotically conical Example 3.4 constructed
in Section 3 have positive asymptotic volume ratio and carry finite-mass solutions, but the
underlying manifolds are nonflat. Thus the sharp lower bound in Theorem 1.3 is necessary: it
selects the Euclidean logarithmic rate and excludes nonflat conical models.

The logarithmic lower bound in Proposition 1.2 cannot be dropped in general. Indeed, on
a product cylinder

(N"' x R, gn + dt?),
with IV compact and Ricg, > 0, one can construct finite-mass solutions of
—Apu = e
depending only on the R-variable and satisfying
u(y,t) ~ —alt| as [t| — +oo

for some a > 0. Thus solutions may exist on cylindrical manifolds with Ric > 0, but their
decay is faster than logarithmic. The logarithmic lower bound is precisely what rules out this
cylindrical behaviour. See Example 4.4.
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A similar construction in R" yields examples of solutions of the n-Liouville equation in
the Euclidean space with infinite mass that have non-logarithmic and anisotropic behavior at
infinity. See Example 4.5.

In Example 4.6 we construct complete rotationally symmetric manifolds with nonnegative
Ricci curvature and zero asymptotic volume ratio that support finite-mass solutions, which decay
only slightly faster than logarithmic.

The proof of Theorem 1.1 is based on a quasilinear P-function method. We introduce the
auxiliary function

w=e"Y",
Then w satisfies
|[Vw|™ 1 ‘
Apw=(n—1) " + Ty G.

We associate to w the nonlinear vector field
v = |Vw|" *Vw

and consider the traceless part V of Vv. A Bochner-type computation, together with a sharp
algebraic inequality, yields the weighted distributional inequality

div (G’bwl’”v : \7) > (1 - b)Gbw! V]2

for every b € [0,1). The freedom in the parameter b is crucial in order to treat arbitrary powers
of the auxiliary function F'. A Karp-type Liouville theorem [19] then forces V = 0. The resulting
homothetic structure leads to the Euclidean rigidity through a classical theorem of Tashiro [26].

The finite-mass Theorem 1.3 is proved by a different argument. The first ingredient is the
sharp isoperimetric inequality on complete manifolds with nonnegative Ricci curvature and posi-
tive asymptotic volume ratio, due to Brendle [4] and Balogh—Kristaly [2]. The second ingredient
is a nonlinear capacitary estimate for the n-Laplacian, which replaces the classical logarithmic
potential estimates available in dimension two. Combining these two estimates gives a sharp
lower bound on the logarithmic decay of finite-mass solutions. Under the Euclidean critical lower
bound, equality must occur in the sharp isoperimetric inequality, forcing the ambient manifold
to be Euclidean.

Finally, we complement the rigidity theorems with examples showing that the assumptions
are sharp. On product cylinders N"~! x R, with N compact and Ricy > 0, we construct
finite-mass solutions depending only on the R-variable and satisfying

u(y,t) ~ —alt| as |t| = +o0.

These solutions decay faster than logarithmically and live on manifolds with zero asymptotic
volume ratio. We also construct rotationally symmetric examples with zero asymptotic volume
ratio carrying finite-mass solutions whose decay is super-logarithmic but slower than any positive
power. These examples show that the logarithmic scale is the borderline between positive volume
growth and collapsing-volume geometries.

The rest of the paper is organized as follows. In Section 2 we derive the weighted differential
inequality for the nonlinear P-function. In Section 3 we prove the main rigidity theorem and
construct the sharpness examples for the leading coefficient. In Section 4 we prove the positive
asymptotic volume ratio criterion, the finite-mass rigidity theorem, and the examples with faster-
than-logarithmic decay. In Appendix A we record a weighted Karp-type criterion, adapted to
our applications, showing that a locally weighted subsolution with borderline annular growth
has identically vanishing weighted energy.
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2. A DIFFERENTIAL INEQUALITY

Let u be a solution to (1.2), we define the auxiliary function

1

w=e n". (2.1)
It is easy to see that w € Wlicn(M )N L (M). A direct computation shows that
|Vw|™ 1 ‘
Apw=(n—1) " + s Py G. (2.2)

Moreover, we define the following vector field

v = |Vuw|["*Vw,
and

V- Vv ?n M\ Q¢
0 in Q¢ ,
where
Qo ={z e M:Vu(z) =0} ={z e M : Vw(z) =0}.

We also define

\O/ZV_ tI‘(V)g’
n

the trace-less tensor of V.

Lemma 2.1. Let (M, g) be a Riemannian manifold with Ric > 0, and let u be a weak solution
of (1.2). Then, for every b € [0,1),

div (G_bwl_"v - \"f) > (1 - b)Gbw! V]2
in the sense of distributions on M.

Proof. By the local regularity theory for p-Laplace type equations (see [1, 14, 27]), any solution
of (1.2) satisfies u € CL*(M), u is smooth in M \ Qer, and [Qe| = 0. Hence the following

loc
pointwise computations are justified in M \ Q... Moreover, we have
-2 1,2 —2v72 2
|Vw|"™*Vw € W7 (M), |[Vw|"™*V*w € Li, . (M),

hence the pointwise inequality on M \ €., extends to M in the sense of distributions. We first
note that from the definition of G we have
VG = —ng+ﬁ|Vw]27"V'V: ﬁ\Vw|27"v-\cf, (2.3)
w w w
where we used the fact that

tr(V) =div(v) = A ,w =G.
Now we compute

div <v - \7) —div(v-V) - %div (tr(V)v)

—(V (t2(V) , V) + Ric(v,v) + [V]2 = %w (t(V) ,v) %tr(V)Z

-1 o
=" {V (tr(V) ,v) + Ric(v,v) + [V,

where we used the fact that

. 1
VI = V[P = =tx(V)?,
n
and the Bochner formula
div (v - V) = (V (tr(V),v) + Ric(v,v) + [V]?.
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Next we compute
div <w1_"v . V) =(1 —n)w ™ (Vw,v - V) + w' "div (v . V)

n —

, 1 ,
=1 —-n)w " (Vw,v-V) + w! T (Vir(V), v) + w' "Ric(v, v) + w' V2.

n
Since

vV = %v (t2(V)) w| Vo[
then
(Vuw,v - V) = %w(V (t2(V)), |Vo|" 2 V) = %w(V (t:(V)), ) .
Summing up,
div (w>"|Vw|"2VG) = ndiv (wlfnv : {,—) = nw' " Ric(v, v) + nw' V2. (2.4)

Now we compute, for b € [0, 1),

div (G*bwk”v : \7) = G div (wk"v : \?) WGV G, v - V)

= G w' " Ric(v,v) + G Pw V2 = bG TV VG, v - V).

We have the following algebraic inequality (see [25, Lemma 2.1] with p = n)

, 1 ,
vV < PV
n

and moreover from the definition of v it is immediate to see that |v|?> = |Vw|>*"2, hence we
have

, , 1 , 1 ,

(VG v V)| < ZTuf v VI < o VP PV 2 = )|V
w w w

where we also used (2.3). Therefore
div (G_bwl_”v . V) > G bw! " Ric(v, v) + G0 TV — (n — DGO tw V|| V2.

From the definition of G we immediately see that

_1 1 w
S iV
and thus
div (G_bwl_"v : V) > G Pw " Ric(v, v) + (1 — b)G P w' |V |?
> (1—b)G bw! |V
This proves the claim. O

3. PROOF OF THEOREM 1.1
We first record an elementary estimate which will be used in the proof of the main theorem.

Lemma 3.1. Let (M, g) be a complete Riemannian manifold with Ric > 0, and let u be a weak
solution of (1.2). Let

and
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Then, for every 1 < g < n and every nonnegative n € C°(M), one has
/ Guw'~ " dV, < C, / w" || dV,.
M M
Proof. Since A,w = G, testing the equation with w!~9n" gives
/ Guw'~ iy dVy = / Apww! =" dVy
M M
=(q— 1)/ |Vw|"w™ " dVy — n/ w I | V| (Vw, Vi) dV,.
M M
On the other hand, using the definition of G,
1
/ Guw'™ ™V, = (n — 1)/ [Vw["w™ " dVy + —— / w™In"dVy.

M M " Ju

Combining the two identities, we obtain

(n—q) /M |Vw|"w™ 0" dVy +

[ wrmravy <n [ wta gt e dy,
M M

nn—l

Since ¢ < n, Young’s inequality yields
/ |Vw|"w™n" dV, +/ wIn"dV, < C'q/ w" V" dV,.
M M M
Using again the expression of GG, we conclude

/ Guw'~ " dV, < C, / w9Vl dV,.
M M
0

Proof of Theorem 1.1. Without loss of generality we can assume that F(¢) > 1 for every t and
that o > 2(7?7:) Fix b € ("7_2, 1) to be chosen later. We set

9::2—g—b.

n

Then ”7_2 < 0 < 1. We will apply Lemma A.1 with
T:=G b w'™"v.V, E:=(1-b)G w' "V h = G~ lw | Vw > 2,
By the differential inequality of Lemma 2.1
div T = div (G’bwl’”v : \"f) >(1-0)G W V]2 =E

in the sense of distributions. Moreover, since |v|? = |Vw|?*"~2, we have

. o o 1
‘T|2 — G—wa2—2n|v . V|2 < G—wa2—2n|v|2|v|2 — G—2bw2—2n|vw|2n—2|v|2 — : bhE
Thus the structural assumptions of Lemma A.l1 are satisfied. It remains to prove a suitable

Vel " we have |Vw|" < CwG. Consequently,

growth estimate for h. Since G > (n — 1)~ ",
h = G—bwl—n|vw|2n—2 < CG2—%—bw3—'rL—% — CG9w3—n—%‘
We now fix any ¢ € (1 + "=00=2) 1y Define

né
3-n—240(g—1)
1-0 ‘

m =
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By the choice of g, we have m > 0. Hence, by Holder’s inequality,

/ hdv,<C [ Glwd i ay,
Br Br

—c [ (Gu' ) wP it gy,
Bgr

0 1-0
<C < Gw!' ™4 dvg> ( / w™ d‘@) :
Br Br

We use Lemma 3.1 with a family of standard cut-off functions € C?(M) such that
n=11in Bg(o), n=0in M \ Bar(o), 0<n<1 inM,
and
¢ .
Vil < 5 in Ap = Bar(0) \ Br(o),
for some C' > 0 and every R > 1. Then we have

C
Guw'1dV, < =2 w4 dV,.
Br R Bar\Br
Since by our assumptions
n2
u(x) > — . logr(z) — alog F(r(z))
" —

for r(z) > 1, and w = e~*/™, we have
w(z) < C’r(x)ﬁF(r(x))%

for r(x) > 1. Thus, for every s > 0, by Bishop-Gromov volume comparison,

/ w® dVy < CuR" -1 F(R)%
Br

(3.1)

for every R > 1. Applying this estimate with s = n — ¢ and with s = m, from (3.2) we get

n(n—q) a(n—
Gu'=1dV, < CR =1 F(R)“",
Br

and
/ w™dV, < CR" "1 F(R)"%".
Br
Therefore from (3.1)

/ thg < CRGnELnjlq)+(170)(n+%)F(R)9W+(1_9)%
Br

= CR’F(R)™,

with d := W. We now choose
n

p=1- "
an—1)’

2

so that d, = 1. Note that our initial assumption o > 2(;‘77 implies that b € (”7_2, 1) as required.

1)
Then we have

/ hdV, < CR*F(R),
Br
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with F' positive, nondecreasing and satisfying (1.4). Thus condition (A.4) in Lemma A.1 is also
satisfied. We conclude by Lemma A.1 that
E=(1-b)G w' " V?=0.
Thus

divv

V=Vv-—

g=0 (3.3)
on M\ Q. From

VG = ﬁ|Vw|27”v -V

w

we get

VG =0 on M\ Q.
Moreover, using

div (w? ™| Vw[" 2V Q) = nw! " Ric(v, v) + nw!™|V|?,
we obtain
Ric(v,v) =0 on M\ Q.

Since v = 0 on (¢, this identity holds a.e. on M. As Ric > 0, it follows that

Ric;; vi=0 a.e. on M.
Since v € Wl})(?(M) and V =0 a.c. on M, the identity
G
Vivj = i

holds weakly, and hence a.e., on M. Taking the divergence in the weak sense gives

1 .
ﬁVzG = V]Vivj == Vz divv — Ricij vl = VlG

Therefore
VG =0
in the sense of distributions on M. Since G is continuous and M is connected, G is constant:
G=\
By the explicit formula
Vw|? 1
G= (n—1)| w| +n”*1w’

we have A > 0. Hence \
Vivj = —gij weakly on M.
n
Equivalently, setting

we have
ViX; = gij weakly on M.
By standard regularity for this first-order linear system, X is smooth and
vin = Gij on M.

Thus X is a concurrent vector field on the complete manifold M. By Tashiro’s theorem [26],
(M, g) is isometric to Euclidean space. Under this isometry, X = x — xy for some zy € R".

Therefore

A
v = ﬁ(x — Zp),
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that is,
A
|Vw|"2Vw = E(x —x0).

Hence w is radial around xg. Writing r = |x — z¢|, we get
Since A > 0, this gives

Therefore
w(x):C'1+CQ|1:—a:0|%, Cy > 0.
Since © = —nlogw, this gives
u = Uz,
for a suitable A > 0. The proof is complete.

We now show that the coefficient
2
b :=

n—1
in Theorem 1.1 is sharp. More precisely, for every § > J§p we construct a complete nonflat
rotationally symmetric manifold with nonnegative Ricci curvature carrying a radial solution of

—Aju=-¢e"

whose logarithmic decay is between —dglogr and —dlogr. Therefore the coefficient g cannot
be replaced by any larger one.

We first record the elementary warped product construction which will be used in the
example.

Lemma 3.2. Let a € (0,1). There exists a smooth function v : [0,4+00) — [0,400) such that
P(s)=s fors<1,

P(s)=as+c fors>2
for some constant ¢ > 0, and

a<'(s) <1, YP"(5) <0
for every s > 0. Consequently, the rotationally symmetric metric
g =ds® +¥(s)’ggn
is a smooth complete nonflat metric on R™ with Ricy, > 0.
Proof. Choose a smooth nonincreasing function x : [0, 4+00) — [a, 1] such that
x=1 on]|0,1], X=a on [2,+00),

and X’ < 0. Then it is immediate to see that the function

S
vls)i= [
0
satisfies the required properties. For the warped product metric (see e.g. [23])

g =ds® +1(s)?ggn-1,
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the Ricci tensor in the radial direction is given by

Ricgs = —(n — 1)12}//

and, in the tangential directions,

(n—2)(1 = (¥)*) — y)” 4
2

Since ¢” < 0 and 0 < ¢’ < 1, both quantities are nonnegative. Hence Ric, > 0. The metric

is complete because s is the distance from the pole and ranges in [0,+00). It is nonflat since

a < 1, so 1)’ is not identically equal to 1. O

Rngg = 0 -

We next solve the radial equation on this model.

Lemma 3.3. Let g = ds? + 1(s)%gsn—1 be as in Lemma 3.2. For every k € R there erists a
global radial weak solution u, = ug(s) of

—Aju, = e
on (R™, g), reqular at the pole, such that
uk(0) = K, u,(s) <0 fors>0.

Moreover, setting

A(s) = ()" (—up(s)" 7,

the limit
: e n—1_ux(s)
L, = sginoo Ag(s) = ; P(s)" e ds
exists, it is finite and satisfies
1 n2
L/271 < 60 = )
n—1
and
1
lim L' = do
K—>+00
Finally,
1
lim s (s) = —L'gil .
s—+o0 log s a

Proof. For a radial function u = u(s) on (R™, g), one has

B = i (0 )
We look for decreasing solutions and set
y = —u.
Then |v/|"~2u’ = —y"~! and the equation

—Apu=ce" (3.4)
is equivalent to
(wn—lyn—l)’ _ ,(ﬁn—leu‘
Equivalently, with
A(s) = (s)" y(s)"
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we obtain the first-order system
Al(s) = p(s)" e,
w(s) = —A(s)7T0(s) .
The regularity condition at the pole is
A(0) =0, u(0) = k.

Since ¥(s) = s near s = 0, the system (3.5) admits near the pole the local solution given by the
regular radial Euclidean solution with initial value k. Let us consider such solution (A, u,) of
(3.5), defined on its maximal interval of existence.

We claim that it is defined for every s > 0. Indeed we start noting that A/, > 0, so that A,
is strictly monotone increasing and hence strictly positive for s > 0. Then u), < 0, so that u, is
strictly monotone decreasing.

We now prove a uniform bound on A,. By (3.5) we compute

(3.5)

N/ n L n n
A:_l) — An—l Al _ . n—1_uxg — _ n( Uk l.
( n_l K K n_l( U‘Hw)w € n_lw (e )
Integrating the previous identity from 0 to R we get
2 n (R) n? R / 1
A (R)»—1 = — R) el "Tlet ds.
R)TT = (R g e [Tyt as

where we integrated by parts and we used A,(0) = 0 and ¥(0) = 0. Since 0 < ¢’ < 1 we deduce

2 R
Ag(R)»1 < n 1/ P et ds.
0

n —

From (3.5) and A.(0) = 0 we have

R
/ Y lets ds = A(R), (3.6)
0

hence
2

n n
A (R)"T <
(R)7=T < —

1A,{(R) = JoAx(R) for every R > 0.
Since A,(R) > 0 for R > 0, we get
A,{(R)ﬁ < dy for every R > 0.

Thus Ay is strictly increasing and bounded on its maximal interval of existence; from (3.5) we
see that u/, is bounded on bounded intervals, and hence also u,. From standard ODE theory,
we have that (Ax, u,) must be defined for every s > 0. We have thus proven our claim.

Since Ay is increasing and bounded, also using (3.6), we have

—+00

— _ n—1 _ux(s)
Ly : RETMAH(R) ; (s)" ‘e ds (3.7)

exists and satisfies
1

< d. (3.8)

We now show that
1

lim L' = &.
K— 400

The upper bound has already been proved. We prove the lower bound. Let

_k
Ex =€ n.
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Since 1(s) = s for s € [0, 1], for every  sufficiently large the function

Ui(p) = ux(exp) — K
solves
—A,U, = eUr
as a radial equation in B_-1(0) C (R, ggua), with
Ux(0) =0, U.(0) =0.

By uniqueness of the regular radial Euclidean solution, U, coincides with the normalized Eu-
clidean bubble

U.(p) = —nlog (1 + C;ﬁpﬁ> ,
in B_-1(0), where

2\
n = nt/" (n — 1>
In particular,
Pl (—Ui(p))nfl — 5t as p — +0o0. (3.9)
For every p € (0,¢,1) and  large,
P(enp) = enp
and
Uy (exp) = € UL(p).
Therefore

Anenp) = ¥lenp)"* (=tt(np)) ™" = o (<UL(p)" "

Since A, is increasing and converges to L, we have for every & large and every p € (0,e:!)

Ly > Au(exp) = p" (_UL(P))n_l .

By continuity we can choose p = ¢,;! in the previous inequality, and then pass to the lim inf,_, 4 o.
Therefore, also using (3.9), we obtain

liminf L, > 60"
K—+00

Together with the upper bound (3.8) this proves

1

lim L,z71 = dp.
K—+00

Finally, since ¢(s) = as + ¢ for s > 2, by (3.7) and (3.5), we have

CsAuTT LI
P(s) a

as s tends to +oo. It follows that u, diverges to —oo at infinity and

sul (s) =

1
lim () = _L,Q‘l .
s—+oo log s a

This completes the proof. O

We can now complete the sharpness argument.
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Example 3.4 (Sharpness of the leading coefficient). Let

> .
Choose
do
—. 1.
“6<6’)
Then
do
o < — < 0.
a

Let g = ds? +(s)?gsn—1 be the corresponding warped product metric given by Lemma 3.2. By
Lemma 3.3,

1
L: 0
o 2 as Kk — +00.
a a
Hence, for x large enough,
1
Ln—l
6o < b = ’“‘a < 4.

For this value of x, the corresponding solution satisfies

lim U (5) = —0,.
s—+oo log s

i.e. ug(s) ~ —d,logs. Since d, € (g, d), we have, for all sufficiently large s,
—dplog s > uk(s) > —dlogs.
Since s is the geodesic distance from the pole, this gives
—dologr(z) > ux(z) > —dlogr(x)

outside a compact set.
The manifold (R", g) is complete, nonflat, and has nonnegative Ricci curvature, while u,
solves

—Apju, = e,
Moreover, since 1(s) = as + ¢ for s > 2, we have

n—1 1
03 n— n
R" = w,a" "R".

R a
Vol(BRr) = on-1 / P(s)"Lds ~ opy
0

Hence
AVR(R™, g) = a""! > 0.
Furthermore, by (3.7),

+oo
/ e dVy = op_1 (s)"_le“”(s) ds = op_1L, < 400.
n 0
and hence u has finite mass. ,
Therefore any rigidity statement with the leading coefficient 6y = =5 replaced by a larger
coefficient § > &g would be false. This proves the sharpness of the coefficient —dg in Theorem
1.1.
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4. PROOF OF PROPOSITION 1.2 AND THEOREM 1.3

In this section we prove a rigidity result under a finite-mass assumption. The argument is
different from the P-function method used in the proof of Theorem 1.1. It is closer in spirit to
the two-dimensional approach of Cai—Lai [6], but the logarithmic potential estimate is replaced
by a nonlinear capacitary estimate for the n-Laplacian.

We split the proof into two independent ingredients. The first one is a sharp isoperimetric
consequence of the equation and the finite-mass assumption.

Lemma 4.1. Let (M",g) be a complete noncompact Riemannian manifold with Ric > 0 and
positive asymptotic volume ratio 0 = AVR(M, g) > 0. Let u be a weak solution of

—Apu=¢"
such that
M ::/ e"dVy < +o0.
M
Then
MAT > (g, )7
n—1 (0on-1) ’

Proof. For t € R, set
O ={reM:ulx) >t} F(t) = /Q e dVj.
Since e* € L'(M), we have
Vol(§) = /Q e'e " dV, < e 'M < 400

for every t € R.
For almost every regular value ¢, using the equation and the divergence theorem on €2;, we
get

F(t):/ edVy=— [ Ayudy, :/ \Vu|" ! do,. (4.1)
O O o0

Moreover, by the coarea formula,

1
— F'(t :et/ —do 4.2
( ) 0 |V’U,‘ g ( )

for almost every t.
By Holder’s inequality,

|aQt| < </ ‘vu|n71 dag) 1/n (/ 1d0'g> (n—l)/n.
o0 a0, |Vul

Thus, using (4.1),
1 n 1
——dogy > |0 | =T F(t) »—T1. 4.3
L oo = 10T E () (4.9
Combining (4.2) and (4.3), we obtain

—F/(t) > o0, T (1)

Equivalently,
n

! n
_ -1 t 1
(F(t) ) > e |on[T. (4.4)
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We now use the sharp isoperimetric inequality on complete manifolds with nonnegative Ricci
curvature and asymptotic volume ratio 6:

19Q) 7T > 1 (§o_1) "1 Vol(Q) (4.5)
for every bounded finite-perimeter set 2. Applying this to € in (4.4), we get
_n_\/ n? 1
- (F(t)n—l) > e (f01) 7T € Vol(%). (4.6)
n J—
Integrating (4.6) from —oo to 400, and using
lim F(t) =M, lim F(t) =0,
t——00 t——+00

we obtain

n TL2 1 +oo
Mn-1 > : (Go'n_l)"—l/ e! Vol(Q) dt.
n-— —00

By the layer-cake formula,

+oo
/ e Vol() dt = / e"dVy = M.

—00 M
Therefore
n 2 1
Mn=1 > — (Qop—1)"1 M.
Since M > 0, this completes the proof. O

The second ingredient is the nonlinear analogue of the logarithmic potential lower estimate.
It is a capacitary consequence of the fact that —u has finite positive n-Riesz measure. We start
with the following general Lemma.

Lemma 4.2. Let Q2 € M be a relatively compact smooth domain and let K € Q) be a compact
set with Lipschitz boundary. Let z € W;="(2) N LX.(Q) satisfy

loc loc

Apz=u>0 (4.7)
in the sense of distributions in €, where yu is a nonnegative Radon measure. Then
n—1
w(K) < Cap,, (K, Q) (supz — sup z> , (4.8)
o9 oK /) 4

where

Cap, (K, Q) := inf {/ IVo|"dVy i ¢ € Wol’n(ﬂ), ¢ > 1 in a neighbourhood of K} .
Q

Proof. Let

A i=supz, A :=supz, H:=(A- ).
oK oN

We first consider the case where €2, K have smooth boundaries and H > 0. Let h be the
n-capacitary potential of the pair (K, 2), namely

Aph =0 in Q\ K,

h=1 on 0K,

h=0 on 0,

and
/ |Vh|" dV, = Cap,, (K, Q). (4.9)
Q
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Define ¢ := A — Hh. Then
App=0 inQ\K,
=X onJdK,
P=A ondQ.

Moreover, 1 is n-harmonic in 2\ K. Since z < A =1 on 0K and z < A = 1) on 0f, while z is
n-subharmonic in Q \ K, the comparison principle gives

z < in 2\ K. (4.10)
Integrating (4.7) over K gives
wu(K) :/ V2|20, 2 do, (4.11)
oK
where v is the outer unit normal to K. Moreover, since Vi = —H Vh and since 1 is n-harmonic
in Q\ K, we have
/ |Vop|" 20,4 do = H"—l/ |Vh|""2(=0,h) do = H”—l/ |Vh|"dV . (4.12)
oK oK Q
By (4.10) we deduce
/ |V2["20,zdo < / VY| 20,4 do. (4.13)
oK oK

Combining (4.11), (4.12), (4.13) and (4.9) we obtain
p(K) < H"' Cap, (K, ),

that is the desired inequality.

If H = 0, the desired estimate follows by the above argument with H + ¢ in place of H and
then letting e — 0.

This proves the claim for regular domains. The general case follows by approximating K
from outside and €2 from inside by smooth domains, using the outer regularity of p and the
standard continuity properties of variational n-capacity. O

Lemma 4.3. Let (M",g) be a complete noncompact Riemannian manifold with Ric > 0 and
positive asymptotic volume ratio 0 = AVR(M, g) > 0. Let u be a weak solution of

—Ajyu=c¢e"
such that
M ::/ e dVy < +o0.
M
Then, for every fixred o € M,

.. —infapuu M T
\ f——— > . 4.14
i r 7 o .

Proof. Set z := —u, then

N,z=¢e">0
in the sense of distributions. Let p := e"dVj, then p(M) = M < 4o00. Fix R > 3p > 0,
applying Lemma 4.2 with K = B,(0) and 2 = Bgr(o) we deduce

: 1(By(0)) ) w1
— inf w= sup z> sup z+ < . 4.15
0Br(0)  9Bg(o)  0B,(0) Cap,,(B,(0), Br(0)) (4.15)

We now estimate the capacity from above. Consider the Lipschitz radial cut-off

log R —logr(x
on(z) = 98 gr(z)

logR—logp on BR(O)\BP(O)7
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extended by 1 on B,(0) and by 0 outside Br(0). Then

1

\Vor| = (@) oe(R/p) a.e. in Br(0) \ B,(0).

Hence

1 1
Cap,,(B,(0), Br(0)) < W /BR(o)\Bp(o) r(z)n dVy. (4.16)

R
A
/ 1nqu:/ —(nt)dt,
Br(o)\By(o) "() p 1

where A(t) = H" 1 (0By(0)) for a.e. t. If V(t) := Vol(By(0)) then A(t) = V'(t) for a.e. t and,
integrating by parts, we obtain

By the coarea formula,

1 Byt V(R) V Byt
/ ndvg:/ () g = V) (f)+n/ 0 g ()
Br(0)\B,(0) T(T) p R p ot
Since
40) — 0 ast — 400
wpt™
for every € > 0 there exists pg such that for every ¢ > pg
Ount™ < V(1) < (0 + §)wnt".
Let R > 3p with p > pg, then
R ys1
t R
/ Vt( ) dt < Swy +n(0 + 5)wy log B < n(f + e)wy log — . (4.18)
p " p p

Combining (4.15), (4.17) and (4.18), we get

Cap,(By(0), Br(o)) < 20t elon _ B+ )onr. (4.19)

n—1 n—1
(log %) (log %)

Inserting (4.19) into (4.9), dividing by log R and letting R go to co, we obtain for every € > 0,
P> pPo

lim inf
J%I—rii%o log R

—infaBR(O)u S < ,U(Bp(o)) >n1
o (0 + €)O'n_1 '
Finally, letting p go to oo

lim inf

—infaBR(o)u S M n—1
Rotoo  logR AN '

0+¢e)on—1
for every € > 0. Given the arbitrariness of ¢, we get (4.14). O

We present now the proof of Proposition 1.2.

Proof of Proposition 1.2. Set z := —u and let p := € dV,. Since e" > 0, we can choose a smooth
relatively compact domain K € M such that
u(K) > 0.

Fix p > Ry such that K C B,(0) and let R > 2p. Applying Lemma 4.2 to z with Q = Bg(o),
we get

n—1
w(K) < Cap,,(K,Bg(0)) [ sup z—supz . (4.20)
OBR(0) 0K n
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By the logarithmic lower bound (1.5), for R large enough,
z(x) = —u(z) < Blog R on dBR(0).
Therefore
sup z —supz <Ckg+BlogR <ClogR
OBR(0) 0K n
for all large R. Since u(K) > 0, (4.20) gives
I
(log R)"—1

for some constant C' > 0 independent of R. We now estimate the same capacity from above.
Since K C B,(0), the radial logarithmic cut-off

Cap,,(K, Bg(0)) > (4.21)

(2) = log R — log r(x)
YR\L) = log R — log p

on Bg(o) \ By(0), extended by 1 on B,(0) and by 0 outside Bg(0), is an admissible competitor.
Hence

1 1
Cap,, (K, Br(o)) < / dvy. (4.22)
10g(R/p)™ JBr(opB,o) T(@)" 7
Combining (4.21) and (4.22), we obtain
1
/ —dVy > C (log R —log p) (4.23)
Br(0)\By(o) (%)
for all large R. Let V(R) := Vol(Bgr(0)). Using the coarea formula and integrating by parts we
obtain " A
1 "(t
/ ndvg:/ Vi)dtzv(f)—v(np)—l—n/ ‘i(fl)dt. (4.24)
Br(o)\B,(0) T(%) P R p p
Now assume by contradiction that
AVR(M,g) = 0.
By Bishop—Gromov monotonicity this is equivalent to
t
Vti) —0 as t — 400. (4.25)
For every € > 0 there exists R* > Ry such that
0<V;5Lt)<8 for every t > R*.
Then if R > 2p > 2R* we obtain
1 [RBve e [(R1
dt < —dt<e.
= logR/p et S logR/p r=e
We deduce that if p > R*
R
V(t
/p tnil) dt = o(log R) as R — oo. (4.26)

Therefore (4.24), (4.25) and (4.26) give

1
dV, = o(log R),
/BR(O)\B,,(O) r(z)n Y

which contradicts (4.23). Hence
AVR(M,g) > 0.
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It remains to prove the one-endedness conclusion. If M had at least two ends, then by the
Cheeger—Gromoll splitting theorem,
(M, g) =~ (N""' xR, gn +dt*),

with NV compact. Hence
Vol(Br(0)) = O(R),
and therefore
AVR(M, g) =0,

contradicting what we have just proved. Thus M has only one end, and the proof is complete. [
Finally, we give the proof of Theorem 1.3.

Proof of Theorem 1.3. We start noting that by Proposition 1.2 we have AVR(M,g) > 0. By
Lemma 4.3,

— inf@B (0) U M n—1
lim inf " > )
églf;o log R — \fo,_1

On the other hand, the asymptotic lower bound (1.7) gives
2

— inf u< log R log R).
oMyt S g o R ollog )
Therefore,
M n—1 n2
<90n—1> n—1
Equivalently,
B n? 1
Mn-T < p— (fop—1)"T1. (4.27)
By Lemma 4.1, the opposite inequality holds:
1 n? 1
Mn=1 > T (fop—1)"T1. (4.28)
n—

Hence equality holds in (4.27)—(4.28).
Inspecting the proof of Lemma 4.1, equality in the final mass inequality implies equality in
the sharp isoperimetric inequality

19|71 = 1 (B0y_1) 7T Vol(€)

with Q; = {z € M : u(z) > t} for a.e. regular value ¢ such that 0 < Vol(§%) < +oc0. By
the equality case in the sharp isoperimetric inequality on complete manifolds with nonnegative
Ricci curvature and positive asymptotic volume ratio, this forces (M, g) to be isometric to the
Euclidean space, see e.g. [4], [2]. Then u is a solution of (1.2) in R™ satisfying (1.6). By the
classification result in [15] we have u = U, 4, for some zo € R™, A > 0, with U) ,, as in (1.3).
This completes the proof. O

We present here some examples showing the sharpness of the assumptions in Proposition
1.2 and Theorem 1.3.

Example 4.4. Let (N"7! h) be a compact Riemannian manifold with
Ricy, > 0,
and consider the product manifold

(M™, g) = (N"1 xR, h+dt?).
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Then Ricy > 0. We construct weak solutions of
—Aju=¢e¥ in M
with linear decay at infinity. Let u = u(t). Then
Apu = (|u’|”72u')/
and the equation becomes
- (|u'|"_2u’)/ =e" on R. (4.29)
Fix k € R. We look for a solution of (4.29) on [0, c0) satisfying
u(0) = &, u'(0) =0.
We note that (|u/|"~2u/ )/ < 0, hence |u/|" "2/ is strictly decreasing and
[u/ (8)|" 24/ (t) < [/ (0)]" 2/ (0) = 0 for every t > 0.
Thus v’ < 0 and w is strictly decreasing for ¢ > 0. Equation (4.29) admits the first integral

n—1

[u/|" 4 e = e”. (4.30)

—u/(t) = <nf1 (e - eu<t>))1/n .

Equivalently, v is defined implicitly by

= / ds . for ¢ > 0. (4.31)
/n
u(t) (nil (ef — es))

The integral is finite near s = k, because e — e® ~ e¢"(k — s) as s tends to k, and u is defined
for every t > 0. Note that
" ds
Loy
(m G es))

since the function under integral converges to a positive constant as s tends to —oo, as the

denominator tends to
n 1/n
e’ .

Therefore (4.31) defines a global decreasing solution on [0, +00), and we extend it evenly on R
by setting
u(—t) = u(t).

Then v € CY(R), |v/|" v’ € C'(R), and u is a weak solution of (4.29) on the whole real line.
Consequently, the function

Hence, for ¢t > 0,

u(y,t) = u(t)
is a weak solution of
—Aju=¢e"

on N x R. Moreover, since u(t) — —oo as t — 00, (4.30) gives

n 1/n
—u'(t) — < e”) =:a, > 0.

n—1
Hence
u(t) ~ —aglt| as |t| — +oo.
Since N is compact, the geodesic distance from a fixed point of NV x R satisfies

r(y,t) ~ |t as [t| — +o0.
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Therefore
u(y,t) ~ —axr(y,t) as r(y,t) — 4oo.
In particular, the decay is linear, hence strictly faster than logarithmic.
Finally,

/ e dV, = Vol(N, h) / "M dt < 400,
NxXR R

because ¢“() decays exponentially as |t| = 400. Thus cylindrical manifolds with nonnegative
Ricci curvature support finite-mass solutions, but these solutions have faster-than-logarithmic
decay.

Example 4.5. The one-dimensional construction above also gives solutions on R” with infinite
mass and non-logarithmic behaviour at infinity. Indeed, let U = U(t) be the even solution of

—(U'"2") =¢Y iR
constructed in Example 4.4. Then

u(z) :==U(z1), r = (r;,2') € R x R"™
is a weak solution of
—Aju=¢e" in R™.

Moreover,

U(t) ~ —alt| as |t| = 400
for some a > 0. Hence v has linear decay in the xj-direction, but it does not decay along the
transverse directions. In particular, u© does not satisfy any radial logarithmic asymptotic profile
of the form

u(x) ~ —vlog |x| as |r| = +o0.

Its mass is infinite, since

/ edxr = (/ eV dt) </ dx') = 400.
n R Rnfl

Example 4.6. We construct complete rotationally symmetric manifolds with nonnegative Ricci
curvature and zero asymptotic volume ratio carrying finite-mass solutions of

—Aju=¢e"

whose decay is barely faster than logarithmic.
Let Ryp > 0 and ¢ : [Ry, +0o0) — (0,+00) be a smooth function such that

l(r) — 400, ((r) = o((logr)®) as r — +00

for every a > 0, and assume that ﬁ is increasing, concave, and satisfies

0<<€(7;4)>,§1

Y 1 [0,400) — [0, 4+00)

Choose a smooth function

such that

Y(r)=r forr<1, P(r) = % for r > Ry,

0<y(r) <1, P (r) <0 for r > 0.

This can be obtained by a smooth concave interpolation between the Euclidean warping r near

the origin and the eventually concave function % at infinity.
r)

and
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Consider the rotationally symmetric manifold
(Mnag) = (Rn, d’I“Q + ¢(T)QQS"—1) .

The same argument as in Lemma 3.2 shows that (M, g) is complete and that Ric > 0.
We first compute the asymptotic volume ratio. We have

R
Vol(BRr) = O'n_l/o 1/)(7”)”_1 dr,

where 0,1 = [S"71|. Fix A > 0. Since /() — 400, there exists R4 > Ry > 0 such that
Lr)> A forr > Ry4.

Then we have

P(r) < % forr > Ra.
Thus, for R > R4,
fia n—1 " T\l On—1 n
Vol(Bg) < o1 ; (r)"™ " dr 4+ op—1 /RA (Z) dr < Cy+ nA”—lR .
Dividing by w, R", and using 0,1 = nwy,, we get
. VOI(BR) 1
1 < )
e L S e
Since A > 0 is arbitrary we obtain
AVR(M,g) = 0.

We now construct a radially decreasing solution. Arguing as in Lemma 3.3 for a radial u = u(r)
we set

yim s A= ) )
Then the equation
—Apu=c¢e"

is equivalent to

A/(T) — ¢(T)n_16u(r),

W (r) = —A(r) =)
With the regular initial conditions

A(0) =0, u(0) = &,

and since ¥ (r) = r near 0, the same local construction as in Lemma 3.3 gives a regular radial
solution near the pole.

The proof of Lemma 3.3 applies verbatim to the present warping function, because it only
uses 0 < ¢/ < 1. We obtain

; n R L L n? R 2
A P n,u _ n— u < n—let = A
(R) 1+n—17’/)(R)€ n—l/o P le d?"_n_l/0 P e dr — (R),

Thus A is increasing and bounded. Consequently the local solution extends globally, u is strictly
decreasing for r > 0, and

A(r) - L € (0,400) asr — 400, u(r) = —oo as r — +oo.
We now compute its decay. We have

o i
(1) = _A(r)t L e @

P(r) P(r) r

Consequently, we have
1
u(r) ~ —Ln=1d(r) as r — 0o,
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with

Note that, since £(r) — +o0,
o(r)
logr
that is logr = o(®(r)). Thus the decay of u is faster than logarithmic. On the other hand, by
the monotonicity of ¢,

O(r) = /T Us) ds < U(r) /T ds _ L(r)logr + O(l(r)) .

Ry S Ry S

— +00,

Thus v decays faster than logarithmically, but only barely so.
Note that if we further assume

””:o< ! ) as 1 = 00

o(r) rlogr

we have "
L(r
(p N

lim L = lim r =1

r—oc ((r)logr  r—oo @ + ¢ (r)logr

ie. u(r) ~ —Lﬁfb(r) ~ —Lﬁé(r) logr as r tends to infinity. Note that
Lr) = (loglog---logr)ﬂ,
——— —

k times

satisfies all the above assumptions for k =2, 0< g <lor k>3, 8> 0.
Finally, the solution has finite mass. Indeed,

/ e dVy = O’n_l/ e ep(r)Vdr = 0n_1/ Al(rydr = 0,1 L < +00.
M 0 0

APPENDIX A. A LIOUVILLE-TYPE THEOREM

We show the following improvement a la Karp of a classical Liouville-type theorem due to
Berestycki, Caffarelli and Nirenberg [3].

Lemma A.1. Let (M, g) be a complete noncompact Riemannian manifold of dimension n > 2.
Let h,E € Ll (M) be nonnegative functions and T € L}, (TM) be a locally integrable vector

field such that
divT > E (A1)
in the distributional sense and
T|> < CohE (A.2)
a.e. on M for some positive constant Co > 0. Let F : [1,00) — (0, 00) be a positive nondecreasing
function such that
/ R (A.3)
——dt = +0. .
Ry tF()

If for some o € M

1
limsup/ hdV, < oo A4
Rooo RPF(R) Br(o)\B g (0 I (&.4)

then E =0 on M.
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Proof. We follow the proof of Karp [19, Theorem 2.2]. We argue by contradiction and assume
that E # 0. Since E > 0 and E € L. (M), there exists R, > Ry such that

loc

/ EdV, > 0.
Br, (0)

For 0 < s <t, let n = n5; be a standard smooth cut-off function satisfying
0<n<l1, n =1 on By(o), n=0on M\ Bo),
and

C
Vil < ——
Vil < o —

for some constant C' > 0 independent of s,t,0. Testing (A.1) with n? > 0 and using (A.2) we
obtain

/EUQdVgS—2/ (T, Vn) dVy
M M

<2 / nlT| V| dV,
supp Vn

o 1/2 1/2
<20,/ (/ En’ dvg> </ h| V> dvg> :
supp Vn supp Vn

2
(/ En2dVg> g% / hdV, / En*advy | . (A.5)
M (t = 5)2 \ JBi(0)\B:(0) Be(0)\Bs(0)

Let R; = 2/ Ry, with j large enough so that R; > Ry, set s = R;, t = Rj;1 and let n; be
such that

Therefore

0<m;<mj+1 <1, my=1lonBgo), mn;=00n M)\ Bg,,,(0),
and

C
Vni|l < ——— = —.

Let

Q; 22/ EU?dVg:/ Enj dV.
M BRj+1(O)

Then Q; > 0 for all large j, Q; is nondecreasing and from (A.5) we get for large j’s

2
1
Q? = (/ E?ﬁ-d%) gc(Rg/ hdvg> (/ Enjdeg>.
M 7 JBry1(0\Br, (0) Br; ., (0)\Br; ()

By (A.4) we have
1

R Jp,, (0\Bn, (o)

for all large j. Thus, since @); is nondecreasing in j, we obtain

QjQj1 < QF <CF(Rj1) (Qj — Qj-1)

hdVy < CF(Rj1)

and
1

1 1
F(Rj1) =¢ <Qj—1 N Qj) '
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Then we get
+oo

D

Jj=jo

FR,) < +00. (A.6)

Since F' is nondecreasing and R; = 2/ Ry, we have

1 Ry q
Z F(R;) 2 /Rj R;F(R;) a

J=Jo J=Jo
— [ 1 |
> / ——dt = / ——dt.
];jo R, F(t) R, tF(t)
This and (A.6) contradict (A.3). Therefore £ =0 on M. O

As an application of the previous lemma, we obtain the following weighted Karp-type result,
which is not used in this paper but may be of independent interest.

Corollary A.2. Let (M,g) be a complete noncompact Riemannian manifold. Let a > 0 be a
measurable locally integrable weight and let o € Hlloc(M) be such that

ac’ € LL (M),  a|Vo|* € LL.(M),  aoVo € L. (TM).

Assume that
o div(aVo) >0
in the sense of distributions. Let F : [Rp, +00) — (0,400) be positive and nondecreasing, and

assume that
R, tF(t)

If there exist o € M and a constant C' > 0 such that
/ ac®dV, < CR*F(R) (A7)
Bar(0)\Br(0)

for every R > Ry, then

alVol> =0
on M. In particular, if a > 0 almost everywhere and M is connected, then o is constant.
Proof. We apply Lemma A.1 with

T :=aoVo, E :=a|Vo|?, h:= ao?.
Indeed, since o div(aVeo) > 0 in the sense of distributions, we have
divT = div(aoc Vo) = a|Vo|* + o div(aVe) > a|Vo|? = E
in the sense of distributions. Moreover,
IT)? = a®0*|Vo|? = hE.

Finally (A.4) immediately follows from the definition of h and (A.7). Therefore Lemma A.1
gives E = 0, namely a|Vo|? = 0. If a > 0 almost everywhere and M is connected, it follows that
|Vo| = 0 almost everywhere on M, hence o is constant. O
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