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ROBIN NEUMAYER, MICHAEL NOVACK, AND ANNA SKOROBOGATOVA

ABSTRACT. We construct locally minimizing (1, 2)-clusters whose exterior interfaces are asymptotic to various pre-
scribed singular area-minimizing cones. For n+1 < 7, Bronsard & Novack characterized all minimizing (1, 2)-clusters
as standard lenses, whose exterior interface is planar. For n + 1 € [8,2700], the authors together with Bronsard
showed the existence of a locally minimizing (1, 2)-cluster whose exterior interface blows down to some (unknown,
possibly non-unique) singular area-minimizing hypercone. For n 4+ 1 = 8, this was shown independently by Novaga,
Paolini & Tortorelli.

Here we develop a refined construction using the Hardt-Simon foliation that realizes prescribed cones. For a
singular area-minimizing hypercone C that has an isolated singularity or is cylindrical, we show that if C' satisfies
an explicit energy bound, then there is a locally minimizing (1, 2)-cluster whose exterior interface is asymptotic to
C with quantitative rates. In fact, if C is an area minimizing Lawson cone satisfying this energy bound, we produce
a countably infinite family of distinct locally minimizing clusters asymptotic to C, distinguished by their prescribed
asymptotic decay to leading order.

We verify this energy bound for the generalized Simons cones Cy i in every even ambient dimension n 4 1 =
2k + 2 > 8, and for the cylindrical cone C3 3 x R in RY, where C3 3 is the Simons cone, therefore answering the cone
realization problem in these cases. This in particular removes the upper bound of 2700 on the ambient dimension
when n + 1 is even in our preceding work.

1. INTRODUCTION

1.1. Overview. The classical multiple bubble problem asks for least-area partitions of R™*! into finitely many
chambers of prescribed finite volume together with one infinite volume chamber. It has been the subject of extensive
work in recent decades [5,10,15,17,20,22,25-28,35,37], including the breakthrough work of Milman & Neeman [21].
In recent years, this problem has been extended to clusters with multiple infinite-volume chambers, introducing
a new feature absent from the classical multiple bubble problem: the interface between the two infinite chambers
may have nontrivial asymptotic geometry.

The simplest instance is the (1,2)-cluster problem. A (1,2)-cluster is a partition X = (X (1), X(2), X (3 )) of
R™1 into three sets of locally finite perimeter, called chambers, with 0 < [X(1)| < co and |X(2)] = |X(3)| =
A (1,2)-cluster X is (locally) minimizing if, for every p > 0,

P(X; By(0)) < P(X; B,(0))
whenever X’ = (X'(1), X’(2), X’(3)) has X(i)AX'(i) CC B (O) and |X ()] = |X'(4)| for i = 1,2,3. Here,

where P(X(i); B,(x)) is the relative perimeter of X (¢) in Bp(x). The (1, 2)-cluster problem, and the more general
(M, N)-cluster problem, was first introduced by Alama, Bronsard & Vriend [1] in relation to the structure tri-block
copolymers in the regime when one phase is infinitesimal in volume relative to the other two. There have since
been numerous works concerning the existence, classification and stability of such clusters [2, 3, 7-9,22-24].

When n 4+ 1 < 7, Bronsard and the second author [9] showed that there is a unique locally minimizing (1, 2)-
cluster in R™™! up to homotheties: the standard lens cluster. See also [1] when n = 1. This cluster Xens is
characterized by the properties |Xiens(1)] = 1, OXlens(2) N OXiens(3) C {z,, = 0} and 9Xjens(1) consists of a pair of
spherical caps of equal radii meeting on {z,, = 0} with equal angles of 2% between the three interfaces.

This uniqueness for n 4+ 1 < 7 is closely related to the fact that planes are the only minimal hypercones in these
dimensions. Given the existence of non-planar minimizing hypercones for n+1 > 8 [6], two natural questions arise.
The first raised in was raised in [9] and [23]:

Question 1.1. For n+ 1 > 8, do there exist locally minimizing (1, 2)-clusters besides the standard lens?

Since the exterior interface 90X (2) N X (3) of a locally minimizing (1,2)-cluster necessarily blows down to a
(possibly non-unique) area-minimizing hypercone, a closely related question is the cone realization problem:

Question 1.2. Given an area-minimizing hypercone C' in R™*!  is there a locally minimizing (1, 2)-cluster whose
exterior interface blows down to C?
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Our previous work with Bronsard [8] addressed Question 1.1. We showed that for 8 < n+1 < 2700, uniqueness of
locally minimizing (1, 2)-clusters fails by demonstrating the existence of local minimizers whose exterior interfaces
blow down to singular area-minimizing hypercones and are thus not lenses. An analogous result was independently
and simultaneously proven by Novaga, Paolini & Tortorelli [24] for the case n + 1 = 8 with a similar proof.

These constructions, however, do not identify the blow-down cones and thus yield no information about Ques-
tion 1.2 for any given area-minimizing cone. Indeed, in these results, nothing could be said about the singular
blow-down cones apart from an upper bound on their density. Thus, even after the affirmative answer to Ques-
tion 1.1 for 8 < n+1 < 2700, the only area-minimizing cone known to arise as a blow-down of the exterior interface
of a minimizing (1, 2)-cluster was the plane, realized by the standard lens cluster.

Moreover, the blow-down cones corresponding to the minimizing (1,2)-clusters constructed in these works were
not shown to be unique, preventing any possibility of establishing rates of convergence or providing any further
description of the shape of the minimizing (1, 2)-clusters. And, until the present work, Question 1.1 remained open
in dimensions n + 1 > 2700.

A main goal of this work is to address Question 1.2 for a large family of area-minimizing cones, including both
cylindrical cones and cones with isolated singularity, and to give a more precise description of the minimizing
(1,2)-clusters produced by the construction. In doing so, we also answer Question 1.1 in the affirmative in every
even ambient dimension n + 1 > 8.

The clusters we construct have exterior interfaces that converge quantitatively to the prescribed cone C' at
infinity. In the isolated-singularity case, this asymptotic control also yields smoothness of the exterior interface
outside a sufficiently large ball. In fact, for those cones we can treat that have an isolated singularity, we produce
countably many distinct minimizing (1, 2)-clusters, distinguished by their leading order of decay to C, standing in
contrast to the unique minimizing (1, 2)-cluster that is asymptotic to the plane (namely, the lens).

1.2. Main results. For an area-minimizing cone C' in R"*! that either has an isolated singularity or is cylindrical,
we reduce the cone realization problem to the validity of a strict inequality for the normalized energy

A¢ :=inf {P(E) —H"(CNEW) : Eis abounded set of finite perimeter with |E| = 1} . (1.2)

We write Apjane(n + 1) to denote Ac when C is a hyperplane in R"*1; this is explicitly given by
Aplane(n +1) = P(Xiens(1)) — wnﬂﬁ-f-l

where p,, 41 is the radius of the disc Xjens(1)N{z, = 0}. Our first main result provides a positive answer to Question
1.2, yielding prescribed conical blowdowns with a rate, for cones with isolated singularities and cylindrical cones
satisfying Ac < Aplane(n + 1). Recall that a (multiplicity one) cone C' is cylindrical if, up to rotation, it is of the
form C = C’ x R™ for a cone C’ with an isolated singularity. We refer the reader to Section 2 for preliminaries
about positive Jacobi fields on C.

Theorem 1.3. If C C R"*! is an area-minimizing hypercone that either has an isolated singularity or is cylindrical,
and

Ac < Aplane(n + 1) ) (13)

then there exists a locally minimizing (1,2)-cluster X such that the blowdown of 0X(2) N X (3) is C. Moreover,
letting ’yfc be the homogeneities of the positive, radially homogeneous, decaying Jacobi fields on C, there exist
Ry >0, Co> 0, and Cy > 0 such that for r > Ry,

disty (0X(2) NOX(3) N BS,C N BE) <r~ " (Co+Cylogr). (1.4)
or
disty (DX(2) N OX(3) N BS,C N BE) < Cor™ 1, (1.5)
where disty denotes Hausdorff distance.
Remark 1.4. The decay rates (1.4), (1.5) arise from the decay of positive Jacobi fields on a cone C' with isolated
singularity, which determine the asymptotic behavior at infinity of the leaves of the Hardt-Simon foliation (and

thus 0X'(2) N OX(3)); see Section 2.1 below. Note that the decay (1.4) occurs when C' is strictly minimizing, with
C7 =0 if and only if C is strictly stable, namely Ay > —(”772)2.

Remark 1.5. When C is a cone with isolated singularity satisfying the assumptions of Theorem 1.3, then the
decay estimates (1.4),(1.5) together with De Giorgi’s e-regularity guarantee that for some R; > 0, the exterior
interface 0X(2) N X (3) is smooth outside of Bg, (0).



For any area-minimizing hypercone C' that has any isolated singularity or is cylindrical, Theorem 1.3 in particular
gives an affirmative answer to Question 1.2 provided C satisfies the strict inequality

AC < Aplane(n + 1) . (16)

Thus the next major question becomes whether (1.6) holds for given cones. In our previous work [8], we verified
(1.6) for certain quadratic (or Lawson) cones

Cri={(z,y) e RF xR ot 1 =k +142, |z|* = £|y*}, (1.7)

in dimensions 8 < n+1 < 2700. There, the proof in n+1 = 8 is done through explicit by-hand computation, while
in higher dimension the proof is computer-assisted via fully rigorous interval arithmetic. Our next main result
verifies (1.6) for generalized Simons cones in every even dimension n + 1 > 8 and for the cylindrical cone C5 3 x R.

Theorem 1.6. The strict inequality (1.6) and thus the conclusions of Theorem 1.3 hold for C = Cy when
n+1 =2k +2 for any n+1 > 8, and for C33 xR in R?, the latter providing a first example of a locally minimizing
(1,2)-cluster modeled on a cone with a non-isolated singularity.

Observe that Theorem 1.8 gives a positive answer to Question 1.1 in every even ambient dimension n + 1 > 8.

Remark 1.7. We believe that the conclusion of Theorem 1.6 should remain true for the quadratic cones Cj; with
I =k+1in odd dimensions n+ 1=k + [ 4+ 2 > 9, using the competitors constructed in [8] and the method of proof
of Theorem 1.6. Since our primary goal is to demonstrate the method that allows us to remove the unnecessary
upper bound on ambient dimension in our previous argument, we do not pursue this here.

Our final main result produces an abundance of distinct minimizing (1,2)-clusters that are asymptotic to area-
minimizing Lawson cones. This includes one minimizer whose exterior interface decays to C at a strictly faster
rate than the rate guaranteed by (1.4) in Theorem 1.3, and countably many clusters with precisely the decay
(1.4) with distinct leading-order coefficients. This flexibility is very much in contrast to the symmetry and rigidity
properties exhibited by local minimizers both in lower dimensions for this problem, and in the classical multiple
bubble problem.

Theorem 1.8. Suppose Cy; C R"™! is an area-minimizing Lawson cone satisfying
Ack,l < Aplane(n + 1)

Then there are infinitely many distinct minimizing (1,2)-clusters X with |X(1)| =1 that are asymptotic to C .
More precisely, there is a minimizing (1,2)-cluster X with |X| = 1 with

dist (X (2) NOX(3) N BE, Cyy N BE) = o(r™ ™) (1.8)

and a countable collection of non-zero numbers {a;} C R, accumulating to 0, and corresponding local minimizers
X; with |X;(1)] =1 such that

disty (0X;(2) N OX;(3) N BE, Cry N BE) = a;|z| ™" +o(r ) (1.9)

In view of Theorem 1.6 and our earlier work [8], Theorem 1.8 applies to all generalized Simons cones Cj, , for
2k 4+ 2 =mn+1> 8 and to all quadratic cones C 41 for 2k +3 =n+1 € {9,...,2699}.

1.3. Outline of proofs. The starting point for the proofs of Theorems 1.3 and 1.8 is a refinement of the construc-
tion we introduced in [8]. The new idea is to use the leaves of the Hardt-Simon foliation of the prescribed cone as
barriers, forcing the minimizing (1, 2)-clusters we construct to have the prescribed asymptotic behavior.

Let C be a fixed singular area-minimizing hypercone in R"*! that has isolated singularity (the cylindrical case
is similar), and satisfies (1.6). For a fixed large scale R > 0, we use a local variational problem to produce a
(1,2)-cluster Xg with |Xr(1)] = 1 that locally minimizes the cluster perimeter P (up to a small error) among
volume-constrained competitors in B3r and whose exterior interface coincides with C outside B,g. For a sequence
of such scales Ry " +o00, we let Xy = X'g, be a corresponding sequence of such minimizers.

Omne would like to consider the limit of the X}, but compactness issues arise as the finite-volume chamber X} (1)
could lose mass in the limit. A concentration-compactness argument shows that, up to a subsequence, X}, splits into
finitely many (independent of k) asymptotically non-interacting concentrations {Xj ;}Y ;. After translating by some
vector x;, each concentration converges to a locally minimizing (1,2)-cluster X, ; in R**! whose finite-volume
chamber X ;(1) has a definite amount mass.

At this stage, there is in principle enormous flexibility for the geometry of the exterior interface for each limiting
concentration X ;. A blow-down of the exterior interface of X, ; could be a plane, e.g. if the concentration
escapes along an asymptotically flat region and resembles a standard lens. It could be the prescribed cone C, e.g.
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if if the corresponding translations zj, ; remain bounded. Or it could any other area-miniminzing hypercone with
density at most that of C, e.g. if the translations xj; tend to infinity but |z ;|/Rr — 0 and the exterior interface
slowly changes geometry at intermediate scales.!

In order to prove Theorem 1.3, let T be the Hardt-Simon foliation associated to C'; see section 2. By construction,
for each k € N, the finite-volume chamber A} (1) and the exterior interface X% (2) N 9X%(3) of A} are trapped
between two leaves Ty of the foliation for sufficiently large A > 0, so let Ax be the smallest A > 0 for which this
is true. If A, := liminf )\ is finite, this means that (up to a subsequence), the finite-volume chambers Xj(1) are
trapped between the leaves Tyoy, for all k € N. Together with uniform density estimates for X} (1), this prevents
loss of mass and gives compactness of the full sequence. The limiting (1,2)-cluster then satisfies the conclusions of
Theorem 1.3.

On the other hand, if A, = +00, then the sequence is not trapped between a fixed pair of leaves of the foliation
and instead some concentration &}, ; has center xj, ; drifting off to infinity. But, this means the sequence of translated
nearest leaves T3, — xj; converges locally smoothly to a plane. The resulting limiting cluster X ; has exterior
interface lying to one side of a plane, and hence, by the maximum principle and the characterization in [9], is a
standard lens cluster (and the mass v of its finite-volume chamber has a definite lower bound). Going back to
sequence Xy, we excise this lens-like piece by hand to obtain competitors &, for a family of minimization problems
as above but with |X](v)| = 1 —v;. This reduction can be repeated. Each time A\, = 400, we extract and remove a
definite amount of mass escaping as an asymptotic lens. Since the extracted volumes have a uniform positive lower
bound, the process terminates after finitely many steps. The assumption (1.6) and the concavity of the scaling
ensure that some definite amount mass remains after the lens-like pieces are removed; this final sequence must have
Ay < 00, allowing us to conclude Theorem 1.3 as above.

Theorem 1.8 is based on a similar construction, but the initial family of variational problems is modeled on a
fixed leaf T of the Hardt-Simon foliation of the cone C rather than on C itself. Then, a competitor argument and
the fact that it is too expensive to transition from the existing leaf Ty to any other leaf in the foliation (including
the cone Cy; = T itself) forces the exterior interface to behave exactly as T to lowest order; see Lemma 5.1. Here
we are relying heavily on the work [33], which allows us to characterize the asymptotic behavior of the interface
0X(2) N 0X(3) as that of a leaf at lowest order.

Finally, the proofs of both parts of Theorem 1.6 build on competitor constructions from our previous paper with
Bronsard [8]. There, we constructed competitors E¢ for the variational problem A¢ defined in (1.2) for generalized
Simons cones C = Cy, in R"*! for even ambient dimensions n + 1 = 2k + 2 (and more generally for Lawson
cones in all dimensions). In order to show (1.6) for these generalized Simons cones C' (and thus the first part of
Theorem 1.6, it suffices to show £(E¢) < Apjane(n + 1) where we let £(E) = P(E) — H"(C n EM). Since £(E¢)
can be expressed explicitly as sums, products, and quotients of dimensionally-dependent integrals of single variable
functions, we are able to carefully estimate £(E¢) using Laplace’s method with quantitative error terms to establish
the inequality analytically. To prove the second part of Theorem 1.6, that is, that (1.6) holds for C' = C5 3 x R,
we construct a competitor E¢ for A¢ as a warped product of the competitor Ec, , from our previous paper and
compute £(F¢) using the coarea formula.

In both parts of Theorem 1.6, we expect the methods here could be generalized to other cones, e.g. to other
Lawson cones (c.f. Remark 1.7) or cylinders over other generalized Simons cones. In view of Theorem 1.3, doing
so would solve the cone realization problem, Question 1.2, in these cases. We leave these generalizations as an
interesting open problem.

Acknowledgements. R.N. is grateful for the support of NSF CAREER grant DMS-2340195 and NSF RTG grant
DMS-2342349. A.S. is grateful for the generous support of Dr. Max Réssler, the Walter Haefner Foundation and the
ETH Ziirich Foundation. This research was partially conducted during the period A.S. served as a Clay Research
Fellow. ChatGPT was used to produce initial versions of estimates in the proofs of Theorems 1.6 and Lemma 5.1.
The final versions have been written by the authors and no Al-generated text appears in the article.

2. NOTATION AND PRELIMINARIES

We use the notation P(E) to denote the perimeter of a set E C R"*! of finite perimeter, and P(E;U) to denote
the relative perimeter of a set E of locally finite perimeter in an open set U C R"t!. We additionally use the
notation 0*E for the reduced boundary of such a set, and we will always assume that E satisfies 0*E = OF; see
[19, Proposition 12.19]. We point the reader to [19] for all relevant background on sets of finite perimeter.

n our prior work [8], at this point in the construction, we ruled out the possibility that every concentration has a planar blow-down
by using (1.6), the characterization of minimizing (1, 2)-clusters with planar area growth [9], and the concavity of the scaling. Hence
there was at least one concentration blowing down to some singular cone. While this affirmatively answered Question 1.1 in any
dimension for which (1.6) holds for some cone, little can be said about the geometry of the resulting minimizing (1, 2)-cluster.
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Let C be an area-minimizing hypercone in R®*!. By this we mean that C' = OF for a conical set of locally finite
perimeter E C R"™! with P(E;U) < P(F;U) for any open, bounded set U C R™ and any set FF C R"*! with
EAF € U. By conical, we mean that v,(E) = E for the map v, (y) := £.2

Recall that we have monotonicity of surface area ratios r — H:,EE) for any area-minimizing hypersurface X in
R™t1. This in particular implies that if ¥ is in addition entire, any subsequential limit®

¥NB,.
C = lim 7pj,pjToo
Pj

Jj—ro0
is an area-minimizing hypercone satisfying
H*"(CNB . H™"(XNB
HACDBY) _ gy i i EOBR) gy, (2.1)
Wr " Rtoo wn R™
Thanks to an exterior version (see e.g. [8, Lemma A.1]) of the classical monotonicity formula for area-minimizing

hypersurfaces, any blowdown
. X(2)nB,,
K= lim ——, p; T oo
J—o0 p]
of a minimizing (1,2)-cluster X yields a set of locally finite perimeter K such that 0K is an area-minimizing
hypercone.

2.1. Cones with isolated singularities. In this subsection C has an isolated singularity. Recall that Hardt &
Simon proved the following.

Theorem 2.1 ([16, Theorem 2.1]). Let C be an area-minimizing hypercone with sing(C) = {0} in R" ™! and let
K., K_ be connected components of R"*1\ C, so that K1 are local perimeter minimizers. There exists a unique
open set F C Ky such that Fy is a local perimeter minimizer, OFy is analytic, asymptotic to C at infinity, and
dist(0Fy,{0}) = 1.

In particular, {\OFy } x>0 yields a (unique) foliation of Ky by analytic area-minimizing hypersurfaces.

For simplicity of notation, we will henceforth write Tty = AOFL for A > 0 and Ty = C, and F4) for the sets
of locally finite perimeter AFy. In other words, we may write {T)}er for the foliation of R"*! associated to C,
with Ty = C, which is singular only at A = 0, and {F)}xer for the corresponding family of sets of locally finite
perimeter. Note that the subfamilies {F)\}xso and {F)}r<o are nested. We will henceforth refer to this foliation
as the Hardt-Stmon foliation associated to C.

Remark 2.2. We will only make use of the existence and regularity part of Theorem 2.1. We do not require the
uniqueness, although this is the part of the conclusion that is the most difficult to generalize to area-minimizing
cones without isolated singularities, and remains open in general; see for instance [14,32,36].

Recall (see e.g. [16] or [31]) that stability guarantees the existence of positive Jacobi fields (namely solutions of
Acf + |Ac?f = 0) given in polar coordinates by f1(&,7) = ¢ (f)?“‘"*li on C\ {0}, for ¢1 : CNOIB; — (0,00) a
positive first eigenfunction of Acngp, + |Acnas, |* with eigenvalue \; > —(nT_Q)Q and ’Vli solving

71i(n_2_fﬁt) =1,

2
n—2 n—2
VE = + ( 5 >+)\1.

We normalize ¢; to be positive with ||¢1][z29p,) = 1. After this normalization, note that if C' is strictly stable,

ie. A > —("7_2)2, then there will be two distinct positive Jacobi fields fi, and vy < ”52 < vy . Otherwise, if
AL = —(%)27 there will be just one such positive Jacobi field, and 'yli = "T_Z

We recall in addition (see, for instance, [16, Theorem 3.2]) that C' is said to be strictly minimizing if* there
exists co(n,C") > 0 and po(n,C, A) > 0 such that for any py < R the leaves Ty of the Hardt-Simon foliation given
by Theorem 2.1 satisfy

i.e.

Ty \ Br = coAgraphe (¢1 - [z|7™ +o(|z|™7)) (2.2)

2Recall7 thanks to identification between codimension one boundaryless integral currents and boundaries of sets of locally finite
perimeter in R”*1 that this is equivalent to C' being an area-minimizing hypercone in the framework of integral currents.

3This is made sense of weakly as currents, or equivalently, boundaries of sets of locally finite perimeter.

4n light of [16], this is equivalent to saying that there exists x > 0 such that for any R > 0 and any area-minimizing hypersurface
(i.e. codimension 1 integral current) T' with 0T = OC in Bp satisfying sptT C Bg, one has H"(C'N Br) < H"(T N Bgr) — kp™.
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in the case that C is strictly stable, and

n—2 _n=2
T'ex \ Br = coAgraphg <¢1 |72 loglaf + 0(|93| 2 log |$)> (2.3)

otherwise (i.e. if Ay = —(%52)?). Here, we are using the notation

graphou = {z + u(z)ve(x) : x € C\ {0}}.

for a function u : C'\ {0} — R, where v denotes a unit normal to C'\ {0} with fixed orientation.
Instead, if C' is not strictly minimizing, then

Tix\ Br = coXgraphg (1 - |27 ) +o(jz[ ™), (2.4)
see [16, (1.9)].

2.2. Cylindrical cones. If C = C’ x R™ where C’ is an area minimizing cone with isolated singularity, we will
(in a slight abuse of notation) use Fyy and Ty = OFyy to refer to the cylindrical extension to R™ of subsets of
R™ associated to C’ and defined in the previous subsection.

2.3. Currents and the Plateau problem. We will be considering the Plateau problem with boundary data that
is graphical over C. We adopt the notation of [29], including the mass M(T") of a current T', the multiplicity one
current [S] associated to an oriented submanifold, and the spherical radius s slice (T, -], s) of a current T. To set
notation, we fix a normal vector v for C' and consider the associated current [C]. We also orient the leaves T)
of the foliation so that [T)\]/r — [C] as r — oo. Given a function i : C N dBs — R, the current [graphsqgp, 7]
is taken to have the orientation that agrees with the slice ([C],] - |, s) when h = 0. Graphs over C are similarly
oriented.

3. COMPACTNESS REVISITED

In this section, we revisit the compactness procedure laid out in our previous paper [8]. There, we fixed an area-
minimizing hypercone C' and considered a sequence of minimization problems pg, “modeled on C” for clusters with
a volume constraint prescribing the first chamber to have volume 1. We used the resulting sequence of minimizers of
1R, to construct locally minimizing (1,2)-clusters whose exterior interfaces blow down to singular cones. To carry
out the more refined analysis of the present paper, we need to generalize this setup slightly in two directions. First,
we consider minimization problems modeled on a fixed area-minimizing hypersurface, not necessarily a cone, and
second, given a range of volume constraints v € [vg, 1] for the 1, problems, we obtain a lower bound depending only
on vy > 0 for the volume of the first chamber of any limiting local minimizer. Neither of these modifications plays a
decisive role in the compactness procedure. The only change is ensuring that lower volume density estimates for the
first chamber (Lemma 3.1 below) are uniform across v € [vg, 1], which in turn is a consequence of uniform estimates
in the concentration compactness-type result [19, Lemma 29.10] under lower perimeter and volume bounds on the
sets in question. Thus, we recall the main steps from [8] and provide a sketch of how the proofs therein adapt to
the present setting.

Throughout this section, ¥ is a fixed, possibly singular, entire area-minimizing hypersurface in R**! on which
all estimates will depend. Let

Ay = inf{P(E) — H"(2 N EW) : E is a bounded set of finite perimeter with |E| = 1}.

Here, by bounded, we mean that there exists R > 0 such that £ C Bg.
Let Fy be one of the two sets of locally finite perimeter in R**! with 0Fy = 3. For a fixed number R > 0,
define the confinement functional

0 t€[0,VR),
0r(E):= [ an(dy where  gi(t) ={¢§ > vT (31)

and consider the energy functional
Er(X) = P(X; Bsr) + Gr(X(1))
for a (1,2)-cluster X. Let R > 1 be such that |Bg| > 2. For v € (0,1] and R > R, consider the variational problem

Trx(v) = inf {Eg(X) : |X(1)| =v, X(2)\ Bsr = Fx \ Bsr, X(3)\ Bsr = I\ \ B3r} . (3.2)
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It is not difficult to check that the function R — 7 g(v) — H™(X N Byg) is nonnegative (by the minimality of X)
and nonincreasing (thanks to nested competitor sets and the fact that gr, — gr, < 0 for Ry > R;), and thus the
asymptotic normalized energy }

AE(U) = I%Ii—{noo(TE’R(v) — H”(E n B4R)) (33)

is well defined. Observe that i&g(l) < Ay. Note that the constraints in (3.2) ensure that any competitor X’ has
X(1) C Bag, and the direct method guarantees the existence of a minimizer X of 7 x(v) for each v € (0,1] and
R > R. Asin [8, Section 3|, a basic competitor argument yields some key initial estimates for such a minimizer.
Let X’ be the (1,2)-cluster where X’(1) is a volume-v ball BY centered at the origin, X’(2) = Fx \ A’(1), and
X'(3) = F&\ X'(1). Taking X’ as a competitor in (3.2), we find
'P(XE;BM{) < ER(XJ%) < (C:R(X/) < P(Bv) + P(FZ;B4R). (34)
Since the local perimeter minimality of Fy means that P(X3(h); Bar) > P(Fx; Byg) for h = 2,3, we in turn find
that
P(XR(1)) + 29r(XR(1)) = 2Er(XR) — P(XR(2); Bar) — P(X(3); Bar) < 2P(B"). (3-5)
Since gr(|y|) > s/V/R for any y € R*1\ B /7., the bound (3.5) guarantees that
v VEP(B)
X1\ Bzl < - (3.6)
for any s > 0. Using (3.6) and arguing as in [8, Lemma 4.1] shows that for v bounded uniformly away from 0, the
first chambers of minimizers of 7 5 (v) satisfy the following uniform lower volume density estimates.

Lemma 3.1. Fiz vy € (0,1] and R > R. There is a constant co = co(vo,n, ) > 0 such that if X}, is a minimizer
of Tr,x(v) with v € [vy, 1], then

XE(1)NB
Wn41p"

for each x € OX}(1) and p € (0,1].

Proof. The proof is similar to [8, Lemma 4.1]; we sketch the proof here for completeness. Suppose by way of
contradiction that (3.7) does not hold. Then we may find sequences { Ry}, vy, and py and minimizers Ay = X" of
Try,x(v) such that
—(n+1
o "V (1) 1 By (9)] = 0. (38)
Take ¢,41 > 0 to be the dimensional constant from the nucleation lemma [19, Lemma 29.10] and fix 0 < & <

min{vo, %}. Let N = (%)m—l. Applying the nucleation lemma to each X} (1) together with the bound
(3.5), we obtain points {1, ..., Zk N, } With Ny < vk(w)"*'1 < N, such that |} (1) \ UN* B (z1.)| < € and

Cnt1€
Cp41€ n+1 -1 .

| B1(zk,:) N Xe(1)] > (P(Xk(l))) >N foreach 7=1,..., Np.

Applying (3.6) with s = s, = 2y/RxP(B')N ensures that By(xr:) C B g, 4o for each i = 1..., N, and
in particular gi(|zx,|) is bounded above independently of ¢ and k. From here, by repeating Step 2 and Step 3
of [8, Proof of Lemma 4.1] (which in turn are adaptations of arguments in the proofs of [19, Lemma 17.2] and
[9, Lemma 4.1]), we perform volume fixing variations and use the classical differential inequality argument to show
there exist p; and ¢;, independent of k, such that | (1)NB,(y)| > c1p" for each k € N, y € 0X%(1), and p € (0, p1).
Up to replacing ¢; by c1p] ™, we see that the same estimate extends to all p € (0,1]. This contradicts (3.8) and
completes the proof. O

From Lemma 3.1, we can show uniform density estimates for minimizers of 7 »(v) with v € [vg, 1] and that, for a
fixed v, along (sub)sequences Ry — 0o, the first chambers X} (1) concentrate in a uniform number of well-separated
balls.

Lemma 3.2. Fiz vy € (0,1], v € [vo, 1], and R > R. There are constants c¢1,Co > 0 and Ny € N depending on vy,
n, and ¥ such that the following holds. Any minimizer Xp, of Tpx(v) has

X4(1) € By, ym (3.9)
and, for each h € {1,2,3}, y € 0X}(h) N Bag, and p € (0,1], satisfies the density estimates

o < ) N B()

wn+1p”+1 S 1— Cy. (310)
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Moreover, consider a sequence Xy of minimizers to Tr, =(v) with Ry — oco. Up to a subsequence, there exist
Ry > R, N < Ny and points {zk1,...,2xn} C Be,va, such that

1) € | Ba, (), (3.11)

Bpr, (xk,:) intersects X (1) nontrivially, and limy, |zx ; — xg ;| = +00.

Proof. Let Xj be a minimizer of 7 x(v). Using the uniform lower density estimate (3.7) and the nucleation
lemma [19, Lemma 29.10], we repeat the argument of [8, Lemma 4.1, Step 4] essentially verbatim to obtain points
{y1,...,ya} with M < Nj such that

M
{yi}i, C Bo, v and ) C |JBaly (3.12)
i=1

where C7 > 0 and Ny € N depend on n, vy, and the constant ¢ from (3.7), and thus on n, vy, and X.
This in particular guarantees (3.9) with Cy = C; +4R~'/2. With (3.9) in hand, the proof of [8, Corollary 4.2]
can be repeated verbatim to obtain the density estimates (3.10)

Next, take a sequence X} of minimizers to 7, 5 (v) with Ry — oo and the corresponding points {yx. 1, .., Yk,
with M}, < Ny satisfying (3.12) with X} in place X', we can repeat the argument of [8, Lemma 4.4] to obtain the
final conclusion of the lemma. O

Now, for the remainder of the section, fix v9 < v < 1, a sequence Ry — 00, and a corresponding sequence of
minimizers Xj, of 7g, »(v). Suppose that we have passed to a subsequence (without relabeling) to obtain Ry, N,
and {xk1,..., 2Tk N} as in Lemma 3.2. For each k € N and each i = 1,..., N, define the concentration Xy, ; to be
the translated (1,2)-cluster

Xkﬂ' = Xk — Tk, - (313)
As a direct corollary of the uniform lower density estimates of Lemma 3.1 is a lower bound on the volume of the
first chamber of any concentration:

Lemma 3.3. There exists v = 0(vg,n,X) > 0 such that | Xy ;(1) N Br,| > ¥ for each i =1,...N and k € N.

Proof. Since Ry > R and Bp, intersects X} ;(1) nontrivially by Lemma 3.2, there is some x € dXj, ;(1) N Br,. By
Lemma 3.1 applied with p = 1, we know that |X% ;(1) N Bi(x)| > cown+1. Since we can moreover assume (up to a
subsequence) that the balls Br,+1 (k) are disjoint, we know from (3.11) that X ;(1) N B1(z) C Bg,. Hence the
lemma holds with ¥ = cowp41. O

The concentrations X, ; converge to limiting clusters that are themselves locally minimizing:
Lemma 3.4. For each i = 1,...,N, there exist partitions Xoo,; = (Xoo,i(1), Xo0,i(2), Xoo.i(3)) of R™ by sets of
locally finite perimeter with the following properties:

(i) setting v; := |Xs,i(1)|, we have v; > U (with ¥ as in Lemma 3.3) and

N
Zvi =v; (3.14)
i=1

(i1) for each h = 1,2,3, Xy ;(h) and 0Xy ;(h) converge locally in the Hausdorff distance to X (k) and 0Xx ;(h)
respectively;

(111) if | Xs0,i(2)] = |Xeo,i(3)] = 00, then Xuo; is a locally minimizing (1, 2)-cluster with X ;(1) C Br,- If |¥s,i(2)]
(resp. |Xso,i(3)]) is finite, then X ;(2) (resp. X ,i(3)) is empty and

M\r—\

3
1/(n+1) n/(n+1
Z Koo i(4); Baro) > (n+ Dt/ () (3.15)

Proof. All but the claim that v; > ¥ in (i) and the second claim of (iii) are direct analogues of those in [8, Lemma
4.5] and the proofs are the same. The additional statement that v; > o follows from Lemma 3.3. The additional
statement that the finiteness of |X ;(2)| implies that X ;(2) is empty can be deduced as follows. Suppose not.
Arguing just as in [8, Lemma 4.5(iii)] shows that X ;(2) is locally perimeter minimizing in R"*!\ Bg,. Thus
X i(2) satisfies volume density estimates in R"™! \ Bg, ;1 and a standard argument (as in the proof of (3.11))
shows that X ;(2) is bounded; say X ,(2) C B for some s > 0. Then by the Hausdorff convergence of the
chambers and their boundaries, X} ;(2) has non-empty intersection with Ba,(xy ;) and has empty intersection with



©

the annulus Bas(zk,;) \ Ba2s(2r,). Taking the competitor &} in 75 r, for Ry > s with X = (X(1), Xx(2) \
Bsg(xg,i), Xi(3) U (X (2) N Bss(xg,;)) violates the minimality of A}, a contradiction. g
)_

Applying Lemma 3.4 and repeating the arguments of [8, Sections 5 and 6] produces a locally minimizing (1,2
cluster modeled on some singular area minimizing cone:

Proposition 3.5. Suppose As; < Apiane and v € (0,1]. For somei € {1,...,N}, X := X ; is a locally minimizing
(1,2)-cluster and any blowdown of 0*X(2) N 0*X(3) is a singular area-minimizing cone with density at most Oy.

Recall Oy was defined in (2.1). In the sections that follow, we give a refined analysis that produces—for suitably
chosen ¥—a locally minimizing (1, 2)-cluster whose (unique) blowdown is precisely the blowdown of X.

4. PROOF OF THEOREM 1.3

Throughout this section, we fix an area-minimizing hypercone C as in Theorem 1.3, so that C either has an
isolated singularity or is cylindrical, and satisfies

Qo = Aplane(n + 1) — AC > 0.

Let {T)}xer be the foliation associated with C' as defined in Sections 2.1-2.2, with the convention that Ty, = C.
Observe that there exists Ao > 0 (depending on C) such that for every A with |A\| < Ag we have

Aptane(n +1) — Ap, =t ay > % >0. (4.1)

For the remainder of the section, we let A € [—~\g, A\o] be fixed. Up to swapping the labels of the components K*
of R"*! with boundary C, we can and will assume that A > 0.

We use the shorthand 7g x(v) = 71, (v) for the variational problem (3.2) introduced in the previous section,
i.e.

TR,)\(U) = mf{ER(X) : |X(1)‘ =, X(2) \B3R = F,\ \BgR, X(3) \ BgR = Ff \ BgR} . (42)

Lemma 4.1. Fiz vy € (0,1] and A\_ < 0 < X\ < Ay. There exist p, R > 0 depending on vo,n,C,\, and Ay such
that if v € [vo,1], R > R, and X is a minimizer of Tr x(v) satisfying

X(l) e Rt \ (F)\Jr UF,\f) , (43)

then there is p > 0 such that X(1) C B;(0) if the singularity of C is isolated and X (1) C B5(0) x R™ if C is
cylindrical and

F\, CX(2) and F, CX(3). (4.4)
In particular, dX(2) NOX(3) C R™ T\ (Fx, UF)_).

Remark 4.2. The assumptions that A_ < 0 and Ay > 0 are simply made to streamline the statement using the
notation for the sets F . While the statement above is sufficient for our needs, it is immediate from the proof
that the analogous result holds when 0 < A_ < A < Aj4.

Proof. To see the first conclusion, let R be the dimensional constant from Section 3, assume R > R and fix
x € 0X(1). By Lemma 3.1, |X(1) N By(x)| > cownt1 where ¢g = co(vg,n,C, A). On the other hand, in the case
that C has an isolated singularity, the assumption (4.3) guarantees that |X (1) N By(z)| < |Bi(z) \ (Fa, UFx_)|,
which tends to zero as || — oo. Hence |z| < p for a constant p depending on vy, n,C, A\, Ay, and A_. Similarly,
if C = ¢’ x R™ is cylindrical, then we still have |X (1) N By(z)| < |Bi(z) \ (Fa, U F»_)|, and this still tends
to zero as |x| — oo for any # € R™™! lying outside a tubular neighborhood of the linear subspace {0} x R™, so
X (1) C B5({0} x R™) where p has the same dependencies.

Next we show (4.4). We may assume P(X(3);Th,) = P(X(3);T\_) = 0; otherwise apply the following argument
along a sequence )\i J Ay and M1 A_ where this holds. We also assume for simplicity that X (1), X(2) are open,
which we may do up to modifying on a Lebesgue null set using minimality. Note that X'(3) has trivial intersection
with F), \ Bsg thanks to the constraints of the minimization problem (4.2) and the fact that F), C Fy. We claim
that X' (3) has trivial intersection with F\, N Bsg as well, thus establishing the first conclusion of (4.4).

Indeed, consider the (1,2)-cluster X’ = (X'(1), X’(2), X'(3)) with

X'(1)=X(1), X'(2)=X2)UF,, X'(3)=xX(3)\F\,.
Taking X’ as a competitor for 7 x(v) and using that X'(1) = X’(1), we find
H"(0X(2)NIX(3)) < H™(dX'(2) NOX'(3))

which in particular shows that
P(X(3); Fx, N Byg) < P(Tx,; X(3) N Byr). (4.5)
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On the other hand, consider the set G := Fx, \ (¥(3) N Bsg) Since X'(3) \ Bsg C F¥, \ Bsr, we see that
G = Fy, \ X(3). Using that F), is locally perimeter minimizing, [19, Theorem 16.3], and (4.5), we have
P(F)\+;B4R) < P(G;B4R) = P(F)H_;B4R \ X(?))) +P(X(3);FA+ n B4R)
< P(F)\+,B4R\X(3)) +P(T)\+;X(3) ﬂB4R) = P(F)\+;B4R).

So, G, along with I}, is locally perimeter minimizing in By4g, and G C F),. This, however, violates the maximum
principle. Indeed, by construction, there is a point © € 0GNOFx, N Byg. Then [29, Lemma 37.10] or [34, Theorem
2.2] (the latter of which is a consequence of [30, Corollary 1]) guarantees G and 9F)_ coincide in a neighborhood
of x. Since S := 0Fx, N Byr = Tx, N Byg is connected, this means the set A := SN G is a relatively open and
closed subset of S, hence A = T\, N Bygr. In other words, G = F)_, i.e. Fy, N X(3) is empty, establishing the
claim.

Repeating this argument with Fy_ in place of F), and with the roles of X'(2) and X(3) swapped shows that
X (2) has trivial intersection with F\_. From the boundary data of (4.2), we then deduce that Fy_ C X(3). This
completes the proof. O

Now, to set up the statement of the next lemma and the constructions giving rise to Theorems 1.3 and 1.8,
fix 0 < vg < v <1, and choose a sequence Ry — oo. Let &), be corresponding minimizers of 7g, x(v). Pass to a
subsequence, without relabeling, to obtain Ry, IV, and {ac;“}fil as in Lemma 3.2, so that in particular

N
Xe(1) C U Bpr, (k)

by (3.11). For i = 1,...,N, let v; = | X :(1)| for the limits X ; of the corresponding concentrations (3.13) as
obtained in Lemma 3.4. For each k € Nand ¢ =1,..., N, choose )\, ; € R so that

Bry(z;5) CR"H\ Fy and dist(2i k, T, ) = Ro + 1.

After passing to a subsequence and re-indexing in ¢, we may assume |\ 1| = maxi<;<n{|Ax,;|} for each k, and
that each Ay has the same sign. Without loss of generality we may assume A;; > 0. Define the constant
Ao € Ry U {400} by Ay := liminfy_, o Ag1.We pass to a further subsequence, without relabeling, so that this
liminf is a limit, i.e.
A= lim A . (4.6)
k—o0
It follows from the first conclusion of Lemma 4.1 that A, < oo if the sequence {zj 1} is bounded, while A, = +oo

if the sequence is unbounded. We prove the following dichotomy using Lemma 4.1. The argument is similar to the
proof of [8, Theorem 1.2]. Here p > 0 is the constant from Lemma 4.1.

Lemma 4.3. The following dichotomy holds:

o If A < 400, then Xy (1) C B;(0) if the singularity of C is isolated and X (1) C B5(0) x R™ if C is cylindrical
and
)y, C Xk(2), and F_2>\* C Xk(3) (4.7)
for all k sufficiently large. Thus X 1(1) C B5(0), Fox, C Xoo,1(2), and F_ox, C Xs,1(3).
e [f A, = +00, then

As(v) > Aptane(n + D)o "D 4 R (v — ). (4.8)

Here vy > v is first-chamber volume of the limit X 1 and ]Xg(v) 1s the asymptotic renormalized energy defined in
(3.3). We adopt the convention that Ar, (0) = 0.

Proof. If Ay < +00, then for all k large enough, the clusters X}, satisfy the assumption (4.3) with Ay = £2\,. The
conclusion (4.7) then follows directly from Lemma 4.1. The remaining conclusions are then immediate consequences
of Lemma 3.4.

Next suppose A, = 4oo. Each shifted leaf T k = Tx,, — Tk intersects Bg,i2 nontrivially. Moreover,
supger, |Ary (7)| < 400, so by scaling we have sup, s |A (z)] — 0 as k — oo. Here A denotes the second

fundamental form. As a consequence, Ty converges locally in C? to a hyperplane II.
Furthermore, each X}, satisfies (4.3) with Ay = £\ 1, and hence Lemma 4.1 guarantees that

0X,(2) NOX,(3) C RN\ (Fy,, UF_x,,).

In particular, the concentration A} ; has all interfaces lying to one side of T k, and thus its limiting parti-
tion Xoo1 = (Xoo,1(1), X¥se,1(2), X¥0,1(3)) obtained in Lemma 3.4 has interfaces lying to one side of II, and
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|X¥0,1(1)] = v1 > ¥. In view of Lemma 3.4(iii), there are two possible scenarios: either | XYoo 1(2)| = |Xs0,1(3)| = +00,
or |Xso,1(h)| < oo for one of h = 2,3.

Case 1: First suppose |Xs1(2)] = |Xs,1(3)] = +o00. By Lemma 3.4(iii), Xoo1 is a locally minimizing (1,2)-
cluster. By the considerations above, X 1(2) contains a half space bounded by II. This means any blowdown of
0X1 50(2) N OX) 5 (3) is a minimal surface contained in a half space, and hence is a hyperplane by the maximum
principle. By [9, Theorem 2.9], this implies that X 1 is a standard lens cluster of volume v; centered at a point
y € R+l

Let us use this information to bound the energy of X, from below. Let By, = Bsg, (211 + v), and note that
Bp,(zr1) C By. Assuming without loss of generality that Ry is large enough so that Xjens(1) C Br,, we have

P(Xoo,15 B3r, (y)) = (3R0)"wn + Aplane(n + 1)”?/(n+1)a (4.9)

and therefore
P(Xi; Br) = (3R0)"wn + Aptane(n + 1)o7 " 4 04 (1). (4.10)
By Lemma 3.4(ii), each interface of the concentration A} ; converges locally in the Hausdorff distance to the
corresponding interface of the standard lens cluster above. In particular, the interface 0X%(2) N 0X%(3) becomes
arbitrarily close to a plane in the annulus Bag,(zx1 + y) \ Bk. So, we may find sets® X} (2) and X} (3) that

coincide with X (2) and Xy (3) respectively in Byg, \ By, and are complementary in By so that the cluster ] =
(X (1) \ By, X}(2), X](3)) satisfies

P(X4; Bar,) = P(Xk; Bar, \ Br) + wn(3R0)" + ox(1). (4.11)
Rearranging and summing (4.10) and (4.11) shows that
P(Xi; Bar,) = P(X; Bary,) + Aptane(n + Doy’ ") 4oy (1). (4.12)

Let v 1 = |Xe(1) N Bk| — v1, so that the cluster X} above is an admissible competitor for 7\ g, (v — vj,1). Here
we adopt the convention that 7y g, (0) = 0, and in a slight abuse of notation consider a partition with empty
X (1)-chamber as an admissible competitor for this problem. Adding the term Gr, (X% (1)) — H" (X N Byg, ) to both
sides of (4.12) and noting that Gg, (X/(1)) < Gr, (X%(1)), we find

]\TA (U) = gk(XkQ B4R;€) — Hn(z N B4Rk) + Ok(l)
> Aplane(n + ]-)U?/(n-i_l) + 5]@(‘)(]2, B4Rk) — 7—[”(2 n B4Rk) + Ok(]_)
> Aplane(n + 1)’[1?/(n+1) + [TRk,A(U — vk) — ’H"(E n B4Rk)] + Ok(l) .

The term in brackets on the right-hand side tends to A, (v — v1) since v + T (v) is continuous in v, uniformly
in R, a fact that can be readily verified through simple competitor arguments. Thus

]\TA (v) > Aplane(n + l)v?/(n—H) + ZNXTA (v—w1), (4.13)

completing the proof in this case.

Case 2: Now suppose |Xx,1(h)| < oo for either h = 2 or 3. Without loss of generality we may assume this holds for
h = 2. By Lemma 3.4(iii), Xs,1(2) is empty, and in particular from the Hausdorff convergence, X 1(2) N Bag, (zx,1)
is empty for k sufficiently large. Notice that Apiane(n + 1) < (n + 1)wy,41 since the standard lens cluster is the
unique local minimizer with planar area growth by [9, Theorem 2.9]. In conjunction with (3.15), this means

P(Xso,1; B3ry) > Aptane(n + l)v?/(nﬂ)7 and thus, now letting By = Bspr, (1),

P(Xi; B) > Aptane(n + Doy’ " oy (1). (4.14)
The cluster X = (Xx(1) \ B, X (2), X (3) U By) satisfies
P(X[; Bar,) = P(Xy; Ban, \ Br) (4.15)
Rearranging and summing these together yields
P(Xi; Bary) > Aptanc(n + Dot/ ™ £ P(XL; Bug,) + o1(1). (4.16)

We now repeat the argument of case 1 starting directly after (4.12) to conclude the proof in this case as well. O

5Concretely, one can obtain (the interface between) such sets by gluing a correctly oriented plane in B = B.r,(zx,1 + ), for a
suitable ¢ € [1,3/2], to the interface 0X}(2) N OX%(3) in Bygr, (zx,1 +¥) \ B, incurring a o4 (1) error of energy along a portion of 9B.
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We are now in a position to prove Theorem 1.3.
Proof of Theorem 1.3. Fix vy > 0 small enough so that
Aptane(n +1) - (1 = vp)Y ™D > Ap >0 (4.17)

for all |A| < Ap; this is possible thanks to (4.1). Fix A € (—Xg, Ag) and take a sequence Ry, tending to +oco. For
each k € N, let X! be a minimizer of the variational problem 7p, 1(1) as defined in (4.2). Let A, be the constant
associated to the sequence {X; kl} as defined in (4.6). Here we have tacitly passed to a subsequence without relabeling
and will continue to do so in the remainder of the proof.

Apply Lemma 4.3. If A\, < 400, then the conclusions of the theorem are satisfied by the limiting cluster X of
the first concentration. The decay rates (1.4) and (1.5) follow from the decay of the leaves T2, of the foliation,
see Remark 1.4. Suppose A, = +00. Then according to Lemma 4.3,

Az, (1) > Aptanet? "D 4 A (1= vy). (4.18)

By (4.17), we see that v; < 1—wg, i.e. 1—v; > vg, hence we may run this argument again: let X, ~“* be minimizers
of 7g, (1 —v1). Once again, take the A, associated to this sequence as in (4.6). By Lemma 4.3, if A\, < 400, the
proof is complete. If A\, = 400, use the notation v in place of v; to denote the volume of the first chamber of
the limiting concentration X ; from this sequence. Then Lemma 4.3 together with (4.18) and the concavity of
t > t"/("+1) shows
ATA (1) Z Aplane (1)1 + UQ)H/(n+1) + ]\TA (1 — V1 — UQ).

Again invoking (4.17), we have 1 —v; — vo > 0, allowing us to iterate the procedure again. In the jth iteration, the
associated sequence of minimizers of 7z, A(1 —v1 —--- —v;_1) either satisfies A\, < 400, in which case the proof is
complete by Lemma 4.3, or else AT)\ (1) > Aplane (v1 + - .Uj)"/("+1), which by (4.17) guarantees v1+- - -4v; < 1—wy.
By Lemma 3.3, we have v; > v for each ¢, hence we must have A\, < +oo for the jth iteration of the argument
for some j < [1/7], thus allowing us apply Lemma 4.3 and conclude the existence of a minimizing cluster with
blowdown C'. Again, the decay estimates (1.4) and (1.5) are immediate consequences of the decay of the leaves of
the foliation. |

Remark 4.4. For each A € [—)\g, Ag], the proof above produces a minimizing (1, 2)-cluster X with |X\(1)| = vy >
. Up to rescaling by a factor py = |X\(1)|7/™ < 57", we may assume |Xy(1)] = 1.

A contradiction argument akin to the one in the proof of Lemma 3.1 shows that the constant ¢y in the lower
density estimate (3.7) can be taken to be uniform for all T with A € [—Ag, Ao]. In turn, the volume lower bound
¥ > 0 for each concentration produced in this construction (coming from Lemma 3.3) is uniform in A € [—Ag, Ao].
In particular the rescaling factor py has a uniform upper bound for all A € [—)g, Ag].

5. PROOF OF THEOREM 1.8

In this section, we will be frequently working with the positive Jacobi fields <Z)1(§)7“_”Y1i from Section 2 (or
@1 (&)r~7 with 4 = "T’Q if C is strictly stable). To simplify notation, we will let
Bi=n—2—-2y; >0, (5.1)
and we notice that 7" +~; =n — 2, and thus 7" —v; = 3.
For 0 < s <r, let A, denote the annulus B, \ Bs. Given u: C' N A;, — R, we will write
graphy” w = {z + u(z)ve(z) :x € CNAg,}.
Note that the graph is not necessarily contained in the annulus. If (s, r) = (0, 00), we will omit the superscript and

simply write graph.

Lemma 5.1. Let C be a strictly minimizing cone with an isolated singularity and let {T»}rer be the Hardt-Simon
foliation given by Theorem 2.1. Fix A € R and suppose there exist Ry > 0, q(r) : (0,00) = (0,00), and a € R such
that

T\ Br, = graphe q(|z|)¢1(z/|z]) , (5.2)
with q(r) = ar=™ +o(r=" ), and ¢1 is as in Section 2.1. For Ry < py < S < R/4, suppose that we have a
hypersurface M = My U My where My = graphé?’s u for a function u: C N A, s — R satisfying
lu—ar=" g1l (cna,, o) + I (Vou = Vol(ar™1 ¢1)ll = cna,, s)= 0o(S™) (5.3)
if C is strictly stable, and

[u—ar=1 logr - @1l Loe(cna,, «) + I1(Vou— V(a1 logr - ¢1))l|Le(cna,, s)= 0(S~ " log S) (5.4)
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otherwise, while [Ms] is an area-minimizing integral current with O[Ms] = [graphcngp,, ¢91] + [graphensp, ul-
If a # a, then
H" (M) — H" (graphg?”" (g61)) — 00 (55)
as S — oo and R/S — 0.

Remark 5.2. The hypothesis (5.2) is required in order to gain improved error estimates on the area comparison
between M and T) that are higher order in the smaller scale S rather than the larger scale R. This is crucial,
since the dominant term in the area comparison is of order S? in the strictly stable case and order log S in the
non-strictly stable case. Within the proof of the lemma, this can be seen in the derivation of (5.29) and in step
four.

It is worth pointing out that the hypothesis (5.2) is not necessary in the specific case of n = 8 and @ = 0, since

one may show that all higher order errors are O(R" 3% ~3) and 7y > 252 — \/(”T’Q)Q — (n —1) so in particular

n—3y; —3 <0 when n =7, cf. the area expansion in Appendix A.1 and step one of the proof, but we omit the
details here since the conclusion is significantly stronger under hypothesis (5.2).

Proof. We perform the computation in the case when C' is in addition strictly stable, namely (2.2) holds for T}.
The only difference in the argument for the non-strictly stable case is that, in light of the amended asymptotic
behavior (2.3), all terms of the form S” and R” become respectively log S and log R, with error terms being of the
order o(log S). We therefore omit the details of the modifications in the non-strictly stable case and simply state
the final estimate obtained in that case in the concluding step of the proof below.

Before giving the proof, which is divided into steps, let us set some notation. We will use polar coordinates
(r,w) for z € R**1. We set Z,(z) := |[Veu(z)| + |u(x)|/|x], and write

Qs,r(ur,ug) := / (Vour, Vous) — |AcPujug dH™
CcnA..,

for the second variation of C' restricted to an annulus. We let Fj ,(u) = H"(graphy” u) — H™(C' N As,,). Note also
that by Lemma A.1, for R/S large enough, M is graphical over C, and so we can extend u so that the entire
surface M is the graph of u.

Step zero (expansion of area). We claim that there are g9, Co > 0 such that if || Z,[|L~(cna, ) < €0, then

1
Fs,r(u) = iQs,r(uv u) + RS,T(U) 5 (56)
where the remainder R, (u) satisfies
R <Co [ Zan, (5.7)
CNA,,.

and for any smooth, compactly supported ¢ : C' N A;, — R, the first variation 6R; (u) of the remainder at u
satisfies

|0Rs,r(W)W]] < Co / Z2Zy dH" . (5.8)
CNA, .

Lastly, up to decreasing €y and increasing Cy, we claim that

1/2 1/2
v? w?
}52FS7T(U)[U,U}] - Qs,r(vv w)| < C(OHZu”LW </ |VCU|2 + 2) (/ |Vcw|2 + 2) : (59)
CNA,,, r CNA,,, r

The proofs of these claims can be found in Appendix A.1.

Step one (area difference on A, s). Here we claim that
1
MM N Apy,s) = HM(ThN Apy.s) = 5 2 —a%y; 8% 4 0(SP). (5.10)

Let Lo := Ac + |Ac|? denote the Jacobi operator on C. Thanks to step zero combined with an integration by
parts, we may write

1 1
Hn(M n Apoys) - IH”(TA n AP075> - iQPoﬁs(Uﬂu) - 5@;;075(1), ’U) + RPO»S(U‘) - RPOysk (’U)

1
= / (vLev — uLcou) dH™
2 CﬁApO‘s
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1

+ - / (udpu — v0,v) dH™ 1 4+ Cy(po)
2 CNoBg

+ Rpo,5(u) = Rpg,s(v) -

Now, (5.3) and the definition of v guarantee that

Rpo.s(1) = O(S" 31 73) = o(SP) and Rpo.5(v) = O(S" 7371 73) = o(SP). (5.11)
Moreover, by elliptic estimates we have
Lo(v) = o(S™ 72) and Lou=o(S™" 7%, (5.12)
and
v =—ay; S~ o +o(ST and Oru = —ay; S~ “lgy +o(ST ). (5.13)

Inserting (5.11)-(5.13) into the calculation above and applying the coarea formula yields (5.10) as desired.

Step two (reduction of area estimate on As g to case with Jacobi field data on C N JBg). Consider the Plateau
problem (again in the sense of integral currents) with boundary data given by the graph of @S~ ¢; on C N dBg
and given by T on C N 0Br. By Lemma A.1, the solution is a normal graph of a function & on CNAg r. Similarly,
let © be the function whose graph solves the Plateau problem with boundary data given by the graph of a.S~" ¢,
on C NOBg and given by Ty on C N 0Bg. Note that

Za+ Zs =O(|z|™ 71). (5.14)
by Lemma A.1. In this step we show that
Fsp(u) = Fsp(@) +0(S?)  and  Fsg(v) = Fs r(?) +0o(S”). (5.15)
We prove the first estimate in (5.15); the second is the same. We first show that
Fs,r(u) < Fs,p(@) +0(S”) (5.16)
Let H = (u— u)|cnoBs, which has [|H|[c1(crapg)) = 0(S™7 ) by (5.3). By an elementary extension argument, we
may extend H to some W € W1 (C;R) such that
sptW C CNBas, |Wlre@)y=0(5""), and [[VeW|r<cnp,s\ps) =0(S™7 7). (5.17)

Since W agrees with H on 0Bg, graphg’R(a—i—W) is an admissible competitor for the Plateau problem corresponding

to u. Thus, Taylor expanding and using (5.9) and the fact that the second fundamental form Ac of C satisfies
|Ac| =~ |z|~% on C'\ {0}, we obtain

FS’R(U) < FS,R(’ﬁ + W) (5.18)

< Fs,r(@) + 0Fs,r(0)[W] + Col| Zo| L Qs,r (W, W) (5.19)

Define G : CNdBs — R"*! by G(z) = z + a(x)ve(x). Since N := graphg’Rﬂ is a minimal surface with boundary
and spt W C Bas CC Bpg, we have

SFsn(@W] = [ (W 0 G-V (e 0 G-1) - 2 arn—t
G(CNdBs)

where v§® denotes the unit conormal to G(C N 0Bg) in G(C N Bg). Towards estimating the dot product (v¢ o
G~1) - 182, we recall that since |Voi| < Zz = O(S™1 ~1) on C' N dBs. Again using that |[A¢| =~ |z|~! on C'\ {0},
a direct computation of |(vc o G™1) - 1§?| shows that it is bounded by (1 + o(1))|V¢il, yielding

(oo G™H) v =0(S"" on G(CNIBg).

Using this together with the fact that H"~1(G(C N dBg)) = O(S™~!) and the L> bound for W from (5.17), we
obtain - - -

§Fs r(@)[W] = O(S" 171 ~ho(S7 " ) = o(S" 2721 ) = o(S”). (5.20)
Similarly, using the estimate (5.14) for Z;, the estimate (5.17) for W and VoW, and the fact that spt W C C'N Bag,
we have _ _

1 Zal| L Qs r(W, W) = O(S™7 ~HH77211 =2) = o(57) . (5.21)
Inserting (5.20) and (5.21) into (5.19) yields (5.16).
To finish the proof of (5.15), it remains to prove the reverse inequality

F(@) — F(u) <o(S?). (5.22)
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The proof is nearly identical to the proof of (5.16), so we provide a summary instead of complete details. First,
using the area minimality of the graph of 4, we have the analogue

F(ﬂ) < FS’R(U - W) < FS’R(U) — (styR(’UJ)[W] + COHZu”LOOQS,R(W» W)

of (5.19). The first and second variation estimates then follow exactly as in (5.20) and (5.21), since u satisfies the
same decay estimates as 4. This concludes the proof of (5.22) and thus the proof of (5.15).

Step three (equivalence of area estimate on Ag g with inner Jacobi field data to estimate of second variations). Next,
let U and V solve the Jacobi equation Le - =0 on C'N Ag g with boundary data equal to @ and ¢ respectively on
C N (0BsUOBRg). In this step we show

Fs.nl@) — Fs.nl®) = 3Qs.0(U,U) = 5Qs.r(V,V) +0(5?). (523)

By symmetry, since a and a are arbitrary, to show (5.23) it is enough to show the inequality

Fs,nli) ~ Fs(0) < 5Qs.0(0,0) ~ 5Qs,n(V:V) +0(°) (524

the opposite inequality is the exact same.
Set ¥ = U — V, which by linearity solves the Jacobi equation

Le¥=00nCNAsr,  Ygnop, =@—a)S ¢, ¥leqgp, =0. (5.25)

Since 9+ ¥ = @ on CN(0BsUOBR), we can test the area minimality of the graph of @ against the graph of o+ ¥,
so that, using the expansion of the area functional over C from step zero, we obtain

Fs p() — Fs,p(0) < Fsr(0+ V) — Fs p(0)
— LQsA(P LD+ 0) ~ LQsa(5.0) + Rs a0+ U0+ ¥) ~Rop(@0).  (5.26)
Next, we claim that
Qs,r(0+ P, 0+ V) — Qs r(0,0) = Qs,r(V + ¥,V + V) —Qsr(V,V). (5.27)

Indeed, we expand the square and integrate by parts, recalling that W solves the Jacobi equation LoV = 0 and
vanishes on C' N 0Bg to find

Qs.r(0+ ¥, 04+ V) - Qs.r(0,0) = Qs,r(V, V) + 2Qs r(0, ¥)

- —/ O, + 2(/ 50,0 —/ @aTfo)
9BsNC 9BRNC 9BsNC

Since © = V on C' N (0Bs U OBRr), the expansion with V' in place of ¥ yields the identical right-hand side. As a
consequence, inserting (5.27) into (5.26) and recalling that ¥ +V = U gives

- - 1 1 - .
Fs.r(a) = Fs.r(0) < 5Qs.r(UU) = 5Qs.r(V, V) + Rs,r(0 + ¥) — Rs,r(0) (5.28)
So, to finish proving (5.24), it remains to show that
Rs.r(t+ V) — Rgr(?) = o(S?). (5.29)

With this aim in mind, we begin by computing ¥ using (5.25). Since the boundary data for ¥ involves only the ¢;
mode, ¥ is a linear combination of the Jacobi fields corresponding to v; and vf . A direct calculation which we
omit that uses the boundary conditions to solve for these coefficients yields the following expression for ¥ in polar
coordinates:

SB
1—SP/RA

Since 28 < R, recalling also that —y; — 8 = —;", this implies

U(r,w) = (@—a)(r" — R %)) (w).

) < 08%a —al (jr=7 [+ 7215 |) e < O57

Similarly, differentiating ¥ leads to the bound |Vo¥| < CSBr—1 —1 which, combined with the previous inequality
shows

Zy < CSPr—n 1, (5.30)
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Using the fundamental theorem of calculus, (5.6), the triangle inequality, and the inequality Z;y < Zy for t € [0, 1],
we estimate

1 1
R (5 + W) — R (b)) < / (6Ros. (6 + 10 [ W] dt < / / (Zssvw)2 2 dH dt
0 0 CﬂAS’R

< / (Zs + Zg)* Zg dH™ = / 7274 + 22525 + Z3 dH™ .
CﬁAS’R COAS,R

Recalling the bounds Z; = O(r~" ~1) (from (5.14)) and Zg < CSPr=7~1 (from (5.30)), and the identities
v +7; =n—2and v —v; = B3, we estimate

R
[R.r(0+ ) = Rs p(¥)] < / SOy T TN g §Op T 2 g 920 gy
S

R
< SB/ r2n dr = O(S’B) ,
s

This concludes the remainder bound and thus the proofs of (5.24) and (5.23).

Step four (computation of second variation on As g with inner Jacobi data). In this step we prove that

— =2 2 Bla — 5)2 8 8
_ — — B S ) .31
Qsr(U.0) - QsnlViV) = o7 @ = ) + L8 | 87 4 ols?) (5.31)
Integrating by parts and using the fact that U and V solve the Jacobi equation in Ag r and agree on 9Bg, we first
notice that

Qs,r(U,U) - Qsr(V,V) = /

Ud,UdH" ' + / Vo,V dH" !
CNOBRr

Uo.U —8,V) —/ .
NoBg

CNOBg

= / U@d,U —9,V)dH" 1 — a/ SN $10,U dH" !
CNOBRr

CNoBg
+a / SN $10,V dH" !
CNoBg

Now, we may expand V and U in polar coordinates as
> - ot — -7 7 —~F
V(r,w) = Z(ajqu(w)T T+ b (E)rT ), U(r,w) = Z(ajqu(w)r Ti 4+ b (E)rT ) (5.32)
j=1 j=1
where {¢;}; are a basis of eigenfunctions (with ¢; as before) of Acnop, + |Acron, |> with anaBl (;5? =1 and
eigenvalues \; — 0o as j — oo, and yjt =024 (”772)2 + A; (cf. Section 2), and since the boundary data of V

and U lie in the span of ¢; alone, the coefficients a;, b;, a;, b; satisfy
0

aj:bj:dj:l;j: for 7 > 2,
while
@R~ + bR~ =aR™M 4o
{als% +b5S™ N =aS .
and

@R + bR =aR +0
@S~ b ST =as T .

for a constant o which is o(R~1 ). This yields

R R RBSH
S A
aR? — aSP R - (@—a—oR")RASH
ay = +o y b1 = .
RB _ 9B RB _ 9B RB _ 9B

In other words,

V(r,w) =

R .- RWRPSP __,
(aJrURﬂ_Sﬂ)T s RELC)
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U(r,w) =

aRP —aSP R o (a—a—oRW)RPS
(Rﬂ—Sﬂ +°’Rﬂ—5ﬂ>rwl+ RF_ 5P " pr(w).

Let us now insert this into the above computation for the difference between Qg r(U,U) and Qs r(U,U). Noticing
that U and V share the same o terms, we observe that the corresponding terms in 0,U — 0,V cancel, and so we
are left with

/ V(0,U — 9, V)dH" !
CNOBRr
o ) igh ) ROSP .
= (aR™™ +0) (71 g BT —fa—a) g g R 4 aRT >

(a —a)SPRAH I

=Bl + o) 55
Similarly,
_ R . R RASH
-7 — o~ - B -
a/mass oV =a [ h <G+UR6 - Sﬂ> S7+ oW pr g
and
- aR? — asP R (@§—a—oRM")RASH
—a AT = a - B +
a/C’maBSS M eoU=a1m ( RP — SP +URBSB>S T RP 5P
We therefore arrive at
Qs,r(U,U) = Qs,r(V,V)
. (a — &)SﬁRﬁJr’Yf 3 R R"/l RBSB
:{B(GR M) TR te|™h cwi—gr )5 TN g
| _(aRrP —as? R g6 4 (@—a—oR"W)RIS]
TOM A\ TRizgr TRF-g5 )Y T Ri—gp
SB R S8
— (2 _ 2\0B <12 9 -
vy (@ —a”)S” + B(a a)l—(S/R)5+ ﬁal—(S/R)B(a a)

Keeping in mind that o = o( R~ ), this exactly simplifies to (5.31).
Conclusion. Combining (5.10), (5.15), (5.23), (5.31), and the fact that uy = g¢p; on C N OB, , we compute
H" (M) — H" (graphg " (g¢1)) = H" (M) — H" (graph?"® (¢61)) + Fs.r(w) — Fs,r(v)

= 2@ @7 57 + Py (i) ~ Fs (5) + o(S”)

= (0 @S + 5(Qsp(U,U) ~ Qs p(V:V)) + ofS)

- %(a2 —a*)y; SP + % v (@ —a®) + % SP +o(SP)
= ;15_(“(5 /‘2) S 4+ 0(8%) = oo

as S — oo since a # a.
In the non-strictly stable case, as explained at the beginning of the proof, by the same reasoning we instead

obtain
1 Bla—ap
2 (1—1logS/log R)

H™ (M) — H" (graphgy” Rgp)) = log S + o(log S) — oo

O

Remark 5.3. Note that if C' is not strictly minimizing then the asymptotic behavior of T} is instead given by
(2.4), so our final lower bound on the difference of areas would have ;" in place of 7, , resulting in a lower bound
on the difference of areas that will instead decay to zero as S — oo.
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Proof of Theorem 1.8. The proof is divided into two steps. In the first, we construct locally minimizing (1,2)-
clusters decaying to the cone at the same rate as T) for every |A| sufficiently small, and with volumes uniformly
bounded away from zero. In the second step, we argue that rescaling each of these so that the volume of the first
chamber is one yields infinitely many distinct local minimizers (up to rigid motions).

Step one: existence of infinite (not necessarily distinct) continuum of local minimizers with prescribed decay.
Let Ao be as in section 4 and A € [~)g,\o]. Let ¢ = ar™1 + o(r™ ) and Ry > 0 be such that T) satisfies
(5.2). We claim that for any such A, there exists a locally minimizing (1,2)-cluster X as in Theorem 1.3 with
0X\(2) N OX\(3) N By C graphg v where v = g1 + o(r=71). Suppose for a contradiction that this is not the
case. Repeating the argument of the proof of Theorem 1.3, we excise at most [1/7] — 1 lens-like concentrations to
arrive at the family of variational problems 7g, »(v) with v > o for which A\, < co (as defined in (4.6)) and whose
corresponding minimizers XY, converge to the claimed minimizing (1,2)-cluster X of Theorem 1.3. There is a
radius po such that Xy (1), X\(1) C B,,.

The exterior interfaces My, := 90X (2) N OX) x(3), and hence additionally the limiting exterior interface Mo, =
90X\ (2) N OX\(3), are trapped between the leaves T'tay, of the foliation. In particular, My C graphe us on By .

Now, the decay |uso| <7771 together with [33, Lemma 2.10 and Claim 3.3], both of which hold for exterior minimal
surfaces with no modifications to the proof, guarantee that there is a constant @ € R with a # a such that

Uno (T, w) = a1 (W)r™ " +o0(yy). (5.33)
Here we are using that Cj,; is an area-minimizing quadratic cone in order to apply the results of [33], together with
the contradiction assumption to say that a # a.

Therefore, by the local convergence of My, to graphe us on By (which can be improved to smooth convergence
by De Giorgi’s/Allard’s epsilon regularity), there are Sy, — oo such that Sy /Ry, — 0 and so that M}, C graphg”s’“ U
and (5.3) holds for u = uy with S = S for k sufficiently large. Note that any area-minimizing quadratic cone
is strictly minimizing and strictly stable, thanks to [16, Theorem 3.2, Remark 3.3] and [33, Proposition 2.7] (see
also [13, Section 2.5]). Moreover, the hypothesis (5.2) holds for all area-minimizing quadratic cones, since the
works [6,11,12, 18] guarantee that the leaves of the foliation inherit the SO(SKT1) x SO(S!*!) symmetry of the
cone asymptotically, which in particular implies the hypothesis, since ¢; is constant. Now, for each such k let
My 1 to be graphéﬁ”sk and let My o be an area-minimizing integral current with O[My, o] = [[graphcmr_,Bmk/2 qi1] +
[eraphcnan s ug]. In light of the above discussion, we may apply Lemma 5.1 for k sufficiently large to the surface
My := My, 1 U My 5 with R = TRy /2, to obtain

Ar, (v) = kli_?;o(ng (X k) —H"(Tx N Bur,,))

> Tim (H"(My) — H" (graph?? ™™/ (q¢1))) — ¢y

k—o0
= 400

for some po-dependent constant ¢y (independent of k), where we have also used that

(M2 \ graph’é“m’“”(q%)) N Bar,, = (Tx \graphé?’7Rk/2(Q¢1)) N Bag, -
This gives the desired contradiction.

Step two: existence of infinitely many distinct local minimizers with unit volume first chambers. For |A| < Ao,
let X\ denote the locally minimizing (1, 2)-cluster with exterior interface decaying to C' at the same leading order
rate as T. We define an equivalence relation ~ on these clusters by saying Xy ~ X/ if there is r > 0 such that, up
to rigid motions, X\ = rX).. To finish the proof of the theorem, it suffices to show that there are infinitely many
equivalence classes. Suppose for contradiction that this were not the case. Then there must exist non-zero A\; — 0,
rj >0, and A such that r; Xy, = &) for each j. By scaling,

1/(n+1)
ri = (|2 (L)l/1%, (1)) :
Since |X\(1)] € [7,1] for all |A\| < A9 by Remark 4.4 with ¥ > 0, we have
0 <limsupr; <limsupr; < co. (5.34)

On the other hand, let a; and a denote the coefficients in front of ¢17~71 in the leading order term of the graphical
expansions of 0X);(2) N 0X}(3) and X (2) N OX(3) respectively. Since the leading order decay of &, must match
the leading order decay of X),, we have

ria; =a. (5.35)
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If a = 0, then (5.35) implies that r; = 0, contradicting (5.34), and if a > 0, then (5.35) implies that limsup,_, ., r; =
oo, again contradicting (5.34). Thus our original assumption that there are finitely many equivalence classes cannot
hold, and the proof is complete. ]

6. PROOF OF THEOREM 1.6

6.1. Ac, , estimate in all even dimensions n +1 = 2k +2. To simplify notation slightly, we will henceforth set
m:=n+1 > 8, with m an even integer. Note that in our preceding work [8], joint with Lia Bronsard, the ambient
dimension is n in place of n 4+ 1. We recall from [8] that
m=3 m—1
2(m — 1)wpm_1 f11/2 (1—¢%) 7 dt —wp— (?)
Aprane(m) = o1 (6.1)

m—1

(2emr fi, (=) ) ™

1/m (m=1)Pp_o—(342)™ !

With the substitution ¢ = cosf, we may rewrite the right-hand side of (6.1) as w,, "5 P where
here and in the sequel we let
P, = Q/W/g sin™ 6 df. (6.2)
0
Moreover, integrating by parts shows that we have the recursion mP, = (m — 1)P,,_s — (42)™~! and therefore
Aptane(m) = mw/ ™ PL/™. (6.3)

Next, in [8] (see also the proof of the validity of (1.6) for C3 3 x R from Theorem 1.3 below) we constructed a
competitor whose normalized energy (i.e. D,, = M(k,k) for 2k + 2 = m with M (k,!l) as in (6.37)) is

m2 r—h  (m— (m—4)/4 m2
D 2m nr | wm=2/2(r2 — (u+ h)?) du — 4(m\_/?)
m T m /2 (m—-1)/m

(o i

Here
h::l—i—\/g7 r=v6+vV2=+v2h.

We simplify this expression with the change of variables u = hx to obtain

m— b (m— m—
<m2\/§) h 1fa 2( 2)/2Q(:1:)( /4 o — m

_2/m
Dy =w B) )(mfl)/m

m/2

(1 +mhm [P 2(m=2/2Q(z)m/4 dx

where we have introduced the shorthand notation

a::%:\/i_l, b:=v2-1, Qz) :=1— 2z — 22 (6.4)

As we did for Apjane(m), we rewrite the numerator as the integral of a positive function. To this end, define the
auxiliary functions

Won(z) = 2= D2Q(z)m=D/4 G (x):=1- %(w +22% —1). (6.5)
Direct computation verifies that (z™/2Q(z)™/4) = ZW,,(z)(1 — 3z — 22?), and Q(a) = a?, Q(b) = 0, so that
-
a™ = 5/ Wi (%) (32 + 222 — 1) da.
a

Recalling that a = 1/h, the numerator of D,, becomes
b
M, = h™! / W (2) Gy () dez, (6.6)
a
Finally, we introduce the shorthand

b
Lo = hm/ 2 m=D2Q(z)™/ 4 dx (6.7)
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for the integral in the denominator of D,,,. With this notation, D,, takes the consolidated form

— Ym/2 2 (1+mLm)(m71)/m'

Our goal is to show that D,, < Aplane(m) in every even dimension m. Recall that in [8], we verified this
computationally up to m = n + 1 = 2700. Here we prove:

Theorem 6.1. For every even m > 2000, Apigne(m) > Dy,

Since 2001 < 2700, the validity of Ac, , < Aplane(n + 1) for all even n + 1 = 2k + 2 follows immediately from
Theorem 6.1 and the main results of [8].

The desired inequality is equivalent to log(Aplane(m)/Dy,) > 0. We begin with formal asymptotics of this
quantity as m — co. From (6.3) and (6.8), we have

Aplane 1 m— 1 -1 2
log M = —logm + — log w2 Ly = log Py, — log M, + m log(1 +mL,,) — log £ (6.9)
D, m 2 M m 2

Recall that P,,, M,,, and L,, were defined in (6.2), (6.6), and (6.7) respectively. Stirling’s formula shows that the
first term on the right-hand side of (6.9) behaves as

lo

1 Wm—1
— log
m w

= —logv2+ 2" _ %log(m/i) +O0(m™?). (6.10)

m/2 m

Moreover, using Laplace’s method (in the endpoint case; see Chapter 4.3 of Asymptotic Expansions of Integrals
by de Bruijn), one shows that the functions P,,, M,,, and L,, have asymptotics

P, = 23 <\/§> (1+0(m™1h)), (6.11)

m 2
M, = [1 s & + O(m‘%] (6.12)
2m ’
6 — -+
1+mLy, =V3 [1 = Tﬁ + O(m2)1 : (6.13)

Below, we will verify these estimates and obtain quantitative errors on the remainders, in order to obtain the
explicit threshold on m given by Theorem 6.1 above which we have Apjane(m) > D,,. Let us first see that the
asymptotics (6.10)-(6.13) yield Apjane(m) > Dy, for a sufficiently large (not quantified) dimension m. Substituting
the asymptotics into the right-hand side of (6.9), we see that the terms with coefficient logm, the constant terms,

l“% cancel (see the proof of Theorem 6.1 below for more details) and the leading

and the terms with coefficient
contribution is of order %:

Aplane(m) 1—logv2 9
= O(m™ 7).
D, T 0(m™)
As this coefficient is positive, the desired inequality holds asymptotically as m — oo. The asymptotics above guide

the estimates proven in the following lemma, which will allow us to show the estimate holds for m above an explicit
threshold.

log

Lemma 6.2. The following estimates hold:

1 _ 1 log(2v/2

— log w? L> logv2+ ogm _ log( v2) for allm > 1, (6.14)
m wm/2 m m

3\"2v3 13
P, > (\[) 2v3 (1 - > for allm > 1, (6.15)

2 m m

4.1
M, < 3 (1 - ) for all m > 2000, (6.16)

2m m

6.03 — J=
14+ mLy >3 |1- —% for all m > 2000 . (6.17)

m

Before proving the lemma, let us see how it yields Theorem 6.1.
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Proof of Theorem 6.1. Let m > 2000. Starting from (6.9) and substituting (6.14), we find

Aplanc(m) Z 710gm + logm . IOg(Q\/ﬁ)
Dy, m m

m—1

1
log + —log P,, — log M, + log(1 +mL,,). (6.18)
m
Now, we take the logarithm of (6.15). Noting that for m > 26 (i.e. 13/m < 1/2) we have log (1 — 1) > —26/m
since log(1 — u) > —2u for 0 < u < 1/2, we arrive at the bound

1 I log(2 2
L og P, > log Y3 loam | log(2V3) 26
m 2 m m?2

Similarly, we take the logarithm of (6.16) and use concavity of the logarithm, which in particular gives log(1—x) <
—z, to obtain

4.1
—log M,,, > logm — log§ + —.
2 m
Summing these terms and combining with (6.18) yields
Aplan 4.1 +1og(1/3/2 -1 26
log Aptanc(m) > —logV3+ + log(v/3/2) + = log(1+mLy,) — —. (6.19)
Dm m m 2
Finally, taking the logarithm of (6.17) and noticing that we have the bounds
log(1—t) > —t—t*> forte (0,1/2);
6.03— —=
— V3 < % for m > 8;
(6.03 - J5)* <14,
we obtain
_1 1 6.03 — L
m 10g(1+mLm)Zlog\/g——log\/g—klog <1—\/g
m m
1 4 14
> 1 3+ —(—-6.03+ — —1 3] ——.
_Og\f+m( —F\/§ ogf) )
Combining this with (6.19) yields
A lane(m) 1 4 40
log =222 7 > — 4.1 -1 2 — —6.03| - —. 6.20
og 25l > =41 —10g(v3) + = (6.20)
The coefficient C := 4.1 — log(v/2) + % —6.03 of 1/m is positive, indeed an explicit calculation yields
4
4.1 -6.03 + —= — log V2 > 0.032.
/3 g
Thus
Aplane 4 1 4
long @_%>7 (0.032—0) .
D, m o m
When m > 1251, we have 0.032 — % > 0, thus completing the proof. O
Now we prove the lemma.
Proof of Lemma 6.2. Proof of (6.14): Recall that w,, = 1“(1%7:/2) Using this and the identity T'(2z) = 22*~ 17~ 1/20(2)[' (2 +
1) with z = (m + 1)/4, we have
wmot 1 r(m+1)?
Wigp  2MTUET (4 )T (3 +3)
Next, applying Gautschi’s inequality, which states that ggii; >zl forallz > 0and 0 < s < 1, with the choices

x=m/4 and s = 1/4,3/4 yields
r(m 1)
m 1 m 3
F(E+3)T(F+1)
Therefore 3= > - Taking logarithms and dividing by m gives (6.14).
/2

) -

m
> —.
— 4

2
m
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Proof of (6.15): Since the integrand of P, is maximized at the right endpoint 7/3 where sin(7/3) = v/3/2, it is
convenient to change variables = 7/3 — 6§ and factor out this contribution, expressing P,,, as

Py = 2(?)7” /OW/3 (53 sin (g - x))m do = 2(‘?>m /OW/3 exp{meo(z)} dz (6.21)

o(z) = log Zsin(n/3 — @) sin(7\r//§ —2) .

With the aim of bounding the integral below, we note that ¢'(0) = \% and ¢"(r) = —csc?(n/3 — 2), so in
particular on the interval [0, 7/6] we have ¢"(z) > —4 and thus ¢(x) > v 222 by Taylor’s Theorem. Thus

/077/3 exp{me(z)} dx > /077/6 exp{ - % - 2mx2} dx.

Now we make the change of variables y = ma and further truncate the interval of integration: noting that
mm/6 > \/glogm for all m > 6, and recalling that e™* > 1 — 2z, we have

/6 1 V3logm
/ exp{—@—2mx2}dx2— exp{—
0 V3 m Jo

l/ﬂlogm {
— exp
m Jo
V3logm 0o
1 Y 2 Y 2
a/ eXP{‘ﬁ}dy‘m/O eXp{‘ﬁ}y dy
ERNRRRLY
- m  m?2 m2

/O ﬂ/g exp{me(z)} dz > g <1 - 13) (6.22)

m

where

v

A

v I
7 N\

—_

|

)

B
~~

[

v

In conclusion, we obtain

for m > 6. On the other hand, for 1 <m <5, 1 — % is negative, so (6.22) holds for all integers m > 1. Together
with (6.21), this completes the proof.

Proof of (6.16): We proceed in several steps.

Step 1: Define the auxiliary functions

H,,(z) == 2Gp(2), O(x) := %logm + ilog Q(z), (6.23)

with G,,, as in (6.5) and @ as in (6.4). Then, observing that W,,(z) = z (™% e can write

— pm— 1/ H,, (m74)<1>(m) dx,

where we recall that a = ¥3=1 — +and b = V2 — 1, as in (6.4). Since we additionally have e®(® = 1 and
—®'(a) = %2 = 2 + /3, we change variables = a + t and write
b—a
Mm — h3 Hm(a + t)e(m—4)<1>/(a)te(m—4)R(t) dt,

0
where

R(t) := ®(a +t) — P(a) — D' (a)t

denotes the remainder of ®(a + t) from its linear approximation at ®(a). We record for later use that

3m—47 H;n(a):71+am7
4(m —1) m—1

@"(a) = -8 (4V3+7) € [-112,~111]. (6.25)

H,(a)=a m>2, (6.24)
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Letting ¢ := —®’(a) (which is positive), our main claim is that
H,,(a) 1 H) (a) ®"(a)Hn(a) 2h + 655
M,, <h? m 2
- (m—4)c  (m —4)2 ( c? * 3 (m—4)3 (6:26)

provided that m > 2000.

Step 2: We split M,,, into pieces and bound each piece separately. To begin, let

2log(m — 4)
—

Y =
and split M,, = M + M where
b—a
Mtaﬂ h3 / Hm(a + t)ef(m74)ct6(m74)R(t) dt .
Y/(m—4)
Note that the lower endpoint % of the integral is less than b — a provided that m > 46. Otherwise, we simply
set Ml =0,

m

Now, observe that @ is concave so R(t) <0, and |H,,| <1 on [a,b]. So, since ¢ = %2,
; o h3 h3 2h
Mt < b / et = e = (m—4) = (6.27)
Y/(m—4) (m —4)c (m —4)e (m —4)

Step 3: Toward estimating M9, first note that H,,(r) = z —
H) (z) = (6 + 12x), and hence

m(?)x + 223 — ) is concave on [a, b] since
4(m 1)

As a consequence, letting s = (m — 4)t,

Y/(m—4)
M}fLC < h3/ {Hm(a)—l—H’ ( )t}e (m—4)ct (m 4)R(t)d
0

_ " /OY {Honla) + (o)

m—4

(6.28)

S }e—cse(m—4)R(s/(m—4)) ds
m—4
We examine the error term R(t). First of all, for m > 707, we have Y/(m —4) < 0.005. Direct computation verifies
that

1 (2% +2

O (r) = L (x+1)(z* +22+7)

a3 (1 -2z —22?)3
is a negative and decreasing function on [a, a + 0.005] and thus |®"'| < |®"'(a + 0.005)| < 6200. As a consequence,
since 6200/6 < 1100, Taylor’s Theorem gives

YOyt < (075 5 < 110080
2 ® 5€(0,0.005] 6 —
for t € [0,0.005]. In particular, recalling the bound (6.25), for s € [0, Y] we have
|©”(a)| (21og(m —4)/c)* (2log(m —4)/c)® _ 1
11 <=
2 m—4 1100 (m —4)2 -2’

R(t) =

[(m —4)R(s/(m —4))| <

when m > 2000. Consequently, since another application of Taylor’s Theorem yields e! < 1+t + t2 for |t| < 1/2,
we have

B (I)”( ) 82 83 |<I>”(a)| 82 3 2
(m—4)R(s/(m=4)) <1 11 1100 ———= | .
e t—— oo(m_2)2+ 5t 00( iy

Inserting this bound into (6.28) and using that H,,(a) + H/,(a)t > 0 on [a,a + 0.005] for all m > 6, this yields
Mloc < Mma,in 4 Mo

where

) h3 Y H/ Y Hm CI)I/ Y
Mrrrrllam _ {Hm(a)/ e % ds + m(a) / e %sds + M/ —cs 2 ds} (629)
0 4 0 0

m—4 m— 2(m —4)
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and
h3 H’ o [e§]
anx:r _ | m(a)H (a‘)‘ / 6—0583 ds
(m —4)3 2 0
e N L e PR (6.30)
H,, —es (219 1100—— ) ds.
Tt (a)/o ¢ (2 (@l =3+ (m4)2) s
Here, we have used in addition that H/ (a) < 0, so in particular
h3 ° 1 s2 s3 ?
—H s | 1100——= | d 0.
(@) [ s (G 00 ) s <
Step 4: Let us first bound (6.30). Using
T e gy = M 6.31
o ye Y= (6.31)
1" 2
and expanding the square (5|®"(a)| -2 + 1100(m3j4)2 )2 = E’m(fi‘) + ((1100))45 + 1100(“1’ (“))‘ %, we get
orr h3  [|H., (a)||®"(a)] 6 |®”(a)]?> 24 ~ (1100)% 720  1100|®"(a)| 120
iy < S+ o 20 24 2 20y
m—4 2(m —4)2 4m—42 S T (m—4)t T (m—4)3 (b
Recalling (6.24) and (6.25), in particular for m > 4 we have the crude estimates
3
0<Hp(a) <,  |H,(@|<1  —2() <112, (6.32)
which in turn give
3 112 112) 24  (1100)% 72 11 12
per < { il 33{ (1127 24 (1100)° 720 ), 1100 70}}§7650 _(6.33)
m—412(m—4)2c¢* 4 U4im—4)2c>  (m—4)* 7 (m—4)3 (b (m—4)3
for m > 2000.
Step 5: We may next evaluate M23" directly. Keeping in mind that
Y —cY
1-— 1
/ e Ydy = —C < - (6.34)
0 C C
Y
1 Y 1
/ ye  Vdy = — — e Y < + 2) )
0 c c ¢
Y 2
2 Y 2Y 2
2 _—c _ —cY
/0 yetdy=75-e (c+cz+cs>’
we arrive at
; H,(a) 1 H).(a) Hpy(a)®"(a)
M main h3 v m v
"= {(m—4)c+(m—4)2 ( c? + c3
h3e=Y Y 1 1 Y2 2y 2
2 | m ) mcHu (@) [ —+ = )| 6.35
b | @ (%4 5 ) - g @ (- 5] (6.35)

Note that Hy,(a) > 0, while H},(a) < 0 and ®”(a) < 0, so each term in (6.35) is positive. Recall that Y = Zlog(m—4)

c

so e~ Y = (m—4)"2. Again using the crude bounds in (6.32), the term in (6.35) is bounded above by Cy- (m —2)~*

for
Y 1 Y2 9v 2
Co=h*|( =+ 5 )+ 112 Sa (YT L2 2 Cc5m—a)
c 8\ ¢ c? c3

with the final inequality holding for m — 4 > 156.
Hence, for m > 200, recalling that ¢ = —®'(a) = 2 + v/3, we obtain

. H,,(a) 1 H (a) Hpy(a)®"(a) 5
main - 3 m ) .

My ™ < [(m —4)c + (m —4)2 ( c? + c3 + (m—4)3 (6.36)
Combining this with (6.27) and (6.33) gives (6.26).

Step 6: Finally, let us see how the estimate (6.26) implies the desired bound (6.16) on M,,. Note that for any
m>5

Ao g3 [ Hm(@) 1 (H,’n(a) Hm(a)@”(a))] _ l(r{m(a)h3 [1_ 1 <4(ma+1) N —(P"(a)>:|

c? * c3 m —4)c a(3m — 4)c c?
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AR - (g )]

In the final inequality we used a < 1. Recalling that ¢ = %-, we may then directly compute

Malo)f?_ 2Inl) (Y _ 0 <1+m4_4> (13@;_1)) < (it )

so that, after first using this to crudely bound

Hu(a)h® 1 (4(ma—|—1) - qw(a)) .31 (1 d(ma+1) qw(a)) |

~(m—4)c (3m —4)c c? 2m m \c 3m—4 c?
which always holds for m > 5, we obtain
3 1 (4(ma+1) P"(a) 4 1
A< 1- = - -
_Qm{ <(3m—4)c c? Jrm—4 3(m—1)

3 1 1 (4(ma+1) @"(a) imo o m
2m (3m —4)c c? m—4 3(m-1)/|"

Recalling the additional error term from (6.26), we observe that in order to conclude (6.16), it remains to check
that

- 4
(3m —4)c c? m—4+3(m—1)

for large enough m. This indeed holds for m > 1300.

. >4.1
3 (m—4)3~

<4(ma +1) @"(a) m m > 2m?  2h + 655

Proof of (6.17):
We use the same notation of the proof of (6.16). Letting ® be as in (6.23), we note that

b
L, = hm/ M) =1 dz,
Recall that —®'(a) = %2 = 2 + /3, so using the fact that (@) = %7 the change of variables x = a + ¢ gives
b—a
L, = / em‘b'(a)temR(t) (CL + t)71 dt,
0

where

As before, let ¢ := —®’(a), and let

P 210gm.
c

Since e and (a +t)~! are convex and a=! — a2t > 0 for t € [0, Z/m] and any m > 1, we have
Z/m
Ly, > / e ™1+ mR(t)[a™t —a2t] dt .
0
As in Step 3, for m > 703, we have Z/m < 0.005, and for ¢ € [0,0.005] we have
1
R(t) > 5@”((1)7? — 11003,
Combining this with the change of variables ¢ = =, and recalling that a=! = h and ®”(a) < 0, we obtain

1 [? s
L, > m ) e~ (1 +mR(s/m)) (h— hQE) ds

I 9"(a) s* 11005 5 S
>7 —CS _ _ _
_m/ ¢ (1 2 m m2 ) (h h m) ds
h ®" n? [Z 1100h [#
/ ““ds + — (a)/ e %% ds — —/ e “°sds — 00 / e 53 ds
m m2 2 m? J, m3  J,

—cs h q)”(a’) —cs 2 h2 > —cs 1100h >~ —cs 3
E/o d+—2/0 ds mz/oe sds—m3/oe s’ds.

\ \/

v
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We can evaluate each of these four integrals explicitly. Keeping in mind (6.34) and recalling that the Gaussian
moments satisfy (6.31), we have

Lp > =2 —
mc mc m

h  he=¢? 1 [(®"(a)h h? 6600h
A2 Amd

Since % =2 =/3—-1and e %4 < 1, multiplying by m and adding 1 yields

h
" 2
L4 mLm > V34~ ((I) (@Wh _ ) L (6600h+h>

m c3 c? m?2 ct c

(i [ (0 ), (e )

Recalling that ®”(a) = —56 — 32+/3, as well as the values of ¢, a and h, a direct calculation gives
1 [(—®"(a)h R 1 [6600h h 4
S (S COLCNTE ) DR 2V <603 - —
L/ﬁ< o @) B\ Ta Te)| = V3

provided m > 2000. This completes the proof. O

6.2. Proof that (s 3 xR satisfies (1.6). We will proceed to construct a competitor produced from that constructed
in [8] for C 3, extended suitably in the transverse direction to C 3 (i.e. the direction of the spine of the cone). In
order to do this, let us first recall the procedure used to construct the (SO(4) x SO(4))-invariant competitor E for
the set K = {(z,y) € R* x R*: |z|? = |y|*} whose boundary is C3 3 (see [8, Section 7.2]).

In this case, we define the “slice” E of F in a two-dimensional quadrant Q = {(u,v) : u > 0,v > 0}, with
u=|(z1,...,24)] and v = |(x5,...,25)|. Then

OKNQ={(u,v) :u>0, v>0, u=v},

In Q, define EN {u < v} to be the circular arc of radius > 0 and center (0,—h) forming angle 7/3 with the line
{u = v} and angle /2 with the v-axis {u = 0}. Such an arc can be parameterized as the graph over the v-axis of the
function f: [1, —h +r] = [0,1] given by f(v) = \/r? — (v + h)?. Let § = 7 denote the angle that the line {u = v}
makes with the v-axis {u = 0}. Since f(1) =1=/r2 — (1 + h)? and f'(1) = —tan(27/3 —7/4) = —(1 + h), this
yields

h =tan(2r/3 —w/4) — 1, r=sec(2n/3 —w/4).

The set EN {u > v} is defined analogously. Namely, we can also parameterize the arc of a circle of radius p > 0
and center (—h,0) that forms angle 7/3 with the line {u = v} and angle 7/2 with the u-axis {v = 0}, via the
function u — f(u) over [1,—h + r].

By the coarea formula, we then obtain

p—d
|E| = 16w? / v dudv = w3 (1 + 8/ v (r? = (v+ h)2)2dv> ,
E 1

r—h
HT(OE) = 16w3 / CuPtdH! = 32wir/ 03 (r? = (v+h)?) dv.
oF 1
Letting X be the (1,2)-cluster with X(1) = E/|FE|'/®, so that it has the same volume as Xjeys(1), with X'(2) =
K\ X(1) and X(3) = (R®\ K) \ X(1). For this cluster, we then consider the perimeter cost M(3,3) = P(X (1)) —

H(C33N X(1)) of gluing X (1) into Cs 3, which can be expressed as

1 16w3v/2
|E|F 7 '

M(3,3) = (H7(8E) - (6.37)

We refer the reader to [8] for more details, noting that here we have A =1, since k =1 = 3.
Let us now repeat this for the cone Cs3 x R, via an extension of the above competitor F slice-wise in the
transverse direction of the spine. More precisely, define a set F' C R? via

F={(w,t) eR*xR:we H(t)E},

where H : [—L, L] — (0,00) is a Lipschitz function, to be determined. By the coarea formula, this yields

|F| = |E| /_LL H(t)®dt. (6.38)
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Meanwhile, letting ¥ : R® — R? denote the map W(x,t) := (H(t)z,t), we observe that F = V(E x [-L, L]), and
OF = U(JE x (—L, L)), and

HE(OF) = / / JOEXLL g gy dt
AEx(—L,L)

where JOPX(=L:L) is the tangential Jacobian of ¥ over OF x (—L, L) (well-defined H%-a.e.).

Let us first compute the differential of ¥ at any point (,¢) in the H8-full measure set where the tangential
Jacobian is well-defined. Since we may decompose T(, ) (0E x (=L, L)) as T,0E ® Ty(—L, L) = T, 0E ® R, for any
T € T,0F, we have

dV, +(7,0) = (H(t)7,0) and  d¥,.(0,1) = (H'(t)z,1).
To simplify computations, we observe that one may compute J?Z*(=L.L)J a5 the volume of the 8-dimensional
parallelepiped spanned by the vectors {d¥, ,(7;,0)}7_;, d¥;.(0,1), for an orthonormal frame {r;}}—; of T} ,0F.
This is simply the product of the area of the 7-dimensional parallelepiped spanned by {H (¢)7;}7_; and the length
of the projection of the vector (H'(t)z,1) onto the orthogonal complement of the former span, namely,

H()" - [Py, ,(.0)(H Bz, 1)],

where pj\yz £(40) is the projection onto the orthogonal complement of the span of {H(¢)7;}/_;. Notice that the
latter orthogonal complement is spanned by the orthonormal vectors (vpg(z),0) and (0,1), where vpg(z) is the
outward unit normal to 9*F (defined H"-a.e.) we thus have

Py, , .0 (H (W), 1)] = V(H' ()@ - vop(e))? + 1.

We thus arrive at

L
HE(OF) = /_L H(t)" . VH ()22 - vop(x))? + 1dH (z) dt .

The coarea formula then yields

L
HP(OF) = 16w} /_ JHO) /6 . WP\ J (Y (£)2((,0) v (0, 0))2 + LML, di

Now, recalling the parameterization of OF via the two circle-arcs, we have

@YD hen u — f(v), and

Vol = 1+Sf’(v1))2
% when v = f(u),
with h
f'(v) = —(v+h) and L+ (f'(v)? = -

v v)\/12 — (v 2 2 _hw
(0,) - 1 ,0) = (F(0),0) - vy (F(0),v) = LER) L SOV W W22 ot By,

r r r

Thus, when u = f(v) we have

Likewise,

(u, (1)) - vy (u, f(u)) = w

r
In conclusion,

L r—h 2 2
HB(OF) = 32@/ H(t)7r/ B2 = (0 + P ()2 CRGE gyt
—L 1

Just like we did for C3 3, we may then let X be the (1,2)-cluster with X(1) = F/|F|'/?, with X(2) = (K xR)\ X(1)
and X(3) = (R \ (K x R)) \ X(1). The normalized cost of gluing this competitor into C3 3 x R is then

(HS(aF) _ %@ [ LL H(t)7dt> .

M(3,3) ==

Ik

Setting
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with L = 3, via an explicit calculation using Mathematica we obtain

M(3,3) = 7.79468 .
Recalling from [8] that
Aplane(9) &~ 7.93735360,

we conclude that (1.6) indeed holds for C' = C5 3 x R. O
Remark 6.3. We note that there is some flexibility with the choice of length scale L = 3 for the above choice of
H. Moreover, note that one can perform an analogous computation to the one above for general cylindrical cones
over quadratic cones, i.e. Cj; x R"™. However, we do not pursue this any further, since we believe that merely
having one example of a cone with a non-isolated singularity for which (1.6) holds is of interest, and there does not
appear to be a single choice of H that universally works in higher dimensions, nor a systematic way to look for an
admissible choice of H in higher dimensions.

APPENDIX A. EXPANSION OF THE AREA AND GRAPHICALITY FOR THE PLATEAU PROBLEM

A.1. Expansion of the area functional. We begin by using the area formula to write
H"(graphg” u) = / JoudH",
A,
where Jou is the tangential Jacobian of h on C, given by
Jou = +/det[dH'dH],
where H(z) = ¢ + u(x)ve(x). Letting {e;}?_; denote an orthonormal frame for TC, we have
dH(ez) =e; + O;uve + uveil/c =e; + O;uvg — UA(GZ) ,
where A(e;) := — 377 (ej- Ve,vo)ej, so that A(e;)e; = Alei, e5) = —(ej- Ve, vc) is the ij-coordinate of the second
fundamental form A of C' (previously denoted by A¢ but here we drop the dependence on C' to simplify notation)
with respect to the bases {e;}, where we identify (T'C)*+ with R. This yields

dH'dH = (I —uA)* + Veu ® Veu,

where we identify A with its matrix representation. Thus, factoring out I — uA, which is possible for ¢ sufficiently

small, we obtain
Vdet[dHtdH] = det(I — uA)\/1+ (I —uA)~1Voul?.

Recalling that
det(I — B) =1 —tr(B) + 3(tr(B)? — tr(B?)) — (tr(B)* — 3tx(B) tr(B)* + 2tr(B*)) + O(|B|")
and exploiting the minimality of C' together with a Taylor expansion of the square root and the observation that
(I —uA)"'Veul? = |Veoul? + 2uA(Vou, Vou) + OW?| A2 |Veul?),
we thus have
det[dH!'dH] = (1 — %|A\2u2 — %tr(A?’)u3 + O(JAI*A) V1 + (I — uA)=1V cul?

= (1= 3|APu? = $tr(A%)u® + O(|A["u?)) (1 + 3| Veul® + vA(Veu, Veou) + O(W?| APV eul?))
=11+ 3(|Veul|® — [A*u®) + &(u, Vou, A).

In particular, for gg sufficiently small this yields (5.6) with
IRs.r(u)] < / |6 (u, Vou, A)| dH™ < Co/ (|APY? + u|A||Voul?) dH™ .
CNAs ., CNA, .

Recalling that |A] < |z|~! on C'\ {0}, the claimed bound (5.7) on Ry, follows.
To see (5.8) and (5.9), we simply observe that

d
R (u)[¢] = %L_O/C ) E(u+t), Vou+ tVerp, A) dH"
- NAs -

- / Das(u, M, A)|yy o, - Vo + Do (v, Veu, A),_, - wdH",
CNA,

v=u

and thus, letting

% (u,Veu, A) := Dy & (u, M, A)|M:ch , % (u,Veou, A) := D, & (v, Veu, A)’U:u ,
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we further have

52Rs,r(“) (Y1, 2]
d
= %‘t . / G (u+ s, Vou+tVeoiha, A) - Vo + Go(u+ ths, Vou + tV oipa, A) - o dH"
=0 Jena,,,

= /C . D%/[é”(u,M,A)’szcu[vclpl,vcwg] dH"

+ / +Dy, D& (v, M, A)| Meveu W2Vt +1iVets) + D& (v,Vou, A)|, _, - 1o dH™ .
CNAg ’

Combining these with the fact that |A| < |z|~! on C'\ {0} and applying Cauchy-Schwarz in the case of (5.9) yields
the desired claim.

A.2. Graphicality over C' for the Plateau problem. In this section we consider the Plateau problem with
data that is perturbative over C.

Lemma A.1. Let C C R"! be an area minimizing hypercone with an isolated singularity and let X > 0. Let G
denote the open set containing C' with 0Gy =T\ UT_x. There exists § >0, 0< Cy <1, Cy > 0, and Ry > 0 with
the following property: if C1r > s > Ry, h € C*°(C N 0B;) satisfies

1hl/s + [V cros. bl + s|Venap. hlllLe <6577 71 and (A1)

graphs h CC Gy, (A.2)

N < A, v:C — R is such that T\, = graphsv on B% , and S is an area-minimizing integral current with
C Ry

boundary data [graphcnsp, h] + [graphonsp, v], then there is u: CN A, — R such that spt S = [graphy” u] and

| Zy(x)| < Cylz| ™ 1 Vee CNAs,, (A.3)

where we recall that Z,,(x) = |Veu(x)| + |u(z)|/|x| as in the proof of Lemma 5.1.

Proof. Fix C and X\ > 0.

We show that there are § > 0, Ry > 0, C; > 0, and C3 > 0 such that given any boundary data as above and
solution to the Plateau problem S in the class of integral currents, spt S is a graph on the desired annulus satisfying
the estimate (A.3). To prove this, it suffices to show that for any set of sequences d; — 0, C{ — 0, R} — oo, r;
and s; with C{rj > 55 > Rg, A < A with v; such that TA; = graphg v; on Bg , hy satisfying (A.1) with §; — 0,
and area-minimizing integral currents S; with boundary data [graphcnsp, hj] + [graphensp, vj], there are u;
such that the desired graphicality and estimate holds for large j. Note that by our assumptionJ on the boundary
data, the same barrier argument as in Lemma 4.1 implies that spt.S; C G.

First, by a straightforward area comparison between the leaf and a competitor constructed from S;, we find
M(SJ)/T? < Hn(TA/ N Brj)/’f‘? + 0(1) Since /Hn(TA/ N BTJ)/T? — an(O N Bl), aSj/Tj — 8([[0]]L31), and
spt.S;/r; C Ga/rj, it follows that S;/r; converges to [C]L By as currents. By combining this convergence with
Allard’s boundary regularity theorem [4], we deduce the existence of £g such that S;/r; is regular (with multiplicity
one) on B (z) for every x € (T /r;) NOB; and large j. Moreover, the convergence of S;/r; to C implies that that
the graphicality of S;/r; over boundary tangent planes entailed by Allard’s boundary regularity may be converted
into graphicality over C for large enough j. Rescaling by r;, we conclude that S; LB&_ co/2)1s is a multiplicity one
graph over C for large j.

Second, we claim that for sufficiently large j and each x € C'N B,,_3\ By, 3, S; N Bi(x) is a multiplicity one
graph over C that vanishes as j — co. We begin by decomposing S;L Bs(x) = Zf;; A[E?*] for each such ,
where Eljm is a perimeter minimizer on By (z). By the fact that spt S; C G and G decays to C' at infinity (and
so decays uniformly to a disk on Ba(y) as |y| — oo along C), we may apply De Giorgi’s e-regularity theorem for
perimeter minimizers to conclude that 6Ef "N By(z) is a graph (of a function with L> norm as small as one desires
for j large enough) over C for all j large and x € CN B, 3\ Bs, y3. Next, note that for j large enough so that this
holds for all such x, the number I7:* of sheets on By (z) is continuous in x. Now by the previous paragraph 7% = 1
near B, NC. Also, CN B, _3 \ By, 13 is connected due to the connectedness of C' N 9B (which is a consequence
of the maximum principle). Since a continuous, discrete-valued function on a connected set is constant, we deduce
that I7* = 1 for all j large and 2 € C'N By, 3\ Bs,13. This concludes the proof of the claim in this second step.

To finish proving the graphicality, it remains to show that spt S; is graphical near dBs,. Note that we cannot
deduce it directly from the compactness along scales r;, since it could be that s;/r; — 0. However, we may instead
consider the rescalings S;/s; and notice that thanks to the argument in the previous paragraph, S;/s; converges
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to [C]L B§ as currents. An application of Allard’s boundary regularity theorem using this convergence as we did
near 0B, finishes the proof of graphicality.

It remains to estimate Z,,(v). The estimate for u; follows immediately from sptS; C Gx. Also, note that a
consequence of the graphicality argument is that ||u;||c, (on Auyry) = 0 by the convergence of the rescaled surfaces to

J

C'. Since u; and Vou; vanish as j — oo, the minimal surface operator on C applied to u; is uniformly elliptic, and
the desired estimates follow from flattening coordinates and invoking interior and boundary Schauder estimates. [

(1]

(8]

[9]
(10]

[11]
(12]

(13]
14]
(15]
[16]
(17]
(18]
(19]
20]
(21]
(22]
23]

[24]
[25]

[26]
27]

(28]
29]
(30]
(31]
32]
(33]
(34]
(35]

(36]

REFERENCES

S. Alama, L. Bronsard, and S. Vriend, The standard lens cluster in R? uniquely minimizes relative perimeter, Trans. Amer. Math.
Soc. Ser. B 12 (2025), 516-535. MR4888588

S. Alama, L. Bronsard, X. Lu, and C. Wang, Core shells and double bubbles in a weighted nonlocal isoperimetric problem, SIAM
J. Math. Anal. 56 (2024), no. 2, 2357-2394. MRA717765

, Decorated phases in triblock copolymers: zeroth- and first-order analysis, 2025.

W. K. Allard, On the first variation of a varifold: boundary behavior, Ann. of Math. (2) 101 (1975), 418-446. MR397520

F. J. Almgren Jr., Ezistence and reqularity almost everywhere of solutions to elliptic variational problems with constraints, Mem.
Amer. Math. Soc. 4 (1976), no. 165, viii+199. MR420406

E Bombieri, E De Giorgi, and E Giusti, Minimal cones and the bernstein problem, Inventiones mathematicae 7 (1969), 243-268.

M. Bonacini, R. Cristoferi, and I. Topaloglu, A stability inequality for planar lens partition, Proceedings of the Royal Society of
Edinburgh: Section A Mathematics (2025), 1-34.

L. Bronsard, R. Neumayer, M. Novack, and A. Skorobogatova, On the non-uniqueness of locally minimizing clusters via singular
cones, 2025.

L. Bronsard and M. Novack, An infinite double bubble theorem, Ann. Inst. H. Poincaré C Anal. Non Linéaire (2025).

M. Colombo, N. Edelen, and L. Spolaor, The singular set of minimal surfaces near polyhedral cones, J. Differential Geom. 120
(2022), no. 3, 411-503. MR4408288

A. Davini, On calibrations for Lawson’s cones, Rend. Sem. Mat. Univ. Padova 111 (2004), 55-70. MR2076732

G. De Philippis and E. Paolini, A short proof of the minimality of Simons cone, Rend. Semin. Mat. Univ. Padova 121 (2009),
233-241. MR2542144

N. Edelen and L. Spolaor, Regularity of minimal surfaces near quadratic cones, Ann. of Math. (2) 198 (2023), no. 3, 1013-1046.
MRA4660135

N. Edelen and G. Székelyhidi, A Liouville-type theorem for cylindrical cones, Comm. Pure Appl. Math. 77 (2024), no. 8, 3557—
3580. MRA764748

J. Foisy, M. Alfaro, J. Brock, N. Hodges, and J. Zimba, The standard double soap bubble in R2 uniquely minimizes perimeter,
Pacific J. Math. 159 (1993), no. 1, 47-59. MR1211384

R. Hardt and L. Simon, Area minimizing hypersurfaces with isolated singularities, J. Reine Angew. Math. 362 (1985), 102-129.
MRS809969

M. Hutchings, F. Morgan, M. Ritoré, and A. Ros, Proof of the double bubble conjecture, Ann. of Math. (2) 155 (2002), no. 2,
459-489. MR1906593

H. B. Lawson Jr., The equivariant Plateau problem and interior regularity, Trans. Amer. Math. Soc. 173 (1972), 231-249.
MR308905

F. Maggi, Sets of finite perimeter and geometric variational problems, Cambridge Studies in Advanced Mathematics, vol. 135,
Cambridge University Press, Cambridge, 2012. An introduction to geometric measure theory. MR2976521

E. Milman and J. Neeman, Plateau bubbles and the quintuple bubble theorem on S™, 2023.

, The structure of isoperimetric bubbles on R™ and S™, Acta Math. 234 (2025), no. 1, 71-188. MRA4877375

E. Milman and B. Xu, Standard bubbles (and other Mobius-flat partitions) on model spaces are stable, 2025.

M. Novaga, E. Paolini, and V. M. Tortorelli, Locally isoperimetric partitions, Trans. Amer. Math. Soc. 378 (2025), no. 4, 2517—
2548. MR4880454

, Existence of a non-standard isoperimetric triple partition, In preparation.

E. Paolini and V. M. Tortorelli, The quadruple planar bubble enclosing equal areas is symmetric, Calc. Var. Partial Differential
Equations 59 (2020), no. 1, Paper No. 20, 9. MR4048329

B. W. Reichardt, Proof of the double bubble conjecture in R™, J. Geom. Anal. 18 (2008), no. 1, 172-191. MR2365672

B. W. Reichardt, C. Heilmann, Y. Y. Lai, and A. Spielman, Proof of the double bubble conjecture in R* and certain higher
dimensional cases, Pacific J. Math. 208 (2003), no. 2, 347-366. MR1971669

A. D. Rosa and R. Tione, The double and triple bubble problem for stationary varifolds: the conver case, Trans. Amer. Math. Soc.
378 (2025feb), no. 5, 3393-3444.

L. Simon, Lectures on geometric measure theory, Proceedings of the Centre for Mathematical Analysis, Australian National
University, vol. 3, Australian National University, Centre for Mathematical Analysis, Canberra, 1983.

, A strict mazimum principle for area minimizing hypersurfaces, Journal of differential geometry 26 (1987), no. 2, 327-335.
, Entire solutions of the minimal surface equation, J. Differential Geom. 30 (1989), no. 3, 643-688. MR1021370

, A Liouville-type theorem for stable minimal hypersurfaces, Ars Inven. Anal. (2021), Paper No. 5, 35. MR4462473

L. Simon and B. Solomon, Minimal hypersurfaces asymptotic to quadratic cones in R™t1 Invent. Math. 86 (1986), no. 3, 535-551.
MRSE60681

P. Sternberg, G. Williams, and W. Ziemer, Existence, uniqueness, and reqularity for functions of least gradient., Journal fiir die
reine und angewandte Mathematik 430 (1992), 35-60.

J. E. Taylor, Regularity of the singular sets of two-dimensional area-minimizing flat chains modulo 3 in R3, Invent. Math. 22
(1973), 119-159. MR333903

Z. Wang, Mean convex smoothing of mean convex cones, Geometric and Functional Analysis 34 (2024/02/01), no. 1, 263-301.



http://www.ams.org/mathscinet-getitem?mr=4888588
http://www.ams.org/mathscinet-getitem?mr=4717765
http://www.ams.org/mathscinet-getitem?mr=397520
http://www.ams.org/mathscinet-getitem?mr=420406
http://www.ams.org/mathscinet-getitem?mr=4408288
http://www.ams.org/mathscinet-getitem?mr=2076732
http://www.ams.org/mathscinet-getitem?mr=2542144
http://www.ams.org/mathscinet-getitem?mr=4660135
http://www.ams.org/mathscinet-getitem?mr=4764748
http://www.ams.org/mathscinet-getitem?mr=1211384
http://www.ams.org/mathscinet-getitem?mr=809969
http://www.ams.org/mathscinet-getitem?mr=1906593
http://www.ams.org/mathscinet-getitem?mr=308905
http://www.ams.org/mathscinet-getitem?mr=2976521
http://www.ams.org/mathscinet-getitem?mr=4877375
http://www.ams.org/mathscinet-getitem?mr=4880454
http://www.ams.org/mathscinet-getitem?mr=4048329
http://www.ams.org/mathscinet-getitem?mr=2365672
http://www.ams.org/mathscinet-getitem?mr=1971669
http://www.ams.org/mathscinet-getitem?mr=1021370
http://www.ams.org/mathscinet-getitem?mr=4462473
http://www.ams.org/mathscinet-getitem?mr=860681
http://www.ams.org/mathscinet-getitem?mr=333903

31

[37] W. Wichiramala, Proof of the planar triple bubble conjecture, J. Reine Angew. Math. 567 (2004), 1-49. MR2038304

DEPARTMENT OF MATHEMATICAL SCIENES, CARNEGIE MELLON UNIVERSITY, 5000 FORBES AVENUE, PITTSBURGH, PA 15213, UNITED
STATES OF AMERICA

Email address: neumayer@cmu.edu

DEPARTMENT OF APPLIED MATHEMATICS, ILLINOIS INSTITUTE OF TECHNOLOGY, CHICAGO, IL 60616, UNITED STATES OF AMERICA
Email address: mnovack@illinoistech.edu

INSTITUTE FOR THEORETICAL STUDIES, ETH ZURICH, SCHEUCHZERSTRASSE 70 8092 ZURICH, SWITZERLAND
Email address: anna.skorobogatova@eth-its.ethz.ch


http://www.ams.org/mathscinet-getitem?mr=2038304

	1. Introduction
	2. Notation and Preliminaries
	3. Compactness revisited
	4. Proof of Theorem 1.3
	5. Proof of Theorem 1.8
	6. Proof of Theorem 1.6
	Appendix A. Expansion of the area and graphicality for the Plateau problem
	References

