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ABSTRACT. The Euclidean paradigm that spheres optimize mean curvature variational problems breaks down
in the sub-Riemannian Heisenberg group: neither the Pansu sphere nor the Kordnyi sphere is optimal for
the variational problems associated with the Minkowski and Heintze-Karcher inequalities. Motivated by this
phenomenon, we develop a variational theory for geometric problems driven by the horizontal mean curvature,
focusing on the total mean curvature functional and the related Minkowski inequality. To investigate this
phenomenon, we establish first and second variation formulas for general mean curvature functionals in arbitrary
Riemannian manifolds, and then obtain corresponding formulas in Heisenberg groups through a Riemannian
approximation scheme. We subsequently specialize to the optimization of total mean curvature under area
constraint in the first Heisenberg group, introducing suitable notions of non-characteristic stationarity and
stability. We identify a new one-parameter family of rotationally invariant critical surfaces, which we call
Pansu-Minkowski spheres. Among them, we show that a distinguished member, the optimal Pansu-Minkowski
sphere, emerges as the unique critical point of the Minkowski quotient, and uniquely minimizes it among Pansu-
Minkowski spheres. We prove non-characteristic stability and local minimality of Pansu-Minkowski spheres
under rotationally invariant perturbations, while showing their instability under unrestricted perturbations.

1. INTRODUCTION

In the Euclidean space, the most relevant geometric variational problems driven by mean curvature exhibit
a remarkable rigidity in the shape of their optimal configurations. In their appropriate class of competitors,
the isoperimetric inequality [27], the Minkowski inequality [14, 22, 29], and the Heintze-Karcher inequality
[23, 32, 45, 47] all single out the Euclidean sphere as the unique optimal shape. As we shall see, this Euclidean
paradigm breaks down in a rather unexpected way in sub-Riemannian geometry.

In the sub-Riemannian Heisenberg group H!, the prototypical model of sub-Riemannian [2] and pseu-
dohermitian [8] geometry, the picture is far less understood. Considerable progress has been achieved for
what concerns the isoperimetric problem [33, 30, 31, 25, 40, 44], although it is still unknown whether the
closed, constant horizontal mean curvature surface known as Pansu sphere (Example 3.5) - the unique closed
volume-preserving area-stationary surface - is indeed the isoperimetric set. On the other hand, essentially
nothing is known for more general geometric variational problems driven by the horizontal mean curvature.

In this setting, a general mean curvature driven functional takes the form
(1.1) HTHS) = /Sf (H™) do™.

Here S C H! is a smooth, embedded, closed surface, H™ is its (horizontal) mean curvature, do™ is its
(sub-Riemannian) area element and f : R — R is a smooth function. We refer to Section 2 for the related
definitions. Particularly relevant examples are the (horizontal) area functional, the total (horizontal) mean
curvature and the total inverse (horizontal) mean curvature, defined respectively by

() = / Ao, M) = / o, (M) 7N(8) = [ e do™.
s s s H
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As for the Euclidean case, the homogeneous structure of H! induced by its intrinsic dilations relates the
minimization of such functionals, under suitable geometric constraints, to the validity of the corresponding
sharp geometric inequalities. Precisely, minimizing the total mean curvature under area constraints, i.e.

(1.2) inf {%”H(S) : S is mean convex, 0/t(S) = k}, k>0,
is equivalent to minimizing the (scaling invariant) Minkowski quotient
_2
(1.3) Qink(S) = (07(5)) # A7(5).
Similarly, minimizing the total inverse mean curvature under volume constraints, i.e.
(1.4) inf{(%H)_l(S) : S is strictly mean convex, |Q(S)| = k} , k> 0.

corresponds to minimizing the (scaling invariant) Heintze-Karcher quotient
_ -1
(15) QlL(8) = )7 (™) (9,
where |Q(S)| is the Lebesgue measure of the volume enclosed by S. In turn, sharp lower bounds for (1.3)
and (1.5) would imply (sub-Riemannian analogs of) sharp Minkowski and Heintze-Karcher inequalities.

Beyond the analogy with the Euclidean framework, several reasons suggest that the Pansu sphere, hence-
forth denoted by S1 for further convenience, should play a distinguished role in both optimization problems.
2

Regarding the former problem, (1.3) is the correct first higher-order analogue of the isoperimetric quotient
(L6) QU (S) = 1AS)| "1™ (5).

The underlying conceptual picture is that area describes the first-order behavior of volume, while mean curva-
ture governs the first-order behavior of area. Regarding (1.5), a structural connection with the isoperimetric
problem is suggested by the behavior of (1.6) under evolution by horizontal inverse mean curvature flow.
Loosely speaking, a family of closed embeddings (S%);~¢ evolves by horizontal inverse mean curvature flow if

st 1
1.7 I
(1.7) ot — AT
where v; denotes the horizontal unit normal to S;. Recalling [24] that
d|Q(S? - do™ (St
SN ey o, ) e,

a formal computation combined with the forthcoming Theorem 3.7 yields

% (Q?:op) (8" = ZQ?:OP (St) (Q#k (Sé> _ Qth (St)) .

Were the Pansu sphere the optimal configuration for (1.5), the isoperimetric quotient would be non-decreasing
along (1.7). This perspective is supported by another remarkable fact. The Kordnyi sphere (Example 3.6) -
the boundary of the unit ball associated with the Kordnyi gauge - shares the same Heintze-Karcher quotient of
the Pansu sphere (Theorem 3.8), and is in fact self-similar under inverse mean curvature flow. Finally, since
many approaches to the Euclidean Heintze-Karcher inequality provide effective proofs of the Aleksandrov
theorem [3] both in the smooth [32, 45] and in the measure-theoretic [16] framework, it would therefore
appear natural to expect an analogous phenomenon in the Heisenberg setting.

The first surprising outcome of the present paper is that these intuitions are in fact incorrect.
Theorem 1.1. Neither the Pansu sphere nor the Kordnyi sphere minimizes (1.3) or (1.5).

This fact has several unexpected consequences. First, it exhibits a substantial lack of symmetry in the shape
of optimal configurations for the main geometric variational problems in H'. Moreover, since the Pansu sphere
is non-optimal for (1.5), Theorem 1.1 implies that a possible Heintze-Karcher inequality cannot be used as a
direct tool toward the Aleksandrov theorem in the sub-Riemannian setting. The proof of Theorem 1.1 reveals
an even more striking phenomenon. The Pansu and Koranyi spheres are not merely non-minimizing: they
are not even critical points, neither of the normalized functionals (1.3) and (1.5) (Theorem 3.7, Theorem 3.8),
nor of the associated constrained problems (1.2) and (1.4) (Remark 3.9). The key observation is that (1.3)
and (1.5), while being preserved by intrinsic dilations, are not invariant under Euclidean dilations. This fact
allows one to produce suitable deformations along which both functionals strictly decrease.
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It therefore becomes natural to investigate the structure of the actual equilibrium configurations of these
problems. In the present work, we mainly focus on (1.2). Besides the intrinsic interest of (1.3), this choice
is also motivated by analytical considerations. Indeed, as will become apparent from Theorem 4.2, the total
mean curvature is, together with the area functional, the only mean curvature functional whose linearization
is of zero-order in H™ and whose stability operator remains second-order. Nevertheless, the variational
framework developed in this paper applies to a much broader class of mean curvature driven problems.

The study of geometric variations must account for the singular phenomena arising from the interaction
between the differential and sub-Riemannian structures. Specialized to hypersurfaces, the latter gives rise
to the appearance of the so-called characteristic points. Precisely, denoting by H the underlying horizontal
distribution (Section 2), a point p € S is characteristic when H is tangent to S at p. In the characteristic set
So, the horizontal geometry collapses, and this typically creates substantial analytical difficulties.

Accordingly, to characterize critical points of (1.2), we introduce the notion of non-characteristic variation
(Section 4.1), a smooth variation of the ambient space supported away from a neighborhood of the char-
acteristic set. A fundamental ingredient in the whole variational analysis is the derivation of suitable first
and second variation formulas along non-characteristic variations (Theorem 4.2). We shall return to these
formulas in greater detail later in the introduction.

The natural first-order formulation of (1.2) consists in seeking critical points of the total mean curvature
functionals under non-characteristic variations which preserve the area. In turn, exploiting the first variation
formulas provided by Proposition 4.3 and Proposition 4.4, we show (Proposition 4.8) that this property is
equivalent to the stationarity of the penalized functional

(1.8) PE(S) = H#M(S) — ZLo™(9)
under arbitrary non-characteristic variations, as well as to the validity of the Fuler-Lagrange equation
(1.9) —4(J(W)a+a?) —2H" =0.

In the above formulas, .J is the complex structure of H', so that .J(v) generates the horizontal tangent space
to S (Section 2). Moreover, « is the fundamental function associated with S (Section 2), and % is the
appropriate Lagrange multiplier arising from the area constraint.

Motivated by the symmetries of the Pansu sphere, we look for solutions to (1.9) in the class of rotationally
invariant surfaces (Section 3), which are symmetric with respect to rotations around a distinguished vertical
direction. In this setting, the presence of such a symmetry is quite natural, as vertical rotations act as
isometries on the underlying sub-Riemannian structure [13]. Combining topological arguments with a detailed
analysis of (1.9), in Section 5 we completely characterize the rotationally invariant solutions to (1.9). Precisely,
setting 4L = £, we show that every rotationally invariant solution to (1.9) is obtained by vertical rotation
of the profile curve v, = (xr,t1) : [~ arccos /1 — 2L, arccos /1 — 2L] — R?, where L € (0, %] and

(1.10) . 5
s sin2s 9
tL(S) = m <2 T — (1 — 2L) tans> s
thus obtaining a one-parameter family of rotationally invariant surfaces, say Sy for 0 < L < %, which are

critical points of the total mean curvature along area-preserving non-characteristic variations.

This characterization carries with it a further series of consequences. First, unlike in the Euclidean setting,
where the sphere is the unique equilibrium configuration of the total mean curvature under area-preserving
variations [14, Theorem 5.3], in the Heisenberg group one finds infinitely many critical points. Most notably,

1

one easily realizes (IExample 3.5 and Remark 5.6) that the limiting configuration corresponding to L = 3 is

precisely the Pansu sphere S 1 whence the choice of notation. Surprisingly, although the Pansu sphere fails to
be stationary for s#7 under arbitrary area-preserving variations (Remark 3.9), it is nevertheless stationary
for A7 along non-characteristic area-preserving variations. Thus, characteristic points are not merely a
technical issue, but fundamentally affect the variational landscape. Besides confirming that the Pansu sphere
still plays a role in this variational framework, this phenomenon also reveals a substantial difference with the
sub-Riemannian isoperimetric problem: the Pansu sphere is indeed the unique closed, constant horizontal
mean curvature surface, e.g. among rotationally invariant surfaces [43] or even among competitors with at
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least one isolated characteristic point [44]. Both because of their connection with the Minkowski problem
and because the Pansu sphere itself arises as a limiting configuration within the family, we refer to the above
surfaces as Pansu-Minkowski spheres.

Among Pansu-Minkowski spheres, one particular element nevertheless plays a privileged role. This phe-
nomenon becomes apparent when comparing the constrained stationarity problem associated with (1.2) with
the unconstrained stationarity problem associated with (1.3). Although being equivalent from the viewpoint
of minimization, this equivalence breaks down at the non-characteristic first-order level. Indeed, while every
critical point of er'fink along non-characteristic variations is also stationary for #* along area-preserving
non-characteristic variations (Proposition 4.9), the converse fails in general. More precisely, within the fam-
ily of Pansu-Minkowski spheres, the only surface which is critical for (1.3) is the Pansu-Minkowski sphere
corresponding to L = %. It is therefore not surprising that this configuration plays a distinguished role in

the minimization of the Minkowski quotient: S1 is the unique minimizer of (1.3) within the class of Pansu-

Minkowski spheres. Accordingly, we refer to it as the optimal Pansu-Minkowski sphere, since the above facts
naturally single it out as the primary candidate minimizer for the Minkowski quotient.

FIGURE 1. From left to right, the Pansu-Minkowski sphere for L = %, the optimal Pansu-

Minkowski sphere (L = %) and the Pansu sphere (L = %) The three spheres are rescaled via
intrinsic dilations to have unit sub-Riemannian area.

The next statement summarizes the above considerations.

Theorem 1.2. For any L € (O, %], define vy, as in (1.10). Denote by Sy, its associated rotationally invariant
surface. Let S C H' be a rotationally invariant, closed, mean convex surface. The following are equivalent:
(i) S is a critical point for # 7 along area-preserving non-characteristic variations;
(ii) S is, up to dilations and vertical translations, a Pansu-Minkowski sphere St for some L € (0, %]
Moreover, the following are equivalent:
(iii) S is a critical point for Qgink along non-characteristic variations;
(iv) S is, up to dilations and vertical translations, the optimal Pansu-Minkowski sphere Si'

Finally, the optimal Pansu-Minkowski sphere S 1 minimizes Qﬁmk within Pansu-Minkowski spheres:
1
Ql(St) > (1873, QM (Sr) = (187)5 if and only if L= .

A further natural question concerns the stability of Pansu-Minkowski spheres under non-characteristic per-
turbations. As for the isoperimetric problem [4, 5], the equivalence between the constrained problem (1.2) and
the unconstrained problem associated with (1.8) breaks down at second-order. Exploiting the second variation
formulas established in Theorem 4.2, we show that stability of critical points of s#* under area-preserving
non-characteristic variations is equivalent to stability of critical points of Pz" under non-characteristic vari-
ations which are area-preserving at first-order (Proposition 4.10). Consequently, our analysis is carried out
at the level of the penalized functional PL’L‘. Evaluated at the corresponding critical point Sp,, its second
variation along an arbitrary non-characteristic variation ® is given (Section 6) by

(1.11) §*PI(SL) [®] = 4/
St

In this formula, S is (up to normalization) the unique vector field which completes J(v) to an orthogonal
frame of T'S (cf. Section 2), while ¢ is an appropriate projection of the velocity of ® (Section 4).

(( —SpJ(v)p—L (J(I/)cp)2) + (28 — H* (a2 + 4L2) )g02> do™.
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Within the class of rotationally invariant non-characteristic perturbations, all Pansu-Minkowski spheres
exhibit a much stronger property than mere stability. Indeed, we prove that the quadratic form associated
with (1.11) is uniformly coercive with respect to arbitrary non-characteristic variations. More precisely,

(1.12) 5*PIH(SL)[®] > 4(1 — L)/ (J(w)p)? do™ + 8L(1_2L)/ > do™.
Sp 1-L Jg,

We stress that the above lower bound does not require any first-order area constraint, and is therefore sub-
stantially stronger than standard stability. This is in sharp contrast with more familiar settings. For instance,
Euclidean spheres do not satisfy such a strong stability property for the penalized functional associated with
the Euclidean isoperimetric problem [4]. As a direct consequence of (1.12), all Pansu—Minkowski spheres
locally minimize the total mean curvature under sufficiently small rotationally invariant non-characteristic
perturbations. The above facts can be summarized as follows.

Theorem 1.3. Let L € (0, %] . Let ® be a non-characteristic rotationally invariant variation (Section 6).

Fiz § > 0, and set I1(§) = (—arccos /1 — 2L + §,arccos /1 — 2L — §). Then:
(i) the lower bound (1.12) holds. In particular, Sy is a stable critical point of M along area-preserving,

non-characteristic, rotationally invariant variations;
(i) there exists € = €(0, L) > 0 such that, if p € C°(1(5)) satisfies

o™ (S7) = o™ (S1), lellez2re)) < &
where SY is a (rotationally invariant) horizontally normal graph over Sy, (Section 7), then
AM(S) < M (SY).

The perhaps most surprising phenomenon emerges once rotational symmetry is removed. We show that
Pansu-Minkowski spheres become unstable under general perturbations. Precisely, we construct highly oscil-
latory, first-order area-preserving angular variations along which the second variation of P}f becomes negative.
By Proposition 4.10, this yields instability of Pansu-Minkowski spheres for the constrained problem (1.2).

Theorem 1.4. Let L € (0, %] . There is a non-characteristic first-order area-preserving variation ® such that
§*PI(SL)[®] < 0.
Pansu-Minkowski spheres are then unstable for /€™ along area-preserving non-characteristic variations.

Theorem 1.4 implies that any global minimizer of (1.3), should it exist, cannot be rotationally invariant.
Although sharing analogies with the sub-Riemannian isodiametric problem [26], this unexpected lack of
symmetry casts serious doubts on the very existence - or at least on the uniqueness - of minimizers of (1.3)
(cf. e.g. [9, 12] for similar issues in related settings).

Our analysis leaves several open questions. First, it is tempting to conjecture that the optimal Pansu-
Minkowski sphere is the global minimizer of (1.3) within the class of rotationally invariant surfaces. On
the other hand, although it is plausible that no global minimizer exists outside this symmetric class, these
outcomes suggest that the search for sharp mean curvature driven inequalities requires abandoning symmetry
as a guiding principle. We expect similarly exotic phenomena to arise in connection with the Heintze-Karcher
problem (1.4). Indeed, although the Pansu sphere is not stationary for (1.4) under arbitrary volume-preserving
variations, it nevertheless becomes stationary when one restricts to mon-characteristic volume-preserving
variations (Remark 5.7). It therefore remains somewhat mysterious that the Pansu sphere systematically
emerges in these variational problems, despite not realizing the corresponding optimal configuration.

From the methodological viewpoint, a substantial part of the paper is devoted to the derivation of first
and second variation formulas stated in Theorem 4.2, which we believe may be of independent interest.
We establish them in full generality, considering an arbitrary mean curvature driven functional as in (1.1),
arbitrary non-characteristic variations, and in Heisenberg groups of every dimension. Our approach relies
on a well-established Riemannian approximation scheme [7, 11, 19, 34, 37|, and is carried out in full detail
in Appendix B. This approach, in turn, requires first and second variation formulas for the corresponding
Riemannian analogue of (1.1). Since the available literature mostly addresses special cases - such as particular
functionals [18], restricted classes of variations [21, 36], or additional geometric assumptions on the ambient
manifold [21, 36, 39] - in Appendix A we derive these formulas in full generality, namely along arbitrary
variations and in arbitrary Riemannian manifolds. We hope that this also provides a useful unified reference.
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Plan of the paper. The paper is organized as follows. In Section 2 we collect some preliminaries on Heisen-
berg groups (Section 2.1) and on the geometry of hypersurfaces (Section 2.2). In Section 3 we introduce
rotationally invariant surfaces, discuss their properties (Section 3.1), give some examples (Section 3.2), intro-
duce the relevant functionals (Section 3.3) and prove Theorem 1.1 (Theorem 3.7, Theorem 3.8). In Section 4
we focus on the variation formulas for (1.1). After introducing variations (Section 4.1), we state Theorem 4.2
(Section 4.2) and we specialize it (Section 4.3) to (1.2) (Proposition 4.3, Proposition 4.4), discussing the rel-
evant notions of stationarity (Proposition 4.8) and stability (Proposition 4.10). In Section 5 we characterize
rotationally invariant critical points of (1.2), proving Theorem 1.2. In Section 6 and Section 7 we discuss
their stability, instability and local minimality, proving Theorem 1.3 and Theorem 1.4. In Appendix A we
establish arbitrary Riemannian variation formulas (Theorem A.8). In Appendix B, we prove Theorem 4.2.

Acknowledgments. The authors thank R. Monti, J. Pozuelo, M. Ritoré and D. Vittone for fruitful discus-
sion about the addressed topics. Part of this research was carried out while S. Verzellesi was visiting the
Department of Mathematics at the University of Trento.

2. PRELIMINARIES

2.1. Heisenberg groups. Fix n > 1. The n-th Heisenberg group (H",-) is R?"*! with the group law

n
(2.1) pp = (xyt) (@, 0) = [z+2 y+ o t+0+ ) (@y —2)) |
j=1

where p = (z,y,t) = (1,...,Zn,Y1,---,Yn,t). This group law realizes H" as stratified Lie group. Its
horizontal distribution H is generated by the left-invariant vector fields

0 0 0 0

Zi=X; = — = i =Y = — — Ti— i1=1,...,n.
7 1 81‘1 +yzat7 n+1 1 ayz Zata ) ’
A vector field which is tangent to H at every point is called horizontal. Setting Zop,y1 = T = %, then
Z1, ..., Zont1 is a global frame of left-invariant vector fields. We may identify a point p € H" with
2n+1

Z ijj(p) S TpHn.
i=1

The only nontrivial commutation relations among 71, ..., Za,+1 are
[X.,Y;] =—2T, i=1,....,n
The complex structure J : I'(TH") — T'(TH") is the unique C°*°(H")-linear map which satisfies
J(Xi) =Y, JY;)=-X;, and J(T)=0, i=1,...,n
The triple (H", #, J) is a prototypical pseudohermitian manifold (cf. [10, Appendix]). Moreover, H" inherits

a sub-Riemannian structure by fixing the unique Riemannian metric (-,-) making Xi,..., X, Y1,...,Y,, T
orthonormal. The pseudohermitian connection V (cf. [41]) is the unique metric connection with torsion
(2.2) VaB - VBA — [A,B] =2(J(A),B)T, A,B e I'(TH").

We recall that V vanishes along left-invariant vector fields (cf. [40]), i.e.

(2.3) VZ:;=0, i=1,....2n+1.

In addition, H" carries a homogeneous structure provided by intrinsic dilations (cf. [6]). Namely, we set
ox(z,y,t) = Az, Ay, \%t) for every A > 0, (x,y,t) € H".

In this way, J) is a Lie group isomorphism of H" for any A > 0. The Riemannian volume induced by (-,-) is

the Haar measure of the group, i.e. the standard Lebesgue measure. It satisfies the homogeneity condition
16x(E)| = \?|E| for every £ C H" measurable, A > 0,

where @ := 2n + 2 is known as homogeneous dimension of (H",-) (cf. [46]). Therefore, the Riemannian
divergence induced by (-, -) is the Euclidean divergence, and can be computed by

=1

2n+1 . 2n+1 '
(2.4) div A = div (Z AZZZ) =Y ZA,  AcT(TH").
=1
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2.2. Hypersurfaces. Let S C H" be a smooth, connected, embedded, two-sided hypersurface. If S is
closed, we denote by €2(S) the boundary region it encloses. Recall that p € S is called a characteristic point if
H, = T,S. The set of characteristic points of S is denoted by Sp. At non-characteristic points, the horizontal
tangent space HT'S is the smooth, (2n — 1)-dimensional distribution defined by

NHT,S =H,NT,S, peS\Sp

Denote by N the Riemannian unit normal to S, and by N* its orthogonal projection onto . Then, the
horizontal unit normal

N’H
N
is well-defined on S'\ Sy, and is the unique, up to sign, horizontal unit vector field orthogonal to HT'S. Notice
that p is a characteristic point if and only if [N*| = 0. Close to every non-characteristic point, it is always
possible to extend v to a full neighborhood in H" by setting

(2.5) v =V,

v

where d is the signed Carnot-Carathéodory distance from S (cf. [20, 41]). Henceforth, v is always extended
as in (2.5). The fundamental function « is defined on S\ Sp as the unique smooth function such that

S=T—-avel(TS).
It is known (cf. [20, 35]) that a = T'd, and moreover
(2.6) Vv =—=2aJ(v).
Denote by H'T'S the distribution defined by
H'T,S = HT,SNJ(HT,S), p e S\ So.

Then, H'TS is a (2n — 2)-dimensional sub-bundle of HT'S, and the latter can be orthogonally decomposed as
HTS = H'TS & span J(v). Notice that, in the first Heisenberg group, H'T'S = {0}. It is easy to check that

1 fe! (N,T)

e I/—|— s o = .
Vita?  V14a? IN*|

The horizontal second fundamental form h* and the symmetric horizontal second fundamental form (cf.
20, 41]) h™ are defined on S\ Sy respectively by

h(A,B) + h*(B, A)

(A, B) = (A*(A),B),  A*(A,B):= 5 ., A,BecT(HTS),
where AM(A) := Vov is the horizontal shape operator. The forms h* and h* are related (cf. [20]) by
(2.7) WY(A,B) =h"(A,B)+a(J(A),B), A,Bel(HTS).

The horizontal mean curvature is then defined on S\ Sy by
H™ = trace h™ = trace h™.
It is well-known that

1
Hgf(s)(fs,\(p)) 1\

We say that S is minimal if H™* =0 on S\ So, mean convez if H™ > 0 on S\ Sy, and strictly mean conver
if H* > 0 on S\ Sp. Finally, the relevant sub-Riemannian surface measure ¢’ is defined (cf. [15, 28]) by

1
(2.8) He g
V1+a?

where o is the Riemannian surface measure induced by (-,-). Again, o7 satisfies the homogeneity property

oM (6,(9)) = N9 167 (S).

H¥®p), peS\So,A>0.

The tangent pseudohermitian connection V*° is the affine connection defined on S by

VaAB =VaB — (VaB,v)y, A,BeTl(HTS).
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Let Eq, ..., Eg9,_1 be any local orthonormal frame of HT'S. If p € C*°(S\ Sy) and A € T'(HTS) is supported
in S\ Sp, the horizontal tangential gradient of ¢ and the horizontal tangential divergence of A are defined by

2n—1 2n—1
Vo= 3" (BB, divS A=Y (VEAE).
=1 i=1

The horizontal tangential Laplacian and the modified horizontal tangential Laplacian are then defined by
AMS o = divitS vHS ) A5 = A5 1 200 (1) .

Finally, we denote by J the horizontal Jacobi operator
(2.9) THo = —AMSy (Wﬂ? 4T () + (2n + 2)042) . e C®(8\ So).

Unlike A5 (cf. [15]), both A®S and J* are self-adjoint on C2°(S'\ So) (cf. Proposition B.10).

3. ROTATIONALLY INVARIANT SURFACES

3.1. Definition and properties. We specialize Section 2.2 to rotationally invariant surfaces in H'. A rota-
tionally invariant surface S is, by definition (cf. [43]), a surface which is invariant under rotation around the
t-axis. In particular, S\ {(0,0,¢)} can be smoothly parametrized, up to removing a meridian, by the map

P(s,0) = (x(s)cosb,x(s)sinb,t(s)), sel, e (0,2m),

where I C R" is an open, possibly unbounded, interval, and v(s) = (z(s), t(s)) is a smooth, regular, embedded
curve in R?, parametrized counterclockwise and such that 2 > 0. The latter is known as the profile of S. The
parametrization P induces local coordinates (s, ) on S. The tangent space of S at P(s,0) is generated by

95 Ds| g " 9z T4 P X + d(s) sin Y T

95 Ds oo () COSQaw + (s )5111198 +1(s )8t z(s) cosOX + x(s)sin Y + t(s)T,
1 ’

39_89(879)_ z(s)sin b2 +z(s) cos 9y z(s)s z(s) cos z(s)?T.

In particular,
1

N = N T OO DL ((£(s) cos 8 — z(s)i(s) sin @) X + (i(s)sind + z(s)@(s) cos0) Y — i(s)T),
so that
& | = VP 2G PGP

VA + 2(5)2)i(s)? + £(s)2

By (3.2), we conclude that S\ {(0,0,%)} is non-characteristic. On the other hand, every possible intersection
between S and the vertical axis is a characteristic point of S. In conclusion, Sy = SN {(0,0,¢)}. Therefore,
by our previous computations, we deduce that, on S\ Sp,

(3.3) a=— j;(s)

Vi(s)? + x(s)%i(s)?

t(s) COSH—:E( )&(s) sin (s )sm@—l—ac( )& (s) cosé
3.4 V= X
. ( t(s)* + x(s)?a(s)? ) " ( Vi(s) (s)22(s)? )

(3.5) ( Sm9+fﬂ w(szco ) ( COS@—:L‘S):U( sln9>Y7
i(s)

=

w(s)%i(s) t(s)? +w(s)%d

s)t COSH—:E (5)i(s)? sin #(s)t(s)sinf + x(s)i(s)? cosf
0 5( Torrsmor )X (e )Y

For further convenience, it is useful to express J(v) and S in local coordinates.
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Lemma 3.1. It holds that, on S\ Sp,

- 2(s) a f(s) 9
(3.7) J(v) = <\/t-(8)2 +x(8)2i(8)2> ds <x(s)\/t(8)2 +x(s)2w(8)2> o0
- i(s) o i(s)? 9
(3.8) S = (i(s)Q + 2(s)2i(s)? ) s ( i(s)2 +$(8)255(5)2> 96

Proof. Let a1, as be such that J(v) = a1% + ag%. Then

I )_alé) +a28 (3.1)

0s 00
Therefore, comparing (3.5) with (3.9),

(3.9)

a1 cos bl — agx sin 0

(3.10) a12sin @ + asx cos b

a1f + a2:p2

=’ (a1@ cosf — agxsin 0) X + (a14sin @ + asw cos §)Y + (ait + ang)T.

tsin f 4+ xi cos O

V2 + 2242

tcosf — xisiné

V2 + 2242

0.

By the third equation of (3.10), and since x # 0 on S\ Sp,

a1Z cost —asxrsinf = a; <

a1Zsinf + asx cosf = aq <

Therefore

al (mc cos @ + tsin 9)

al (xx sin § — £ cos 9)

Since either (J(v), X) # 0 or (J(v),

0 0 (3.1
(3.11) S = 8 + bo— 50
Therefore, comparing (3.6) with (3.11),

b1z cosf — byx sin b

(3.12) b1z sin 6 + byx cosd

bit + byx?
By the third equation of (3.12),

b1z cos@ — boxrsinh = by (

b1z sin @ + byx cosf = by <

Therefore,

by (xx cosf + tsin 9)

by (a:m sin @ — £ cos 9)

Arguing as above, (3.8) follows.

2 - 1232
V12 4+ 2242

Y) #0, (3.7) follows. Let by, by be such that S = 61% + bg%. Then

xdcos @ + tsin b

)
)

(m'c cos ) + tsin 9) ,

X

xisinf — tcosb

T

xT

(m’c sin@ — t cos 9) .

) (byd cosf — boxsin 0) X + (byisin @ 4 box cos 0)Y + (byf + box?)T.

it cos — xi? sin O
12 4 242

Ztsin6 + z42 cos 6
12 4+ 2242

)

1.

xicos® + tsinf sin 6
T T
xisinf — fcosf +cos€
x x
t . -
m(wwcosﬁ—i—tsm&),
t .
m($i’51n9—tC050).
23
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Next, noticing that

(2 2N (22N (22 L (o +io) o160 2(6)") (667

and recalling that = > 0, we deduce

do = 2(s)\/ (1 + 2(s)2) i(s)? + i(5)* ds do),

hence
(3.13) do™ LD 4(5), i(s)? ()2 ds df.
If S is closed, the divergence theorem yields
(s) = ;/ﬂdiv (@X +yY) dC® = /S(a: (N, X) +y (N,Y)) do| = = /Ix(s)Qi(s) ds| .
In particular, when ¢ > 0 on I,
(3.14) |2(9)] = W/Ix(s)zi(s) ds.

Finally, the horizontal mean curvature of rotationally invariant surfaces can be expressed as follows (cf. [43]).
Lemma 3.2. [t holds that, on S\ Sp,

2(s)3(i(5)f(s) — #(s)i(s)) + (s)°
(3.15) HM =
2(s) (w(s)2i(s)? + i(s)2) >

Proof. Notice that

= (Vs J0)) =) (), X) JW) (1, X) + (T (), V) Jw) (1, Y).
It suffices to show that

x(s)*(#(s)i(s) — i (s)i(s)) +4(s)°
(3.16) J(v) (v, X) = ( : ) (J(v), X},
x(s) (t(s)2 + x(s)Qm(s)2)3/2
x(s)*(#(s)t(s) — d@(s)t(s)) +£(s)°
(3'17) J(V) <V7Y> = ( . ) <J(V)7Y>
2(s) ((s)? + 2(5)%(5)%) "
Indeed,
7 4),(3 90 [tcosf — xasinf t.a tcosf — xdsin @
X N e (o () i s
pEC 1‘21'2 2) (—2* ((cosf — 32 sin 0 — zi sin 0) (£ + 2%3%) — (fcos§ — @ sin 0)(H + zd® + 2°2%)))

—tsinf — 2 cos ) (£* + 22i?))

(2 + x2x2)2>

2352 sin 0 — 2%t cos O + 2 @it cos O — 3 ittsin O — 4 sin @ — zaf> cos 0)

(—tsin@ — xi cos ) (z° (it — &t) + %)

(
()
(s )

(2 +:L‘2x2 2

), x) ( (et - ) +f3> ,
(2 + 22i2)2

which is (3.16). Finally, (3.17) follows by a similar computation. O
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3.2. Examples. We collect some relevant instances of rotationally invariant surfaces.
Example 3.3. (Horizontal plane) The horizontal plane is the rotationally invariant surface S = {(x,y,t) €
R3 | t = 0}. Its profile is the curve « : (0, 00) — R? given by
(s) = (5,0).
The horizontal plane is a simple instance of minimal surface with characteristic points, because Sp = {0}.

Example 3.4 (Vertical cylinder). The vertical cylinder S = {(z,y,t) € R? | 22 +y?> = 1,t € R} has profile
v : R — R? given by

7(3) = (17 S)'
It is a non-characteristic surface with constant horizontal mean curvature H™ = 1.

Example 3.5 (Pansu sphere). The Pansu sphere is the closed surface with profile 7 : (0,27) — R? given by

s\ 1
~v(s) = (sin <§> ' (s —sin(s) — 7r)> )
The Pansu sphere has two characteristic points, Sy = {(O, 0, —%) , (O, 0, %)} , and it has constant horizontal
mean curvature H” = 2. Up to intrinsic dilations, it is the unique rotationally invariant closed surface of
constant horizontal mean curvature of class C? in H! (cf. [43]). For further convenience, we point out that
the profile of the Pansu sphere can be equivalently parametrized by = : (—%, ”) — R2, where

~(s) = <cos(8), S Sirf) . 2

Example 3.6 (Koranyi sphere). The Korédnyi sphere is the 1-level set of the Kordnyi norm

1

Iy, 0l = (22 +52)" +482)

It is a closed, rotationally invariant surface such that Sy = {(0,0, —%) , (0,0, %)}, and its profile can be
parametrized by 7 : (—%, g) — R2, where

2

3.3. Functionals driven by horizontal mean curvature. By means of (3.13) and (3.15), functionals
driven by the horizontal mean curvature of rotationally invariant surfaces are essentially one-dimensional.
Precisely, the (sub-Riemannian) area functional reads as

oM(S) = 27r/af\/ 2 + 2232 ds,
I

while the (horizontal) total mean curvature and total inverse mean curvature have the form

3 _ i i3 2 (2 2,:2)2
zo(xt — xt) + ¢ -1 o (t° 4+ 27
%H(S) = 27r/ ( ) ds, (%H) (S) = 27T/ ( ) ds.
1 24 x?d? 1 w3(at — it) + 3
As already mentioned in the introduction, the above two quantities gain a geometric meaning provided that
S is, respectively, mean convex and strictly mean convex. Exploiting the particular shape of the functionals,
we begin by showing that Pansu spheres are critical points neither for (1.3) nor for (1.5).

+(s) = (ﬁ “) |

Theorem 3.7. For any R > 0, let ST be the rotationally invariant surface whose profile v% : (0,2m) — R? is

R (s) = <R sin (5), 7 (s — sins - Tr)) .

Then ST is a closed, strictly mean convex surface. Moreover,

2 d 2
(3.18) Qi (81) =23, R |, (QFini(8™)) = ms
and
4 d
(3.19) on(sh) = 3 dR|, (Qhk(s™) = —3

In particular, the Pansu sphere is not a minimum of (1.3) and (1.5).
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Proof. By definition,

= = = = —Ssln - = ——sSsin { < = —sin ( = — .
X 2COS 5)° 2S 5) X S 5)° 28 5 COS 5

Notice that

it — it = %sm (2) (1 + cos <;)) , 24 %% = 114 sin? (g) cos? (%) + isinA‘ (%) .
Then
' ' R 2 (s s 2 (s
ot it (5) vt () o (7). e i) )

By the above computation, S is strictly mean convex, and moreover

ooy [ R (3) (1 cos? (3) 4o (5)
G /0 Rtcos? (§) +sin? (%) d

o(SH) = 7r/027rRsin2 (g) \/R40082 (2) + sin? (;) ds
Set

and

)= a2 e = o (3), o () o 5).

Since

(3.20) R* cos? (%) + sin? (g) >

N |

for any R sufficiently close to 1, then

d H R o 2w ah(R,S) _ 2w . 9 S 1 ) _ 3 2
piosd (S)RZI—W/O aRRZIdS—ﬂ'/O sin (5)—1—581118 d5—§7r
and
d T 9g(R, s) 2m s
— M (S :/’ d:4/ in! (2 ) ds = 3n°
iR ( )R:1 T ; OR |y, s =4r ; sin (2) s =3
Moreover,

21 21
Mol .2 (S 2 H ol .2 (S 2
o™ (S —7r/ sin“ (= ) ds = «°, H(S —27r/ sin“ ( = ) ds = 27*.
(5% 0 (2) (5%) 0 (2)

By the above computations, (3.18) follows. We prove (3.19). Indeed,

Ry (3.14) TR? /2” .4 (S ~ 3m*R? 1y _ 3 2 d R 3 5

and

2 2 (s 5 2 (s 2 (s

(™) (SR)ZTF/ St (i) (R cos (2)+RSI2H (3)) ds, (%H)—l(sl)_lﬂ

0 R (l—i—cos2 (%))—i—sm (%) 2
Set
¢ 2 2 (s 5 2 (s <2 (sY))2

sin (5) (R cos (§)+Rsm (5))
g(R7S): 4 2 (s 102 (8 :
R (1+Cos (5))+sm (5)

By (3.20), we infer that

H R 3 [* 3 o
(%”) (S) ds:ﬂro sin sds:ZTr.

R=1 4

B W/z” dg(R, s)
R=1 0 OR

Combining the above computations, (3.19) follows.

dR

The same conclusions of Theorem 3.7 hold as well for the Koranyi sphere.
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Theorem 3.8. Fiz R > 0. Let S® be the rotationally invariant surface whose profile yg (—%, g) — R? s
1
R(s) = (R\/cos 55 sin s> .

Then ST is a closed, strictly mean convex surface. Moreover,

2 2
ar(3)\ ° d 2 (40 (1)) °
3.21 (S =6 5 . o5 nink(8T) = = : )
( ) lenk( ) < T (i) ) dR et Qmmk( ) 15 T (%)
where T is the well-known gamma function (c¢f. [1]), and
4 d 8

Hogly _ 2 e H Ry _ °

(3.22) OSN3 gm| eHEH -G

In particular, the Kordnyi sphere is not a minimum of (1.3) and (1.5).

Proof. By definition,

. R?sins , 1 . —R2xcoss + R%isin s i 1 .
T =— = —CoS S T = = ——sins.
2¢ 2 ’ 222 ’ 2
Then
.. . 2 . 1
y'ct—:}c't:8—(2+sin2s), t2+x2:'c2:1(R4sin25+c082 ).
T
Therefore

A/ COS § (R4 (2 + sin? s) + cos? s)

R
do™ = —\/COSS\/R4Sin23+C0s2 s, HM" = ;
2 R (R*sin® s + cos? s)?

In particular, S is strictly mean convex. Moreover,

3 coss (R* (2 +sin2s) + cos? s
%H(SR):ﬂ/Q (R (24 sin” ) ) as
_z R4sin® s + cos? s
and
oM (St =x ’ Ry/cos sV Risin® s + cos? s ds.
-5
Set
cos s (R* (2 + sin? s) + cos? s
g(R,s) = (7 ( — ) ) , h(R,s) = Ry/cos sV/ Risin® s + cos? s.
R4sin® s + cos? s
Since
1
(3.23) R*sin? s 4 cos? s > 5

for any R sufficiently close to 1, then

AM(ST) :37r/2 cossds = 6

_W/g 99(R, s)
R=1 —z OR

s
2

s
2

and

™

2 2
ds = 87r/2 cos® sds = 3—71
R=1 -3 3

In order to deal with the area functional, we recall (cf. [1]) that the beta function is defined by

d H QR
ar’t (5%

2

™

B(p,q) = 2/2 (sins)® " (coss)™tds,  p,g€R, p,g>0,
0

and is related to the gamma function by the identity

I'(p)'(q)

(3.24) B(p,q) = Trtaq)
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Therefore, recalling (cf. [1]) that

(3.25) L(p+1)=pl(p), T <1> =T,

then

Moreover, since

CZ%UH(SR)R:1:7T/15’}L§;;9 ds-w/wm (14 2sin’s) ds,
2 2
then
d SH (SR s (T(3) 3 3\ (320,325 36 3 (T (3)
=1 2B = .
ar® | 7”(r() * 21 5T
1)

Combining the above computations, (3.21) follows. We prove (3.22). Indeed,

R TR (% 2 mR? 1 w2 d R w2
(5™ == / sds="m =T gRlastl| =
Moreover,
- 2 (RPsin®s 4 Rcos? 8)2 . 1
%H 1 SR _ /2 ( d ’ %H Sl _ 2'
( ) (89 =m —z (R* (2—|—sin2 5) + cos? 5) § ( ) (S 37
Set,

(R5 sin? s + R cos? 5)2
(R4 (2 + sin? s) + cos? s) '

g(R7 3) =

By (3.23), we conclude that

2 dg(R,s) 2 20sin%s — 2 8 ,
M (SR) :77/ 1 ds:7r/ ———ds= —7".
dR( ) [ T 2 P =9 9
Combining the above computations, (3.22) follows. O

Remark 3.9. By Theorem 3.7 and Theorem 3.8, neither the Pansu sphere nor the Koranyi sphere are critical
points of Qﬁink and Qth. It is simple to exploit the previous constructions to show that, in addition, they
are not critical points neither for (1.2) nor for (1.4). We prove this for the Pansu sphere, the Kordnyi case
being analogous. To this end, we construct two families of competitors preserving respectively the area and

the enclosed volume of the Pansu sphere. Let (S ) R>o Pe as in the proof of Theorem 3.7. Set

oH(S1) ) ? Q(sh|\ |
o= (Griem) - = (aem) "0
Notice that (1) = (1) = 1. Moreover,
o™ (B (57)) = BR) 0™ (S7) = o™ (S7)

and
) -
R |, A (S5r) (ST)) = oR|, (B(R)Z%H (M) =™ (s1)F o Qmmk( Ry 0
Similarly,
9 )
2 @am (S = 12N G| ) Gam (ST) = 1(8)] 5| @k (s™) #




UNEXPECTED PHENOMENA FOR MEAN CURVATURE FUNCTIONALS IN THE HEISENBERG GROUP 15

4. VARIATION FORMULAS

Motivated by Theorem 3.7 and Theorem 3.8, we seek a general strategy to identify the correct critical
configurations for problems such as (1.2) and (1.4). The key tool is provided by suitable sub-Riemannian first
and second variation formulas. First, we state them in full generality, namely for arbitrary hypersurfaces and
arbitrary functionals driven by the horizontal mean curvature. Subsequently, we specialize this framework to
the total mean curvature functional in the first Heisenberg group.

4.1. Variations. A wvariation is a smooth map & : I x H" — H", where I C R is any open neighborhood of
0, such that:

e p— ®(7,p) is a diffecomorphism for any 7 € I;

e $(0,p) = p for any p € H".
We adopt the notation ®,(p) := ®(7,p). A variation is compactly supported if ®,(p) = p outside a compact
set K(®). In the following, we tacitly assume that a variation is compactly supported. This is clearly not
restrictive when computing variations of a closed hypersurface. Define the time-dependent vector field X by

X(7,q) = i (<I>U+T ) @T_l) (q) for any 7 € I, g € H".
80' o=0
Define P
X(@)=X0,9), Z@)=5| X(ng+(VxX)(q) foranyqeH",
7=0

where in the above definition V is the pseudohermitian connection (2.2). We call the vector fields X and Z
respectively variational velocity field and variational acceleration field of ®. Given any couple of vector fields
X, Z it is always possible to construct a variation having X and Z respectively as velocity and acceleration.

Proposition 4.1. Let X,Z € I'(TH"). Assume that X,Z are compactly supported in H". Set

2
(4.1) O (p)=p- (TX(p) + 2Z(p)) , Tel, peH"

If I is sufficiently small, then ® is a smooth variation. Moreover, ® has velocity X and acceleration Z.

Proof. First, ® is a smooth map such that ®q(p) = p. This and the fact that X, Z are compactly supported
imply that, for I sufficiently small, p — ®.(p) is a diffeomorphism. Hence ® is a smooth variation. Set

©:(q) = (27(q)1,- -, r(@)2n41), @7 1() = (271 (@)1s-- - P71 (g)20+1), and denote respectively by (X7)7
and (Xl)fgfl the components of X and Z with respect to Z1, ..., Za,+1. Notice that
2.1 ; o+T
brr(@) 2 gt o+ )X (g + T

2.1 " o+ T 2 .
Potr(@)2n+1 ) Gont1 + (0 +7) X2 (g) + (2)Z2 +1(g)

o+71)?_. o+7)? -
+an+l < o+ 7)XH(g) + (”ZZ@) Y <(0+7)XW( )+ (yzn“(q)) ,

Z(q), i=1,...,2n,

2 i=1

whence

0 d 2 Xt VA X2n+1 Z2n+1 0

o, Brir(0 = 2 (K@ +72@) o+ (X0 + 72 @)

+ (anﬂ 9)+72(q Zq (X" (q) + 72" (q )))gt

Therefore,

2n
Rlrp) = Y (X (@7 0) + 72 (@710)) 5+ (X (8 () + 722 (1)) o
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In particular, recalling that @al(p) = p, we deduce that X' (0,p) = X(p). Next, as ® (T, CI>;1(p)) =p,

o T o, 0 . 0 0 .
(4.2) 0=—-(0,p)+ Mzz:l 7z (0,p) <8T . P, (p)j> o X(p) + 5~ » - (p)-
Therefore,
0 LN S 0
5| =2 (5] X o)) g
~ 9 -1 iy - 9 —1(.7.\ ynti 9
+ (; ), (@71 (P)nti) X' (p) ; a7l (@7 (p)i) X (p)> o

- (Zw aaT\ | (X@e)) =D pi g
. = 2n+1 1
(42) Z(p) — > X (X, Z:) () Zi(p)
=1

D 2(p) — (VxX) (p).

If a hypersurface S is fixed, we say that a smooth variation is non-characteristic whenever it is compactly
supported outside Sy. Roughly speaking, non-characteristic variations do not move S close to its characteristic

points. Throughout this section we restrict ourselves to consider non-characteristic variations.

4.2. First and second variation formulas. The following crucial result establishes the variation formulas
for (1.1). We postpone its proof to Appendix B. We state it for closed hypersurfaces. If instead one computes

variations on non-compact hypersurfaces, it suffices to restrict the relevant functionals to K (®).

Theorem 4.2. Let S C H" be a smooth, embedded, closed hypersurface. Fir a function f: R — R which is
smooth in a neighborhood of {HH(p) :pe S\ So}. Let @ be a smooth non-characteristic variation. Denote

by X and Z its velocity and acceleration respectively. Define o, € C°(S\ Sy) by
e =(X,v+aT),

(43) V= (Z,v+aTl)—-2(X—ypv)p— <VX—W (X —gpv), v+ aT> —2ap (X, J(v)) .
Then

(4.4 SHFS e = 67O = [ (T () + ) o™

(45) FAP(S)O] = 375 W]+ [ oL pdo™

where LM is the self-adjoint operator defined on S\ Sy by
ﬁH(P — jH (f”(HH)jHQO)
+2divS (fF(HM) AM (VH50)) 4 f"(H)S T (v)e — (f'(HHY + f(H™)) A5

+daf (HY) (R (V50, 1()) = BRIW)e) — 4" (H) (7 (VWS HY, VS0) + Spd () H)

+ (f//(H’H)HH _ 2f/(HH)) <VH’SHH, VH’S<,0>
+of (HY) (2 trace ((h”>3> + 1207 (V7Sa, J(1)) + 88a + 6h7 (J(v), J(v))a® + 2H”a2>

o (FHM) (HM)? = (25 (HMHY + f(H?) (R +4J (v)a + (20 + 2)a?) ).

Here J™" and A™ are the horizontal Jacobi operator and the horizontal shape operator (cf. Section 2.2).
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4.3. Total mean curvature: stationarity and stability. In this section we focus on the total mean
curvature functional

HM(S) = / H™ do™
S

in the first Heisenberg group, describing the correct notions of stationarity and stability when area constraints
are prescribed. First, we specialize Theorem 4.2 to area and total mean curvature. In both cases, (4.4) and
(4.5) simplify drastically.

Proposition 4.3 (Variation formulas - Area). Let S C H! be a smooth, embedded, closed surface. Let ® be
a smooth non-characteristic variation. Then

(4.6) 5 (8)[] = / PHM do™.
S

(4.7) FoH(S)(8) = 578 ] + [ (W) ~ 457 (J)a +a?) ) do.
S
Similar versions of Proposition 4.3 can be found e.g. in [15, 44].

Proposition 4.4 (Variation formulas - Total mean curvature). Let S C H' be a smooth, embedded, closed
surface. Let ® be a smooth non-characteristic variation. Then

(4.8) SHAM(8)[@] = —4/ ¢ (J(v)a+a?) do™,
S
(4.9) S2AM(S)[D] = 5H4M(S) [u] + 4 / (~Se w)e+ ¢ (280 — H"a?) ) do™.
S
Proof. Since f(H™)= H™, f/(H") =1 and f”(H™) = 0. Moreover, as n = 1, HT'S = span J(v), whence
VS = (Jw)g) J(v).,  FHAB)=H¥(J(v),A) (J(v),B),  [R¥P = (H™)

for g € C>(S\ Sp) and A, B € T'(HTS). Then (4.8) directly follows. Finally, £ simplifies as
LMo = 2div™S (HMJ(0) 0] (v)) + AST (V) — 2HMAMS o — 2 (VHS M Y55 1 4 (28a - H”a2)
= 2div’® (HHJ(I/)QDJ(I/)) +48J(v)p — 2divt® (HHVH’SL)O) —daHM™J(v)p + 4 (2804 — HHa2)
=48J (V) — 4aH™ J(v)p + 4 <2Sa — HHa2>.
The thesis follows integrating by parts the first term of the above formula (cf. (B.23)). O

We are interested in variations which preserve the area. Accordingly, we say that a variation ® is:

(i) area-preserving if o™ (®,(S)) = o™ (9) for every 7 € I.

(ii) first-order area-preserving if 6o (S)[®] = 0.
Area-preserving variations are first-order area-preserving, while the latter condition is the first-order approx-
imation of the area-preserving property. Nevertheless, owing to a classical argument (cf. [4, Lemma 2.1]),
every first-order area-preserving variation can be modified to produce an area-preserving variation enjoying
its same first-order behavior. Before doing this, we need to exclude the existence of closed minimal surfaces.

Lemma 4.5. Let S C H' be a smooth, embedded, closed surface. There exists p € S\ So such that H™(p) # 0.

Proof. Assume not by contradiction. Let p € S\ Sp. By [44, Theorem 4.8|, and since S is closed, there
exists s1 € (0,00) maximal with the property that the straight line segment {p - ds (J(v5)) : 0 < s < 51} is
contained in S. Set ¢ = p - d5, (J(v3)). Again by [44, Theorem 4.8] (cf. also [35]), ¢ € Sp. But in this case,
[44, Theorem 4.17] (cf. also [10]) violates the maximality of s, a contradiction. O

Proposition 4.6. Let S C H' be a smooth, embedded, closed surface. Let ® be a smooth, non-characteristic
variation of S. Denote by X its velocity. If ® is first-order area-preserving, then there exists a smooth,
non-characteristic, area-preserving variation with velocity X.

Proof. Let A be a smooth vector field with compact support outside Sy. Define the smooth map ® by

®(r,0,p) =p- (rX(p) + cA(p)), T,0€l, peH".
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Notice that o™ (‘i)(O, 0, S)) = 0" (S). Moreover, arguing as in the proof of Proposition 4.1 and by (4.6),

aaT T:o o (9(7,0.5)) = 6a¥($)X] = 0
and
% - ot (@(0,0, 5)) = 60H(S)[A] = /5 (A,v) + (A, T)) H" do* .

By Lemma 4.5, H* cannot vanish identically on S\ Sp. Therefore, we can choose A such that
o " (ci(o, ’, S)) £0.

Therefore, the implicit function theorem yields the existence of a function o = ¢(7), smooth in a neighborhood

of 0, such that o(0) = 0, 0/(0) = 0 and o’ (é(r,a(r), S)) = oM(S). Then ®(r,p) == ®(7,0(7), p) satisfies

the desired requirements. O

o=0

According to the above definitions, we say that S is an area-preserving critical point along non-characteristic
variations (for the total mean curvature) if 6.7 (S)[®] = 0 for any area-preserving, non-characteristic
variation. As customary, stationarity is equivalent to the validity of an appropriate Euler-Lagrange equation,
as well as to the stationarity of a suitable penalized functional. We just recall the following, elementary,
linear algebra result.

Lemma 4.7. Let V be a vector space. Let Li,Ly : V — R be linear functionals. Then, ker Lo C ker Ly if
and only if there exists A € R such that L1 = ALo.

Proposition 4.8 (Characterization of stationarity). Let S C H' be a smooth, embedded, closed surface. The
following are equivalent:

(i) S is an area-preserving critical point along non-characteristic variations, i.e.
SHM(9)[®] =0

for any area-preserving, non-characteristic variation ®;
(ii) there exist £ € R such that

(4.10) SHM(9)[®] — L™ (S9)[®] =0
for any non-characteristic variation ®.

In these cases, & is unique, and
(4.11) —4(J()a+a?) =2HM on S\ Sp.

Proof. The proof of (ii) = (i) follows because area-preserving variations are first-order area-preserving.
We prove (i) = (ii). Let ® be any non-characteristic variation. Denote by X its velocity. Assume that
60 (S)[®]=0. By Proposition 4.6, there exists an area-preserving, non-characteristic variation ® with velocity
X. By (i), 6.M(9)[®] = 6.™(S)[®] = 0. Therefore, (ii) follows by Lemma 4.7. In addition, (4.11) easily
follows by (ii), (4.6) and (4.8). Finally, uniqueness of .# follows by (4.11) and the already known fact that
H™ cannot vanish identically on S\ Sp. O

One may wonder whether the above-mentioned notions of stationarity are equivalent to stationarity for

the Minkowski quotient Q%ink' One implication is trivial.

Proposition 4.9. If S is a critical point for innk along non-characteristic variations, then S is an area-
preserving critical point for F€ H along non-characteristic variations.

Proof. Let ® be an area-preserving non-characteristic variation. Then
0=~ Qi (®:(S)) = a™(5)75 (7(5)[@]),

whence 67¢(S9)[®] = 0, and the thesis follows. O
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Nevertheless, as we will discuss in Section 5, the converse implication is surprisingly false. Finally, we
discuss some equivalent notions of stability of critical points. As in many classical settings (cf. e.g. [4, 38]),
while the first order behavior of #7 agrees with that of #7 — Zo™, these two formulations are no longer
equivalent at second-order.

Proposition 4.10 (Characterization of stability). Let S C H! be a smooth, embedded, closed surface. Assume
that S is an area-preserving critical point along non-characteristic variations. The following are equivalent:

(i) S is area-preserving stable along non-characteristic variations, i.e., by definition,
S2AM(S)[®] >0
for any area-preserving non-characteristic variation ®;
(i) if & is as in (4.11), then
2 AT(S)[®] — L5 T(S)[®] =0
for any first-order area-preserving non-characteristic variation ®.
Proof. The implication (ii) = (i) is trivial. We prove (i) = (ii). Let ® be a first-order area-preserving,
non-characteristic variation. Denote by X and Z its velocity and acceleration respectively, and let ¢, be as

in (4.3). By Proposition 4.6, there exists an area-preserving non-characteristic variation ® with velocity X
and a suitable acceleration Z. Accordingly, if @, are as in (4.3), then ¢ = ¢. Since ® is area-preserving,

(4.12) 0 = 6257(9)[®] "= 50 (5)[d] + /S ((Jw)9)? = 40* (J(w)a +a?) ) do™.
Moreover, by Proposition 4.8,
(4.13) 0AM(S) W] — L350 (S)[¥] = 0 = §47(S)[0] — L™ (S)[¥)].
Therefore
2 H ()] — 2520 M () @] UL s (S) (W] + 4 /S (= SpI)p+* (250 — HYa?) ) do™

— $50H(S) [¥] — f/s ((J(Z/)<p)2 — 4(,02 (J(l/)a + a2) ) do™t
(4.13)

= sS4

( —SpJ(v)p + ¢* (2Sa — HMa?) ) do™
S

— LM ()] — g/s ( (J()0)? — 402 (J(V)a + a?) ) do™
(4.12)

=S+

( —SpJ(V)p + 2 (28a — HHoz2) ) do™
S

D 52 (9)[8),

and the thesis follows by (i). O

5. TOTAL MEAN CURVATURE: ROTATIONALLY INVARIANT CRITICAL POINTS

In this section we characterize rotationally invariant surfaces in H' which are mean convex area-preserving
critical points of " along non-characteristic variations. Precisely, we explicitly solve the Euler-Lagrange
equation (4.11). To this aim, we specialize it to a rotationally invariant surface. Indeed, by (3.3) and (3.7),

i(s)%1(s) — x(s) (&(s)(s) — x(s)t(s))) ‘
(i(s)2 + 2(s)2i(5)2)?

Therefore, combining (3.15) with (5.1), then (4.11) reads as

i (B Giow) (@b i)+
(i2 + 22i2) v (2232 +2)%% )

Equivalently, letting L € R be such that .Z = 4L, we need to solve

(5.2) xt‘(a‘azf — x (it — if) ) + LV a2i? + 2 (2 (af — &t) + £°) = 0.

(5.1) J(v)a + o® = i(s) (
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First, we show that there are no rotationally invariant closed surfaces satisfying (5.2) with L = 0.

Proposition 5.1. Assume that S satisfies (5.2) with L = 0. Then:

(i) either S is, up to vertical translations, the horizontal plane of Example 3.5;
(ii) or S is, up to dilations, the vertical cylinder of Example 3.4;
(iii) or the profile of S is y(s) = (Vas + b, £s) for some a # 0, b € R, and any s € R with as + b > 0.

Proof. Let v = (z,t) : I — R? be the profile of S. Since > 0 on I, then i(dﬁQi —x (J'Uif— xt)) =0on I.
If t(é) = 0 for some § € I, then, by uniqueness, { = 0. In this case, S is, up to vertical translation, the
horizontal plane of Example 3.3. Assume instead £ # 0 on L. In this case we can choose either v(s) = (x(s), s)
or v(s) = (x(s), —s). In both cases,

5.2) 1 d?

(_ .9 . d SN 2
0 ="% —I—mm—%(:vzn)—i@(x )
Therefore, x(s)? = as + b, for some a,b € R. If a = 0, then S is, up to dilations, the vertical cylinder of
Example 3.4. If a # 0, then z(s) = vas + b, where I is defined by as 4+ b > 0. The thesis follows. O

Next, we provide an a priori bound for L in order for (5.2) to be satisfied by a closed surface. Moreover,
we show that closed solutions to (5.2) are the union of two vertical graphs.

Proposition 5.2. Let S be a rotationally invariant closed surface. Since S is closed, there exists § such that
z(8) = max{z(s),s € I}.
Up to dilations, we assume that x(8) = 1. If S solves (5.2), then L € (0,1). If in addition S is mean convez,

S is the union of two vertical graphs.

Proof. Let $ be as in the statement. In particular, #(5) = 0 and Z(8) < 0. Since the parametrization is
counterclockwise, then ¢(§) > 0. By evaluating (5.2) at §, we infer that
#(8)6(8)% + Li(8) (—2(8)i(3) +£(3)%) = 0.
Since £(8) # 0, then &(8) + L (—&(3) + i(8)?) = 0, that is
(5.3) (1— L)i(8) = —Li(3)2
By Proposition 5.1, the right hand side of (5.3) is not zero. Therefore L # 1, and moreover

#(8) = — <1EL> i(3)2.

Since #(8) < 0, then ﬁ > 0. Recalling that L # 0 and L # 1, we conclude that L € (0,1). Assume that S is
mean convex. We prove that it is the union of two vertical graphs. Without loss of generality, assume that
is parametrized by arc-length, so that x = @t — #f is the curvature of «. Notice that a rotationally invariant,
closed surface is homeomorphic either to a sphere or to a torus. Assume first that S is homeomorphic to a
sphere. We claim that § is the unique point in I such that (§) = 0. Assume not by contradiction. Let s; # §
be such that #(s1) = 0. Then there exists § € I such that #(5) = 0 and x(5) < 0. Indeed, if x(s1) < 0, just
choose 5 = s1. Otherwise, there exists so € I satisfying the desired properties, and in this case we set § = s9
Since (3) = 0, then £(3) # 0. We claim that £(3) > 0. If not, then

23(3)k(3) + £3(3)
x(5)|i(3)?
a contradiction with the fact that S is mean convex. In particular, 0 > £(8) = —i(3)t(5), whence #(3) > 0.
Evaluating (5.2) at §, and since #(5) = 0 and #(5) > 0, we get
2(3)%2(3)E(3)” + Li(3) (—x(3)*2(3)i(3) + 1(3)%) =0,

H™(5) =

<0,

whence
(5.4) x(8)%i(3) (1 — La(3)) = —Lt(3).

By definition of §, then x(5) < 1. Since L € (0, 1), then 1 — Lz(5) > 0. Therefore, (5.4) implies that #(5) < 0,
a contradiction. Therefore, the profile of S is the union of two vertical graphs over the interval (0, §). Finally,
assume that S is homeomorphic to a torus. Let § € I be such that z(3) = min{z(s) : s € I}. We claim that
§ and § are the unique points where £ = 0. If not, one can argue as above to infer the existence of § € I such
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that 4(5) = 0 and x(3) < 0. Then, since S is mean convex, we deduce as above that #(5) > 0. In particular,
Z(5) > 0. Arguing verbatim as above, we conclude that Z (s ) < 0, reaching a contradiction. Again, the profile
of S is the union of two vertical graphs over the interval (3, §). The thesis follows. O

By Proposition 5.2, mean convex solutions to (5.2) are the union of an upper vertical graph and a lower
vertical graph. Denote respectively by v = (s,t1(s)) and v~ = (s,t(s)) their profile. Notice that v
parametrized clockwise, while v~ is parametrized counterclockwise. When S is homeomorphic to a sphere,
vt :(0,1) — R2. Moreover, since S is at least of class C*, then

lim £~ (s) = +o0, lim #*(s) = —oc.
s—1~ s—1-

Instead, when S is homeomorphic to a torus, then 4", v~ : (3,1) — R? for some § € (0, 1), and moreover

lim £~ (s) = +oo, lim £~ (s) = —o0, lim #%(s) = —oo, lim #*(s) = 4o0.
s—1— s—35t s—1— s—5t

Notice that, when a profile v admits a graphical parametrization vy(s) = (s,¢(s)), (5.2) simplifies as

(5.5) st(s)? — s*t(s)E(s) + L\/£(s)2 + s2 (s*(s) + {(s)®) = 0.

In particular, setting w(s) = #(s), (5.5) reads as

(5.6) sw(s)? — sPw(s)w(s) + Ly/w(s)? + s2 (s*w(s) + w(s)*) = 0.

Our final step consists in characterizing all possible solutions to (5.6) under the above-mentioned boundary
verticality conditions. We focus on v_, being the characterization of v, completely analogous. First, we
consider the case in which S is homeomorphic to a sphere.

Lemma 5.3. Let L € (0,1). Then the system

sw(s)? — s%w( s) + Ly/w(s)? + 52 (s*1( w(s)?) =0,

5.7
(5:7) lim w(s) = +o0
s—1—
is solvable in C1(0,1) if and only if L E , % The solution is unique, and it is given explicitly by
_ L82—2L+1+8\/L282—2L+1
w7 (s)
N GY 1—s2

Proof. When L € (0, %], simple computation shows that w is well-defined and solves (5.7). Conversely, fix
L € (0,1) and let w be a solution to (5.7). Set

z(s):&, s € (0,1).
w(s)? + 2
Then z € C1(0,1), and

1 () /TS 7 wls w(s)w(s) + s . w(s)s —w(s)
s (s v () ) - ()

(5.8) w(s) = z(s)Vw(s)? + s, w(s)s —w(s) = ;
Therefore,
0% sw(s)? — s?w( ) + Lm (s®w(s) + 3)3)
= sw(s) (w(s) — st (s)) + Ly/w(s)? + s2 (s* (su(s) (s)) +w(s) (w(s)? + s?))
=" —z(s)2(s) (w(s)? ) +L 24+ 52 (s2(s) )5 + 2(s) (w(s)® + 52)%>

= (w(s)? + 5%)° (—z(s)z(s)+L(sz( )+ 2(s)

=-3 (w(s)? + 32)2 dii (z(5)2 - 2Lsz(5)>.

2(s) =

In particular,

v
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Since (w(s)? + 82)2 # 0 on (0,1), then there exists a € R such that
(5.9) 2(s)? — 2Lsz(s) + a =0, s€(0,1).

By the verticality condition of (5.7), we deduce that lim,_,;- z(s) = 1. Combining this information with
(5.9), we deduce that a = 2L — 1, whence

(5.10) 2(8)? —2Lsz(s) +2L—1=0, s€(0,1).

Notice that (5.10) is a quadratic equation in z(s), whose discriminant is given by 4L?s* — 4(2L — 1). By
(5.10), then, 4L?s* —4(2L—1) > 0 for any s € (0, 1), whence we deduce that L < 1. We conclude that in this
case w = wyr. Indeed, since L < 1, the discriminant 4L2s* — 4(2L — 1) is positive for any s € (0, 1), whence

2(s)=Ls+VI2s2—2L+1 or  2(s)=Ls—\/L2s2— 2L + 1, s €(0,1).
The second possibility can be discarded, because in that case lim,_,;- z(s) = 2L — 1 # 1. We conclude that
z(s) = Ls+/L?s? — 2L + 1, s € (0,1).
Since 0 < z(s) < 1 for any s € (0,1), then w(s) > 0 for any s € (0, 1), and, by simple computations,
sz(s)

w(s) = 1_72(8)2 = wy (s).

Finally, we show that S cannot be homeomorphic to a torus.

Lemma 5.4. Let L € (0,1) and 5 € (0,1). The system
sw(s)? — s*w(s) w(s) + Ly/w(s)? + s2 (s*ui(s) +w(s)?) =0,

(5.11) lim w(s) = —o0

s—3+

lim w(s) = 400
s—1~

is not solvable in C1(3,1).

Proof. Assume by contradiction that w solves (5.11) for some L, € (0,1). Let z be as in the proof of
Lemma 5.3. Arguing verbatim as above, the equation and the verticality condition at 1 imply

(5.12) 2(s)? — 2Lsz(s) + 2L —1 =0, se(5,1).
Moreover, the verticality condition at § and the definition of z imply

(5.13) lim z(s) = —1.

s—5t

By (5.12) and (5.13) it follows that 2L(5+ 1) = 0, whence either L = 0 or § = —1, a contradiction. O

In the same way, the unique possible profiles of vertical upper graphs are of the form ’yz(s) = (s, =t (s))
for L € (0, %] Therefore, S is the union of two vertical graphs with profiles ’yzr and v, for some L € (O, %]
We then proved the following rigidity statement.

Proposition 5.5. Let S be rotationally invariant, closed, mean convex. The following are equivalent:
(i) S is an area-preserving critical point for JM along non-characteristic variations;

(ii) S is the union of two vertical graphs with profiles *yzr and vy, for some L € (O, %]

For L € (0, %], denote the corresponding critical point by Sr. We first show that it is possible to describe

them by means of a global parameterization. Let v, = (zp,t1) : [~ arccos v/1 — 2L, arccos v/1 — 2L] — R? be
the regular parametrization given by
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We show that ~ is indeed a parametrization of S;. We write x;, = x and 7 = t, and we set k =1 —2L. Set

1 k
h(s) = o7 <coss+ coss) .

Notice that both z and h are positive on (— arccos vk, arccos v'k). Moreover,

h(s) = % <— sin s + i;;?::) = —tansz(s).

Therefore

. 1 . ksin s

z(s) = oY <— sins — —— s) = —tansh(s), #(s) = _CIZ)(S';)S + tan? s (s),

2

t(s) = é <0082 s — cok;? s> = z(s) h(s), t(s) = —tansh(s)? — tan s z(s)>.
In particular
(5.14) z(s)?2(s)% + £(s)? = tan® s x(5)? h(s)? 4+ z(s)? h(s)? = w
and

z(s)h(s)?

(5.15) i(s)t(s) — #(s)t(s) = tan(s)*h(s)> + (cc))sh;s).

A simple check reveals that v, solves (5.2). By Proposition 5.5, we conclude that 7, is the profile of Sy..

(s) cos S " sin 2s c ( T 77)
s) = S, = s ——, =
,Y% ’2 4 ) 272

is precisely the Pansu sphere as in Example 3.5. In particular, Proposition 5.5 shows that the Pansu sphere is
an area-preserving critical point for s#* under non-characteristic variations. However, Theorem 3.7 demon-
strates that the non-characteristic condition is essential: it constructs a variation of the Pansu sphere that
fixes the characteristic points but is not non-characteristic, and for which the first variation does not vanish.

Remark 5.6. Notice that

Remark 5.7. It is interesting to observe that the Pansu sphere is also a critical point for the volume-
constrained Heintze-Karcher problem (1.4). Indeed, by Theorem 4.2 and [42, Proposition 1.19], the Euler-

Lagrange equation associated with the minimization of (%H)fl under volume constraint reads as

V)& CM2
(5.16) AMS ((};)2) + ! (J((;H; ) +2=2,

where .Z € R is the Lagrange multiplier arising from the volume constraint. Since the Pansu sphere has
constant mean curvature, (4.11) implies that J(v)a+a? is constant. Hence, the Pansu sphere satisfies (5.16).

Motivated by Remark 5.6, we refer to our critical points as Pansu-Minkowski spheres. 1t is then natural to
understand, among all Pansu-Minkowski spheres, which is a critical configuration for (1.3), as well as which
is the optimal shape for the same problem. To this end, notice that

4 (5.14) 2(s)%h(s)

1 k? K
5.17 d = ——Fdsdl = — Zs—k— dsdb
(5.17) 7 coss 8L3 (COS ° cos?s | cos4s) i

and moreover

5.15) cos(s)? z(s)h(s)? z(s s cost s
(5.18) g L) x(s)é(l)?’ <tan2 sh(s)®+ ((:ol}(li)g + h(s)3> = Sv()s;?s() ) cos(s) = 7(;15 R
and
(5.19) H™ do™ = x(s) (x(s) + h(s)) = 2—;2 (cos®s — k) dsdb.
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Therefore
arccosxf ]{:2 ]{;3
T / cos’s —k— ——+—— ) ds
T 4I3 ) arccos VE cos?s  costs
arccos vV k
1 2 d d
423 /arccosf < + (:20s 5 k— k2£(tans) + ksg(tan s) (1 + tan? 3)) ds
™ |s sinscoss 9 3 k3 3 arccos vk
(5.20) 53 — 4+ —— —ks—k“tans + k°tans + — tan’ s
2 2 3 0
(1 —2k) arccosf \/7 9 1—k K (1-k\2
-k =k —+ —
k 3 k
47T3 ( (4L — 1) arccos V1 — 2L + ( 8L(13_2L)> 2L(1 — 2L)> .
Moreover,

arCCOS\/7
T 2 _ _ ™ _ — —
(5.21) ML) =5 /_ arCwsﬂ(cos s—k) ds = <(4L 1) arccos vI — 2L + 1/2L(1 2L)>

Therefore, recalling that lenk = (O’H)72/ S " we conclude that

QH(SL) 22(277)% (4L—1)ar0008\/1—2L+\/QL(l_QL) y

((4L — 1) arccos /T — 2L + (3 — 8L + 16L2)/2L(1 — 2L))§

The next result highlights the distinguished role played by the optimal Pansu-Minkowski sphere S1.
4

Proposition 5.8. The following holds.

lenk(SL) (187{)% lenk<SL) (187T)% if and only if L = %
Moreover,

2M(SL)

(5.22) & = 3075,

1
if and only if L = 7

and S 1 is the unique rotationally invariant critical point of Q7%

ik under non-characteristic variations.

Proof. We show that S1 is the unique minimum point of Qmink within Pansu-Minkowski spheres. Consider
4

the re-parametrization
¢ =2arccos V1 —2L € (0, 7].

A simple computation shows that

1 1 1 1
(4L — 1) arccos V1 — 2L = —5Lcost, 2L(1 - 2L) = 5 sint, 5(3 — 8L+ 16L%) =1— 3 sin® £.
Therefore
in¢ — ¢cos/t in¢ — fcos/t
(ol (SLy) = (QW)% = “ 5 = 4(270% = o 7
( (1—§sm E) sin ¢ — Ecosé)g (SSinﬁ—l—%sin3€—4€cos€)§

where in the last equality we exploited the identity —4sin®#¢ = sin3¢ — 3sin/. Notice that L (g) = %. To
conclude, it suffices to check that

dell’lk (SL( ))
del

dQlt doM.
<oon (0.7), Qi (Sr0) | _ anm(sw))m(m(wm)

(5:23) at ae 2
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To this aim,
dQt . (St) g W)% sinf (3sinl + $sin3¢ — 4€cosl) — 2 (sinl — £ cos {) (cos 3¢ — cos £ + 4L sin ()
al

(3811154— %sinS@—Mcosﬁ)g
B 4(2#)% sin 2¢ (—%Esin 20 — 202 — cos 20 + 2sin? 0 + 1) + £ (2 sin?/¢ (HCTOS%) — 4cos?t (PCTOS%))
3 (3Si1r1€+%simi’)ﬁ—llfcosf)g

=

4(2m)3 {sin 20 4 202 4 cos 20 — 2sin? — 1
=— sin 24 =
3 (3sin€—|—%sin?;ﬁ—éwcosﬁ)§
Then, (5.23) follows if f(£) = £sin 2¢ + 202 4 cos 2¢ — 2sin? £ — 1 is positive on (0, 7). Observe that
f(ﬁ) = 20 cos 2¢ + 4¢ — 3sin 2¢.
In particular, f(0) = f(O) = 0. Then f > 0 on (0,7) provided that f > 0 on (0,7). To this aim,
f(ﬁ) =4(1 —cos2l —¥sin2¢) = 8sin{ (sinf — L cos?).

Therefore f is positive. Then (5.23) follows. We prove (5.22). Combining (5.20) and (5.21),
21 (SL) arccos /1 — 2L + (4L — 1)y/2L(1 — 2L)
LV CVSY .
307(SL) 3 (4L — 1) arccos /1 — 2L + (3 — 8L + 16L2)/2L(1 — 2L)

Then (5.22) follows provided that arccosv/1—2L + (4L — 1)y/2L(1 —2L) # 0 for any L # 1. Changing
variables as above,

1
arccos V1 — 2L+ (4L — 1)y/2L(1 — 2L) = 1 (2¢ — sin 20) , ¢ e (0, ],

whence (5.22) easily follows. Finally, fix an arbitrary non-characteristic variation. Then, recalling Proposi-
tion 4.9,

L —

d H H -2 2%H<SL) H H
— ok (Pe(SL)) = S ————— (007 (SL) [P 077 (S|P
G Gl = o) (e (Bs0le]) + (% (5 w)
(410) 3y, =2 /o N 24" (S1)
= S 0™ (Sp)®)) | -+ Z .
g ( L) 3 ( o ( L)[ ]) < 30H(SL)
By (5.22), S 1 is a critical point. Moreover, again by (5.22) and choosing a non-characteristic variation for
which §o7(S1)[®] # 0, S 1 is the unique critical point. The thesis follows. O
Proof of Theorem 1.2. 1t follows by Proposition 5.5 (and subsequent remarks) and Proposition 5.8. O

6. TOTAL MEAN CURVATURE: STABILITY OF PANSU-MINKOWSKI SPHERES

Next, we discuss the stability of Pansu-Minkowski spheres. By Proposition 4.10, we focus on the penalized
functional Pz{ as introduced in (1.8). Fix a smooth non-characteristic variation ®. Let ¢ and 1 be as in
(4.3). First, we evaluate the second variation of P at the Pansu-Minkowski sphere S7. By (4.7) and (4.9),

F*PH(SL)[®] = 6% (SL) [¢] — 4Lo0™ (SL) [¢]

+ 4/S ( ~Sp J(v)p + ¢ (28 — HHoz2) ) do™ — 4L/S <(J(1/)90)2 — 4¢? (J(v)o+ a2) ) do™

Dy [ (= 80000 - LU0 + (250~ Y (02 +417) ) ) o™

We make the zero-order term explicit, and we provide a sharp lower bound.

Lemma 6.1. It holds that 2(1 — 2L)
e (a® +4L%) z(s)3h(s)
In particular,
_2La-20)

28a — H¥ (o +4L%) > [28a— H™ (a? +427) || ==
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Proof. Notice that
(3.3) T sin s (38) tév coss( 9 h ., )

a =" — = , Sa =" - = cos“ s+ —sin” s
x

V2 + 2202 z t2 + 2242 2%h

Therefore, recalling (5.18),

2 h 2 cos? in?
2Sa — H™ (042 +4L2) = =ons <00523 + — sin? s) _zeos s (Sms +4L2)

z2h x 2Lxh 2
2

5 :
= 2 (oot st s = TS o coss
2cos s sin?scoss cos® 2(1—2L)coss (1 —2L)?
= —h 2 h— — _
z3h ((1: ) oos™s + 2L or © 2L 2L cos s >
cos s 1-20L 5 (1-2L)?
=——|coss+ — sin“ scos s — cos® —————
La3h oS 8 oS 8
(1 -2L)
- 23h
To conclude, recall that z and h achieve their maximum at s = 0, and moreover z(0) = 1 and h(0) = 17£.

Next, we deal with the first-order term.

Lemma 6.2. It holds that
3

_SuJ (T 2 coss_Lcoszs oo\ ?
P IW)p— L) = (0 - Loy (02

n 2Lcoszs_cosscos2s 8790(9790_ sinzscoss+L00525 (9790 2
zh x2h Ods 00 3 2 00

If in addition ¢ is independent of 8, then the following sharp lower bound holds:
~Sp JW)p — L(J)9)* > (1 - L) (J()o)*.

(6.1)

Proof. Notice that

—~
w
~

J) 3.7) T 6790_1_ t %__(COSS)%_FCOSS%
T T\ VRra22) 0s \oizraa2) 00 \h Jos Tz a6
[ .2 2
S(p(gig) . t ' 8£+ ‘ T | 67902 Ccos” s 8;,0+ sin? s Ggo.
12 + 2242 ) Os t2 + 2232 ) 00 zh Os x2 00
2 cos? s dp\" 2cos? s [ 7@ cos? s Oy
e = (5 ><a> (5 wa+ (5 >(69>

_Spd(v)p = cos? s &p [ cosscos2s 8;,087@_ sin s cos s dp 2
PR =Tz ) \os T 2h Joasoo  \ 8 J\aw)

whence (6.1) follows. Next, assume that ¢ is independent of §. Let p > 0. Then

Therefore

and

6.] COSS S COS S 2
~SpIw)p — (L4 w T 2 (G5 - EERE) (52)
= (5ra) (L= pycos? s + (L+ (1 =2L))

Assume first that L — p > 0. Since cos? s > (1 — 2L) on (— arccos /1 — 2L, arccos /1 — 2L), then
(L — p)cos s+ (L+p)(1 —2L) > 2L(1 —2L) > 0.
Assume instead L — p < 0. Since cos? s < cos?(0) = 1 on (—arccos /1 — 2L, arccos /1 — 2L), then
(L —p)cos?s + (L4 p)(1 —2L) > (L — p) + (L4 p)(1 — 2L) = 2L(1 — L) — 2Ly,
whence =S¢ J (1) — (L + ) (J(v)@)? = 0 provided that < 1 — L.
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Motivated by Lemma 6.2, we introduce a relevant class of variations. Precisely, we say that a smooth
non-characteristic variation of Sy, is rotationally invariant if ¢ is independent of 6.

Remark 6.3. We stress that requiring a variation to be rotationally invariant is much weaker than restricting
to the class of rotationally invariant competitors, as no restriction on 1 is imposed.

Combining Lemma 6.1, Lemma 6.2 and Proposition 4.10, we deduce that Pansu-Minkowski spheres are
(much more than) stable for 77 along area-preserving, rotationally invariant, non-characteristic variations.

Proposition 6.4. Let L € (O7 %} . Let ® be a non-characteristic rotationally invariant variation. Then

(6.2) SPPHR(SL)[®] = 4(1 — L)/S (J(v)p)* do™ + 8L(11__L2L)/S ©?dot.

In particular, Sy, is stable for ™ along area-preserving non-characteristic rotationally invariant variations.

Remark 6.5. When L = %, i.e. when Sy is the standard Pansu sphere, the coefficient multiplying the

zero-order term in the right hand side of (6.2) vanishes. Nevertheless, by the Poincaré inequality, it is still
possible to provide a lower bound of the form

(6.3) 62PE(SL®] > a6, ) (I3 + 191320101 )

where supp ¢ C I(6) := (—arccos /1 — 2L + §,arccos v/1 — 2L — &) and ¢;(6, L) > 0, and ¢7(6, L) tends to 0
as d — 0.

We conclude this section with the proof of Theorem 1.4: the rotational invariance constraint cannot be
removed, as Pansu-Minkowski spheres are unstable under more general variations.

Proof of Theorem 1.4. Fix L € (0, 3] . Let 0 < 6 < arccosv/1 —2L. Let M € N. Let ¢ € C5°(—4,6) be not
identically vanishing. Define

o(s,0) =1(s)sin M0, s € (— arccos V1 — 2L, arccos V1 — 2L) , 0 € (0,2m).

Let X be such that X|s = ¢r. Set Z = 0. Let ® be a variation as in (4.1). Then ® is a smooth, non-
characteristic, horizontally normal variation with velocity X and with no acceleration. Moreover,

” (16) wgon 629 ([T ’ _

o™ (Sp)[®] = eH™ do’™* " = sin M6 df Ya(x+h)ds ) =0,
SL 0 )

whence @ is first-order area-preserving. Notice that

dp . . dp
g—d)smMﬁ, ae—MQ/)COSM@.

Since

27 27 27
/ sin M6 cos M6 df = 0, / sin® 0 do = / cos? 0df =,
0 0 0

then (5.17) , Lemma 6.1 and Lemma 6.2 imply that 62P7(SL)[®] equals

0 2s  La? . 2(1-2L ® (hsin?
47T/ [(mcos 5 n COSS) P2+ <H> P2 ds—47rM2/ (hsm i +Lhcoss> 2 ds.
=5 h h T COoS s 5 x

Since

é 102
h
/ < s + Lhcoss) Y2ds >0,

-5 x

then 62P7(SL)[®] < 0 provided that M is sufficiently large. The thesis follows by Proposition 4.10. O
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7. TOTAL MEAN CURVATURE: LOCAL MINIMALITY OF PANSU-MINKOWSKI SPHERES

In this section we prove that Pansu-Minkowski spheres are local minimizers, in the sense of (1.2), in the
class of rotationally invariant surfaces. To this aim, fix L € (0, %], and denote the profile of St simply by
(x,t). Fix § > 0, recall that I(§) = (—arccosv/1 — 2L + §,arccos /1 — 2L — ). Fix ¢ € C°(1(0)), and set
S7 =S5 -¢v. By (2.1) and (3.4), S§ can be parametrized by (£¥(s,),1n%(s,0),t%(s,0)), where

ot pre .
&P =|ov+ ———— | cosf — | ——— | sinb,
Vit 4 a?i? V2 + 2202
ot . pre
n¥=|r+ ————|sinf + | ———= | cos¥,
( \/t2+x23':2> (\/ﬂ —|—:1:2x'2>

o’

V12 + 2242 '

. 2 ] 2
\/(5@@,9))2 +(n?(s,0))* = <x+ Vt?fW) + (\/%) = x¥(s),

then SY is a rotationally invariant surface, with profile (z%,t%).

twi:t—

Since

Proposition 7.1. Fiz L € (0,3] and § > 0. There exists ¢ = €(6, L) > 0 such that, if € C°(1(0)) satisfies

o™ (S7) = o™ (S1), lellezr@)) < &
then
AM(SL) < M (SY).
Proof. For p € S, and 7 € [—1,1], set
®(7,p(s,0)) = (£77(5,0),n"%(s,0),17%(s,0))

and extend it smoothly into a smooth variation of H!. For any 7 € [0, 1], ®(r, S) is the rotationally invariant
surface with profile (x7%,¢7%). Moreover, denoting by X the normal velocity of ®, then X|g = ¢v. Define

:R> R b
\g
3 3
pilqira — qar1) + ¢
Frear i) = 2L ) 22)2 2 —4Lpiy/ a3 + piai-
(43 + piq})

Moreover, define @ : [0,1] — R by
Q(r) = (47%, 7%, 7%, 7%, i7¢)
With these definitions,
Pl @) =2x | £1Q() ds
By Taylor’s formula with Lagrange remainder, and since Sy, is an area-preserving critical point along non-
characteristic variations, there exists 7 € (0, 1) such that
1 d

PH(®(r,8)) + = —

7=0 T

+ - B PH(®(1,9))

1 d? d?
=PI (Sp) + SPL(S)[®] + S 0*PL(S)[®] + 7 /I o (57 R E =] Of(Q(T))> ds
(4.10) 1o n . 872 7)) — d72 T s
Sets) s gerpeimen [ (5| seen-E| rem) is

I 11

Since f is affine in the variables 1 and 79, a simple computation yields that
62

5,21 (Q(7)) = AT24" + B0 + CT0pp + D794 + B¢,
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where A% B™? D% depend smoothly on 7¢, 7, 7¢p and C™%, E™¥ depend smoothly on 7¢, 7. Therefore,
integrating by parts,

0? / N 3
—— [(Q(7))ds = ATPQ? + BT + DT9G?) ds,
/1(5) 872f( (7)) I(d)( ® pp o )

where 5 5
- - 1

B™ =B _ ("% DY =D _ (™Y _ -

0s ’ 2 0s

In particular, A™, B™, D™ depend smoothly on T, 79, 7. Therefore, since suppe C I(d), there exists
crr(9, L) such that

E™%.

(7.1) 1 < en(6, L) |lell sy (H‘)OH%?(I(é)) + ||</7Hi2(1(5))) :
Combining (7.1) and (6.3), we conclude that

1 )
PI(S) =PI (SL) + | sa(6, L) — eu(8, L)l ellczresyy ) (ell7zrisn + 12072005y ) -
2 (1(3)) (1(5))

Since 67 (S¥) = o™ (SL), then P}t (S¥) — P}t (Sp) = M (57) — 7 (SL), whence the thesis follows. [

Proof of Theorem 1.3. It follows combining Proposition 6.4 and Proposition 7.1. O

APPENDIX A. VARIATION FORMULAS FOR RIEMANNIAN MEAN CURVATURE FUNCTIONALS

In this first appendix, we establish variation formulas for functionals driven by mean curvature in arbitrary
Riemannian manifolds; see Theorem A.8. For ease of reference, the presentation is entirely self-contained.
Much of the notation and several results are borrowed from [42]. We refer to [17] for a general account of
Riemannian geometry.

A.1l. Preliminaries. Here and hereafter, M is a fixed (n + 1)-dimensional Riemannian manifold for some
n > 1, () is its Riemannian metric and V is its Levi-Civita connection. In the following, Einstein’s
summation convention is assumed. Denote by R both the (3,1) and the (4,0) Riemann tensor, namely

R(A,B)C =VAVBC - VBVAC -V, 5C, R(A,B,C,D)=(R(A,B)C,D), A,B,C,Del(TM).
If A,C eI'(T'M) are fixed, denote by C the (2, 0)-tensor field defined by
C(A,C)(B,D):=R(A,B,C,D), B,D e (TM).

In this way,
Ric(A, C) = —traceC(A, C), A CeI(TM).
We recall that, if A;B,C,D € I'(T'M), then

(VaRic) (B,C) = —trace (VA R) (B,-,C, ), (VAR)(B,C,D,D) =0.

Let pe M. Let z1,...,2,41 be local coordinates in M near p. Write
g 0 0 ;0 o 0 0 ! 0 .
Rlz=—,=— || =—=Rjir =—, (V R) —— | =—=(VR) ... —, Sy g k=1,..., 1.
<8xi ﬁxj) Ozy, ko, r (8:131- 6:Uj> oxy, ( )a”k oz G nt
Notice that
ort.  art

o jk k l l .. o
(A.1) Rij, = Fr 83;3- + Ui — Dilims i, 5,k l=1,...,n4+1,
where Ffj are the Christoffel symbols with respect to z1,...,2n4+1. In particular, when x1,..., 2,41 are
normal coordinates centered at p,
(A.2) I‘fj(p):() for any i,5,k=1,...,n+1,
so that

!
_ arjk arik

(A.3) Rin(p) = 5o () = 520)  foranyijikl=1....n+1
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and

(A.4) (VR),ir (p) = L (p) Ly (p) f gy k=1 1
. i p) — 2 (p or any «,t,j,k,l=1,...,n+ 1.
ik \P 0%, 0T; 0x,0x;

The following technical lemma is the main computational tool used below.

Lemma A.1. Let p € M. Let x1,...,xny1 be local coordinates in M near p. Let A,B,C,D € I'(TM).
Then, near p,

207 9 9CY 5 D s, a aCT s 0 0
— A°RP o 9 onZay 9, 98 e Ypd
) VaVBC (a:caaxﬁ Dz, " Oz P10zs T By 0wy T Bwy 0wy T C Lel B0, )
' oBP [0CY B )
A” e A,B)C.
A o, <axﬁ oz, T g, > +R(AB)
Assume in addition that x1,...,Tpy1 are normal coordinates centered at p. Then, at p,
ord, o 8207 0 dOBP aC
A6 A, B A°BPCY 2 ABP —— AC
(A.6) VaVeC = R( )C+ ¢ 8x5 Bx(; + 0x,0x3 83!:7 Oxy Oxg O,
and
(A.7)

VaVeVeD = (VBR)(A,C)D +R(A,B)VecD +R(A,C) VD + R(A,VBC)D + R(VAaB,C)D
210 ¥ 0 921y 5 9271y 3 1Y

4 A°BP 0°C° 9D +BC 0°D +BC 0°D oo 0°D 0

0x,0xg Ox;s O0xg 0r,0x5  Oxo 013075 0x,0xg0x;s

O

oD orY . 9Cd oIl oD 9Ty, oce oI oD O] )
AaBﬁ cn ad D=1 C(S an DN n C(S n
* ( Ox, Oxg * Oxg  Oxs * Oxg Ox;s * Oz, Oxg * Oxo Oxg | Oz,

+ A“BPCI D

5 g
T i+AaaBﬁ oC° oD o 0*DY —|—C‘SD”8F&’7 i
O0xglxs O, Oxo \ Oxg Oxs O0xglxs Oxs | Oz

Proof. By a direct computation, near p,

#(“2))

B
= A°BPVY o (Vaa ma» +AaaB V o (cwa)

VaAVgC = A°V » <Bﬁv

Bz

Q/
Tb

dra o5 Oz, 0%y B2 T
= AaBﬂV% (gicj;ai + mrgwfm) + A® gfj @S; aiv + mrgWiJ
o (;jyg;ﬂ R N 8 U c;)
w2 (2 0o, 2.

Since

e 9 B or? 0
AeBfCeY | 2 g 1 — A°BBCY | B L I
¢ (axa Dzy TP gy, e Tl | 5

)

(“1) anf Y 1) 2
( ) ¢ ( Oz B | Has’

then (A.5) follows. Moreover, (A.6) follows by (A.5) and (A.2). Finally, at p,
VaVBVeD =VaAVE (VeD)
(A.6) Lo, 0 50%(VeD) 9 LOBP 9 (VeD)' 8

anppB «
R(A,B)VcD + A%B7 (VD) Ozxpg Ox; TAB 0r,0x3 Oxy 4 Oro  Ozg  Ozy
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Fix a,8,7v=1,...,n+ 1. Recall that

(VeD)? =C°— oD — oDy,
Then, at p,
d(VeD)! _ 9c® o7 L 9D 805 v 500"y o Dnc‘?F}n
Ozp Oxg Oxs 83:58965 Oxg Oxg 77 Oxg
. 0 2 2
(A2) 9C° 9D7 Lol 0?D +05D"8F5”,
Oxg Oxs O0xglxs Oxg

and moreover

0% (VeD)? (a2) 9%C% DY 9C® 9*°DY  9C® 9*°DY L > DY

0x,0x3 - O0x,0xg Ox;s + O0xg 0x,0x;s + O0xq Oxglxs 0x,0x30x;
2
@Dna L5 06 9D" arsg, 805Dn5)1“g,7 4 o 9D" ors, 5y 0°I5,
8:65 8xa Org 0xa  Oxq Oz 0z Oxp 0ra01g
Therefore
oD Ty, 8

D = R(A,B)V¢eD + A®BPCT=—
VaVeVe R( JVeD + ¢ Oxy, a.%'g 8.%'5

92Cc® 9D n dC? 92DV n aC® 92DV ey 3D 0
0z, 0xg Ox;s O0xg 0ro,0x5  Oxo 08075 0x,0xg0xs ) Ox,
oce Ty oDnoTy \ 9 ace  Ory, oDn ATy \ 9

A°B? D11 4 9 U A°BP | —D" o U
* <8a:5 04 * Org Oxq | Oz, * 04 8955 T O0ro Oxg | Oy

-~

I

+ A*BP <

017 B 5 v 2 1y 8 or?
—|—AaBﬂC§D77 on 8 AaaB 80 aD S a D 5 +AaaB C(;Dn on 8 .
0x,0x3 0% Oz \ Oxg Ox5 O0xgdxrs ) O 0z, Oxg Oz
11 m
Since
(A.3) o0 pp0C 0T, O o s s ODT 0Ty 0
I A, C)D + A*B D" A C D+ A“B
R(A, VBC)D+ dz3 dxs Oz +R(A,C)VeD + ¢ Oxg Oxs 81@7
Ty 9 (a4 T, 0
Il = A*BPCopn o1 2 = A,C)D + A°BPCopn 1 2
¢ dx30xq 83:7 (Ve R) (A, C)D + ¢ dxgdxs Oz’
(A.3) oB? 5 ar'y 0
IIT "= B,.C)D 4+ A“ D"
R(VaB,C)D + &UQC 6:E5 dx,

then (A.7) follows.

A.2. Hypersurfaces. Let S C M be a smooth, closed, embedded hypersurface. Denote by N a globally
defined unit normal to S. If A € T'(T'M), denote by A” its orthogonal projection onto T'S. Denote by A
and h respectively the shape operator and the second fundamental form computed with respect to N, i.e.

A(A)=VaN, §h(A,B)=(A(A),B), A,BecI(TS).

Denote by H the (non-normalized) mean curvature of S, and by V¥ the Levi-Civita connection of S. If B is

a (2,0)-tensor field on S, set
BY(A,B) = B(B, A), (Lp(A),B) = B(A,B), A B cTI(TS).
For any k € N, define
B*(A,B) = <L’fB(A),B>, A, B I(TS).

31

0
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If B is symmetric, then B is symmetric. If p € S and eq,. .., e, is an orthonormal basis of 7; »S, we write
n
(BY), =B'eve)= 3 BuBun Bu Bi .y 6i=l...n
Iyl 1=1

If A,B,C e I(T'S), the Codazzi equation and the traced Codazzi equation read as

(VZh) (A,C) = (Vah) (B,C) + R(A,B,C,N),
(A.8) (div® h) (A) = AH + Ric(A,N)
We will make use of the following consequence of the traced Codazzi equation (A.8).
Lemma A.2. Let A € T'(TM). Then
(A.9) (h,VSA) + Ric(A,N) = div® A (AT) — ATH + (A,N) (|h|* + Ric(N, N))..
Proof. Let p € S. Let Eq,...,E, be a geodesic frame of S at p. Then

<h, VSA> = zn: h(Eia Ej) <VE¢A’ Ej>

ij=1
=Y h(E,E)E; (A E;) - > h(E;, E;) (A, Vg,E;)
i,7=1 ',j—l
= ) E;(h(E;,E;) Z E; (M(Ei,E))) (A,E;) — (A,N) Y h(E;, E;) (N, Vg,E;)
"j_l i,j=1 ij=1

= ZE h(E;, AT)) — znj (VE,h) (Ei,E;) (A E;) + (A, N) |h|?
i,j=1
= d1vS A (AT) — (div® h) (AT) + (A, N) |h].
Therefore
(h, V5A) + Ric(A,N) = div® A (AT) — (div® ) (A") + Ric (A", N) + (A, N) (|4|* + Ric(N,N))

L 4ivS A (AT) — ATH + (A,N) (Jh2 + Ric(N,N)) .

0

A.3. Variations. A smooth variation is a smooth map ® : I x M — M, where I C R is any open neighbor-
hood of 0, such that:

e p— ®(t,p) is a diffeomorphism for any ¢ € I;

e $(0,p) =p for any p € M.
We may adopt the notation ®4(p) := ®(¢,p). Define the time-dependent vector field X by

X(tvq) = g

s (P54t 0®;") (9) for any t € I and g € M.
s=0

Define

X(q) = X(0,q), X'(¢)= X(t,q), Z(qg)=(X'+VxX)(q) foranyqe M.

0t|—g
The vector fields X and Z are known as wvariational velocity field and variational acceleration field of ®. We

point out that, while the velocity depends only on the underlying differential structure, the acceleration does
depend on the metric via the connection term VxX. Fix ¢ and XT € T'(T'S) such that

X|s = XTI+ pN.

When X7 =0, ® is called normal variation. Set Sy == ®;(S) for any t € R. If p € S is fixed, set (,(t) = ®4(p)
for every t € I. If there is no ambiguity, we write 8 = (,. By definition, (t) € S; for every ¢t € I. Moreover,

X(t, B(t) = X(t, Pe(p)) = 883 i Psti(p) = (;1 . d4(p) = A(t) for any t € R.
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Therefore, ® is the (time-dependent) flow of X'. For any ¢ € R, denote by N (¢, -) a smooth choice of arbitrary
local extensions, around Sy, of unit normals to S¢, in such a way that N(0,q) = N(q) locally around S.
Moreover, if p € S, denote by H; (®:(p)) the mean curvature of Sy at ®(p). When p € S is fixed and local
coordinates x1, ...,Ty41 around p are given, we will write

X(ta) =d(ta) o . Nta) = (ta) =

ox; q Oxy, q
and
X(q) = Xi(q) 2 X'(g) = (X') (q) 2 N(q) = Ni(g) =2

q q axl q? q q al_l q? q q axz q’

Notice that, by definition,
. . . o . . ,
X'(q) = a'(0,q), (X')(q) = g a'(t,q),  N'(q) =c'(0,q9).
t=0

We denote by % the covariant derivative operator, along 5, induced by V. We recall that

D 0 . 0 0
(A.10) a (f](t)axj B(t)> = /(@) oz, e
Finally, when p € S and e € T},S are fixed, we set
(A.11) E(t) == (d®y) |p(e) for every t € I.
E is a vector field along 3, and E(t) € T, ()5t for every t € I. In local coordinates around p, we write
0
0z; |51
Fix p € S. Let e1,...,e, be an orthonormal basis of 7,S. The Jacobian of ®;|s at p is defined by

Jac (P¢|s) (p) == /det G(t)

where the symmetric matrix G is defined by
(A.12) G(t)y = (Ei(1), E;(t)),  i,j=1....n.

If p € S and we fix local coordinates 1, ...,2y+1 in a neighborhood of p, say U, the continuity of ® ensures
that ®;(q) € U for any t small and any ¢ sufficiently close to p. We will tacitly assume this.

+al(t, B(8) F ()T (B())
B(t)

Bt

E(t) = b (t)

A.4. Pointwise variations. In this section we deduce the pointwise evolution of the relevant geometric
quantities. The first lemma (cf. [42, Lemma 1.13] and [42, Lemma 1.22]) describes the behavior of E.

Lemma A.3. Letp e S. Let e € T),S. Then

(A.13) Pl B = v.x;
at,_,
2
(A.14) D B#) = Vz+ R(X, e)X.
dt* |,

By Lemma A.3, we can compute the evolution of the Jacobian of ®. Lemma A .4 is surely well-known (cf.
[42, Theorem 1.11] and [42, Theorem 1.21]). We include its proof for the sake of completeness.

Lemma A.4. Letp€ S. Then

(A.15) % Jac (®4]s) (p) = oH + div® X7,
t=0
2
(A.16) | Jac(@ls) (p) = (div? X)? - <VSX, (vsx)t> ~ Rie(X, X) - R(XT,N, X7, N)
t=0

+ VS| = 21 (VSp, XT) + 12 (XT, XT) + div¥ Z.
In particular, if ® is a normal variation,
2

A7 —
( ) dt?

Jac (®4|s) (p) = @2 H? — ©*|h|* — ¢? Ric(N, N) + ‘VSQO‘Q + div’ Z.
t=0
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Proof. Since G(t) has full rank for every ¢ sufficiently small, Jacobi’s formula grants that, for any such ¢,

ddet G(t) dg(t)

_ -1
o = det G(t) trace (g(t) o ) ,

whence

%Jac (®4]s) (p) = %Jac (®¢]s) (p) trace <g(t)1di§t)> ,

Recalling that G(0);; = d;; for 4,5 = 1,...,n by construction,

d 1 d
I @ = = I
f, OJac( tls) (p) 2trace< :

G()) L)Y (VX0 =X,
=0 i=1
Since

div® X = div¥ (¢N) + div? X = oH + div® X7,

(A.15) follows. Moreover, since

ag(t)~' _ 4G (@) o1
(A.18) at = —g(t) Tg(t) )
then
2 2 2
- (A15) g2 1 ([ d 1 da
i, Jac (Dils) (p) =" (div’ X)" + 5 trace( <dt ton(t)) ) + 5 trace 72 tzog(t) :
Y 1l
First,
(A13) 1 - 2 - -
I="<" -2 D ((VeXie) + (Ve Xoe) == > (VeX,e5) = Y (Ve X, €) (Ve, X, €5) .
ij=1 i,j=1 i,j=1
Moreover,
MY SN X VLX) + 3 (VA Z o+ R(X e)X, ¢)
i=1 i=1

i=1

> (VeX,e)? + ) (Ve X, N)? + div® Z — Rie(X, X) - R(X,N, X, N)
j=1

i’

(Ve, X, ;) + zn: (ei(e) — (A (XT),e))? + divS Z — Rie(X, X) — R(XT,N, XT, N)
=1

I
:MS

a@

<
Il
—

(Ve, X, ;) + |V5<p\2 —2h (V9p, XT) + h?* (X, XT) + div® Z - Ric(X, X) — R(X",N, X" N).

~.
Il
—

I

7]
In this way, (A.16) follows. Finally, if ® is a normal variation, then X = ¢N and X’ = 0. In particular,
VSX = (VSX)' = ¢h, and (A.17) by (A.16). O

Define V (t) := N (t, 5(t)). By definition, V is a vector field along 8, and in particular V (¢) is normal to .S;
at B(t) for every t € I. V evolves as follows.

Lemma A.5. Letp € S. Letey,...,e, be an orthonormal basis of T,,S. Then

(A.19) V'(p) = % » Vt) = Vi + A (XT) :
2
(A.20) V' (p) = % REE (= 1V%]" = [ (XT) " + 20 (X7, V%) ) N

+3 (- (N, Vo, Z+R(X, ;) XT) +2(Vp — A(XT), 0A(ej) + Ve, X)) e;.
j=1
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Moreover, fix local coordinates x1,...,xn+1 in M near p, and set
ac* 0 02cF 0
N'(q) = —=(0,q) — N"(q) = —5(0,q) — locall dp.
(@) = —5,(0,9) or |, (@) = 55 (0,9) o |, ocally around p
Then, when q € S is close to p,
(A.21) N'(q) = V'(q) — VxN,
(A.22) N”(q) = V”(q) — 2VxN/ — VX/N — vaxN
Proof. First, (A.19) follows by [42, Lemma 1.25]. We prove (A.20). As |V (t)| =1, then
D
(A.23) <dtv(t)’ V(t)> =0.
In particular, by (A.19) and (A.23),
D? d D 2 2 2
<dt2 OB > a <dtV(t),V(t)> V) = = [V - [A(XT) P+ 20 (XT,95)
t=0 t=0

V(1)

Let f € T),S. Set F(t) == (d®) [p(f). Recall that F(t) is a vector field along 3, and F'(t) € Tj(;)S;. Therefore
_ 4
d t=0

<f; v<t>,f> tt:0<£V<t>,F<t>>—<i itZOF<t>>

t=0

3] a5 e 2] )
_ <N, e R >> - 2<CZ v 2 t:0F<t>>

I N v, (VXX + X) + R(X, £)X) +2(V5p — 4 (XT) ,V,X)

=—(N,V;Z+R(X, f) XT) +2(VSp — A (X)), pA(f) + V; XT).
In this way, (A.20) follows. Next we prove (A.21). Indeed, if g € S is close to p,
D (A.10) OcF 0 ONF 0

a-d 7 k ! 8 _ /
7 t:ON(t75q(t)> = E(OJI) Er ) +X'(q) oz, (9) i ) + X"(q)N"(¢)Tix(a) o1 , =N+ VxN.
Finally, for ¢ close to p,
D? D2 A )
| N =G| ( (t.B,(0) 5 m))
D ck 0 i ck 0
= - ( ot (t, Bq(1)) o1r s +a (taﬁq(t))%(t, By(1)) Er ﬁq(t))
i k ! 9
+ o i (a (t, Bg(1))c" (¢, By(t)) L5, (B4 (t)) 72 (t)>
RN i foRtel 0 i 8 k l 0 8Nk 0
oxX' ONF 0 i o1, OPNF ) : ONF )
+X'(q )am( q) oz, q) Al +X'(¢)X (q)axlax,- q) pr q+2X( )X (Q)T%(Q) i(9) 5 ol
k GX’ i . 0
# (0) @V G|+ X G N T G|
+ X' (q)X™(q)N*(q )8%( ) 5| + X (@)X (@N*(QTik(9)T; 2
q oz, q (9:1:; , q a)Lix\q)L mi O .
whence (A.22) follows by (A.5). O

Next, we describe the evolution of the shape operator. The following proof relies crucially on Lemma A.1.
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Lemma A.6. Letpc S. Let e € T,S. Then
A2g) 2 VN (t, =V.V' +R(X,¢e)N
( : ) % —o ( E(t) ‘ﬂ ) — Ve + ( 76) )

(A.25) ( VN ()] 5, ) — V.V + R(X,V.X)N + 2R(X,e)V' + R (Z,e) N + (Vx R) (X, )N,

dt?|,_,

where V' and V" are given respectively by (A.19) and (A.20).

Proof. Consider local normal coordinates 1, ..., 7,41 centered at p. Since E(t) € Tp(;)S;, then
; 80’“ 0 ; k 1 0
VenN(t, ')’5@) = bj(t)aij(t,ﬁ(t)) o " + V()" (t, B(t))T55(B(1)) o1 s
Therefore
(TN ) = BO5 00 | 00 2500
- 02k 0 ack 0
+a'(t, B (1) ————(t, B(t)) =—|  +d'(t, B)Y t Tl (B(t) =—
0O 05, 50500 |+ OO OO0 5|
a2 POEEEOTLE0) L] 802 s ) 2
420 IR G g or IR g
) ack ! 0 A j k 8Fék 9
SO O g @ BOTG0) 5| 46 SO OSSO G0 |
m 0
(t, B (£)e (¢, BT (BT (B(E)) B |
m gt
In particular, by (A.2),
D .. ONF 0 9%k 0
v j
al_, (VEeN )y ) =400 oz; P) By, * ¢ Btow; P B,
: H2N* B : or 0
i j v % Jnk Jjk _—
X (p)e 8.%181'] a.%'k +X (p)e N (p) 81’1 6xl
Observe that
.. 0| w2 D (A.13) (A.2) 0X? 0
(A.27) b'(0) =" —| E(t) ="VX = (p)e? ,
al‘i P dt =0 81'3 axl P
whence (A.24) follows by
D ox' . ONFk ) %k 0
d — j
at tZO(VE@)N(t sy oz; P o ) gy | T E 630]375(0 ?) Farl,
.\ 02NF o o oL, 9
i j v i Jnk J _—
+X'(p)e 9201, (p) o p+X (p)e’N*(p) 0%, (p) o1,
(A5) - 92ck o) B
(A 2)

=) VN + V.VxN — R(e X)N

2D g7 — R(e, X)N.
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We prove (A.25). By (A.26) and (A.2),

. 9%k 0
257 —_—
RO 500 5|
O3k 0
2.0 (0,p)
ZT; SCjat aﬂfk P

; . O°N*¥ 0
i l 7
X (p)X (p)e 695;8@83:]- P 6xk

.. _ONF o
(VE(t)N(tv ')‘g(t)> = H(O)T%(P) g
p
Lo O (0,p) —| +2X'(p)e’
8xj€)t2 P 8:ck p P
oX? - 92NF 0
l J __
(p) o, (p)e duidz,; (p) A
or o
2 (p) ——
8a:i 8.%'[ p
9Nk orh. 9
J J _—
ox; () O0xTm, P oxy
oxt . ok, o

X" (p) g~ ()’ N *(p) e Ol

D2
dt?|,_,

;i OPNF 9
+2X"(p)t’ (0) 9207, P) g
- 92NF 0
el ——) 5~
O0x;0x; oxy, »
INFk ot 0
J ik i
oz, (p) 0z, (p) oz,

oTt )
()

8.7}1' 63:;
l<
J

p

+ (X' (p)

+ X (p)X™(p)e +2X(p)¥ (0)N*(p)

. . Ock _
+ 2X1(p)ejg(0,p) +2X"(p) X" (p)e

p

p

+ (X)(p)e! N¥(p)

Bp) 2| +
p
o, B

+ X' () X" (p)e! N (p) 5 —2=(p B

p

Notice that

Therefore, by (A.2), (A.6), (A.14) and for any j =1,...,n+ 1,

(A.28)
1 0T
0T,

P (0) = (VeVxX) (p) + (VeX') (p) + (R(X, e)X)’ (p) — X' (p)X™(p)e

. ord NS¢ OXt  9XY d(X')i :
_ 1y m lm lvi ! l o 7 m
= X'(p)X (p)Twi +e'X"(p) 02,07, (p)+e e (p) oz, (p) +e o (p) — X"(p)X™(p)e' -—
02X ,0XT X7 LO(X")i
02,07, (p)+e o () i (p) +e 0z, (),

= ' X'(p)

p
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where the last equality follows by the symmetry of V. Then, by (A.27) and (A.28),

i,y (Vo) =X G S 0w | e G 00 5|
+e13(§;) Do) +22X<> paTy Do
2 (0) e ;gfm |+ s 00 | +2x e ) o)
O ) | <>%f;<p ) | + XX ) |
XX G ) | 230 T e 0 ) |
+ 22 0, S ) XX o ) 2 p
+ (XY () N (p) aal;jf ) o ) Xm<p>§;i<p>ejzv’f<p>%iff<p> . )
- XX N )2 () L p

A careful comparison between the above expression and (A.6) and (A.7) grants that
D2
dt?

( VN ()] 40 ) — V. VxVxN — (Vx R) (¢, X)N — 2R(e, X)VxN — R (¢, Vx X) N
t=0
“R(V.X,X)N +2V.VxN' — 2R(e, X)N' + V.N” + V.Vx'N — R(e, X)N.

In addition,

~2R(e, X)N' — 2R(e, X)VxN =" 2 R(e, X)V”
and
V.N" +2V,VxN' + V,Vx N + V,.VxVxN "2 v 17,
whence
D2
dt?|,_, ( VN ()] 50 ) =—(VxR) (e, X)N—R(e,Z)N + V. V" = 2R(e, X)V' — R (V.X,X) N,

and (A.25) follows.
Lemma A.6 allows to compute the pointwise evolution of the mean curvature at first and second-order.

Lemma A.7. Letpe S. Then

(A.29) % ) = =A% (P + Rie(N.N)) + XTH

(A.30) j; i (®4(p)) = 2 <h, (VSX)2> _9 <VSX, (VSV’)t> — (h,C(X, X)) — (V5X,C(N, X))
+ (=[5 [ + 20 (V5, XT) = 12 (XT,XT) ) H + div® (f/”)T
—2Ric(X, V') - R (X",N,V’,N) — (Vx Ric) (X, N)
— A%(Z,N) — (Z,N) (|h|* + Ric(N,N)) + Z" H,

where

(‘7">T = i (R(X,¢;, N,XT) +2(V5p — A(XT) ,pA(e)) + Ve, X)) ¢
j=1
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In particular, if ® is a normal variation,
d2

Ta| Hi( @) = divS (A (VS9?)) + 20 divS A (VSg) — 20 (VSH, VS0) — |[VS|* H
t=0

(A-31) + 2% trace (h*) — 2¢? (h,C(N,N)) — ¢? (Vn Ric) (N, N)
— A%(Z,N) — (Z,N) (|h]* + Ric(N,N)) + Z"H.

Proof. Formula (A.29) is well-known (cf. [42, Lemma 1.26]). We prove it for the sake of completeness. Let
e1,..., ey be any orthonormal basis of T),S. For j =1,...,n, let E;(t) be as in (A.11). Define §(¢) b

80 = (Vi @N ) g Ei®) s id=1om.
Then §(t) is symmetric, and H(®;(p)) = trace (G(t)~'§(t)) , where G is defined in (A.12). Recalling (A.18),

d d d
@ H,(@,(p)) = trace (—g@)lfli”g(t)l%(t) o).
Since ey, ..., e, is orthonormal, then G(0);; = d;; for i, =1,...,n, whence
d d d
(A32) % o Ht(q)t( = trace ( (d ) (O) + @ o §(t>> s
(A.33) d—Q Hy(®¢(p)) = trace <d ) §(0) | + trace <— <d2 g(t)> §(0)>
' daez|,_, = d dt?|,_,

First, by (A.32),

4
dt |,

L ST by (Ve X ) + (Ve X)) + 3 (Ve Ver) = RieX,N) + Y (Ve,N, V., X).
=1

i,j=1 i=1
Notice that, for i, =1,...,n,

(A.34) (Ve X, ¢j) +(Ve, X, €0) = 20l + (Ve, XT, ¢j) + (Ve, X, i) = 20hij + 2sym (VOXT)
and

(A.35) (Ve Vo) "2 — (Hess® ), + (Ve A (XT) e5).

Moreover,

n

(A.36) D (VN Ve X) =9 (Ve N,V N) + > (Ve N, Ve, X") = |h)* + (h,sym (VX))

=1 =1 =1
Therefore, by (A.34), (A.35) and (A.36),
% Hy(®4(p)) = A% — ¢ (|h|* + Ric(N,N)) — (h,sym (VSXT)) + div® A (XT) — Rie(X”, N).
t=0

Next, extend X7 to a smooth vector field with compact support in M. Denote by ¥, : M — M its flow.
Then V is a variation of S with velocity X”. By the above formula,

X"H(p) = % » Hy(Wi(p)) = — (h,sym (VXT)) + div® 4 (XT) — Ric(XT,N).
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Therefore, (A.29) follows. Next, we prove (A.30). First we compute 1. Indeed,
d
=23 (4| con) (5] own)i0s

i,7,k=1
_\:13) 2 Z hl‘j (<V€iX, 6k> + (VekX, €z>> (<Ver, €k> + (VekX, €j>) .
i,j,k=1

t=0

Next we compute II. Noticing that
(A.37) (Ve, X, N) = ¢;(¢) + (Ve, XT,N) = ¢;(p) — (Ve, N, XT) = —(V')e;)  i=1,...,n,
we deduce that

Z hz] dt2 <EZ( )7Ej(t)>
i,5=1 =0
D
ggg%dt (E.m0)
" D D
2;:1 hij < e OEi(t)an(t)> - 2;;1 hij <dt i Ei(t), = . Ej(t)>

(A1 AID o Z hij (Ve Zoes) =2 > higR(X,e1,X,¢j) =2 Y hij (Ve, X, Ve, X)
ij=1 ij=1 ij=1

—2(h, V5Z) = 2(h,C(X, X)) =2 ) hij (Ve, X, ex) (Ve, X, ep) =2 Y hyj (Ve, X, N) (V, X, N)

i,j=1 hj=1
VED o (h, V) — 201, C(X, X)) =2 3 hyj (Ve X, ex) (Ve X, ex) — 20 (V! V7).
ij=1
We compute III. To this aim,
d
m--2Y (g o) (g w0s)
(A2 Z (Ve X, e5) + (Ve, X, e)) ((Ve, V! + R(X, )N, ;) + (Ve N, V,, X))
,7=1

-9 Z (Ve X, e) +(Ve, X, €)) (Ve, V' ej) — 2 Z hij ((Ve, X, ex) + (Ve X, €:)) (Ve, X, €5)
iy=1 i,j k=1

—2(VX,C(X,N)) — 2(VX,C(N,X)).
Finally, we compute IV. Indeed, by (A.14), (A.24) and (A.25),

IV = Z iz, §(t)ii

=0
.S
= divi V" + z; (R(X,Ve,X)N +2R(X,¢;)V' + R(Z,e;) N+ (Vx R) (X, ¢;)N, ;)
V.1 1=

V.2

+2) (Ve V' +R(X,e)N, V., X) +> (Ve N, V., Z + R(X, €;)X).
i=1 =1

~~

IvV.3 V.4



UNEXPECTED PHENOMENA FOR MEAN CURVATURE FUNCTIONALS IN THE HEISENBERG GROUP 41
First,
A.20 2 . T
V.1 U2 (< |V 4 20 (v, XT) — 12 (X7, XT) ) H +divS (V")

Moreover,

n

IV.2=> (VX ;) R(X,e;,N, ;) + Y (Ve, X, N)R(X,N,N, ¢;)

ij=1 i=1
— 2Ric(X, V') — 2R(X, N, V’,N) — Ric(Z,N) — (Vx Ric) (X, N)
D (99X, e(N, X)) — 2Rie(X, V') — R(X”, N, V', N) — Ric(Z, N) — (Vx Ric) (X, N).

In addition,

IV.3=23 (Ve V'e)) (VeX ) +23 (Ve V' N) (Vo X,N) +2 3 R(X, e, N, ¢)) (Ve X, ¢)
ij—1 =1 =
(A.:37) 9 Z <Veivl,€j> <VeiX7 €j> + 2% (V/,V,) + 2<VSX7C(X7N)>
ij—=1
Finally,

VA= hij(VeZe)+ > hyR(X e, X,¢;) = (h, VIZ) + (h,C(X, X))
ij=1 ij=1
Recalling (A.33) and combining the above computations,
d2
dt?

Hy (@4(p)) = 2 <h, (vsx)2> ~9 <VSX, (VSV’)t> — (h,C(X, X)) — (V5X,C(N, X))
t=0

+ (= V5[ 20 (V56, XT) — 12 (X7, XT) ) H +div® (V")
- 2Rie(X, V') = R (X",N,V’,N) — (Vx Ric) (X,N) — (h, V°Z) — Ric(Z,N).
Next, fix p € S and a geodesic frame Eq, ..., E, at p. Recall that

n

(v ==Y (N, VE,Z)E; + (f/”)T
i=1
Therefore
divs (V)" ZE (N, Vi, Z) + div® (f/”)T
=1

= - i E; <N7 sz (<Zv N> N)) - i E; <N7 sz‘ZT> + diVS (VH)T
=1

=1

:—ZE (Z,N) +ZE<A )Ei>+div5(f/”>T

=1
~ T
— ~AS(Z,N) + div® A (Z7) + div® (V")
Moreover,

— (h,V5Z) — Ric(Z,N) ‘&) —divS A (27) + ZTH — (Z,N) (|h]? + Ric(N,N)) .

Therefore (A.30) follows. Finally, assume that ® is normal. Then X = N, X7 = 0 and V! = —V ¢, so that

di _ S 2 S S (oS, \\t\ 2
5| Ho@p) = 2(h (V (eN))*) +2(VE (eN), (V5 (V5¢))") = 2 (h,C(N, N))
t=0

~ T
— (VS (pN),C(N,N)) — |VSo|* H + div® (V”) + 20 Ric(N, V5¢p) — ¢? (Vn Ric) (N, N)
— AS(Z,N) — (Z,N) (|h* + Ric(N,N)) + Z"H.
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Noticing that V* (pN) = ¢h and (VS (ngp))t = Hess® ¢, we deduce that

2 - \T
% H,; (®4(p)) = 2¢° trace (hg) +2¢p <h, Hess® <p> —2¢% (h,C(N,N)) — }ngof H + div® (V”)
=0
+ 2¢Ric (N, Vp) — ©? (VN Ric) (N,N) — A (Z,N) — (Z,N) (|h* + Ric(N,N)) + Z"H.
Moreover,

% <h, Hess® <p> + 2¢p Ric (N, VS@) A9 20 divy A (ngp) —2p <VSH, VS¢> .
Finally, since
A(VE (%)) ei) e = A(V (¢)),
1
(A.31) follows. O

(‘7") = 22 S, pA(ei)) e = Z(vs (92), Ales)) ei =

=1 7

A.5. Riemannian variation formulas. Let S be a smooth, embedded, closed hypersurface. If f : R — R
is smooth in a neighborhood of {H(p) : p € S}, set

(A.38) #1(8) = [ sy as

S
If ® is a smooth variation, the area formula implies that
(4.39) A7 (@) = [ (0 (@1(0))) Jac (1) (7) d.
Denote by J the Jacobi operator associated to S,
(A.40) Jp=-A—¢ (b +Ric(N,N)), e C=(S9).
Recall that J is self-adjoint, namely
(A.41) / eJyYdS = / vJpdS, o, € C(9).

S S

The first and second variation formulas for (A.38) read as follows.

Theorem A.8. Let S C M be a smooth, closed, embedded hypersurface. Let ® be a smooth variation. Denote
by X and Z its velocity and acceleration respectively. On S, decompose X as X|g = ¢N + X7, Then

(A42)  SHHS)g] = 5A7(S)[®] = /S o= ASF(H) = f/(H) (| + Rie(N,N)) + f(H)H) dS,
(A.43) 55 (9)[@] = 6.55(S) [(Z|s,N) — 2XTp + h (X, XT)] + /S ¢ LodS,
where

Lo =7 (f"(H)T¢) +2f (H)div? A(Vp) — (f'(H)H + f(H)) A%
—2f"(H) (VS H, A (V) + (f"(H)H — 2f'(H)) (VS H, V)
f’(H) (2 trace (h*) — 2 (h,C(N,N)) — (Vn Ric) (N, N))
o (f(H)H? — (2f'(H)H + f(H)) (Ih]> + Ric(N,N))) .
Proof. First,
LN e [ jt(f (Hy (2(p))) Jac (®,]5) (1) ) dS

/S (7 et @) D g @11) )+ 1 o1 ) I s

In particular, by (A.15) and (A.29),

65X /S(f’ ASp — ¢ (|h|* + Ric(N,N)) +XTH) + f(H) (¢H+diVSXT)>dS'
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Notice that, being S closed,

(A.44) / ( FEXTH + f(H) div® XT> ds = / divS (f(H)XT) dS = 0.
S S

The divergence theorem and (A.44) imply (A.42). We prove (A.43). We reduce to deal with the case of normal
variations. Let Y € I'(T'M) be such that Y|g = XT. Denote by ¥ the flow of =Y. Since Y|[g € I'(T'S), then
U(t,S) =S for any small t. Set ®(t,p) := (¢, U(¢,p)). Then ® is a smooth variation, and moreover

(A.45) Sy =®(t,8) = (L, U(t,S5)) = D(t,S) = Sy
for any ¢ sufficiently small. The area formula and (A.45) imply that
(A.46) 52H4(S)[@] = 625 ()[@).

We compute the velocity X and the acceleration Z of . Fix p € M. Fix local normal coordinates x1, ..., 11
centered at p. Set q(t) = ®; *(p) and r(t) = ¥, (¢(t)). Then, since ¥ is the flow of —Y,

R(tp) = 5?5 Bt + 5, U(t + 5,7(1)))
s=0
n+1 i n+1 i ;
(A.47) = ; aai;(t, q(t)) aii + ;1 gi(t, q(t))%(t, r(t)) ai,-
n+1 i
= X() ~ 3 D (ta(0) Y (a(t))
ij=1 "1 ¢

In particular, X = X — Y, and X\S = N, whence ® is a normal variation. Moreover, as ® (t,q(t)) = p,

oD o, 9 9D
E——— 7t 2J _ 2= :
0 5 (0,p) +7:g§'—1 7z (0,p)g (0)3%, 5 (0,p) + 4(0),

whence ¢(0) = —X(p). Therefore

ntl 2 gyt 2t i j
AT % ; 020 g OB YT\ D
X X - 3 (3057 00X ) + 525 0.0 OV )+ S 0.0 T 0)) 5
n+1 ; n+1 .
e Hoxi 9 oY, D
=X'(p) ”21 oz, Y 0) 5 +Zz_:1 Gy DX D)5

=X'(p) — (VyX) (p) + (VXY) (p).

Finally,

Z:X,—FVX}(:X/—Vyx+VXY—|—VX_Y(X—Y):Z—QVYX+VyY,

so that, recalling that Y|g = X7 |

(A.48) <ZyS,N> = (Z|s,N) — 2X"o + h (X7, XT) |
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Then, by (A.15), (A.17), (A.29), (A.31) and (A.46),
52 (S)[®] = / FI(H) (A5 + o (B2 + Rie(N,N)))? ds

/f d1v (A (V5¢?)) +20div A(VIp) — 20 (VIH,VIp) — \v%fﬂ)d
+ /S f'(H) 2¢2 trace (h*) — 2¢? (h, C(N,N)) — ©? (Vn Ric) (N,N)) ds
+/Sf’(H)<—AS <Z,N> - <Z,N> (|h]? + Ric(N, N)) —I—ZTH> ds

n / 21 f'(H) (= A% — o (| + Ric(N,N)) )

/f 2H2—g02\h\2—g02Ric(N,N)+ |Vstp‘2+divs Z) ds.
First, combining (A.42) and (A.44), and recalling (A.40),
A3 (9@ = | (f'(H)T) TpdS
S

I
/f ) (v ( (VSwQ))—\V%|2H)ds*/gf’(H)(2¢diVSA(VSw)—2w<VSH’VS¢>>dS
11

+ / f’(H Qcp trace (h*) — 2¢” (h,C(N,N)) —
S

©? (Vn Ric) (N,N)) ds
+[gQ¢Hf’(H)( A%~ o (|hf? + Ric(N,N)) )

+/Sf(H) V50|’ dS+/Sf(H) (?H? = &?h]? — ¢* Ric(N,N) ) dS + 6#(S) | (Zl5,N) .

First,
I(‘Aél)/goj(f//(ﬂ)jcp) ds.
S
Moreover,
H:/( (VOF'(H), A (V5p?)) — <f’(H)HVS<p,VSgp>)dS
S
:/S(p( 2" (H) (VSH, A (V5)) + div® (f/(H)HVSg) ) dS
_ /S o= 2"(H) (VSH, A (V5)) + (£/(H) + " (H)H) (VS H,VSg) + f'(H)HAS) dS.
Finally,

I = —/ pdiv® (f(H)Vp) dS = —/ cp(f’(H) (VOH,V7p) + f(H)ASgo) ds.
In particular, ’ ’
T+ 11T = /Sgp( — 2f"(H) (VSH, A (V59)) + f"(H)H (VSH, V) + (f(H)H — f(H)) A% dS.
The thesis follows combining the above computations with (A.48). O

APPENDIX B. VARIATION FORMULAS FOR SUB-RIEMANNIAN MEAN CURVATURE FUNCTIONALS

In this second appendix we prove Theorem 4.2 by means of a Riemannian approximation scheme. Namely,
we approximate the sub-Riemannian structure of H” with a sequence of Riemannian manifolds (H", (-, -)-)->0,
and we exploit Theorem A.8 to deduce the analogous sub-Riemannian variation formulas.
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B.1. Preliminaries. For any ¢ > 0, denote by (-,-). the unique Riemannian metric on H" such that
(Z%,..., Z5,,1) = (X1,..., X, Y1,...,Y,,eT) is a global orthonormal frame. If A € I'(TH"), denote by
Abe o APE A2nHLE jts components with respect to the above frame. Clearly A7 := A% is independent
of ¢ for j = 1,...,2n. We may write A?"*1 := A?"T1 when there is no ambiguity. Since (A,B)_ does not
depend on € when A, B € I'(H), we set (A,B) := (A,B)_. Denote by V* and R°® the induced Levi-Civita
connection and curvature tensor respectively. We recall the following relations (cf. [37]):

V?(ZX] =0, VEY,YVJ =0, %TZO’
Y; X,
(B.1) V%Y = =67, ST = ; S eT = 7?@
Y; X,

The Levi-Civita connection V¢ relates to the pseudohermitian connection V (cf. (2.2)) as follows.

Lemma B.1. Let A,B € I'(TH"). Then

A eT B,eT
(B.2) 2B =VaB+ <’€5>€J(B) + <’€5>5J(A) + (A, J(B)T.
In particular,
1
(B.3) Ael = gJ(A).
Moreover, if A,B,C € T'(H), then
(B.4) (V4B,C). = (VAB,C).
Proof. By a direct computation,
2n+1 ) 2n+1 '
aB= ) AFZBMZL+ Yy ACBMVLZ
k=1 k=1
(B.1) St n no
= VaB+ )Y AB"WVL Y+ (B,eT). Y AV T+ A" BIVS X;
j=1 j=1 j=1
+(B,eT). Y A"IVSeT + (A, eT). > B'VipX; + (A,eT). Y | B"HVEY;
j=1 j=1 j=1
N A eT B,eT
W yap s Ao gy BTl a4 asm)T.
O
B.2. Ambient curvatures. First, we compute the ambient curvatures of (H", (-, -).), starting from R®.
Proposition B.2. Let ¢ > 0. Let A,B,C € I'(TH"). Then
R 2 1 1
RY(A,B)C = 5 (/(A), B), J(C) + -5 (J(A), C). J(B) - - (J(B),C), J(A)
A2n+1,a BQn—i—l,a BQn—i—l,ach—i—l,a A2n+1,£02n+1,5
+ =2 (B,C).eT — = (A, C)eeT + =2 A — 2
In particular, if D € T'(TH"),
(B.5)
2 1 1
A2n+1,aD2n+1,e B2n+1,aD2n+1,a BQn-{—l,ach-{-l,e A2n+1,502n+1,5
6—2<B, C). — > (A,C): + Q- (A,D), — 5—2<B’ D)..
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Proof. Fix i,7,k =1,...,n. Then, by (B.1),

R*(X;, X)X, =0,

RE(X, X;)Vi = Vi, Vi Y — Vi Vi Vi — Vig, Vi = —‘z’“v& eT + 5—v5 eT — i (64Y; — 63,
RE(Xi, X)eT = Uy, Vi, eT — Vi, Vel — Viy, o7 = évg(i vf ~0.

Moreover,
RE (X, Y;) Xy, = Vi, V5, Xk — V5, Vi, Xk — Vix, v X5 = %’“vg(ieT + 5” Ve Xy, = i S (;.Y: + 20,Y)
R°(X;, Y)Yy = V&, V5, Yi — V5, VX, Yi — Vix, v, Y = %V%sT + i” VirYs = —6% (6ix X + 26 Xx)

v,eT — Vy, Vi eT — Vinyyj]eT =0.

R®(X;,Y))eT = V,

In addition,

1 8
R (X, eT) Xg = Vi, VerXn = ViV Xi = Viy, cp Xi = Vi Ye = —?;“e:r,
RE(X,', ET)Yk = vg(ingYk - VZTV_S)(iYk - vai,sT]Yk‘ =0,
1
R*(X;, eT)eT = V&, VipeT — VirVi,eT — Vi, el = — vaTY = 5X:
Furthermore,
ik Sit 1
R*(Y;, Y)) Xp = V§, V5, Xi = V3 V5, X5 — Vi, y X = %ve eT — fva = = (0 X; — 01 X),
RE(Y;,Y;)Y,, =0,
1 1
RE(Y;, Y)eT = V5, V§,eT — V5, Vel = Vi, v eT = —— Vi, X + — V5, X, = 0.
Finally,
R*(Y;, €T) Xy, = V5, Ver Xp — VEp V5, Xi — Viy, . Xx = 0,
1 8
RE(Y;, eT)Yy = V§, VirYs — VEr V5, Vi — Viy, Ve = —— V5, X = _?;?ET,
1 1
RE(Y, eT)eT = Vy,Vipel — VepVyeT — Viy, qpeT = fVETXi = E—QYZ
Therefore
2n+1 o
R°(A,B)C = >  A'BIC*R(Z;, Z;) 2
ij,k=1
n 2n+1 o n 2n+1 o 2n+1 '
=3 A'BIC*RI(X;, Z))Zk + > > ATBICKREY;, Z)) Z), + AP Y T BICKRA(eT, Z;) 2
i=1 j,k=1 i=1 j,k=1 g k=1
n 2n+1 o n 2n+1 ' ) n 2n+1 '
=Y > ABICKRY(X;, X))Zp+ Y > ABHCFR(X,,Y)) Zp + BT N T AICKRE (X, eT) 2
ij=1 k=1 ij=1 k=1 i=1 k=1
n  2n+1 n 2n+1
+ D0 D ATBICRIY, Xp)Z+ Y 3T AMBTHCNRA(Y,,Y)) 2%
4,j=1 k=1 i,j=1 k=1
n 2n+1 ' n 2n+1 '
+ BN TN ATHCERE(Y;, ) 2y + APNY DN T BICHRA(eT, X;) 2,
i=1 k=1 j=1 k=1
n 2n+1

+ AN "N B CRRE (€T, Y) 2.

j=1 k=1
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By the symmetry of R,

n  2n+1 n  2n+1
RE(A,B)C= ) > ABIC'RY(X;,X;)Zc+ Y > (A'B"M — A" B') C¥R*(X,,Y)) Zk
ij=1 k=1 Q=1 k=1
I II

n 2n+1 n  2n+1
+ Z Z (AiB2n+1 o A2n+1Bi) Ck RE(XZ', ET)Zk + Z Z AnJriBnJrjck RE(Y;, Y})Zk

i=1 k=1 ij=1 k=1

II1 v

n 2n+1
+ (An—l—iBQn-i-l _ A2n+1Bn+i) Ck: Ra(Yi, €T)Zk )

=1 k=1

v

First,

1 <N . 1 <N . . 1 & L . 1 <N . 4
_ iy +iv +iv. +iv-
L= 5 Y ABICY; - 5 Y ABCY, = 5 3 AIBICTY - 5 Y ABICMY,
1,5=1 1,5=1 5,j=1 3,j=1

Moreover,

I — Z (AiBn—i-j _ An+jBi) ck RE(XZ‘, Y])Xk + Z (AiBn+j _ An+jBi) otk Ra(Xi, Y])Yk
1,5,k=1

i,5,k=1
i,j=1 i,k=1
ij=1 ik=1
1 « , , P 1 & , , o 4 2
=5 ) (AB" - A" O, — 5 3 (ATB™ — AMHBT) CMHX + 5 (J(A), B) J(O),

ij=1 ij=1
In addition,
n . . n . .
I = Z (AZBQn-‘rl o A2’n+1BZ) Ck: RE(XZ', €T>Xk + CQTH-l Z (AZBQTH-I _ A2n+1B1) RE(XZ‘, ET)(ST
ik=1 i=1
— _i - (AiBZTH-l _ A2n+1Bi) CZ&"T + ant zn: (AiBQTH-l _ A2n+1Bi) X
g2 2 !
=1 =1
BQn—i—l n o A2n+1 n o B2n+102n+1 n ) A2n+1 CQn—i—l n )
— 7 P 1 .
=-— AICIET + == 3 B0l + ———— ) A'X; =) B'X.
J=1 j=1 i=1 i=1
Furthermore,

1 n+i pn+j i 1< n+i pn+j g 1 ¢ n+j pn+i g 1IN n+i pn+j g
IV_EQMZ::lA B cxj—EQijzzle B CXi_EQg::lA B CXi—EQijzz:lA B"HCIX;,
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Finally,

n
V = Z (An+iB2n+1 _ A2n+an+i) Cerk RE(Y'Z €T)Yk
i,k=1

n
+ 2+l Z (AnJriBQnJrl _ A2n+an+i) R (1/“ ET)&T

i=1
1 & . A A 2n+1 7 . ,
- = (An+zB2n+1 _ A2n+an+z) O tieT + Z (An—HBQn—l-l _ A2n+an+z) Y;
2 2
= R
BQn+1 n ) ) 2n+1 T ) )
==Y AMHCeT + = " BT
3 —1 & i—1
1= 1=
B2nt+lc2ntl ) A2n+lo2ntl 2 )
572 z; An-l-l)/i . 872 X;BTH-Z}/Z
1= 1=

By the above computations,

[T+ 1V = 2 (J(A), B) J(C) + & (J(A),C) S B, - 5 (7(A),0) 3 Brix,
i=1 i=1

1 . n+1 1 . 7
+ 5 (J(B),C) Y _A"Xi — 5 (J(B),C) ) _AY;
i=1 i=1

2 1 1
= 2 (J(A).B)J(C) + & (J(A),C) J(B) — % (J(B),C) J(A)
and
2n+1 2n+1 2n+1,2n+1 2n+1,2n+1
m+v=""mcer- 2 acers 2% AT g
e IS 15 IS

The thesis follows combining the above computations.

The explicit expression of the Ricci curvature Ric® is a simple consequence of Proposition B.2.
Proposition B.3. Let ¢ > 0. Let A,B,C € I'(TH"). Then

(2n+2)

. 2
(B.6) Ric*(B,C) = 2 (B,C), + =

(B,eT)_(C,eT),

and
2n + 2 2n + 2

(Va Ric®) (B,C) = (J(A), B>5 (C, €T>5 + 23 (J(A), C>e (B, €T>a

23
In particular,

(B.7) (VA4 Ric®) (A, A) =0.
Proof. By definition,
2n
@ Ric(B,C) = Y (2(J(2),B). (J(C), Z). + (J(2),C). (J(B), Z). — (J(B),C).(J(Z). Z:). )
—Zi—:zB,C)g _ pPrtlegintle | (9 4 1)BIntlegntle _ gntlegintle
= —3(J(B),J(C)) + (B,C). + (2n — 1) B>t lLec?ntle
= —2(B, C) + (2n + 2)B?theg?ntle,
Therefore, since V© (-,-). =0,
& (VARIC) (B, C) = (2n + 2) (A ((B.eT). (C.=T),) — (VAB.eT), (C.cT), — (B.eT), (V4 C.<T),)
= (2n+2)((B,V4eT), (C,eT), + (B,eT), (C,VaeT), )

(B.3) 2n + 2 2n + 2
= (J(A),B)_(C,eT), +

€ (J(A),C).(B,eT), .

Finally, (B.7) is straightforward.



UNEXPECTED PHENOMENA FOR MEAN CURVATURE FUNCTIONALS IN THE HEISENBERG GROUP 49

B.3. Extrinsic curvatures. Fix ¢ > 0. We adapt some aspects of Section 2.2 to the Riemannian structure
(H™, (-, -)c). We fix a smooth, closed, embedded hypersurface S C H", and we assign an upper index ¢ to the
geometric quantities associated with S and induced by (-,-).. Accordingly,

1 e
B.8 N°© = v+ eT
(B8) Vi4e2a?2  V1+e2a?

Therefore, T'S admits the (-, ) -orthonormal decomposition T'S = H'T'S @ span J(v) @ span S, where
X6 1

— v+ eT

V1+ 202 V1+e2a?

If 0¢ is the Riemannian surface measure induced by (-, ), it is easy to check that

V1+e2a? |

—0.

ev1+a?

In the rest of this section, we express some Riemannian extrinsic quantities with respect to the relevant
sub-Riemannian geometric objects. We begin by the second fundamental form.

Lemma B.4. Let ¢ > 0. Let A,B € I(HTS). Let C € T'(H'TS). Then

(B.9) S =

(B.10) o =

1 ~ eCa
hf(A,B) = —h"(A,B he(C,8%) = ——
(A,B) i (A,B), (C.8) =1 2a2
(B.11) . o 1 eJv)a clor of e2Sa
BEI),8) = =+ e BE(SE, 8T = 00
e l+e%a (1+e2a2)2
Proof. First, since
(B.12) (v,B) =(T',B)_ =0,

then
(B-8)

. 1 o
RAB) = (VY| ——uv],B) +(WVs aT),B>
( ) < A<v1+£2a2y> >s < A<v1+£2a2 €
(B.12) 1

1) - € €
2 m(( av.B). +ea (VisT,B). )

(B.3),(B.4) 1
= W(W‘(A,B)—i—a(ﬂA),B”

(2.7) 1 Y
= Araat WB)

Let D € I'(T'S). Then
h*(D, &%) = (VpN*, §7).

(118)1<V6 <1,/> _€QV+ST> +1<V6 <€a5T> —eau+5T>
Vite2a2 \ P\Vitea2 )7 Vit e2az\ P\Vifea2 ) .

1 1
_ ““ _p ( > + <V‘]€3y, —eav + 5T>

_\/1+52oz2 V1 +e2a2 1+¢e2a? €
* Jl—T—CYWD (\/1—:%) * 1 j—]z?ozz + 1 +€:2a2 <V%ET’ —eav 5T>5
= 1—0-152042<V%V’ 5T>E - 155220[2<V€D6T, 1/>8 + 1_?25;2
S D))~ o D))+ e
= (D, JW) + s

A first trivial consequence of Lemma B.4 is the behavior of the mean curvature.
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Corollary B.5. Let p € S\ Sy. Then

1 2Sa
B.13 H = —— {4 — ‘
( ) V14 e2a? (1+52a2)%

In particular,

(B.14) A;---AyH® — Ay ALHM locally uniformly on S\ So for any k € N, Ay,..., Ay, € T(TS).
E—r

In the next result, the approximation occurs both in the second fundamental form and in its entries.

Lemma B.6. Let p € S\ Sy. Let f,g € C>(S). Then

he (vs,Sf’ ve,Sg) — iLH (vﬂﬁf’ V}LSQ) + J(V)ng + J(U)gSf

(B.15) V14 e2a2 V14 e2a2
' N e2 (VHSa, SgVtsf + SFVHog) N £18aSfSg
(1+ 52a2)% 1+ 520(2)g '

In particular, if (f€)e, (9°)e converge smoothly to f and g as in (B.14), then
(B.16) h° (VE’SfE, VE’Sg‘E) - nt (VH’Sf, VH’Sg) +J(w)fSg+ J(v)gSf locally uniformly on S\ Sp.
E—r

Proof. Fix p € S\ So. Let Eqy,...,E;_1,E,41,...,Eg,—1 be a local orthonormal frame of H'T'S. Set
E, = J(v) and Eg, = S§°. In this way, Eq, ..., Eg, is a local orthonormal frame of 7'S. Then

2n
e (V9 f, V%) = Y h(Ei, E))EifEig

ij=1
2n—1 2n—1
= > W (B, E)EifEig+ ) h*(Ei,8%) (BifS°g + EigS°f) + h*(S°,8°)5° 8%
ij=1 i=1
B.11) WM (VIS £, 05 g) g2 iy
V1 + 2202 (1—1—52042)% ; (EifSg 9Sf)
EQJ(I/)Oz> e18aSfSg
+ 1+ —5= | (J()fSg+ J(V)gSf) + —————=
NoEry ( 11 202 (J(v)fSg+ J(v)gSf) it 52042)%
CORM (VIS NMSg) Jw) fSg + J(v)gSf N e2(VHhSa, SgVHS f + SfVHSg) N e'SaSfSg
V1+e2a? V1+e2a2 (1—1—52042)% (14_52@2)%.
In particular, (B.16) follows by (B.15). O

The next convergence result has been achieved, through a different approach, in [37].

Lemma B.7. Letp € S\ Sy. Then

iL’H 214 ) 2) 2 22 vH,S 2 4 2
e+ Rict (e, Ne) — [P AT ot (ot 2)a? | 22V T et Sa)®
1+ e (1+e2a?) (1+ 2a?)

In particular,

(B.17) |h%)? + Ric®(N®, N?) — W2 4+ 4T (V)a + (2n + 2)a? locally uniformly on S\ Sp.
e—

Proof. Let Eq,...,Eg9,_1 be as in the proof of Lemma B.6. First, by (B.6) and (B.8),

) 2 (2n+2)a?
RGNS N = =5+ Tz
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Moreover,
2n—1 2n—1
|he)? Z W (Ei, Bj)? 4+ 215 (J (1), 892 +2 > he(B;, 8°)% + h¥(S°,8°)°
g=1 i=1
W= i#n
@iy R L2 Awa | 2 (J(u)oz)2 2&5 et (Sa)?
14202 €2 1+¢e2a? (1+ 82042)2 (1+ €2a2 2 (1+ 52a2)3
z;én
W72 4 4T (v)a N 2e? ‘VH’Sa|2 et (Sa)?
The thesis follows combining the above computations. O

Lemma B.4 allows to compare the Laplace-Beltrami operator with AM:5 We need the following lemma.

Lemma B.8. Letp € S\ Sy. Then

2 25
(B.18) 5:8° = —20J(v) — — - VHSa - 2% Ne,
I+e‘a (1+€202)2

Proof. First,

(V587 N9}, = (s, 57) LD =50 .
2

(1+e2a?)
Moreover, (V5.58%,8%)_ = 0. Finally, fix E € I'(HTS). Then

1 —eav + €T
VEESE,E> =— (VS — | ,E
< s € v1+62a2< mVJFET(vl-i-&?QOéQ) >g

1 g 1 g
= Tz (Voeanser (<500) E), + 55 (Vo oreTL B,
B.3)  2a? ca a
= 1522 (Viv,E), — m (Verv, E), — 17202 (E, J(v))
B.1),26) 2e%a3 a L i a
A - E - - ZYL' _ T ZXZ - E’
1+ &2a2 (B, J()) 1+ 52a2 Z 1+ e2a2 ; (v Y ) 1+ e2a2 (B, J(¥))
(2.5) 2aEa
The thesis follows by the above computations. O
Proposition B.9. Let A € I'(HT'S). Let f € C°(S). Let p € S\ So. Then
20,
(B.19) dive® (A + £S) = divh A + 20 (A, J(v)) + Sf — fH™a + W (Aa + fSa).

In particular, if ¢ € C>(S) and p € S\ So,

(B20) A€7SSO:AH’S(P+ 8288(,0 . 54aSC¥S(,O B 52H'H048g0 52Oz VH’SOé.

14+e2a?  (14e202)? 1422 I

Therefore, if (¢%) converges to ¢ smoothly as in (B.14), then
(B.21) T — T, locally uniformly on S\ Sp.
E—

Proof. Let Eq,...,E9,_1 be as in the proof of Lemma B.6. First,
2n—1

dive® A 2V ST (Vg A B — (V557 A), T2V divS A 420 (A, T(v)) + —

——Ac.
; 1+ ¢e2a?
=1
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Moreover,

2n—1

dive? (fS) =Sf+f D (VE,S.Ei), + [ (V5:S5,5).

=1

2n—1 2n—1
—Sf—fa S (VanE) + 1Y (Ve T.E) +/ <vgg (”?2&28> ,ss>

i=1 i=1 €

2n—1 2n—1

(B3),(B f 2.2
= Sf fa;<inV’E 2 Z m8<\/1+6a)
2
B B ” e faSa
=Sf - et i

To prove (B.20) it suffices to apply (B.19), noticing that

5&,0

ves = VHS<p+ 2,2

Finally, (B.21) follows by (B.17) and (B.20). O

The above results and the divergence theorem yield the following integration-by-parts formula (cf. [15]).

Proposition B.10. Let p € C*°(S). Let A € T'(HT'S). If supp (pA) C S\ So, then
(B.22) /@divH’SAdJH+2/ wa (A, J(v /Acpda

S
In addition, if ¢ € C*°(S) and supp(py) C S\ So, then

(B.23) /¢S¢dJH:/cpd)HHadUH—/ng/)dUH.
S S S

Finally, we show the convergence of the cubic curvature term appearing in (A.43).

Lemma B.11. Let p € S\ So. Then

nH 1 ~1\3 ~
trace ((ha)?’) _ 3h (). J(Vl)) + 3 (trace <(hH) ) + 6h* (VH’Sa, J(v)) + 38a>
g2 (14 ¢e2%a?)2 (14 e2a2)2
2 . 4 6
+ L (hH (VH’S()(, VH’Soz) + 2J(l/)aSa> 5 =Sa ’VH Sa} + 579 (Sa)?
(14 c2a2)2 (1+52a2) (14 £2a2)2

Proof. Let Eq,...,Eg,_1 be as in the proof of Lemma B.6. Set hf; = he(E;,E;) for i,5 =1,...,2n. Then

2n—1 2n—1 2n—1 ) 5

3
trace ((hs) ) = Z h;::]h; +3 Z h‘Z_] ©,2n ]2n+3h2n 2n Z (hze,Qn) + (hgn,2n> .
i,j,k=1 ij=1 i=1 —

v

-~

I II III

First,

N
I(B':H) ;trace <<hH> ) .
(I+e¢ a2)
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Moreover,
2n—1 2n—1 )
II_3Zh2] 1,21 ]2n+6hn2nzhzn 12n+3h%n(n2n)
=1
ij;én 17571,
2n—1 2n—1
(B.11) 3e? - 2J(v)a 1 -
= — Z WY(E;, E;)E;aEja + 6 <1 e e Z WY(E;, J(v))Ei
(1+€OZ)2 ij=1 (1+5a)2 i=1
INE0) i#n
3 = 2J(v)a\’
(I (), J(v)) (1 + (2)2>
2 (1 4 e2a2)? 1+eta

2 ~
_ M (VHSa, viSa) 4 —
(1+¢e%2a?)2 (1+e2a?)

In addition,

2n—1
I = 3h%n,2n Z ( 7 Qn) + 3h2n,2n (hiL,Qn)z
i=1
(B.11) 3t iy 3 2J(w)a\’
= 75,@ Z (EiOé)Q + 738 (1 + 22)
(1+e2a2)2 (1+¢e2a?)2 1+e%a
4 2
= 34804 }VH Sa‘ + 6éé’od( Ja + %Sa.
(1+e2a?)2 (14 £2a2)2 (14 e2a2)2
Finally,
6
[ — M LS
(1+e2a?)2
The thesis follows combining the above computations. O
Lemma B.12. Let p € S\ So. Then
R (J 1
<ha’ca(Na’Na)> 3 ( ( ) (Vg)) . (Sa+HH042).
g2 (1+¢e2a?)2 (14 ¢e2a2)2

Proof. Let Eyq,...,E,_1 be as in the proof of Lemma B.6. By (B.5) and (B.8), if B,D € I'(T'S),

3 BQn+1,sD2n+1,s 042

B.24 £(N°. N* _ 3 NE e B B
(B.24) C*(N°,N°)(B, D) = - {N°, J(B)). (N7, J(D)).. = T 22 B D
Therefore,

2n

(hF,C5(N°,N))_ = Y~ h*(E;, E;)C°(N°,N°)(E;, E;)
1,j=1
B20) 3 he 100, () (NF. 02 — L (55, 8°) (55.eT)2 — — % e
82 ) b £ 62 b b IS 1+62a2
(B.8),(B.9),(B.11),(B.13) 3hM(J(v), J(v)) B Sa _ HMa> £2a’Sa
e2(1+e22)? (1+e2a2)?  (1+e22)?  (1+e2a2)3

B 3hH(J(I/),J<V)) B Sa HMao?
e2(1+ 52042)% (1+ 520[2)% (14 e2a?)
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Theorem B.13. Let e > 0. Let p € S\ So. Then

2 trace ((hf) ) 2 (he,C°(N°,N%))_ — (Vi Ric®) (N°, N¢)
_ (2 trace ( ) + 1217 (VH’Soz, J(v)) + 8Sa + 6RM(J(v), J(v))a? + QHHaQ)
+ 820é2 b5
H(oHS , HS Ge* .9 2¢° 3
PR (h (VHSa, VH5a) + 2J(V)a8a> +— _Sa|VMSaP 4 — = (Sa)®.
(1+¢e2a?)? (1+¢e2a2)2 (1+¢e2a?)?

In particular,

2 trace <(h5)3> — 2 (hF,C5(NF,NF))_ — (Vi Ric?) (N°, N¥)
(B.25) N ~ ~
- 2 trace ((hH) > + 1207 (V5a, J(v)) + 8Sa + 61™ (T (v), J(v))a? + 2HMa?
e—
locally uniformly on S\ Sp.
Proof. Notice that

60 (J(v), J(v)) 6T (J(v),J(v)) _ 6R"(J(v), ] (v))a?
T 3
e2 (1 +e2a?)? €2 (14 €2a2)2 (1+e2a?)

3
2
The thesis follows by (B.7), Lemma B.11 and Lemma B.12. O

B.4. Proof of Theorem 4.2. The proof of Theorem 4.2 follows by applying the results of Appendix B.3.

Proof of Theorem 4.2. Fix € > 0. Set #7(S) = [ f (H®) do®. Then

5 BE H* 2 V1T 2202
%ce(s)(Blo),(Bn)/f< L 4 65042 3) ;_5 o; do',
(B.26) viteia®  (14e2a?)2) evita
/ f(H?) dal.
V1+a?
Therefore, by (B.26) and since ® is supported on S\ Sy, we infer that
(B.27) 5HM(S)[®] = lim £6.7*(S)[®], S2AM(9)[®] = lim 62 °(S)[®).
e e—
Set ¢f = (X, N°¢)_. Then, by (A.42),
V1+e2a?
&%pasq):/ (HE _AE,S e __ € ha2+R~aNa’Na + O f(HE)HE dl.
bA°(S)(8] = | () (~A5 = (WP + Ric (N7, N9))) + 7 f(HOHT) ¥ i do
Notice that
(X, v) ca(X,eT),  (X,v) a(X,T);, ©

(PE = <X7 N8> =

Viteza?2  Vi+e2aZ Vi+e2a? Vi+e2a? VIt e2a?
Therefore, (B.20) implies that

- — o, A 5905 — AH’SQO uniformly on S.

e—0 e—0
Then, by (B.27) and recalling (B.14) and (B.17), (4.4) follows. Next, we prove (4.5). Set

¥

XT,s - X — eNs — -
7 1+ e2a2

(1/ + 62aT) ,
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and denote by Z¢ the acceleration of ® with respect to V. By (A.43),
82 HF(S)[®] = 67 (S) [(Z]s,N), — 2XT 7 + 7 (XT5, XT€)] + /S ©° T (f"(H?)T*¢%) do®

+ /S 20° div®® (f'(H?)A® (V9¢%)) do® — /S ©° (f'(H*)H® + f(HF)) A4 do*

_ /S4SOEfH(HE)hE (vE,SHE’Va,S@E) do® + /S(pa (f"(H?)HE — 2f'(H?)) <VE,SH£7VE,S()OE>E do®

+ /S (0°)2 f/(HF) (2 trace ((h5)3> — 2 (hF,C5(NE,N¥)) — (V& Ric®) (N, NE)) do*

+ /S (¢°)? (f(HE) (H®)? — (2f'(H®)H® + f(H?)) (|h€|2 + Ric®(N®,N°9)) > do*.
Denote the terms on the right-hand side by I¢, ..., VIII®. First,

(2, N7, — (X' v+ aT), (B-2) (Z,v+aT), N 2(X,eT),

Vitaa VNS e T N
Moreover, X — pv € T'(T'S), and
—oxXTe e = _9 <X - l—i-% (v+ EQOcT)> <\/1_fw> — —2(X—pv)p uniformly on S.
In addition,
A 2(XT= T
he (XT,E’ XT,E) - _ <v§(T,eXT’€, NE>8 (BZZ) B <VXT,5XT’E, N€>E _ <€>€ <J(}()7 N€>€ )
Therefore
€ € e T Te\ _ <Z7 v+ aT>1 T.e € 2 <J(X)7 Ns)g T.e
(Z°,N°),_ + h® (X15, XT*) = W—WX@EX N+ === (X =XT5eT),
Z,v+aT 20p¢ (J(X), N®
V14 eca V14 eca
— (Zov+al), = (Vxop (X =) v +aT) =200 (X, J(v))

uniformly on S. By the first part of the proof, we conclude that

el® 7 5%”;'[(5) [(Z, v+aT), —2(X—pv)p— <VX_W (X—pv), v+ (J¢T>1 — 2ap (X, J(u)>} .
Moreover, by (B.21),

A= e [ T T drt —p [ T e T = [ o (1) o
Next,

elll° = —¢ / 2f'(H*)h® (V0% Vo5 %) do®
S

(B.16) _/ Zf/(H’H)(EH (VS VHS ) + 2J(z/)<p8<,p) dot
e—0 S
@n _ /s 2 <f’(HH)AH (VH’SQO) ,VH’S¢> do™ — /S4f/(HH)J(V)cpSg0 do™

(B.22)£(B-23) / 2g0diVH’S <f/(HH)AH (VH’SQO)) d0H+/4cpaf'(HH)hH (V}LSQD?J(V)) ClO'H
S S
+ / 4o J (V) f"(HMSH™ do™ + / 4o f'(HMS T (v)p, do™ — / dpaf' (HYHM™ J(v)p do™
S S S
(2.7

27) / 2p div?t® <f’(HH)AH (VH’SQO)) do™ + / 4¢af'(HH)<ﬁH (VH’SQO, J(v)) — HHJ(V)(p> do™
S S

+ / dpJ (W) f"(HMSHM do™ + / dpf (HMS T (v)p, do™.
S S
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Moreover,

elVe — — K (f(HMH™ + f(H™) A5 pdo™.

In addition,
v (ils _/ 4<Pf”(HH)(BH (VSH? V5 0) + J(v)pSHM + S (v) H”) do™.
S

Moreover,

VI [ e (f"(HM H™ —2f (HM)) (VS H? V50 do™.

Furthermore, by (B.25),
eVII® 7 g O f(H™) (2 trace <<iLH>3> +12n% (VH’Sa, J(v)) +8Sa+6A" (J(v), J(v))a? +2HH042> do’.
Finally, by (B.17),
SVIIFF — /S<p2 (f(HH) (H™)? — (2 (HM)H™ + f(H™)) (|BH|Q F 4T (v)a + (2n + 2)a2> ) do.
The thesis follows combining the above computations. O
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