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Abstract

We study constant horizontal mean curvature surfaces in the sub-Lorentzian Heisenberg
group. We derive the first-variation formula for horizontal area under volume-preserving
radial variations and show that smooth isoperimetric candidates have constant horizontal
mean curvature away from the characteristic set. We then give a complete classification of
smooth boost-symmetric constant mean curvature surfaces: their characteristic sets, causal
behaviour, and ambient sub-Lorentzian isometry classes. From this classification, we single
out a family of smooth, acausal, boost-symmetric surfaces with nonzero constant mean
curvature. Written as a two-sheeted graph over the exterior of a future hyperbola, this
family is a natural sub-Lorentzian analogue of the Pansu bubbles and leads us to conjecture
that it gives the isoperimetric maximisers in the sub-Lorentzian Heisenberg group.

Keywords— Sub-Lorentzian Heisenberg group, constant mean curvature, isoperimetric problem
MSC (2020)— 53C50, 53C17, 53A10, 49Q05

Contents

1 Introduction 1

2 Sub-Lorentzian and horizontal geometry in the Heisenberg group 5
2.1 The sub-Lorentzian Heisenberg group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Horizontal geometry of hypersurfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.3 The area functional and first variation formula . . . . . . . . . . . . . . . . . . . . . . . . 11
2.4 Lorentzian isoperimetric problem and volume-preserving variations . . . . . . . . . . . . 14

3 Characterisation of constant mean curvature symmetric surfaces 18
3.1 Boost-symmetric constant mean curvature surfaces . . . . . . . . . . . . . . . . . . . . . 18
3.2 Surfaces of spacelike parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
3.3 Surfaces of timelike parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.4 Surfaces of null parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.5 Maximal surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

1. Introduction

The sub-Lorentzian Heisenberg group is the Lorentzian counterpart to the sub-Riemannian
Heisenberg group. Motion is constrained to the usual horizontal directions, but the horizontal
distribution is equipped with a Lorentzian metric instead of a positive definite one. Horizontal
vectors may be timelike, spacelike, or null, and admissible curves are horizontal curves with
causal velocity. Compared with sub-Riemannian geometry, sub-Lorentzian geometry is still less
developed. It nevertheless fits naturally within the growing framework of synthetic Lorentzian
geometry [KS18; CM24b]. The causal and geodesic structures of the sub-Lorentzian Heisenberg
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group were studied in [Gro06; SS23], optimal transport in [BKW25], and synthetic curvature-
dimension conditions in [BRZ25]. In this work, we investigate surfaces of constant mean
curvature in the sub-Lorentzian Heisenberg group.

Constant mean curvature equations are fundamental in geometry and analysis. They arise
in isoperimetric problems, where a natural strategy is to search for optimizer candidates among
constant mean curvature surfaces, since optimizers have this property. In the sub-Riemannian
Heisenberg group, the longstanding Pansu conjecture predicts that isoperimetric regions are
bounded by special rotationally symmetric surfaces of constant horizontal mean curvature
[Pan83; CDPT07], while metric balls are known not to be isoperimetric [Mon00]. There
has been substantial work on this conjecture. It has been resolved within the class of C1,1 sets
[RR08], generalized to the sub-Finsler Heisenberg group in [FMRS23], and studied in the
axially symmetric [Mon08] and convex [MR09] classes, to name only a few. To date, the only
fully resolved sub-Riemannian isoperimetric problem is that of the α-Grushin plane [MM04].
Nearly all of these results use the constant mean curvature equation.

The variational and analytic background is closely related to the foundational work of
Garofalo–Nhieu and Franchi–Serapioni–Serra Cassano on X-perimeter, isoperimetric inequalities,
and minimal surfaces in Carnot–Carathéodory spaces [FSS01; GN96], as well as to the sub-
Riemannian surface calculus of [DGN07]. Constant mean curvature equations are also tied to
Bernstein-type rigidity and minimal surface theory, both extensively studied in the Heisenberg
group: stability results for minimal surfaces [DGNP09; DGNP10], p-mean curvature and
the associated degenerate PDEs [CHMY05], and Codazzi-type equations and C1 regularity
results [CHMY12], and Euler–Lagrange equations for minimal and isoperimetric surfaces in
more general sub-Riemannian manifolds [HP08]. It is worth mentioning several recent and
relevant works on prescribed and constant mean curvature equations: the prescribed mean
curvature equation for t-graphs in the sub-Finsler Heisenberg group [GPPV24], existence and
uniqueness for t-graphs of prescribed mean curvature in Riemannian Heisenberg groups, with
sub-Riemannian solutions obtained via an approximation argument [PV26], regularity and
Bernstein-type questions for the mean curvature equation in the sub-Finsler Heisenberg group
[GR21; GR24], horizontally totally geodesic hypersurfaces in higher-dimensional Heisenberg
groups [PV25], and curvature estimates for stable minimal hypersurfaces [GPV24].

The present work is also a step toward a contribution to Lorentzian isoperimetric theory.
Bahn and Ehrlich solved a first isoperimetric problem in Minkowski space [BE99], while Caval-
letti and Mondino extended Lévy–Gromov’s isoperimetric inequality to Lorentzian length spaces
satisfying a timelike curvature-dimension condition TCD(K, N) [CM24a], see also [LP25]
for recent quantitative versions of both results and [LS21] for an isoperimetric inequality in
Robertson–Walker spacetimes. No isoperimetric result is known in sub-Lorentzian geometry.

Constant mean curvature hypersurfaces play an important role in general relativity. Spacelike
Cauchy hypersurfaces provide initial data for Einstein’s equations, but this initial data must
satisfy the nonlinear Einstein constraint equations. The presence of a Cauchy hypersurface with
constant mean curvature, or even better, a spacetime region foliated by constant mean curvature
hypersurfaces, greatly simplifies the analysis. The question of whether CMC hypersurfaces exist
under general physically motivated assumptions is one of the central problems in this area of
research, see [MT80; Ger83; Bar88; EH91; LO24; GL25].

With this background in mind, we investigate constant mean curvature hypersurfaces in
the sub-Lorentzian Heisenberg group. We review the needed basics of sub-Lorentzian geometry
in Section 2.1, and fully classify the sub-Lorentzian isometries of the Heisenberg group in
Theorem 2.1. The isometry group is identified as H⋊ O(1, 1) and splits into four components:
time-preserving boosts, time-inverting boosts, time-preserving rotations, and time-inverting
rotations. We then prove that surfaces area-stationary under volume-preserving radial variations
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have constant mean curvature, see [RR08] for the parallel sub-Riemannian result. Our proof
is intrinsically sub-Lorentzian and does not use Lorentzian approximants. We also show in
Theorem 2.19 that pseudo-spheres are not solutions to Lorentzian isoperimetric problems in the
sub-Lorentzian Heisenberg group, in parallel with the classical result that Carnot–Carathéodory
balls are not isoperimetric in the sub-Riemannian Heisenberg group [Mon00].

In Section 3, we study boost-symmetric hypersurfaces of constant mean curvature. This
symmetry assumption is the Lorentzian analogue of rotational symmetry in the sub-Riemannian
Heisenberg group, see [RR06]. As shown in Section 3.1, such a surface is always obtained by
horizontally lifting a constant-curvature k curve in the Minkowski plane and applying the boost
action. These profile curves are straight lines for k = 0 and hyperbolas for k ̸= 0. The remainder
of Section 3 classifies these surfaces up to ambient sub-Lorentzian isometry and studies their
causal properties. We summarise the results of that section here.

In the case k > 0, the profiles are determined by k > 0, where 1/k is the radius of the
hyperbola, by ε ∈ {±1}, which selects the branch, and by (c, d) ∈ R2, which translates the
hyperbola in the Minkowski plane. The additive constant in the lift is removed by a time-
preserving boost, and the case ε = −1 is carried to the case ε = 1 by a time-inverting boost.
Finally, after a Heisenberg dilation and a reparametrisation, one may set k = 1, reducing the
corresponding surfaces to a family which we denote by S(c,d). The classification of the normalised
nonzero-curvature family S(c,d) is then organised according to the causal character of (c, d) in
the Minkowski plane: the cases c2 − d2 < 0, c2 − d2 > 0, and c2 − d2 = 0, which we call surfaces
of spacelike, timelike, and null parameters, respectively.

Consider two such surfaces S(c,d) and S(c′,d′), and write ∆ = c2 −d2 and ∆′ = (c′)2 − (d′)2. In
the nonzero null case, we write (c, d) = (c, ωc) and (c′, d′) = (c′, ω′c′), with ω, ω′ ∈ {−1, 1}. The
isometry classification is summarised in Table 1: each entry gives the necessary and sufficient
condition for an isometry of the specified type to exist between S(c,d) and S(c′,d′).

Parameter type Time-preserving boost Time-preserving rotation
∆ < 0 ∆ = ∆′, dd′ > 0 ∆ = ∆′, dd′ < 0
∆ > 0 ∆ = ∆′, cc′ > 0 ∆ = ∆′, cc′ > 0

∆ = 0, (c, d) ̸= (0, 0) cc′ > 0, ω = ω′ cc′ > 0, ω = −ω′

(c, d) = (0, 0) (c′, d′) = (0, 0) (c′, d′) = (0, 0)

Table 1: Time-preserving isometry types for the normalised nonzero-curvature family S(c,d).
Time-inverting isometries do not occur in this family.

The hypersurfaces S(c,d) are smooth precisely when c2 − d2 ̸= 1 or c ≥ 0. In the case
c2 − d2 = 1 with c < 0, there is a genuine singularity at the origin. Spacelike-parameter surfaces
are not achronal. Timelike-parameter surfaces are acausal for c > 0, not achronal for c < 0 in
the regular case, and acausal in the singular case. Null-parameter surfaces are acausal for c ≥ 0
and not achronal for c < 0.

In the case k = 0, the profiles are determined by ε ∈ {±1}, which selects the sign of the
y-component of the direction of the line, by (α, α′) ∈ R2, which translates the line in the
Minkowski plane, and by β ∈ R, which determines its direction. The additive constant in the
lift is removed by a time-preserving boost, and the parameter α′ is removed by reparametrising
the line, reducing the corresponding surfaces to a family which we denote by S(ε,α,β).

For the maximal family, the sign ε does not affect the isometry class. For two maximal
surfaces S(ε,α,β) and S(ε′,α′,β′), the isometry classification is summarised in Table 2.

The maximal hypersurfaces S(ε,α,β) are smooth precisely when α ≠ 0. When α = 0, the
surface is independent of ε and β and has a genuine singularity at the origin. Every regular
maximal surface S(ε,α,β) with α ̸= 0 is not achronal, whereas the singular maximal surface
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Time-preserving boost |α| cosh β = |α′| cosh β′, αα′ > 0
Time-preserving rotation |α| cosh β = |α′| cosh β′, αα′ > 0

Time-inverting boost |α| cosh β = |α′| cosh β′, αα′ < 0
Time-inverting rotation |α| cosh β = |α′| cosh β′, αα′ < 0

Table 2: Isometry types for regular maximal surfaces S(ε,α,β) and S(ε′,α′,β′). The case α = 0 is
singular and gives a single image, independent of ε and β. This singular maximal surface is not
isometric to any regular maximal surface.

corresponding to α = 0 is acausal. Interestingly, all the maximal surfaces are ruled by straight
horizontal lines, which is an important property to study the Bernstein problem in the Heisenberg
group [You22].

The classifications in Tables 1 and 2 are exhaustive: no further ambient sub-Lorentzian
isometries occur among the surfaces S(c,d) and S(ε,α,β). In particular, surfaces lying in different
rows of Table 1 are not isometric, and surfaces with different curvature parameters k are not
isometric. The proof combines the explicit form of the ambient isometry group, geometric
invariants, and the complete description of the characteristic set of each surface.

We end this introduction by conjecturing that sub-Lorentzian isoperimetric maximisers
should belong to the timelike-parameter family S(c,d) with c2 − d2 > 0 and c > 0. This is a
natural candidate family singled out by the boost-symmetric classification: the other nonzero-
CMC families are ruled out by the causal constraints, since spacelike-parameter surfaces are
not achronal, regular timelike-parameter surfaces with c < 0 are not achronal, null-parameter
surfaces with c < 0 are not achronal and those with c > 0 can be seen as limits of timelike ones.
Up to a time-preserving boost, the conjectured isoperimetric maximiser is S(C,0) with C > 0,
and it can be written as the set of points (x, y, z) such that x > 0, x2 − y2 ≥ (C + 1)2, and

|z| = 1
2

arccosh
(

x2 − y2 − C2 − 1
2C

)
+

√(
x2 − y2 − C2 − 1

2

)2
− C2

.

This expression is strongly reminiscent of the Pansu bubble in the sub-Riemannian Heisenberg
isoperimetric problem, see [Pan83] and [CDPT07, Section 8.1, p. 152]. This candidate surface
is illustrated in Figure 1.

Figure 1: A timelike-parameter surface S(C,0) with C > 0.
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2. Sub-Lorentzian and horizontal geometry in the Heisenberg group

2.1. The sub-Lorentzian Heisenberg group. The Heisenberg group H has been studied ex-
tensively when equipped with its natural sub-Riemannian structure; see, for instance, [CDPT07;
ABB20]. For the purposes of this work, we review the sub-Lorentzian structure of the Heisen-
berg group, in line with works such as [SS23; HY12; Gro06; Gro04; BKW25; BRZ25].

The Heisenberg group H is the Lie group that can be identified with the Euclidean space R3

equipped with the non-Abelian group law

(x, y, z) ∗ (x′, y′, z′) :=
(

x + x′, y + y′, z + z′ + 1
2(xy′ − x′y)

)
,

for all (x, y, z), (x′, y′, z′) ∈ R3. The identity element is the origin e = (0, 0, 0) of R3, while
(x, y, z)−1 = (−x, −y, −z). The left translation by p ∈ H is the automorphism Lp : H → H given
by Lp(q) = p ∗ q, and a vector field V on H is said to be left-invariant if dqLp[V (q)] = V (p ∗ q)
for all p, q ∈ H. A left-invariant vector field is uniquely determined by its value at the group
identity element, and those that coincide with ∂x, ∂y, ∂z at e, respectively, are

X = ∂x − y

2∂z, Y = ∂y + x

2 ∂z, and Z = ∂z.

The sub-bundle ∆ of the tangent bundle T(H) of H, defined by

∆ := span{X, Y } ⊆ T(H),

is referred to as the horizontal distribution of H and, at any point p ∈ H, vectors v ∈ ∆p are
called horizontal vectors. Importantly, the distribution ∆ is not involutive; indeed, we have
[X, Y ] = ∂z = Z /∈ ∆. A vector field V on H is called horizontal if it is a smooth section of
∆. A curve γ : I → H is said to be horizontal if γ is absolutely continuous and there exist
u, v ∈ L∞(I,R) such that

γ̇(t) = u(t)X(γ(t)) + v(t)Y (γ(t)), for almost every t ∈ I. (1)

For any p ∈ H and any horizontal curve γ, the translated curve p ∗ γ := Lp ◦ γ is also horizontal.
Note that a curve γ(t) = (x(t), y(t), z(t)) is horizontal if and only if

ż(t) = 1
2
(
x(t)ẏ(t) − y(t)ẋ(t)

)
, for almost every t ∈ I. (2)

The sub-Lorentzian structure on H is induced by considering the Lorentzian metric g on ∆
uniquely determined by the conditions

g(X, X) = −1, g(X, Y ) = 0, g(Y, Y ) = 1.

5



The structure (H, ∆, g), which is preserved under left translations, is what we call the sub-
Lorentzian Heisenberg group. For any p ∈ H, we say that a horizontal vector v ∈ ∆p is

causal
timelike
null
spacelike

if gp(v, v)


≤ 0 and v ̸= 0
< 0
= 0 and v ̸= 0
> 0 or v = 0

.

A causal vector is said to be future-directed if gp(v, Xp) < 0. Accordingly, we say that a horizontal
curve γ is causal (resp. timelike, null, future-directed) if the horizontal vector γ̇(t) is causal (resp.
timelike, null, future-directed) for almost every t. The horizontal gradient of f is defined by the
condition

g
(
gradH f, V

)
= V (f) for every V ∈ Γ(∆).

For any two points p, q ∈ H, we say that p causally precedes q, denoted by p ≤ q, if p = q
or there exists a future-directed causal curve γ joining p to q. Analogously, we say that p
chronologically precedes q, denoted by p ≪ q, if there exists a future-directed timelike curve
joining p to q. The causal and chronological futures of A ⊆ H are defined, respectively, by

J+(A) := {y ∈ H | ∃x ∈ A, x ≤ y}, and I+(A) := {y ∈ H | ∃x ∈ A, x ≪ y}. (3)

Similarly, one can define the causal and chronological pasts J−(A) and I−(A). The causal and
chronological diamonds of two sets A, B ⊆ H are given by

J(A, B) := J+(A) ∩ J−(B), and I(A, B) := I+(A) ∩ I−(B). (4)

By left-invariance, we have J+(p) = p ∗ J+(e) and I+(p) = p ∗ I+(e), and similarly for the pasts.
Moreover, it is known that

J+(e) = {x ≥ 0} ∩ {−x2 + y2 + 4|z| ≤ 0}, I+(e) = {x > 0} ∩ {−x2 + y2 + 4|z| < 0}. (5)

The sub-Lorentzian length of a future-directed causal curve γ : I → H is given by

L(γ) :=
∫

I

√
−g(γ̇(t), γ̇(t)) dt.

The time-separation function τ between two points p, q ∈ H is then defined by

τ(p, q) := sup{L(γ) | γ is future-directed causal and joins p to q} if p ≤ q,

and τ(p, q) := 0 if p does not causally precede q. It is easy to show that the time-separation
function τ satisfies the reverse triangle inequality, that is,

τ(q1, q3) ≥ τ(q1, q2) + τ(q2, q3) if q1 ≤ q2 ≤ q3 in H.

A future-directed causal curve γ from p to q is a maximizing geodesic if L(γ) = τ(p, q). The
exponential map from e of the sub-Lorentzian Heisenberg group is given by

expe(u, v, w) :=



v(cosh(w) − 1) + u sinh(w)
w

v sinh(w) + u(cosh(w) − 1)
w

u2 − v2

2 · sinh(w) − w

w2


(6)
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for u > |v| and w ̸= 0. It is extended smoothly to expe(u, v, w) = (u, v, 0) when w = 0.
The exponential map describes all constant speed timelike geodesics γ(t) from the origin, i.e.
γ(t) = expe(tu, tv, tw) for some u, v, w, see [SS23; BKW25; BRZ25]. By left translation, all
other timelike geodesics can be recovered and the exponential map expp from any p generating
timelike geodesics starting from p can a be considered. The map τ(p, ·) := q 7→ τ(p, q) is analytic
on {p ≪ q}, see [SS23], and satisfies the eikonal equation

g
(
gradH τ(p, ·), gradH τ(p, ·)

)
= −1, (7)

and we also have
d

dt
expp(tλ) = −τ

(
p, expp(tλ)

)
gradH τ

(
p, expp(tλ)

)
. (8)

The following theorem describes the structure of smooth isometries of H, that is, diffeo-
morphisms F for which, for every p ∈ H, it holds dpF (∆p) = ∆F (p) and F ∗g = g.

Theorem 2.1. A map F : H → H is a smooth isometry if and only if

F (x, y, z) := q ∗

 0
0

0 0 det(Λ)

Λ

x

y
z


for some q ∈ H and some Λ ∈ O(1, 1).

Proof. The “if” part of the statement is a straightforward computation. To prove the converse
implication, by replacing F with F (0)−1 ∗ F it is enough to assume that F (0) = 0 and prove
that, in this case, F is of the above form with q = 0. We consider the 1-forms X♭, Y ♭ on ∆,
dual to X and Y via the metric g, that is, for any V ∈ ∆p,

X♭(V ) := g(X, V ), Y ♭(V ) := g(Y, V ).

One immediately sees that X♭ = −dx|∆ and Y ♭ = dy|∆. In particular, it holds that

X♭ ∧ Y ♭ = (−dx ∧ dy)|∆.

Since F is an isometry, the map dpF : ∆p → ∆F (p) is a linear isometry between two-
dimensional Lorentzian vector spaces. With respect to the bases {Xp, Yp} and {XF (p), YF (p)},
we denote its matrix by Λp so that

F ∗(X♭
F (p) ∧ Y ♭

F (p)) = det(Λp)X♭
p ∧ Y ♭

p = det(Λp)(−dx ∧ dy)|∆. (9)

Since X, Y are pseudo-orthonormal and F is an isometry, we have Λp ∈ O(1, 1). In particular,
ε := det(Λp) ∈ {−1, 1}, and, by the continuity of p 7→ det(Λp) and the connectedness of H, this
sign is constant.

We now consider the contact form α = dz − 1
2(xdy − ydx) on H. Since ∆ = ker(α) and F

preserves the horizontal distribution, we must have

F ∗α = λα

for some λ ∈ C∞(H). Taking the exterior derivative of both sides, we obtain

F ∗dα = dλ ∧ α + λdα, and thus F ∗(dα|∆) = λdα|∆.

As dα = −dx ∧ dy, from (9) we obtain

ε(X♭ ∧ Y ♭) = λdα|∆ = λ(−dx ∧ dy)|∆ = λ(X♭ ∧ Y ♭),
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which yields λ ≡ ε. In particular, dλ = 0, and therefore the identity F ∗dα = εdα holds
everywhere. If we decompose dF [Z] = aX + bY + cZ for some functions a, b, c ∈ C∞(H), then,
for any horizontal vector field U , we have

0 = −ε(dx ∧ dy)(Z, U) = εdα(Z, U) = F ∗(dα)(Z, U) = dα(aX + bY + cZ, dF [U ])
= dα(aX + bY, dF [U ]) = (X♭ ∧ Y ♭)(aX + bY, dF [U ]).

Since dF [U ] ranges over the horizontal distribution and X♭ ∧ Y ♭ is non-degenerate on ∆, this
forces aX + bY = 0. The identites α(Z) = 1 and F ∗α = εα imply

c = α(cZ) = (F ∗α)(Z) = εα(Z) = ε,

and therefore dF [Z] = εZ. Writing F = (F1, F2, F3), this means that ∂zF1 = ∂zF2 = 0.
Define a map on the (x, y)-plane by f(x, y) := π(F (x, y, 0)), where π(x, y, z) = (x, y). Thus,

f is the map given by the first two components of F , restricted to the plane z = 0. By what
we have just proved, π(F (x, y, z)) = π(F (x, y, 0)) for all (x, y, z) ∈ H. For any a, b ∈ R, setting
c := ay−bx

2 we have, at the point (x, y, 0),

dπ ◦ dF (a∂x + b∂y) = dπ ◦ dF (aX + bY + cZ) = dπ
(
Λ(x,y,0)(aX + bY ) + εcZ

)
= dπ

(
Λ(x,y,0)(aX + bY )

)
= Λ(x,y,0)(a∂x + b∂y),

where we used dF [Z] = εZ and the fact that dF acts as an isometry on the horizontal distribution.
Hence df(x,y) = Λ(x,y,0) ∈ O(1, 1). At this stage, Λ(x,y,0) could, in principle, depend on (x, y).
However, this cannot actually happen, because a smooth map of the Minkowski plane whose
differential lies everywhere in O(1, 1) must be affine. Therefore Λ := Λ(x,y,0) is constant. Since
F (0) = 0, we have f(0, 0) = π(F (0, 0, 0)) = (0, 0), and f(x, y) = π(F (x, y, z)) = Λ(x, y).

From the previous steps, the first two components of F are given by F1 = Λ11x + Λ12y
and F2 = Λ21x + Λ22y, while ∂zF3 = ε, where ε = det(Λ). Writing explicitly F ∗α = εα and
rearranging we get

dF3 = 1
2(F1 dF2 − F2 dF1) + ε

(
dz − 1

2(x dy − y dx)
)

= det(Λ)
2 (x dy − y dx) + ε

(
dz − 1

2(x dy − y dx)
)

= εdz.

Hence ∂xF3 = ∂yF3 = 0 and ∂zF3 = ε. Since F (0) = 0, we conclude that F3(x, y, z) = εz =
det(Λ)z, which completes the proof.

In view of the previous proposition, an isometry is completely characterised by a point p ∈ H,
which we call the translation part of the isometry, and an element Λ ∈ O(1, 1), which we call
the Lorentz part of the isometry.

Definition 2.2. An isometry of the sub-Lorentzian Heisenberg group is called a
(i) time-preserving boost if Λ ∈ O+(1, 1), that is, det(Λ) = 1 and Λ11 > 0;
(ii) time-inverting boost if det(Λ) = 1 and Λ11 < 0;
(iii) time-preserving rotation if det(Λ) = −1 and Λ11 > 0;
(iv) time-inverting rotation if det(Λ) = −1 and Λ11 < 0.

In the case of a time-preserving boost with p = 0, we simply call it a boost. In the case of a
time-preserving rotation with p = 0, we call it a timed rotation.
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We use the following general component decomposition of O(1, 1) repeatedly. Let A(x, y, z) =
(−x, y, −z) and T (x, y, z) = (x, −y, −z), and note that their Lorentz parts on the (x, y)-plane
are

A0 =
(

−1 0
0 1

)
, T0 =

(
1 0
0 −1

)
.

In general, a time-preserving boost has Lorentz part

Bu =
(

cosh u sinh u
sinh u cosh u

)
,

for some u ∈ R. Then, the four components of O(1, 1) are parametrized by

Bu, A0Bu, T0Bu, A0T0Bu,

as u ∈ R. In particular, Bu is a time-preserving boost, T0Bu a time-preserving rotation, A0Bu

a time-inverting rotation, and A0T0Bu a time-inverting boost.

2.2. Horizontal geometry of hypersurfaces. We review the geometry of hypersurfaces in
the sub-Lorentzian Heisenberg group, including the notion of sub-Lorentzian mean curvature.
Definition 2.3 (Horizontal tangent bundle). Let Σ ⊆ H1 be an embedded C1-surface. At each
point p ∈ Σ, we define Hp(Σ) := ∆p ∩ Tp(Σ). The characteristic set of Σ is defined as

S(Σ) := {p ∈ Σ : Hp(Σ) = Tp(Σ)}.

This set is closed in Σ and, if Σ is C1,1, is negligible by [PRS19, Proposition 13]. On the
manifold Σ \ S(Σ), we define the vector bundle

H(Σ) :=
⊔

p∈Σ\S(Σ)
Hp(Σ),

called the horizontal tangent bundle of Σ. It naturally carries the structure of a rank-one vector
bundle over Σ \ S(Σ), since, for every p ∈ Σ \ S(Σ), we have

dim(Hp(Σ)) = dim(∆p) + dim(Tp(Σ)) − dim(∆p ⊕ Tp(Σ)) = 2 + 2 − 3 = 1.

The sub-Lorentzian metric g restricts naturally to a quadratic form on the horizontal tangent
bundle H(Σ) over Σ \ S(Σ).
Definition 2.4. We say that an embedded C1-surface Σ is

(i) spacelike if the restriction of g to H(Σ) is positive definite;
(ii) timelike if the restriction of g to H(Σ) is non-degenerate with a negative eigenvalue;
(iii) null or lightlike if the restriction of g to H(Σ) is degenerate.

Notice that Hp(Σ) is a hyperplane in ∆p for every p ∈ Σ \ S(Σ). In the first two cases,
taking its g-orthogonal complement inside ∆p gives a non-degenerate line. If Σ is spacelike (resp.
timelike), this orthogonal line is timelike (resp. spacelike), and the fixed time orientation (resp.
a choice of orientation) selects its future-directed unit vector (resp. its unit vector).
Definition 2.5 (Horizontal unit normal). The horizontal unit normal of Σ is the vector field
νH ∈ C0(Σ \ S(Σ), ∆|Σ\S(Σ)

)
uniquely determined by

gp(νH(p), v) = 0 for every v ∈ Hp(Σ), gp(νH(p), νH(p)) =
{

−1, if Σ is spacelike,

1, if Σ is timelike,

together with the sign convention that νH is future-directed when Σ is spacelike and agrees with
a chosen orientation of Σ when it is timelike. If one wants to regard νH as defined on all of Σ,
we set νH(p) = 0 for p ∈ S(Σ).
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A canonical horizontal connection determined by the left-invariant horizontal frame X, Y
can then be introduced.

Definition 2.6 (Horizontal connection). Let ∆ = span{X, Y }. For a horizontal vector field
V = aX + bY and any smooth vector field U , define

∇U V := U(a)X + U(b)Y.

In other words, ∇ is the unique connection on ∆ for which the left-invariant horizontal frame
X, Y is parallel. In particular, ∇ is metric compatible:

U(g(V, W )) = g(∇U V, W ) + g(V, ∇U W )

for all horizontal vector fields V, W .

A horizontal vector field along Σ is a smooth section of ∆|Σ. On Σ \ S(Σ), since ∆|Σ\S(Σ) =
H(Σ)⊕span{νH}, every horizontal vector field V along Σ decomposes uniquely into its horizontal
tangential and horizontal normal components, which we denote by V ∥ and V ⊥, respectively.

Definition 2.7 (Horizontal tangent connection and second fundamental form). Let Σ ⊆ H1 be
an embedded C1 spacelike or timelike surface, and νH denote its horizontal unit normal. We
define the horizontal tangent connection by

∇Σ
U V :=

(
∇U V

)∥ (10)

for all horizontal vector field U and V along Σ \ S(Σ). The scalar horizontal second fundamental
form is the bilinear form

hΣ(U, V ) := g(∇U V, νH).

Remark 2.8. If V ∈ Γ(H(Σ)) is regarded as a vector field only along Σ \ S(Σ), then ∇U V in
(10) is computed by choosing any local horizontal extension of V . The value along Σ \ S(Σ) is
independent of the chosen extension, because U ∈ Γ(H(Σ)) is tangent to Σ.

Since H(Σ) has rank one, we may locally choose a generator T ∈ Γloc(H(Σ)) normalized with
respect to g, so that g(T, T ) = 1 in the spacelike case and g(T, T ) = −1 in the timelike case.
If T be a local non-vanishing generator of H(Σ), then any U, V ∈ Γ(H(Σ)) can be written as
U = uT and V = vT . First notice that hΣ is C∞(Σ)-bilinear. For instance,

hΣ(U, fV ) = g(∇U (fV ), νH) = U(f)g(V, νH) + fhΣ(U, V ) = fhΣ(U, V ),

since V ∈ Γ(H(Σ)) and g(V, νH) = 0. Linearity in the first slot follows from ∇fU V = f∇U V .
Hence

hΣ(U, V ) = hΣ(uT, vT ) = uv hΣ(T, T ) = hΣ(vT, uT ) = hΣ(V, U).

Thus the horizontal second fundamental form hΣ is symmetric.

Definition 2.9. Let Σ ⊆ H1 be an embedded C1 spacelike or timelike surface, and νH denote
its horizontal unit normal. The trace of scalar horizontal second fundamental form with respect
to the restriction of g to H(Σ) is the horizontal mean curvature

H := trg|H(Σ) hΣ.

Equivalently, if Σ is C2 and T is a local g-unit generator of H(Σ), then

H = g(T, T ) g(∇T T, νH).
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The following proposition computes H in terms of the integral curves of T .

Proposition 2.10. Let Σ ⊆ H1 be an embedded C2 spacelike or timelike surface, and work on
Σ \ S(Σ). Choose a local generator T of H(Σ) normalized with respect to g. For p ∈ Σ \ S(Σ),
denote by γ the integral curve of T with γ(0) = p, and set σ := π ◦ γ, where π(x, y, z) = (x, y).
Then H(p) is the signed curvature of σ in the Minkowski plane (R2, −dx2 + dy2), namely

H(p) = g(T, T )⟨σ̈(0), n(0)⟩M,

where νH = n1X + n2Y and n = (n1, n2) is its projection to the Minkowski plane.

Proof. Write T = fX + hY . Since X and Y project respectively to ∂x and ∂y, and since γ̇ = Tγ ,
we have

σ̇ = (f ◦ γ, h ◦ γ), σ̈(0) = (T (f)p, T (h)p).

The definition of the horizontal connection gives

∇T T = T (f)X + T (h)Y.

For some η ∈ {−1, 1} fixed by the chosen convention, the horizontal unit normal is

νH = η(hX + fY ),

and its projection to the Minkowski plane is n = η(h, f), which coincides with the normal to σ
in Minkowski plane. Therefore

⟨σ̈(0), n(0)⟩M = η
(
−T (f)ph(p) + T (h)pf(p)

)
= g(∇T T, νH)p.

Since H = g(T, T ) g(∇T T, νH), the claim follows.

2.3. The area functional and first variation formula. The next step is to introduce a
surface measure. To do so, a reference volume measure on the sub-Lorentzian Heisenberg group
must first be fixed. There are several natural choices: the three-dimensional Lebesgue measure
L3, which is a Haar measure; the Hausdorff measure induced by the sub-Riemannian distance;
and the Lorentzian Hausdorff measure introduced for Lorentzian length spaces in [MS22]. In
a previous work, it was shown that these measures coincide in the sub-Lorentzian Heisenberg
group; see [BRZ25, Theorem 1.2]. We therefore take as reference volume form the standard
Haar volume Ω := dx ∧ dy ∧ dz.

Definition 2.11 (Induced area). Let Σ ⊆ H1 be an embedded C1 spacelike or timelike surface,
equipped with a choice of horizontal unit normal νH on Σ \ S(Σ). We define the induced
horizontal area form on Σ \ S(Σ) by

dσ := ινH(Ω)|Σ.

If Σ is such that S(Σ) is negligible, for instance if Σ is C1,1, we define its horizontal area by

A(Σ) :=
∫

Σ\S(Σ)
dσ.

The divergence associated with the volume form Ω is the function divΩ(W ) defined by

LW Ω = divΩ(W ) Ω
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for every smooth vector field W . If W = aX + bY + cZ, then, since X, Y, Z are divergence-free
with respect to Ω, we have divΩ(W ) = X(a) + Y (b) + Z(c). In particular, for a horizontal
vector field W = aX + bY , we have divΩ(W ) = X(a) + Y (b). Equivalently, if {E0, E1} is a local
horizontal pseudo-orthonormal frame with g(E0, E0) = −1 and g(E1, E1) = 1, then for every
horizontal vector field W ,

divΩ(W ) = −g(∇E0W, E0) + g(∇E1W, E1).

Lemma 2.12. Let Σ ⊆ H1 be an embedded C2 spacelike or timelike surface, and let p ∈ Σ\S(Σ).
If ν̃ is a local horizontal extension of νH near p such that g(ν̃, ν̃) is constant and equal to
g(νH(p), νH(p)), then divΩ(ν̃)(p) is independent of the choice of such an extension.

Proof. Let ν̃1 and ν̃2 be two such extensions and set W := ν̃1 − ν̃2, so that W = 0 along Σ.
Write W = aX + bY and let T be a local g-unit generator of H(Σ). Since a and b vanish on Σ,
their derivatives in the tangent direction T and ∇T W = T (a)X + T (b)Y = 0 at p.

The extensions also have the same constant g-norm, equal to g(νH(p), νH(p)). Thus differenti-
ating the constant function g(ν̃i, ν̃i) in the direction ν̃i gives g(∇ν̃i

ν̃i, ν̃i) = 0. Evaluating at p and
using ν̃i(p) = νH(p), we get g(∇νH ν̃i, νH)(p) = 0 for i = 1, 2, and therefore g(∇νHW, νH)(p) = 0.

The horizontal frame {νH, T} is pseudo-orthonormal up to order. The two trace terms of
divΩ(W )(p) in this frame therefore vanish by the previous two observations, so divΩ(W )(p) = 0,
and thus divΩ(ν̃1)(p) = divΩ(ν̃2)(p).

Thus the restriction divΩ(ν̃)|Σ\S(Σ) is intrinsically determined by Σ and its chosen horizontal
unit normal; we denote it simply by divΩ(νH).

Proposition 2.13 (Divergence formula for the horizontal mean curvature). Let Σ ⊆ H1 be an
embedded C2 spacelike or timelike surface, and work on Σ\S(Σ). Let νH be its chosen horizontal
unit normal and let T be a local g-unit generator of H(Σ). Then

H(p) = − divΩ(νH)(p), p ∈ Σ \ S(Σ).

Proof. Choose a local horizontal extension ν̃ of νH with constant g-norm equal to g(νH(p), νH(p)).
By Lemma 2.12, divΩ(νH) is the restriction of divΩ(ν̃) to Σ \ S(Σ). Extend T locally to a
horizontal vector field T̃ such that g(T̃ , T̃ ) = g(T, T ), g(T̃ , ν̃) = 0, and T̃ = T along Σ. Using
the frame {T̃ , ν̃} in the divergence formula and then restricting to Σ gives

divΩ(νH) = g(T, T )g(∇T ν̃, T ) + g(νH, νH)g(∇ν̃ ν̃, ν̃) on Σ \ S(Σ).

The second term is zero because ν̃ has constant g-norm. Moreover, differentiating the identity
g(T̃ , ν̃) = 0 in the direction T̃ and then restricting to Σ gives g(∇T T, νH) + g(T, ∇T ν̃) = 0.
Hence

divΩ(νH) = −g(T, T )g(∇T T, νH) = −H,

because H = g(T, T )g(∇T T, νH).

Let Σ ⊆ H be an embedded C2 spacelike surface. A variation of Σ is a smooth map

Γ : (−ε, ε) × Σ → H

such that Γ0 = idΣ and, for each s sufficiently small, Γs := Γ(s, ·) is an embedding. We write
Σs := Γs(Σ), denote by dσs the horizontal area form on Σs, and denote by νs the horizontal
unit normal along Σs. The initial velocity of the variation is the vector field along Σ defined by

V (x) := ∂sΓ(s, x)|s=0.
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We say that the variation has horizontal initial velocity if its initial velocity satisfies V ∈ Γ(∆|Σ).
The variation is compactly supported away from the characteristic set if the support of V is
compact and contained in Σ \ S(Σ).
Proposition 2.14 (First variation of horizontal area). Let Σ ⊆ H be an embedded C2 spacelike
surface, and let Γ : (−ε, ε) × Σ → H be a variation of Σ with horizontal initial velocity V .
Assume that V is compactly supported in Σ \ S(Σ). Then

d

ds

∣∣∣∣
s=0

A(Σs) =
∫

Σ\S(Σ)
H g(νH, V ) dσ.

Proof. Whenever necessary, we choose local extensions of the objects defined along Σ: the initial
velocity V of the variation is extended to a vector field near Σ, νH is extended to a horizontal
vector field with constant g-norm, and the local generator T of H(Σ) is extended to a horizontal
vector field. For simplicity, we keep the same symbols V , νH, and T for these extensions.

By Definition 2.11, A(Σs) =
∫

Σs
dσs, where the area form on Σs is σs = ινsΩ|Σs . Therefore,

d

ds

∣∣∣∣
s=0

A(Σs) = d

ds

∣∣∣∣
s=0

∫
Σs

ινsΩ.

By the Reynolds Transport Theorem, we have that
d

ds

∣∣∣∣
s=0

∫
Σs

ινsΩ =
∫

Σ\S(Σ)
(∂s|s=0ινsΩ + LV (ινHΩ)).

Along the variation, we set

νs(Γs(x)) = αs(x)XΓs(x) + βs(x)YΓs(x), ν̇(x) := ∂sαs(x)|s=0Xx + ∂sβs(x)|s=0Yx

Then, using that X, Y , and Ω are fixed,

∂s|s=0ινsΩ = ∂s|s=0
(
αs ιXΩ + βs ιY Ω

)
= ∂sαs|s=0ιXΩ + ∂sβs|s=0ιY Ω = ιν̇Ω.

Differentiating the identity g(νs, νs) = −1 at s = 0 gives g(ν̇, νH) = 0. Since ν̇ is horizontal and
T ∈ H(Σ), we have Ω(ν̇, T, W ) = 0 for every vector field W tangent to Σ, and thus ιν̇Ω|Σ = 0.

We now simplify the Lie derivative term using the following two identities. First, for every
smooth function f , we have

LfνH(ινHΩ) = ινHLfνHΩ + ι[fνH,νH]Ω = fινH(LνHΩ) + ινH(df ∧ ινHΩ) + fι[νH,νH]Ω − νH[f ]ινHΩ
= f divΩ(νH)ινHΩ + νH[f ]ινHΩ − νH[f ]ινHΩ = f divΩ(νH)ινHΩ.

Because fT is tangent to Σ, we must have that (LfT (dσ))|Σ = LΣ
fT (dσ), where LΣ the intrinsic

Lie derivative of Σ. Then, Cartan’s formula (on Σ), gives

LΣ
fT dσ = dΣ

(
ιfT dσ

)
+ ιfT dΣ(dσ) = dΣ

(
ιfT dσ

)
,

where dΣ denotes the intrinsic exterior derivative on Σ, and where we used that on the surface
Σ \ S(Σ), dσ is a top-degree 2-form and therefore its exterior derivative is zero, i.e. dΣ(dσ) = 0.

Since Σ is spacelike, we can write V = g(V, T )T − g(V, νH)νH. Therefore,

LV (ινHΩ)
∣∣
Σ = Lg(V,T )T −g(V,νH)νHdσ = Lg(V,T )T dσ − Lg(V,νH)νHdσ

= d
(
ιg(V,T )T dσ

)
− g(V, νH) divΩ(νH) dσ

= d
(
ιg(V,T )T dσ

)
+ H g(νH, V ) dσ.

Since ιg(V,T )T dσ is compactly supported in Σ \ S(Σ), Stokes’ theorem gives∫
Σ\S(Σ)

d
(
ιg(V,T )T dσ

)
= 0,

which concludes the proof.
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2.4. Lorentzian isoperimetric problem and volume-preserving variations. In a metric
measure space (X, d,m), the isoperimetric problem consists in determining, for each prescribed
volume v > 0, the sets with minimal surface area among all sets of measure v. More precisely,
one studies minimisers of

inf{A(E) | E ⊆ X measurable, m(E) = v}, (11)

where A(E) denotes an appropriate notion of surface area, such as the De Giorgi perimeter in the
abstract sense of [ADG17]. In the Lorentzian setting, the isoperimetric problem is reformulated
by replacing the infimum in (11) with a supremum and the perimeter with a suitable timelike
Lorentzian perimeter, and by restricting the set of competitors to achronal hypersurfaces whose
cone from a fixed point, the pole, has prescribed volume. Here, a subset A of a Lorentzian space
is called achronal if no two points of A are chronologically related; that is, for every p, q ∈ A,
one has p ̸≪ q.

In the sub-Lorentzian Heisenberg group, the formulation is as follows. For p ∈ H and
q ∈ I+(p), let γp,q denote the future-directed maximizing geodesic from p to q, parametrized on
[0, 1] with constant speed. Given a set Σ ⊆ I+(p), we define the cone over Σ with vertex p by

C(Σ, p) :=
⋃

q∈Σ
γp,q([0, 1]).

When p = e, we simply write C(Σ) instead of C(Σ, e). By left-invariance, the pole can always
be fixed at the identity e, and one seeks to find the maximisers of

max
{

A(Σ) | C2 spacelike compact hypersurface Σ ⊆ I+(e) ⊆ H, L3(C(Σ)) = v
}

. (12)

A fully general formulation would not require the surface Σ to be regular, and would instead
use a non-smooth notion of surface area, such as the timelike Minkowski content studied in
[CM24a]. Furthermore, it is not difficult to see that (12) is infinite unless one imposes an
additional constraint on the class of competitors. At present, two such constraints are studied
in the literature. In [BE99], the competitor is required to have the “solid angle”, or aperture,
of its cone bounded by a fixed constant. In other words, the cone may have prescribed volume,
but it cannot spread over arbitrarily many future directions. In [CM24a], the authors instead
imposes a lower bound infq∈Σ τ(p, q) ≥ τ0 > 0 on the time separation from the pole p. Thus,
the cone may open in many directions, but the surface cannot dip arbitrarily close to the pole.

The main point is that, once the additional constraint has been fixed, smooth maximisers
can be studied through admissible volume-preserving variations, which are a focus of this work.
We start by defining variations that are adapted to the conical nature of the problem.

Definition 2.15 (Radial variation). Let p ∈ H and let Σ ⊆ I+(p) be a C1 hypersurface, possibly
with boundary. For every x ∈ Σ and given λx := (expp)−1(x), the curve γx(t) := expp(tλx) is
the unique maximising geodesic parametrised by constant speed on [0, 1] that satisfies γx(0) = p
and γx(1) = x. A radial variation of Σ is a family of the form

Γs(x) := expp(rs(x)λx),

where r : (−ε, ε) × Σ → (0, ∞) is smooth in (s, x) and satisfies r0 ≡ 1. We write Σs := Γs(Σ)
and ṙ(x) := ∂srs(x)|s=0. The cone over Σs is

Cs := {expp(ρλx) | x ∈ Σ, 0 ≤ ρ ≤ rs(x)} = Fs(Σ × [0, 1]),

where we set Fs : Σ × [0, 1] → H : (x, t) 7→ expp(trs(x)λx). The cone velocity is the vector field
defined by X0(expp(tλx)) := ∂s|s=0expp(trs(x)λx) for every expp(tλx) ∈ C0.

We say the radial variation is compactly supported if supp ṙ is compactly contained in the
interior of Σ \ S(Σ).
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The next lemma computes the infinitesimal velocity produced by a radial variation.

Lemma 2.16 (Velocity of a radial cone variation). Let Γs be a radial variation. At every point
expp(tλx) ∈ C0 of the initial cone, the cone velocity is given by

X0(expp(tλx)) = −t ṙ(x) τ(p, x)
(
gradH τ(p, ·)

)
expp(tλx) (13)

In particular, the initial velocity of the variation Σs is

V (x) = X0(x) = −ṙ(x) τ(p, x)
(
gradH τ(p, ·)

)
x
. (14)

Proof. Since λx is fixed when differentiating with respect to s, the chain rule gives

X0(expp(tλx)) = t ṙ(x) d

dt
expp(tλx).

Thus (13) follows from (8). Finally, since F0(x, 1) = x, the cone velocity restricts on the top
surface to the initial velocity V of the variation Γs. Hence X0(x) = V (x) for every x ∈ Σ, and
(14) follows by setting t = 1 in (13).

We next study how the volume of the cone changes under a compactly supported radial
variation. The formula expresses the first variation entirely as a boundary integral over the
moving top surface.

Proposition 2.17 (First variation of the cone volume). Let Γs be a compactly supported radial
variation of a C2 spacelike hypersurface Σ. Then

d

ds

∣∣∣∣
s=0

Vol(Cs) =
∫

Σ\S(Σ)
ṙ(x)τ(p, x) g(gradH τ(p, ·), νH) dσ(x).

Proof. By definition, Vol(Cs) =
∫

Cs
Ω. Applying the Reynolds Transport Theorem gives

d

ds

∣∣∣∣
s=0

Vol(Cs) =
∫

C0
LX0Ω =

∫
∂C0

ιX0Ω,

where we use Cartan’s formula on the last equality

LX0Ω = d(ιX0Ω) + ιX0(dΩ) = d(ιX0Ω),

together with Stokes theorem. Indeed, Ω is the ambient volume form on H, hence a top-degree
form on a 3-dimensional manifold. Therefore dΩ is a 4-form, so dΩ = 0.

The boundary of the initial cone decomposes as ∂C0 = Σ ∪ C(∂Σ), where Σ = F0(Σ × {1}),
C(∂Σ) = F0(∂Σ × [0, 1]), and {p} = F0(Σ × {0}). Therefore∫

∂C0
ιX0Ω =

∫
Σ

ιX0Ω +
∫

C(∂Σ)
ιX0Ω.

The compact support assumption gives ṙ = 0 near ∂Σ and thus, by (13), we have X0 = 0 on
C(∂Σ) and

∫
C(∂Σ) ιX0Ω = 0. On Σ = F0(Σ × {1}), we have X0|Σ = V , where V is the initial

velocity of the variation Γs. Therefore∫
∂C0

ιX0Ω =
∫

Σ\S(Σ)
ιV Ω.

Using dσ = ινHΩ|Σ and writing V = V ∥ − g(V, νH)νH with V ∥ ∈ H(Σ), we obtain

ιV Ω|Σ = ι−g(V,νH)νHΩ|Σ = −g(V, νH) ινHΩ|Σ = −g(V, νH)dσ.
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We conclude by Lemma 2.16 and (14), noting that∫
Σ\S(Σ)

ιV Ω = −
∫

Σ\S(Σ)
g(V, νH)dσ =

∫
Σ\S(Σ)

ṙ(x) τ(p, x) g(gradH τ(p, ·), νH) dσ(x),

and the proof is complete.

Combining the first variation of horizontal area with the first variation of cone volume gives
the expected Euler–Lagrange condition for radial volume-constrained critical points. Namely,
such surfaces have constant horizontal mean curvature away from the characteristic set.

Proposition 2.18 (Radial volume-preserving stationarity implies CMC). Let Σ ⊆ I+(p) be
a connected embedded C2 spacelike surface. Assume that, for every compactly supported radial
variation Γs of Σ whose associated cones satisfy

Vol(Cs) = Vol(C0) for all sufficiently small s,

one has
d

ds

∣∣∣∣
s=0

A(Σs) = 0.

Then the horizontal mean curvature H is constant on Σ \ S(Σ).

Proof. Since Σ is spacelike, νH is timelike. Moreover, gradH τ(p, ·) is timelike on I+(p), and
therefore g(gradH τ(p, ·), νH) does not vanish on Σ \ S(Σ). Let φ ∈ C∞

c (Σ \ S(Σ)) and choose the
radial variation defined by rs = 1 + sφ, so that ṙ = φ. Lemma 2.16 and Proposition 2.14 give

d

ds

∣∣∣∣
s=0

A(Σs) = −
∫

Σ\S(Σ)
H(x)φ(x) τ(p, x) g(gradH τ(p, ·), νH) dσ(x). (15)

On the other hand, Proposition 2.17 gives

d

ds

∣∣∣∣
s=0

Vol(Cs) =
∫

Σ\S(Σ)
φ(x) τ(p, x) g(gradH τ(p, ·), νH) dσ(x). (16)

We wish to argue that, if (16) is zero, then (15) vanishes as well. This would imply, by the
fundamental lemma of the calculus of variations, that H must be constant on Σ \ S(Σ).

Choose η ∈ C∞
c (Σ \ S(Σ)) such that∫

Σ\S(Σ)
η(x)τ(p, x)g(gradH τ(p, ·), νH) dσ(x) ̸= 0. (17)

This is always possible because τ(p, x)g(gradH τ(p, ·), νH) is continuous and nowhere vanishing
on Σ \ S(Σ). For small (s, a), consider the radial variations with rs,a = 1 + sφ + aη, and note
that ∂a Vol(Cs,a)|(0,0) ̸= 0 because of (17). By the implicit function theorem, there is a smooth
function a = a(s), with a(0) = 0, such that Vol(Cs,a(s)) = Vol(C0) for all small s. If (16) is
zero, then a′(0) = 0 because, by the chain rule 0 = ∂s|(0,0) Vol(Cs,a) + a′(0)∂a|(0,0) Vol(Cs,a) and
therefore

a′(0) = −

∫
Σ\S(Σ)

φ(x)τ(p, x)g(gradH τ(p, ·), νH) dσ(x)∫
Σ\S(Σ)

η(x)τ(p, x)g(gradH τ(p, ·), νH) dσ(x)
.

The denominator is not zero because of (17) while the numerator is zero because we assume
that (16) is zero. This implies that

d

ds

∣∣∣∣
s=0

rs,a(s)(x) = d

ds

∣∣∣∣
s=0

(
1 + sφ(x) + a(s)η(x)

)
= φ(x) + a′(0)η(x) = φ(x) = d

ds

∣∣∣∣
s=0

rs(x)
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and therefore, by Lemma 2.16 and Proposition 2.14 again,

d

ds

∣∣∣∣
s=0

A(Σs) = d

ds

∣∣∣∣
s=0

A(Σs,a(s)) = 0,

concluding the proof.

Following the terminology in the literature, see [RR08], we say that a surface Σ satisfying
the hypotheses of Proposition 2.18 is area-stationary under volume-preserving radial variations.
In particular, any smooth isoperimetric maximiser satisfying the aperture constraint of [BE99]
or the time-separation constraint of [CM24a] must satisfy this stationarity condition for all
admissible compactly supported radial variations and have constant mean curvature.

A striking result in the sub-Riemannian Heisenberg group is that metric balls are not
isoperimetric minimisers [Mon00], see also [CDPT07, Example 4.13]. We prove the analogous
statement in the sub-Lorentzian Heisenberg group by showing that sub-Lorentzian pseudo-
spheres do not have constant horizontal mean curvature.

Theorem 2.19. Let
Σ := {q ∈ I+(0) : τ(0, q) = 1}

be the unit sub-Lorentzian pseudo-sphere. Then no nonempty relatively open smooth patch of Σ
is area-stationary under volume-preserving radial variations. In particular, such a patch cannot
be a smooth isoperimetric maximiser for either the aperture-constrained problem of [BE99] or
the lower-time-separation constrained problem of [CM24a].

Proof. By the description of the exponential map in (6), the unit pseudo-sphere satisfies

Σ =
{

exp0(u, v, w)
∣∣∣ u2 − v2 = 1, u > |v|, w ∈ R

}
.

Since Σ is the level set τ(0, ·) = 1, every horizontal tangent vector V ∈ H(Σ) satisfies

g
(
gradH τ(0, ·), V

)
= V

(
τ(0, ·)

)
= 0.

Thus gradH τ(0, ·) is horizontally normal to Σ, and since it is unit, see (7), we get νH =
gradH τ(0, ·), with the chosen orientation.

Differentiating the geodesic γ(t) = exp0(tu, tv, tw) given by (6), we get

γ̇(1) =
(
u cosh w + v sinh w

)
X +

(
v cosh w + u sinh w

)
Y.

Since u2 − v2 = 1 on Σ, this curve has unit speed. Therefore, by the relation between unit speed
maximising geodesics and the time separation gradient,

νH(exp0(u, v, w)) = −
(
u cosh w + v sinh w

)
X −

(
v cosh w + u sinh w

)
Y.

The divergence formula gives divΩ(νH) = X(a) + Y (b), where the functions a, b are defined by

a ◦ exp0(u, v, w) = −u cosh w − v sinh w,

and
b ◦ exp0(u, v, w) = −v cosh w − u sinh w.

On Σ, we have u =
√

1 + v2. The derivatives X(a) and Y (b) are computed by pulling X and Y
back through the differential of exp0:

(X(a))(exp0(u, v, w)) = d(a ◦ exp0)(u,v,w)
[
(dexp0)−1

(u,v,w)
(
Xexp0(u,v,w)

)]
,
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and
(Y (b))(exp0(u, v, w)) = d(b ◦ exp0)(u,v,w)

[
(dexp0)−1

(u,v,w)
(
Yexp0(u,v,w)

)]
.

Using the explicit formula for exp0 from (6) and then restricting to u2 − v2 = 1, this gives

H(v, w) = − divΩ(νH) = w2 cosh w − w sinh w

w sinh w − 2 cosh w + 2 .

Here we have used Proposition 2.13 for the first equality. This function is clearly not constant
on any neighbourhood.

3. Characterisation of constant mean curvature symmetric surfaces

3.1. Boost-symmetric constant mean curvature surfaces. The previous section showed
that smooth isoperimetric candidates must have constant horizontal mean curvature. Since
such candidates are also expected to possess some symmetry, we restrict our attention to boost-
symmetric surfaces, namely surfaces invariant under the action of O+(1, 1) on the sub-Lorentzian
Heisenberg group, as described in Theorem 2.1. More concretely, for each u ∈ R, let

Bu(x, y, z) = (x cosh u + y sinh u, x sinh u + y cosh u, z).

Then Σ is boost-symmetric if Bu(Σ) = Σ for every u ∈ R.
Locally around each non-characteristic point p, choose a unit generator T of H(Σ). The

corresponding (horizontal) integral curve γ : (−ε, ε) → H projects to the (x, y)-plane as a curve σ
whose signed curvature at t = 0 equals H(p), by Proposition 2.10. When Σ is boost-symmetric,
applying the boosts to this profile gives a local parametrisation of Σ away from the z-axis,
namely S(t, u) = Bu(γ(t)). In particular, H is constant whenever the projected curve σ has
constant signed curvature.

Conversely, if σ is a curve in the Minkowski plane with constant signed curvature, then any
horizontal lift γ of σ to H can be boosted to produce a surface S(t, u) = Bu(γ(t)). Wherever
this map is an immersed spacelike surface, its image is boost-symmetric and has constant
horizontal mean curvature, by Proposition 2.10 and the fact that boosts are isometries. Since
we are interested in achronal spacelike surfaces, the projected horizontal profiles relevant to the
construction must be spacelike.

The classification of constant-curvature curves in the Minkowski plane is classical. We
recall the relevant statement next, and refer the reader to the discussion preceding [Lóp14,
Theorem 2.10].

Proposition 3.1. Up to the action of the full Lorentz isometry group O(1, 1) ⋉ R2 and re-
parametrisation, the spacelike curves in the Minkowski plane with constant curvature k ≥ 0 are
precisely the straight lines when k = 0, and, when k > 0, the hyperbolas

γ(t) = 1
k

(cosh(kt), sinh(kt)).

We now carry out the construction explicitly. Starting from the spacelike constant-curvature
curves in the Minkowski plane classified in Proposition 3.1, we horizontally lift them to H and
then apply the boosts to the lifted curves to obtain surfaces.

We start with the nonzero curvature case k > 0. Choosing the arclength parametrisation
and allowing translations in the Minkowski plane, as well as the two choices of branch, a
representative can be written as

(x(t), y(t)) =
(

ε

k
cosh(kt) + c,

ε

k
sinh(kt) + d

)
, ε ∈ {−1, 1}, c, d ∈ R. (18)
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Using (2), the horizontal lift of (18) with z(t0) = 0 is given by

z(t) = 1
2k

(t − t0 + cε sinh(kt) − cε sinh(kt0) − dε cosh(kt) + dε cosh(kt0)).

We can then boost the lifted curve γ(t) = (x(t), y(t), z(t)) according to S(t, u) = Bu(γ(t)).
We now remove the inessential constants, namely those which can be absorbed by ambient
isometries, dilations, or reparametrisation.

The choice of t0 only fixes the additive constant in the horizontal lift. Since vertical transla-
tions are sub-Lorentzian isometries and commute with boosts, we may absorb this constant by
a vertical translation. Thus, up to isometry, the profile curve may be written as(

ε

k
cosh(kt) + c,

ε

k
sinh(kt) + d,

1
2k

(t + cε sinh(kt) − dε cosh(kt) + dε)
)

. (19)

The sign ε can also be removed: the isometry (x, y, z) 7→ (−x, −y, z) is a time-inverting
boost, which commutes with boosts, changes (ε, k, c, d) into (−ε, k, −c, −d). Since c, d range
over all real values, the same family is obtained with ε = 1.

Finally, the parameter k > 0 can be absorbed by Heisenberg dilations δk(x, y, z) =
(kx, ky, k2z). Indeed, applying δk to (19) with ε = 1 gives(

cosh(kt) + kc, sinh(kt) + kd,
1
2
(
kt + kc sinh(kt) − kd cosh(kt) + kd

))
.

Since c, d range over all real values, we may rename kc and kd as c and d, and then replace kt
by t. Thus, up to Heisenberg dilation and reparametrisation, it is enough to consider the case
k = 1. The dilation δλ preserves boost symmetry and do not alter the causal character of (c, d)
in the Minkowski plane. Dilations do not however preserve the numerical value of the mean
curvature. It sends a surface with constant mean curvature H to a surface with constant mean
curvature λ−1H.

Thus, up to vertical translations, the isometry (x, y, z) 7→ (−x, −y, z), Heisenberg dilations,
and reparametrisation, the nonzero-curvature case is represented by

S(c,d)(t, u) = Bu

(
cosh(t) + c, sinh(t) + d,

1
2(t + c sinh(t) − d cosh(t) + d)

)
︸ ︷︷ ︸

=:γ(c,d)(t)

=


cosh(t + u) + c cosh(u) + d sinh(u)
sinh(t + u) + c sinh(u) + d cosh(u)

1
2(t + c sinh(t) − d cosh(t) + d)

.

(20)

We say that such a surface has timelike, spacelike, or null parameter according to the causal
character of the vector (c, d) in the Minkowski plane. We shall classify these surfaces according
to this vector below. We often refer to the surface associated with the lift of the (c, d)-translated
hyperbola as the (c, d)-surface.

We now turn to the case k = 0. Choosing an arclength parametrisation and allowing
translations in the Minkowski plane, a spacelike line can be written as

(x(t), y(t)) =
(
sinh(β)t + α, ε cosh(β)t + α′), α, α′, β ∈ R, ε ∈ {−1, 1}.

Translating the parameter t only changes the point of the line chosen as origin. Hence, up to
reparametrisation, we may assume α′ = 0. As above, the additive constant in the horizontal lift
only produces a vertical translation of the boosted surface, so we choose the lift with z(0) = 0.
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Using (2), the horizontal lift is given by z(t) = αε
2 cosh(β)t. Boosting this horizontal lift, we

obtain

S(ε,α,β)(t, u) = Bu

(
sinh(β)t + α, ε cosh(β)t, αε

2 cosh(β)t
)

︸ ︷︷ ︸
=:γ(ε,α,β)(t)

=


εt sinh(u + εβ) + α cosh(u)
εt cosh(u + εβ) + α sinh(u)

αε

2 cosh(β)t

.

(21)

These are the boost-symmetric surfaces with zero horizontal mean curvature, which we shall
refer to as the maximal surfaces.

Although the rest of this work is devoted to a case-by-case classification of these surfaces
up to the sub-Lorentzian isometries described in Theorem 2.1 and Definition 2.2, the following
proposition records a basic symmetry of the parameter space that will be used repeatedly later.

Proposition 3.2. S(c,d) is isometric to S(c,−d) by any timed rotation.

Proof. Any timed rotation is of the form A◦Bv, where Bv is a boost and A(x, y, z) = (x, −y, −z).
Since S(c,d) is boost-symmetric, it is enough to apply A. Moreover A ◦ Bu = B−u ◦ A, and a
direct computation gives Aγ(c,d)(t) = γ(c,−d)(−t). Hence A(S(c,d)(t, u)) = B−uγ(c,−d)(−t), which
parametrises S(c,−d) after the change of variables (t, u) 7→ (−t, −u).

We conclude this section by determining when the parametrisations introduced in (20)
and (21) are regular. In Proposition 3.15, we shall see that in the non-regular nonzero-curvature
case the corresponding image is genuinely singular, and it will be studied separately.

Proposition 3.3. The regularity of the parametrisations (20) and (21) is as follows:
(i) S(c,d)(t, u) = Buγ(c,d)(t) is regular if and only if c2 − d2 ̸= 1 or c ≥ 0;
(ii) S(ε,α,β)(t, u) = Buγ(ε,α,β)(t) is regular if and only if α ≠ 0. Moreover, when α = 0, the the

image of the parametrisation is the set {(x, y, 0) : |y| > |x|} ∪ {(0, 0, 0)}.

Proof. Since boosts are diffeomorphisms, it is enough to check regularity at u = 0. For the
first family, ∂tS(c,d)(t, 0) = γ′

(c,d)(t) is horizontal and nonzero. Also, ∂uS(c,d)(t, 0) = (sinh t +
d, cosh t + c, 0). With respect to the basis {X, Y, Z}, using Z∗ = dz + y

2dx − x
2 dy, these two

vectors have coordinate matrix
sinh t sinh t + d
cosh t cosh t + c

0 1
2
(
−1 + d2 − c2 + 2(d sinh t − c cosh t)

)
.

Hence the parametrisation is singular at (t, 0) if and only if

c sinh t − d cosh t = 0, −1 + d2 − c2 + 2(d sinh t − c cosh t) = 0. (22)

If c2 − d2 ̸= 0, this system is equivalent to(
cosh t
sinh t

)
= −1 − c2 + d2

2(c2 − d2)

(
c
d

)
.

The identity cosh2 t − sinh2 t = 1 implies c2 − d2 = 1, and then the condition cosh t > 0 gives
c < 0. Conversely, if c2 − d2 = 1 and c < 0, the displayed formula gives cosh t = −c > 0 and
sinh t = −d, so the rank drops. Thus S(c,d) is regular exactly when c2 − d2 ̸= 1 or c ≥ 0.
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For the maximal family, again at u = 0, ∂tS(ε,α,β) = (sinh β, ε cosh β, εα
2 cosh β) and

∂uS(ε,α,β) = (εt cosh β, t sinh β + α, 0). If α ̸= 0, these vectors are clearly linearly inde-
pendent, while if α = 0 the vector ∂uS(ε,α,β) vanishes at t = 0. Therefore the paramet-
risation is regular if and only if α ̸= 0. When α = 0, the parametrisation reduces to
S(t, u) = (εt sinh(u + εβ), εt cosh(u + εβ), 0). Thus x2 − y2 = −t2, so for t ≠ 0 the image is the
region |y| > |x| in the plane z = 0, while t = 0 gives only the origin.

3.2. Surfaces of spacelike parameters. In this section, we study the surfaces S(c,d) associated
with spacelike vectors (c, d) in the Minkowski plane, that is, vectors satisfying c2 − d2 < 0. By
Proposition 3.3, these surfaces are already known to be regular. We illustrate such a surface in
Figure 2. Although no regularity issue arises in the classical sense, these surfaces still exhibit a
form of “non-regularity” from the sub-Lorentzian point of view: their set of characteristic points
is non-empty. This is described in the following proposition.

Figure 2: A surface S(c,d) with spacelike parameter.

Proposition 3.4. Let S(c,d) be a (c, d)-surface with c2 − d2 < 0, and set

t∗ = − sgn(d) log(|d| − c), ω = 1
2(t∗ + c sinh(t∗) − d cosh(t∗) + d).

Then the characteristic set of S(c,d) is the open half-line

{(s, sgn(d)s, ω) : s > 0}.

In particular, it is a horizontal null curve, and therefore the surface is not acausal.

Proof. By Proposition 3.3, the vectors ∂tS(c,d) and ∂uS(c,d) span the tangent plane everywhere.
Since ∂tS(c,d) is horizontal by construction, a point is characteristic precisely when ∂uS(c,d) is
also horizontal. Boosts preserve the horizontal distribution, so it is enough to work at u = 0.

At u = 0, the boost direction is ∂uS(c,d)(t, 0) = (sinh t + d, cosh t + c, 0). Therefore

Z∗(∂uS(c,d)(t, 0)) = 1
2
(
(sinh t + d)2 − (cosh t + c)2

)
,

where, as before, Z∗ is the dual one-form to Z with respect to the frame {X, Y, Z}. Thus the
characteristic condition is(

sinh t + d
)2 −

(
cosh t + c

)2 = 0 ⇐⇒ 1 + c2 − d2 + 2(c cosh t − d sinh t) = 0. (23)
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Since c2 − d2 < 0, we have |d| > |c|, and hence d ≠ 0, so that the only possible sign in (23) is

sinh t + d = sgn(d)(cosh t + c). (24)

If d > 0 this is the equation e−t = d − c, while if d < 0 it is the equation et = −d − c. In both
cases the unique solution is

t∗ = − sgn(d) log(|d| − c).

At this value of t, set η = cosh(t∗) + c. Equation (24) gives sinh(t∗) + d = sgn(d)η. Moreover
η > 0: if d > 0, then η = (1+d2 −c2)/(2(d−c)), while if d < 0, then η = (1+d2 −c2)/(2(−d−c)).
Therefore, denoting the third component of γ(c,d)(t∗) by ω, the characteristic points are

Bu(η, sgn(d)η, ω) =
(
ηesgn(d)u, sgn(d)ηesgn(d)u, ω

)
.

Since s = ηesgn(d)u ranges over (0, +∞), the characteristic set is exactly {(s, sgn(d)s, ω) : s > 0}.
Finally, the curve s 7→ (s, sgn(d)s, ω) is horizontal and its horizontal velocity (1, sgn(d)) is

null in the Minkowski plane. Hence the characteristic set is a horizontal null curve contained in
the surface, so the surface is not acausal.

Corollary 3.5. No two surfaces of spacelike parameters are related by a time-inverting isometry.

Proof. Suppose that a time-inverting isometry sends one such surface to another. Since iso-
metries preserve the horizontal distribution, they send characteristic points to characteristic
points. By Proposition 3.4, the characteristic set of the source is {(s, sgn(d)s, ω) : s > 0}, and
the characteristic set of the target is contained in {x > 0}.

Let Λ be the Lorentz part of the isometry. Since Λ is time-inverting, any future-directed
causal vector gets sent to a past-directed causal vector and in particular to a vector of negative
x-coordinate.

Applying the isometry to a point (s, sgn(d)s, ω) of the source characteristic set, its x-
coordinate is therefore a+s(Λ11+sgn(d)Λ12), where a ∈ R comes from the translation part. This
is negative for large s, contradicting the fact that the target characteristic set lies in {x > 0}.

We next classify these surfaces up to isometries. We first give a sufficient condition for two
spacelike-parameter surfaces to be isometric by a time-preserving boost.

Proposition 3.6. Let S(c,d) and S(c′,d′) be two surfaces of spacelike parameters. If c2 − d2 =
c′2 − d′2 and dd′ > 0, then they are isometric by a time-preserving boost.

Proof. It is enough to show that S(c,d) is isometric to S(0,D), by a time-preserving boost, where
D = sgn(d)

√
d2 − c2. Indeed, the hypotheses give d2 − c2 = (d′)2 − (c′)2 and sgn(d) = sgn(d′),

so the same value of D is obtained from both (c, d) and (c′, d′). The desired isometry is then
obtained by composing one reduction with the inverse of the other.

Choose α ∈ R such that sinh α = c/D. Since D and d have the same sign and D2 = d2 − c2,
we also have cosh α = d/D. Starting from S(0,D)(t, u) = Buγ(0,D)(t), make the change of
parameters s = t + α, v = u − α. Then t = s − α, u = v + α, and the addition formulae give

S(0,D)(s − α, v + α) = Bv+αγ(0,D)(s − α) = Bv
(
Bαγ(0,D)(s − α)

)
The first two components agree with those of S(c,d)(s, v), while the third component differs from
that of S(c,d)(s, v) by the constant 1

2(α + d − D), that is to say

S(c,d)(s, v) =
(

0, 0,
1
2(α + d − D)

)
∗ S(0,D)(s − α, v + α),

proving the claim.
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We now show that the conditions of the previous proposition are also necessary for two such
surfaces to be isometric by a time-preserving boost.

Proposition 3.7. If two surfaces of spacelike parameters S(c,d) and S(c′,d′) are isometric by a
time-preserving boost, then c2 − d2 = c′2 − d′2 and dd′ > 0.

Proof. By the proof of Proposition 3.6, after composing with time-preserving boosts, any
spacelike-parameter surface can be put in the form S(0,d). Since S(0,d) is boost-invariant, it
is enough to prove that two surfaces S(0,d) and S(0,d′) cannot be related by a vertical translation
unless d = d′. Because (0, d) and (0, d′) are spacelike, d and d′ must be nonzero.

A vertical translation must send the characteristic set of S(0,d) to that of S(0,d′) since
it preserves the horizontal distribution. By Proposition 3.4, these characteristic sets are
{(s, sgn(d)s, ω) : s > 0} and {(s, sgn(d′)s, ω′) : s > 0}. A vertical translation does not change x
or y, which already forces sgn(d) = sgn(d′).

Write S(0,d)(t, u) = (x(t, u), y(t, u), z(t)), where z(t) = 1
2(t − d cosh t + d). A critical point of

z satisfies
1 − d sinh t = 0, hence sinh t = 1

d
.

Since x2 − y2 is invariant under boosts, we may set u = 0. Thus

x(t, u)2 − y(t, u)2 = x(t, 0)2 − y(t, 0)2 = cosh2 t − (sinh t + d)2.

Similarly, if S(0,d′)(t, u) = (x′(t, u), y′(t, u), z′(t)), then at the critical points of z′ one has
x′(t, u)2 − y′(t, u)2 = −d′2 − 1. Since a vertical translation preserves the x, y-coordinates and
sends critical points of z to critical points of z′, we must have

−d2 − 1 = −d′2 − 1.

Hence d2 = d′2, and together with sgn(d) = sgn(d′), this gives d = d′. Returning to the original
parameters, this is exactly c2 − d2 = c′2 − d′2 and dd′ > 0.

We now investigate when two surfaces with spacelike parameters are isometric via a time-
preserving rotation.

Proposition 3.8. Two surfaces of spacelike parameters S(c,d) and S(c′,d′) are isometric by a
time-preserving rotation if and only if c2 − d2 = c′2 − d′2 and dd′ < 0.

Proof. Assume first that c2 − d2 = c′2 − d′2 and dd′ < 0. Then d and −d′ have the same sign,
and c2 −d2 = c′2 − (−d′)2. By Proposition 3.6, S(c,d) is isometric to S(c′,−d′) by a time-preserving
boost. By Proposition 3.2, S(c′,−d′) is isometric to S(c′,d′) by a timed rotation. The composition
has time-preserving rotation Lorentz part, proving one implication.

Conversely, suppose that S(c,d) is isometric to S(c′,d′) by a time-preserving rotation. Com-
posing with the timed rotation (x, y, z) 7→ (x, −y, −z), which sends S(c′,d′) to S(c′,−d′), gives an
isometry from S(c,d) to S(c′,−d′) whose Lorentz part is a time-preserving boost. Hence Proposi-
tion 3.7 gives

c2 − d2 = c′2 − (−d′)2 and d(−d′) > 0,

which is equivalent to c2 − d2 = c′2 − d′2 and dd′ < 0.

Having completed the isometry classification for spacelike parameters, we turn our attention
to their causal behaviour.

Proposition 3.9. Every surface of spacelike parameter is not achronal.
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Proof. By the classification results above, it suffices to prove non-achronality for S(0,d) with
d ≠ 0. We construct two points on the surface which are chronologically related. Setting u = −t
in S(0,d)(t, u) gives the curve(

1 − d sinh(t), d cosh(t), 1
2(t − d cosh(t) + d)

)
.

Evaluating this curve at t = − sgn(d)s, we define

γ(s) :=
(

1 + |d| sinh(s), d cosh(s), 1
2(− sgn(d)s − d cosh(s) + d)

)
.

By left-invariance, γ(−s) ≪ γ(s) is equivalent to 0 ≪ γ(−s)−1 ∗ γ(s). A direct computation
gives

γ(−s)−1 ∗ γ(s) =
(

2|d| sinh(s), 0,
1
2(−2 sgn(d)s + 2d|d| sinh(s) cosh(s))

)
=
(

2|d| sinh(s), 0, −sgn(d)
2 (2s − d2 sinh(2s))

)
.

For s > 0, the x-component is positive. The condition 0 ≪ γ(−s)−1 ∗ γ(s) is therefore

−4d2 sinh2(s) + 2
∣∣∣2s − d2 sinh(2s)

∣∣∣ < 0.

For s sufficiently large, 2s − d2 sinh(2s) < 0, and the left hand side becomes

−4d2 sinh2(s) + 2d2 sinh(2s) − 4s = −2d2(2 sinh2(s) − sinh(2s)
)

− 4s. (25)

The term in parentheses is bounded as s → +∞, whereas −4s → −∞. Hence (25) is negative
for all sufficiently large s. Thus γ(−s) ≪ γ(s) for large s, so the surface contains chronologically
related points and thus is not achronal.

3.3. Surfaces of timelike parameters. In this section, we consider the family of surfaces
S(c,d) with timelike parameters, that is, the surfaces defined in (20) for which c2 − d2 > 0. An
illustration of these surfaces can be found in Figure 1.

Proposition 3.10. Let S(c,d) and S(c′,d′) be two surfaces of timelike parameters. If c2 − d2 =
c′2 − d′2 and cc′ > 0, then they are isometric by a time-preserving boost.

Proof. This follows closely the proof given in Proposition 3.6. It is enough to show that S(c,d)
is isometric to S(C,0), by a time-preserving boost, where C = sgn(c)

√
c2 − d2. Indeed, the

hypotheses give c2 − d2 = (c′)2 − (d′)2 and sgn(c) = sgn(c′), so the same value of C is obtained
from both (c, d) and (c′, d′). The desired isometry is then obtained by composing one reduction
with the inverse of the other.

Choose α ∈ R such that sinh α = d/C. Since C and c have the same sign and C2 = c2−d2, we
also have cosh α = c/C. Starting from S(C,0)(t, u) = Buγ(C,0)(t), make the change of parameters
s = t + α, v = u − α. Then t = s − α, u = v + α, and the addition formulae give

S(C,0)(s − α, v + α) = Bv+αγ(C,0)(s − α) = Bv
(
Bαγ(C,0)(s − α)

)
.

The first two components agree with those of S(c,d)(s, v), while the third component of S(c,d)(s, v)
is obtained by adding the constant 1

2(α + d). Thus

S(c,d)(s, v) =
(

0, 0,
1
2(α + d)

)
∗ S(C,0)(s − α, v + α),

proving the claim.
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The next result is parallel to Proposition 3.8.

Proposition 3.11. Two surfaces of timelike parameters are isometric via a time-preserving
rotation if and only if they are isometric via a time-preserving boost.

Proof. By Proposition 3.2, recall that the timed rotation A(x, y, z) = (x, −y, −z) sends a (c, d)-
surface to the (c, −d)-surface.

Suppose first that a (c, d)-surface is isometric to a (c′, d′)-surface by a time-preserving
rotation. Composing this isometry with A gives a time-preserving boost from the (c, d)-surface
to the (c′, −d′)-surface. Moreover, Proposition 3.10 gives a time-preserving boost between the
(c′, −d′)-surface and the (c′, d′)-surface, since changing d′ to −d′ preserves (c′)2 − (d′)2 and the
sign of c′. The (c, d)-surface is thus isometric to the (c′, d′)-surface by a time-preserving boost.

Conversely, suppose that the two surfaces are isometric by a time-preserving boost. Com-
posing with A gives a time-preserving rotation from the (c, d)-surface to the (c′, −d′)-surface.
Again by Proposition 3.10, the (c′, −d′)-surface and the (c′, d′)-surface are isometric by a time-
preserving boost. Composing these two isometries gives a time-preserving rotation from the
(c, d)-surface to the (c′, d′)-surface.

We next describe the characteristic points of these surfaces; this will allow us to prove that
the sufficient condition in the previous proposition is in fact necessary.

Proposition 3.12. The characteristic set of a (c, d)-surface with timelike parameters is non-
empty if and only if c < 0 and c2 − d2 ̸= 1. In this case, for i = 0, 1, set

r =
√

c2 − d2, α = arcsinh(d/r), ti = −α + (−1)i log r, ωi = sinh(ti) + d.

Then the characteristic set is the disconnected union of the two half-lines{(
sgn(1 − c2 + d2)s, sgn(ωi)s,

1
2(ti + c sinh(ti) − d cosh(ti) + d)

)
: s > 0

}
, i = 0, 1.

Proof. As in the proof of Proposition 3.4, it is enough to work at u = 0. At points where the
tangent plane is defined, ∂tS(c,d) is horizontal by construction. Hence the characteristic points
are exactly those for which ∂uS(c,d) is horizontal, namely those satisfying (23).

Put r =
√

c2 − d2. If c > 0, choose α such that sinh α = d/r and cosh α = c/r. The previous
equation becomes 1 + r2 + 2r cosh(t − α) = 0, which has no solution. Hence no characteristic
points occur when c > 0.

Suppose now that c < 0. Choose α such that sinh α = d/r and cosh α = −c/r. The
characteristic equation is then

cosh(t + α) = 1 + r2

2r
= cosh(log r).

The equation has two distinct solutions if and only if r ̸= 1, namely ti = −α + (−1)i log r,
for i = 0, 1. If r = 1, the only solution is t = −α, which is precisely the singular value by
Proposition 3.3. Therefore it does not contribute to the characteristic set. For either solution,
a direct computation gives

cosh(ti) + c = sgn(1 − c2 + d2)|sinh(ti) + d|.

Denote ωi = sinh(ti) + d. Since r ̸= 1, we have ωi ̸= 0. Substituting t = ti in S(c,d)(t, u) givessgn(1 − c2 + d2)|ωi| cosh u + ωi sinh u
ωi cosh u + sgn(1 − c2 + d2)|ωi| sinh u

1
2(ti + c sinh(ti) − d cosh(ti) + d)

 =

sgn(1 − c2 + d2)|ωi|esgn(1−c2+d2) sgn(ωi)u

sgn(ωi)|ωi|esgn(1−c2+d2) sgn(ωi)u
1
2(ti + c sinh(ti) − d cosh(ti) + d)


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Setting s = |ωi|esgn(1−c2+d2) sgn(ωi)u, the previous expression becomes sgn(1 − c2 + d2)s
sgn(ωi)s

1
2(ti + c sinh(ti) − d cosh(ti) + d)


with s ∈ (0, +∞). Hence the characteristic set consists of two null half-lines starting on the
z-axis. To see that they are disjoint, let

zi = 1
2(ti + c sinh(ti) − d cosh(ti) + d), so that z0 − z1 = log r − r2 − 1

2 .

The function r 7→ log r − r2−1
2 vanishes only at r = 1; indeed its derivative is (1− r2)/r, so it has

a strict maximum 0 at r = 1. Since r ≠ 1, we have z0 ̸= z1. Therefore the two half-lines lie in
distinct horizontal z-planes, and are consequently disjoint. Their union is thus disconnected.

By Proposition 3.3, the nonzero-curvature parametrisations fail to be regular precisely when

c2 − d2 = 1, c < 0.

These parameters are timelike, since c2 − d2 > 0. By Proposition 3.3, the regular timelike cases
are precisely the complementary cases. Here we study the exceptional case c2 − d2 = 1, c < 0,
where the parametrisation loses rank. By Proposition 3.10, all such singular timelike-parameter
surfaces are isometric to one another by time-preserving boosts, and it is therefore enough to
study S(−1,0). In this case the parametrisation is

S(−1,0)(t, u) = Buγ(−1,0)(t) =
(

cosh(t + u) − cosh u, sinh(t + u) − sinh u,
1
2(t − sinh t)

)
. (26)

This expression has a useful interpretation: it is the expression of the Heisenberg group’s sub-
Lorentzian exponential map at the origin, as written in (6), evaluated at (t sinh u, t cosh u, t).
Equivalently, it is the curve t 7→ expe(t sinh u, t cosh u, t). This initial datum does not lie in the
standard causal domain of the exponential map, because the horizontal vector (sinh u, cosh u)
is spacelike rather than causal.

To locate the singular set, we return to the proof of Proposition 3.3. For S(−1,0), the
parametrisation is singular at parameter values (t, u) where, after reducing to u = 0, (22) holds.
With c = −1 and d = 0, this becomes

sinh t = 0, cosh t = 1,

which is equivalent to t = 0. Substituting t = 0 into (26) gives only the origin. Therefore the
singular set in the parameter domain is {(0, u) : u ∈ R}. All these parameter values have the
same image

S(−1,0)(0, u) = Buγ(−1,0)(0) = Bu(0, 0, 0) = (0, 0, 0).

At this stage, however, this only shows that the chosen parametrisation is regular everywhere
except at the origin. It does not yet rule out the possibility that the image admits another
smooth parametrisation there. We next show that the origin is a genuine singular point of the
image. We first record the projection of the surface and a useful symmetry.

Lemma 3.13. The projection of S(−1,0) to the (x, y)-plane is

{y2 − x2 > 0} ∪ {(0, 0)}.

Moreover, the projection to the (x, y)-plane is injective on S(−1,0).
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Proof. Set v = u + t/2. Then (26) becomes

S(−1,0)(t, v) =
(

2 sinh v sinh(t/2), 2 cosh v sinh(t/2), 1
2(t − sinh t)

)
. (27)

Hence the projected coordinates satisfy

y2 − x2 = 4 sinh2(t/2) ≥ 0.

Equality holds if and only if t = 0, and then S(−1,0)(0, u) = (0, 0, 0). Thus the only projected
point with y2 − x2 = 0 is (0, 0).

Conversely, let (x, y) satisfy y2 − x2 > 0. Then y ̸= 0 and (t, v) is uniquely determined by

2 sinh(t/2) = sgn(y)
√

y2 − x2, tanh v = x

y
,

proving the claim.

Proposition 3.14. The singular surface S(−1,0) is invariant under the reflection (x, y, z) 7→
(−x, y, z), but it is not invariant under the map (x, y, z) 7→ (−x, y, −z).

Proof. Replacing (t, u) by (t, −t − u) in (26) shows that

S(−1,0)(t, −t − u) =
(

cosh u − cosh(t + u), sinh(t + u) − sinh u,
1
2(t − sinh t)

)
= R

(
S(−1,0)(t, u)

)
,

where R(x, y, z) = (−x, y, z).
Choose a point (x, y, z) on the surface with z ≠ 0. By the first part, (−x, y, z) is also

on the surface. If the surface were invariant under (x, y, z) 7→ (−x, y, −z), then (−x, y, −z)
would also be on the surface. This would give two distinct points of the surface with the same
(x, y)-projection, contradicting the injectivity proved in Lemma 3.13.

We show that the rank loss at the origin reflects a genuine singularity of the image, rather
than being caused only by the choice of parametrisation.

Proposition 3.15. The only point of the image S(−1,0) projected to (0, 0) is the origin. In
particular, the image of S(−1,0) is singular at the origin.

Proof. Consider the surface S(−1,0) \ {(0, 0, 0)}. By Lemma 3.13 we know that its projection
coincides with the set y2 − x2 > 0. In particular, this set is disconnected; as the projection is a
continuous map we get that the surface S(−1,0) \ {(0, 0, 0)} is disconnected as well. Since S(−1,0)
is connected we can conclude that it cannot be locally Euclidean with dimension 2 at the origin,
as a two dimensional locally Euclidean surface cannot become disconnected after removing one
point.

We start by showing that there are no time-inverting isometries between singular timelike-
parameters surfaces.

Corollary 3.16. No two singular timelike-parameter surfaces are related by a time-inverting
isometry.
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Proof. By Proposition 3.10, all singular timelike-parameter surfaces are isometric to S(−1,0) by
time-preserving boosts. It is therefore enough to rule out time-inverting self-isometries of S(−1,0).

By Proposition 3.15, the origin is the unique singular point of S(−1,0), so any time-inverting
self-isometry fixes the origin and has no translation part. Up to composing with time-preserving
symmetries of S(−1,0), namely boosts and the timed rotation from Proposition 3.2, the Lorentz
part of this isometry can be reduced to the map A(x, y, z) = (−x, y, −z). This would force
A(S(−1,0)) = S(−1,0), contradicting Proposition 3.14.

We also note that this singular surface has no characteristic points.

Proposition 3.17. The singular surface S(−1,0) has no characteristic points.

Proof. As in the proofs of Propositions 3.4 and 3.12, it is enough to work at u = 0. At regular
points, ∂tS(−1,0) is horizontal by construction, so a point is characteristic precisely when ∂uS(−1,0)
is horizontal. Setting c = −1 and d = 0 in (23), this condition becomes

2 − 2 cosh t = 0,

and thus t = 0, which is not a regular point of the surface by Proposition 3.15.

As a consequence, the sign of c is an isometry invariant for timelike-parameter surfaces.

Corollary 3.18. Two surfaces with timelike parameters (c, d) and (c′, d′) are not isometric if c
and c′ have different signs.

Proof. Suppose that c < 0 and c′ > 0. If c2−d2 = 1, then by Proposition 3.3 the parametrisation
has a singularity. In Proposition 3.15 we have shown that this surface is genuinely singular, as
it is not locally Euclidean at that point; on the other hand, the (c′, d′)-surface is smooth by
Proposition 3.3. Thus the two surfaces are not even homeomorphic. We may therefore assume
c2 − d2 ̸= 1.

Any isometry between the two surfaces must map the characteristic set of one surface to
the characteristic set of the other. However, by Proposition 3.12, the (c, d)-surface has two
half-lines as its characteristic set, whereas the (c′, d′)-surface has empty characteristic set. Hence
no isometry can exist.

We extend Corollary 3.16 to any surfaces of timelike parameters.

Corollary 3.19. There is no time-inverting isometry between any pair of surfaces with timelike
parameters.

Proof. We prove the statement for non-singular surfaces, as the singular case is treated in
Corollary 3.16. By Proposition 3.10 and the previous corollary, it is enough to consider the
(c, 0)- and (c′, 0)-surfaces with cc′ > 0.

Assume first that c, c′ > 0. Let

P = {x2 − y2 ≥ (c + 1)2} ∩ {x ≥ c + 1}, P ′ = {x2 − y2 ≥ (c′ + 1)2} ∩ {x ≥ c′ + 1}

be the projections of S(c,0) and S(c′,0) onto the Minkowski plane, respectively. The sets P and P ′

are future-closed but nowhere past-closed: if p belongs to P (resp. P ′), then J+(p) is contained
in P (res. P ′), while J−(p) is not. Since a time-inverting Lorentz map reverses the causal order,
it sends future-closed sets to past-closed sets. Therefore P and P ′ cannot be mapped onto one
another.

It remains to consider c, c′ < 0. It remains to consider c, c′ < 0. Up to composing with time-
preserving isometries of S(c,0) and S(c′,0), a time-inverting isometry has Lorentz part A(x, y, z) =
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(−x, y, −z), followed by a left translation. Indeed, any time-inverting boost is the composition
of a time-preserving boost with A, and the surfaces S(c,0) and S(c′,0) are invariant under time-
preserving boosts. Since A fixes the z-axis and the characteristic half-lines of both surfaces start
on this axis, the translation must be vertical. The midpoint of the two starting points is the
origin for both surfaces, so this vertical translation is trivial.

Thus only A remains. The function f : S(c,0) → R : (x, y, z) 7→ x has a unique critical point
on the (c, 0)-surface, namely (c + 1, 0, 0). Since f ◦ A−1 = −x, its image must be the unique
critical point of −x on the (c′, 0)-surface, namely (c′ + 1, 0, 0). Therefore −c − 1 = c′ + 1, hence
c + c′ = −2. Applying the same argument to g(x, y, z) = z, and using g ◦ A−1 = −z, shows that
c ≥ −1 and c′ ≥ −1, since z has critical points on S(c,0) and S(c′,0) only in these cases. Together
with c + c′ = −2, this forces c = c′ = −1. This corresponds exactly to the singular case, but we
had assumed that the surfaces were not singular.

The next lemma shows that a surface with timelike parameters and c > 0 eventually escapes
the causal future of the origin.

Lemma 3.20. Consider a surface with timelike parameters and c > 0. Then, for z large enough,
no point (x, y, z) on the surface belongs to J+(0). In particular, none of these surfaces is entirely
contained in the future of the origin.

Proof. With respect to the standard parametrisation (20), the z-component depends only on
the variable t. Denote α = arcsinh(d/

√
c2 − d2). Since c > 0, we can write it as

z(t) = 1
2
(
t +

√
c2 − d2 sinh(t − α) + d

)
.

The function z(t) is strictly increasing, hence the parameter t is determined by the z-coordinate.
For a point on the surface we compute the quantity −x2 + y2 + 4|z|:

−1 − c2 + d2 − 2
√

c2 − d2 cosh(t − α) + 2
∣∣∣t +

√
c2 − d2 sinh(t − α) + d

∣∣∣.
The function inside the absolute value tends to +∞ as t → +∞. Hence there exists M ′ > 0
such that, for t > M ′, the absolute value can be removed and the previous expression becomes

−1 − c2 + d2 + 2t − 2
√

c2 − d2e−t+α + 2d.

This tends to +∞ as t → +∞. Thus there exists M ′′ > M ′ such that, for t > M ′′, the quantity
−x2 +y2 +4|z| is positive, independently of u. By (5), such points do not belong to J+(0). Since
z(t) is strictly increasing, the condition t > M ′′ is equivalent to z > M for some M > 0.

The following proposition is the missing necessity statement for the timelike classification in
Proposition 3.10.

Proposition 3.21. If two surfaces with timelike parameters (c, d) and (c′, d′) are such that c
and c′ have the same sign but c2 − d2 ̸= (c′)2 − (d′)2, then they are not isometric.

Proof. By Proposition 3.10, it is enough to prove the statement for S(c,0) and S(c′,0), with cc′ > 0
and c ≠ c′. By Corollary 3.19, any isometry between them is time-preserving. Since S(c,0) and
S(c′,0) are invariant under boosts and, by Proposition 3.2, under timed rotations, we may assume
that this isometry is a left translation.

Assume first that c, c′ < 0. If exactly one of the two surfaces is singular, then no isometry
exists by Proposition 3.15. If both are singular, then c = c′ = −1, contrary to c2 ̸= (c′)2. Thus
we may assume that both are non-singular.
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By Proposition 3.12, each characteristic set consists of two null half-lines starting on the
z-axis. A left translation preserving these characteristic sets must be vertical because the
starting points of the characteristic half-lines lie on the z-axis, and a left translation moves the
z-axis to a vertical line. Moreover, the x-coordinates of the characteristic half-lines have sign
sgn(1 − c2) for S(c,0), and sgn(1 − (c′)2) for S(c′,0). Since vertical translations preserve (x, y), we
get sgn(1 − c2) = sgn(1 − (c′)2), and therefore sgn(1 + c) = sgn(1 + c′) as c, c′ < 0.

Writing S(c,0)(t, u) = (x(t, u), y(t, u), z(t)), we have

x(t, u)2 − y(t, u)2 = 1 + c2 + 2c cosh t.

Since c < 0, the maximum value of x2 − y2 is (c + 1)2, attained at t = 0. Similarly, on S(c′,0) the
maximum is (c′ + 1)2. A vertical translation preserves x2 − y2, so (c + 1)2 = (c′ + 1)2. Together
with sgn(1 + c) = sgn(1 + c′), this gives c = c′.

It remains to consider c, c′ > 0. Up to exchanging the two surfaces, assume c′ ≥ c. The
x-coordinate has a unique minimum at (c + 1, 0, 0) on S(c,0), and at (c′ + 1, 0, 0) on S(c′,0). Hence
the left translation must be by (c′ − c, 0, 0). The t = 0 curve on S(c,0) is

Buγ(c,0)(0) =
(
(c + 1) cosh u, (c + 1) sinh u, 0

)
.

Its image under the left translation by (c′ − c, 0, 0) is(
(c + 1) cosh u + c′ − c, (c + 1) sinh u,

1
2(c′ − c)(c + 1) sinh u

)
,

and this curve lies on S(c′,0). Along it,

−x2 + y2 + 4|z| = −(c + 1)2 − (c′ − c)2 − 2(c′ − c)(c + 1) cosh u + 2(c′ − c)(c + 1)|sinh u|
= −(c + 1)2 − (c′ − c)2 − 2(c′ − c)(c + 1)e−|u| < 0.

Since also x > 0, (5) implies that the translated curve is contained in J+(0). If c′ > c, its
z-coordinate tends to +∞ as u → +∞, contradicting Lemma 3.20 applied to S(c′,0).

In both cases, an isometry forces c = c′, contradicting c2 ̸= (c′)2. Therefore the two surfaces
are not isometric.

The next lemma identifies two full null lines in the (c, 0)-surface with c < 0 which are
obtained as limits of points on the surface.

Lemma 3.22. Consider the (c, 0)-surface with c < 0 and c ̸= −1. Let ti = (−1)i log(−c), for
i = 0, 1, as in Proposition 3.12. Then the lines{(

s, (−1)is,
1
2(ti + c sinh(ti))

)
: s ∈ R

}
, i = 0, 1,

are contained in the closure of S(c,0).

Proof. We use the parametrisation in (20). Fix s ∈ R. We first approach the point(
s, s,

1
2(t0 + c sinh(t0))

)
.

For u → +∞, set
t(u) = −u + arccosh(s − c cosh u),
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which is well defined for all sufficiently large u, since c < 0. Then the point S(c,0)(t(u), u) has
x-coordinate equal to s. Moreover, using arccosh ρ = log(ρ +

√
ρ2 − 1), one obtains t(u) →

log(−c) = t0. Its y-coordinate is√
(s − c cosh u)2 − 1 + c sinh u = s − c cosh u + c sinh u + o(1),

and therefore tends to s. The z-coordinate tends to 1
2(t0 + c sinh t0).

Similarly, as u → −∞, set

t(u) = −u − arccosh(s − c cosh u).

Then S(c,0)(t(u), u) again has x-coordinate s, while t(u) → − log(−c) = t1. Its y-coordinate is

−
√

(s − c cosh u)2 − 1 + c sinh u = −s + c cosh u + c sinh u + o(1),

and therefore tends to −s. The z-coordinate tends to 1
2(t1 +c sinh t1). Since s ∈ R was arbitrary,

both lines are contained in the closure of S(c,0).

The previous lemma is the key ingredient in proving the non-achronality of non-singular
timelike-parameter surfaces with c < 0.

Proposition 3.23. The non-singular surfaces with timelike parameters and c < 0 are not
achronal.

Proof. Since achronality is invariant under isometries, Proposition 3.10 allows us to prove the
claim for S(c,0). Since the surface is non-singular, c ≠ −1. Let p = S(c,0)(0, 0) = (c + 1, 0, 0), and
put ti = (−1)i log(−c), as in Proposition 3.12 and Lemma 3.22.

Assume first that c < −1. Then t0 = log(−c) and c sinh(t0) = −(c2 − 1)/2. By Lemma 3.22,
the line

q(s) =
(

s, s,
1
2

(
t0 − 1

2(c2 − 1)
))

, s ∈ R,

is contained in the closure of S(c,0). We compute

p−1 ∗ q(s) =
(

s − c − 1, s,
1
2

(
t0 − 1

2(c2 − 1) − (c + 1)s
))

,

whose x-coordinate is positive for all large s. Since c + 1 < 0, the z-coordinate of p−1 ∗ q(s) is
positive for all large s. Thus, for large s,

−x2 + y2 + 4|z| = −2c2 − 2c + 2t0 = −2c2 − 2c + 2 log(−c).

Since log x ≤ x − 1 for x > 0, this is at most −2(c + 1)2 < 0. By left invariance and (5),
q(s) ∈ I+(p) for large s. As I+(p) is open and the line is contained in the closure of S(c,0), the
surface itself intersects I+(p).

Now assume that −1 < c < 0. Then t1 = − log(−c) and c sinh(t1) = (c2 − 1)/2. This time
Lemma 3.22 gives the line

q(s) =
(

s, −s,
1
2

(
t1 + 1

2(c2 − 1)
))

, s ∈ R,

in the closure of S(c,0). We compute

q(s)−1 ∗ p =
(

c + 1 − s, s, −1
2

(
t1 + 1

2(c2 − 1)
)

− 1
2(c + 1)s

)
.
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Its x-coordinate is positive for all sufficiently negative s. Since c + 1 > 0, the term inside the
absolute value is also positive for all sufficiently negative s, and therefore

−x2 + y2 + 4|z| = −2c2 − 2c − 2t1 = −2c2 − 2c + 2 log(−c) ≤ −2(c + 1)2 < 0.

Hence, by left invariance and (5), q(s) ∈ I−(p) for all sufficiently negative s. Again, since I−(p)
is open and the line lies in the closure of the surface, S(c,0) contains a point in I−(p).

In either case, S(c,0) contains two chronologically related points, so it is not achronal.

In contrast with the case c < 0, timelike-parameter surfaces with c > 0 are acausal.

Proposition 3.24. The surfaces with timelike parameters and c > 0 are acausal. In particular,
they are achronal.

Proof. By Proposition 3.10, it is enough to prove the result for S(c,0). Put r = x2 − y2 and
define

Φc(r) = 1
2

arccosh
(

r − c2 − 1
2c

)
+

√(
r − c2 − 1

2

)2
− c2

,

on the set r ≥ (c + 1)2. By (20), the surface S(c,0) is contained in the zero level set of

f(x, y, z) = |z| − Φc(x2 − y2).

Indeed, on S(c,0) we have x2 − y2 = 1 + c2 + 2c cosh t and z = 1
2(t + c sinh t), while z has the

same sign as t.
On the open set x2 − y2 > (c + 1)2, set f±(x, y, z) = ±z − Φc(x2 − y2). A direct computation

gives

∇Hf± = − 1
2

±y + x
x2−y2−c2+1

2√(
x2−y2−c2−1

2

)2
− c2

X + 1
2

±x + y
x2−y2−c2+1

2√(
x2−y2−c2−1

2

)2
− c2

Y,

and thus
g(∇Hf±, ∇Hf±) = − x2 − y2

4
((

x2−y2−c2−1
2

)2
− c2

) < 0.

Therefore ∇Hf± is timelike and has fixed time orientation on x > |y|.
We first rule out causal relations inside S(c,0) ∩ {z ≥ 0} and S(c,0) ∩ {z ≤ 0}. Suppose that

p, q ∈ S(c,0) ∩ {z ≥ 0} and p ≤ q. Let γ be a future-directed causal curve from p to q. The
projection of γ to the Minkowski plane is future-directed causal. The projected region

Pc := {x2 − y2 ≥ (c + 1)2} ∩ {x > 0}

is future-closed in the Minkowski plane. Indeed, along future directed causal curves in the region
x > |y| we have d

dt(x
2 − y2) = 2(xẋ − yẏ) > 0 by the reverse Cauchy-Schwarz inequality in

Minkowski plane. Since S(c,0) projects to Pc, the projected curve stays in the domain of Φc.
Therefore f+ ◦γ is defined, with f+(p) = f+(q) = 0. Away from the boundary x2 −y2 = (c + 1)2,
we have

d

dt
(f+ ◦ γ)(t) = g

(
∇Hf+, γ̇(t)

)
.

Since γ̇ is future-directed causal and ∇Hf+ is timelike with fixed time orientation, this derivative
has a fixed non-zero sign. Notice that the curve can be on the boundary set x2 −y2 = (c+1)2 at
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most at its starting point. Therefore f+◦γ is strictly monotone, contradicting f+(p) = f+(q) = 0.
The same argument applies to S(c,0) ∩ {z ≤ 0}, using f−.

It remains to exclude the case where a causal curve joins points on different parts of the
decomposition S(c,0) = (S(c,0) ∩ {z ≥ 0}) ∪ (S(c,0) ∩ {z ≤ 0}). Such a curve meets the plane
{z = 0} at some point r. By the future-closed property of the projected region, the projection
of r satisfies x2 − y2 ≥ (c + 1)2 and x > 0. After applying a boost, we may assume r = (ρ, 0, 0)
with ρ ≥ c + 1. Since p0 = (c + 1, 0, 0) belongs to S(c,0) and the x-axis is future-directed timelike,
we have p0 ≤ r. If the original causal curve is parametrised from p to q, then r ≤ q, hence
p0 ≤ q. The points p0 and q have z-coordinates of the same sign, because z(p0) = 0. But this
contradicts the previous argument.

The next result shows that all singular surfaces with nonzero mean curvature are acausal.

Proposition 3.25. Every singular surface S(c,d), i.e. with c2 − d2 = 1 and c < 0, is acausal.

Proof. By Proposition 3.10, it is enough to prove the result for S(−1,0). Let pi = S(−1,0)(ti, ui),
i = 1, 2, and suppose that p1 ≤ p2. We will show that p1 = p2. Set

ai = sinh(ti/2), Fi = 1
2(sinh ti − ti), i = 1, 2.

If one of the ti is zero, then the causal condition (5), together with Lemma 3.13, forces both
points to be the origin. We may therefore assume that t1, t2 ̸= 0.

Using the change of variable v = u + t/2, set

S̃(t, v) = S(−1,0)

(
t, v − t

2

)
.

In other words, S̃ is the parametrisation given in (27). If pi = S̃(ti, vi), then applying the boost
B−v1 to both points gives

B−v1p1 = S̃(t1, 0), B−v1p2 = S̃(t2, v2 − v1).

Since boosts preserve the causal order, we may replace p1, p2 by these boosted points. Thus we
assume v1 = 0 and write v = v2 − v1. Then

p1 = (0, 2a1, −F1), p2 = (2a2 sinh v, 2a2 cosh v, −F2).

A direct computation gives

p−1
1 ∗ p2 = (2a2 sinh v, 2(a2 cosh v − a1), F1 − F2 + 2a1a2 sinh v) =: (x, y, z). (28)

By (5), the inequality p1 ≤ p2 implies

a2
1 + a2

2 − 2a1a2 cosh v ≤ 0. (29)

Hence a1a2 > 0, so t1 and t2 have the same sign. The timed rotation (x, y, z) 7→ (x, −y, −z)
preserves the causal order and sends t to −t, so we may assume t1, t2 > 0. Then a1, a2 > 0, and
the first coordinate of p−1

1 ∗ p2 gives v ≥ 0. We now use (29) once more. Since a1, a2 > 0, it
gives

cosh v ≥ a2
1 + a2

2
2a1a2

= 1
2

(max{a1, a2}
min{a1, a2}

+ min{a1, a2}
max{a1, a2}

)
≥ 1.

33



As v ≥ 0 and since s 7→ s −
√

s2 − 1 is decreasing on [1, +∞), this implies

e−v = cosh v −
√

cosh2 v − 1

≤ 1
2

(max{a1, a2}
min{a1, a2}

+ min{a1, a2}
max{a1, a2}

)
−

√
1
4

(max{a1, a2}
min{a1, a2}

+ min{a1, a2}
max{a1, a2}

)2
− 1

= min{a1, a2}
max{a1, a2}

.

(30)

Moreover,

F2 − F1 = 1
2(sinh t2 − t2 − sinh t1 + t1) = a2

2 − a2
1 − 1

2
(
t2 + e−t2 − (t1 + e−t1)

)
≤ a2

2 − a2
1 whenever t1 ≤ t2,

(31)

because t 7→ t + e−t is increasing on [0, +∞). By (5) and (28), we find that

0 ≥ 1
4(−x2 + y2 + 4|z|) = a2

1 + a2
2 − 2a1a2 cosh v + |F1 − F2 + 2a1a2 sinh v|

≥ a2
1 + a2

2 − 2a1a2 cosh v + F1 − F2 + 2a1a2 sinh v

= a2
1 + a2

2 − 2a1a2(cosh v − sinh v) + F1 − F2

= a2
1 + a2

2 − 2a1a2e−v + F1 − F2.

(32)

Using (30) and (31), if t1 ≤ t2, the last term is at least a2
2 − a2

1 + F1 − F2 ≥ 0. If t2 ≤ t1,
it is at least a2

1 − a2
2 + F1 − F2 ≥ 0. Therefore, we have −x2 + y2 + 4|z| = 0. Every inequality

in (32) is actually an equality, and therefore equality in the estimates above gives a1 = a2 and
v = 0. Hence t1 = t2 and p1 = p2, so no two distinct points of S(−1,0) are causally related.

All the surfaces considered here are non-compact and so unbounded. For compact sets,
one can always find a point whose future contains the whole set. It is therefore natural to ask
whether an entire timelike-parameter surface with c > 0 can be contained in the future of a
single point, as happens for hyperboloids in Minkowski space. The answer is negative.

Proposition 3.26. Let S(c,d) be a surface with timelike parameters and c > 0. Then there is
no point p ∈ H such that S(c,d) ⊆ J+(p).

Proof. Since isometries preserve causal futures, Proposition 3.10 allows us to prove the statement
for S(c,0). We first show that S(c,0) is not contained in J+(p(a)), where p(a) = (a, 0, 0) and a < 0.
We consider the curve q(t) = S(c,0)(t, 0), and compute

p(a)−1 ∗ q(t) =
(

cosh t + c − a, sinh t,
1
2(t + (c − a) sinh t)

)
.

Since c − a > 0, and we find that

−x2 + y2 + 4|z| = −(cosh t + c − a)2 + sinh2 t + 2|t + (c − a) sinh t|
= −(c − a)2 − 1 − 2(c − a)e−t + 2t.

This tends to +∞ as t → +∞. By (5), q(t) /∈ J+(p(a)) for all large t, and S(c,0) ̸⊆ J+(p(a)).
Now suppose, for contradiction, that S(c,0) ⊆ J+(p′) for some p′ = (p1, p2, p3). For a → −∞,

we have
p(a)−1 ∗ p′ =

(
p1 − a, p2, p3 − 1

2ap2

)
,
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and
−(p1 − a)2 + p2

2 + 2|2p3 − ap2| → −∞.

Also p1 − a > 0 for a ≪ 0, so (5) gives p′ ∈ I+(p(a)) for a ≪ 0. Therefore J+(p′) ⊆ J+(p(a)),
and hence S(c,0) ⊆ J+(p(a)), contradicting the first part of the proof.

We end this subsection by recording the limiting behaviour as k → +∞ of S(c,0) with c > 0,
when the curvature parameter k is restored.

Proposition 3.27. After the change of variable s = sinh(kt)/k, the surfaces S(c,0), with c > 0,
are parametrized by

Bu

(√
1 + k2s2

k
+ c, s,

1
2k2 arcsinh(ks) + cs

2

)
. (33)

As k → +∞, the parametrisations in (33) converge to

Bu

(
|s| + c, s,

cs

2

)
. (34)

Moreover, as c → 0+, the hypersurfaces in (34) converge to J+(0) \ I+(0).

Proof. With the curvature parameter k, the (c, 0)-surface is parametrized by

Bu

(cosh(kt)
k

+ c,
sinh(kt)

k
,

1
2k

(t + c sinh(kt))
)

.

Setting s = sinh(kt)/k, we have t = k−1 arcsinh(ks) and cosh(kt)/k =
√

1 + k2s2/k, which gives
(33). Since

√
1 + k2s2/k → |s| and arcsinh(ks)/(2k2) → 0 as k → +∞, the parametrisations

converge to (34). For every u, the curve s 7→ Bu(|s| + c, s, cs/2) is horizontal and null on each
of the intervals s > 0 and s < 0, and it is not smooth at s = 0. Thus the limit in (34) is a null
hypersurface.

For fixed c > 0, the profile curve of (34) in the plane y = 0 is obtained from s cosh u + (|s| +
c) sinh u = 0. Hence tanh u = −s/(|s| + c) and with r = 2cs, the corresponding profile is(√

c2 + 2c|s|, 0,
cs

2

)
=
(√

c2 + |r|, 0,
r

4

)
−→

(√
|r|, 0,

r

4

)
as c → 0+. Boosting this limiting profile gives

Bu

(√
|r|, 0,

r

4

)
=
(√

|r| cosh u,
√

|r| sinh u,
r

4

)
.

This parametrizes the set {−x2 + y2 + 4|z| = 0, x ≥ 0}, which is J+(0) \ I+(0) by (5).

3.4. Surfaces of null parameters. We next consider the family of surfaces S(c,d) with null
parameters, that is, those for which c2 − d2 = 0. Equivalently, apart from the degenerate case
(c, d) = (0, 0), we may write c = ωd, where ω ∈ {−1, 1}. In this case the parametrisation (20)
reduces to

S(c,ωc)(t, u) = Bu

(
cosh(t) + c, sinh(t) + ωc,

1
2
(
t − ωce−ωt + ωc

))
. (35)

We have illustrated a surface of null parameter in Figure 3.
As in Propositions 3.6 and 3.10, we first give sufficient conditions for two null-parameter

surfaces to be isometric by either a time-preserving boost or a time-preserving rotation.
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Figure 3: A surface S(c,d) with null parameter.

Proposition 3.28. Let S(c,ωc) and S(c′,ω′c′) be two surfaces with nonzero null parameters. Then
the following hold:

(i) If cc′ > 0 and ω = ω′, then the two surfaces are isometric by a time-preserving boost.
(ii) If cc′ > 0 and ω = −ω′, then the two surfaces are isometric by a time-preserving rotation.

Proof. We first prove (i). Since cc′ > 0, choose α ∈ R such that ceωα = c′, that is, α = ω log(c′/c).
Starting from S(c,ωc)(t, u) = Buγ(c,ωc)(t), make the change of parameters s = t + α, v = u − α.
Then t = s − α, u = v + α, and

S(c,ωc)(s − α, v + α) = Bv+αγ(c,ωc)(s − α)

=
(

cosh(s + v) + c′eωv, sinh(s + v) + ωc′eωv,
1
2
(
s − α − ωc′e−ωs + ωc

))
.

Therefore, we have that

S(c′,ωc′)(s, v) =
(

0, 0,
1
2(α + ωc′ − ωc)

)
∗ S(c,ωc)(s − α, v + α),

proving (i).
We now prove (ii). By Proposition 3.2, a timed rotation sends S(c,ωc) to S(c,−ωc). Since

−ω = ω′ and cc′ > 0, part (i) gives a time-preserving boost from S(c,−ωc) to S(c′,ω′c′). The
composition of these two isometries has time-preserving rotation Lorentz part.

Lemma 3.29. Every surface S(c,ωc) with c ≠ 0 is intersected at most once by any vertical line.

Proof. The first two components of the parametrisation of S(c,ωc)(t, u) are

x = cosh(t + u) + ceωu, y = sinh(t + u) + ωceωu.

Therefore, we get that

x − ωy = cosh(t + u) − ω sinh(t + u) = e−ω(t+u).
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Thus the sum t + u is uniquely determined by the (x, y)-coordinates. Once t + u is known, the
identity

ceωu = x − cosh(t + u)
determines u, because c ≠ 0, and t is also determined. The parameters (t, u), and hence the
z-coordinate of the point on the surface, are uniquely determined by (x, y). Thus no vertical
line can meet the surface more than once.

The presence of vertical lines gives an isometry invariant that distinguishes the degenerate
null surface from all other null-parameter surfaces.

Corollary 3.30. The surface S(0,0) is not isometric to any surface S(c,ωc) with c ̸= 0.

Proof. When c = 0, the parametrisation reduces to

S(0,0)(t, u) =
(

cosh(t + u), sinh(t + u), t

2

)
.

Hence S(0,0) is the vertical cylinder over the hyperbola x2 − y2 = 1, x > 0. In particular, it
contains, for every a ∈ R, the vertical line

{(cosh a, sinh a, z) : z ∈ R}.

By Theorem 2.1, the first two components of every isometry of H are independent of the
z-coordinate. Thus vertically aligned points are sent to vertically aligned points. If S(0,0) were
isometric to a surface S(c,ωc) with c ̸= 0, the image surface would contain a vertical line. This
contradicts Lemma 3.29.

We now describe the characteristic set of the null-parameter surfaces, in parallel with
Propositions 3.4 and 3.12.

Proposition 3.31. The characteristic set of a surface S(c,ωc) with null parameters is non-empty
if and only if c < 0. In this case, set

t∗ = ω log(−2c), z∗ = 1
2
(
t∗ − ωce−ωt∗ + ωc

)
.

Then the characteristic set is the open half-line

{(s, −ωs, z∗) : s > 0}.

In particular, it is a horizontal null curve.

Proof. As in the proofs of Propositions 3.4 and 3.12, it is enough to work at u = 0. Since
∂tS(c,ωc) is horizontal by construction, a point is characteristic precisely when ∂uS(c,ωc) is also
horizontal. Setting d = ωc in (23), this condition becomes

1 + 2c
(
cosh t − ω sinh t

)
= 0, that is, 1 + 2ce−ωt = 0.

This equation has a solution if and only if c < 0, and in that case the unique solution is
t∗ = ω log(−2c). Set η = cosh(t∗) + c. Then

η = 1
−4c

> 0, sinh(t∗) + ωc = −ωη.

Substituting t = t∗ in the parametrisation gives

S(c,ωc)(t∗, u) = Bu(η, −ωη, z∗) =
(
ηe−ωu, −ωηe−ωu, z∗).

Since s = ηe−ωu ranges over (0, +∞), the characteristic set is exactly {(s, −ωs, z∗) : s > 0}.
This curve is horizontal and its horizontal velocity (1, −ω) is null.
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Once again, the characteristic set provides a useful isometry invariant.

Corollary 3.32. Let S(c,ωc) and S(c′,ω′c′) be two surfaces with null parameters. If c < 0 < c′,
then the two surfaces are not isometric.

Proof. By Proposition 3.31, the surface S(c,ωc) has non-empty characteristic set, while S(c′,ω′c′)
has empty characteristic set because c′ > 0. Since isometries preserve the horizontal distribution,
they preserve characteristic points. Hence no isometry between the two surfaces can exist.

We now rule out time-inverting isometries between null-parameter surfaces.

Proposition 3.33. There is no time-inverting isometry between any two surfaces S(c,ωc) and
S(c′,ω′c′) with null parameters.

Proof. By Corollaries 3.30 and 3.32, it is enough to consider the cases where either c, c′ < 0, or
c, c′ > 0, or c = c′ = 0.

When c, c′ < 0, the argument is the same as in Corollary 3.5: the characteristic set is, by
Proposition 3.31, a null half-line contained in {x > 0}, while a time-inverting isometry sends
such a half-line eventually into {x < 0}.

Suppose now that c, c′ > 0. By Proposition 3.28, up to composing with time-preserving
boosts, we may reduce to the case S(1,ω) and S(1,ω′). Both surfaces project to the same region
of the Minkowski plane, namely

P = {x2 − y2 > 1} ∩ {x > 0}.

The region P is unbounded only in future timelike directions: along every sequence in P escaping
to infinity, the x-coordinate tends to +∞. A time-inverting Lorentz map sends future timelike
directions to past timelike directions, so its image of P , even after a translation, is unbounded
in the negative x-direction. This cannot equal P , which is contained in {x > 0}.

Finally, when c = c′ = 0, the surface S(0,0) is the vertical cylinder over the future branch
{x2 − y2 = 1, x > 0}. The same asymptotic-direction argument shows that this branch cannot
be mapped onto itself by a time-inverting affine Lorentz transformation of the Minkowski plane.
Thus no time-inverting isometry exists in this case either.

We are able to complete the boost-isometry classification for surfaces with null parameters.

Proposition 3.34. Two surfaces S(c,ωc) and S(c′,ω′c′) with null parameters are isometric by a
time-preserving boost if and only if either cc′ > 0 and ω = ω′, or c = c′ = 0.

Proof. The implication from right to left follows from Proposition 3.28 when cc′ > 0, and is
trivial when c = c′ = 0, since then both parametrisations give the same surface S(0,0).

Conversely, suppose that the two surfaces are isometric by a time-preserving boost. By
Corollaries 3.30 and 3.32, and after possibly exchanging the two surfaces, either c = c′ = 0, or
cc′ > 0. It remains to prove, in the second case, that ω = ω′.

Assume first that c, c′ < 0. By Proposition 3.31, the characteristic set of S(c,ωc) is a null half-
line with direction (1, −ω) in the Minkowski plane, and similarly for S(c′,ω′c′). A time-preserving
boost preserves each future null direction. Since isometries preserve characteristic points, the
two directions must agree, and therefore ω = ω′.

Assume now that c, c′ > 0. By Proposition 3.28, after composing with time-preserving
boosts we may reduce to the case of S(1,ω) and S(1,ω′). Since the surfaces are boost-invariant,
any time-preserving boost between them can then be reduced to a left translation. Both surfaces
project to

P = {x2 − y2 > 1} ∩ {x > 0}.
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The only translation of the Minkowski plane preserving P is the trivial one and therefore the
left translation must be vertical.

On S(1,ω), the quantity r = x2 − y2 satisfies r = 1 + 2e−ωt. The z-coordinate, as a function
of r > 1, is

zω(r) = ω

2

(
− log

(
r − 1

2

)
− r − 1

2 + 1
)

.

In other words, S(1,ω) is the graph over P given by S(1,ω) = {(x, y, zω(x, y)) : (x, y) ∈ P}, and
similarly for S(1,ω′). If a vertical translation Tλ(x, y, z) = (x, y, z + λ) sent S(1,ω) to S(1,ω′), then
zω(x, y) + λ = zω′(x, y) for every (x, y) ∈ P , so zω′ − zω would be constant on P . This is
impossible when ω′ = −ω, since then zω′ = −zω and zω is not constant. Thus ω = ω′.

We also obtain the corresponding classification under time-preserving rotations.

Proposition 3.35. Two surfaces S(c,ωc) and S(c′,ω′c′) with null parameters are isometric by a
time-preserving rotation if and only if either cc′ > 0 and ω = −ω′, or c = c′ = 0.

Proof. Assume first that cc′ > 0 and ω = −ω′. By Proposition 3.2, a timed rotation sends
S(c,ωc) to S(c,−ωc). Since −ω = ω′, Proposition 3.34 gives a time-preserving boost from S(c,−ωc)
to S(c′,ω′c′). The composition is a time-preserving rotation. If c = c′ = 0, then both paramet-
risations give the same surface S(0,0), and this surface is invariant under the timed rotation.

Conversely, suppose that S(c,ωc) and S(c′,ω′c′) are isometric by a time-preserving rotation.
Composing this isometry with the timed rotation (x, y, z) 7→ (x, −y, −z), which sends S(c′,ω′c′)
to S(c′,−ω′c′), gives a time-preserving boost from S(c,ωc) to S(c′,−ω′c′). By Proposition 3.34, either
c = c′ = 0, or cc′ > 0 and ω = −ω′.

We now discuss the causal behaviour of null-parameter surfaces, starting with the case c ≥ 0.

Proposition 3.36. Every surface S(c,ωc) with c ≥ 0 is acausal. In particular, it is achronal.

Proof. We first consider c = 0. In this case

S(0,0)(t, u) =
(

cosh(t + u), sinh(t + u), t

2

)
,

so the surface is the vertical cylinder over the future branch {x2 − y2 = 1, x > 0}. If two points
of this surface were joined by a causal curve, then their projections would be joined by a causal
curve in the Minkowski plane with endpoints on this hyperbola. Since the future branch is
acausal in the Minkowski plane, the projected curve must be constant. But a future-directed
causal curve with constant x-coordinate is constant, so the two points coincide.

Now let c > 0. By Proposition 3.28, it is enough to prove the claim for S(1,ω). Put r = x2 −y2

and define, on P = {r > 1, x > 0},

Fω(x, y, z) = z − ω

2

(
− log

(
r − 1

2

)
− r − 1

2 + 1
)

.

The surface S(1,ω) is contained in the zero level set of Fω. A direct computation gives

X(Fω) = −1
2

(
y − ωx

r + 1
r − 1

)
, Y (Fω) = 1

2

(
x − ωy

r + 1
r − 1

)
,

and therefore
g
(
gradH Fω, gradH Fω

)
= − r2

(r − 1)2 < 0.
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Thus gradH Fω is timelike and has fixed time orientation on P .
Suppose, for contradiction, that two points of S(1,ω) are joined by a non-constant future-

directed causal curve γ. Its projection to the Minkowski plane is future-directed causal. Since
P = {r > 1, x > 0} is future-closed in the Minkowski plane, the projected curve stays in P , so
Fω ◦ γ is defined. Moreover

d

dt
(Fω ◦ γ)(t) = g

(
gradH Fω, γ̇(t)

)
has a fixed non-zero sign wherever γ̇ ≠ 0, because both gradH Fω and γ̇ are causal and gradH Fω

is timelike. Hence Fω ◦ γ is strictly monotone. This contradicts the fact that it vanishes at both
endpoints. Therefore no two distinct points of S(1,ω) are causally related.

In contrast, the null-parameter surfaces with c < 0 contain chronologically related points.

Proposition 3.37. Every surface S(c,ωc) with c < 0 is not achronal.

Proof. Since achronality is invariant under isometries, Proposition 3.28 allows us to prove the
claim for S(−1,−1). By (35), its parametrisation is(

cosh(t + u) − eu, sinh(t + u) − eu,
1
2
(
t + e−t − 1

))
.

The curve obtained by taking t = 0 is

γ(a) = (− sinh a, − cosh a, 0).

We also consider the curve on the surface with y = 0. Writing s = eu, it is parametrised by

σ(s) =
(

As, 0,
1
2Bs

)
, s > 0,

where
As =

√
1 + s2 − s, Bs = log

(
1 +

√
1 + s−2

)
+ 1

1 +
√

1 + s−2
− 1.

A direct computation gives

γ(a)−1 ∗ σ(s) =
(

sinh a + As, cosh a,
1
2(Bs − As cosh a)

)
.

For fixed s > 0 and a sufficiently large, the x-coordinate is positive and Bs − As cosh a < 0.
Therefore, using (5),

−x2 + y2 + 4|z| = 1 − A2
s + 2Ase−a − 2Bs −→ 1 − A2

s − 2Bs as a → +∞

As s → 0+, we have As → 1 and Bs → +∞, so the last limit tends to −∞. Hence we may
choose s > 0 sufficiently small, and then a > 0 sufficiently large, so that

γ(a)−1 ∗ σ(s) ∈ I+(0).

By left-invariance, this means γ(a) ≪ σ(s). Thus the surface contains chronologically related
points, and is not achronal.

We conclude the classification of the surfaces with non-zero horizontal mean curvature by
showing that surfaces whose parameter vectors have different causal characters are not isometric.
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Proposition 3.38. Let S(c,d) and S(c′,d′) be two surfaces with non-zero horizontal mean
curvature. If the parameter vectors (c, d) and (c′, d′) have different causal characters, then the
two surfaces are not isometric.

Proof. Isometries preserve regularity and characteristic sets. In particular, a singular surface of
timelike parameters cannot be isometric to a regular surface of spacelike or null parameters, by
Proposition 3.15. We may therefore restrict to regular surfaces.

First suppose that one surface has spacelike parameters. By Proposition 3.4, its characteristic
set is one horizontal null half-line. A regular surface of timelike parameters has characteristic
set either empty or equal to two disjoint half-lines, by Proposition 3.12. Hence a surface of
spacelike parameters cannot be isometric to a surface of timelike ones.

It remains, in the spacelike case, to compare with null parameters. If the surface of null
parameters has empty characteristic set, then the characteristic set already distinguishes the
two surfaces. Otherwise both characteristic sets are single half-lines starting from the z-axis.
Then any isometry between them must have vertical translation part, and the Lorentz part
preserves the function

f(x, y, z) = x2 − y2.

Thus the image of each surface under f would have to be the same. This is impossible: after
reducing the surface of spacelike parameters to S(0,d), we have

f(S(0,d)(t, u)) = 1 − d2 − 2d sinh t,

which ranges over all of R, while for a nonzero surface of null parameters S(c,ωc),

f(S(c,ωc)(t, u)) = 1 + 2ce−ωt,

whose image is bounded on one side by 1.
Finally consider a regular surface of timelike parameters and a surface of null ones. If their

characteristic sets are not both empty, they are distinguished by Propositions 3.12 and 3.31.
Thus we only have to consider the case in which both are empty. By Propositions 3.10 and 3.28,
we may reduce to a surface of timelike parameters S(c,0) with c > 0 and to S(1,ω). Their
projections to the (x, y)-plane are, respectively,

{x2 − y2 ≥ (c + 1)2} ∩ {x > 0}, {x2 − y2 > 1} ∩ {x > 0}.

A sub-Lorentzian isometry acts on the (x, y)-plane by a Lorentz map followed by a translation.
The Lorentz part preserves x2 − y2, and a translation is a homeomorphism. It cannot send a
projected region with boundary to one without boundary. Hence the surface of timelike and
null parameters are not isometric.

3.5. Maximal surfaces. We now consider the zero-curvature case k = 0, which gives the
boost-invariant maximal surfaces. Recall that, by Proposition 3.1, these surfaces are obtained
by horizontally lifting spacelike lines in the Minkowski plane and then applying the boost action,
and their parametrisation S(ε,α,β) was given in (21). A plot of a typical maximal surface is given
in Figure 4.

We first show that it is not restrictive to assume that ε = 1, since changing the sign of ε
produces an isometric surface via a timed rotation.

Proposition 3.39. For every α, β ∈ R, the maximal surfaces S(1,α,β) and S(−1,α,β) are isometric.
More precisely, they are isometric both by a time-preserving rotation and by a vertical translation.
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Figure 4: A maximal surface.

Proof. By Theorem 2.1, the map A(x, y, z) = (x, −y, −z) is a time-preserving rotation. Since
A ◦ Bu = B−u ◦ A, and

A
(
γ(1,α,β)(t)

)
=
(

sinh(β)t + α, − cosh(β)t, −α

2 cosh(β)t
)

= γ(−1,α,β)(t),

we get
A
(
S(1,α,β)(t, u)

)
= B−uγ(−1,α,β)(t) = S(−1,α,β)(t, −u).

Thus A
(
S(1,α,β)

)
= S(−1,α,β).

As for the vertical-translation statement, consider the vector p = (0, 0, −α2 cosh(β) sinh(β)).
Since p is vertical, left translation by p only changes the z-coordinate and commutes with boosts.
Thus

p ∗ S(1,α,β)(t, u) = Bu

(
sinh(β)t + α, cosh(β)t, α

2 cosh(β)
(
t − 2α sinh(β)

))
. (36)

Making the change of parameters

s = −t + 2α sinh(β), v = u + 2β,

so that t = −s + 2α sinh(β), u = v − 2β, (36) becomes

Bv−2β

(
α cosh(2β) − s sinh(β), α sinh(2β) − s cosh(β), −α

2 cosh(β)s
)

.

Since Bv−2β = BvB−2β, the addition formulae give

p ∗ S(1,α,β)(t, u) = Bv

(
α + s sinh(β), −s cosh(β), −α

2 cosh(β)s
)

= S(−1,α,β)(s, v).

Therefore p ∗ S(1,α,β) = S(−1,α,β).

In Corollary 3.42, we will see that changing the sign of ε does not affect whether an isometry
between two maximal surfaces can be chosen to be a boost or a rotation. We therefore work
from now on with ε = 1. We next describe the characteristic sets of these surfaces.

Proposition 3.40. If α = 0, the regular part of S(1,α,β) has empty characteristic set. If α ̸= 0,
then the characteristic set is the disconnected union of the two half-lines{(

sgn(α)s, ω sgn(α)s,
ωα2

4
(
e2ωβ + 1

))
: s > 0

}
, ω ∈ {−1, 1}. (37)

With the parameter s increasing, these half-lines are future-directed if α > 0 and past-directed if
α < 0.
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Proof. As in Propositions 3.4, 3.12 and 3.31, it is enough to work at u = 0. At points where the
tangent plane is defined, ∂tS(1,α,β) is horizontal by construction and thus characteristic points
are exactly those for which ∂uS(1,α,β) is horizontal. By (21), we have that

∂uS(1,α,β)(t, 0) = (t cosh β, α + t sinh β, 0).

Thus, as in (23), the horizontality condition is

t cosh β = ω
(
α + t sinh β

)
, ω ∈ {−1, 1},

and hence
tω = ωαeωβ.

If α = 0, the only solution is t = 0, and (21) gives S(1,0,β)(0, u) = (0, 0, 0) for every u. This
is a singular point of the parametrisation, see the proof of Proposition 3.3, and there are no
characteristic points.

Suppose now that α ̸= 0. Substituting t = tω into (21) gives

S(1,α,β)(tω, u) = Bu

(
α

2
(
e2ωβ + 1

)
,

ωα

2
(
e2ωβ + 1

)
,

ωα2

4
(
e2ωβ + 1

))

=
(

α

2
(
e2ωβ + 1

)
eωu,

ωα

2
(
e2ωβ + 1

)
eωu,

ωα2

4
(
e2ωβ + 1

))
,

(38)

where in the second equality we used Bu(a, ωa, z) = (aeωu, ωaeωu, z). Since

s = |α|
2
(
e2ωβ + 1

)
eωu

ranges over (0, +∞) as u ranges over R, (38) is exactly the half-line in (37). Its horizontal
velocity is sgn(α)(1, ω), which is future-directed when α > 0 and past-directed when α < 0.

We now give the isometry classification for maximal surfaces.

Proposition 3.41. Two maximal surfaces S(1,α,β) and S(1,α′,β′) are isometric if and only if

|α| cosh β =
∣∣α′∣∣ cosh β′.

Moreover, if αα′ ̸= 0, then any isometry between them is time-preserving when αα′ > 0, and
time-inverting when αα′ < 0.

Proof. We first treat the singular case. If α = 0, then the image of S(1,0,β) is independent of β
by Proposition 3.3. If α′ ̸= 0, then S(1,α′,β′) is regular by the same proposition, and it cannot
be isometric to the singular surface.

Assume from now on that αα′ ̸= 0. Suppose first that the two surfaces are isometric. The
isometry must send the characteristic set of the first surface to the characteristic set of the
second one. By Proposition 3.40, the characteristic half-lines are future-directed if α > 0 and
past-directed if α < 0, and similarly for α′. Therefore the isometry is time-preserving when
αα′ > 0, and time-inverting when αα′ < 0.

The closures of the two characteristic half-lines of each surface start on the z-axis. Therefore
the translation part of the isometry must be vertical. Since Lorentz maps and vertical translations
preserve x2 − y2, the maximum value of x2 − y2 on the two surfaces must agree. On S(1,α,β),
this quantity can be computed at u = 0:

x2 − y2 =
(
α + t sinh β

)2 − t2 cosh2 β = −
(
t − α sinh β

)2 + α2 cosh2 β.
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Its maximum is α2 cosh2 β. The same argument for S(1,α′,β′) gives the maximum (α′)2 cosh2 β′.
Hence

|α| cosh β =
∣∣α′∣∣ cosh β′.

Conversely, assume |α| cosh β = |α′| cosh β′. Since (x, y, z) 7→ (−x, −y, z) commutes with
boosts and sends γ(1,α′,β′)(t) to γ(1,−α′,β′)(−t), it maps S(1,α′,β′) onto S(1,−α′,β′). Therefore, after
possibly applying this isometry, it is enough to prove the claim when

α cosh β = α′ cosh β′.

A vertical translation by (0, 0, −(α2 cosh β sinh β)/2) followed by the change of variables

s = t − α sinh β, v = u + β,

sends S(1,α,β) to S(1,α cosh β,0):(
0, 0, −α2 cosh β sinh β

2

)
∗ S(1,α,β)(t, u) = S(1,α cosh β,0)(s, v),

where the first two components are simplified using the addition formulae for cosh(v − β)
and sinh(v − β). Applying the same reduction to S(1,α′,β′) gives the same surface, because
α′ cosh β′ = α cosh β.

For maximal surfaces, fixing the time orientation also determines when boost and rotation
isometries can occur.

Corollary 3.42. Let S(ε,α,β) and S(ε′,α′,β′) be two maximal surfaces. They are isometric by
a time-preserving (respectively, time-inverting) boost if and only if they are isometric by a
time-preserving (respectively, time-inverting) rotation.

Proof. By Proposition 3.39, and possibly taking inverse isometries, S(ε,α,β) can be mapped onto
S(−ε,α,β) both by a time-preserving rotation and by a vertical translation, the latter being a
time-preserving boost.

Suppose, for instance, that S(ε,α,β) is isometric to S(ε′,α′,β′) by a time-preserving boost F .
Let R be a time-preserving rotation sending S(ε′,α′,β′) to S(−ε′,α′,β′), and let V be a vertical
translation sending S(−ε′,α′,β′) back to S(ε′,α′,β′). Then V ◦ R ◦ F is a time-preserving rotation
from S(ε,α,β) to S(ε′,α′,β′).

The converse is identical, with boost and rotation interchanged. The same argument applies
to time-inverting isometries, since the auxiliary maps R and V are time-preserving and therefore
do not change whether the resulting isometry preserves or reverses time orientation.

In the following proposition, we show that all regular maximal surfaces are not achronal.

Proposition 3.43. For every α ̸= 0, the maximal surface S(ε,α,β) is not achronal.

Proof. By Propositions 3.39 and 3.41, and since achronality is invariant under isometries, it is
enough to prove the claim for S(1,α,0) with α > 0, using (21). Setting p = S(1,α,0)(0, 0) = (α, 0, 0),
it is enough to show that the surface intersects I−(p), since then it contains a point chronologically
preceding p. Fix c < 0 and, for u ̸= 0, choose

t(u) = c − α cosh u

sinh u
,
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so that the x-coordinate of S(1,α,0)(t(u), u) is c. Then

S(1,α,0)(t(u), u) =
(

c,
c cosh u − α

sinh u
,

α

2
c − α cosh u

sinh u

)
.

Letting u → −∞, these points converge to

q(c) =
(

c, −c,
α2

2

)
,

so q(c) belongs to the closure of the surface.
We now check that q(c) ∈ I−(p) for |c| > 0 sufficiently large. By left-invariance, this is

equivalent to q(c)−1 ∗ p ∈ I+(0). A direct computation gives

q(c)−1 ∗ p =
(

α − c, c, −α2 + αc

2

)
.

Its x-coordinate is positive because c < 0. Moreover, for c < −α, we have α2 + αc < 0, and

−x2 + y2 + 4|z| = −(α − c)2 + c2 − 2(α2 + αc) = −3α2 < 0.

By (5), q(c)−1 ∗ p ∈ I+(0), and therefore q(c) ∈ I−(p).
Since I−(p) is open and q(c) lies in the closure of the surface, the surface itself intersects

I−(p). Thus it contains a point chronologically preceding p, and is not achronal.

Having studied the singular surfaces with positive mean curvature, we now return to the
singular maximal surface. By Proposition 3.3, all maximal surfaces with parameter α = 0 have
the same image,

Σ0 = {(x, y, 0) : |y| > |x|} ∪ {(0, 0, 0)}.

This image is singular at the origin, for the same topological reason as in Proposition 3.15:
removing the origin separates the two components {y > |x|} and {y < −|x|}. One could ask
whether the singularity can be removed by extending the image near the origin. However, any
smooth extension connecting the two components {y > |x|} and {y < −|x|} would have to
contain points in the missing boundary directions {|y| = |x|}. These directions are null in the
Minkowski (x, y)-plane, since x2 − y2 = 0. Thus such an extension would have null tangent
directions and would no longer be spacelike.

Regular maximal surfaces are never achronal by Proposition 3.43. In contrast, the singular
maximal surface is acausal.

Proposition 3.44. The singular maximal surface Σ0 is acausal.

Proof. Let p = (a, b, 0) and q = (c, d, 0) be two points of Σ0, and suppose that p ≤ q, i.e.
p−1 ∗ q ∈ J+(e). Since

p−1 ∗ q =
(

c − a, d − b,
1
2(bc − ad)

)
,

(5) gives
−(c − a)2 + (d − b)2 + 2|ad − bc| ≤ 0. (39)

We prove that p = q. If p = e, then (5) applied to q forces |c| ≥ |d|, so q = e. The same
argument holds if q = e, so we may assume that both points lie in {(x, y, 0) : |y| > |x|}.

The two points cannot lie in different components of this set. Indeed, suppose without loss
of generality that b > |a| and d < −|c|. Then

|d − b| = b − d > |a| + |c| ≥ |c − a|, and − (c − a)2 + (d − b)2 + 2|ad − bc| > 0,
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contradicting (39).
We therefore assume that p and q lie in the same connected component. Applying the timed

rotation (x, y, z) 7→ (x, −y, −z) if necessary, we may assume b > |a| and d > |c|. Set

R = b + a, S = b − a, R′ = d + c, S′ = d − c.

Then R, S, R′, S′ > 0, and a computation gives

−(c − a)2 + (d − b)2 + 2|ad − bc| = (R′ − R)(S′ − S) +
∣∣RS′ − SR′∣∣

= RS + R′S′ − 2 min{RS′, SR′}.
(40)

Since
min{RS′, SR′} ≤

√
RSR′S′ ≤ 1

2(RS + R′S′),

the quantity in (40) is non-negative, and equality holds only when R = R′ and S = S′. Together
with (39), this forces equality in (40). Thus R = R′ and S = S′, and so a = c and b = d.
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