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Abstract

In this paper, we continue our study, started in [9], of a two-dimensional variational model
for ferronematics — composite materials formed by dispersing magnetic nanoparticles into
a liquid crystal matrix. The model features two coupled order parameters: a Landau-de
Gennes Q-tensor for the liquid crystal component and a magnetisation vector field M, both
of them governed by a Ginzburg-Landau-type energy. The energy includes a singular coupling
term favouring alignment between Q and M. We analyse the asymptotic behaviour of (not
necessarily minimizing) critical points as a small parameter ε tends to zero. While in [9]
we showed that the (rescaled) energy density for the Q-component concentrates, to leading
order, on a finite number of singular points, in this paper we prove the energy density for
the M-component concentrates along a one-dimensional rectifiable set. Moreover, we prove
that the curvature of the singular set for the M-component (technically, the first variation of
the associated varifold) is concentrated on a finite number of points, i.e. the singular set for
the Q-component. Crucial to our arguments will be the energy estimates and compactness
results proved in [9].
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In this paper, we continue our study, started in [9], of the asymptotic behaviour of critical
points of the energy functional Fε, defined in (1) below, that has been proposed in the physical
literature [7] as a simplified model for two-dimensional ferronematics. Ferronematics are a class
of composite materials obtained as suspensions of magnetic nanoparticles in a nematic liquid
crystal host [8, 17]. According to the approach proposed in [7], ferronematics are described by two
order parameters. The orientation of the liquid crystal molecules is described by the Landau-de
Gennes Q-tensor, which is a map from the physical domain Ω ⊆ R2 to the space S 2×2

0 of 2 × 2,
symmetric, real matrices with trace equal to zero. Nonzero values of Q correspond to liquid
crystal configurations with a well-defined direction of molecular alignment, represented by the
eigenspace of Q associated with the positive eigenvalue, while Q = 0 indicates an isotropic state,
where all the directions of molecular alignment are equally likely. The distribution of magnetic
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nanoparticles is described by the average magnetisation vector, M : Ω → R2. The system is
governed by a free energy functional which depends on both Q and M:

(1) Fε(Q, M) :=
ˆ

Ω

{1
2 |∇Q|2 + ε

2 |∇M|2 + 1
ε2 fε(Q, M)

}
dx,

where ε is a non-dimensional parameter. The interaction between the liquid crystal host and the
magnetic inclusions is mediated by the potential fε, which takes the form

(2) fε(Q, M) := 1
4
(
1 − |Q|2

)2
+ ε

4
(
1 − |M|2

)2
− εβ QM · M + κε.

Here β > 0 is given and κε is an additive constant, depending on ε and β only, uniquely
determined by imposing that inf fε = 0. For positive values of β, the potential fε promotes
alignment between the liquid crystal molecules and the magnetisation vector. As in [9], we
consider two alternative sets of boundary conditions for Qε and Mε. One option is to impose
Dirichlet boundary conditions for both Qε and Mε:

(3) Qε = Qbd, Mε = Mbd on ∂Ω.

In this case, the boundary data Qbd ∈ C1(∂Ω, S 2×2
0 ), Mbd ∈ C1(∂Ω, R2) are ε-independent

maps that satisfy

(4) |Mbd| =
(√

2β + 1
)1/2

, Qbd =
√

2
(

Mbd ⊗ Mbd√
2β + 1

− I
2

)

at any point of ∂Ω.
Alternatively to (3)-(4), we consider ‘mixed’ boundary conditions, i.e. Dirichlet boundary

conditions for Qε and homogeneous Neumann boundary conditions for Mε:

(5) Qε = Qbd, ∂νMε = 0 on ∂Ω,

where ν is the exterior unit normal to ∂Ω. We assume the boundary datum Qbd (independent
from ε and) of the form

(6) Qbd =
√

2
(

nbd ⊗ nbd − I
2

)
on ∂Ω, for some map nbd ∈ C1(∂Ω, R2).

Regardless of our choice of boundary conditions, we always assume that there exists a con-
stant Cpot > 0, independent of ε, such that

(7) 1
ε2

ˆ
Ω

fε(Qε, Mε) ≤ Cpot

for any ε small enough. One can provide sufficient conditions for (7) in terms of the domain and
the boundary datum, see e.g. [9, Remark 1].
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By a critical point of the energy functional Fε, we mean a finite-energy solution (Qε, Mε)
of the Euler-Lagrange system of equations

−∆Qε + 1
ε2 (|Qε|2 − 1)Qε − β

ε

(
Mε ⊗ Mε − |Mε|2

2 I
)

= 0(8)

−∆Mε + 1
ε2 (|Mε|2 − 1)Mε − 2β

ε2 QεMε = 0.(9)

As show in [9], under boundary conditions as in (3)-(4) or as in (5)-(6) and upon assuming (7),
for any critical pair (Qε, Mε) we have the fundamental energy bounds

Fε(Qε, Mε) ≤ C |log ε| ,(10) ˆ
Ω

{
ε |∇Mε|2 + 1

ε2 fε(Qε, Mε)
}

dx ≤ C,(11)

where the constant C does not depend on ε. We consider the functions

µε := 1
|log ε|

(1
2 |∇Qε|2 + ε

2 |∇Mε|2 + 1
ε2 fε(Qε, Mε)

)
,(12)

νε := ε

2 |∇Mε|2 + 1
ε2 fε(Qε, Mε).(13)

In view of (10), (11), the families (µε)ε>0, (νε)ε>0 are bounded in L1(Ω).
The following convergence theorem has been obtained in [9].

Theorem A ([9]). Let Ω ⊆ R2 be a bounded, simply connected domain of class C2. Let
{(Qε, Mε)} ⊂ W 1,2(Ω, S 2×2

0 ) × W 1,2(Ω, R2) be a sequence of critical points of Fε subject to
either (3)–(4) or to (5)–(6). Assume that the condition (7) is satisfied. Then, as ε → 0,

(i) Qε → Q⋆ strongly in W 1,p(Ω) for any p < 2 and Mε → M⋆ strongly in Lp(Ω) for any
p < +∞.

(ii) The limiting maps Q⋆, M⋆ satisfy

|Q⋆(x)| = 1, |M⋆(x)| =
(√

2β + 1
)1/2

, Q⋆(x) =
√

2
(

M⋆(x) ⊗ M⋆(x)√
2β + 1

− I
2

)

for a.e. x ∈ Ω and

(14) div(Q⋆ × ∇Q⋆) = 0

in the sense of distributions in Ω.

(iii) µε ⇀ µ⋆ and νε ⇀ ν⋆ weakly* as measures in Ω.

(iv) spt µ⋆ is a finite set of points.

(v) Qε → Q⋆ strongly in W 1,p
loc (Ω \ spt µ⋆) for any p < +∞.
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We recall that, by (v) and (14), Q⋆ is a smooth harmonic map in Ω \ spt µ⋆.
While Theorem A provides detailed information on the asymptotic convergence of the Q-

component of a sequence of critical pairs and on the structure of the limiting energy concentration
set spt µ⋆, it gives much weaker information on the behaviour of the M-component and no
information on the structure of the limiting set spt ν⋆. In this paper, we characterise precisely
the set spt ν⋆, we clarify its relationship with the set spt ν⋆, and we obtain stronger convergence
properties for the M-component outside the union of spt µ⋆ and spt ν⋆.

As the coupling term promotes alignment between M and the eigenvectors of Q, the energy
of M should concentrate on singular lines, corresponding to jumps in the eigenvector frame.
Furthermore, keeping into account the results of [11, 10], where the asymptotic behaviour of
minimiser under boundary conditions as in (3)-(4) or as in (5)-(6) has been studied, we expect
that the endpoints of these singular lines should be either points of spt µ⋆ or, possibly, points of
∂Ω.

Main results

At first sight, both (8) and (9) look like perturbed Ginzburg-Landau systems. In [9], we have
largely exploited the Ginzburg-Landau-type structure of the system (8) in order to study the
asymptotic behaviour of the Q-component. In the present paper, we focus more closely on the
system (9).

The starting point of our analysis is the fact that (9) can be regarded as the Euler-Lagrange
equation of a ‘perturbed’ vectorial Allen-Cahn-type energy functional, i.e. the functional Eε

defined in (17) below. This observation allows us to pursue the approach introduced in the
recent paper [6] for non-minimising solutions of the Allen-Cahn system. As we are going to
see, a major difficulty is provided by the coupling term. To deal with this issue, we adapt the
energy methods developed in [6] and we combine them with the refined energy estimates and
convergence results for the Q-component obtained in [9].

In order to make explicit the Allen-Cahn-type structure of the system (9), we start by intro-
ducing the function ℓ : S 2×2

0 × R2 → R given by

(15) ℓ(Q, M) := 1
4
(
|M|2 − 1

)2
− βQM · M + 1

2
(
β2 +

√
2β
)

.

for any (Q, M) ∈ S 2×2
0 ×R2. It is easily checked (see Lemma 1.1) that for every Q ∈ S 2×2

0 \{0},
the function M 7→ ℓ(Q, M) has only two minimisers, given by

M± = ±
(√

2β |Q| + 1
)1/2

n,

where n is a unit eigenvector of Q relative to its positive eigenvalue. Now, given any se-
quence {(Qε, Mε)} of critical points of Fε, we define

(16) V (Mε) := ℓ(Qε, Mε) − inf
y∈R2

ℓ(Qε, y),

and

(17) Eε(Mε; G) :=
ˆ

G

{
ε

2 |∇Mε|2 + 1
ε

V (Mε)
}

dx,
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for any measurable set G ⊆ Ω. Although not explicitly stressed in the notation, the function V
and the functional Eε actually depend on Qε, too. In particular, the wells of V (Mε) are not
fixed, but move, dependingly on both x and ε.

If G ⊂ Ω is a subset where |Qε| ≥ 1/2, say, for any sufficiently small ε > 0, then for any such
ε the maps

(18) (M±)ε = ±
(√

2β |Qε| + 1
)1/2

nε

provide the only zeroes of V (Mε) in G. Note that, whenever (M+)ε, (M−)ε are defined, there
holds |(M+)ε − (M−)ε| > 2. We also notice that, basically by (7) and (11) (see Proposition 2.2
for more details), the ε-independent bound

(19) Eε(Mε; G) ≤ E0

is in force.
With the notation introduced above, the Euler-Lagrange equation (9) can be recast in the

form

(20) −ε∆Mε + 1
ε

∇MV (Mε) = 0,

which is exactly the Euler-Lagrange equation of the functional Eε. Formally, the Equation (20)
looks like an Allen-Cahn system. Although the fact the wells are not fixed prevents us from
applying directly the results of [6], we can still follow the same line of thought. In particular,
exactly as in [6], it turns out that, besides the energy densities νε and their limit ν⋆, another
fundamental object is involved in the study for obtaining the structure properties of the set
spt ν⋆: the limiting potential energy density, ζ⋆.

Proceeding as in [6], we define the potential energy densities

(21) ζε := 1
ε

V (Mε),

As a consequence of the uniform energy bound (19), the sequence (ζε)ε>0 is bounded in L1(Ω),
and thus we can extract a subsequence and find ζ⋆, a non-negative Radon measure in Ω, so that

ζε ⇀∗ ζ⋆

weakly* as measures in Ω in the limit as ε → 0. As we discuss in more detail in the last part of
this introduction, it turns out that

ζ⋆ ≤ ν⋆ ≲ ζ⋆

in the sense of measures away from spt µ⋆, so that, loosely speaking, ν⋆ and ζ⋆ retain the same
amount of information. However, exactly as in [6], ζ⋆ is a much more convenient object to study
than ν⋆.

We are now ready to state our main theorems, which are best expressed using the language of
the theory of varifolds (see, e.g., [19] for a detailed account — a brief review of basic terminology,
as needed in this paper, is included in Section 4.)
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Theorem B. The set spt ν⋆ is H 1-rectifiable, with locally finite measure. Upon setting

S⋆ := spt ν⋆ \ spt µ⋆,

the following holds.

(i) The limiting potential energy measure ζ⋆ is absolutely continuous with respect to the measure
H 1 S⋆. In other words, there exists a function v⋆ : S⋆ → R+, locally integrable with
respect to the measure H 1 S⋆, such that

ζ⋆ = v⋆ H 1 S⋆.

The function v⋆ is locally bounded both from above and from below in any compact set
K ⊂ Ω \ spt µ⋆.

(ii) The measure ζ⋆ is the weight measure of the H 1-rectifiable varifold V⋆ carried by S⋆ with
density function v⋆.

(iii) The varifold V⋆ is stationary in Ω \ spt µ⋆ and its first variation as a varifold in Ω is
concentrated on spt µ⋆.

(iv) The set spt ν⋆ is locally a union of segments, open relative to Ω, each of which having
constant density, given by the value of v⋆ at any point of the segment. In addition, apart
from an exceptional, H 1-null set, around any point x0 of S⋆, the singular set spt ν⋆ consists
of exactly one segment, with constant density v⋆(x0).

(v) As ε → 0, Mε → M⋆ in L∞
loc(Ω \ (spt µ⋆ ∪ spt ν⋆)).

Theorem B provides detailed information on the structure of the set spt ν⋆, obtained through
the properties of the limiting measure ζ⋆.

Statement (iii) of Theorem B is an abridged version of our second main theorem, Theorem C
below, which establishes the precise form of the relationship between spt µ⋆ and V⋆ (and thus,
spt ν⋆). Before stating Theorem C, we need to introduce another bit of notation.

Given distinct points a1, . . . , an in Ω, we denote by W⋆(a1, . . . , an) their Ginzburg-Landau
renormalised energy, defined exactly as in [4] (we recall its characterising property in (4.5) below)
and representing their interaction energy. In particular, we will be interested in the renormalised
energy W⋆(a1, . . . , an⋆) of the (distinct) points a1, . . . , an⋆ in spt µ⋆ ∩ Ω.

Theorem C. The first variation δV⋆ of the varifold V⋆ := v(S⋆, v⋆) satisfies

(22) δV⋆(X) =
n⋆∑

j=1
zj · X(aj)

for any X ∈ C1
c (Ω, R2), where

(23) zj = −1
2∇ajW⋆ (a1, . . . , an⋆)

for any j ∈ {1, . . . , n⋆}. Here n⋆ and a1, . . . , an⋆ denote, respectively, the cardinality and the
points of spt µ⋆ ∩ Ω.
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We can look at (22)–(23) as a balance law which sheds light on the relationship between spt µ⋆

and spt ν⋆: the interaction energy between the point singularities a1, . . . , an⋆ , encoded in the
Ginzburg-Landau renormalised energy W⋆(a1, . . . , an⋆), is compensated by the first variation of
V⋆. In particular, we see from (22) that V⋆ is stationary in Ω\spt µ⋆. (Notice that this implies that
the ‘boundary’ of spt ν⋆ must consist of points of ∂Ω or points of spt µ⋆.) In the pure Allen-Cahn
setting (both in the scalar case [15] and in the vectorial case on two-dimensional domains [6]),
the stationarity of the limiting varifold is inherited from Equation (29), whose validity ultimately
goes back to the fact that Mε solves the Allen-Cahn equation, so that δV⋆ = 0 can be seen as
a criticality condition for spt ν⋆. Similarly, in the pure Ginzburg-Landau theory, the condition
∇ajW⋆(a1, . . . , an⋆) = 0 for any j ∈ 1, . . . , n⋆ represents the criticality condition for spt µ⋆ ∩ Ω
(cf. e.g. [4, Theorem VII.4] and [5, Theorem IX.1]). It is therefore natural that the interaction
between the two components Qε and Mε induces a balance between the first variation of V and
the gradient of the renormalised energy, rather than separate criticality of these two objects.

Structure of the proofs

The proofs of the Theorem B and Theorem C are substantially more complex than the analogous
results for minimising solutions. Many of the arguments of [11, 10] do not carry over to this
context, because they are based on energy minimality. Studying the properties of the limiting
measure ν⋆ — in particular, proving rectifiability of its support — is a much more delicate
task. A substantial difficulty is the lack of relevant monotonicity formulae for νε. Indeed,
since we expect concentration of νε on a 1-dimensional set, we seek bounds on quantities of
the form r−1 ´

Br(x0) νε dx. However, a direct computation (based on a Pohozaev identity, see
Lemma 1.6 below) gives

r2 d
dr

(
1
r

ˆ
Br(x0)

νε dx

)
=
ˆ

Br(x0)

( 1
ε2 fε(Qε, Mε) − ε

2 |∇Mε|2
)

dx

+ r

ˆ
∂Br(x0)

(
ε |∂νMε|2 + 1

2 |∂νQε|2 − 1
2 |∂τ Qε|2

)
dH 1,

(24)

where ν and τ denote, respectively, the normal and the tangent field to ∂Br(x0).
Leaving aside the terms that depend on Qε for the moment, the first integral in the right-

hand side of (24) is problematic, because it does not have a definite sign. While in the scalar case
similar “discrepancy” terms can be bounded from below based on the maximum principle [18, 15],
there is no reason why such bound should extend to the vectorial case. (For instance, an example
in [20] shows that in the vectorial case the pointwise discrepancy associated with entire solutions
may not have a sign, in sharp contrast with the scalar case [18].) To circumvent this issue, we
follow the strategy of the recent paper [6], which is ultimately based on refined energy estimates.
Once again, we have to adapt this approach to make it compatible with the coupling terms.

The key ingredients to this purpose are the following facts proved in [9]:
(a) The clearing-out theorem for Qε, which ensures that, for every compact set K ⊂ Ω\spt µ⋆,

there holds |Qε| ≥ 1/2 uniformly on K, for every ε small enough, depending only on K.
In fact, for every compact set K ⊂ Ω \ spt µ⋆, we have also

(25) |Qε| → 1 uniformly on K as ε → 0.
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(b) For every compact set K ⊂ Ω \ spt µ⋆ and every p with 1 ≤ p < +∞, there holds

(26)
ˆ

K

{
|∇ |Qε||p +

( |Qε| − 1
ε

− κ⋆

)p}
dx → 0

as ε → 0, where κ⋆ = β

2
√

2

(√
2β + 1

)
is a constant that could be seen as the ground level

of the ‘modified’ Ginzburg-Landau potential (the term in round brackets above) arising
because of the interaction between the two order parameters.

(c) The strong convergence Qε → Q⋆ in W 1,p
loc (Ω \ spt µ⋆) from item (v) of Theorem A.

(d) Q⋆ is a smooth harmonic map in Ω \ spt µ⋆.

The first part of (a) is a straightforward consequence of [9, Proposition 2.5] and (10). It ensures
that, away from spt µ⋆, the Allen-Cahn structure is well defined, making our approach viable.
The uniform convergence (25) comes as a consequence of uniform bounds on the p-Ginzburg-
Landau energy of Qε, for every p with 1 ≤ p < +∞ (see [9, Proposition 2.6 and Lemma 2.8]).

Item (b) follows from Lemma 3.7 and Remark 3.6 in [9]. It is actually crucial to the proof of
the strong convergence in (c) and it also entails that

(27) 1
ε2 fε(Qε, Mε) − 1

ε
V (Mε) → 0,

strongly in Lp(K), for every compact K ⊂ Ω\spt µ⋆ and any p with 1 ≤ p < +∞, see Lemma 3.2
below.

Concerning (c), it implies that, if B(x0, r) ⊂⊂ Ω \ spt µ⋆, then, as ε → 0,ˆ
∂Br(x0)

|∂νQε|2 dH 1 →
ˆ

∂Br(x0)
|∂νQ⋆|2 dH 1

ˆ
∂Br(x0)

|∂τ Qε|2 dH 1 →
ˆ

∂Br(x0)
|∂τ Q⋆|2 dH 1

for almost every radius. Finally, the harmonicity of Q⋆ away from spt µ⋆ implies thatˆ
∂Br(x0)

|∂νQ⋆|2 dH 1 =
ˆ

∂Br(x0)
|∂τ Q⋆|2 dH 1.

Back to (24), we observe that, by the above, the terms depending on Qε on the second
line actually vanish in the limit as ε → 0, whenever Br(x0) is well-contained in Ω \ spt µ⋆.
Furthermore, by (27), as far as we are concerned with the limit ε → 0, we may replace the
potential 1

ε2 fε(Qε, Mε) with the simpler potential 1
ε V (Mε) in (24) and, instead of the energy

densities νε, we may consider the simpler energy densities

ν̃ε := ε

2 |∇Mε|2 + 1
ε

V (Mε).

In view of the uniform energy bound (19), the sequence (ν̃ε)ε>0 is bounded in L1(Ω) and so,
up to extraction of a subsequence, ν̃ε convergence weakly∗ in the sense of measures as ε → 0.
By (27), there holds

(28) ν̃ε ⇀∗ ν⋆ weakly∗ as measures in K,
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for every compact set K ⊂ Ω \ spt µ⋆, as ε → 0. We stress that here ν⋆ is exactly the limit of the
measures νε that appears in Theorem A. The convergence in (28) says essentially that, at first
order, all the relevant information on the limiting measure ν⋆ is already contained in the simpler
energy measures ν̃ε. What is more, on the account of the results in [6], we may expect “clearing-
out” properties and energy decay estimates for ν̃ε (see Section 2.3 for the precise statements),
leading to lower density bounds on ν⋆ (see Section 3.1).

As already mentioned, one major consequence of the presence of Qε in the definition of
V (Mε) is the fact that the wells of V (Mε) are not fixed but move, both with x and ε, as shown
by (18). Most arguments in [6] are based on testing (20) against maps involving the difference
Mε − (M±)ε, so that the fact that (M±)ε is not constant gives rise to terms depending on Qε

and its derivatives. We manage them by using the above ingredients. Combined with the the
strategy in [6] and through a rather delicate analysis, they allow us to obtain the estimates and
the compactness results for the Mε-component in Section 2 and Section 3, respectively. The
main result at the ε-level is the clearing-out property for Mε provided by Theorem 2.12, which,
passing to the limit as ε → 0, yields a corresponding clearing-out property for ν⋆, item (ii) of
Theorem 3.3 below.

As in [6], the clearing-out theorem for ν⋆ is a fundamental tool towards the analysis of the
structure properties of the set spt ν⋆. First, it yields density lower bounds for ν⋆ and the fact that
the H 1-measure of spt ν⋆ is locally finite (see Theorem 3.3). Second, together with an appropriate
Pohozaev-type inequality (Proposition 3.6), which yields the non-existence of ‘islands’ of singular
set (Theorem 3.7), it entails that spt ν⋆ is locally path connected, and thus an H 1-rectifiable
set. By exploiting the rectifiability of spt ν⋆ and, again, the clearing-out property, we prove in
Theorem 3.10 the locally uniform convergence of Mε towards M⋆ away from spt µ⋆ ∪ spt ν⋆.

Continuing following [6], the crucial observation to overcome the aforementioned lack of
monotonicity formulae for the rescaled Allen-Cahn energy is the fact ζ⋆ solves the equation

(29) ∂ω⋆

∂z̄
= 2∂ζ⋆

∂z

in the sense of distributions in Ω \ spt µ⋆. Here, ω⋆ is the limiting Hopf differential, defined by

ω⋆ = ωQ + ωM :=(weak*-) lim
ε→0

(
|∂1Qε|2 − |∂2Qε|2 − 2i∂1Qε · ∂2Qε

)
+ (weak*-) lim

ε→0
ε
(
|∂1Mε|2 − |∂2Mε|2 − 2i∂1Mε · ∂2Mε

)
.

(30)

Because of the strong convergence Qε → Q⋆ in W 1,2
loc (Ω \ spt µ⋆) and since Q⋆ is smooth har-

monic in Ω \ spt µ⋆, we have ∂ωQ
⋆

∂z̄ = 0 and, therefore, (29) can equivalently be written (see
Proposition 3.13) as

∂ωM
⋆

∂z̄
= 2∂ζ⋆

∂z

in the sense of distributions in Ω \ spt µ⋆. According to [6], the system (29) could be interpreted
as a sort of ‘modified Cauchy-Riemann conditions’.

A remarkable consequence of (29) is that, for any x0 ∈ Ω, the function r 7→ ζ⋆(B(x0, r))
r is

monotone non-decreasing (see Proposition 3.18). Neither an analogous monotonicity property
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nor any equation similar to (29) are known to hold for ν⋆. This motivates us to focus our
attention on ζ⋆ instead of ν⋆. Luckily, from the analysis of ζ⋆ we still recover information on
the set S⋆ := spt ν⋆ \ spt µ⋆, because S⋆ coincides exactly with the support of ζ⋆. Indeed, on
the one hand the convergence (28) and the equality ζ⋆(spt µ⋆) = 0 (which follows from the the
monotonicity of 1

r ζ⋆) imply that
ζ⋆ ≤ ν⋆

in the sense of measures in Ω (see Proposition 3.18).
On the other hand, by monotonicity, ζ⋆ has a density at every point x0 ∈ Ω, which yields

the first part of statement (i) of Theorem B. The monotonicity of ζ⋆ and, once again, a suitable
Pohozaev inequality, allow us to prove that the density of ν⋆ exists a H 1-a.e. point of S⋆ and
is controlled by v⋆ through a constant depending only on Ω and β. Together with the density
lower bounds for ν⋆ coming from the clearing-out theorem, it gives the density lower bounds on
v⋆ mentioned in the second part of (i), while the upper bounds come as a consequence of (19)
and, again, the monotonicity of ζ⋆. As a consequence,

ν⋆ ≲ ζ⋆ as measures in Ω \ spt µ⋆ and spt ζ⋆ = S⋆.

Once statement (i) is proved, statement (ii) of Theorem B is an immediate consequence of the
definitions (see Section 4). Given (ii) and assuming for a moment (iii) (i.e., Theorem C), item (iv)
follows from a classical structure theorem for stationary 1-varifolds with bounded density [1],
together with [6, Theorem 1.3]. Contrary to the case of minimisers, we do not know if the
density v⋆ is constant, in general, although we suspect that the limiting varifold V⋆ has integer
multiplicity, see Remark 4.1.

Finally, concerning Theorem C, relying on (29) exactly as in [6, Theorem 1.3], we first prove
in Theorem 4.1 that V⋆ is stationary in Ω \ spt µ⋆, which implies that the first variation of
V⋆ as a varifold in Ω must be supported on the finite set spt µ⋆. Then, in Theorem 4.2, we
compute explicitly δV⋆. The computation starts from the Pohazaev identity at the ε-level, given
by Lemma 1.6 below, and it exploits once again the above toolkit (a)–(d) in a decisive way to
obtain the balance law (22)–(23).

Plan of the paper

The paper is organised as follows. Section 1 contains some notation and preliminary results
imported from the companion paper [9]. In Section 2.3 we develop refined energy estimates for
Mε, along the lines of [6], that lead in the end to the clearing-out theorem for Mε, Theorem 2.12.
Section 3 is devoted to the analysis of the limit measure ν⋆, based on an adapting the arguments
in [6]. (More details on the structure of the arguments can be found at the beginning of the
section.) The proof of Theorem B and of Theorem C are given in Section 4.

Notation. We use the symbol {Xε} to denote a family of objects indexed by the parameter
ε > 0, almost always used as a shorthand to denote the sequence {Xεk

}k, where εk → 0 as
k → +∞. Usually, for the sake of a lighter notation, we do not relabel subsequences.

In inequalities like A ≲ B, the symbol ≲ means that there exists a constant C, independent
of A and B, such that A ≤ CB. In particular, dealing with sequences indexed by ε, we use ≲

10



to denote inequality up to a constant independent of ε. Whenever it is relevant, we keep track
of the dependences of the implicit constants. Whenever possible without inducing ambiguities,
for the sake of a lighter notation, we avoid writing explicitly the measure of integration in the
integrals.
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1 Preliminary results

In this Section, we collect the results from the companion paper [9] that will be needed in the
following course.

1.1 Properties of the potential fε.

For the reader’s convenience, we summarise below some properties of the potential fε. All these
properties have been already proved either in [11] or in [9], to which the reader will be referred
for detailed proof.

The constant κε in (2) is uniquely determined by imposing inf fε = 0. It turns out that ([11,
Lemma B.3])

κε = 1
2
(
β2 +

√
2β
)

+ κ2
⋆ε2 + o(ε2),
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where

(1.1) κ⋆ := 1
2
√

2
β
(√

2β + 1
)

.

Upon using the function ℓ(Q, M) defined in (1.3), we can rewrite

(1.2) 1
ε2 fε(Q, M) = 1

4ε2

(
|Q|2 − 1

)2
+ 1

ε
ℓ(Q, M) + χε,

where

(1.3) ℓ(Q, M) := 1
4
(
|M|2 − 1

)2
− β QM · M + 1

2
(
β2 +

√
2β
)

and where

(1.4) χε := κε

ε2 − 1
2ε

(
β2 +

√
2β
)

satisfies

(1.5) χε → κ2
⋆ as ε → 0.

For later reference, we recall the following characterisation of minimisers of ℓ(Q, · ), for a
given Q ̸= 0.

Lemma 1.1 ([9, Lemma 1.2]). For any Q ∈ S 2×2
0 \ {0}, the function ℓ(Q, · ) has exactly two

minimisers, given by

(1.6) M± := ±
(√

2βρ + 1
)1/2

n

where ρ := |Q| and n is a unit eigenvector of Q corresponding to its positive eigenvalue. More-
over, there holds

min ℓ(Q, · ) = ℓ(Q, M±) = β

2 (1 − ρ)
(√

2 + β + βρ
)
.(1.7)

For Q ∈ S 2×2
0 \ {0}, let Σ(Q) := {M+, M−} ⊆ R2 be the set of minimisers of ℓ(Q, · ), as

given by (1.6). If Q ̸= 0 and dist(M, Σ(Q)) ≤ 1, we define

(1.8) π(Q, M) :=
{

M+ if |M − M+| ≤ 1
M− if |M − M−| ≤ 1.

π(Q, M) is the closest projection of M to Σ(Q). It is defined in a non-ambiguous way, be-
cause |M+ − M−| = 2(

√
2βρ + 1)1/2 > 2.

Lemma 1.2 ([9, Lemma 1.4]). For any Λ > 1, there exist positive constants δ0(Λ) and c0(Λ)
(depending on Λ and β only) such that the following statement holds: for any (Q, M) ∈ S 2×2

0 ×
R2 such that Λ−1 ≤ |Q| ≤ Λ and dist(M, Σ(Q)) ≤ δ0(Λ), there holds

∇Mℓ(Q, M) · (M − π(Q, M)) ≥ c0(Λ)
(
ℓ(Q, M) − ℓ(Q, π(Q, M))

)
≥ 0.

12



1.2 The maximum principle

A first consequence of the Euler-Lagrange equations (8), (9) is the following maximum principle,
the proof of which is detailed in [9, Lemma 1.6].

Lemma 1.3. The maps Q∗
ε, M∗

ε are smooth inside Ω and of class C1 up to the boundary of Ω.
Moreover, there exist a constant Cβ, depending only on β, and a constant Cβ,Ω, depending only
on β and Ω, such that

∥Q∗
ε∥L∞(Ω) + ∥M∗

ε∥L∞(Ω) ≤ Cβ(1.9)

∥∇Q∗
ε∥L∞(Ω) + ∥∇M∗

ε∥L∞(Ω) ≤ Cβ,Ω
ε

.(1.10)

Remark 1.1. As observed in [9, Remark 1.6], the proof of Lemma 1.3 shows a little bit more.
Indeed, we have, more precisely,

(1.11) |Qε| ≤ s∗(β, ε), |Mε|2 ≤ 1 +
√

2β s∗(β, ε) in Ω,

where s∗(β, ε) > 1 is the largest root of the polynomial P (X) = X3 − (1 + β2ε)X − β√
2ε.

Elementary calculus shows that s∗(β, ε) → 1 as ε → 0, for any given value of β. Then, by
differentiating the constraint P (s∗(β, ε)) = 0 with respect to ε, we deduce

(1.12) s∗(β, ε) = 1 + εκ⋆ + O(ε2)

as ε → 0.

1.3 Summary of the energy estimates

The following theorem summarises the main energy estimates proved in [9].

Theorem 1.4 ([9, Theorem 2.11]). Let {(Qε, Mε)} be a sequence of critical points of the func-
tional Fε, subject to boundary conditions as in (3), (4) or as in (5), (6). Assume that (7) holds.
Then,

Fε(Qε, Mε) ≲ |log ε| ,(1.13) ˆ
Ω

|∇Qε|2 ≲ |log ε| ,(1.14)
ˆ

Ω
ε |∇Mε|2 ≲ 1,(1.15)

1
ε2

ˆ
Ω

(
1 − |Qε|2

)2
≲ 1,(1.16)

where the implicit constants on the right-hand side depend only on β, Cpot, and the L1(∂Ω)- and
the L2(∂Ω)-norm of Qbd × ∂τ Qbd.

Moreover, on any ball B = B(x0, R) ⊂⊂ Ω on which |Qε| ≥ 1/2, there holdˆ
B

|∇Qε|2 dx ≤ C(x0, R, β, Cpot),(1.17)

Fε(Qε, Mε; B) ≤ C(x0, R, β, Cpot),(1.18)
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where the constant C(x0, R, β, Cpot, Qbd) depends only on x0, R, β, Cpot, and the L1(∂Ω)-
and the L2(∂Ω)-norm of Qbd × ∂τ Qbd. Consequently, if K ⊂ Ω is any compact set such that
|Qε| ≥ 1/2 on K for any ε small enough, then there holds

(1.19) lim
ε→0

Fε(Qε, Mε; K)
|log ε|

= 0.

1.4 Pohozaev identity

In several points of this work, we shall make use of the Pohozaev identity satisfied by critical
points (Qε, Mε) of Fε, both at the ε-level and the ‘⋆-level’, i.e., after taking the limit ε → 0. This
identity has been already obtained (and exploited) in [9], so we just recall the result, referring
the reader to [9] for a detailed proof.

As in [9], we define the stress-energy tensor associated to (Qε, Mε) as

(1.20) T ε
jk := ∂jQε · ∂kQε + ε ∂jMε · ∂kMε − eε(Qε, Mε) δjk

for (j, k) ∈ {1, 2}2. Here eε(Qε, Mε) is the energy density, defined by

(1.21) eε(Qε, Mε) := 1
2 |∇Qε|2 + ε

2 |∇Mε|2 + 1
ε2 fε(Qε, Mε)

Then, the following identity holds.

Lemma 1.5 ([9, Lemma 1.7]). Let G ⊆ Ω be any open set with boundary ∂G of class C1 and let
X ∈ C1

c (R2; R2). Then, for any solution (Q, M) to (8), (9) there holds
ˆ

G
T ε

jk ∂jXk =
ˆ

∂G
((ν · ∇Q) · (X · ∇Q) + ε (ν · ∇M) · (X · ∇M)) ds

−
ˆ

∂G
(X · ν) eε(Q, M) ds.

(1.22)

In particular, the stress-energy tensor satisfies ∂jT ε
jk = 0 in Ω.

For later reference, we point out an immediate consequence of Lemma 1.5.

Lemma 1.6. For each ball B = B(x0, R) ⊆ Ω, there holds

2
ε2

ˆ
B

fε(Qε, Mε) dx + R

2

ˆ
∂B

(
|∂νQε|2 + ε |∂νMε|2

)
ds

= R

2

ˆ
∂B

(
|∂τ Qε|2 + ε |∂τ Mε|2 + 2

ε2 fε(Qε, Mε)
)

ds

(1.23)

where ν is the outward unit normal and τ is the unit tangent field on ∂B, oriented in such a
way that (ν, τ ) is a positive basis.

Proof. The lemma follows by taking G = B(x0, R) and X(x) := φ(x)(x − x0) in (1.22), where
φ : R2 → R is a smooth cut-off function such that φ ≡ 1 in a neighbourhood of Ω.
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Finally, we recall that, being a smooth harmonic map in Ω\spt µ⋆, Q⋆ satisfies an independent
Pohozaev identity. More precisely, if X is any smooth vector field with compact support in
G ⊆ Ω \ spt µ⋆, then we have

(1.24)
ˆ

G

{
∂jQ⋆ · ∂kQ⋆ ∂jXk − 1

2(div X) |∇Q⋆|2
}

dx = 0.

Equation (1.24) is classical and it is obtained by multiplying the harmonic map equation −∆Q⋆ =
|∇Q⋆|2 Q⋆ by X · ∇Q⋆ and integrating by parts twice.

2 Refined energy estimates for Mε

In this section, we take advantage of the ‘Allen-Cahn type’ structure of the energy functional Eε

introduced in (17) to derive several refined energy estimates for the Mε-component of a sequence
{(Qε, Mε)} of critical points of the functional Fε.

The key point of our argument is the fact that the Euler-Lagrange equation of Eε is pre-
cisely (9), which, as we have already seen, can be recast in the more convenient form (20).
However, although Eε looks like an Allen-Cahn functional and, formally, (20) looks like an
Allen-Cahn system, the coupling between Qε and Mε make the wells of the potential function
V in (16) dependent on Qε, putting our problem well outside the context considered in [6].
Nonetheless, we manage so as to exploit the improved bounds on Qε from the companion paper
[9] away from the set spt µ⋆ given by item (iv) of Theorem A to keep the perturbation under
sufficiently precise control. This allows us to parallel the path traced in [6] away from spt µ⋆, so
that we are able to establish several a priori estimates for critical points at the ε-level starting
from Equation (9). These estimates lead, ultimately, to a crucial clearing-out property for Mε,
expressed by Theorem 2.12. In turn, Theorem 2.12 is key to analyse the limiting situation as
ε → 0 and, indeed, it is the cornerstone of the further developments worked out in Section 3.

2.1 The ‘perturbed Allen-Cahn energy’ Eε

We start by studying the properties of the energy functional Eε, already defined in (17) in the
introduction, and the associated potential V , defined in (16). (For convenience, all the relevant
definitions are recalled below.) The potential V depends on both Q and M, though, we shall
see, Q enters essentially as a ‘parameter’. The critical points of Eε satisfy the Euler-Lagrange
equation (9), which is more conveniently recast in the form (2.8). As already mentioned in
the Introduction, whenever Q ̸= 0, Eε can be seen as a ‘perturbed Allen-Cahn energy’. The
‘perturbation’ has to be sought in the terms depending on Q in the potential V , which make
the wells move with the point x ∈ Ω instead of staying fixed, which is instead the case in
the usual Allen-Cahn theory. In this section, we point out a few general properties of Eε and
V . In particular, we prove a global, ε-independent bound for the energy of critical points (see
Proposition 2.2 below). Further, we introduce some notation and terminology that will be
extensively used in the next sections.

Given any pair (Q, M) ∈ S 2×2
0 × R2, we let

V (M) := ℓ(Q, M) − inf
y∈R2

ℓ(Q, y),
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where ℓ is the function defined in (1.3). Notice that V ≥ 0. If G ⊂ Ω, x ∈ G, and x 7→ Q(x) is a
Q-tensor field and x 7→ M(x) is a vector field, we define

(2.1) V (x, M(x)) := ℓ(Q(x), M(x)) − inf
y∈R2

ℓ(Q(x), y).

Note that, since the infimum of ℓ(Q(x), · ) does not depend on M (see (1.7)), we have

(2.2) ∇MV ( · , M) = ∇Mℓ(Q, M).

for any x ∈ G.

Lemma 2.1. Let (Qε, Mε) be any critical point of Fε subject to boundary conditions either as
in (3)–(4) or as in (5)–(6) and assume that (7) holds. Then, for every x ∈ Ω there holds the
estimate

1
ε2 fε(Qε(x), Mε(x)) − 1

ε
V (x, Mε(x)) ≲ 1

ε2

(
1 − ρ2

ε

)2
+ Oε→0(1),(2.3)

where the implicit constant on the right-hand side depends only on β.

Proof. Recalling (1.3), (1.4), (1.7), (1.2), (1.5), and (1.9), we have the pointwise identities

1
ε2 fε(Qε(x), Mε(x)) − 1

ε
V (x, Mε(x))

= 1
4ε2

(
1 − |Qε|2

)2
+ χε + 1

ε
min
y∈R2

ℓ(Qε, y)

= 1
4ε2

(
1 − ρ2

ε

)2
+ β

2

(1 − ρε

ε

)(√
2 + β + βρε

)
+ κ2

⋆ + oε→0(1),

(2.4)

which, after applying Young’s inequality, yields estimate (2.3).

Remark 2.1. As an immediate consequence of Lemma 2.1, (1.16), and assumption (7), we have
the ε-independent bound

(2.5)
ˆ

Ω
V (x, Mε(x)) dx ≲ 1,

where the implicit constant on the right-hand side depends only on β and the constant Cpot in
(7). A still immediate but even more important consequence of Lemma 2.1 will be provided by
Lemma 3.1 hereafter.

Next, for any measurable set G ⊆ Ω, we define

(2.6) Eε(M; G) :=
ˆ

G

(
ε

2 |∇M|2 + 1
ε

V (x, M)
)

dx.

The uniform energy bound for critical points below is immediate.
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Proposition 2.2. Let (Qε, Mε) be a critical point of Fε, subject to boundary conditions either
as in (3)–(4) or as in (5)–(6). Then,

(2.7) Eε(Mε; Ω) ≤ E0,

where E0 is a positive number depending only on β, the constant Cpot in (7), and the (implicit)
constant C on the right-hand side of (1.15).

Proof. The conclusion follows immediately by combining (1.15) and (2.5).

With the notation introduced above, the equation for M, i.e., Equation (9), can be recast in
the form

(2.8) −ε∆M + 1
ε

∇MV ( ·, M) = 0

in any open set G ⊂ Ω. This compact writing will be conveniently employed in the following
course.
Remark 2.2 (Scaling properties). Let G = B(x0, r) ⊂ Ω be a ball. Then, arguing exactly as in
[6, Section 1.4.1], upon setting

ε̃r := ε

r
, M̃ε̃r

(x) := Mε(rx + x0), Q̃ε̃r
(x) := Qε(rx + x0) (x ∈ B1),(2.9)

eε(Mε)(y) := ε

2 |∇Mε|2 (y) + 1
ε

V (y, Mε) (y ∈ B(x0, r)),(2.10)

we have that M̃ε̃r
solves (2.8) with ε changed into ε̃r and, moreover, there holds

(2.11) eε̃r
(Mε̃r

)(x) = reε(Mε)(rx + x0), ∀x ∈ B1.

In fact, the separate identities

ε̃r

2

∣∣∣∇M̃ẽr

∣∣∣2 (x) = r

(
ε

2 |∇Mε|2 (rx + x0)
)

,

1
ε̃r

Vε̃r

(
x, M̃ε̃r

)
= r2

(1
ε

V (x, Mε)
)

hold for any x ∈ B1, whence

Eε(Mε; B(x0, r)) = rEε̃r

(
M̃ε̃r

; B1
)

,(2.12)

1
ε

ˆ
B(x0, r)

V (y, Mε) dy = r

(
1
ε̃r

ˆ
B1

Vε̃r
(x, M̃ε̃r

) dx

)
.(2.13)

Thus, dividing both sides of (2.12) by ε shows that the quantity ε̃−1
r Eε̃r

is scaling invariant:

(2.14) ε−1Eε(Mε; B(x0, r)) = ε̃−1
r Eε̃r

(
M̃ε̃r

; B1
)

.
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Assume now G ⊂ Ω is a simply connected, open set, with smooth boundary. Then, by well-
known lifting results (cf., e.g., [9, Section 1.1]), given Q, a Q-tensor field which does not vanish
in G, we can find a pair (n, m) of orthonormal eigenvectors of Q defined in the whole of G so
that we can write

Q = ρ√
2

(n ⊗ n − m ⊗ m) in G,

where, as always in this paper, ρ := |Q| and n(x) denotes an eigenvector of Q(x) related to its
positive eigenvalue.

Next, we let M± = ±
(
1 +

√
2βρ

)1/2
n denote the maps realising the minimum of V , i.e., of

ℓ(Q, · ) — see Lemma 1.1 — so that

V (x, M(x)) = ℓ(Q(x), M(x)) − ℓ(Q(x), M±(x))

for any x ∈ G. We also set

(2.15) Σ(Q(x)) := {M+(x), M−(x)} for x ∈ G.

Recall that, for Q ̸= 0,

(2.16) |M+ − M−| = 2
(
1 +

√
2βρ

)1/2
> 2

and we notice that, by a straightforward computation, for both N = M+ and N = M− there
holds

D2
Mℓ(Q, N) =

√
2βρ I + (

√
2βρ + 2)n ⊗ n +

√
2βρ m ⊗ m = 2

√
2βρ I + 2n ⊗ n(2.17)

so that

D2
Mℓ(Q, N)(M − N) · (M − N) ≥ 2

√
2 βρ |M − N|2

for both N = M+ and N = M−. Thus,

(2.18) 2
√

2βρ |M − N|2 ≤ D2
MV ( ·, N)(M − N) · (M − N) ≤ 2

(
1 +

√
2βρ

)
|M − M±|2 .

for both N = M+ and N = M−. As it is immediately checked from (2.17), (n, m) is also an
orthonormal basis of eigenvectors for D2

MV (x, M±(x)) at any x ∈ G, with eigenvalues λn, λm
given by

λm = 2
√

2βρ, λn = 2
(
1 +

√
2βρ

)
.

In particular, if G ⊂ Ω is a simply connected, open set, with smooth boundary and |Q| > 0 on
G, then D2

MV (x, M±(x)) is a positive-definite quadratic form at any x ∈ G. In addition, if |Q|
is bounded from above and from below on G, then from the proof of Lemma 1.2, we have better
control on the behaviour of V near Σ(Q). More precisely, we first observe that, if 1/2 ≤ |Qε| ≤ 2
on G, then

(2.19) λ− :=
√

2β ≤ λm and λn ≤ λ+ := 2
(
1 + 2

√
2β
)

on G.

so that the lemma below follows easily and provides a counterpart of [6, Proposition 2.1].
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Lemma 2.3. There exists a positive constant δβ ∈ (0, 1/4], depending only on β, such that
the following holds. If G ⊂ Ω is an open, simply connected set with smooth boundary and Q
is a Q-tensor field with 1

2 ≤ |Q| ≤ 2 on G, then for any x ∈ G and any y ∈ R2 such that
dist(y, Σ(Q(x))) < δβ there holds

1
4λ− dist(y, Σ(Q(x)))2 ≤ V (x, y) ≤ λ+ dist(y, Σ(Q(x)))2,(2.20)
1
2λ− dist(y, Σ(Q(x)))2 ≤ ∇V (x, y) · (y − N) ≤ 2λ+ dist(y, Σ(Q(x)))2,(2.21)

where N = π(Q, M) is given by (1.8). Moreover,

(2.22) V (x, y) ≥ γβ :=
√

2
2 βδ2

β for any y ∈ R2 such that dist(y, Σ(Q(x))) ≥ δβ

4 .

Proof. Being the proof completely elementary, we just give a quick sketch of it.
The first line in (2.20) follows immediately by Taylor-expanding V close to the wells and

using the absolute bounds (2.19), for an appropriate choice of δβ depending only on β. The
first inequality in the second line is a straightforward consequence of Lemma 1.2 with the choice
Λ = 2, and possibly reducing δβ. The second inequality is proven in a completely analogous
way.

As an elementary consequence, we obtain the lemma below (cf. [6, Lemma 2.2]).

Lemma 2.4. Let G ⊂ Ω be any open, simply connected set, with smooth boundary and Q any Q-
tensor field with 1

2 ≤ |Q| ≤ 2 on G. Then, for any x ∈ G and any y ∈ R2 such that V (x, y) ≤ γβ

there holds
dist(y, Σ(Q(x))) ≤ δβ

and, moreover,
dist(y, Σ(Q(x))) ≤

√
4λ−1

− V (x, y),

where λ− is given by (2.19).

Let B = B(x0, R) ⊂ Ω be a ball such that 1
2 ≤ |Q| ≤ 2 on B. Let κ ∈ (0, δβ). In analogy

with [6, Section 4], we define

(2.23) Υ := Υ(R, κ) := {x ∈ B : dist(M(x), Σ(Q(x)) ≤ κ}

as well as

Υ± := {x ∈ B : dist(M(x), (M±)ε(x) ≤ κ} ,

Γ± := ∂Υ± ∩ B, Π± := Υ± ∩ ∂B.
(2.24)

Notice that
Υ = Υ+ ∪ Υ−.
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Moreover, by the choice of κ, the sets Υ± are disjoint, so that

Eε(M; Υ) =
ˆ

Υ

(
ε |∇M|2 + 1

ε
V (x, M)

)
dx

= Eε(M; Υ+) + Eε(M; Υ−).

Besides the sets Υ±, we define, for any R > 0, the set

(2.25) Θ(M, R) := {x ∈ B(x0, R) : dist(M(x), Σ(Q(x))) ≥ δβ} .

Clearly,
B(x0, R) = Υ (R, δβ) ∪ Θ(M, R).

Remark 2.3. Let ε > 0 and let (Qε, Mε) be any solution to (8), (9) subject to the boundary
conditions (3)–(4) or (5)–(6). Then, by (1.11) and (1.12), the assumption |Qε| ≤ 2 required in
the above statements is automatically satisfied for any 0 < ε ≤ εβ, where εβ > 0 depends only
on β.
Remark 2.4. Let ε > 0 and let (Qε, Mε) be any solution to (8), (9) subject to the boundary
conditions (3)–(4) or (5)–(6). Then, by the uniform gradient bound (1.10), i.e.,

∥∇Mε∥L∞(Ω) ≲ ε−1,

where the implicit constant on the right-hand side depends only on the coupling parameter β
and on Ω (see (1.10)), it follows that in the set Θ(Mε, R) the energy density is controlled by the
potential energy density, through a constant depending only on β and Ω. In particular, we have

(2.26) ε |(∇Mε)(x)|2 + 1
ε

V (x, Mε(x)) ≲ 1
ε

V (x, Mε(x)) for any x ∈ Θ (Mε, R) ,

where the implicit constant on the right-hand side depends only on β and Ω.

2.2 Energy estimates through the potential

In this section, we extend to our context the local energy estimates proved in [6, Proposition 4.8]
for the pure Allen-Cahn system. As in [6], the argument is mainly based on refined energy
estimates, obtained by multiplying Equation (9) (i.e., Equation (2.8)) by suitable functions and
then integrating the result on appropriate domains. We proceed in two steps, proving first a
refined energy estimate close to the zero set of the potential V ( · , M) and then obtaining an
estimate valid in a whole ball. Since this strategy does not depend on the precise form of the
potential at hand and since Equation (9) looks formally exactly the same as in [6] (this is
best seen by looking at the equivalent form of (9) given by (2.8)), on a formal level the same
strategy works in our situation as well, the difference being the appearance of perturbation terms
containing the variable Q, which are due to the coupling term in V ( · , M). However, we will
see that such additional terms are essentially of lower order away from spt µ⋆ and they do not
alter the general structure of the arguments in [6]. The results of this section are at the level of
a single critical point, i.e., at fixed ε > 0. In the next sections, we shall consider sequences of
critical points and we will deal with the limit as ε → 0.
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The main result of this section is Proposition 2.5 below, which is the analogue in our context
of [6, Proposition 4.8]. In the statements below, εβ > 0 is the number, depending only on β,
defined in Remark 2.3.

Proposition 2.5. Let ε ∈ (0, εβ] and let (Q, M) = (Qε, Mε) be any critical point of Fε. Let
B = B(x0, R) ⊂ Ω be any ball such that |Q| ≥ 1

2 on B. Let κ ∈ (0, δβ) and ϱε ∈
[

1
2 , 3

4

]
. Assume

that, for the given value of κ, there holds

(2.27) dist(M, Σ(Q)) < κ on ∂B.

Then, there exists a constant CΥ(E0) > 0, depending only on E0 and β, such that

Eε(M; Υ(ϱεR, κ)) ≤ CΥ(E0)
[
κ

ˆ
B(x0, ϱεR)

(1
ε

V (x, M(x)) + ε |∇Q|2
)

dx

+ε

(
Eε(M; ∂B(x0, ϱεR)) + ε

ˆ
∂B(x0, ϱεR)

|∇Q|2 dσ

)]
.

(2.28)

Here, E0 is the uniform bound on Eε provided by Proposition 2.2.

Remark 2.5. A crucial feature of the estimate (2.28) is that, exactly as in [6], it is linear in κ.
Remark 2.6. As seen in Proposition 2.2, the energy bound E0 (and hence CΥ) depends on β, the
constant Cpot in (7), Ω, ∥Qbd × ∂τ Qbd∥L1(∂Ω), and ∥Qbd × ∂τ Qbd∥L2(∂Ω). However, we preferred
to state Proposition 2.5 in the form above to emphasise that, exactly as in [6], it holds, in fact,
given any uniform bound on Eε.

It will be convenient to obtain Proposition 2.5 from its scaled version, Proposition 2.6 below,
and Remark 2.2.

Notation. In what follows, ε ∈ (0, εβ] is a fixed number and, to simplify the notation, (Q, M)
denotes a critical pair (Qε, Mε) after rescaling according to (2.9). We assume that (Qε, Mε)
satisfies the same hypotheses as in Proposition 2.5. Furthermore, in all the results below up to
the statement of Proposition 2.11, we set B = B1 and we always assume that |Q| ≥ 1

2 on B. For
notational convenience, we set Br := B(0, r).

Proposition 2.6. Let κ ∈ (0, δβ) and ϱε ∈
[

1
2 , 3

4

]
. Assume that, for the given value of κ, there

holds

(2.29) dist(M, Σ(Q)) < κ on ∂B.

Then, there exists a constant CΥ(E0) > 0, depending only on E0 and β, such that

Eε(M; Υ(ϱε, κ)) ≤ CΥ(E0)
[
κ

ˆ
Bϱε

(1
ε

V (x, M(x)) + ε |∇Q|2
)

dx

+ε

(
Eε(M; ∂Bϱε) + ε

ˆ
∂Bϱε

|∇Q|2 dσ

)]
.

(2.30)

Here, E0 is the uniform bound on Eε provided by Proposition 2.2.
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The proof of Proposition 2.6 will be achieved through a series of lemmas, adapting to our
setting results in [6, Section 4].

Lemma 2.7. We have

(2.31) Eε(M; Υ±) ≲ Q±,

where
Q± :=

ˆ
Υ±

(
ε |∇M|2 + 1

ε
∇MV (x, M) · (M − M±)

)
dx

and the implicit constant on the right-hand side in (2.31) depends only on β.

Proof. By definition of Υ± and Lemma 2.3, M is so close to the wells M± on Υ± that there
holds

∇MV ( · , M) · (M − M±) ≳ |M − M±|2 ≳ V ( · , M)

pointwise, where the implicit constants depend only on β. The conclusion follows immediately
by dividing the above inequalities by ε and integrating the result over Υ±.

Lemma 2.8. There holds

Q± ≲ε

ˆ
Υ±

|∇M±|2 dx + ε

ˆ
∂Υ±

(M − M±) · ∂νM± dσ

+ εκ

ˆ
Γ±

∂ν |M − M±| dσ + εEε(M; Π±) + ε2
ˆ

Π±

|∇M±|2 dσ.

(2.32)

As a consequence,

Eε(M; Υ±) ≲ε

ˆ
Υ±

|∇M±|2 dx

+ ε

ˆ
Γ±

(M − M±) · ∂νM± dσ + εκ

ˆ
Γ±

∂ν |M − M±| dσ

+ ε2
ˆ

Π±

|∇Q|2 dσ + εEε(M; Π±).

(2.33)

The implicit constants on the right-hand sides of (2.32), (2.33) depend only on β.

Proof. For the sake of clarity, we divide the proof into two steps.
Step 1 (Proof of (2.32)). Testing Equation (2.8) against M−M± and integrating the result over
Υ±, we obtain

−ε

ˆ
∂Υ±

(M − M±) · ∂νM dσ + ε

ˆ
Υ±

∇M · ∇(M − M±) dx

+ 1
ε

ˆ
Υ±

∇MV ( · , M) · (M − M±) dx = 0.
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As a consequence (cf. [6, Lemma 4.3]),

Q± = ε

ˆ
Υ±

∇M · ∇M± dx + ε

ˆ
∂Υ±

(M − M±) · ∂νM dσ

= ε

ˆ
Υ±

∇M · ∇M± dx + ε

ˆ
∂Υ±

(M − M±) · ∂νM± + ε

2

ˆ
∂Υ±

∂ν |M − M±|2 dσ.

(2.34)

As in [6, Lemma 4.3 and Lemma 4.5], we observe that ∂Υ± = Γ± ∪ Π± and that on Π± (which
is a subset of ∂B, cf. (2.24)) the normal derivative equals the radial derivative, so that

∂ν |M − M±|2 = 2 |M − M±| ∂ν |M − M±|

≲
√

ℓ(Q, M) − ℓ(Q, M±)∂ν |M − M±|

≲
√

V ( · , M)∂ν |M − M±|

≲ ε |∇M − ∇M±|2 + 1
ε

V ( · , M)

≲ ε |∇M|2 + ε |∇M±|2 + 1
ε

V ( · , M) on Π±,

(2.35)

Thus,

(2.36) ε

2

ˆ
Π±

∂ν |M − M±|2 dσ ≲ εEε(M; Π±) + ε2
ˆ

Π±

|∇M±|2 dσ,

where the implicit constant depends only on β, and plugging (2.36) into (2.34) we obtain

Q± ≲ε

ˆ
Υ±

∇M · ∇M± dx + ε

ˆ
∂Υ±

(M − M±) · ∂νM± dσ

+ εκ

ˆ
∂Υ±

∂ν |M − M±| dσ + εEε(M; Π±) + ε2
ˆ

Π±

|∇M±|2 dσ.

Then, (2.32) follows by applying Young’s inequality to the term ε
´

Υ±
∇M · ∇M± dσ.

Step 2 (Proof of (2.33)). Once (2.32) has been obtained, inequality (2.33) follows easily. Indeed,
first we separate the contributions from Γ± and Π± in

´
∂Υ±

(M−M±) ·∂νM± dσ, and we repeat
the same computations as in (2.35), (2.36). Then, we observe that

(M − M±) · ∂νM± ≲ ε |∇M±|2 + 1
ε

V ( · , M) on Π±

We conclude by recalling that, by (1.6), |∇M±| ≲ |∇Q| pointwise on B, where the implicit
constant depends only on β, and applying (2.31).

Exactly as in [6, Lemma 4.7], the coarea formula and a standard averaging argument yield
the following intermediate lemma.
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Lemma 2.9. Let ϱε ∈
[

1
2 , 3

4

]
. There exists some number δ̃ε ∈ [δβ, 2δβ] such that

ε

ˆ
Γε,±(ϱε, δ̃ε)

∂ν |M − M±| dσ ≲ ε

ˆ
Γε,±(ϱε, δ̃ε)

(|∇M| + |∇M±|) dσ

≲ Eε(M; Θ(M, ϱε)) + ε

ˆ
Bϱε

|∇M±|2 dx

≲
ˆ

Θ(M, ϱε)

1
ε

V (x, M) dx + ε

ˆ
Bϱε

|∇M±|2 dx

(2.37)

where the set Θ(M, ϱε) ⊂ Bϱε is defined in (2.25) and the implicit constant on the right-hand
side depends only on the coupling parameter β and on Ω.

With Lemma 2.7, Lemma 2.8, and Lemma 2.9 at hand, we can prove both Proposition 2.10,
providing the analogue of [6, Proposition 4.1], and Proposition 2.6. Recall once again that,
by (1.9), whenever (Q, M) = (Qε, Mε) is a solution to (8), (9) in Ω, subject to either (3)–(4)
or (5)–(6), the uniform bound

∥M∥L∞(Ω) ≤ Mβ,

holds, for some positive constant Mβ depending only on β.

Proposition 2.10. Let ϱε ∈
[

1
2 , 3

4

]
. There exists a constant KΥ(Mβ) such that the inequality

Eε (M; Υ (ϱε, δβ)) ≤ KΥ(Mβ)
[ˆ

Bϱε

(
ε |∇Q|2 + 1

ε
V (x, M)

)
dx

+ε2
ˆ

∂Bϱε

|∇Q|2 dσ + εEε (M; ∂Bϱε)
](2.38)

holds.

Proof. Since the sets Π+, Π− are disjoint and their union is contained in ∂B (see (2.24)), we
have

ε2
ˆ

Π±

|∇Q|2 dσ + εEε(M; Π±) ≤ ε2
ˆ

∂B
|∇Q|2 dσ + εEε(M; ∂B).

Therefore, choosing κ = δ̃ε (where δ̃ε is the number provided by Lemma 2.9), taking the sum
of the two inequalities (2.33), and combining the result with (2.37), the conclusion follows
from (2.26) exactly as explained in [6, Proposition 4.1].

Note that there are no assumption of closeness to the wells in the statement of Proposi-
tion 2.10, but at the same time, it provides an estimate on a fixed level set. As in [6], Propo-
sition 2.10 will not be used in the proof of Proposition 2.6 but rather in the proof of Proposi-
tion 2.11, which will be another crucial tool in Section 3.

We have finally at disposal all the ingredients to proceed to the proof of Proposition 2.6.
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Proof of Proposition 2.6. The estimate (2.38) in Proposition 2.10 is apparently close to (2.30)
but it is on a fixed level set. Exactly as in [6], the crux of the proof consists in allowing the level
set to vary, exploiting the assumption of closeness to the wells, i.e., (2.29).

Fix any κ ∈ (0, δβ), and suppose that (2.29) holds. By continuity of M, the condition (2.29)
can be satisfied by either M+ or M−. Set, for brevity, N := M+ or N := M−, according to
which of the two options in (2.29) is realised, and denote

C :=
{

x ∈ B : κ ≤ |M(x) − N(x)| ≤ δ̃ε

}
,

where δ̃ε is the number provided by Lemma 2.9.
Testing (2.8) against M−N

|M−N| and integrating the result over C, we obtain

−ε

ˆ
∂C

M − N
|M − N|

· ∂νM dσ + ε

ˆ
C

∇M · ∇
( M − N

|M − N|

)
dx

+ 1
ε

ˆ
C

∇MV ( · , M) ·
( M − N

|M − N|

)
dx = 0,

(2.39)

where ν denotes the exterior normal to ∂C. Note that, by calculus and recalling (2.2),

∇MV ( · , M) ·
( M − N

|M − N|

)
= ∇M (ℓ(Q, M) − ℓ(Q, N)) ·

( M − N
|M − N|

)
≳ |M − N| ≥ 0.

(2.40)

Clearly,

∂νM · M − N
|M − N|

= ∂ν |M − N| + ∂νN · M − N
|M − N|

,

∇M · ∇
( M − N

|M − N|

)
= ∇(M − N) · ∇

( M − N
|M − N|

)
+ ∇N · ∇

( M − N
|M − N|

)
= |M − N|

∣∣∣∣∇( M − N
|M − N|

)∣∣∣∣2 + ∇N · ∇
( M − N

|M − N|

)
.

Assumption (2.29) implies
∂C = Γ(κ) ∪ Γ(δ̃ε),

where we have set Γ(α) := {x ∈ Bϱ(x0) : |M(x) − N(x)| = α} for α ∈ R. Therefore, by the
identity (2.39) we obtain (recall that the exterior normal ν to Γ points in the direction that
increases |M − N|)

ε

ˆ
Γ(κ)

∂ν |M − N| dσ − ε

ˆ
Γ
(

δ̃ε

) ∂ν |M − N| dσ

+ ε

κ

ˆ
Γ(κ)

∂νN · (M − N) dσ − ε

δ̃ε

ˆ
Γ
(

δ̃ε

) ∂νN · (M − N) dσ

+ ε

ˆ
C

|M − N|
∣∣∣∣∇( M − N

|M − N|

)∣∣∣∣2 dx + ε

ˆ
C

∇N · ∇
( M − N

|M − N|

)
dx

(2.39),(2.40)
≤ 0.

(2.41)
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On the other hand, we have

(2.42) ε

ˆ
C

∇N · ∇
( M − N

|M − N|

)
dx ≤ ε

2

ˆ
C

|∇N|2

|M − N|
dx + ε

2

ˆ
C

|M − N|
∣∣∣∣∇( M − N

|M − N|

)∣∣∣∣2 dx

and therefore, from (2.41), (2.42), and (2.37),

ε

ˆ
Γ(κ)

∂ν |M − N| dσ + ε

κ

ˆ
Γ(κ)

∂νN · (M − N) dσ

(2.41),(2.42)
≤ ε

ˆ
Γ
(

δ̃ε

) ∂ν |M − N| dσ + ε

κ

ˆ
Γ
(

δ̃ε

) ∂νN · (M − N) dσ + ε

2

ˆ
C

|∇N|2

|M − N|
dx

(2.37)
≲
ˆ

Bϱε

1
ε

V (x, M(x)) dx + ε

κ

ˆ
Bϱε

|∇N|2 dx + ε

ˆ
Bϱε

|∇N|2 dx,

(2.43)

where the implicit constant on the right-hand side depends only on the parameter β in the
potential V and Ω.

Multiplying (2.43) by κ and combining the result with (2.33), we obtain

Eε(M; Υ) ≲ κ

ˆ
Bϱε

(
ε |∇Q|2 + 1

ε
V (x, M(x))

)
dx + ε

(
Eε(M; ∂Bϱε) + ε

ˆ
∂Bϱε

|∇Q|2 dσ

)
,

where the implicit constant on the right-hand side depends only on β and on Ω. This is precisely
the desired inequality (2.30), and so we are done.

With Proposition 2.6 at hand, the proof of Proposition 2.5 follows immediately.

Proof of Proposition 2.5. Just scale back Proposition 2.6 to B(x0, R) using the scaling properties
in Remark 2.2.

Proposition 2.5 is concerned with an energy estimate close to the zero set of the potential
V ( · , M), in any ball B = B(x0, R) on which |Q| ≥ 1/2. As in [6, Proposition 4.11], using
Proposition 2.10, we can obtain an estimate of the energy on the whole ball B′′ := B(x0, R/2)
essentially in terms of the integral of the potential on the ball B′ := B(x0, 3R/4) plus a lower
order term.

Proposition 2.11. Let (Qε, Mε) be a critical point of Fε. There exists a constant Kβ, depending
only on β, so that, for any ball B := B(x0, R) ⊂ Ω such that |Qε| ≥ 1/2 in B, there holds

Eε(Mε; B′′) ≤Kβ

{ˆ
B′

(1
ε

V (x, Mε) + ε |∇Qε|2
)

dx

+ ε

R
Eε(Mε; B \ B′′) + ε2

R

ˆ
B\B′′

|∇Qε|2 dx

}
,

(2.44)

where B′ := B(x0, 3R/4) and B′′ := B(x0, R/2).
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Proof. By the scaling properties in Remark 2.2, we may assume that B = B1 and then ob-
tain (2.44) by scaling back.

The argument involves two steps. The first step, corresponding to [6, Lemma 4.12], consists
in obtaining the estimate

Eε(Mε; Bϱε) ≤Cβ, Ω

{ˆ
Bϱε

(1
ε

V (x, Mε) + ε |∇Qε|2
)

dx

+ε

4Eε(Mε; ∂Bϱε) + ε2

4

ˆ
∂Bϱε

|∇Qε|2 dσ

}
,

(2.45)

where ϱ ∈
[

1
2 , 3

4

]
and Cβ, Ω is a constant depending only on β and on Ω. Similarly to as in [6,

Lemma 4.12], this follows from the decomposition

Bϱε = Θ (Mε, ϱε) ∪ Υε (ϱε, δβ)

by applying Remark 2.4 and Proposition 2.10. Then, (2.44) follows by combining the above
inequality with a usual averaging argument, ensuring the existence of a distinguished radius
σε ∈ [ϱε, 3/4] such that

Eε (Mε; ∂Bσε) ≤ 8Eε

(
Mε; B3/4 \ B1/2

)
,

and then scaling back, according to (2.14).

2.3 Energy decreasing and clearing-out property for Mε

The goal of this section is to extend to our context the energy decreasing property and the
clearing-out property proved, for the pure Allen-Cahn system, in [6, Proposition 1.12 and Propo-
sition 1.13], respectively. The energy decreasing estimate in [6, Proposition 1.12], here replaced
by Proposition 2.14 below, is the starting point of a delicate iterative scheme which leads to
an extremely rapid decreasing of the energy in small balls whenever the (rescaled) energy on
the boundary is below a certain fixed threshold. In turn, such a quantitative decay is the key
ingredient in the proof of the clearing-out property for critical points of the pure Allen-Cahn
system — see [6, proof of Theorem 1.11].

In our context, the coupling term in the potential is responsible for the presence of pertur-
bation terms and this entails several modifications to Bethuel’s arguments. We handle them by
exploiting the quantitative decay and convergence results for the Q-component already proved in
the companion paper [9]. Relying on them, we can still follow the same path as in [6, Section 6]
to obtain, in the end, Theorem 2.12, which provides the counterpart of [6, Proposition 1.13].

Notation. In this section, we consider a sequence {(Qε, Mε)} of critical points of Fε satisfying
the boundary conditions (3)–(4) or (5)–(6) as well as the assumption (7). We assume through-
out that such a subsequence has been fixed, although we will keep extracting subsequences
from it whenever necessary. To keep the notation simple, we will not emphasise the dependence
of the various constants that will appear in the following course on this fixed subsequence.
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As usual, we shall often set ρε := |Qε|. In the following, δβ denotes the positive number,
depending only on β, given by Lemma 2.3. Finally, we recall from Proposition 2.2 that we have
the uniform energy bound

Eε(Mε; Ω) ≤ E0,

where E0 depends only on β and the boundary data.

Convergence of Qε and decay of the Ginzburg-Landau energy of Qε away from spt µ⋆

Let K ⊂ Ω \ spt µ⋆ be any compact set. Then, for any given α ∈ (1, 2), there exists a positive
number Cα(K), depending only α and K, such that, for any ball BR = B(x0, R) ⊆ K, we have
(see [9, Proposition 2.6 and Remark 2.6]) the quantitative decay

(2.46)
ˆ

BR

(1
2 |∇Qε|2 + 1

4ε2

(
|Qε|2 − 1

)2
)

dx ≤ Cα(K)Rα.

Remark 2.7. Given a compact set K ⊆ Ω \ spt µ⋆, by (25) we can find a number ε1/2 > 0
(depending only on K) so that, for any ball B(x0, R) ⊂ K and any ε with 0 < ε ≤ ε1/2R, there
holds |Qε| ≥ 1/2 on B(x0, R). The number ε1/2 depends only on the chosen sequence of critical
points {(Qε, Mε)}, on the parameter β, and on K. On the other hand, by (1.11), we have
|Qε| ≤ s∗(β, ε) = 1 + εκ⋆ + oε→0(ε), whence |Qε| ≤ 2 for any 0 < ε ≤ εβR, where εβ depends
only on β. Therefore, choosing

(2.47) εK,β := min{ε1/2, εβ},

we have that εK,β depends only on the sequence of critical points, K, and β, and that

(2.48) 1
2 ≤ |Qε(x)| ≤ 2, ∀x ∈ B(x0, R),

for all balls B(x0, R) ⊂ K and for all ε with 0 < ε ≤ εK,βR.

Clearing-out theorem for Mε The main result of this section is the following theorem,
providing an analogue of [6, Proposition 1.13] in our context.

Theorem 2.12. For any compact set K ⊆ Ω \ spt µ⋆ and any α ∈ (1, 2), there exists positive
constants η

(α)
⋆,K , ε

(α)
⋆,K , R

(α)
⋆,K , Cwell, Cnrg, depending only on K, α, β, and the energy bound E0,

such that the following holds: if B(x0, R) ⊂ K has radius R ≤ R
(α)
⋆,K , if ε ∈

(
0, ε

(α)
⋆,KR

]
, and if

(2.49) Eε(Mε; B(x0, R)) ≤ 4η
(α)
⋆,KR,

then

(2.50) dist(Mε, Σ(Qε)) ≤ Cwell

(
Eε(Mε; B(x0, R))

R

)1/6
≤ δβ

on B(x0, R/2). Moreover,

(2.51) Eε(Mε; B(x0, R/2)) ≤ Cnrgε

(
Eε(Mε; B(x0, R))

R
+ CαRα

)
.
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We start by adapting the ‘very weak clearing-out property’ contained in [6, Proposition 6.1]
to our needs. The proof of Proposition 2.13 below only relies on the clearing-out property for
the Qε-components, the a priori bounds entailed by the maximum principle, and the quadratic
structure of the potential V near the set Σ(Qε) defined in (2.15).

Proposition 2.13. For any compact set K ⊆ Ω \ spt µ⋆ there exists a positive constant ε(K, β),
depending only on K and β, and positive constants ηβ and Cweak = Cweak(β), depending only on
β and Ω, such that if B(x0, R) ⊂ K is any ball, if 0 < ε ≤ ε(K, β)R, and if

(2.52) Eε(Mε; B(x0, R)) ≤ ηβε,

then there holds

(2.53) dist(Mε(x), Σ(Qε(x))) ≤ Cweak

(
Eε(Mε; B(x0, R))

ε

)1/6
≤ δβ

for any x ∈ B(x0, 7R/8).

Proof. For convenience, we denote Br := B(x0, r) the ball of radius r and centre x0.
First, we choose ε(K, β) = εK,β, where εK, β is the constant (depending only on K and β)

given by (2.47). This ensures that (2.48) holds, so that the set Σ(Qε) is well-defined, for any ε
with 0 < ε ≤ ε(β, K)R; in turn, this implies that Lemma 2.3 and Lemma 2.4 hold. For ease of
notation, let us temporarily denote ϵ := ε(K, β).

Assume that (2.52) holds, for some constant ηβ > 0 to be determined later. From this
assumption and recalling (2.2) as well as the uniform bounds (1.9), (1.10), we see that, for any
ε > 0,

|∇MV (x, Mε(x))| ≤ Cβ

ε
for any x ∈ BR,(2.54) ˆ

BR

V (x, Mε(x)) dx ≤ ηβε2,(2.55)

where Cβ is a constant depending only on β and Ω. (In fact, (2.54) holds globally on Ω.) Set

(2.56) γ :=
(

16C2
β

π

Eε(Mε; BR)
ε

)1/3

,

and assume

ηβ =
πγ3

β

16C2
β

,

where γβ :=
√

2β
2 δ2

β is the same number as in Lemma 2.3. Then, by definition of γ and the
assumption Eε(Mε; B(x0, R)) < ηβε, it follows that γ ≤ γβ. Next, we claim that

(2.57) V (x, Mε(x)) ≤ γ ≤ γβ, for all x ∈ B(x0, 7R/8).
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Indeed, assume, for the sake of a contradiction, that there exists some x1 ∈ B(x0, 7R/8) such
that V (x1, Mε(x1)) > γ. Then, by the gradient bound (2.54), we have

(2.58) V (x, Mε(x)) ≥ γ

2 , for all ∈ B

(
x1,

γϵ

2Cβ
R

)
.

On the other hand, since x1 ∈ B(x0, 7R/8), we can shrink ϵ dependingly only on β in such a
way that there holds

B

(
x1,

γϵ

2Cβ
R

)
⊂ B

(
x1,

γβϵ

2Cβ
R

)
⊂ B(x0, R).

Integrating (2.58) over B
(
x1, γϵ

2Cβ
R
)

and recalling the definition (2.56) of γ readily leads to a
contradiction, establishing the claim (2.57).

With (2.57) at hand, we may employ Lemma 2.4 to yield both

dist(Mε(x), Σ(Qε(x))) ≤ δβ

and (recalling that λ− =
√

2β — see (2.19))

dist(Mε(x), Σ(Qε(x))) ≤
√

4
(√

2β
)−1

V (x, Mε(x)),

for every x ∈ B7R/8 and any ε with 0 < ε ≤ ϵR. It follows that, for every x ∈ B7R/8 and any ε
with 0 < ε ≤ ϵR,

dist(Mε(x), Σ(Qε(x)) ≤ inf
{

δβ,

√
4
(√

2βγ
)−1

}
≤ inf

{
δβ, Cweak

(
Eε(Mε, BR)

ε

)1/6}
,

where the constant Cweak is defined as

Cweak :=
(

512C2
β√

2β3π

)1/6

and depends only on β. We choose

ηβ = min
{

πγ3
β

16C2
β

,

(
δβ

2Cweak

)6}
,

and we conclude the proof by observing that ηβ depends only on β and Ω.

Proposition 2.14. There exists a constant C0, depending only on β and the energy bound E0
given by Proposition 2.2, and, for any compact set K ⊆ Ω \ spt µ⋆ and any α ∈ (1, 2), a number
ε0 = ε0(K, α) such that, for any ball B = B(x0, R) ⊂ K and any ε with 0 < ε ≤ ε0R, there
holds

Eε (Mε; B(x0, R/2)) ≤ C0

(
Eε(Mε; B)3/2

√
R

+ ε Eε(Mε; B)
R

+ Cα(K)Rα

)
,(2.59)

where Cα(K) is the constant, depending only on α and K, appearing in (2.46).
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The proof of Proposition 2.14 follows a pattern similar to that of [6, Proposition 1.12] and
relies on the energy estimates of the previous subsection. The overlap with the arguments leading
to [6, Proposition 1.12] is considerable, therefore we sketch the main points and address the reader
to [6] when the details are exactly the same.

First of all, we need an analogue of [6, Lemma 2.6].

Lemma 2.15. Let (Q, M) ∈ C∞
(
Ω, S 2×2

0

)
× C∞(Ω, R2) and let B = B(x0, R) ⊂ Ω be a ball

such that 1/2 ≤ |Q| ≤ 2 in B. Let ε ∈ (0, 1) and r ∈ (εR, R] be given. There exists a constant
Cunf > 0, depending only on the parameter β, such that, for any given pair (Q, M) as above,
there exists an element N ∈ Σ(Q) such that

|M − N| ≤ Cunf

√
Eε(M; ∂Br) on ∂Br(x0).

Proof. Thanks to Lemma 2.3, Lemma 2.4, and the assumption 1/2 ≤ |Q| ≤ 2 in B (which
implies, on the one hand, that Σ(Q) is well-defined and, on the other hand, that it is contained
in the ball of radius 2(1 + 2

√
2β)1/2), the reasoning in [6, Lemma 2.6] (which is based only on

the previous ingredients, smoothness, and some clever distinction of cases) carries over, word for
word.

Remark 2.8. In particular, by (2.48), given a sequence {(Qε, Mε)} of critical points of Fε and
a compact set K ⊂ Ω \ spt µ⋆, up to extraction of a subsequence, Lemma 2.15 holds for any
B = B(x0, R) ⊆ K and any pair (Qε, Mε), for any ε with 0 < ε ≤ εK,βR, where εK,β is the
number given by (2.47).

In the following, we shall denote

(2.60) (M±)ε = ±
(
1 +

√
2βρε

)1/2
nε

the maps realising the minimum of the potential ℓ(Qε, Mε) for a given pair (Qε, Mε).
We are now ready for proving Proposition 2.14.

Proof of Proposition 2.14. Fix a compact set K ⊆ Ω \ spt µ⋆. (Of course, it suffices to consider
the case in which K has non-empty interior.) Let ε0 = ε1/2, where ε1/2 > 0 is the number,
depending on K, in Remark 2.7. Let B = B(x0, R) ⊂ K and ε ∈ (0, ε0R]. Then, it follows from
Remark 2.7 that |Qε| ≥ 1/2 on B. In particular, this implies that Σ(Qε(x)) is well-defined for
any x ∈ B and Σ(Qε(x)) = {(M+(x))ε, (M−(x))ε}.

By a usual averaging argument via Fubini’s theorem, we can find a radius ϱε ∈
[

3
4R, R

]
such

that

Eε (Mε; ∂Bϱε) ≤ 4Eε(Mε; B)
R

,(2.61) ˆ
∂Bϱε

|∇Qε|2 ≤ 4
R

ˆ
B

|∇Qε|2 .(2.62)

Now, we choose

κε := C

√
Eε(Mε; B)

R
,
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and, by Lemma 2.15 and definition of κε, it follows that

(2.63) |Mε(s) − Nε(s)| ≤ κε

2 , for all s ∈ ∂Bϱε ,

for either Nε = (M+)ε or Nε = (M−)ε, where (M±)ε are given by (2.60).
Step 1 (Improved estimates close to Σ(Qε)). This step corresponds to [6, Proposition 5.1]. Its
purpose is to obtain the inequality

Eε (Mε; Υε(ϱε, κε)) ≤KΥ

[
1√
R

(
Eε(Mε; B) +

ˆ
B

ε |∇Qε|2 dx

)3/2

+ ε

R

(
Eε(Mε; B) +

ˆ
B

ε |∇Qε|2 dx

)]
,

(2.64)

where the constant KΥ depends only on the energy bound E0 in (2.7) and on β.
Since (2.64) is obtained from Proposition 2.6, (2.63), and the choice of κε exactly by the same

argument as in [6, Proposition 5.1], we skip the details.
Step 2 (Improved potential estimates). In analogy with [6, Proposition 5.2], we now obtain
an ‘improved potential estimate’. We claim that, for ε and B as in the statement, for any
given α ∈ (1, 2), there exists a constant C1, depending only on β and the energy bound E0 in
Proposition 2.2, such that

(2.65) 1
ε

ˆ
B5R/8

V (x, Mε(x)) dx ≤ C1

[ 1√
R

Eε(Mε; B)3/2 + ε

R
Eε(Mε; B) + Cα(K)Rα

]
.

To this purpose, by (2.63), we can apply classical averaging arguments (see, e.g., [6, Lemma 2.10])
to deduce that, for some radius τε ∈

[
5R
8 , ϱε

]
, there holds

τεEε (Mε; ∂Bτε) ≤ 16Eε (Mε; Υε(ϱε, κε))

Thus, by (2.64),

τεEε (Mε; ∂Bτε) ≤16KΥ

[
1√
R

(
Eε(Mε; B) +

ˆ
B

ε |∇Qε|2 dx

)3/2

+ ε

R

(ˆ
B

Eε(Mε; B) +
ˆ

B
ε |∇Qε|2 dx

)]
,

(2.66)

On the other hand, thanks to Lemma 1.6, Lemma 2.1, and (2.46), we have

(2.67) τεEε (Mε; ∂Bτε) ≥ 1
ε

ˆ
Bτε

V (x, Mε) dx − Cα(K)Rα

for every α ∈ (1, 2). Now, we combine (2.67) and (2.64), and we shrink ε0, depending only on
K and α, in such a way that

ε0(diam K)
(
23/2ε1/2Cα(K)1/2(diam K)α/2 + ε0

)
≤ 1.

Then, (2.65) follows by choosing C1 = max{32KΥ, 2} and observing that C1 depends only on
the energy bound E0 in (2.7) and β.
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Step 3 (Conclusion). Once that (2.65) has been obtained, the desired inequality (2.59) follows
by matching (2.65) with (the scaled version of) (2.45) and with (2.61), possibly shrinking again
ε0 (still in a way depending only on K and α only) and choosing appropriately the constant C0,
depending only on the energy bound E0 in (2.7) and β. The argument goes on exactly the same
way as in the proof of [6, Proposition 1.12] (see [6, Section 5.3]), to which the reader is addressed
for full details.

We now show that, under a suitable smallness assumption for the energy, (2.68) below, the
estimate (2.59) can be iterated to yield that Mε(x) stays close to Σ(Qε(x)), uniformly with
respect to x and ε. More precisely, we have the following statement, providing the counterpart
in our context of [6, Proposition 6.5 and Corollary 6.4].

Proposition 2.16. For any compact set K ⊆ Ω \ spt µ⋆ and any δ > 0, there exist positive
constants ε1 = ε1(K, δ), R1 = R1(K, δ), η1 = η1(K, δ), and C1 = C1(K, δ), depending only on
K, α, β, and E0, such that the following holds: if a ball B = B(x0, R) ⊆ K has radius R ≤ R1,
if ε satisfies 0 < ε ≤ ε1R and if

(2.68) Eε(Mε; B) ≤ η1R,

then

(2.69) dist (Mε(x), Σ(Qε(x))) ≤ δ

for any x ∈ B(x0, 3R/4).

Proof. Let x ∈ B(x0, 3R/4) be an arbitrary point. For the sake of brevity, we will use the
notation mε := dist(Mε(x), Σ(Qε(x))), R̄ := R/4, and

E(r) := Eε(Mε; Br(x)), Φ(r) := E(r)
r

for any r ∈ (0, R̄]. Moreover, we fix an arbitrary α ∈ (1, 2) and we consider ε0 = ε0(K, α)
as given by Proposition 2.14, and, with a slight abuse of notation, C0 = C0(K, α, β) as the
maximum between the constant C0 in the right-hand side of (2.59) and C0Cα(K). We define

(2.70) Λα := 2αC0

+∞∑
j=0

2(α−2)j

and note that the series at the right-hand side converges, because α < 2.
Now, we choose suitable parameters ε1, R1, and η1. First, we take

(2.71) ε1 := min
{

ε0,
1

8C0

}
,

so that ε1 = ε1(K, α, β).
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Due to the L∞-gradient bound on Mε given by (1.9) and the quadratic growth of V (cf. (2.1)
and (1.3)), there exists a constant λ1, depending on ε1 (and hence on K, α, and β) but not on ε,
such that

(2.72) E

(
ε

ε1

)
≥ λ1ε m2

ε

Next, we take η1 and R1 small enough that

(2.73)
(
4η1 + ΛαRα−1

1

)1/2
≤ 1

8C0
,

(
16η1 + ΛαRα−1

1

)1/2
≤ δ(ε1λ1)1/2

In particular, our choice of ε1, η1, and R1 implies that

(2.74) C0
(
4η1 + ΛαRα−1

1

)1/2
+ C0ε1 ≤ 1

4 .

For further reference, we also note that

Φ(R̄) ≤ 4Eε(Mε; B)
R

≤ 4η1(2.75)

because of the assumption (2.68).
For any positive integer n such that 2nε ≤ ε1R̄, we claim that

(2.76) E

(
R̄

2n

)
≤ E(R̄)

4n
+ 2αC0

n−1∑
j=0

2(α−2)j
(

R̄

2n

)α

.

To prove this claim, we iterate the estimate given by Proposition 2.14, along the lines of classical
iteration arguments (see, e.g., [3, Lemma B.3] or [13, Lemma 5.13]). We will give a complete
proof of (2.76) below; for the time being, we assume (2.76) holds and complete the proof of the
proposition. We evaluate both sides of (2.76) when n is such that ε2n = ε1R̄. Keeping (2.70)
and (2.75) into account, we obtain

E

(
ε

ε1

)
≤ ε2E(R̄)

ε2
1R̄2 + Λα

(
ε

ε1

)α

≤ 4ε2η1

ε2
1R̄

+ Λα

(
ε

ε1

)α

and, since ε ≤ ε1R = 4ε1R̄ and R ≤ R1 by assumption,

(2.77) E

(
ε

ε1

)
≤
(
16η1 + ΛαRα−1

1

) ε

ε1

Combining this estimate with (2.72), we obtain

m2
ε ≤ 1

λ1ε
E

(
ε

ε1

)
≤ 1

λ1ε1

(
16η1 + ΛαRα−1

1

)
.

Keeping (2.73) into account, we finally conclude m2
ε ≤ δ2, which is what we wanted to prove.
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Proof of (2.76). The proof proceeds by induction on n. For n = 1, Proposition 2.14 implies

E

(
R̄

2

)
≤ C0

(
Φ(R̄)1/2 + ε

R̄

)
E(R̄) + C0R̄α

On the other hand, recalling (2.74), (2.75), and (2.73), we have

E

(
R̄

2

)
≤ C0

(
2η

1/2
1 + ε1

)
E(R̄) + C0R̄α ≤ E(R̄)

4 + C0R̄α.

Therefore, the claim (2.76) holds true when n = 1. Now, suppose n is a positive integer,
with 2nε ≤ ε1R̄, such that (2.76) is satisfied. Then, we can apply Proposition 2.14 again:

E

(
R̄

2n+1

)
≤ C0

Φ
(

R̄

2n

)1/2

+ 2nε

R̄

E

(
R̄

2n

)
+ C0

(
R̄

2n

)α

(2.78)

By dividing both sides of (2.76) by R̄/2n, and then applying (2.70) and (2.75) to further estimate
the right-hand side, we deduce

Φ
(

R̄

2n

)
≤ Φ(R̄)

2n
+ 2αC0

n−1∑
j=0

2(α−2)j
(

R̄

2n

)α−1

≤ 4η1 + ΛαRα−1
1(2.79)

We inject (2.79) into the right-hand side of (2.78), use the assumption that ε2n ≤ ε1R̄ and our
choice (2.74) of η1 and R1:

E

(
R̄

2n+1

)
≤ C0

((
4η1 + ΛαRα−1

1

)1/2
+ ε1

)
E

(
R̄

2n

)
+ C0

(
R̄

2n

)α

≤ 1
4E

(
R̄

2n

)
+ C0

(
R̄

2n

)α(2.80)

Finally, from the induction assumption we deduce

E

(
R̄

2n+1

)
≤ E(R̄)

4n+1 + 2α−2C0

n−1∑
j=0

2(α−2)j
(

R̄

2n

)α

+ C0

(
R̄

2n

)α

≤ E(R̄)
4n+1 + C0

n∑
j=0

2(α−2)j
(

R̄

2n

)α

This completes the proof of (2.76), and hence of Proposition 2.16.

Next, following the line of the argument in [6, Section 6], we use Proposition 2.16 to show
that, if the energy is appropriately small in a ball, then it decays as fast as ε in a slightly smaller
ball. Proposition 2.17 below is the analogue, in our context, of [6, Proposition 6.8].
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Proposition 2.17. For any compact set K ⊆ Ω \ spt µ⋆ there exists positive a constant Cdec,
depending only on β, such that, for any α ∈ (1, 2), if B(x0, R) ⊂ K, if ε ∈ (0, εK, βR], and if

(2.81) dist (Mε, Σ(Qε)) ≤ δβ in B(x0, 3R/4),

then

(2.82) Eε(Mε; B(x0, 5R/8)) ≤ Cdecε

(
Eε(Mε; B(x0, R))

R
+ Cα(K)Rα

)
.

Proof. Let K ⊂ Ω\spt µ⋆ be a compact set and assume that ε ≤ εK, β, where εK, β is the constant
defined in (2.47), so that 1/2 ≤ |Qε| ≤ 2 in K for any ε ≤ εK, β. From now on, we argue exactly
as in [6, Proposition 6.8].

By a classical averaging argument based on Fubini’s theorem, we can find rε ∈
[

5R
8 , 3R

4

]
such

that

Eε (Mε; ∂Brε) ≤ 16Eε(Mε; BR)
R

(2.83)
ˆ

∂Brε

√
V ( ·, Mε) |∇Mε| ds ≤ 16Eε(Mε; BR)

R
,(2.84)

where, for the sake of brevity, we have set BR := B(x0, R) and Brε := B(x0, rε). By assump-
tion (2.81) and recalling that |(M+)ε − (M−)ε| > 2 independently of x ∈ K by (2.16), we have
|Mε − Nε| ≤ δβ for either Nε = (M+)ε or Nε = (M−)ε. Testing (2.8) against Mε − Nε and
integrating over Brε , we find

ˆ
Brε

(
ε∇(Mε − Nε) · ∇Mε + 1

ε
∇MV (x, Mε(x)) · (Mε − Nε)

)
dx

=
ˆ

∂Brε

ε(Mε − Nε)∂νMε ds.

(2.85)

By (2.81) and Lemma 2.3, the pointwise estimate

(2.86) ∇MV ( · , Mε) · (Mε − Nε) ≳ V ( · , Mε)

holds on B3R/4, where the implicit constant depends only on β. On the other hand, by Young’s
inequality and (1.6), for any choice of α ∈ (1, 2), we have

ε

ˆ
Brε

∇Nε · ∇Mε dxε ≤ ε

ˆ
Brε

(
Cβ |∇Qε|2 + 1

2 |∇Mε|2
)

dx

≤ εCαCβRα + ε

ˆ
Brε

1
2 |∇Mε|2 dx

(2.87)

where Cβ > 0 is a suitable constant depending only on β and Cα = Cα(K) is the constant
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in (2.46). Finally, by (2.81), (2.83), Lemma 2.3, and an application of Young’s inequality, we get

ε

ˆ
∂Brε

(Mε − Nε)∂νMε ds ≤ ε

ˆ
∂Brε

|Mε − Nε| |∇Mε| ds

≲ ε

ˆ
∂Brε

√
V ( · , Mε) |∇Mε| ds

(2.83)
≲ ε

(
Eε(Mε; BR)

R

)(2.88)

Combining (2.85) with (2.86), (2.87), and (2.88) yields (2.82) for an appropriate choice of Cdec,
depending only on β. This concludes the proof.

With Proposition 2.16, Proposition 2.17, and Proposition 2.13 at hand, it is now easy to
deduce the next result, the last piece of information still missing to carry out the argument in
[6, Section 6] and conclude the proof of Theorem 2.12.

Proposition 2.18. For any compact set K ⊆ Ω \ spt µ⋆ and any α ∈ (1, 2), there exists positive
constants ε2, η2, R2, and Cwell, depending only on K, α, and β, such that, if B(x0, R) ⊂ K has
radius R ≤ R2, if ε ∈ (0, ε2R], and if

(2.89) Eε(Mε; B(x0, R)) ≤ η2R,

then

(2.90) dist(Mε, Σ(Qε)) ≤ Cwell

(
Eε(Mε; B(x0, R))

R

)1/6
≤ δβ on B(x0, R/2).

Proof. The proof follows very closely the path of [6, Proposition 6.9].
First, for fixed α ∈ (1, 2) and δ = δβ, we first choose ε2 = ε1, η2 = η1, and R2 = R1 as given

by Proposition 2.16 and we let R ≤ R2, so that we the conclusion of Proposition 2.16 holds.
Thus, for any ε ≤ ε2R, we have

dist (Mε(x), Σ(Qε(x))) ≤ δβ for any x ∈ B(x0, 3R/4).

Then, we may apply Proposition 2.17 to obtain that (2.82) holds. In turn, up to reducing η2 and
R2 so that (again, this can be done dependingly only on K, α, and β)

Cdecη2 ≤ 1
2 min{η1, ηβ}, CdecCα(K)Rα

2 ≤ 1
2 min{η1, ηβ},

it follows that
Cdec (η2 + Cα(K)Rα

2 ) ≤ min{η1, ηβ}.

Thus, we are allowed to employ Proposition 2.13, and the conclusion follows.

We are now ready for the proof of Theorem 2.12.
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Proof of Theorem 2.12. Exactly as for [6, Theorem 1.11] (of which the aforementioned [6, Propo-
sition 1.13] is just a scaled version), the proof is achieved immediately choosing

ε
(α)
⋆,K = ε2, R

(α)
⋆,K = R2, η

(α)
⋆,K = 1

4η2,

and applying Proposition 2.18 to get (2.50), followed by an application of Proposition 2.17 to
get (2.51).

3 The limiting measures ν⋆ and ζ⋆

In this section, we study the asymptotic behaviour of the energy densities νε and the potential
energy densities ζε (introduced in (13) and in (21), respectively) as well as the properties of
the respective limiting measures ν⋆ and ζ⋆. We shall see that, exactly as in the pure vectorial
Allen-Cahn theory as developed in [6], the prominent role in the investigation of the structure of
the set S⋆ := spt ν⋆ \ spt µ⋆ is played by ζ⋆ rather than by ν⋆. This is because spt ζ⋆ = S⋆, and
the ultimate reason for this lies in the fact that ζ⋆ solves an equation, Equation (3.56), while an
analogous property is not known for ν⋆. Deferring a deeper discussion of this crucial point to
later, we observe that such an equation is key to prove that the function r 7→ 1

r ζ⋆(B(x0, r)) is
monotone non-decreasing for every x0 ∈ Ω (while, once again, an analogous property is not known
for ν⋆, in sharp contrast with the scalar case). In turn, the monotonicity of 1

r ζ⋆ immediately
implies that ζ⋆ has a well-defined density v⋆(x0) at any point x0 ∈ Ω with respect to the measure
λ⋆ := H 1 S⋆, hence in particular it is absolutely continuous with respect to λ⋆. Furthermore,
in Proposition 3.19 we prove that the density e⋆ of ν⋆ exists at H 1-a.e. point of S⋆ and that
the inequality e⋆ ≲ v⋆ holds at H 1-a.e. point of S⋆ for a constant depending only on β and
Ω. Moreover, from Proposition 3.18 and the inequality e⋆ ≲ v⋆, we obtain the inequalities of
measures

ζ⋆ ≤ ν⋆ in Ω, ν⋆ ≲ ζ⋆ in Ω \ spt µ⋆.

In particular, the set spt ζ⋆ coincides exactly with S⋆.
The monotonicity of 1

r ζ⋆ will be proved in Proposition 3.18, at the end of a rather long path
that goes trough the same steps as in [6]. As we will see along this Section, this is possible
because we can get rid of the perturbation terms containing Qε at the ε-level and prove that
they vanish in an appropriately strong sense as ε → 0, so that the analysis at the ‘⋆-level’ boils
down to the one for the pure Allen-Cahn system in [6].

The key tools to this purpose are Theorem 2.12 and the strong convergence properties of
Qε towards Q⋆ away from spt µ⋆, obtained in [9] and recalled in Theorem A, which, combined,
yield a clearing-out property for ν⋆, see item (ii) in Theorem 3.3. Such a property is crucial for
our arguments. Moreover, arguing like in [6, Theorem 1.16], we obtain in Theorem 3.7 another
kind of clearing-out type property for ν⋆, stating essentially that there are no ‘islands’ in S⋆.
The argument relies on Proposition 2.11 and the Pohozaev identity (Lemma 1.5). Again, this is
possible because the contribution of the Qε-part is well controlled at the ε-level thanks to the
improved bounds from [9, Proposition 2.6].

Together, the two types of clearing-out results above entail, by arguing along the lines of [6,
Section 7], rectifiability and local connectedness properties of S⋆.
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Concerning the proof of the monotonicity of 1
r ζ⋆, we argue again along the lines of [6].

A pivotal role will be played by the limiting Hopf differential ω⋆, introduced in Section 3.3.
The limiting Hopf differential ω⋆ is related to ζ⋆ by Proposition 3.13, specifically by (3.56).
Testing (3.56) against suitable vector fields and using the rectifiability properties of S⋆ (see
item (iv) in Theorem 3.3 and the results in Section 3.4), we can show that there exist certain
crucial relations between ζ⋆ and the components of ω⋆ satisfied at H 1-almost every point of
S⋆, see Theorem 3.20. With those relations at hand, and using again (3.56), we can prove
that ζ⋆ is the weight measure of a one-dimensional varifold V⋆ in Ω, for which can compute the
first variation. We show that V⋆ is stationary as a varifold in Ω \ spt µ⋆ (Theorem 4.1), and
then we take advantage of this fact to compute its first variation as a varifold in Ω, obtaining the
balance law (4.6)–(4.7) in Theorem 4.2. Such a balance law relates spt µ⋆ and spt ν⋆ and provides
a criticality property for them. Relying again on Theorem 3.3 and on a classical structure
results for stationary 1-varifolds with locally bounded positive density due to W. Allard and
F.J. Almgren [1], we finally conclude in Theorem 4.3 that S⋆ is locally the union of relatively
open segments, with locally constant densities. In fact, from [6, Theorem 1.3], at sufficiently
small scale around any point in S⋆ \ E⋆, where the exceptional set E⋆ ⊂ S⋆ is a H 1-null set,
such a union consists of a single segment with constant density.

3.1 Lower bounds on ν⋆, the set S⋆, and its properties

In Equation (13), we defined the energy densities

νε := ε

2 |∇Mε|2 + 1
ε2 fε(Qε, Mε),

dually seen as measures in Ω. It follows from Theorem 1.4 and (7) that, up to extraction of a
subsequence, νε converges weakly* in the sense of measures in Ω to a limiting Radon measure
ν⋆. In this section, we prove some properties of ν⋆. More precisely, following the reasoning in [6,
Section 7], we prove clearing-out properties for ν⋆ far from spt µ⋆ that allow us to show that the
support of ν⋆ coincides locally, i.e., in any compact set K ⊂ Ω \ spt µ⋆, with the concentration
set for the 1-density of ν⋆ and that it is locally a finite union of path-connected components.
(See Theorem 3.3 below for the precise statements.) As a consequence, we obtain locally uniform
convergence in Ω \ (spt µ⋆ ∪ spt ν⋆) of the Mε-component towards the limiting map M⋆ given by
item (i) of Theorem A (Cf. Theorem 3.10.)

Notation. In this section, and in the forthcoming ones, we continue using the notation intro-
duced in Section 2.3.

Auxiliary lemmas and preliminary remarks First of all, we show that the full potential
1
ε2 fε(Qε, Mε) can be locally replaced with the ‘Allen-Cahn’ potential energy 1

ε V ( · , Mε) in the
limit as ε → 0. This result, contained in Lemma 3.1 below, will be key to many results of
this and the next sections. The proof of Lemma 3.1 (and in turn that of Lemma 3.2) exploits
crucially (26)
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Lemma 3.1. Let {(Qε, Mε)} be a sequence of critical points of Fε, subject to boundary condi-
tions either as in (3)–(4) or as in (5)–(6), and assume that (7) holds. Let B := B(x0, R) ⊂⊂
Ω \ spt µ⋆ be any ball. Then,

(3.1) lim
ε→0

ˆ
B

{ 1
ε2 fε(Qε(x), Mε(x)) − 1

ε
V (x, Mε(x))

}
dx = 0.

Proof. Integrating both sides of (2.4) over B, we have
ˆ

B

{ 1
ε2 fε(Qε(x), Mε(x)) − 1

ε
V (x, Mε(x))

}
dx

= 1
4ε2

ˆ
B

(
1 − ρ2

ε

)2
dx +

ˆ
B

β

2

(1 − ρε

ε

)(√
2 + β + βρε

)
dx + χε |B| .

By (1.5), the last term on the right-hand side tends to κ2
⋆ |B| as ε → 0. On the other hand,

by (26) (with p = 2) and (25), as ε → 0 we get both

1
4ε2

ˆ
B

(
1 − ρ2

ε

)2
dx → κ2

⋆ |B|

and (recalling also the definition (1.1) of κ⋆)
ˆ

B

β

2

(1 − ρ

ε

)(√
2 + β + βρε

)
dx → −κ⋆

β

2
(√

2 + 2β
)

= −2κ2
⋆ |B| .

Summing the three contributions above, we obtain exactly (3.1).

The following strengthened version of Lemma 3.1 will be useful later on.

Lemma 3.2. Let {(Qε, Mε)} be a sequence of critical points of Fε, subject to boundary condi-
tions either as in (3)–(4) or as in (5)–(6), and assume that (7) holds. Let B := B(x0, R) ⊂⊂
Ω \ spt µ⋆ be any ball. Then, for every p with 1 ≤ p < +∞,

(3.2) lim
ε→0

ˆ
B

∣∣∣∣ 1
ε2 fε(Qε(x), Mε(x)) − 1

ε
V (x, Mε(x))

∣∣∣∣p dx = 0.

Proof of Lemma 3.2. The conclusion follows easily by combining (2.4), the definition (1.1) of κ⋆,
and the uniform convergence ρε → 1 in B from (25) with (26).

Properties of ν⋆ We now come to the limiting energy measure ν⋆. For any ε > 0, we let

(3.3) ν̃ε := ε

2 |∇Mε|2 + 1
ε

V ( · , Mε).

Next, we define

(3.4) e⋆(x0) := lim inf
r→0

ν⋆(B(x0, r))
2r

, ∀x0 ∈ Ω.
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Similarly, we set

(3.5) e⋆(x0) := lim sup
r→0

ν⋆(B(x0, r))
2r

, ∀x0 ∈ Ω.

Next, taken a compact set K ⊂ Ω \ spt µ⋆, we define the set

(3.6) S⋆,K := {x ∈ K : e⋆(x) > 0} .

Theorem 3.3 and Theorem 3.10 below, providing analogues of [6, Theorem 1.14 and Theo-
rem 1.16] and of [6, Theorem 1.2], respectively, constitute the main results of this section.

Theorem 3.3. Let νε be the energy-measures defined by (13). Then, there exists a non-negative
Radon measure ν⋆ on Ω and a (not-relabelled) subsequence so that νε ⇀∗ ν⋆ weakly* as Radon
measures in Ω as ε → 0. In addition, the measure ν⋆ has the following properties.

(i) Let ν̃ε be the energy densities defined in (3.3). Then, for any compact set K ⊂ Ω \ spt µ⋆,
we have ν̃ε K ⇀ ν⋆ K weakly* as measure in K as ε → 0.

(ii) For any compact set K ⊂ Ω \ spt µ⋆ and any α ∈ (1, 2), there exists positive constant η
(α)
⋆,K

and R
(α)
⋆,K , depending only on K, α, and β, such that, if B(x0, R) ⊂ K has radius R ≤ R

(α)
⋆,K

and if

(3.7) ν⋆

(
B(x0, R)

)
≤ η

(α)
⋆,KR,

then

(3.8) ν⋆

(
B

(
x0,

R

2

))
= 0.

(iii) Define the sets

S
(α)
⋆,K :=

{
x ∈ K : e⋆(x) ≥ η

(α)
⋆,K

}
, S

(sup)
⋆,K := {x ∈ K : e⋆(x) ≥ η⋆,K} ,

where

(3.9) η⋆,K := sup
α∈(1, 2)

η
(α)
⋆,K .

Then,
S⋆,K = S

(α)
⋆,K = S

(sup)
⋆,K .

(iv) The support of ν⋆ K coincides with S⋆,K . In addition, S⋆,K is a closed, H 1-rectifiable
set, with H 1(S⋆,K) < +∞. Moreover, for any x0 ∈ Ω \ spt µ⋆ and for any r > 0 such
that B(x0, 2r) ⊂⊂ Ω \ spt µ⋆ there exists ρ0 ∈ (r, 2r) such that S⋆,K ∩ B(x0, ρ0) is a finite
union of path-connected components.
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Remark 3.1. The very same argument as in the proof of [6, Proposition 7.3] shows that

(3.10) H 1(S⋆,K) ≤ CH,KE0,

where E0 is the global bound on Eε(Mε, Ω) given by (2.7) and CH,K can actually be chosen as
CH,K = 50/η⋆,K .
Remark 3.2. At the current stage, we do not know whether

ν⋆(spt µ⋆) = 0

or not.

Proof of Theorem 3.3, first part. Here, we accomplish the first three steps in the proof of The-
orem 3.3, i.e., the existence of ν⋆ and the proof of items (i), (ii), and (iii). Proving item (iv)
requires some further clearing-out properties for ν⋆ that, being of interest in their own, will be
stated and proved separately. The proof of item (iv) will be therefore provided thereafter.
Step 1 (Existence of ν⋆ and proof of item (i)). By definition, we have

(3.11) νε = ν̃ε +
( 1

ε2 fε(Qε, Mε) − 1
ε

V (x, Mε)
)

for any ε > 0. Thus, on the one hand, the mass of νε on Ω is given by

(3.12) νε(Ω) = Eε(Mε, Ω) +
ˆ

Ω

( 1
ε2 fε(Qε, Mε) − 1

ε
V (x, Mε)

)
dx;

and, thanks to the global energy bound (2.7), assumption (7), and (2.5), the right-hand side
of (3.12) is bounded independently of ε, so that, by standard compactness properties of Radon
measures, there exist a (not-relabelled) subsequence and a non-negative Radon measure ν⋆ in Ω
such that

(3.13) νε ⇀∗ ν⋆

weakly* as measures in Ω, as ε → 0. On the other hand, if K is any compact set contained in
Ω \ spt µ⋆, then (3.11) and Lemma 3.1 together with a standard covering argument entail that
ν̃ε K converge to ν⋆ K weakly* as measures in K as ε → 0.
Step 2 (Proof of item (ii) and item (iii)). The proof of is almost identical to that of [6, Theo-
rem 1.14] (see [6, Section 7.1]). The only difference is given by the presence of the perturbation
term in (2.51), which however vanishes in the limit ε → 0. Anyway, for the reader’s convenience,
we provide some details.

Let K ⊂ Ω \ spt µ⋆ be any compact set, which we may assume to have non-empty interior,
and fix any α ∈ (1, 2). Let η

(α)
⋆,K , R

(α)
⋆,K , and ε

(α)
⋆,K be the same numbers, depending only on K,

α, β, and the energy bound E0, as given by Theorem 2.12. (For ease of notation, we drop the
indices K and α in the following computations.)

By the definition (3.3) of ν̃ε, for any ball B(x0, R) ⊂⊂ Ω \ spt µ⋆, we have

Eε(Mε, B(x0, R)) = ν̃ε(B(x0, R)) = ν̃ε

(
B(x0, R)

)
,
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and therefore, by item (i), for any r ∈ (0, R) we have

lim sup
ε→0

ν̃ε(B(x0, r)) = lim sup
ε→0

νε(B(x0, r)) ≤ ν⋆

(
B(x0, r)

)
≤ ν⋆(B(x0, R)).

Thus, if B(x0, R) ⊂ K is any ball with radius R ≤ R⋆ and we assume that (3.7) holds, then for
any r ∈ (0, R), there exists εr > 0 so that, for all ε ≤ εrR,

ν̃ε(B(x0, r)) ≤ 5
4η⋆R.

Therefore, choosing r = 8R/9 we get

ν̃ε(B(x0, r)) ≤ 2η⋆r.

Using (2.51), we obtain

ν̃ε

(
B

(
x0,

5R

9

))
= ν̃ε

(
B

(
x0,

5r

8

))
≤ Cnrgε

(
Eε(Mε; B(x0, r))

r
+ Cα(K)Rα

)
≤ ε

(9
8η⋆ + Cα(K)Rα

)
.

for any ε ≤ min{ε⋆, εr}R. Letting ε → 0, the conclusion follows.
Once item (ii) has been obtained, item (iii) follows immediately. Indeed, on the one hand,

the inclusions
S

(sup)
⋆,K ⊆ S

(α)
⋆,K ⊆ S⋆,K

are obvious. On the other hand, it follows from item (ii) that for any x0 ∈ K, either e⋆(x0) = 0
or the inequality

e⋆(x0) ≥ η
(α)
⋆,K

holds for every α ∈ (1, 2), hence it must hold also passing to the supremum over α ∈ (1, 2) on
both sides. Since e⋆(x0) does not depend on α, we must have

e⋆(x0) ≥ sup
α∈(1, 2)

η
(α)
⋆,K = η⋆,K .

Thus S⋆,K ⊆ S
(sup)
⋆,K , and the conclusion follows.

A first consequence of Theorem 3.3 is the following lemma, which refines [9, Lemma 3.17]
and will be useful later on.

Lemma 3.4. Let {(Qε, Mε)} be a sequence of critical points of Fε, subject to boundary con-
ditions either as in (3)–(4) or as in (5)–(6), and assume that (7) holds. Then, for any simply
connected open set G ⊂⊂ Ω \ spt µ⋆ with smooth boundary, we have

(3.14) cβH 1(SM⋆ ∩ G) ≤ ν⋆ G,

where cβ = 2
√

2
3

(√
2β + 1

)3/2
. Consequently,

(3.15) cβH 1 SM⋆ ≤ ν⋆

as measures in Ω.
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Proof. The inequality (3.14) is a straightforward consequence of [9, (3.59)] and of item (i) of
Theorem 3.3. Given (3.14), (3.15) follows easily by the strong convergence Mε → M⋆ in L1(Ω)
as ε → 0 given by Theorem A.

As another elementary consequence of the clearing-out property for ν⋆ in (ii) of Theorem 3.3,
we have the following lemma, corresponding to [6, Lemma 7.9 and Proposition 7.2].

Lemma 3.5. Let K ⊂ Ω \ spt µ⋆ be any compact set.

(i) For any x0 ∈ int K \ S⋆,K , there exists a positive radius rx0 such that B(x0, r0) ⊂ K and
ν⋆

(
B(x0, rx0)

)
= 0. In particular, e⋆(x) = e⋆(x) = 0 for any x ∈ B(x0, rx0).

(ii) Let x0 ∈ S⋆,K be such that B(x0, rx0) ⊂ K. Then, ν⋆ (B(x0, r)) ≥ η⋆,Kr for any r ∈ (0, r0].

(iii) The set S⋆,K is a closed subset of Ω \ spt µ⋆ (and hence of Ω).

Proof. Being the proof truly elementary, for the sake of brevity, it is left to the reader (who can
however consult [6, Section 7.2] for full details).

The proof of item (iv) of Theorem 3.3 requires to adapt some results from [6]. Our fist goal
is providing an analogue of [6, Proposition 4.15] accounting for the presence of the perturbation
due to the coupling term in Fε.

Similarly to as in [6, Section 1.5], we introduce the following piece of notation: let U ⊂⊂
Ω \ spt µ⋆ be a bounded, open set and, for δ > 0, denote

Uδ := {x ∈ Ω \ spt µ⋆ : dist(x, U) ≤ δ} ,(3.16)
Vδ := {x ∈ Ω \ (spt µ⋆ ∪ U) : dist(x, U) ≤ δ} .(3.17)

Proposition 3.6. Let K ⊂ Ω \ spt µ⋆ be a compact set, let U ⊂ K be a bounded, open set, and
let δ > 0 be so small that Uδ ⊂ K. Then, for any α ∈ (1, 2) there exists a constant Cext(U , δ),
possibly depending on α, β, K, Ω, and U and δ, but not on ε, such that

(3.18) Eε

(
Mε; Uδ/4

)
≤ Cext(U , δ) (Eε(Mε; Vδ) + εEε(Mε; Uδ) + oε→0(1)) .

Proof. The proof of [6, Proposition 4.15] involves only three ingredients: an application of the
Pohozaev inequality with an appropriate test field to obtain control of the energy on Uδ/4 with
that on ‘external domain’ Vδ ([6, Proposition 3.11]); a standard covering argument; and [6,
Proposition 4.13], whose analogue in our case has already been obtain in Proposition 2.11.

In our case, the proofs are largely similar to as in [6], but some adaptation is required,
especially because we need to take care of the further dependence on Qε when dealing with
Pohozaev inequalities (i.e., when testing the stress-energy tensor T ε

jk in (1.20)).
Before going on, we explicitly remark that, in our case, the condition [6, (4.33)], i.e., a uniform

local bound on Mε, is globally satisfied in Ω, thanks to (1.9), and therefore we do not need to
verify the further condition [6, (4.24)] (which, as a matter of fact, is used in [6] only to ensure
a local uniform bound on uε). As a consequence, Proposition 2.11 above provides the analogue
of the three statements [6, Proposition 4.11, Proposition 4.13, and Proposition 4.14], without
changes (if not in the dependence of the constants, as specified in Proposition 2.11).
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Step 1 (Controlling the energy on external domains). Let K ⊂ Ω \ spt µ⋆ be a given compact
set and, as described in the statement, choose δ > 0 so small that Uδ ⊂ K. Fix χδ : R2 → R, a
smooth cut-off function so that

χδ(x) = 1 for x ∈ Uδ/2, χδ(x) = 0 for x ∈ R2 \ Uδ, |∇χδ| ≤ 4
δ

on R2.

Note that the support of χδ is anyway contained in Ω and that Vδ ⊇ Uδ \ Uδ/2. Going back to
Proposition 1.6 and testing the stress-energy tensor T ε

jk in (1.20) against the field X(x) = xχδ(x),
we obtain ˆ

Uδ

1
ε2 fε(Qε, Mε)(div X) dx =

ˆ
Uδ

ε

{
∂jMε · ∂kMε∂jXk − 1

2(div X) |∇Mε|2
}

dx

+
ˆ

Uδ

{
∂jQε · ∂kQε∂jXk − 1

2(div X) |∇Qε|2
}

dx

(3.19)

We observe that, since Uδ ⊂⊂ Ω \ spt µ⋆, by item (v) of Theorem A, we have strong convergence
Qε → Q⋆ in W 1,2(Uδ) as ε → 0. Thus, by (1.24), we deduce that the second line in (3.19)
vanishes as ε → 0. Consequently, recalling (3.16), (3.17), by an easy computation we obtain the
inequality

(3.20) 1
ε2

ˆ
Uδ/2

fε(Qε(x), Mε(x)) dx ≤ C(U , δ)Eε(Mε; Vδ) + oε→0(1),

where C(U , δ) is a constant depending on U and δ, but not on ε. On the other hand, exploiting
Lemma 3.1, (3.20) becomes

(3.21) 1
ε

ˆ
Uδ/2

V (x, Mε(x)) dx ≤ C(U , δ) (Eε(Mε; Vδ) + oε→0(1)) ,

which replaces [6, (3.27)], and where the constant C(U , δ) depends on U and δ, but not on ε.
Step 2 (Local bounds and covering argument). By a standard argument using Lebesgue’s covering
lemma, we may cover Uδ/4 using only finitely many balls B(xi, δ/8), with xi ∈ Uδ/4, i ∈ I,
♯I < +∞. Notice that we have also ∪i∈IB(xi, δ/4) ⊂ Uδ/2. Using Proposition 2.11 with x0 = xi

and R = δ/4, for any i ∈ I, and recalling 2.46, we see that

Eε(Mε; B(xi, δ/8)) ≲ 1
ε

ˆ
B(xi, 3δ/16)

V (x, Mε(x)) dx + ε

δ
Eε(Mε; B(xi, δ/4)) + εCα(K)δα,

for any α ∈ (1, 2), where the implicit constant on the right-hand side depends only on β and on
Ω. Summing all these contributions, we get

(3.22) Eε(Mε; Uδ/4) ≲ ♯I

(
1
ε

ˆ
Uδ/2

V (x, Mε(x)) dx + ε

δ
Eε(Mε; Uδ/2) + εCα(K)δα

)
,

where the implicit constant on the right-hand side depends only on α, β, K, Ω (while ♯I depends
on δ, of course), and not on ε.
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Step 3 (Conclusion). The desired inequality (3.18) follows immediately by combining (3.21)
and (3.22).

With Proposition 3.6 at hand, we easily obtain the analogue of [6, Theorem 1.16], which is
the key tool in the proof of part (iv) of Theorem 3.3.

Theorem 3.7. Let U ⊂⊂ Ω \ spt µ⋆ be an open set. Assume that, for some δ > 0, there holds
ν⋆(Vδ) = 0. Then, ν⋆(U) = 0.

Proof. Let K ⊂ Ω \ spt µ⋆ be a compact set so that U ⊂⊂ K. Proceeding similarly to as in [6,
Section 7.3], since ν⋆(Vδ) = 0, we have

Eε(Mε, Vδ) → 0 as ε → 0.

Hence, by Proposition 3.6, we obtain

ν⋆

(
Uδ/8

)
≲ lim sup

ε→0

(
Eε(Mε, Vδ) + εEε

(
Mε; Uδ/4

))
= 0,

which implies the claimed conclusion.

We are now ready for completing the proof of Theorem 3.3.

Proof of Theorem 3.3, completion. In order to complete the proof of Theorem 3.3, we need ana-
logues of the results in [6, Section 7.4 and Section 7.5]. However, with Lemma 3.5 and Theo-
rem 3.7 at hand, these results follow with no significant changes by exactly the same arguments
as in [6]. Therefore, we just sketch the main points of the argument below, addressing the reader
to [6] for full details.
Step 3 (S⋆,K is closed, it has finite H 1-measure, and it coincides with spt(ν⋆ K)). The fact
that S⋆,K is closed in Ω \ spt µ⋆ (hence, in Ω) is already contained Lemma 3.5, from which it
also follows immediately that spt(ν⋆ K) = S⋆,K . The fact that S⋆,K has finite H 1-measure,
with the estimate

H 1 (S⋆,K) ≤ CH,KE0,

where E0 is the constant on the right-hand side of (2.7) and CH,K = 50 / η⋆,K follows again
from Lemma 3.5 exactly as in [6, Proposition 7.3]. Being the argument based on a covering
argument and a trivial application of Lemma 3.5, we leave it to the reader to check that the
details presented in [6] carry over completely unchanged.
Step 4 (Connectedness properties of S⋆,K). Given r > 0 and any x0 ∈ Ω \ spt µ⋆ such that
B(x0, 2r) ⊂⊂ Ω \ spt µ⋆, we consider the compact set

S⋆,K,ρ(x0) := S⋆,K ∩ B(x0, r) for ρ ∈ [0, 2r).

Then, arguing exactly as in [6, Proposition 7.4], we can prove that the compact set

C⋆,r(x0) := S⋆,K,r(x0) ∪ S1(x0, r)
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is a continuum, i.e., it is compact and connected. Once that Theorem 3.7 is given, the details
are identical to as in [6]. Since they are based only on an approximation argument in the Haus-
dorff metric for the set C⋆,r(x0) by continua and general properties of continua under Hausdorff
convergence, we leave them to the reader (who, for the general theory of continua, may consult,
for instance, [12]).

Path-connectedness of C⋆,r(x0) now follows immediately, because any continuum with finite
H 1-measure is path-connected (see, e.g., [12, Lemma 3.12]).

Gathering the pieces of information above and arguing as in [6, Section 7.4.1], we obtain the
analogue of [6, Proposition 1.17], i.e., the fact that for any x0 ∈ Ω \ spt µ⋆ and for any r > 0
such that B(x0, 2r) ⊂⊂ Ω \ spt µ⋆ there exists ρ0 ∈ (r, 2r) such that S⋆,K ∩ B(x0, ρ0) is a finite
union of path-connected components. (Being an argument in general topology based solely on
the fact that C⋆,r(x0) is path-connected, no changes are needed with respect to [6], as the reader
may easily check.)
Step 5 (Rectifiability). Since rectifiability is a local property, it suffices to show that S⋆,K,r is
rectifiable. To this purpose, it is clearly enough to prove that C⋆,r(x0) is rectifiable, for x0 and
r > 0 as in the previous step. But this follows immediately, because every continuum with finite
H 1-measure is rectifiable (cf. [12, Lemma 3.13]).

The set S⋆ Taking advantage of the connectedness and rectifiability properties of the sets
S⋆,K , we show that the set spt ν⋆ \ spt ν⋆ is locally path-connected, countably H 1-rectifiable,
with locally finite measure. First of all, we introduced a couple of definitions that will be used
throughout.

Definition 3.1. We define

(3.23) S⋆ := spt ν⋆ \ spt µ⋆

and

(3.24) λ⋆ := H 1 S⋆.

Proposition 3.8. The set S⋆ defined in (3.23) satisfies

S⋆ = {x ∈ Ω \ spt µ⋆ : e⋆ > 0}.

Moreover, S⋆ is countably H 1-rectifiable, with locally finite H 1-measure and locally path-con-
nected.

Proof. The fact that S⋆ equals the set of points with positive lower density for ν⋆ in Ω \ spt µ⋆

is an obvious consequence of item (iii) of Theorem 3.3. In addition, clearly, S⋆ ∩ K = S⋆,K for
any K ⊂ Ω \ spt µ⋆, hence the property H 1(S⋆ ∩ K) < +∞ and the fact that S⋆ ∩ K is H 1-
rectifiable for any K ⊂ Ω \ spt µ⋆ are obvious consequences of item (iv) of Theorem 3.3. Again
in view of item (iv) of Theorem 3.3, it also follows that S⋆ is locally path-connected. Finally,
S⋆ is countably H 1-rectifiable because we could write it as a countable union of sets S⋆,Kn

(which are rectifiable by item (iv) of Theorem 3.3), where {Kn} is a sequence of compact sets
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Kn ⊂ Ω \ spt µ⋆ such that Kn ⊂ Kn+1 and ∪n∈NKn = Ω \ spt µ⋆ (such an exhaustion in nested
compact set certainly exists, as Ω \ spt µ⋆ is an open set of R2 — recall that spt µ⋆ is a finite set
of points. Then, the conclusion follows because countable rectifiability is a local property, stable
under countable unions (and, clearly, the precise choice of the sequence {Kn} is irrelevant).

Remark 3.3. As an obvious consequence of Proposition 3.8, the measure λ⋆ = H 1 S⋆ is locally
finite on Ω \ spt µ⋆, hence it is a Radon measure on Ω \ spt µ⋆.

Locally uniform convergence away from spt ν⋆ ∪ spt µ⋆ We are finally ready to improve
on the Lp-compactness for the Mε-component (already given by Theorem A) and obtain locally
uniform convergence to the limiting map M⋆ away from spt ν⋆ ∪spt µ⋆. To this purpose, we prove
first an auxiliary lemma which says that, thanks to the clearing-out property of ν⋆ and to (3.15),
and up to redefinition on a set of measure zero, the regularity of M⋆ (which was defined only
almost everywhere) can be improved. We recall from [9, Theorem 3.14] that almost every point
x ∈ Ω,

(3.25) M⋆(x) = τ(x)
(√

2β + 1
)1/2

n⋆(x),

where n⋆(x) is a unit eigvector of Q⋆(x) corresponding to its positive eigenvalue.

Lemma 3.9. Up to redefinition on a set of (Lebesgue) measure zero, the map M⋆ : Ω → R2

defined in (3.25) is continuous on the open set Ω \ (spt µ⋆ ∪ spt ν⋆) and given by

M⋆ = τ
(√

2β + 1
)1/2

n⋆,

where τ(x) ∈ {−1, +1} and the function x 7→ τ(x) is constant in each connected component of
Ω \ (spt µ⋆ ∪ spt ν⋆).

Proof. Let x0 ∈ Ω \ (spt µ⋆ ∪ spt ν⋆). Then, by Lemma 3.5, we can find a radius rx0 > 0 so that
B(x0, rx0) ⊂⊂ Ω\spt µ⋆ and ν⋆(B(x0, rx0)) = 0. Hence, we can find a compact set K ⊂ Ω\spt µ⋆

with non-empty interior G := int K, such that x0 ∈ G\S⋆,K . Thus, from (3.15) and Lemma 3.5,
we have

0 ≤ lim
r→0

H 1 (SM⋆ ∩ B(x0, r))
r

≤ lim
r→0

ν⋆(B(x0, r))
r

= 0.

Since, by Theorem A, M⋆ ∈ SBV(Ω, R2) and it is bounded, recalling [2, Theorem 7.8], we see
that x0 ̸∈ SM⋆ . By the continuity of n⋆ in G, it follows that, up to redefining M⋆ on a set of zero
Lebesgue measure, τ must constant in G, so that M⋆ is continuous in G. Consequently, M⋆ is
continuous, and τ is constant, in the connected component of Ω \ (spt µ⋆ ∪ spt ν⋆) containing x0.
The conclusion follows.

Remark 3.4. In particular, SM⋆ ⊂ spt µ⋆ ∪ spt ν⋆. Thus, in view of (3.15) and of (3.6), we have
H 1

(
SM⋆ ∩ K

)
< +∞ for every compact set K ⊂ Ω.

With Theorem 3.3 and Lemma 3.9 at hand, we can finally establish local uniform convergence
of Mε towards M⋆, in every connected component of Ω \ (spt µ⋆ ∪ spt ν⋆).
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Theorem 3.10. Let {(Qε, Mε)} be a sequence of critical points of Fε, subject to either boundary
conditions as in (3)–(4) or as in (5)–(6), and assume that (7) holds. Set U⋆ := Ω\(spt µ⋆∪spt ν⋆).
Then, up to extraction of a (not-relabelled) subsequence, for every connected component Uj of U⋆

we have that Mε → M⋆ locally uniformly on Uj as ε → 0.

Proof. The proof is along the lines of that of [6, item (ii) of Theorem 1.2], presented in [6,
Section 7.6 and Section 7.7], but it requires some modifications in order to deal with the moving
wells.
Step 1. We prove that for any x0 ∈ U⋆ and for the radius rx0 > 0 given by Lemma 3.5, there
exists a (not relabelled) subsequence so that

(3.26) ∥Mε − M⋆∥L∞(B(x0, 3rx0 /4)) → 0 as ε → 0.

Let K be any compact set such that B(x0, rx0) ⊂⊂ K ⊂ U⋆. (It will turn out that the choice of
K is not important.) Then, ν⋆

(
B(x0, rx0)

)
= 0, so that

(3.27) lim sup
ε→0

Eε(Mε; B(x0, rx0)) = lim sup
ε→0

νε(B(x0, rx0)) ≤ ν⋆

(
B(x0, rx0)

)
= 0

Hence, we can apply Theorem 2.12, so that (2.50) yields

(3.28) dist(Mε(x), Σ(Qε(x))) ≤ δβ for any x ∈ B(x0, 3rx0/4),

for any ε > 0 small enough that, say, |Qε| ≥ 1/2 in K. Recall that Σ(Qε) = {(M+)ε, (M−)ε}
and that (M±)ε := ±(1 +

√
2βρε(x))1/2nε(x), so that |(M+)ε − (M−)ε| > 2 independently of

x ∈ K, for any ε small enough that |Qε| ≥ 1/2 in K (see (2.60)). Since δβ ≤ 1, this implies that,
at x0, (3.28) is satisfied for either Nε(x0) = (M+)ε(x0) or Nε(x0) = (M−)ε(x0) (and not for
both). By (3.28), the uniform convergence ρε → 1 given by (25), and the continuity of Mε, it
follows that

(3.29) ∥Nε(x) − Nε(x0)∥ ≤ δβ for any x ∈ B(x0, 3rx0/4).

Thus, we see that, for any ε > 0 small enough,

Nε(x) = τε

(
1 +

√
2βρε(x)

)1/2
nε(x), for all x ∈ B(x0, 3rx0/4)

where τε = τε(x0) ∈ {−1, +1} depends on ε but not on x ∈ B(x0, 3rx0/4). Hence, again by (25),
and after possible extraction of a subsequence, it follows that, as ε → 0,

(3.30) Nε → τ
(
1 +

√
2β
)1/2

n⋆ uniformly in B(x0, 3rx0/4),

where τ ∈ {−1, 1}. On the other hand, Theorem 2.12 and (2.50) yield not only (3.28) but also

(3.31) dist(Mε, Σ(Qε)) ≤ Cwell

(
Eε(Mε; B(x0, rx0))

rx0

)1/6
in B(x0, 3rx0/4).
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for any ε > 0 so small that (3.28) holds. Therefore, combining (3.31) and (3.27), we obtain

(3.32) dist(Mε, Σ(Qε)) = oε→0(1) in B(x0, 3rx0/4).

Thus, for the previously selected subsequence, by (3.32), (3.29), and (3.30),

Mε → τ
(
1 +

√
2β
)1/2

n⋆ uniformly in B(x0, 3rx0/4).

Finally, from Lemma 3.9 we may assume that M⋆ is continuous on B(x0, rx0) and so, by the
pointwise a.e. convergence Mε → M⋆ as ε → 0 given by Theorem A, it follows that

(3.33) M⋆(x) = τ
(
1 +

√
2β
)1/2

n⋆(x) for all x ∈ B(x0, 3rx0/4),

for the same τ as in (3.30). Combining (3.33) with (3.32), we obtain (3.26).
Step 2. Let K ⊂ U⋆ be compact and connected. Then, there exists a (not relabelled) subsequence
such that

(3.34) ∥Mε − M⋆∥L∞(K) → 0, as ε → 0.

With (3.26) at hand, the proof of (3.34) follows by a standard covering argument involving the
connectedness of K and the continuity of M⋆ on each connected component of Ω\(spt µ⋆ ∪spt ν⋆)
given by Lemma 3.9.
Step 3 (Conclusion). Along the lines of [6, Section 7.7], we consider the sets

Un :=
{

x ∈ Ω \ spt µ⋆ : dist (x, spt ν⋆) >
1
n

}
, for n ∈ N.

Then, Un is a compact subset of U⋆. Moreover, there hold

Un ⊂ Un+1 for any n ∈ N,
⋃

n∈N
Un = U⋆.

Letting U j
n, with j ∈ Jn, be the connected components of Un and arguing as in [6, Section 7.7],

we can first prove that the set Jn is at most countable and, from here and a diagonal argument
involving Step 2, that Mε → M⋆ uniformly in U j

n, for any j ∈ Jn. In turn, letting now Uj be
any connected component of U⋆ and K ⊂ Uj be any compact set, the conclusion follows as in [6]
using again Step 2 and the fact that the sign function τ in M⋆ takes only two values and so it
must be constant in Uj ∩ K.

Tangent cone property at regular points of S⋆ By Proposition 3.8, the set S⋆ is H 1-
rectifiable, with locally finite H 1-measure. Thus, by standard results in Geometric Measure
Theory (see, for instance, [19, Chapter 3, Definition 1.4, Remark 1.5(3), and Theorem 1.6]),
there exists a set A⋆ ⊂ S⋆, with H 1(A⋆) = 0, so that, if x0 ∈ S⋆ \ A⋆, then

(3.35) lim
r→0

H 1 (S⋆ ∩ B(x0, r))
2r

= 1,
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i.e.,

lim
r→0

λ⋆(B(x0, r))
2r

= 1.

Moreover, there exists a unit vector ex0 (depending on x0) with the following tangent line prop-
erty. For any θ > 0, there holds

(3.36) lim
r→0

H 1 (S⋆ ∩ (B(x0, r) \ Cone(x0, ex0 , θ)))
2r

= 0,

where Cone(x0, ex0 , θ) is the cone defined by

(3.37) Cone(x0, ex0 , θ) =
{

y ∈ R2 :
∣∣∣e⊥

x0 · (y − x0)
∣∣∣ ≤ tan θ |ex0 · (y − x0)|

}
.

According to standard terminology in Geometric Measure Theory, a point x0 ∈ S⋆ \A⋆ is called
a regular point of S⋆ and ex0 is said to be tangent to S⋆ at x0, see, e.g., [12, Section 2.1].
Remark 3.5. In other words, the tangent line property (3.36) allows us to choose, at any x0 ∈
S⋆ \ A⋆, an orthonormal frame (e1, e2) so that e1 is the unit vector tangent to A⋆ at x0, i.e.,
e1 = ex0 . As in [6], this yields an intrinsic moving frame associated with S⋆ whose importance
will be crucial in the analysis later on.

With the above results at hand, in particular with the connectedness properties of the sets
S⋆,K , and arguing as in the proof of [6, Proposition 1.18], we obtain a relevant strengthening of
the tangent line property at regular points of S⋆, i.e., the tangent cone property below.

Proposition 3.11. Let x0 ∈ S⋆ be any regular point of S⋆. Given any θ > 0, there exists a
radius Rcone(θ, x0) such that

(3.38) S⋆ ∩ B(x0, r) ⊂ Cone(x0, ex0 , θ), for any 0 < r ≤ Rcone(θ, x0)

Proof. Let x0 ∈ S⋆ be any given regular point of S⋆. Since x0 must be contained in some
compact set K ⊂ Ω \ spt µ⋆, we can find rx0 > 0 such that dist({x0}, spt µ⋆) = 2rx0 > 0, and so
B(x0, 2rx0) ⊂ Ω \ spt µ⋆. Let, for instance, Kx0 := B(x0, 3rx0/2). Then, Kx0 is a compact set
contained in Ω \ spt µ⋆ and the proof presented in [6, Section 7.8], being based only on general
arguments in Geometric Measure Theory (in particular, on (3.36)) and on the connectedness
properties of S⋆,Kx0

, which are the same as in [6], carries over without modifications.

A crucial consequence of Proposition 3.11 is Proposition 3.12 below. In order to state Propo-
sition 3.12, we need to introduce some notation, analogous to that in [6, Section 8.1].

Given x0 = (x0,1, x0,2,) ∈ Ω \ spt µ⋆ and ρ > 0 such that B(x0, 2ρ) ⊂ Ω \ spt µ⋆, we denote
Qρ(x0) the closed square defined by

(3.39) Qρ(x0) = Iρ(x0,1) × Iρ(x0,2),

where

(3.40) Iρ(s) = [s − ρ, s + ρ] for s ∈ (0, ρ).

51



Next, we let
Rρ(x0) := Iρ(x0,1) × I 3ρ

4
(x0,2),

so that Qρ(x0) \ Rρ(x0) is the union of two disjoint rectangles. The following condition plays a
pivotal role in most arguments in [6, Section 8]:

(3.41) ν⋆

(
Qρ(x0) \ Rρ(x0)

)
= 0.

If (3.41) holds, then ν⋆ is concentrated, locally near x0, in a neighbourhood of the segment
(x0 − ρe1, x0 + ρe1). In [6, Proposition 8.4], it is proved that (3.41) holds at any regular point
of S⋆. This property holds also in our context (by exactly the same argument, in fact).

Proposition 3.12. Assume that x0 ∈ S⋆ \ A⋆. Then, there exists ρ0 > 0 such that (3.41) is
satisfied for any 0 < ρ ≤ ρ0.

Proof. The argument in [6], which relies just on choosing an orthonormal basis at x0 as in
Remark 3.5 and on the tangent cone property in Proposition 3.11, carries over without modifi-
cations.

3.2 The limiting potential energy ζ⋆

This short section will serve us to introduce a fundamental object in the following course, the
limiting potential energy ζ⋆.

To begin with, following [6, (1.14)], for any ε > 0, we define the potential energy densities

(3.42) ζε := V ( · , Mε)
ε

,

dually seen as measures in Ω. In view of the bound (2.7), it follows immediately that

(3.43) ζε(Ω) ≤ Eε(Mε; Ω) ≤ E0

independently of ε > 0, so that we can find a (not-relabelled) subsequence and a non-negative
Radon measure ζ⋆ on Ω such that, as ε → 0,

(3.44) ζε ⇀∗ ζ⋆

weakly* as measures in Ω.
In the scalar theory, as direct consequences of the positivity of the discrepancy function in

the entire case [18] or, in the case of bounded domains, of its asymptotic vanishing [15] and
of the resulting monotonicity formula for ν⋆, one has both that ζ⋆ controls ν⋆ and that ζ⋆ is
absolutely continuous with respect to λ⋆. In fact, the equipartition property ν⋆ = 2ζ⋆ holds. In
the vectorial case, no monotonicity formula is known for ν⋆. In addition, the discrepancy should
be not expected to have a sign (in the entire case, a counterexample to the positivity of the
discrepancy is presented in [20]). For these reasons, the vectorial theory developed in [6] goes
along a different path and it based on exploiting the relationship between ζ⋆ and the limiting Hopf
differential ω⋆, to be introduced in the next section. This relationship can be proved to hold also

52



in our ‘perturbed’ setting thanks to the refined energy estimates that we have already obtained
at ε-level and the strong convergence of Qε to a harmonic map Q⋆ away from spt µ⋆, and it is
key to further developments. In particular, in Section 3.5 we will prove the monotonicity of the
function r 7→ 1

r ζ⋆(B(x0, r)) for any x0 ∈ Ω, which immediately entails the absolute continuity
of ζ⋆ with respect to λ⋆. In Section 3.6 we will instead recover the equivalence between ζ⋆ and
ν⋆ on S⋆. Finally, in Section 4, we will use Equation (3.56) below to obtain refined structure
properties for S⋆.

3.3 The limiting Hopf differential

In this section, we show that testing the Pohozaev inequality in Lemma 1.5 against smooth
vector field with support in Ω \ spt µ⋆ and passing to the limit as ε → 0 produces a limiting
measure ω⋆ that will be called, adopting the terminology in [6], the limiting Hopf differential.
Proposition 3.13 below relates the limiting Hopf differential with the limiting potential energy
measure ζ⋆ and it is the analogue, in our context, of [6, Lemma 1.19]. Crucially, thanks to (3.53)
below, only the contribution ωM

⋆ to the Hopf differential coming from the M-component appears
in Equation (3.56). Combined with a natural decomposition of ωM

⋆ , (3.51) below, Proposition 3.13
will be key to prove, in the forthcoming sections, the aforementioned further properties of ζ⋆ and
its precise relationship with the limiting energy density ν⋆.
For a start, we notice that, in view of the global bound (1.15), the functions ε∂jMε · ∂kMε,
for (j, k) ∈ {1, 2}2, are bounded in L1(Ω). Therefore, as ε → 0 (after possible extraction of a
subsequence), we have

(3.45) ε∂jMε · ∂kMε ⇀∗
m⋆,j,k, for any (j, k) ∈ {1, 2}2,

weakly* in the sense of measures in Ω, where m⋆,j,k is a bounded signed Radon measure on Ω
for any (j, k) ∈ {1, 2}2.

On the other hand, for any compact set K ⊂ Ω \ spt µ⋆, the maps Qε converge strongly in
W 1,2(K) to Q⋆ (see item (v) of Theorem A) and hence we have

(3.46) ∂jQε · ∂kQε → ∂jQ⋆ · ∂kQ⋆ for any (j, k) ∈ {1, 2}2,

strongly in L1(K) as ε → 0.
Now, we define the following quantities:

ωQ
ε := |∂1Qε|2 − |∂2Qε|2 − 2i∂1Qε · ∂2Qε(3.47)

ωM
ε := |∂1Mε|2 − |∂2Mε|2 − 2i∂1Mε · ∂2Mε(3.48)

ωε := ωQ
ε + εωM

ε .(3.49)

According to the terminology in [6], we will call ωQ
ε , ωM

ε , and ωε Hopf differentials (at the ε-level).
(Although such terminology is usually referred to the above objects multiplied by the complex
differential dz; see, e.g., [14, Chapter 4].)

Since the sequence {εωM
ε } is bounded in L1(Ω), we can find a (not relabelled) subsequence

and a locally bounded Radon measure εωM
⋆ such that, as ε → 0,

(3.50) εωM
ε ⇀∗ ωM

⋆
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weakly* in the sense of measures in Ω. On the other hand, (3.45) implies

(3.51) ωM
⋆ = (m⋆,1,1 −m⋆,2,2) − 2im⋆,1,2

as measures in Ω.
Next, denoting

ωQ
⋆ := |∂1Q⋆|2 − |∂2Q⋆|2 − 2i∂1Q⋆ · ∂2Q⋆

the Hopf differential of Q⋆, we see that (3.46) implies

(3.52) ωQ
ε → ωQ

⋆

as ε → 0, both weakly* in the sense of measures and pointwise a.e. in Ω \ spt µ⋆. On the
other hand, by a classical result in harmonic maps (see, e.g., [14, Chapter 3, p. 28]), the Hopf
differential of any harmonic map from an open set in R2 ≃ C is a holomorphic function, and
therefore we have

(3.53) ∂ωQ
⋆

∂z̄
≡ 0

pointwise in Ω \ spt µ⋆.
From the above, it follows that {ωε} is a bounded sequence in L1(K) for any K ⊂ Ω \ spt µ⋆,

so that there exist a (not relabelled) subsequence and a locally bounded Radon measure ω⋆ in
Ω \ spt µ⋆ such that, as ε → 0,

(3.54) ωε ⇀∗ ω⋆

weakly* as measures in Ω \ spt µ⋆.
We are now ready to prove the main result of this section, relating ω⋆, ωM

⋆ , and ζ⋆.

Proposition 3.13. Let ω⋆, ωM
⋆ , and ζ⋆ be the bounded Radon measures given by (3.54), (3.50)

and (3.44), respectively. Then, for any X ∈ C1
c (Ω \ spt µ⋆, C), we have

(3.55)
〈

ω⋆,
∂X

∂z̄

〉
=
〈

ωM
⋆ ,

∂X

∂z̄

〉
and

(3.56)
〈

ωM
⋆ ,

∂X

∂z̄

〉
=
〈

2ζ⋆,
∂X

∂z

〉
.

Proof. The equality (3.55) is an immediate consequence of (3.53), so we focus on (3.56).
Step 1. We prove that

(3.57) ℜ
(〈

ωM
⋆ ,

∂X

∂z̄

〉)
=
〈

2ζ⋆, ℜ
(

∂X

∂z

)〉
.
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Reasoning as in [6, (3.20)], by the Pohozaev identity (1.22) we obtain
ˆ

Ω
ℜ
(

ωε
∂X

∂z̄

)
dx = 1

ε2

ˆ
Ω

fε(Qε, Mε) div X dx

= 2
ε2

ˆ
Ω

fε(Qε, Mε)ℜ
(

∂X

∂z

)
dx

(3.58)

for any X ∈ C1
c (Ω; C) and for any ε > 0. Take a compact set K ⊂ Ω \ spt µ⋆ and assume that

spt X ⊆ K. Recalling Lemma 3.1 and that, as ε → 0,

1
ε

V ( · , Mε) ⇀∗ ζ⋆

weakly* as measures in K, we obtain

(3.59) 1
ε2 fε(Qε, Mε) ⇀∗ ζ⋆

as ε → 0 and weakly* as measures in K. Thus, using (3.54), (3.55), and (3.59) to pass to the
limit in (3.58), we get (3.57).
Step 2 (Proof of (3.56)). Using iX as a test function in (3.57), we obtain

(3.60) ℑ
(〈

ωM
⋆ ,

∂X

∂z̄

〉)
=
〈

2ζ⋆, ℑ
(

∂X

∂z

)〉
.

Taking the sum of (3.57) with (3.60), the conclusion follows.

As an immediate consequence of (3.56), we have that m⋆,1,2 satisfies modified Cauchy-
Riemann relations (3.61) below (cf. [6, (1.72)]).

Corollary 3.14. The equations

(3.61)
{

∂
∂x2

(2m⋆,1,2) = ∂
∂x1

(2ζ⋆ −m⋆,1,1 +m⋆,2,2)
∂

∂x1
(2m⋆,1,2) = ∂

∂x2
(2ζ⋆ +m⋆,1,1 −m⋆,2,2)

hold in the sense of distributions in Ω \ spt µ⋆.

Proof. Equations (3.61) follow immediately from (3.56) and the definition of Wirtinger’s opera-
tors

∂

∂z
= 1

2

(
∂

∂x1
− i

∂

∂x2

)
,

∂

∂z̄
= 1

2

(
∂

∂x1
+ i

∂

∂x2

)
.

Remark 3.6 (Changing coordinates in the limiting Hopf differential). The expressions (3.47),
(3.48), and (3.49) for ωQ

ε , ωM
ε , and ωε, respectively, depend on the chosen orthonormal basis.

However, it is well-known that, under conformal maps, they transform simply by multiplication
by the conformal factor (in fact, the same quantities multiplied by the complex differential dz
are invariant under conformal maps, see e.g. [14, Chapter 4]). Consequently, for any compact
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set K ⊂ Ω \ µ⋆, the boundedness of the sequences {ωQ
ε } and {εωM

ε }, and hence of {ωε}, is a
property invariant under conformal maps. In turn, the same is true for the existence of their
limits; moreover, the explicit expression for the limiting maps change only by multiplication for
the conformal factor. In particular, this is true for coordinate changes (from any orthonormal
moving frame to any other). Detailed computations, accounting for all cases that will be used
thereafter, are provided in [6, Section 8.9.3].

3.4 Properties near good points of S⋆

With Proposition 3.13 at hand, not only we can replicate the arguments in [6, Section 8], but ac-
tually we could also apply them directly. However, the proof of the monotonicity of the (rescaled)
limiting potential energy in Proposition 3.18 in the next section requires some adaptation with
respect to [6, Section 9]. The reason is that, in order to prove that ζ⋆ does not charge spt µ⋆

(i.e., item (i) of Proposition 3.18), which is a key ingredient in the proof of the balance law (22)
in Theorem 4.2, we really have to go through the argument of [6, Proposition 1.23], because we
need it to be developed on annuli rather than on full balls (as it is instead done in [6]). However,
while stressing that using annuli rather balls is absolutely necessary to our purposes, we also
emphasise that only notational modifications are needed with respect to [6, Section 9], since a
careful reading shows that the argument presented there is already valid on annuli, despite being
written in terms of full balls. Nonetheless, this circumstance forces us to introduce some notation
and to retrace in this section and in the next ones the main steps of Bethuel’s arguments. Such
arguments are made-up by a remarkable (and quite long) combination of elementary pieces that
rely, essentially, on testing the equation (3.56) against suitable test vector fields and on identify-
ing a class of good points (see Definition 3.2 below) having full λ⋆-measure at which remarkable
relationships between the various measures at stake exist. The main result of this section is
Proposition 3.15, which extends [6, Proposition 1.20] to our situation.

Decomposition of the relevant measures with respect to λ⋆ Similarly to as in [6], the
first step in the analysis consists in decomposing ν⋆, ζ⋆, and each of the measures m⋆,j,k into
their absolutely continuous and singular part with respect to the measure λ⋆ = H 1 S⋆:

ν⋆ = νac
⋆ + νsing

⋆ , νac
⋆ ⊥ νsing

⋆ ,(3.62)
ζ⋆ = ζac

⋆ + ζsing
⋆ , ζac

⋆ ⊥ ζsing
⋆ ,(3.63)

m⋆,j,k = m
ac
⋆,j,k +msing

⋆,j,k, m
ac
⋆,j,k ⊥ m

sing
⋆,j,k,(3.64)

for any (j, k) ∈ {1, 2}2. We can write

νac
⋆ = e⋆λ⋆,(3.65)

ζac
⋆ = v⋆λ⋆,(3.66)
m

ac
⋆,j,k = m⋆,j,kλ⋆, for (j, k) ∈ {1, 2}2,(3.67)

so that e⋆, v⋆, and m⋆ denote the densities of νac
⋆ , ζac

⋆ , and mac
⋆,j,k with respect to λ⋆.
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Remark 3.7. For later purposes, we observe that the values of the densities m⋆,j,k strongly depend
on the choice of the (Cartesian) orthonormal frame in their definition (3.45). In the sequel, it will
be convenient to have more intrinsic objects at disposal and therefore, following the discussion
in [6, Section 1.3], we define the ‘intrinsic versions’ of the functions m⋆,j,k, i.e., their expressions
in the moving frame associated with S⋆ introduced in Remark 3.5 above. To this purpose, given
any x0 ∈ S⋆ \ A⋆ and choosing the orthonormal frame (e1, e2) so that e1 = ex0 , we define

(3.68) m⋆,⊥,⊥(x0) = m⋆,2,2(x0), m⋆,||,||(x0) = m⋆,1,1(x0), m⋆,⊥,||(x0) = m⋆,1,2(x0).

Then, letting x0 vary in S⋆ \ A⋆ gives rise to the ‘intrinsic’ measures

(3.69) m⋆,⊥,⊥ = m⋆,⊥,⊥λ⋆, m⋆,||,|| = m⋆,||,||λ⋆, m⋆,⊥,|| = m⋆,⊥,||λ⋆,

whose importance will be clear later on, in light of Theorem 3.20 and Theorem 4.1 below.
The crux of the following sections will be proving that the singular parts of the measures

above are actually zero, while the absolutely continuous parts enjoy suitable bounds. To this
purpose, the first step, carried out below, is ruling out certain bad, λ⋆-null sets from S⋆. Then,
the decisive step, performed in Section 3.5, will be showing the monotonicity of the rescaled
measure ζ⋆, at any x0 ∈ Ω.

Exceptional points and good points In Section 3.1, we defined the λ⋆-null set A⋆ of points
at which S⋆ = spt ν⋆ \ spt µ⋆ does not have density 1. Now, following [6], we define two other
classes of exceptional points. Precisely, in view of (3.62), we may find a subset B⋆ of S⋆ so that

(3.70) λ⋆(B⋆) = 0

and

(3.71) νsing
⋆ (S⋆ \ B⋆) = 0, ζsing

⋆ (S⋆ \ B⋆) = 0, m
sing
⋆,j,k(S⋆ \ B⋆) = 0,

for any (j, k) ∈ {1, 2}2.
In addition to A⋆ and B⋆, we define the set C⋆ ⊂ S⋆ as the complementary set of Lebesgue’s

points for the densities of the measures νac
⋆ , ζac

⋆ , and mac
⋆,j,k for (j, k) ∈ {1, 2}2 with respect to

the measure λ⋆. By Besicovitch’s differentiation theorem and the decomposition (3.62), there
holds

(3.72) λ⋆(C⋆) = 0.

Finally, like in [6, (1.76)], we define the set of exceptional points

(3.73) E⋆ := A⋆ ∪ B⋆ ∪ C⋆.

Since each of the sets on the right-hand side of (3.73) is null for the measure λ⋆, we have

(3.74) λ⋆(E⋆) = 0.

57



Definition 3.2. The points x0 ∈ S⋆ \ E⋆ will be called the good points of S⋆.

Remark 3.8. In particular, for any good point x0, the density Dλ⋆(ν⋆)(x0) of ν⋆ with respect to
λ⋆ at x0 exists and satisfies

Dλ⋆(ν⋆)(x0) = Dλ⋆(νac
⋆ )(x0) = lim

r→0

ν⋆(B(x0, r))
2r

< +∞,(3.75)

Dλ⋆(νsing
⋆ )(x0) = 0.(3.76)

Eliminating derivatives along the transversal direction to the moving frame Let
x0 ∈ S⋆ \ A⋆ and choose an orthonormal basis at x0 as described in Remark 3.5. Let Qρ(x0) be
a (closed) square as in (3.39). Along the lines of [6, Section 1.6], we define the localised measures

(3.77) m̃⋆,j,k = 1Qρ(x0)m⋆,j,k for (j, k) ∈ {1, 2}2, ζ̃⋆ = 1Qρ(x0)ζ⋆,

where 1Qρ(x0) denotes the characteristic function of the square Qρ(x0). Denoting P the orthogonal
projection onto the tangent line γx0 := {x0 + se1 : s ∈ R}, we let

m̃
1
⋆,j,k := P♯(m̃⋆,j,k), ζ̃1

⋆ := P♯(ζ̃⋆)

be the push-forward of the localised measures (3.77) with respect to P. As in [6, (1.80)], we
introduce the measures on the interval Iρ(x0,1) (defined as in (3.40))

(3.78)


Jx0,ρ = Jρ = m̃

1
⋆,1,2,

Lx0,ρ = Lρ = 2ζ̃1
⋆ − m̃1

⋆,1,1 + m̃1
⋆,2,2,

Nx0,ρ = Nρ = 2ζ̃1
⋆ + m̃1

⋆,1,1 − m̃1
⋆,2,2.

The properties of the one-dimensional measures (3.78) are given by [6, Proposition 8.2, Proposi-
tion 8.4, Proposition 8.6, Proposition 8.7, Proposition 8.11, and Proposition 8.12]. Although the
proofs of [6, Proposition 8.2, Proposition 8.4, and Proposition 8.6] involve several computations
and occupy a few pages, they are based only on the validity of the condition (3.41) and on testing
the Equation (3.56) against suitable fields, of the form

Xf (x1, x2) = f1(x1)f2(x2)ei

for either i = 1 or i = 2 and appropriate choices of the functions fj ∈ C∞
c (Iρ(x0,j)), for

j ∈ {1, 2}. (Specifically, we address the reader to [6, (8.18), (8.24), (8.28), (8.31)].) Therefore,
these propositions carry over to our case without modifications and thus, for the sake of brevity,
we avoid repeating the arguments; the reader is referred to [6, Sections from 8.1 to 8.7] for fully
detailed proofs.

About [6, Proposition 8.7], the first part of its statement claims the validity of (3.41) at points
of S⋆ \ A⋆ and corresponds precisely to Proposition 3.12. Combined with [6, Proposition 8.2],
it yields immediately that the measures Jρ, Lρ are proportional to the Lebesgue measure on
Iρ(x0,1) and satisfy the differential relations [6, (8.15), (8.16)] (which are part of the statement
of [6, Proposition 8.2] and are, once again, direct consequences of (3.56)).
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Assume now the stricter condition x0 ∈ S⋆ \ E⋆, so that x0 is a Lebesgue point for the
absolutely continuous part (with respect to λ⋆) of the measures ν⋆, ζ⋆, and m⋆,j,k, for (j, k) ∈
{1, 2}2. This means that the densities e⋆, v⋆, m⋆,j,k in (3.65), (3.66), (3.67) satisfy

lim
r→0

1
r

ˆ
S⋆∩B(x0,r)

|e⋆(τ) − e⋆(x0)| dτ = 0,

lim
r→0

1
r

ˆ
S⋆∩B(x0,r)

|v⋆(τ) − v⋆(x0)| dτ = 0,

lim
r→0

1
r

ˆ
S⋆∩B(x0,r)

|m⋆,j,k(τ) − m⋆,j,k(x0)| dτ = 0 for (j, k) ∈ {1, 2}2,

whence the existence of some K(x0) > 0 so that
(3.79) νac

⋆ (B(x0, r)) ≤ K(x0)r, for any 0 < r ≤ ρ0.

Arguing word-for-word as in [6, Proposition 8.11], one obtains that every point x0 ∈ S⋆ \E⋆ is a
Lebesgue point for the densities Jρ0 , Lρ0 , and Nρ0 associated with Jρ, Lρ, and Nρ, respectively,
and that the identities

Jρ0(x0,1) = m⋆,1,2(x0),
Lρ0(x0,1) = 2v⋆(x0) − m⋆,1,1(x0) + m⋆,2,2(x0),
Nρ0(x0,1) = 2v⋆(x0) + m⋆,1,1(x0) − m⋆,2,2(x0),

hold. Moreover, by [6, Proposition 8.12] (which is essentially a direct consequence of (3.79) and
of the tangent cone property), we have

Jx0,ρ0(s) = 0 for s ∈ (x0,1 − ρ0, x0,1 + ρ0),
Nx0,ρ0(x0,1) = 0.

Gathering these identities leads to the following analogue of [6, Proposition 1.20].
Proposition 3.15. Let x0 ∈ S⋆ \ E⋆ be arbitrary and let ex0 be the tangent vector to S⋆ at
x0. Assume that the orthonormal frame (e1, e2) is chosen so that e1 = ex0. Then, we have the
identities

(3.80)
{

2v⋆(x0) = m⋆,2,2(x0) − m⋆,1,1(x0),
m⋆,1,2(x0) = 0.

Remark 3.9. Using the notation in (3.68), (3.69), we could rephrase (3.80) in the ‘intrinsic’ form{
2v⋆ = m⋆,⊥,⊥ − m⋆,||,||,

m⋆,⊥,|| = 0,

which is an identity holding on the whole set S⋆ \ E⋆ of good points in S⋆.
From the discussion at the end of Section 3.3, we immediately draw a counterpart of [6,

Lemma 1.21].
Lemma 3.16. For any x ∈ S⋆ \ E⋆, we have the identity
(3.81) ωac

⋆ (x) = −2e−2iγ⋆(x)ζac
⋆ (x),

where γ⋆(x) ∈
[
−π

2 , π
2
]

denotes the angle between e1 and the tangent vector ex to S⋆ at x.

59



3.5 Monotonicity properties of the limiting potential ζ⋆

In this section, we show that, for any x0 ∈ Ω and any annulus centred at x0 and properly
contained in Ω \ spt µ⋆, the function r 7→ ζ⋆(B(x0, r)

r is monotone non-decreasing for 0 < r ≤ R,
where R denotes the exterior radius of the annulus. As a consequence, we obtain the existence
of the density of ζ⋆ at x0 and, hence, the absolute continuity of ζ⋆ with respect to λ⋆.
The first step towards the desired monotonicity property is the following result, which is analo-
gous to [6, Lemma 1.24].

Lemma 3.17. Let x0 ∈ Ω be any point. Then, for every R > 0 and every radii r1, r2 with
0 < r1 < r2 ≤ R and such that B(x0, r2) \ B(x0, r1) ⊂⊂ Ω \ spt µ⋆, we have the identity

(3.82) ζ⋆(B(x0, r2))
r2

− ζ⋆(B(x0, r1))
r1

=
ˆ

B(x0, r2)\B(x0, r1)

1
4r

dNx0,⋆,

where

(3.83) N⋆,x0 = (weak*-) lim
ε→0

(2
ε

V ( ·, Mε) − ε |∂τ Mε|2 + ε |∂νMε|2
)

.

Proof. Let us set, for brevity, Br := B(x0, r), for any r ∈ (0, R).
By (1.23), the pointwise identity (2.4), and in view of Lemma 3.1, we can write

r2 d
dr

( 1
εr

V (x, Mε(x))
)

= r

2ε

ˆ
∂Br

V (x, Mε(x))

+ r

4

ˆ
∂Br

(
|∂νQε| + ε |∂νMε|2 − |∂τ Qε|2 − ε |∂τ Mε|2

)
+ oε→0(1)

(3.84)

In virtue of the strong convergence Qε → Q⋆ in W 1,2
loc (Ω \ spt µ⋆) and recalling that, being

harmonic, Q⋆ satisfies ˆ
∂Br

|∂νQ⋆|2 =
ˆ

∂Br

|∂τ Q⋆|2

for any r ∈ (0, R), passing to the limit as ε → 0 in (3.84), it follows that, for a.e. r ∈ (0, R),

r2 d
dr

(ζ⋆(Br)) = r

4N⋆,x0(∂Br),

where N⋆,x0 is as in (3.83). The conclusion follows straightforwardly.

With Lemma 3.17 at hand, the monotonicity of r 7→ ζ⋆(B(x0, r))
r is proved once we show that

N⋆,x0 is a non-negative measure, for any x0 ∈ Ω. Although we could also conclude immediately
by invoking directly the results in [6, Section 9], to facilitate the reader we go through the main
points of the argument.

First of all, it is convenient to switch to polar coordinates (r, θ) centred at x0. Upon defining{
m⋆,r,r := cos2 θm⋆,1,1 + sin2 θm⋆,2,2 + 2 sin θ cos θm⋆,1,2,
1
r2m⋆,θ,θ := sin2 θm⋆,1,1 + cos2 θm⋆,2,2 − 2 sin θ cos θm⋆,1,2,
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we have, as ε → 0,
ε |∂rMε|2 ⇀∗

m⋆,r,r, ε |∂θMε|2 ⇀∗
m⋆,θ,θ,

as measures in Ω. Using this notation, we can rewrite (3.83) in the form

(3.85) N⋆,x0 = 2ζ⋆ − 1
r2m⋆,θ,θ +m⋆,r,r.

Decomposing also the densities m⋆,j,k, for (j, k) ∈ {1, 2}2, in the polar frame (r, θ) and using
(3.85) and Lemma 3.16 as in the proof of [6, Lemma 9.1], we end up with

(3.86) N ac
⋆,x0 = 4 sin2(γ⋆ − θ)ζac

⋆ ,

where N ac
⋆,x0 denotes the absolutely continuous part of N⋆,x0 with respect to λ⋆.

Next, let ρ > δ > 0 be given. Following [6, Section 9.3], we introduce the auxiliary functions

Z(r) := ζ⋆(B(x0, r)),

F (r) := Z(r)
r

,

Gδ(r) :=
ˆ

B(x0, r)\B(x0, δ)

1
|x − x0|

dN⋆,x0 ,

where r ∈ [δ, ρ]. Letting

Π : B(x0, ρ) \ {x0} → (0, ρ) : x 7→ Π(x) :=
√

(x − x0,1)2 + (x − x0,2)2,

we also introduce the auxiliary measures

ζ̌⋆ := Π♯(ζ⋆), Ň⋆,x0 := Π♯(N⋆,x0),

so that, for any Borel sets A ⊂ [δ, ρ], there we have

ζ̌⋆(A) = ζ̌⋆(Π−1(A)), Ň⋆,x0(A) = Ň⋆,x0(Π−1(A)).

Exactly as in [6, Lemma 9.3], as a direct consequence of the definitions and Fubini’s theorem, it
follows that Z and Gδ have bounded variation and that

(3.87) d
dr

Z = ζ̌⋆ ≥ 0,
d
dr

Gδ = 1
r
Ň⋆,x0 , in D ′((δ, ρ)).

Using these facts, one proves that F has bounded variation and that

(3.88) d
dr

F = 1
r

ζ̌⋆ − 1
r2 Z = 1

4r
Ň⋆,x0 , in D ′((δ, ρ)).

cf. [6, Lemma 9.4]. Then, arguing as in [6, Section 9.4], we take advantage of (3.86) and of the
two different forms for d

dr F to show that the latter is a non-negative measure. More precisely,
once defined the annulus

Aδ,ρ := B(x0, ρ) \ B(x0, δ),
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we consider the set
Aδ,ρ = Π−1 (E ∩ Aδ,ρ) .

Then, H 1(Aδ,ρ) = 0 and, since Z is a bounded function,

(3.89) Z

r
Aδ,ρ = 0.

Furthermore, since N⋆,x0 = N ac
⋆,x0 on B(x0, ρ) \ E⋆, we have

(3.90) Ň⋆,x0 ((0, ρ) \ Aδ,ρ) ≥ 0,

by (3.86). On the other hand, by (3.88),

(3.91) Ň⋆,x0 = 4
(

ζ̌⋆ − Z

r

)
in D ′((δ, ρ)).

Since both sides of (3.91) are (not only distributions but also) bounded measures, the iden-
tity (3.91) is an identity of measures. On the other hand, in view of (3.89), from (3.91) it follows
that

(3.92) Ň⋆,x0 Aδ,ρ = ζ̌⋆ Aδ,ρ ≥ 0.

Gathering (3.90) and (3.92), we obtain

Ň⋆,x0 ≥ 0 on (0, ρ)

and, by (3.88), d
dr F ≥ 0 on (δ, ρ) for any δ > 0, hence d

dr F ≥ 0 on (0, ρ). Thus, recalling the
definition of F , we see that

d
dr

(
ζ⋆(B(x0, r))

r

)
≥ 0 on (0, ρ),

and we have therefore obtained the same conclusion of [6, Proposition 1.23], summarised below.

Proposition 3.18. The measure ζ⋆ has the following properties.

(i) Let x0 ∈ Ω be any point. Then, for every R > 0 and for almost every radii r1, r2 with
0 < r1 < r2 ≤ R and such that B(x0, r2) \ B(x0, r1) ⊂⊂ Ω \ spt µ⋆, we have the inequality

(3.93) ζ⋆(B(x0, r2))
r2

≥ ζ⋆(B(x0, r1))
r1

.

(ii) The measure ζ⋆ does not charge the support of µ⋆, that is,

(3.94) ζ⋆(spt µ⋆) = 0.
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(iii) For every x0 ∈ Ω, the function r 7→ ζ⋆(B(x0, r))
r has a limit when r → 0, and we have, in

fact,

(3.95) v⋆(x0) = lim
r→0

ζ⋆(B(x0, r))
2r

≤ ζ⋆(B(x0, R))
2R

,

for every R > 0 such that (B(x0, 2R) \ {x0}) ⊂ Ω \ spt µ⋆.

(iv) There holds

(3.96) ζ⋆ ≤ ν⋆

in the sense of measures in Ω.

(v) The measure ζ⋆ is absolutely continuous with respect to λ⋆ = H 1 S⋆ in Ω. In fact,

ζ⋆ = v⋆H
1 S⋆

in Ω.

Remark 3.10. We stress that x0 can be any point in Ω; in particular, it may very well be a point
of the support of µ⋆.

Proof. Inequality (3.93) has been already obtained above. Item (ii) follows immediately from
inequality (3.93). Item (iii) is an obvious consequence of (3.93). About item (iv), the inequality

ζ⋆ (Ω \ spt µ⋆) ≤ ν⋆ (Ω \ spt µ⋆)

follows already from the definitions of ζ⋆ and ν⋆ and item (i) of Theorem 3.3. On the other
hand, by (3.94) we have also ζ⋆(spt µ⋆) = 0, and the conclusion follows. Finally, item (v) follows
straightforwardly by combining item (iii), item (iv), and item (ii).

3.6 Upper bounds, absolute continuity of ν⋆ with respect to λ⋆, and conse-
quences

By item (iv) of Proposition 3.18, we know that the inequality ζ⋆ ≤ ν⋆ holds in the sense of
measure in Ω. We now show that also a converse inequality holds locally on Ω\ spt µ⋆, so that ν⋆

is equivalent to ζ⋆ in Ω\spt µ⋆ and, in turn, absolutely continuous with respect to λ⋆ in Ω\spt µ⋆.

Proposition 3.19. The measure ν⋆ is equivalent to ζ⋆ and absolutely continuous with respect to
λ⋆ in Ω \ spt µ⋆. Moreover, we have ν⋆ = e⋆λ⋆, with

(3.97) e⋆(x0) ≤ 2Kβ v⋆(x0) for λ⋆-almost every x0 ∈ S⋆,

where e⋆ : S⋆ → R+ denotes the density of ν⋆ and the constant Kβ depends only on β and on Ω.

Proof. The proof combines [6, Lemma 9.7] with [6, Corollary 9.8] and Proposition 3.18. To keep
it more transparent, we divide it into two steps.
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Step 1 (ν⋆ ∼ ζ⋆ in Ω \ spt µ⋆). From Proposition 2.11 (in particular, from (2.44)) and the
logarithmic bound on the energy Fε in (1.13), we derive that, for any ball B(x0, R) ⊂⊂ Ω\spt µ⋆,
there holds

νε (B(x0, R/2)) ≤ Kβ ζε

(
B(x0, 3R/4)

)
+ oε→0(1),

where Kβ is the constant in the right-hand side of (2.44), which depends only on β and Ω. Thus,
passing to the limit ε → 0, we get

(3.98) ν⋆(B(x0, R/2)) ≤ Kβ ζ⋆

(
B(x0, 3R/4)

)
,

which is the same conclusion as in [6, Lemma 9.7]. As a consequence of (3.98), if we fix any
compact set K ⊂ Ω\spt µ⋆ and we take any Borel set E ⊂ K which is null for the measure ζ⋆, by
covering E with balls B(xj , R/2) such that B(xj , 4R/5) ⊂ K and then using the outer regularity
of ζ⋆, it follows that E is null also for the measure ν⋆, hence ν⋆ ≪ ζ⋆ in K. In view of (3.96),
it follows that ν⋆ and ζ⋆ have the same null sets in K, for any compact set K ⊂ Ω \ spt µ⋆.
By exhausting Ω \ spt µ⋆ by a countable family of nested compact sets, the same holds true in
Ω \ spt µ⋆, and therefore ν⋆ ∼ ζ⋆ in Ω \ spt µ⋆.
Step 2 (Proof of (3.97) and conclusion). From (3.75), (3.76), (3.98) and (3.95), as in [6, Corol-
lary 9.8], denoting Dλ⋆(ν⋆)(x0) the upper density of ν⋆ with respect to λ⋆ at x0, it follows that,
for every x0 ∈ S⋆ \ E⋆,

Dλ⋆(ν⋆)(x0) = lim sup
r→0

ν⋆(B(x0, r))
2r

= lim sup
r→0

ν⋆(B(x0, r/2))
r

≤ Kβ lim
r→0

ζ⋆(B(x0, r))
r

= 2Kβ v⋆(x0).
(3.99)

This implies that ν⋆ is absolutely continuous with respect to λ⋆. Moreover, since x0 ∈ S⋆ \ E⋆,
and, therefore, e⋆(x0) = Dλ⋆(ν⋆)(x0), (3.97) follows as well. The proof is complete.

Remark 3.11. A straightforward consequence of the absolute continuity of ν⋆, ζ⋆ with respect to
λ⋆ on S⋆ is the fact that such measures do not have singular part with respect to λ⋆, i.e., νsing

⋆ ,
ζsing

⋆ ≡ 0 on S⋆. In particular, the inequality (3.97) implies that

spt ζ⋆ = S⋆

and that
ν⋆ ≤ 2Kβ ζ⋆,

as measures in Ω \ spt µ⋆. Therefore, we can really study the properties of S⋆ using ζ⋆ rather
than ν⋆.

As immediate consequences of the absolute continuity of ν⋆, ζ⋆ with respect to λ⋆ on S⋆ (in
other words, of the fact that νsing

⋆ , ζsing
⋆ ≡ 0 on S⋆), we have the following stronger versions of

Proposition 3.15 and of Lemma 3.16.
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Theorem 3.20. We have the identities

(3.100) 2ζ⋆ = m⋆,⊥,⊥ −m⋆,||,||, m⋆,⊥,|| = 0,

where the measures m⋆,⊥,⊥, m⋆,||,||, and m⋆,⊥,|| are defined in (3.68), (3.69).

Proof. The identities in (3.100) follow both from Proposition 3.15 and the fact that νsing
⋆ , ζsing

⋆

are identically zero on S⋆ \ E⋆, along with the trivial observation that

−2ν⋆ ≤ m⋆,j,k ≤ 2ν⋆

for any (j, k) ∈ {1, 2}2.

Proposition 3.21. Let (e1, e2) be any orthonormal basis of R2. We have the identity

(3.101) ω⋆ = −2e−2iγ⋆ζ⋆,

where γ⋆(x) ∈
[
−π

2 , π
2
]

denotes the angle between e1 and the tangent vector ex to S⋆ at x ∈
S⋆ \ E⋆.

Proof. The lemma follows immediately by combining Lemma 3.16 with (3.13), (3.48), Proposi-
tion 3.18, and (3.100).

4 Proof of Theorem B and Theorem C

As an easy consequence of Proposition 3.18, Corollary 3.14, and Theorem 3.20 (with the aid of
Proposition 3.21), we conclude that the limiting measure ζ⋆ is the weight measure of a countably
H 1-rectifiable varifold V⋆ := v(S⋆, v⋆) in Ω, which is also stationary in Ω \ spt µ⋆. This gives
further structure to the set S⋆ = spt ν⋆ \spt µ⋆, which turns out to be locally a union of segments
with locally constant densities. In addition, we are able to compute the first variation of V⋆. As
a consequence, we obtain the proof of Theorem B and of Theorem C.

Varifolds For the reader’s convenience, we briefly recall the concepts of varifold, rectifiable
varifold, first variation of a varifold, and stationary varifold. We refer to [19] for a comprehensive
treatment of varifolds.

A k-varifold V on an open set U ⊂ Rn is a Radon measure on Gk(U) := U × G(n, k), where
G(n, k) denotes the Grassmanian manifold of k-dimensional planes in Rn. The weight measure
∥V∥ of V is the Radon measure defined by setting

ˆ
U

ϕ(x) d ∥V∥ (x) :=
ˆ

Gk(U)
ϕ(x) dV(x, S),

for all ϕ ∈ Cc(U). A k-varifold is H k-rectifiable (or k-rectifiable, for short) if there exist a
countably H k-rectifiable set S and a locally H k-integrable function θ : S → R+ (called density
function or multiplicity) so that

ˆ
Gk(U)

φ(x, S) dV(x, S) =
ˆ
S

φ(x, TxS) θ(x) dH k(x)
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for all φ ∈ Cc(Gk(U)), where TxS denotes the approximate tangent space to S at x ∈ S. Thus,
if V is k-rectifiable, then

∥V∥ = θH k S.

Two pairs (S, θ) and (S′, θ′) identify the same H k-rectifiable varifold if and only if the symmet-
ric difference S∆S′ is a H k-null set and θ = θ′ on H k-almost all of S ∩ S′. These conditions
define an equivalence relation, so that rectifiable varifolds are actually equivalence classes of pairs
(S, θ). We will write V = v(S, θ) for the rectifiable varifold carried by S with density function θ
(see e.g. [19, Chapter 4]). The first variation of a varifold V is the distribution δV in U satisfying

δV(X) :=
ˆ
S

divTxS X(x) dH k(x)

for all X ∈ C1
c (U, Rn). If it happens that δV(X) = 0 for any X ∈ C1

c (U, Rn), then V is said to
be stationary in U .

Theorem 4.1. The pair (S⋆, v⋆) is a representative of a countably H 1-rectifiable varifold in Ω
whose weight measure is ζ⋆. In addition, the varifold V⋆ := v(S⋆, v⋆) is stationary in Ω \ spt µ⋆.

Proof. We divide the proof into two steps. First, we formalise the fact, already implied by the
results in the above sections, that (S⋆, v⋆) is a representative of a countably H 1-rectifiable
varifold in Ω. Second, following the argument of [6, Theorem 1.5], we show that it is indeed
stationary as a varifold in Ω \ spt µ⋆ (i.e., with respect to variations supported in Ω \ spt µ⋆).
Step 1 (Rectifiability). By Proposition 3.8, S⋆ is a countably H 1-rectifiable set. By Proposi-
tion 3.18, ζ⋆ is absolutely continuous with respect to the measure λ⋆ = H 1 S⋆ as measures
in Ω, with associated density v⋆. It then follows from the very definition of countably H 1-
rectifiable varifold (e.g., [19, Chapter 4]) that the pair (S⋆, v⋆) is a representative of a countably
H 1-rectifiable varifold in Ω whose weight measure is precisely ζ⋆.
Step 2 (Stationarity). We argue exactly as in [6, Section 11]. The key point is proving that the
‘modified Cauchy-Riemann relations’ (3.61) are, in fact, equivalent to the stationarity condition

(4.1)
ˆ
S⋆

divTxS⋆ X dζ⋆ = 0

for any X = (X1, X2) ∈ C1
c (Ω \ spt µ⋆, R2), where (by definition)

(4.2) divTxS⋆ X(x) = (ex · ∇X(x)) · ex

at any x ∈ S⋆ \ E⋆.
To this purpose, we consider the measure

N⋆ := 2ζ⋆ −m⋆,2,2 +m⋆,1,1,

For any x ∈ S⋆ \ E⋆, the unit tangent vector ex can be decomposed along the Cartesian frame
(e1, e2) as

ex = cos γ(x)e1 + sin γ(x)e2,
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where γ(x) denotes the angle between e1 and ex (possibly flipped, so that γ(x) ∈ [−π/2, π/2]).
Plugging this identity in (4.2), we obtain

divTxS⋆ X(x) = cos2 γ(x)∂X1
∂x1

(x) + sin2 γ(x)∂X2
∂x2

(x)

+ sin γ(x) cos γ(x)
[

∂X2
∂x1

(x) + ∂X1
∂x2

(x)
]

,

so that the stationarity condition (4.1) can be recast in the form (cf. [6, (11.2)])

(4.3)
〈

ζ⋆, cos2 γ(x)∂X1
∂x1

+ sin2 γ(x)∂X2
∂x2

+ sin γ(x) cos γ(x)
[

∂X2
∂x1

+ ∂X1
∂x2

]〉
= 0.

On the other hand, in view of Proposition 3.21, we may rewrite

N⋆ = 4 sin2(γ)ζ⋆,

so that, by Theorem 3.20, the modified Cauchy-Riemann relations (3.61) can be rewritten in the
form

(4.4)
{

− ∂
∂x2

(sin(2γ)ζ⋆) = ∂
∂x1

(1 + cos(2γ)ζ⋆),
− ∂

∂x1
(sin(2γ)ζ⋆) = ∂

∂x2
(1 − cos(2γ)ζ⋆).

Integrating (4.3) by parts in the sense of distributions (recalling that X1, X2 can be chosen
independently of each other) and combining the result with (4.4), the conclusion follows.

We now take advantage of the stationarity of V⋆ in Ω \ spt µ⋆ to compute its first variation
as a varifold in Ω. Before stating the result, we establish some further notation. First, we shall
denote δV⋆ the first variation of V⋆, taken in the sense of distributions in Ω. Next, we recall that
spt µ⋆ is a finite set, with cardinality N⋆ ∈ N and we denote aj , for j ∈ {1, . . . , n⋆} and n⋆ ≤ N⋆,
the points of spt µ⋆ lying in Ω. Finally, we write ∇ajW⋆(a1, . . . , an⋆) for the gradient of the
renormalised energy with respect to its j-th variable. We recall that, from [4, Theorem VII.4
and Theorem VIII.3] and [16, Theorem 5.1], ∇ajW⋆(a1, . . . , an⋆) satisfies

(4.5) e · ∇ajW⋆(a1, . . . , an⋆) =
ˆ

∂Bρ(aj)

(
∂eQ⋆ · ∂νQ⋆ − 1

2(ν · e) |∇Q⋆|2
)

ds

for any constant vector field e ∈ R2 and where ρ > 0 is any radius small enough that, for any j,
k ∈ {1, . . . , n⋆}, there holds Bρ(aj) ∩ Bρ(ak) = ∅ whenever j ̸= k.

We are now ready for the proof of Theorem C. For the reader’s convenience, we recall its
statement below.

Theorem 4.2. The first variation δV⋆ of V⋆ := v(S⋆, v⋆) as a varifold in Ω is the distribution
in Ω defined by

(4.6) δV⋆(X) =
n⋆∑

j=1
zj · X(aj),
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for any X ∈ C∞
c (Ω, R2), where

(4.7) zj := −1
2∇ajW⋆(a1, . . . , an⋆),

for any j ∈ {1, . . . , n⋆}.

Proof. We begin by observing that, since spt µ⋆ is a finite set and V⋆ := v(S⋆, v⋆) is stationary in
Ω\spt µ⋆ by Theorem 4.1, it suffices to work at fixed j ∈ {1, . . . , n⋆} and it is enough to consider
vector fields X = (X1, X2) compactly supported near spt µ⋆ ∩Ω, i.e., X ∈ C∞

c

(
∪n⋆

j=1Bs(aj), R2
)
,

for some small s > 0. In fact, by linearity of the first variation it is enough to consider vector
fields of the form X = eφ, for e ∈ R2 a constant vector field and φ ∈ C∞

c (Bs(aj)) such that

(4.8) φ(x) = φ(|x|), φ(aj) = 1 in Bs/2(aj),
∣∣φ′(x)

∣∣ ≲ 1/s,

for any x ∈ spt φ. Here and in the rest of the proof, we assume that s > 0 is any radius small
enough that Bs(aj) ⊂⊂ Ω and Bs(aj) does not contain points of spt µ⋆ ∩ Ω other than aj .
Step 1. We let

(4.9) I⋆(X) := lim
ε→0

ˆ
Ω

(
ε |∂1Mε|2 ∂1X1 + ε∂1Mε · ∂2Mε(∂1X2 + ∂2X1)

+ε |∂2Mε|2 ∂2X2 − ε

2 |∇Mε|2 div X − 1
ε

V (x, Mε) div X
)

dx

for any X ∈ C∞
c (Ω, R2), and we claim that

(4.10) δV⋆ = −1
2I⋆ in D ′(Ω, R2).

Proof of (4.10). To prove the claim, we first use that, by (3.45), the various terms on the right-
hand side of the definition of I⋆ have a limit in the sense of distributions in Ω as ε → 0, so that,
when I⋆ is applied to X, we can write (dropping the subscript ⋆ for the measure m⋆,j,k for ease)

I⋆(X) =
ˆ

Ω
∂1X1 dm1,1 +

ˆ
Ω

(∂1X2 + ∂2X1) dm1,2 +
ˆ

Ω
∂2X2 dm2,2

− 1
2

ˆ
Ω

(∂1X1 + ∂2X2) d(m1,1 +m1,2) −
ˆ

Ω
(∂1X1 + ∂2X2) dζ⋆.

Now, we pass to the moving frame associated with S⋆ and we rewrite in this basis the right-hand
side of I⋆. To this purpose, for any good point x ∈ S⋆, we let τ (x) = ex be a unit tangent vector
to S⋆ at x and we write γ(x) for the angle formed by τ (x) with the canonical orthonormal frame
(e1, e2). Up to flipping τ (x) if necessary, we may assume that γ(x) ∈ [−π/2, π/2], so that we
can write {

τ (x) = e1 cos γ(x) + e2 sin γ(x),
ν(x) = −e1 sin γ(x) + e2 cos γ(x),
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where ν = τ ⊥. By elementary computations and recalling from Theorem 3.20 that{
2ζ⋆ = m⊥,⊥ −m||,|| = mν,ν −mτ ,τ ,

m⊥,||,|| = mν,τ = 0,

it follows that

(4.11) I⋆(X) = −2
ˆ

Ω
τ · ∂τ X dζ⋆ = −2

ˆ
S⋆

divTxS⋆ X(x) dζ⋆(x),

because, in view of Proposition 3.19 and of item (v) of Proposition 3.18, ζ⋆ ≪ H 1 S⋆ in Ω.
Thus, the claim follows from (4.11) and the definition of first variation of a varifold. ■

Step 2. For any e ∈ R2 and for any j ∈ {1, . . . , n⋆}, there holds

−e · ∇ajW⋆(a1, . . . , an⋆)

= lim
ε→0

ˆ
∂Bρ(aj)

(
ε∂eMε · ∂νMε − ε

2(e · ν) |∇Mε|2 − 1
ε

(e · ν)V (Mε)
)

.
(4.12)

Proof of (4.12). The proof of (4.12) is almost immediate. Indeed, since

ζ∗ (Ω \ spt µ⋆) = (weak)∗- lim
ε→0

1
ε2 fε(Qε, Mε)

by Lemma 3.1, (4.12) follows from the stress-energy identity (1.22) with the choices G = Bρ(aj)
and X = eχ, where χ is a smooth-cut off function such that χ ≡ 1 in a neighbourhood of Bρ(aj),
and from (4.5). ■

Step 3. There exist z1, . . . , zn⋆ ∈ R2 such that (4.6) holds, i.e., such that

δV⋆(X) =
n⋆∑

j=1
zj · X(aj)

for any vector field X ∈ C∞
c (Ω, R2).

Proof of (4.6). We begin by observing that for any X ∈ C∞
c (Ω, R2) and any Y ∈ C∞

c (Ω, R2)
vector fields such that

(4.13) X(aj) = Y(aj), spt µ⋆ ∩ spt X = spt µ⋆ ∩ spt Y = {aj}.

there holds

(4.14) δV⋆(X) = δV⋆(Y).

To prove (4.14), we first notice that, by linearity, we may assume Y = 0. Let s > 0 be as small
as specified at the beginning of the proof, and assume that φ ∈ C∞

c ([0, s)) satisfies (4.8). Then,
by linearity of the first variation,

δV⋆(X) = δV⋆((1 − φ)X) + δV⋆(φX) = δV⋆(φX),
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where the second equality follows because (S⋆, v⋆) is stationary in Ω\spt µ⋆. On the other hand,
by definition,

δV⋆(X) =
ˆ
S⋆

divTxS⋆(φX) dζ⋆

and, by the bound on φ′ in (4.8),

∥∇(φX)∥L∞(Bs(aj)) ≲
1
s

∥X∥L∞(Bs(aj)) + ∥∇X∥L∞(Bs(aj)) ≲ 1,

because X(aj) = 0 by (4.13). Thus,

|δV⋆(X)| ≲
ˆ
S⋆∩Bs(aj)

dζ⋆ → 0 as s → 0

because ζ⋆(spt µ⋆) = 0 by (3.94). This shows that (4.14) holds for any two vector fields X,
Y ∈ C∞

c (Ω, R2) satisfying (4.13). On the other hand, by letting aj vary in spt µ⋆ ∩ Ω and using
appropriate cut-off functions as in the above, it follows from the stationarity of V⋆ in Ω \ spt µ⋆

that

(4.15) X(aj) = Y(aj) for any j ∈ {1, . . . , n⋆} =⇒ δV⋆(X) = δV⋆(Y).

Finally, let s > 0 be again as in the above, let j, k ∈ {1, . . . , n⋆} be any two indexes such that
j ̸= k. Let V1, V2 ∈ C∞

c (Bs(0), R2) be any two vector fields with V1(0) = e1 and V2(0) = e2.
Given X ∈ C∞

c (Ω, R2), define

X(x) := X(x) −
n⋆∑

j=1

2∑
k=1

Xk(aj)Vk(x − aj).

Clearly, X(aj) = 0 for any j ∈ {1, . . . , n⋆} and thus, from (4.15), we have

0 = δV⋆(X) = δV⋆(X) −
n⋆∑

j=1

2∑
k=1

Xk(aj)Vk(x − aj)

Therefore, defining zj by setting

(4.16) (zj)k := δV⋆(Vk(· − aj))

for any k ∈ {1, 2} and any j ∈ {1, . . . , n⋆} concludes the proof of (4.6). ■

Step 4. For the same vectors zj defined by (4.16), there holds

(4.17) ∇ajW⋆(a1, . . . , an⋆) = −2zj

for any j ∈ {1, . . . , n⋆}.
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Proof of (4.17). As observed at the beginning of the proof, we can restrict to vector fields of the
form X = eφ, where φ ∈ C∞([0, s) satisfies φ ≡ 1 for ρ, say, in [0, s/2) and |φ′| ≲ 1/s and
where s > 0 is small enough that Bs(aj) ⊂⊂ Ω does not contain points of spt µ⋆ other than aj .

Keeping the above in mind, for any fixed ε > 0 and any e ∈ R2, we let

Jε(ρ) :=
ˆ

∂Bρ(aj)

(
ε∂eMε · ∂νMε − ε

2(e · ν) |∇Mε|2 − 1
ε

(e · ν)V (Mε)
)

.

We already know from Step 1 and Step 3 that I⋆(X) = −2e · zj if X = eφ. Upon using the
explicit expression for X, we can compute

∂iXk = ekφ′(|x − aj |)νi, div X = (e · ν)φ′(|x − aj |),

where ν(x) = x−aj

|x−aj | , we may write the integral on the right-hand side of (4.9) in a more explicit
form, that is,

I⋆(X) = lim
ε→0

ˆ
Bs(aj)

φ′(|x − aj |)
(

ε∂eMε · ∂νMε − ε(e · ν)
(1

2 |∇Mε|2 + 1
ε

V (Mε)
))

= lim
ε→0

ˆ s

0
φ′(ρ)Jε(ρ) dρ,

(4.18)

where the second line follows from Fubini’s theorem and the definition of Jε. From Step 2, we
already know that

lim
ε→0

Jε(ρ) = J⋆

pointwise for ρ ∈ [0, s), where J⋆ does not depend on ρ and, in fact,

(4.19) J⋆ = −e · ∇ajW⋆(a1, . . . , an⋆),

as it is easily seen from (4.12). On the other hand, recalling item (v) of Theorem A, Lemma 3.2,
and (26), we have

∇Qε → ∇Q⋆,
1
ε

(|Qε| − 1) → κ⋆,
1
ε2 fε(Qε, Mε) − 1

ε
V (Mε) → 0

strongly in Lp(Bs(aj) \ Bs/2(aj)), for any p with 1 ≤ p < ∞. This implies that Jε → J⋆ strongly
in Lp((s/2, s)) for any p with 1 ≤ p < ∞, and recalling that φ(ρ) = 1 for any ρ ∈ (0, s/2), we
can pass to the limit inside the integral on the right-hand side of the first line in (4.18) to obtain

I⋆(X) = J⋆

ˆ s

0
φ′(s) ds = −J⋆.

Thus, from (4.19) it follows that

(4.20) I⋆(X) = I⋆(eφ) = −2e · zj = e · ∇ajW⋆(a1, . . . , an⋆),

and we obtain (4.17) because e ∈ R2 was arbitrary. ■
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Step 5 (Conclusion). Since (4.6) was already proved in Step 3 and (4.7) is just a restatement
of (4.17), the desired conclusion follows by combining (4.6) and (4.17).

Joining Theorem 4.1, Theorem 3.3, Proposition 3.19, a classical results of Allard and Almgren
[1] on the structure of stationary 1-varifolds with strictly positive density, and [6, Theorem 1.3],
we obtain in Theorem 4.3 the refined structure properties of S⋆ contained in item (iv) of Theo-
rem B.

Theorem 4.3. The set S⋆ = spt ν⋆ \ spt µ⋆ is locally around H 1-almost every point a union of
segments with locally constant densities. In fact, for every compact set K ⊂ Ω \ spt µ⋆ and any
x0 ∈ S⋆,K \E⋆, there exist a unit vector ex0 and positive numbers ρ0, cx0 so that B(x0, ρ0) ⊂⊂ K,

(4.21) S⋆ ∩ B(x0, ρ0) = (x0 − ρ0ex0 , x0 + ρ0ex0)

and

(4.22) ζ⋆ B(x0, ρ0) = cx0

(
H 1 (x0 − ρ0ex0 , x0 + ρ0ex0)

)
.

The number cx0 = v⋆(x0) is bounded below by the ratio η⋆,K / 2Kβ, where η⋆,K is given by (3.9)
and Kβ is the number in (3.99).

Proof. Let K ⊂ Ω \ spt µ⋆ be any compact set and let S⋆,K = S⋆ ∩ K. Recall that, because of
item (iv) of Theorem 3.3, S⋆,K is also characterised as the set on which e⋆ ≥ η⋆,K , where η⋆,K is
given by (3.9).
Step 1 (General local structure). From item (ii) of Theorem 3.3 and from Proposition 3.19, we
know that, on S⋆,K , the density v⋆ is bounded both from above and from below, by a strictly
positive number. More specifically, the lower bound is given by η⋆,K/2Kβ, by (3.6) and (3.99). We
are therefore in a position to apply [1, Theorem in Section 3] with V = (S⋆,K , v⋆). Calling SV,K

the set of points of S⋆,K around which the density v⋆ is not constant, we have ∥V ∥ = ζ⋆(SV,K) = 0
by [1, Remark below the Theorem in Section 3], so that we have as well H 1(SV,K) = 0, and that
S⋆,K \ SV is, in fact, a union of segments open relative to S⋆,K , on each of which v⋆ is constant,
as claimed. Since S⋆ can be look at as the countable union of the sets S⋆,K over an(y) ascending
sequence of compact sets Kn ⊂ Ω \ spt µ⋆, it follows that H 1(SV ) = 0, where SV := ∪n∈NSV,K

does not depend on the chosen sequence {Kn}.
Step 2 (Refined local structure). Let x0 ∈ S⋆,K \ E⋆. Reasoning word-for-word as in [6, Sec-
tion 10], one may improve on Step 1 to show that (4.21) and (4.22) hold. Being the argument
totally analogous to that in [6], with no but notational changes, we address the reader to [6] for
full details.

Remark 4.1. By applying the change of variables Mε → uε described in [9, Section 3.1] (which
amounts to project Mε on the eigenframe of Qε) and then blowing-up, the system (9) becomes

(4.23) −∆u + ∇uh(u) = 0,

where u : R2 → R2 and h : R2 → R is exactly the same potential as defined in [9, Section 3.1]. In
particular, the equation for the component u2 reads

(4.24) −∆u2 +
(
|u|2 − 1 +

√
2β
)

u2 = 0.
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Multiplying (4.24) by u2 and assuming that
√

2β ≥ 1, it is readily seen that |u2|2 must be a sub-
harmonic function. Therefore, bounded solutions of (4.23) with

√
2β ≥ 1 must have constant u2,

and in fact u2 ≡ 0 (because 0 is the only constant solving (4.24)). Consequently, every bounded
entire solution of (4.23) is, in fact, one-dimensional. Recalling the well-known integrality result
in [15], this suggests, at least formally and at least if

√
2β ≥ 1, that the limiting varifold V⋆ is

integral, i.e., the density function v⋆ is integer-valued. However, we will not further pursue this
issue in this paper, deferring rigorous analysis of it to future work.

We have now all the ingredients to complete the proof of Theorem B.

Proof of Theorem B. The statement ζ⋆ = v⋆H 1 S⋆ is already contained in Proposition 3.18.
Combining Theorem 3.3 and Proposition 3.19, we obtain the boundedness from below of the
density v⋆ of ζ⋆ on S⋆ ∩ K, for any compact set K ⊂ Ω \ spt µ⋆, with a constant cK depending
only on K, β, and the energy bound E0 in Proposition 2.2. The boundedness from above, again
with a constant CK depending on K and E0, follows from (3.95) and Proposition 2.2. The
conclusion of Theorem B now follows from Theorem 4.2 and Theorem 4.3.
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