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Abstract. The Euclidean paradigm that spheres optimize mean curvature variational problems breaks down in
the sub-Riemannian Heisenberg group: neither the Pansu sphere nor the Korányi sphere is optimal for the vari-
ational problems associated with the Minkowski and Heintze-Karcher inequalities. Motivated by this phenome-
non, we develop a variational theory for geometric problems driven by the horizontal mean curvature, focusing
on the total mean curvature functional and the related Minkowski inequality, introducing suitable notions of
non-characteristic stationarity and stability. We fully classify critical surfaces, identifying a new one-parameter
family of rotationally invariant surfaces, which we call Pansu-Minkowski spheres. We show that a distinguished
member, the optimal Pansu-Minkowski sphere, emerges as the unique critical point of the Minkowski quotient,
and uniquely minimizes it among rotationally invariant competitors. We prove non-characteristic stability and
local minimality of Pansu-Minkowski spheres under rotationally invariant perturbations, while showing their
instability under unrestricted perturbations. Finally, we show that the Minkowski quotient does not admit any
positive lower bound: in the first sub-Riemannian Heisenberg group, no Minkowski inequality holds.

1. Introduction

In the Euclidean space, the most relevant geometric variational problems driven by mean curvature exhibit
a remarkable rigidity in the shape of their optimal configurations. In their appropriate class of competitors,
the isoperimetric inequality [22], the Minkowski inequality [12, 16, 24], and the Heintze-Karcher inequality
[17, 27, 36, 40] all single out the Euclidean sphere as the unique optimal shape. As we shall see, this Euclidean
paradigm breaks down in a rather unexpected way in sub-Riemannian geometry.

In the sub-Riemannian Heisenberg group H1, the prototypical model of sub-Riemannian [2] and pseu-
dohermitian [7] geometry, the picture is far less understood. Considerable progress has been achieved for
what concerns the isoperimetric problem [28, 25, 26, 20, 31, 35], although it is still unknown whether the
closed, constant horizontal mean curvature surface known as Pansu sphere (Example 3.5) - the unique closed
volume-preserving area-stationary surface - is indeed the isoperimetric set. On the other hand, essentially
nothing is known for more general geometric variational problems driven by the horizontal mean curvature
(cf. [8, 10, 21] for further geometric variational problems in related frameworks).

In this setting, a general mean curvature driven functional takes the form

(1.1) H H
f (S) =

∫
S
f
(
HH) dσH.

Here S ⊆ H1 is a smooth, embedded, closed surface, HH is its (horizontal) mean curvature, dσH is its
(sub-Riemannian) area element and f : R → R is a smooth function. We refer to Section 2 for the related
definitions. Particularly relevant examples are the (horizontal) area functional, the total (horizontal) mean
curvature and the total inverse (horizontal) mean curvature, defined respectively by

σH(S) =

∫
S
dσH, H H(S) =

∫
S
HH dσH,

(
H H)−1

(S) =

∫
S

1

HH dσH.
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As for the Euclidean case, the homogeneous structure of H1 induced by its intrinsic dilations relates the
minimization of such functionals, under suitable geometric constraints, to the validity of the corresponding
sharp geometric inequalities. Precisely, minimizing the total mean curvature under area constraints, i.e.

(1.2) inf
{
H H(S) : S is mean convex, σH(S) = k

}
, k > 0,

is equivalent to minimizing the (scaling invariant) Minkowski quotient

(1.3) QH
mink(S) =

(
σH(S)

)− 2
3 H H(S).

Similarly, minimizing the total inverse mean curvature under volume constraints, i.e.

(1.4) inf
{(

H H)−1
(S) : S is strictly mean convex, |Ω(S)| = k

}
, k > 0.

corresponds to minimizing the (scaling invariant) Heintze-Karcher quotient

(1.5) QH
hk(S) = |Ω(S)|−1

(
H H)−1

(S),

where |Ω(S)| is the Lebesgue measure of the volume enclosed by S. In turn, sharp lower bounds for (1.3)
and (1.5) would imply (sub-Riemannian analogs of) sharp Minkowski and Heintze-Karcher inequalities.

Beyond the analogy with the Euclidean framework, several reasons suggest that the Pansu sphere, hence-
forth denoted by S 1

2
for further convenience, should play a distinguished role in both optimization problems.

Regarding the former problem, (1.3) is the correct first higher-order analogue of the isoperimetric quotient

(1.6) QH
isop(S) = |Ω(S)|−

3
4σH(S).

The underlying conceptual picture is that area describes the first-order behavior of volume, while mean curva-
ture governs the first-order behavior of area. Regarding (1.5), a structural connection with the isoperimetric
problem is suggested by the behavior of (1.6) under evolution by horizontal inverse mean curvature flow.
Loosely speaking, a family of closed embeddings (St)t>0 evolves by horizontal inverse mean curvature flow if

(1.7)
∂St

∂t
=

1

HH
t

νt,

where νt denotes the horizontal unit normal to St. Recalling [18] that

d|Ω(St)|
dt

=
(
H H)−1

(St),
dσH(St)

dt
= σH(St),

a formal computation combined with the forthcoming Theorem 3.7 yields

d

dt

(
QH

isop

)
(St) =

3

4
QH

isop

(
St
) (

QH
hk

(
S 1

2

)
−QH

hk

(
St
))
.

Were the Pansu sphere the optimal configuration for (1.5), the isoperimetric quotient would be non-decreasing
along (1.7). This perspective is supported by another remarkable fact. The Korányi sphere (Example 3.6) -
the boundary of the unit ball associated with the Korányi gauge - shares the same Heintze-Karcher quotient of
the Pansu sphere (Theorem 3.8), and is in fact self-similar under inverse mean curvature flow. Finally, since
many approaches to the Euclidean Heintze-Karcher inequality provide effective proofs of the Aleksandrov
theorem [3] both in the smooth [27, 36] and in the measure-theoretic [14] framework, it would therefore
appear natural to expect an analogous phenomenon in the Heisenberg setting.

The first surprising outcome of the present paper is that these intuitions are in fact incorrect.

Theorem 1.1. Neither the Pansu sphere nor the Korányi sphere minimizes (1.3) or (1.5).

This fact has several unexpected consequences. First, it exhibits a substantial lack of symmetry in the shape
of optimal configurations for the main geometric variational problems in H1. Moreover, since the Pansu sphere
is non-optimal for (1.5), Theorem 1.1 implies that a possible Heintze-Karcher inequality cannot be used as a
direct tool toward the Aleksandrov theorem in the sub-Riemannian setting. The proof of Theorem 1.1 reveals
an even more striking phenomenon. The Pansu and Korányi spheres are not merely non-minimizing: they
are not even critical points, neither of the normalized functionals (1.3) and (1.5) (Theorem 3.7, Theorem 3.8),
nor of the associated constrained problems (1.2) and (1.4) (Remark 3.9). The key observation is that (1.3)
and (1.5), while being preserved by intrinsic dilations, are not invariant under Euclidean dilations. This fact
allows one to produce suitable deformations along which both functionals strictly decrease.
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It therefore becomes natural to investigate the structure of the actual equilibrium configurations of these
problems. In the present work, we mainly focus on (1.2). Besides its intrinsic interest, this choice is also
motivated by analytical considerations. Indeed, as will become apparent from Theorem 4.2, the total mean
curvature is, together with the area functional, the only mean curvature functional whose linearization is of
zero-order in HH and whose stability operator remains second-order.

The study of geometric variations must account for the singular phenomena arising from the interaction
between the differential and sub-Riemannian structures. Specialized to hypersurfaces, the latter gives rise
to the appearance of the so-called characteristic points. Precisely, denoting by H the underlying horizontal
distribution (Section 2), a point p ∈ S is characteristic when H is tangent to S at p. In the characteristic set
S0, the horizontal geometry collapses, and this typically creates substantial analytical difficulties.

Accordingly, to characterize critical points of (1.2), we introduce the notion of non-characteristic variation
(Section 4.1), a smooth variation of the ambient space supported away from a neighborhood of the character-
istic set. Therefore, appropriate sub-Riemannian variation formulas, as established in [39] in great generality,
constitute a fundamental ingredient in the whole variational analysis (Theorem 4.2).

The natural first-order investigation of (1.2) consists in seeking critical points of the total mean curvature
functionals under non-characteristic variations which preserve the area. In turn, exploiting the first variation
formulas provided by Proposition 4.3 and Proposition 4.4, we show (Proposition 4.8) that this notion of
stationarity is equivalent to the stationarity of the penalized functional

(1.8) PH
Λ (S) = H H(S)− ΛσH(S)

under arbitrary non-characteristic variations, as well as to the validity of the Euler-Lagrange equation

(1.9) −4
(
J(ν)α+ α2

)
− ΛHH = 0.

In the above formulas, J is the complex structure of H1, so that, denoting by ν the horizontal unit normal
to S, J(ν) generates the horizontal tangent space to S (Section 2). Moreover, α is the fundamental function
associated with S (Section 2), and Λ is the appropriate Lagrange multiplier arising from the area constraint.

Combining topological arguments with a detailed analysis of (1.9), in Section 5 we provide a full char-
acterization of closed, mean convex solutions to (1.9). Motivated by the symmetries of the Pansu sphere,
we first look for solutions to (1.9) in the class of rotationally invariant surfaces (Section 3), which are sym-
metric with respect to rotations around a distinguished vertical direction. Precisely, setting 4L = Λ, we
show that every rotationally invariant solution to (1.9) is obtained by vertical rotation of the profile curve
γL = (xL, tL) : [− arccos

√
1− 2L, arccos

√
1− 2L] → R2, where L ∈

(
0, 12
]
and

(1.10)


xL(s) =

1

2L

(
cos s− 1− 2L

cos s

)
,

tL(s) =
1

4L2

(
s

2
+

sin 2s

4
− (1− 2L)2 tan s

)
,

thus obtaining a one-parameter family of rotationally invariant surfaces, say SL for 0 < L ⩽ 1
2 , which are

critical points of the total mean curvature along area-preserving non-characteristic variations. Subsequently,
we prove that any closed, mean convex solution (1.9) is necessarily rotationally invariant, thus completing
the first-order description of the problem.

This characterization carries with it a further series of consequences. First, unlike in the Euclidean setting,
where the sphere is the unique equilibrium configuration of the total mean curvature under area-preserving
variations [12, Theorem 5.3], in the Heisenberg group one finds infinitely many critical points. Most notably,
one easily realizes (Example 3.5 and Remark 5.6) that the limiting configuration corresponding to L = 1

2
is precisely the Pansu sphere S 1

2
, whence the choice of notation. Surprisingly, although the Pansu sphere

fails to be stationary for H H under arbitrary area-preserving variations (Remark 3.9), it is nevertheless
stationary for H H along non-characteristic area-preserving variations. Remarkably, the stationarity of the
Pansu sphere fails even for amost non-characteristic variations. Indeed, the variations we perform to prove
Theorem 1.1, although not non-characteristic, do not move characteristic points. Besides confirming that
the Pansu sphere still plays a role in this variational framework, this phenomenon also reveals a substantial
difference with the sub-Riemannian isoperimetric problem: the Pansu sphere is indeed the unique closed,
constant horizontal mean curvature surface, e.g. among rotationally invariant surfaces [34] or even among
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competitors with at least one isolated characteristic point [35]. Both because of their connection with the
Minkowski problem and because the Pansu sphere itself arises as a limiting configuration within the family,
we refer to the above surfaces as Pansu-Minkowski spheres.

Among Pansu-Minkowski spheres, one particular element nevertheless plays a privileged role. This phe-
nomenon becomes apparent when comparing the constrained stationarity problem associated with (1.2) with
the unconstrained stationarity problem associated with (1.3). Although being equivalent from the viewpoint
of minimization, this equivalence breaks down at the non-characteristic first-order level. Indeed, while every
critical point of QH

mink along non-characteristic variations is also stationary for H H along area-preserving
non-characteristic variations (Proposition 4.9), the converse fails in general. More precisely, within the fam-
ily of Pansu-Minkowski spheres, the only surface which is critical for (1.3) is the Pansu-Minkowski sphere
corresponding to L = 1

4 . It is therefore not surprising that this configuration plays a distinguished role in
the minimization of the Minkowski quotient: S 1

4
is the unique minimizer of (1.3) within the class of Pansu-

Minkowski spheres. Accordingly, we refer to it as the optimal Pansu-Minkowski sphere, since the above facts
naturally single it out as the primary candidate minimizer for the Minkowski quotient.

Figure 1. From left to right, the Pansu-Minkowski sphere for L = 1
8 , the optimal Pansu-

Minkowski sphere
(
L = 1

4

)
and the Pansu sphere

(
L = 1

2

)
. The three spheres are rescaled via

intrinsic dilations to have unit sub-Riemannian area.

The next statement summarizes the above considerations.

Theorem 1.2. For any L ∈
(
0, 12
]
, define γL as in (1.10). Denote by SL its associated rotationally invariant

surface. Let S ⊆ H1 be a closed, connected, mean convex surface. The following are equivalent:

(i) S is a critical point for H H along area-preserving non-characteristic variations;
(ii) S is, up to intrinsic dilations and left-translations, a Pansu-Minkowski sphere SL for some L ∈

(
0, 12
]
.

Moreover, the following are equivalent:

(iii) S is a critical point for QH
mink along non-characteristic variations;

(iv) S is, up to intrinsic dilations and left-translations, the optimal Pansu-Minkowski sphere S 1
4
.

Finally, the optimal Pansu-Minkowski sphere S 1
4
minimizes QH

mink within Pansu-Minkowski spheres:

QH
mink(SL) ⩾ (18π)

1
3 , QH

mink(SL) = (18π)
1
3 if and only if L =

1

4
.

A further natural question concerns the stability of Pansu-Minkowski spheres under non-characteristic
perturbations. As for the isoperimetric problem [4, 5], the equivalence between the constrained problem (1.2)
and the unconstrained problem associated with (1.8) breaks down at second-order. Exploiting the second
variation formulas established in [39] and recalled in Theorem 4.2, we show that stability of critical points
of H H under area-preserving non-characteristic variations is equivalent to stability of critical points of PH

L
under non-characteristic variations which are area-preserving at first-order (Proposition 4.10). Consequently,
our analysis is carried out at the level of the penalized functional PH

L . Evaluated at the corresponding critical
point SL, its second variation along an arbitrary non-characteristic variation Φ is given (Section 6) by

(1.11) δ2PH
L (SL) [Φ] = 4

∫
SL

((
− SφJ(ν)φ− L (J(ν)φ)2

)
+
(
2Sα−HH (α2 + 4L2

) )
φ2
)
dσH.

In this formula, S is (up to normalization) the unique vector field which completes J(ν) to an orthogonal
frame of TS (cf. Section 2), while φ is an appropriate projection of the velocity of Φ (Section 4).
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Within the class of rotationally invariant non-characteristic perturbations, all Pansu-Minkowski spheres
exhibit a much stronger property than mere stability. Indeed, we prove that the quadratic form associated
with (1.11) is uniformly coercive with respect to arbitrary non-characteristic variations. More precisely,

(1.12) δ2PH
L (SL)[Φ] ⩾ 4(1− L)

∫
SL

(J(ν)φ)2 dσH +
8L(1− 2L)

1− L

∫
SL

φ2 dσH.

We stress that the above lower bound does not require any first-order area constraint, and is therefore sub-
stantially stronger than standard stability. This is in sharp contrast with more familiar settings. For instance,
Euclidean spheres do not satisfy such a strong stability property for the penalized functional associated with
the Euclidean isoperimetric problem [4]. As a direct consequence of (1.12), all Pansu–Minkowski spheres
locally minimize the total mean curvature under sufficiently small rotationally invariant non-characteristic
perturbations. The above facts can be summarized as follows.

Theorem 1.3. Let L ∈
(
0, 12
]
. Let Φ be a non-characteristic rotationally invariant variation (Section 6).

Fix δ > 0, and set I(δ) =
(
− arccos

√
1− 2L+ δ, arccos

√
1− 2L− δ

)
. Then:

(i) the lower bound (1.12) holds. In particular, SL is a stable critical point of H H along area-preserving,
non-characteristic, rotationally invariant variations;

(ii) there exists ε = ε(δ, L) > 0 such that, if φ ∈ C∞
c (I(δ)) satisfies

σH
(
Sφ
L

)
= σH (SL) , ∥φ∥C2(I(δ)) ⩽ ε,

where Sφ
L is a (rotationally invariant) horizontally normal graph over SL (Section 7), then

H H (SL) ⩽ H H (Sφ
L

)
.

The perhaps most surprising phenomenon emerges once rotational symmetry is removed. We show that
Pansu-Minkowski spheres become unstable under general perturbations. Precisely, we construct highly oscil-
latory, first-order area-preserving angular variations along which the second variation of PH

L becomes negative.
By Proposition 4.10, this yields instability of Pansu-Minkowski spheres for the constrained problem (1.2).

Theorem 1.4. Let L ∈
(
0, 12
]
. There is a non-characteristic first-order area-preserving variation Φ such that

δ2PH
L (SL)[Φ] < 0.

Pansu-Minkowski spheres are then unstable for H H along area-preserving non-characteristic variations.

An important consequence of Theorem 1.2 and Theorem 1.4 is the lack of any strictly mean-convex global
minimizer of (1.3): otherwise (cf. the proof of Theorem 1.5), the latter would be a solution to (1.9), whence
a Pansu-Minkowski sphere, which is nevertheless unstable by Theorem 1.4. On the other hand, Theorem 1.3
suggests that the optimal Pansu-Minkowski sphere may be actually a global minimizer in the class of rota-
tionally invariant competitors. We show that this is the case, as stated in the next result.

Theorem 1.5. Let S ⊆ H1 be a rotationally invariant, closed, mean convex surface. Then

(1.13) H H(S) ⩾ (18π)
1
3σH(S)

2
3 .

Equality holds if and only if S is, up to intrinsic dilations and vertical translations, the optimal Pansu–
Minkowski sphere S 1

4
.

The absence of a strictly mean-convex global minimizer of (1.3) does not a priori prevent the validity of
a (possibly non-sharp) Minkowski inequality even beyond the rotationally invariant class. In our last result,
we show that this is not the case: no Minkowski inequality holds in the first Heisenberg group.

Theorem 1.6. Among embedded, closed, mean convex surfaces S ⊆ H1, one has

inf
S

QH
mink(S) = 0.

Precisely, set

Sλ =
{
(x, y, t) ∈ H1 : λ−2x2 + λ2y2 + t2 = 1

}
, λ ⩾ 1.

Then Sλ is smooth, embedded, closed, strictly mean convex. Moreover,

(1.14) H H(Sλ) = 2π2, σH(Sλ) → +∞ as λ→ +∞.
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Concerning future perspectives, we expect similarly exotic phenomena to arise in connection with the
Heintze-Karcher problem (1.4). Indeed, although the Pansu sphere is not stationary for (1.4) under arbi-
trary volume-preserving variations, it becomes stationary when one restricts to non-characteristic volume-
preserving variations (Remark 5.7). It therefore remains somewhat mysterious that the Pansu sphere system-
atically emerges in these variational problems, despite not realizing the corresponding optimal configuration.

Plan of the paper. The paper is organized as follows. In Section 2 we collect some preliminaries on Heisen-
berg groups (Section 2.1) and on the geometry of hypersurfaces (Section 2.2). In Section 3 we introduce
rotationally invariant surfaces, discuss their properties (Section 3.1), give some examples (Section 3.2), intro-
duce the relevant functionals (Section 3.3) and prove Theorem 1.1 (Theorem 3.7, Theorem 3.8). In Section 4
we focus on the variation formulas for (1.1). After introducing variations (Section 4.1), we state Theorem 4.2
(Section 4.2) and we specialize it (Section 4.3) to (1.2) (Proposition 4.3, Proposition 4.4), discussing the rel-
evant notions of stationarity (Proposition 4.8) and stability (Proposition 4.10). In Section 5 we characterize
critical points of (1.2), proving Theorem 1.2. In Section 6 and Section 7 we discuss their stability, instability
and local minimality, proving Theorem 1.3 and Theorem 1.4. In Section 8 we deal with the global properties,
proving Theorem 1.5 and Theorem 1.6.

Acknowledgments. The authors thank R. Monti, J. Pozuelo, M. Ritoré and D. Vittone for fruitful discus-
sion about the addressed topics. Part of this research was carried out while S. Verzellesi was visiting the
Department of Mathematics at the University of Trento.

2. Preliminaries

2.1. Heisenberg groups. Fix n ⩾ 1. The n-th Heisenberg group (Hn, ·) is R2n+1 with the group law

(2.1) p · p′ = (x, y, t) · (x′, y′, t′) =

x+ x′, y + y′, t+ t′ +
n∑

j=1

(
x′jyj − xjy

′
j

) ,

where p = (x, y, t) = (x1, . . . , xn, y1, . . . , yn, t). This group law realizes Hn as stratified Lie group. Its
horizontal distribution H is generated by the left-invariant vector fields

Zi = Xi =
∂

∂xi
+ yi

∂

∂t
, Zn+i = Yi =

∂

∂yi
− xi

∂

∂t
, i = 1, . . . , n.

A vector field which is tangent to H at every point is called horizontal. Setting Z2n+1 = T = ∂
∂t , then

Z1, . . . , Z2n+1 is a global frame of left-invariant vector fields. We may identify a point p ∈ Hn with

2n+1∑
i=1

pjZj(p) ∈ TpHn.

The only nontrivial commutation relations among Z1, . . . , Z2n+1 are

[Xi, Yi] = −2T, i = 1, . . . , n.

The complex structure J : Γ(THn) → Γ(THn) is the unique C∞(Hn)-linear map which satisfies

J(Xi) = Yi, J(Yi) = −Xi and J(T ) = 0, i = 1, . . . , n.

The triple (Hn,H, J) is a prototypical pseudohermitian manifold (cf. [9, Appendix]). Moreover, Hn inherits
a sub-Riemannian structure (Hn,H, ⟨·, ·⟩|H) by restricting to H the unique Riemannian metric ⟨·, ·⟩ making
X1, . . . , Xn, Y1, . . . , Yn, T orthonormal. In the following, orthogonality is meant with respect to ⟨·, ·⟩. The
pseudohermitian connection ∇ (cf. [32]) is the unique metric connection with torsion

(2.2) ∇AB−∇BA− [A,B] = 2⟨J(A),B⟩T, A,B ∈ Γ(THn).

We recall that ∇ vanishes along left-invariant vector fields (cf. [31]), i.e.

(2.3) ∇Zi = 0, i = 1, . . . , 2n+ 1.

In addition, Hn carries a homogeneous structure provided by intrinsic dilations (cf. [6]). Namely, we set

δλ(x, y, t) = (λx, λy, λ2t) for every λ ⩾ 0, (x, y, t) ∈ Hn.
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In this way, δλ is a Lie group isomorphism of Hn for any λ > 0. The Riemannian volume induced by ⟨·, ·⟩ is
the Haar measure of the group, i.e. the standard Lebesgue measure. It satisfies the homogeneity condition

|δλ(E)| = λQ|E| for every E ⊆ Hn measurable, λ ⩾ 0,

where Q := 2n + 2 is known as homogeneous dimension of (Hn, ·) (cf. [37]). Therefore, the Riemannian
divergence induced by ⟨·, ·⟩ is the Euclidean divergence, and can be computed by

(2.4) divA = div

(
2n+1∑
i=1

AiZi

)
=

2n+1∑
i=1

ZiA
i, A ∈ Γ(THn).

2.2. Hypersurfaces. Let S ⊆ Hn be a connected, embedded, two-sided hypersurface. If S is closed, we
denote by Ω(S) the bounded region it encloses. Recall that p ∈ S is called a characteristic point if Hp = TpS.
The set of characteristic points of S is denoted by S0. Throughout the paper, we assume that S is of class
C2 and that S \S0 is smooth. At non-characteristic points, the horizontal tangent space HTS is the smooth,
(2n− 1)-dimensional distribution defined by

HTpS = Hp ∩ TpS, p ∈ S \ S0.

Denote by N the Riemannian unit normal to S, and by NH its orthogonal projection onto H. Then, the
horizontal unit normal

ν =
NH

|NH|
is well-defined on S \S0, and is the unique, up to sign, horizontal unit vector field orthogonal to HTS. Notice
that p is a characteristic point if and only if |NH| = 0. Close to every non-characteristic point, it is always
possible to extend ν to a full neighborhood in Hn by setting

(2.5) ν = ∇Hd,

where d is the signed Carnot-Carathéodory distance from S (cf. [15, 32]). Henceforth, ν is always extended
as in (2.5). The fundamental function α is defined on S \ S0 as the unique smooth function such that

S := T − αν ∈ Γ(TS).

It is known (cf. [15, 29]) that α = Td. Moreover, if n = 1, then [15, Proposition 3.1] yields

(2.6) ∇Sν = (J(ν)α+ 2α2)J(ν).

Denote by H′TS the distribution defined by

H′TpS = HTpS ∩ J (HTpS) , p ∈ S \ S0.

Then, H′TS is a (2n−2)-dimensional sub-bundle of HTS, and the latter can be orthogonally decomposed as
HTS = H′TS ⊕ span J(ν). Notice that, in the first Heisenberg group, H′TS = {0}. It is easy to check that

N =
1√

1 + α2
ν +

α√
1 + α2

T, α =
⟨N, T ⟩
|NH|

.

The horizontal second fundamental form hH and the symmetric horizontal second fundamental form (cf.

[15, 32]) h̃H are defined on S \ S0 respectively by

hH(A,B) :=
〈
AH(A),B

〉
, h̃H(A,B) :=

hH(A,B) + hH(B,A)

2
, A,B ∈ Γ(HTS),

where AH(A) := ∇Aν is the horizontal shape operator. The forms hH and h̃H are related (cf. [15]) by

h̃H(A,B) = hH(A,B) + α ⟨J(A),B⟩ , A,B ∈ Γ(HTS).

The horizontal mean curvature is then defined on S \ S0 by

HH = tracehH = trace h̃H.

We will make use of the following commutation identity.

Lemma 2.1. Let n = 1. Then

(2.7) [J(ν),S] = −αHHJ(ν)− 2αS.
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Proof. Notice that

[J(ν),S] (2.2)= ∇J(ν)S −∇SJ(ν)− 2⟨J(J(ν)),S⟩T.

But

∇J(ν)S
(2.3)
= −∇J(ν)αν = −J(ν)αν − α∇J(ν)ν = −J(ν)αν − αHH J(ν),

−∇SJ(ν) = −J (∇Sν)
(2.6)
= (J(ν)α+ 2α2)ν,

−2⟨J(J(ν)),S⟩T = 2⟨v,S⟩T = −2αT = −2αS − 2α2ν,

whence (2.7) follows. □

When n = 1, locally in S \ S0, there exists a smooth function ϑ such that

(2.8) ν = cosϑX + sinϑY.

Then

∇Bν = BϑJ(ν), B ∈ Γ(TS).

In particular,

(2.9) J(ν)ϑ = HH, Sϑ (2.6)
= J(ν)α+ 2α2.

It is well-known that

HH
δλ(S)

(δλ(p)) =
1

λ
HH

S (p), p ∈ S \ S0, λ > 0.

We say that S is minimal if HH = 0 on S \ S0, mean convex if HH ⩾ 0 on S \ S0, and strictly mean convex
if HH > 0 on S \ S0. Finally, the relevant sub-Riemannian surface measure σH is defined (cf. [13, 23]) by

(2.10) σH :=
1√

1 + α2
σ,

where σ is the Riemannian surface measure induced by ⟨·, ·⟩. Again, σH satisfies the homogeneity property

σH(δλ(S)) = λQ−1σH(S).

The tangent pseudohermitian connection ∇S is the affine connection defined on S by

∇S
AB = ∇AB− ⟨∇AB, ν⟩ν, A,B ∈ Γ(HTS).

Let E1, . . . ,E2n−1 be any local orthonormal frame of HTS. If φ ∈ C∞(S \S0) and A ∈ Γ(HTS) is supported
in S \S0, the horizontal tangential gradient of φ and the horizontal tangential divergence of A are defined by

∇H,Sφ =

2n−1∑
i=1

(Eiφ)Ei, divH,S A :=

2n−1∑
i=1

〈
∇S

Ei
A,Ei

〉
.

The horizontal tangential Laplacian and the modified horizontal tangential Laplacian are then defined by

∆H,Sφ = divH,S ∇H,Sφ, ∆̂H,Sφ := ∆H,Sφ+ 2αJ(ν)φ.

Finally, we denote by JH the horizontal Jacobi operator

JHφ = −∆̂H,Sφ− φ
(
|h̃H|2 + 4J(ν)α+ (2n+ 2)α2

)
, φ ∈ C∞(S \ S0).

Unlike ∆H,S (cf. [13]), both ∆̂H,S and JH are self-adjoint on C∞
c (S \ S0).
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3. Rotationally invariant surfaces

3.1. Definition and properties. We specialize Section 2.2 to rotationally invariant surfaces in H1. A rota-
tionally invariant surface S is, by definition (cf. [34]), a surface which is invariant under rotation around the
t-axis. In particular, S \ {(0, 0, t)} can be smoothly parametrized, up to removing a meridian, by the map

P (s, θ) = (x(s) cos θ, x(s) sin θ, t(s)), s ∈ I, θ ∈ (0, 2π),

where I ⊆ Rn is an open, possibly unbounded, interval, and γ(s) = (x(s), t(s)) is a smooth, regular, embedded
curve in R2, parametrized counterclockwise and such that x > 0. The latter is known as the profile of S. The
parametrization P induces local coordinates (s, θ) on S. The tangent space of S at P (s, θ) is generated by

∂

∂s
=
∂P

∂s

∣∣∣∣
(s,θ)

= ẋ(s) cos θ
∂

∂x
+ ẋ(s) sin θ

∂

∂y
+ ṫ(s)

∂

∂t
= ẋ(s) cos θX + ẋ(s) sin θY + ṫ(s)T,

∂

∂θ
=
∂P

∂θ

∣∣∣∣
(s,θ)

= −x(s) sin θ ∂
∂x

+ x(s) cos θ
∂

∂y
= −x(s) sin θX + x(s) cos θY + x(s)2T.

(3.1)

In particular,

N =
1√

(1 + x(s)2)ẋ(s)2 + ṫ(s)2

((
ṫ(s) cos θ − x(s)ẋ(s) sin θ

)
X +

(
ṫ(s) sin θ + x(s)ẋ(s) cos θ

)
Y − ẋ(s)T

)
,

so that

(3.2)
∣∣NH∣∣ = √

ṫ(s)2 + x(s)2ẋ(s)2√
(1 + x(s)2)ẋ(s)2 + ṫ(s)2

.

By (3.2), we conclude that S \ {(0, 0, t)} is non-characteristic. On the other hand, every possible intersection
between S and the vertical axis is a characteristic point of S. In conclusion, S0 = S ∩ {(0, 0, t)}. Therefore,
by our previous computations, we deduce that, on S \ S0,

α = − ẋ(s)√
ṫ(s)2 + x(s)2ẋ(s)2

,(3.3)

ν =

(
ṫ(s) cos θ − x(s)ẋ(s) sin θ√

ṫ(s)2 + x(s)2ẋ(s)2

)
X +

(
ṫ(s) sin θ + x(s)ẋ(s) cos θ√

ṫ(s)2 + x(s)2ẋ(s)2

)
Y,(3.4)

J(ν) = −

(
ṫ(s) sin θ + x(s)ẋ(s) cos θ√

ṫ(s)2 + x(s)2ẋ(s)2

)
X +

(
ṫ(s) cos θ − x(s)ẋ(s) sin θ√

ṫ(s)2 + x(s)2ẋ(s)2

)
Y,(3.5)

S =

(
ẋ(s)ṫ(s) cos θ − x(s)ẋ(s)2 sin θ

ṫ(s)2 + x(s)2ẋ(s)2

)
X +

(
ẋ(s)ṫ(s) sin θ + x(s)ẋ(s)2 cos θ

ṫ(s)2 + x(s)2ẋ(s)2

)
Y + T.(3.6)

For further convenience, it is useful to express J(ν) and S in local coordinates.

Lemma 3.1. It holds that, on S \ S0,

J(ν) = −

(
x(s)√

ṫ(s)2 + x(s)2ẋ(s)2

)
∂

∂s
+

(
ṫ(s)

x(s)
√
ṫ(s)2 + x(s)2ẋ(s)2

)
∂

∂θ
,(3.7)

S =

(
ṫ(s)

ṫ(s)2 + x(s)2ẋ(s)2

)
∂

∂s
+

(
ẋ(s)2

ṫ(s)2 + x(s)2ẋ(s)2

)
∂

∂θ
.(3.8)

Proof. Let a1, a2 be such that J(ν) = a1
∂
∂s + a2

∂
∂θ . Then

(3.9) J(ν) = a1
∂

∂s
+ a2

∂

∂θ

(3.1)
= (a1ẋ cos θ − a2x sin θ)X + (a1ẋ sin θ + a2x cos θ)Y + (a1ṫ+ a2x

2)T.

Therefore, comparing (3.5) with (3.9),

(3.10)


a1ẋ cos θ − a2x sin θ = − ṫ sin θ + xẋ cos θ√

ṫ2 + x2ẋ2
,

a1ẋ sin θ + a2x cos θ =
ṫ cos θ − xẋ sin θ√

ṫ2 + x2ẋ2
,

a1ṫ+ a2x
2 = 0.
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By the third equation of (3.10), and since x ̸= 0 on S \ S0,

a1ẋ cos θ − a2x sin θ = a1

(
xẋ cos θ + ṫ sin θ

x

)
a1ẋ sin θ + a2x cos θ = a1

(
xẋ sin θ − ṫ cos θ

x

)
.

Therefore 
a1
(
xẋ cos θ + ṫ sin θ

)
= − x√

ṫ2 + x2ẋ2

(
xẋ cos θ + ṫ sin θ

)
,

a1
(
xẋ sin θ − ṫ cos θ

)
= − x√

ṫ2 + x2ẋ2

(
xẋ sin θ − ṫ cos θ

)
.

Since either ⟨J(ν), X⟩ ≠ 0 or ⟨J(ν), Y ⟩ ≠ 0, (3.7) follows. Let b1, b2 be such that S = b1
∂
∂s + b2

∂
∂θ . Then

(3.11) S = b1
∂

∂s
+ b2

∂

∂θ

(3.1)
= (b1ẋ cos θ − b2x sin θ)X + (b1ẋ sin θ + b2x cos θ)Y + (b1ṫ+ b2x

2)T.

Therefore, comparing (3.6) with (3.11),

(3.12)


b1ẋ cos θ − b2x sin θ =

ẋṫ cos θ − xẋ2 sin θ

ṫ2 + x2ẋ2
,

b1ẋ sin θ + b2x cos θ =
ẋṫ sin θ + xẋ2 cos θ

ṫ2 + x2ẋ2
,

b1ṫ+ b2x
2 = 1.

By the third equation of (3.12),

b1ẋ cos θ − b2x sin θ = b1

(
xẋ cos θ + ṫ sin θ

x

)
− sin θ

x

b1ẋ sin θ + b2x cos θ = b1

(
xẋ sin θ − ṫ cos θ

x

)
+

cos θ

x
.

Therefore, 
b1
(
xẋ cos θ + ṫ sin θ

)
=

ṫ

ṫ2 + x2ẋ2

(
xẋ cos θ + ṫ sin θ

)
,

b1
(
xẋ sin θ − ṫ cos θ

)
=

ṫ

ṫ2 + x2ẋ2

(
xẋ sin θ − ṫ cos θ

)
.

Arguing as above, (3.8) follows. □

Next, noticing that〈
∂

∂s
,
∂

∂s

〉〈
∂

∂θ
,
∂

∂θ

〉
−
〈
∂

∂s
,
∂

∂θ

〉2
(3.1)
=
(
ẋ(s)2 + ṫ(s)2

) (
x(s)2 + x(s)4

)
− x(s)4ṫ(s)2

and recalling that x > 0, we deduce

dσ = x(s)

√
(1 + x(s)2) ẋ(s)2 + ṫ(s)2 ds dθ,

hence

(3.13) dσH
(2.10),(3.3)

= x(s)

√
ṫ(s)2 + x(s)2ẋ(s)2 ds dθ.

If S is closed, the divergence theorem yields

|Ω(S)| (2.4)=
1

2

∫
Ω
div (xX + yY ) dL3 =

∣∣∣∣∫
S
(x ⟨N, X⟩+ y ⟨N, Y ⟩) dσ

∣∣∣∣ = π

∣∣∣∣∫
I
x(s)2ṫ(s) ds

∣∣∣∣ .
In particular, when ṫ ⩾ 0 on I,

(3.14) |Ω(S)| = π

∫
I
x(s)2ṫ(s) ds.

Finally, the horizontal mean curvature of rotationally invariant surfaces can be expressed as follows (cf. [34]).
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Lemma 3.2. It holds that, on S \ S0,

(3.15) HH =
x(s)3(ẋ(s)ẗ(s)− ẍ(s)ṫ(s)) + ṫ(s)3

x(s)
(
x(s)2ẋ(s)2 + ṫ(s)2

)3/2 .

Proof. Notice that

HH =
〈
∇J(ν)ν, J(ν)

〉 (2.3)
= ⟨J(ν), X⟩ J(ν) ⟨ν,X⟩+ ⟨J(ν), Y ⟩ J(ν) ⟨ν, Y ⟩ .

It suffices to show that

J(ν) ⟨ν,X⟩ =

(
x(s)3(ẋ(s)ẗ(s)− ẍ(s)ṫ(s)) + ṫ(s)3

x(s)
(
ṫ(s)2 + x(s)2ẋ(s)2

)3/2
)
⟨J(ν), X⟩ ,(3.16)

J(ν) ⟨ν, Y ⟩ =

(
x(s)3(ẋ(s)ẗ(s)− ẍ(s)ṫ(s)) + ṫ(s)3

x(s)
(
ṫ(s)2 + x(s)2ẋ(s)2

)3/2
)
⟨J(ν), Y ⟩ .(3.17)

Indeed,

J(ν) ⟨ν,X⟩ (3.4),(3.7)
=

(
1

x
√
ṫ2 + x2ẋ2

)(
−x2 ∂

∂s

(
ṫ cos θ − xẋ sin θ√

ṫ2 + x2ẋ2

)
+ ṫ

∂

∂θ

(
ṫ cos θ − xẋ sin θ√

ṫ2 + x2ẋ2

))

=

(
1

x(ṫ2 + x2ẋ2)2

)(
−x2

(
(ẗ cos θ − ẋ2 sin θ − xẍ sin θ)(ṫ2 + x2ẋ2)− (ṫ cos θ − xẋ sin θ)(ṫẗ+ xẋ3 + x2ẋẍ)

))
+

(
1

x(ṫ2 + x2ẋ2)2

)(
ṫ(−ṫ sin θ − xẋ cos θ)(ṫ2 + x2ẋ2)

)
=

(
1

x(ṫ2 + x2ẋ2)2

)(
x3ẍṫ2 sin θ − x4ẋ2ẗ cos θ + x4ẋẍṫ cos θ − x3ẋṫẗ sin θ − ṫ4 sin θ − xẋṫ3 cos θ

)
=

(
1

x(ṫ2 + x2ẋ2)2

)(
−ṫ sin θ − xẋ cos θ

) (
x3(ẋẗ− ẍṫ) + ṫ3

)
(3.5)
= ⟨J(ν), X⟩

x3(ẋẗ− ẍṫ) + ṫ3(
ṫ2 + x2ẋ2

) 3
2

 ,

which is (3.16). Finally, (3.17) follows by a similar computation. □

3.2. Examples. We collect some relevant instances of rotationally invariant surfaces.

Example 3.3. (Horizontal plane) The horizontal plane is the rotationally invariant surface S = {(x, y, t) ∈
R3 | t = 0}. Its profile is the curve γ : (0,∞) → R2 given by

γ(s) = (s, 0).

The horizontal plane is a simple instance of minimal surface with characteristic points, because S0 = {0}.

Example 3.4 (Vertical cylinder). The vertical cylinder S = {(x, y, t) ∈ R3 | x2 + y2 = 1, t ∈ R} has profile
γ : R → R2 given by

γ(s) = (1, s).

It is a non-characteristic surface with constant horizontal mean curvature HH ≡ 1.

Example 3.5 (Pansu sphere). The Pansu sphere is the closed surface with profile γ : (0, 2π) → R2 given by

γ(s) =

(
sin
(s
2

)
,
1

4
(s− sin(s)− π)

)
.

The Pansu sphere has two characteristic points, S0 =
{(

0, 0,−π
4

)
,
(
0, 0, π4

)}
, and it has constant horizontal

mean curvature HH ≡ 2. Up to intrinsic dilations, it is the unique rotationally invariant closed surface of
constant horizontal mean curvature of class C2 in H1 (cf. [34]). For further convenience, we point out that
the profile of the Pansu sphere can be equivalently parametrized by γ :

(
−π

2 ,
π
2

)
→ R2, where

γ(s) =

(
cos(s),

s

2
+

sin 2s

4

)
.
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Example 3.6 (Korányi sphere). The Korányi sphere is the 1-level set of the Korányi norm

∥(x, y, t)∥ :=
((
x2 + y2

)2
+ 4t2

) 1
4
.

It is a closed, rotationally invariant surface such that S0 =
{(

0, 0,−1
2

)
,
(
0, 0, 12

)}
, and its profile can be

parametrized by γ :
(
−π

2 ,
π
2

)
→ R2, where

γ(s) =

(√
cos s,

sin s

2

)
.

3.3. Functionals driven by horizontal mean curvature. By means of (3.13) and (3.15), functionals
driven by the horizontal mean curvature of rotationally invariant surfaces are essentially one-dimensional.
Precisely, the (sub-Riemannian) area functional reads as

σH(S) = 2π

∫
I
x
√
ṫ2 + x2ẋ2 ds,

while the (horizontal) total mean curvature and total inverse mean curvature have the form

H H(S) = 2π

∫
I

x3(ẋẗ− ẍṫ) + ṫ3

ṫ2 + x2ẋ2
ds,

(
H H)−1

(S) = 2π

∫
I

x2
(
ṫ2 + x2ẋ2

)2
x3(ẋẗ− ẍṫ) + ṫ3

ds.

As already mentioned in the introduction, the above two quantities gain a geometric meaning provided that
S is, respectively, mean convex and strictly mean convex. Exploiting the particular shape of the functionals,
we begin by showing that Pansu spheres are critical points neither for (1.3) nor for (1.5).

Theorem 3.7. For any R > 0, let SR be the rotationally invariant surface whose profile γR : (0, 2π) → R2 is

γR(s) =

(
R sin

(s
2

)
,
1

4
(s− sin s− π)

)
.

Then SR is a closed, strictly mean convex surface. Moreover,

(3.18) QH
mink(S

1) = 2π
2
3 ,

d

dR

∣∣∣∣
R=1

(
QH

mink(S
R)
)
= π

2
3

and

(3.19) QH
hk(S

1) =
4

3
,

d

dR

∣∣∣∣
R=1

(
QH

hk(S
R)
)
= −2

3
.

In particular, the Pansu sphere is not a minimum of (1.3) and (1.5).

Proof. By definition,

ẋ =
R

2
cos
(s
2

)
, ṫ =

1

2
sin2

(s
2

)
, ẍ = −R

4
sin
(s
2

)
, ẗ =

1

2
sin
(s
2

)
cos
(s
2

)
.

Notice that

ẋẗ− ẍṫ =
R

8
sin
(s
2

)(
1 + cos2

(s
2

))
, ṫ2 + x2ẋ2 =

R4

4
sin2

(s
2

)
cos2

(s
2

)
+

1

4
sin4

(s
2

)
.

Then

dσH =
R

2
sin2

(s
2

)√
R4 cos2

(s
2

)
+ sin2

(s
2

)
, HH =

R4
(
1 + cos2

(
s
2

))
+ sin2

(
s
2

)
R
(
R4 cos2

(
s
2

)
+ sin2

(
s
2

)) 3
2

.

By the above computation, SR is strictly mean convex, and moreover

H H(SR) = π

∫ 2π

0

R4 sin2
(
s
2

) (
1 + cos2

(
s
2

))
+ sin4

(
s
2

)
R4 cos2

(
s
2

)
+ sin2

(
s
2

) ds.

and

σH(SR) = π

∫ 2π

0
R sin2

(s
2

)√
R4 cos2

(s
2

)
+ sin2

(s
2

)
ds

Set

g(R, s) =
R4 sin2

(
s
2

) (
1 + cos2

(
s
2

))
+ sin4

(
s
2

)
R4 cos2

(
s
2

)
+ sin2

(
s
2

) , h(R, s) = R sin2
(s
2

)√
R4 cos2

(s
2

)
+ sin2

(s
2

)
.
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Since

(3.20) R4 cos2
(s
2

)
+ sin2

(s
2

)
⩾

1

2

for any R sufficiently close to 1, then

d

dR
σH(SR)

∣∣∣∣
R=1

= π

∫ 2π

0

∂h(R, s)

∂R

∣∣∣∣
R=1

ds = π

∫ 2π

0

(
sin2

(s
2

)
+

1

2
sin2 s

)
ds =

3

2
π2

and
d

dR
H H(SR)

∣∣∣∣
R=1

= π

∫ 2π

0

∂g(R, s)

∂R

∣∣∣∣
R=1

ds = 4π

∫ 2π

0
sin4

(s
2

)
ds = 3π2.

Moreover,

σH(S1) = π

∫ 2π

0
sin2

(s
2

)
ds = π2, H H(S1) = 2π

∫ 2π

0
sin2

(s
2

)
ds = 2π2.

By the above computations, (3.18) follows. We prove (3.19). Indeed,

|Ω(SR)| (3.14)=
πR2

2

∫ 2π

0
sin4

(s
2

)
ds =

3π2R2

8
, |Ω(S1)| = 3

8
π2

d

dR
|Ω(SR)|

∣∣∣∣
R=1

=
3

4
π2

and (
H H)−1

(SR) = π

∫ 2π

0

sin2
(
s
2

) (
R5 cos2

(
s
2

)
+R sin2

(
s
2

))2
R4
(
1 + cos2

(
s
2

))
+ sin2

(
s
2

) ds,
(
H H)−1

(S1) =
1

2
π2.

Set

g(R, s) =
sin2

(
s
2

) (
R5 cos2

(
s
2

)
+R sin2

(
s
2

))2
R4
(
1 + cos2

(
s
2

))
+ sin2

(
s
2

) .

By (3.20), we infer that

d

dR

(
H H)−1

(SR)

∣∣∣∣
R=1

= π

∫ 2π

0

∂g(R, s)

∂R

∣∣∣∣
R=1

ds =
3

4
π

∫ 2π

0
sin2 s ds =

3

4
π2.

Combining the above computations, (3.19) follows. □

The same conclusions of Theorem 3.7 hold as well for the Korányi sphere.

Theorem 3.8. Fix R > 0. Let SR be the rotationally invariant surface whose profile γR :
(
−π

2 ,
π
2

)
→ R2 is

γR(s) =

(
R
√
cos s,

1

2
sin s

)
.

Then SR is a closed, strictly mean convex surface. Moreover,

(3.21) QH
mink(S

1) = 6

(
4Γ
(
3
4

)
Γ
(
1
4

) )− 2
3

,
d

dR

∣∣∣∣
R=1

QH
mink(S

R) =
52

15

(
4Γ
(
3
4

)
Γ
(
1
4

) )− 2
3

,

where Γ is the well-known gamma function (cf. [1]), and

(3.22) QH
hk(S

1) =
4

3
,

d

dR

∣∣∣∣
R=1

QH
hk(S

R) =
8

9
.

In particular, the Korányi sphere is not a minimum of (1.3) and (1.5).

Proof. By definition,

ẋ = −R
2 sin s

2x
, ṫ =

1

2
cos s, ẍ =

−R2x cos s+R2ẋ sin s

2x2
, ẗ = −1

2
sin s.

Then

ẋẗ− ẍṫ =
R2

8x

(
2 + sin2 s

)
, ṫ2 + x2ẋ2 =

1

4

(
R4 sin2 s+ cos2 s

)
.

Therefore

dσH =
R

2

√
cos s

√
R4 sin2 s+ cos2 s, HH =

√
cos s

(
R4
(
2 + sin2 s

)
+ cos2 s

)
R
(
R4 sin2 s+ cos2 s

) 3
2

.
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In particular, SR is strictly mean convex. Moreover,

H H(SR) = π

∫ π
2

−π
2

cos s
(
R4
(
2 + sin2 s

)
+ cos2 s

)
R4 sin2 s+ cos2 s

ds

and

σH(SR) = π

∫ π
2

−π
2

R
√
cos s

√
R4 sin2 s+ cos2 s ds.

Set

g(R, s) =
cos s

(
R4
(
2 + sin2 s

)
+ cos2 s

)
R4 sin2 s+ cos2 s

, h(R, s) = R
√
cos s

√
R4 sin2 s+ cos2 s.

Since

(3.23) R4 sin2 s+ cos2 s ⩾
1

2

for any R sufficiently close to 1, then

H H(S1) = 3π

∫ π
2

−π
2

cos sds = 6π

and
d

dR
H H(SR)

∣∣∣∣
R=1

= π

∫ π
2

−π
2

∂g(R, s)

∂R

∣∣∣∣
R=1

ds = 8π

∫ π
2

−π
2

cos3 s ds =
32

3
π.

In order to deal with the area functional, we recall (cf. [1]) that the beta function is defined by

B(p, q) = 2

∫ π
2

0
(sin s)2p−1 (cos s)2q−1 ds, p, q ∈ R, p, q > 0,

and is related to the gamma function by the identity

(3.24) B(p, q) =
Γ(p)Γ(q)

Γ(p+ q)
.

Therefore, recalling (cf. [1]) that

(3.25) Γ(p+ 1) = pΓ(p), Γ

(
1

2

)
=

√
π,

then

σH(S1) = πB

(
1

2
,
3

4

)
(3.24)
= π

(
Γ
(
1
2

)
Γ
(
3
4

)
Γ
(
5
4

) )
(3.25)
= 4π

3
2

(
Γ
(
3
4

)
Γ
(
1
4

)) .
Moreover, since

d

dR
σH(SR)

∣∣∣∣
R=1

= π

∫ π
2

−π
2

∂h(R, s)

∂R

∣∣∣∣
R=1

ds = π

∫ π
2

−π
2

√
cos s

(
1 + 2 sin2 s

)
ds,

then
d

dR
σH(SR)

∣∣∣∣
R=1

= 4π
3
2

(
Γ
(
3
4

)
Γ
(
1
4

))+ 2πB

(
3

2
,
3

4

)
(3.24),(3.25)

=
36

5
π

3
2

(
Γ
(
3
4

)
Γ
(
1
4

)) .
Combining the above computations, (3.21) follows. We prove (3.22). Indeed,

|Ω(SR)| = πR2

2

∫ π
2

−π
2

cos2 s ds =
π2R2

4
, |Ω(S1)| = π2

4
,

d

dR
|Ω(SR)|

∣∣∣∣
R=1

=
π2

2
.

Moreover, (
H H)−1

(SR) = π

∫ π
2

−π
2

(
R5 sin2 s+R cos2 s

)2(
R4
(
2 + sin2 s

)
+ cos2 s

) ds, (
H H)−1

(S1) =
1

3
π2.

Set

g(R, s) =

(
R5 sin2 s+R cos2 s

)2(
R4
(
2 + sin2 s

)
+ cos2 s

) .



UNEXPECTED PHENOMENA FOR MEAN CURVATURE FUNCTIONALS IN THE HEISENBERG GROUP 15

By (3.23), we conclude that

d

dR

(
H H)−1

(SR)

∣∣∣∣
R=1

= π

∫ π
2

−π
2

∂g(R, s)

∂R

∣∣∣∣
R=1

ds = π

∫ π
2

−π
2

20 sin2 s− 2

9
ds =

8

9
π2.

Combining the above computations, (3.22) follows. □

Remark 3.9. By Theorem 3.7 and Theorem 3.8, neither the Pansu sphere nor the Korányi sphere are critical
points of QH

mink and QH
hk. It is simple to exploit the previous constructions to show that, in addition, they

are not critical points neither for (1.2) nor for (1.4). We prove this for the Pansu sphere, the Korányi case
being analogous. To this end, we construct two families of competitors preserving respectively the area and
the enclosed volume of the Pansu sphere. Let

(
SR
)
R>0

be as in the proof of Theorem 3.7. Set

β(R) =

(
σH(S1)

σH(SR)

) 1
3

, γ(R) =

(
|Ω(S1)|
|Ω(SR)|

) 1
4

, R > 0.

Notice that β(1) = γ(1) = 1. Moreover,

σH
(
δβ(R)

(
SR
))

= β(R)3σH
(
SR
)
= σH

(
S1
)

and

∂

∂R

∣∣∣∣
R=1

H H (δβ(R)

(
SR
))

=
∂

∂R

∣∣∣∣
R=1

(
β(R)2H H (SR

))
= σH

(
S1
) 2

3
∂

∂R

∣∣∣∣
R=1

QH
mink

(
SR
)
̸= 0.

Similarly,∣∣Ω (δγ(R)

(
SR
))∣∣ = ∣∣Ω (S1

)∣∣ , ∂

∂R

∣∣∣∣
R=1

(
H H)−1 (

δγ(R)

(
SR
))

=
∣∣(S1

)∣∣ ∂

∂R

∣∣∣∣
R=1

QH
hk

(
SR
)
̸= 0.

4. Variation formulas

Motivated by Theorem 3.7 and Theorem 3.8, we seek a general strategy to identify the correct critical
configurations for problems such as (1.2) and (1.4). The key tool is provided by the sub-Riemannian first and
second variation formulas established in [39]. First, we recall them in full generality, namely for arbitrary
hypersurfaces and arbitrary functionals driven by the horizontal mean curvature. Subsequently, we specialize
this framework to the total mean curvature functional in the first Heisenberg group.

4.1. Variations. A variation is a smooth map Φ : I ×Hn → Hn, where I ⊆ R is any open neighborhood of
0, such that:

• p 7→ Φ(τ, p) is a diffeomorphism for any τ ∈ I;
• Φ(0, p) = p for any p ∈ Hn.

We adopt the notation Φτ (p) := Φ(τ, p). A variation is compactly supported if Φτ (p) = p outside a compact
set K(Φ). In the following, we tacitly assume that a variation is compactly supported. This is clearly not
restrictive when computing variations of a closed hypersurface. Define the time-dependent vector field X by

X (τ, q) =
∂

∂σ

∣∣∣∣
σ=0

(
Φσ+τ ◦ Φ−1

τ

)
(q) for any τ ∈ I, q ∈ Hn.

Define

X(q) = X (0, q), Z(q) =
∂

∂τ

∣∣∣∣
τ=0

X (τ, q) + (∇XX) (q) for any q ∈ Hn,

where in the above definition ∇ is the pseudohermitian connection (2.2). We call the vector fields X and Z
respectively variational velocity field and variational acceleration field of Φ. Given any couple of vector fields
X,Z it is always possible to construct a variation having X and Z respectively as velocity and acceleration.

Proposition 4.1. Let X,Z ∈ Γ(THn). Assume that X,Z are compactly supported in Hn. Set

(4.1) Φτ (p) := p ·
(
τX(p) +

τ2

2
Z(p)

)
, τ ∈ I, p ∈ Hn.

If I is sufficiently small, then Φ is a variation. Moreover, Φ has velocity X and acceleration Z.
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Proof. First, Φ is a smooth map such that Φ0(p) = p. This and the fact that X,Z are compactly sup-
ported imply that, for I sufficiently small, p 7→ Φτ (p) is a diffeomorphism. Hence Φ is a variation. Set
Φτ (q) = (Φτ (q)1, . . . ,Φτ (q)2n+1), Φ

−1
τ (q) =

(
Φ−1
τ (q)1, . . . ,Φ

−1
τ (q)2n+1

)
, and denote respectively by (Xi)2n+1

i=1

and (Xi)2n+1
i=1 the components of X and Z with respect to Z1, . . . , Z2n+1. Notice that

Φσ+τ (q)i
(2.1)
= qi + (σ + τ)Xi(q) +

(σ + τ)2

2
Zi(q), i = 1, . . . , 2n,

Φσ+τ (q)2n+1
(2.1)
= q2n+1 + (σ + τ)X2n+1(q) +

(σ + τ)2

2
Z2n+1(q)

+
n∑

i=1

qn+i

(
(σ + τ)Xi(q) +

(σ + τ)2

2
Zi(q)

)
−

n∑
i=1

qi

(
(σ + τ)Xn+i(q) +

(σ + τ)2

2
Zn+i(q)

)
,

whence

∂

∂σ

∣∣∣∣
σ=0

Φσ+τ (q) =
2n∑
i=1

(
Xi(q) + τZi(q)

) ∂

∂zi
+
(
X2n+1(q) + τZ2n+1(q)

) ∂
∂t

+

(
n∑

i=1

qn+i

(
Xi(q) + τZi(q)

)
−

n∑
i=1

qi
(
Xn+i(q) + τZn+i(q)

)) ∂

∂t
.

Therefore,

X (τ, p) =

2n∑
i=1

(
Xi
(
Φ−1
τ (p)

)
+ τZi

(
Φ−1
τ (p)

)) ∂

∂zi
+
(
X2n+1

(
Φ−1
τ (p)

)
+ τZ2n+1

(
Φ−1
τ (p)

)) ∂
∂t

+

(
n∑

i=1

Φ−1
τ (p)n+i

(
Xi(Φ−1

τ (p)) + τZi(Φ−1
τ (p))

)
−

n∑
i=1

Φ−1
τ (p)i

(
Xn+i(Φ−1

τ (p)) + τZn+i(Φ−1
τ (p))

)) ∂

∂t
.

In particular, recalling that Φ−1
0 (p) = p, we deduce that X (0, p) = X(p). Next, as Φ

(
τ,Φ−1

τ (p)
)
= p,

0 =
∂Φ

∂τ
(0, p) +

2n+1∑
i,j=1

∂Φi

∂zj
(0, p)

(
∂

∂τ

∣∣∣∣
τ=0

Φ−1
t (p)j

)
∂

∂zi
= X(p) +

∂

∂τ

∣∣∣∣
τ=0

Φ−1
τ (p).(4.2)

Therefore,

∂

∂τ

∣∣∣∣
τ=0

X (τ, p) = Z(p) +
2n∑
i=1

(
∂

∂τ

∣∣∣∣
τ=0

Xi
(
Φ−1
τ (p)

)) ∂

∂zi

+

(
n∑

i=1

∂

∂τ

∣∣∣∣
τ=0

(
Φ−1
τ (p)n+i

)
Xi(p)−

n∑
i=1

∂

∂τ

∣∣∣∣
τ=0

(
Φ−1
τ (p)i

)
Xn+i(p)

)
∂

∂t

+

(
n∑

i=1

pn+i
∂

∂τ

∣∣∣∣
τ=0

(
Xi(Φ−1

τ (p))
)
−

n∑
i=1

pi
∂

∂τ

∣∣∣∣
τ=0

(
Xn+i(Φ−1

τ (p))
)) ∂

∂t

(4.2)
= Z(p)−

2n+1∑
i=1

X ⟨X,Zi⟩ (p)Zi(p)

(2.3)
= Z(p)− (∇XX) (p).

□

If a hypersurface S is fixed, we say that a variation is non-characteristic whenever it is compactly supported
outside S0. Roughly speaking, non-characteristic variations do not move S close to its characteristic points.
Throughout this section we restrict ourselves to consider non-characteristic variations.
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4.2. First and second variation formulas. The following crucial result, proved in [39, Theorem 3.14],
establishes the variation formulas for (1.1). We state it for closed hypersurfaces. If instead one computes
variations on non-compact hypersurfaces, it suffices to restrict the relevant functionals to K(Φ).

Theorem 4.2. Let S ⊆ Hn be an embedded, closed hypersurface. Fix a function f : R → R which is smooth
in a neighborhood of

{
HH(p) : p ∈ S \ S0

}
. Let Φ be a non-characteristic variation. Denote by X and Z its

velocity and acceleration respectively. Define φ,ψ ∈ C∞
c (S \ S0) by

φ := ⟨X, ν + αT ⟩ ,

ψ := ⟨Z, ν + αT ⟩ − 2 (X− φν)φ−
〈
∇X−φν (X− φν) , ν + αT

〉
− 2αφ ⟨X, J(ν)⟩ .

(4.3)

Set

δH H
f (S)[Φ] :=

d

dτ

∣∣∣∣
τ=0

H H
f (Φτ (S)) , δ2H H

f (S)[Φ] :=
d2

dτ2

∣∣∣∣
τ=0

H H
f (Φτ (S)) .

Then

δH H
f (S)[φ] := δH H

f (S)[Φ] =

∫
S
φ
(
JHf ′(HH) + f(HH)HH

)
dσH,(4.4)

δ2H H
f (S)[Φ] = δH H

f (S) [ψ] +

∫
S
φLHφdσH,(4.5)

where LH is the self-adjoint operator defined on S \ S0 by

LHφ = JH (f ′′(HH)JHφ
)

+ 2divH,S
〈
f ′(HH)AH (∇H,Sφ

))
+ 4f ′(HH)SJ(ν)φ−

(
f ′(HH)HH + f(HH)

)
∆̂H,Sφ

+ 4αf ′(HH)
(
h̃H
(
∇H,Sφ, J(ν)

)
−HHJ(ν)φ

)
− 4f ′′(HH)

(
h̃H
(
∇H,SHH,∇H,Sφ

)
+ SφJ(ν)HH

)
+
(
f ′′(HH)HH − 2f ′(HH)

) 〈
∇H,SHH,∇H,Sφ

〉
+ φf ′(HH)

(
2 trace

((
h̃H
)3)

+ 12h̃H
(
∇H,Sα, J(ν)

)
+ 8Sα+ 6h̃H(J(ν), J(ν))α2 + 2HHα2

)
+ φ

(
f(HH)

(
HH)2 − (2f ′(HH)HH + f(HH)

) (
|h̃H|2 + 4J(ν)α+ (2n+ 2)α2

))
.

Here JH and AH are the horizontal Jacobi operator and the horizontal shape operator (cf. Section 2.2).

4.3. Total mean curvature: stationarity and stability. In this section we focus on the total mean
curvature functional

H H(S) =

∫
S
HH dσH

in the first Heisenberg group, describing the correct notions of stationarity and stability when area constraints
are prescribed. First, we specialize Theorem 4.2 to area and total mean curvature. In both cases, (4.4) and
(4.5) simplify drastically.

Proposition 4.3 (Variation formulas - Area). Let S ⊆ H1 be an embedded, closed surface. Let Φ be a
non-characteristic variation. Then

δσH(S)[Φ] =

∫
S
φHH dσH,(4.6)

δ2σH(S)[Φ] = δσH(S) [ψ] +

∫
S

(
(J(ν)φ)2 − 4φ2

(
J(ν)α+ α2

) )
dσH.(4.7)

Similar versions of Proposition 4.3 can be found e.g. in [13, 35].

Proposition 4.4 (Variation formulas - Total mean curvature). Let S ⊆ H1 be an embedded, closed surface.
Let Φ be a non-characteristic variation. Then

δH H(S)[Φ] = −4

∫
S
φ
(
J(ν)α+ α2

)
dσH,(4.8)

δ2H H(S)[Φ] = δH H(S) [ψ] + 4

∫
S

(
− SφJ(ν)φ+ φ2

(
2Sα−HHα2

) )
dσH.(4.9)
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Proof. Since f(HH) ≡ HH, f ′(HH) ≡ 1 and f ′′(HH) ≡ 0. Moreover, as n = 1, HTS = span J(ν), whence

∇H,Sg = (J(ν)g) J(ν), h̃H(A,B) = HH ⟨J(ν),A⟩ ⟨J(ν),B⟩ , |h̃H|2 =
(
HH)2

for g ∈ C∞(S \ S0) and A,B ∈ Γ(HTS). Then (4.8) directly follows. Finally, LH simplifies as

LHφ = 2divH,S
(
HHJ(ν)φJ(ν)

)
+ 4SJ(ν)φ− 2HH∆̂H,Sφ− 2

〈
∇H,SHH,∇H,Sφ

〉
+ 4φ

(
2Sα−HHα2

)
= 2divH,S

(
HHJ(ν)φJ(ν)

)
+ 4SJ(ν)φ− 2 divH,S

(
HH∇H,Sφ

)
− 4αHHJ(ν)φ+ 4φ

(
2Sα−HHα2

)
= 4SJ(ν)φ− 4αHHJ(ν)φ+ 4φ

(
2Sα−HHα2

)
.

The thesis follows integrating by parts the first term of the above formula (cf. [39, Proposition 3.10]). □

We are interested in variations which preserve the area. Accordingly, we say that a variation Φ is:

(i) area-preserving if σH(Φτ (S)) ≡ σH(S) for every τ ∈ I.
(ii) first-order area-preserving if δσH(S)[Φ] = 0.

Area-preserving variations are first-order area-preserving, while the latter condition is the first-order approx-
imation of the area-preserving property. Nevertheless, owing to a classical argument (cf. [4, Lemma 2.1]),
every first-order area-preserving variation can be modified to produce an area-preserving variation enjoying
its same first-order behavior. Before doing this, we need to exclude the existence of closed minimal surfaces.

Lemma 4.5. Let S ⊆ H1 be an embedded, closed surface. There exists p ∈ S \ S0 such that HH(p) ̸= 0.

Proof. Assume not by contradiction. Then HH ≡ 0 on S \ S0. Let p̃ ∈ S \ S0. By [35, Theorem 4.8],
and since S is closed, there exists s1 ∈ (0,∞) maximal with the property that the straight line segment
{p̃ · δs (J(νp̃)) : 0 ⩽ s ⩽ s1} is contained in S. Set q = p̃ · δs1 (J(νp̃)). Again by [35, Theorem 4.8], q ∈ S0.
Therefore, by [35, Theorem 4.15], q is either an isolated characteristic point or it is part of a C1-curve of
characteristic points. In both cases, [35, Theorem 4.15] ensures the non-maximality of s1, a contradiction. □

Proposition 4.6. Let S ⊆ H1 be an embedded, closed surface. Let Φ be a non-characteristic variation
of S. Denote by X its velocity. If Φ is first-order area-preserving, then there exists a non-characteristic,
area-preserving variation with velocity X.

Proof. Let A be a smooth vector field with compact support outside S0. Define the smooth map Φ̃ by

Φ̃(τ, σ, p) := p · (τX(p) + σA(p)) , τ, σ ∈ I, p ∈ H1.

Notice that σH
(
Φ̃(0, 0, S)

)
= σH(S). Moreover, arguing as in the proof of Proposition 4.1 and by (4.6),

∂

∂τ

∣∣∣∣
τ=0

σH
(
Φ̃(τ, 0, S)

)
= δσH(S)[X] = 0

and
∂

∂σ

∣∣∣∣
σ=0

σH
(
Φ̃(0, σ, S)

)
= δσH(S)[A] =

∫
S
(⟨A, ν⟩+ α⟨A, T ⟩)HH dσH.

By Lemma 4.5, HH cannot vanish identically on S \ S0. Therefore, we can choose A such that

∂

∂σ

∣∣∣∣
σ=0

σH
(
Φ̃(0, σ, S)

)
̸= 0.

Therefore, the implicit function theorem yields the existence of a function σ = σ(τ), smooth in a neighborhood

of 0, such that σ(0) = 0, σ′(0) = 0 and σH
(
Φ̃(τ, σ(τ), S)

)
≡ σH(S). Then Φ̃(τ, p) := Φ̃(τ, σ(τ), p) satisfies

the desired requirements. □

According to the above definitions, we say that S is an area-preserving critical point along non-characteristic
variations (for the total mean curvature) if δH H(S)[Φ] = 0 for any area-preserving, non-characteristic
variation. As customary, stationarity is equivalent to the validity of an appropriate Euler-Lagrange equation,
as well as to the stationarity of a suitable penalized functional. We just recall the following, elementary,
linear algebra result.

Lemma 4.7. Let V be a vector space. Let L1, L2 : V → R be linear functionals. Then, kerL2 ⊆ kerL1 if
and only if there exists λ ∈ R such that L1 = λL2.
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Proposition 4.8 (Characterization of stationarity). Let S ⊆ H1 be an embedded, closed surface. The
following are equivalent:

(i) S is an area-preserving critical point along non-characteristic variations, i.e.

δH H(S)[Φ] = 0

for any area-preserving, non-characteristic variation Φ;
(ii) there exist Λ ∈ R such that

(4.10) δH H(S)[Φ]− ΛδσH(S)[Φ] = 0

for any non-characteristic variation Φ.

In these cases, Λ is unique, and

(4.11) −4
(
J(ν)α+ α2

)
= ΛHH on S \ S0.

Proof. The proof of (ii) =⇒ (i) follows because area-preserving variations are first-order area-preserving.
We prove (i) =⇒ (ii). Let Φ be any non-characteristic variation. Denote by X its velocity. Assume that

δσH(S)[Φ]=0. By Proposition 4.6, there exists an area-preserving, non-characteristic variation Φ̃ with velocity

X. By (i), δH H(S)[Φ] = δH H(S)[Φ̃] = 0. Therefore, (ii) follows by Lemma 4.7. In addition, (4.11) easily
follows by (ii), (4.6) and (4.8). Finally, uniqueness of Λ follows by (4.11) and the already known fact that
HH cannot vanish identically on S \ S0. □

One may wonder whether the above-mentioned notions of stationarity are equivalent to stationarity for
the Minkowski quotient QH

mink. One implication is trivial.

Proposition 4.9. If S is a critical point for QH
mink along non-characteristic variations, then S is an area-

preserving critical point for H H along non-characteristic variations.

Proof. Let Φ be an area-preserving non-characteristic variation. Then

0 =
d

dt

∣∣∣∣
t=0

QH
mink (Φt(S)) = σH(S)−

2
3
(
δH(S)[Φ]

)
,

whence δH(S)[Φ] = 0, and the thesis follows. □

Nevertheless, as we will discuss in Section 5, the converse implication is surprisingly false. Finally, we
discuss some equivalent notions of stability of critical points. As in many classical settings (cf. e.g. [4, 30]),
while the first order behavior of H H agrees with that of H H − ΛσH, these two formulations are no longer
equivalent at second-order.

Proposition 4.10 (Characterization of stability). Let S ⊆ H1 be an embedded closed surface. Assume that
S is an area-preserving critical point along non-characteristic variations. The following are equivalent:

(i) S is area-preserving stable along non-characteristic variations, i.e., by definition,

δ2H H(S)[Φ] ⩾ 0

for any area-preserving non-characteristic variation Φ;
(ii) if Λ is as in (4.11), then

δ2H H(S)[Φ]− Λδ2σH(S)[Φ] ⩾ 0

for any first-order area-preserving non-characteristic variation Φ.

Proof. The implication (ii) =⇒ (i) is trivial. We prove (i) =⇒ (ii). Let Φ be a first-order area-preserving,
non-characteristic variation. Denote by X and Z its velocity and acceleration respectively, and let φ,ψ be as
in (4.3). By Proposition 4.6, there exists an area-preserving non-characteristic variation Φ̃ with velocity X

and a suitable acceleration Z̃. Accordingly, if φ̃, ψ̃ are as in (4.3), then φ̃ = φ. Since Φ̃ is area-preserving,

(4.12) 0 = δ2σH(S)[Φ̃]
(4.7)
= δσH(S)[ψ̃] +

∫
S

(
(J(ν)φ)2 − 4φ2

(
J(ν)α+ α2

) )
dσH.

Moreover, by Proposition 4.8,

(4.13) δH H(S)[ψ]− ΛδσH(S)[ψ] = 0 = δH H(S)[ψ̃]− ΛδσH(S)[ψ̃].
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Therefore

δ2H H(S)[Φ]− Λδ2σH(S)[Φ]
(4.7),(4.9)

= δH H(S) [ψ] + 4

∫
S

(
− SφJ(ν)φ+ φ2

(
2Sα−HHα2

) )
dσH

− ΛδσH(S) [ψ]− Λ

∫
S

(
(J(ν)φ)2 − 4φ2

(
J(ν)α+ α2

) )
dσH

(4.13)
= δH H(S)[ψ̃] + 4

∫
S

(
− SφJ(ν)φ+ φ2

(
2Sα−HHα2

) )
dσH

− ΛδσH(S)[ψ̃]− Λ

∫
S

(
(J(ν)φ)2 − 4φ2

(
J(ν)α+ α2

) )
dσH

(4.12)
= δH H(S)[ψ̃] + 4

∫
S

(
− SφJ(ν)φ+ φ2

(
2Sα−HHα2

) )
dσH

(4.9)
= δ2H H(S)[Φ̃],

and the thesis follows by (i). □

5. Total mean curvature: critical points

In this section, we fully characterize mean convex area-preserving critical points of H H.

5.1. Rotationally invariant critical points. We first deal with rotationally invariant critical points. Under
rotational invariance, we explicitly solve the Euler-Lagrange equation (4.11). By (3.3) and (3.7),

(5.1) J(ν)α+ α2 = ṫ(s)

(
ẋ(s)2ṫ(s)− x(s)

(
ẋ(s)ẗ(s)− ẍ(s)ṫ(s)

)(
ṫ(s)2 + x(s)2ẋ(s)2

)2
)
.

Therefore, combining (3.15) with (5.1), then (4.11) reads as

−4ṫ

(
ẋ2ṫ− x

(
ẋẗ− ẍṫ

)(
ṫ2 + x2ẋ2

)2
)

= Λ

(
x3(ẋẗ− ẍṫ) + ṫ3

x
(
x2ẋ2 + ṫ2

)3/2
)
.

Equivalently, letting L ∈ R be such that Λ = 4L, we need to solve

(5.2) xṫ
(
ẋ2ṫ− x

(
ẋẗ− ẍṫ

) )
+ L

√
x2ẋ2 + ṫ2

(
x3(ẋẗ− ẍṫ) + ṫ3

)
= 0.

First, we show that there are no rotationally invariant closed surfaces satisfying (5.2) with L = 0.

Proposition 5.1. Let S be complete and without boundary. Assume that (5.2) holds with L = 0. Then:

(i) either S is, up to vertical translations, the horizontal plane of Example 3.3;
(ii) or S is, up to dilations, the vertical cylinder of Example 3.4;
(iii) or the profile of S is γ(s) = (

√
as+ b,±s) for some a ̸= 0, b ∈ R, and any s ∈ R with as+ b > 0.

Proof. Let γ = (x, t) : I → R2 be the profile of S. Since x > 0 on I, then ṫ
(
ẋ2ṫ − x

(
ẋẗ− ẍṫ

) )
= 0 on I.

If ṫ(ŝ) = 0 for some ŝ ∈ I, then, by uniqueness, ṫ ≡ 0. In this case, S is, up to vertical translation, the
horizontal plane of Example 3.3. Assume instead ṫ ̸= 0 on I. In this case we can choose either γ(s) = (x(s), s)
or γ(s) = (x(s),−s). In both cases,

0
(5.2)
= ẋ2 + xẍ =

d

ds
(xẋ) =

1

2

d2

ds2
(
x2
)
.

Therefore, x(s)2 = as + b, for some a, b ∈ R. If a = 0, then S is, up to dilations, the vertical cylinder of
Example 3.4. If a ̸= 0, then x(s) =

√
as+ b, where I is defined by as+ b > 0. The thesis follows. □

Next, we provide an a priori bound for L in order for (5.2) to be satisfied by a closed surface. Moreover,
we show that closed solutions to (5.2) are the union of two vertical graphs.

Proposition 5.2. Let S be a rotationally invariant closed surface. Since S is closed, there exists ŝ such that

x(ŝ) = max{x(s), s ∈ I}.
Up to dilations, we assume that x(ŝ) = 1. If S solves (5.2), then L ∈ (0, 1). If in addition S is mean convex,
S is the union of two vertical graphs.
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Proof. Step 1. Let ŝ be as in the statement. In particular, ẋ(ŝ) = 0 and ẍ(ŝ) ⩽ 0. Since the parametrization
is counterclockwise, then ṫ(ŝ) > 0. By evaluating (5.2) at ŝ, we infer that

ẍ(ŝ)ṫ(ŝ)2 + Lṫ(ŝ)
(
−ẍ(ŝ)ṫ(ŝ) + ṫ(ŝ)3

)
= 0.

Since ṫ(ŝ) ̸= 0, then ẍ(ŝ) + L
(
−ẍ(ŝ) + ṫ(ŝ)2

)
= 0, that is

(5.3) (1− L)ẍ(ŝ) = −Lṫ(ŝ)2.

By Proposition 5.1, the right hand side of (5.3) is not zero. Therefore L ̸= 1, and moreover

ẍ(ŝ) = −
(

L

1− L

)
ṫ(ŝ)2.

Since ẍ(ŝ) ⩽ 0, then L
1−L ⩾ 0. Recalling that L ̸= 0 and L ̸= 1, we conclude that L ∈ (0, 1). Assume that

S is mean convex. We prove that it is the union of two vertical graphs. Without loss of generality, assume
that γ is parametrized by arc-length, so that κ = ẋẗ − ẍṫ is the curvature of γ. Notice that a rotationally
invariant, closed surface is homeomorphic either to a sphere or to a torus.

Step 2. Assume first that S is homeomorphic to a sphere. We claim that ŝ is the unique point in I such
that ẋ(ŝ) = 0. Assume not by contradiction. Let s1 ̸= ŝ be such that ẋ(s1) = 0. Then there exists s̃ ∈ I such
that ẋ(s̃) = 0 and κ(s̃) ⩽ 0. Indeed, if κ(s1) ⩽ 0, just choose s̃ = s1. Otherwise, there exists s2 ∈ I satisfying
the desired properties, and in this case we set s̃ = s2 Since ẋ(s̃) = 0, then ṫ(s̃) ̸= 0. We claim that ṫ(s̃) > 0.
If not, then

HH(s̃) =
x3(s̃)κ(s̃) + ṫ3(s̃)

x(s̃)|ṫ(s̃)|3
< 0,

a contradiction with the fact that S is mean convex. In particular, 0 ⩾ κ(s̃) = −ẍ(s̃)ṫ(s̃), whence ẍ(s̃) ⩾ 0.
Evaluating (5.2) at s̃, and since ẋ(s̃) = 0 and ṫ(s̃) > 0, we get

x(s̃)2ẍ(s̃)ṫ(s̃)2 + Lṫ(s̃)
(
−x(s̃)3ẍ(s̃)ṫ(s̃) + ṫ(s̃)3

)
= 0,

whence

(5.4) x(s̃)2ẍ(s̃) (1− Lx(s̃)) = −Lṫ(s̃)2.

By definition of ŝ, then x(s̃) ⩽ 1. Since L ∈ (0, 1), then 1−Lx(s̃) > 0. Therefore, (5.4) implies that ẍ(s̃) < 0,
a contradiction. Therefore, the profile of S is the union of two vertical graphs over the interval (0, ŝ).

Step 3. Finally, assume that S is homeomorphic to a torus. Let š ∈ I be such that x(š) = min{x(s) :
s ∈ I}. We claim that š and ŝ are the unique points where ẋ = 0. If not, one can argue as above to infer
the existence of s̃ ∈ I such that ẋ(s̃) = 0 and κ(s̃) ⩽ 0. Then, since S is mean convex, we deduce as above
that ṫ(s̃) > 0. In particular, ẍ(s̃) ⩾ 0. Arguing verbatim as above, we conclude that ẍ(s̃) < 0, reaching a
contradiction. Again, the profile of S is the union of two vertical graphs over the interval (š, ŝ). The thesis
follows. □

By Proposition 5.2, mean convex solutions to (5.2) are the union of an upper vertical graph and a lower
vertical graph. Denote respectively by γ+ = (s, t+(s)) and γ− = (s, t−(s)) their profile. Notice that γ+ is
parametrized clockwise, while γ− is parametrized counterclockwise. When S is homeomorphic to a sphere,
γ+, γ− : (0, 1) → R2. Moreover, since S is at least of class C1, then

lim
s→1−

ṫ−(s) = +∞, lim
s→1−

ṫ+(s) = −∞.

Instead, when S is homeomorphic to a torus, then γ+, γ− : (š, 1) → R2 for some š ∈ (0, 1), and moreover

lim
s→1−

ṫ−(s) = +∞, lim
s→š+

ṫ−(s) = −∞, lim
s→1−

ṫ+(s) = −∞, lim
s→š+

ṫ+(s) = +∞.

Notice that, when a profile γ admits a graphical parametrization γ(s) = (s, t(s)), (5.2) simplifies as

(5.5) sṫ(s)2 − s2ṫ(s)ẗ(s) + L

√
ṫ(s)2 + s2

(
s3ẗ(s) + ṫ(s)3

)
= 0.

In particular, setting w(s) = ṫ(s), (5.5) reads as

(5.6) sw(s)2 − s2w(s)ẇ(s) + L
√
w(s)2 + s2

(
s3ẇ(s) + w(s)3

)
= 0.
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Our final step consists in characterizing all possible solutions to (5.6) under the above-mentioned boundary
verticality conditions. We focus on γ−, being the characterization of γ+ completely analogous. First, we
consider the case in which S is homeomorphic to a sphere.

Lemma 5.3. Let L ∈ (0, 1). Then the system

(5.7)

sw(s)
2 − s2w(s) ẇ(s) + L

√
w(s)2 + s2

(
s3ẇ(s) + w(s)3

)
= 0,

lim
s→1−

w(s) = +∞

is solvable in C1(0, 1) if and only if L ∈
(
0, 12
]
. The solution is unique, and it is given explicitly by

(5.8) w−
L (s) =

s√
2L

√
Ls2 − 2L+ 1 + s

√
L2s2 − 2L+ 1

1− s2
.

Proof. When L ∈
(
0, 12
]
, simple computation shows that w−

L is well-defined and solves (5.7). Conversely, fix
L ∈ (0, 1) and let w be a solution to (5.7). Set

z(s) =
w(s)√

w(s)2 + s2
, s ∈ (0, 1).

Then z ∈ C1(0, 1), and

ż(s) =
1

w(s)2 + s2

(
ẇ(s)

√
w(s)2 + s2 − w(s)

(
w(s)ẇ(s) + s√
w(s)2 + s2

))
= s

(
ẇ(s)s− w(s)

(w(s)2 + s2)
3
2

)
.

In particular,

(5.9) w(s) = z(s)
√
w(s)2 + s2, ẇ(s)s− w(s) =

ż(s)
(
w(s)2 + s2

) 3
2

s
.

Therefore,

0
(5.7)
= sw(s)2 − s2w(s)ẇ(s) + L

√
w(s)2 + s2

(
s3ẇ(s) + w(s)3

)
= sw(s) (w(s)− sẇ(s)) + L

√
w(s)2 + s2

(
s2 (sẇ(s)− w(s)) + w(s)

(
w(s)2 + s2

))
(5.9)
= −z(s)ż(s)

(
w(s)2 + s2

)2
+ L

√
w(s)2 + s2

(
sż(s)

(
w(s)2 + s2

) 3
2 + z(s)

(
w(s)2 + s2

) 3
2

)
=
(
w(s)2 + s2

)2 (− z(s)ż(s) + L (sż(s) + z(s))
)

= −1

2

(
w(s)2 + s2

)2 d

ds

(
z(s)2 − 2Lsz(s)

)
.

Since
(
w(s)2 + s2

)2 ̸= 0 on (0, 1), then there exists a ∈ R such that

(5.10) z(s)2 − 2Lsz(s) + a = 0, s ∈ (0, 1).

By the verticality condition of (5.7), we deduce that lims→1− z(s) = 1. Combining this information with
(5.10), we deduce that a = 2L− 1, whence

(5.11) z(s)2 − 2Lsz(s) + 2L− 1 = 0, s ∈ (0, 1).

Notice that (5.11) is a quadratic equation in z(s), whose discriminant is given by 4L2s2 − 4(2L − 1). By
(5.11), then, 4L2s2−4(2L−1) ⩾ 0 for any s ∈ (0, 1), whence we deduce that L ⩽ 1

2 . We conclude that in this

case w = wL. Indeed, since L ⩽ 1
2 , the discriminant 4L2s2 − 4(2L− 1) is positive for any s ∈ (0, 1), whence

z(s) ≡ Ls+
√
L2s2 − 2L+ 1 or z(s) ≡ Ls−

√
L2s2 − 2L+ 1, s ∈ (0, 1).

The second possibility can be discarded, because in that case lims→1− z(s) = 2L− 1 ̸= 1. We conclude that

z(s) = Ls+
√
L2s2 − 2L+ 1, s ∈ (0, 1).

Since 0 < z(s) < 1 for any s ∈ (0, 1), then w(s) > 0 for any s ∈ (0, 1), and, by simple computations,

w(s) =
sz(s)√
1− z(s)2

= w−
L (s).
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□

Finally, we show that S cannot be homeomorphic to a torus.

Lemma 5.4. Let L ∈ (0, 1) and š ∈ (0, 1). The system

(5.12)


sw(s)2 − s2w(s) ẇ(s) + L

√
w(s)2 + s2

(
s3ẇ(s) + w(s)3

)
= 0,

lim
s→š+

w(s) = −∞

lim
s→1−

w(s) = +∞

is not solvable in C1(š, 1).

Proof. Assume by contradiction that w solves (5.12) for some L, š ∈ (0, 1). Let z be as in the proof of
Lemma 5.3. Arguing verbatim as above, the equation and the verticality condition at 1 imply

(5.13) z(s)2 − 2Lsz(s) + 2L− 1 = 0, s ∈ (š, 1).

Moreover, the verticality condition at š and the definition of z imply

(5.14) lim
s→š+

z(s) = −1.

By (5.13) and (5.14) it follows that 2L(š+ 1) = 0, whence either L = 0 or š = −1, a contradiction. □

In the same way, the unique possible profiles of vertical upper graphs are of the form γ+L (s) = (s,−t−L (s))
for L ∈

(
0, 12
]
. Therefore, S is the union of two vertical graphs with profiles γ+L and γ−L for some L ∈

(
0, 12
]
.

We then proved the following rigidity statement.

Proposition 5.5. Let S be rotationally invariant, closed, mean convex. The following are equivalent:

(i) S is an area-preserving critical point for H H along non-characteristic variations;
(ii) S is the union of two vertical graphs with profiles γ+L and γ−L for some L ∈

(
0, 12
]
.

For L ∈
(
0, 12
]
, denote the corresponding critical point by SL. We first show that it is possible to describe

them by means of a global parameterization. Let γL = (xL, tL) : [− arccos
√
1− 2L, arccos

√
1− 2L] → R2 be

the regular parametrization given by

(5.15)


xL(s) =

1

2L

(
cos s− 1− 2L

cos s

)
,

tL(s) =
1

4L2

(
s

2
+

sin 2s

4
− (1− 2L)2 tan s

)
.

We show that γL is indeed a parametrization of SL. We write xL = x and tL = t, and we set k = 1− 2L. Set

(5.16) h(s) =
1

2L

(
cos s+

k

cos s

)
.

Notice that both x and h are positive on (− arccos
√
k, arccos

√
k). Moreover,

ḣ(s) =
1

2L

(
− sin s+

k sin s

cos2 s

)
= − tan s x(s).

Therefore
ẋ(s) =

1

2L

(
− sin s− k sin s

cos2 s

)
= − tan s h(s),

ṫ(s) =
1

4L2

(
cos2 s− k2

cos2 s

)
= x(s)h(s),


ẍ(s) = − h(s)

cos2 s
+ tan2 s x(s),

ẗ(s) = − tan s h(s)2 − tan s x(s)2.

In particular

(5.17) x(s)2ẋ(s)2 + ṫ(s)2 = tan2 s x(s)2 h(s)2 + x(s)2 h(s)2 =
x(s)2 h(s)2

cos2 s
and

(5.18) ẋ(s)ẗ(s)− ẍ(s)ṫ(s) = tan(s)2h(s)3 +
x(s)h(s)2

cos2 s
.
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A simple check reveals that γL solves (5.2). By Proposition 5.5, we conclude that γL is the profile of SL.

Remark 5.6. Notice that

γ 1
2
(s) =

(
cos s,

s

2
+

sin 2s

4

)
, s ∈

(
−π
2
,
π

2

)
is precisely the Pansu sphere as in Example 3.5. In particular, Proposition 5.5 shows that the Pansu sphere is
an area-preserving critical point for H H under non-characteristic variations. However, Theorem 3.7 demon-
strates that the non-characteristic condition is essential: it constructs a variation of the Pansu sphere that
fixes the characteristic points but is not non-characteristic, and for which the first variation does not vanish.

Remark 5.7. It is interesting to observe that the Pansu sphere is also a critical point for the volume-
constrained Heintze-Karcher problem (1.4). Indeed, by Theorem 4.2 and [33, Proposition 1.19], the Euler-

Lagrange equation associated with the minimization of
(
H H)−1

under volume constraint reads as

(5.19) ∆̂H,S

(
1

(HH)2

)
+

4
(
J(ν)α+ α2

)
(HH)2

+ 2 = Λ,

where Λ ∈ R is the Lagrange multiplier arising from the volume constraint. Since the Pansu sphere has
constant mean curvature and satisfies (4.11), then J(ν)α+ α2 is constant: the Pansu sphere satisfies (5.19).

Motivated by Remark 5.6, we refer to our critical points as Pansu-Minkowski spheres. It is then natural to
understand, among all Pansu-Minkowski spheres, which is a critical configuration for (1.3), as well as which
is the optimal shape for the same problem. Notice that

J(ν)
(3.7)
= −

(
x√

ṫ2 + x2ẋ2

)
∂

∂s
+

(
ṫ

x
√
ṫ2 + x2ẋ2

)
∂

∂θ
= −

(cos s
h

) ∂

∂s
+

cos s

x

∂

∂θ
,

S (3.8)
=

(
ṫ

ṫ2 + x2ẋ2

)
∂

∂s
+

(
ẋ2

ṫ2 + x2ẋ2

)
∂

∂θ
=

(
cos2 s

xh

)
∂

∂s
+

(
sin2 s

x2

)
∂

∂θ
.

(5.20)

Moreover,

dσH
(5.17)
=

x(s)2h(s)

cos s
ds dθ =

1

8L3

(
cos2 s− k − k2

cos2 s
+

k3

cos4 s

)
ds dθ.(5.21)

In addition,

HH (5.18)
=

cos(s)3

x(s)h(s)3

(
tan2 s h(s)3 +

x(s)h(s)2

cos(s)2
+ h(s)3

)
=
x(s) + h(s)

x(s)h(s)
cos(s) =

4L cos4 s

cos4 s− k2
(5.22)

whence

(5.23) HH dσH = x(s) (x(s) + h(s)) =
1

2L2

(
cos2s− k

)
ds dθ.

Therefore

σH(SL) =
π

4L3

∫ arccos
√
k

− arccos
√
k

(
cos2 s− k − k2

cos2 s
+

k3

cos4 s

)
ds

=
π

4L3

∫ arccos
√
k

− arccos
√
k

(
1 + cos 2s

2
− k − k2

d

ds
(tan s) + k3

d

ds
(tan s)

(
1 + tan2 s

))
ds

=
π

2L3

[
s

2
+

sin s cos s

2
− ks− k2 tan s+ k3 tan s+

k3

3
tan3 s

]arccos√k

0

=
π

2L3

(
(1− 2k) arccos

√
k

2
+

√
k(1− k)

2
− k2(1− k)

√
1− k

k
+
k3

3

(
1− k

k

) 3
2

)

=
π

4L3

(
(4L− 1) arccos

√
1− 2L+

(
1− 8L(1− 2L)

3

)√
2L(1− 2L)

)
.

(5.24)

Moreover,

(5.25) H H(SL) =
π

L2

∫ arccos
√
k

− arccos
√
k

(
cos2 s− k

)
ds =

π

L2

(
(4L− 1) arccos

√
1− 2L+

√
2L(1− 2L)

)
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Therefore, recalling that QH
mink :=

(
σH
)−2/3

H H, we conclude that

QH(SL) = 2(2π)
1
3

(4L− 1) arccos
√
1− 2L+

√
2L(1− 2L)(

(4L− 1) arccos
√
1− 2L+ 1

3(3− 8L+ 16L2)
√

2L(1− 2L)
) 2

3

.

The next result highlights the distinguished role played by the optimal Pansu-Minkowski sphere S 1
4
.

Proposition 5.8. The following holds.

QH
mink(SL) ⩾ (18π)

1
3 , QH

mink(SL) = (18π)
1
3 if and only if L =

1

4
.

Moreover,

(5.26) Λ =
2H H(SL)

3σH(SL)
if and only if L =

1

4
,

and S 1
4
is the unique rotationally invariant critical point of QH

mink under non-characteristic variations.

Proof. We show that S 1
4
is the unique minimum point of QH

mink within Pansu-Minkowski spheres. Consider

the re-parametrization

ℓ = 2arccos
√
1− 2L ∈ (0, π].

A simple computation shows that

(4L− 1) arccos
√
1− 2L = −1

2
ℓ cos ℓ,

√
2L(1− 2L) =

1

2
sin ℓ,

1

3
(3− 8L+ 16L2) = 1− 1

3
sin2 ℓ.

Therefore

QH
mink

(
SL(ℓ)

)
= (2π)

1
3

sin ℓ− ℓ cos ℓ(
1
2

(
1− 1

3 sin
2 ℓ
)
sin ℓ− 1

2ℓ cos ℓ
) 2

3

= 4(2π)
1
3

sin ℓ− ℓ cos ℓ(
3 sin ℓ+ 1

3 sin 3ℓ− 4ℓ cos ℓ
) 2

3

,

where in the last equality we exploited the identity −4 sin3 ℓ = sin 3ℓ − 3 sin ℓ. Notice that L
(
π
2

)
= 1

4 . To
conclude, it suffices to check that

(5.27)
dQH

mink

(
SL(ℓ)

)
dℓ

< 0 on
(
0,
π

2

)
,

dQH
mink

(
SL(ℓ)

)
dℓ

∣∣∣∣∣
ℓ=π

2

= 0,
dQH

mink

(
SL(ℓ)

)
dℓ

> 0 on
(π
2
, π
)
.

To this aim,

dQH
mink

(
SL(ℓ)

)
dℓ

= 4(2π)
1
3
ℓ sin ℓ

(
3 sin ℓ+ 1

3 sin 3ℓ− 4ℓ cos ℓ
)
− 2

3 (sin ℓ− ℓ cos ℓ) (cos 3ℓ− cos ℓ+ 4ℓ sin ℓ)(
3 sin ℓ+ 1

3 sin 3ℓ− 4ℓ cos ℓ
) 5

3

=
4(2π)

1
3

3

sin 2ℓ
(
−1

2ℓ sin 2ℓ− 2ℓ2 − cos 2ℓ+ 2 sin2 ℓ+ 1
)
+ ℓ

(
2 sin2 ℓ

(
1+cos 2ℓ

2

)
− 4 cos2 ℓ

(
1−cos 2ℓ

2

))(
3 sin ℓ+ 1

3 sin 3ℓ− 4ℓ cos ℓ
) 5

3

= −4(2π)
1
3

3
sin 2ℓ

ℓ sin 2ℓ+ 2ℓ2 + cos 2ℓ− 2 sin2 ℓ− 1(
3 sin ℓ+ 1

3 sin 3ℓ− 4ℓ cos ℓ
) 5

3

 .

Then, (5.27) follows if f(ℓ) = ℓ sin 2ℓ+ 2ℓ2 + cos 2ℓ− 2 sin2 ℓ− 1 is positive on (0, π). Observe that

ḟ(ℓ) = 2ℓ cos 2ℓ+ 4ℓ− 3 sin 2ℓ.

In particular, f(0) = ḟ(0) = 0. Then f > 0 on (0, π) provided that f̈ > 0 on (0, π). To this aim,

f̈(ℓ) = 4 (1− cos 2ℓ− ℓ sin 2ℓ) = 8 sin ℓ (sin ℓ− ℓ cos ℓ) .

Therefore f̈ is positive. Then (5.27) follows. We prove (5.26). Combining (5.24) and (5.25),

Λ− 2H H(SL)

3σH(SL)
= 4L(4L− 1)

(
arccos

√
1− 2L+ (4L− 1)

√
2L(1− 2L)

3 (4L− 1) arccos
√
1− 2L+ (3− 8L+ 16L2)

√
2L(1− 2L)

)
.
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Then (5.26) follows provided that arccos
√
1− 2L + (4L − 1)

√
2L(1− 2L) ̸= 0 for any L ̸= 1

4 . Changing
variables as above,

arccos
√
1− 2L+ (4L− 1)

√
2L(1− 2L) =

1

4
(2ℓ− sin 2ℓ) , ℓ ∈ (0, π],

whence (5.26) easily follows. Finally, fix an arbitrary non-characteristic variation. Then, recalling Proposi-
tion 4.9,

d

dt

∣∣∣∣
t=0

QH
mink (Φt(SL)) = σH(SL)

− 2
3

(
−2H H(SL)

3σH(SL)

(
δσH(SL)[Φ]

)
+
(
δH H(SL)[Φ]

))
(4.10)
= σH(SL)

− 2
3
(
δσH(SL)[Φ]

)(
−2H H(SL)

3σH(SL)
+ Λ

)
.

(5.28)

By (5.26), S 1
4
is a critical point. We claim that it is the unique rotationally invariant critical point. If not,

let S be another rotationally invariant critical point. By Proposition 4.9 and Proposition 5.5, S = SL for
some L ∈

(
0, 12
]
and L ̸= 1

4 . Let Φ be a non-characteristic variation for which δσH(SL)[Φ] ̸= 0. Then (5.28)
and (5.26) grant that

d

dt

∣∣∣∣
t=0

QH
mink (Φt(S)) =

d

dt

∣∣∣∣
t=0

QH
mink (Φt(SL)) ̸= 0,

from which uniqueness follows. □

5.2. Arbitrary critical points. We conclude by showing that the rotational invariance assumption in
Proposition 5.5 can be dropped.

Proposition 5.9. Let S ⊆ H1 be embedded, closed and mean convex. Assume that S is an area-preserving
critical point for H H along non-characteristic variations. Then S is, up to left-translations and intrinsic
dilations, a Pansu-Minkowski sphere.

Proof. Let Λ = 4L be as in Proposition 4.8, so that

(5.29) J(ν)α+ α2 + LHH = 0 on S \ S0.

We divide the proof into five steps.

Step 1. We prove that S0 is finite. Assume that S0 ̸= ∅. Fix a characteristic point and translate it to
the origin. Assume that the outward Riemannian normal is N(0) = −T , the opposite case being analogous.
Locally, S = {t = u(z)}, where z = (x, y), u(0) = 0 and Du(0) = 0. Set

J(z) = (−y, x), F (z) = Du(z) + J(z), W (z) = |F (z)|.

With abuse of notation, denote by J the skew matrix associated with J . Notice that (z, t) ∈ S0 if and only
if F (z) = 0. Throughout the proof, D, D2 and div refer to the Euclidean differential operators in R2. Adopt
(x, y) as local coordinates on S. If f is defined on S, we write f(z) = f(z, u(z)), and we extend it to H1 by
f(z, t) = f(z). The same identification applies to vector fields. In this way

(5.30) ν =
F

W
, α = − 1

W
, J(ν) =

JF

W
, S =

F

W 2
, dσH =W dxdy on F ̸= 0.

A direct computation and (5.29) give

(5.31) HH = div

(
F

W

)
=

⟨D2uJF, JF ⟩
W 3

, ⟨D2uF, JF ⟩+ LW ⟨D2uJF, JF ⟩ = 0 on F ̸= 0.

Set A = D2u(0). Let w ∈ Im(A+J) \ {0}, so that w = (A+J)v for some v ∈ R2. Notice that, as Du(0) = 0,

Du(z) = Az + o(|z|), F (z) = (A+ J)z + o(|z|) as z → 0.

Therefore, if ε > 0,

F (εv) = ε(A+ J)v + o(ε) as ε→ 0.

In particular, F (εv) ̸= 0 when ε is sufficiently small. Evaluating the second equation in (5.31) at εv, dividing
by ε2 and letting ε→ 0 yields

(5.32) ⟨Aw, Jw⟩ = 0 for any w ∈ Im(A+ J).
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We prove that A+J is invertible. Assume not. Then 0 = det(A+J) = det(A)+1, whence det(A) = −1. On
the other hand, a direct computation yields AJA = det(A)J = −J . Therefore, if w = (A+J)v ∈ Im(A+J),

(5.33) AJw = AJ(A+ J)v = (AJA+AJJ)v = −(A+ J)v = −w.
Since A is symmetric and J is skew, then A+ J ̸= 0, whence there exists w̃ ∈ Im(A+ J) \ {0}. Then

0
(5.32)
= ⟨Aw̃, Jw̃⟩ = ⟨w̃, AJw̃⟩ (5.33)

= −|w̃|2,
which is impossible. Thus A + J is invertible. Noticing that DF (0) = A + J , the inverse function theorem
ensures that F has an isolated zero at the origin. Compactness of S gives that S0 is finite. Moreover, since
A+ J is invertible, (5.32) holds for any w ∈ R2. Therefore, there exists c ∈ R such that, as z → 0,

D2u(0) = cI, HH(z) =
c√

1 + c2 |z|
+ o
(
|z|−1

)
, c ⩾ 0,

Du(z) = cz + o(|z|), D2u(z) = cI + o(1), W (z) =
√
1 + c2|z|+ o(|z|),

(5.34)

where the inequality for c follows by mean convexity of S.

Step 2. We prove that L > 0 and that S0 ̸= 0. First, we claim that

(5.35)

∫
S
α2 dσH = L

∫
S
HH dσH.

Notice that (5.35) and mean convexity immediately yield L ⩾ 0. Moreover, if L = 0, (5.35) would imply that
α ≡ 0 on S \ S0. This would force S to be vertical, contradicting its compactness. Therefore (5.35) implies
L > 0. In order to show (5.35), set A = αJ(ν). Notice that, on S \ S0,

(5.36) divH,S A+ 2α⟨A, J(ν)⟩ =
〈
∇H,S

J(ν)

(
αJ(ν)

)
, J(ν)

〉
+ 2α2 = J(ν)α+ 2α2 (5.29)

= α2 − LHH.

The integration by parts formulas of [39, Proposition 3.10] and (5.36) give

(5.37)

∫
S
φ
(
α2 − LHH

)
dσH = −

∫
S
αJ(ν)φdσH for any φ ∈ C∞

c (S \ S0).

If S0 = ∅, (5.37) implies (5.35) by choosing φ ≡ 1. If S0 ̸= 0, we find a sequence (φε)ε such that

(5.38) lim
ε→0

∫
S
φε

(
α2 − LHH

)
dσH =

∫
S

(
α2 − LHH

)
dσH, lim

ε→0

∫
S
αJ(ν)φε dσ

H = 0,

which yields (5.35) thanks to (5.37). Since S0 is finite, we assume for notational simplicity that S0 = {p}. This
clearly suffices up to repeating the following construction finitely many times. For a fixed ε > 0 sufficiently
small, φε can be chosen as follows. Assume as in Step 1 that p = 0, N(0) = −T and S admits the above-
mentioned graph representation. In local coordinates z = (x, y) as in Step 1, we let φε(x, y) be a cut-off
function between {|z| < ε} and {|z| < 3ε}, such that |Dφε| ⩽ ε−1. First, (5.30) and (5.34) imply that

α2 − LHH ∈ L1(S, σH),

yielding the first limit in (5.38) by dominated convergence. Moreover,∣∣∣∣∫
S
αJ(ν)φε dσ

H
∣∣∣∣ (5.30)⩽

1

ε
|{ε < |z| < 3ε}| = 8πε,

yielding the second limit in (5.38). Finally, we prove S0 ̸= ∅. Assume by contradiction that S0 = ∅. Then
J(ν) is defined and smooth on S. Since S is compact, [19, Theorem 9.16] implies that J(ν) is a complete
vector field. Accordingly, let γ : R → S be any integral curve of J(ν). Then, along γ, (5.29) and L > 0 grant

(5.39) α̇ ⩽ −α2 ⩽ 0.

We claim that α ≡ 0 along γ. Assume not by contradiction. Let s0 ∈ R be such that α(s0) ̸= 0. We may
assume α(s0) > 0, the opposite case being similar. By (5.39) α is decreasing, whence α(s) > 0 for any s ⩽ s0.
Therefore, dividing (5.39) by −α2 and integrating on (s, s0),

(5.40)
1

α(s0)
− 1

α(s)
=

∫ s0

s

(
− α̇(ς)

α(ς)2

)
dς ⩾ s0 − s.

Since α(s0) > 0, then s := s0 − α(s0)
−1 < s0. This choice in (5.40) yields α(s) ⩽ 0, a contradiction. Since

S0 ̸= ∅, we assume henceforth that 0 ∈ S0, and that S admits the graphical representation as in Step 1.



28 M. FOGAGNOLO, A. PINAMONTI, AND S. VERZELLESI

Step 3. We show that S is rotationally invariant in a neighborhood of 0. Assume first c > 0. As will be
clearer, this choice will identify Pansu-Minkowski spheres for 0 < L < 1

2 . We adopt local polar coordinates

(r, θ) in R2 centered at 0. Recall that

(5.41) ∂x = cos θ ∂r −
sin θ

r
∂θ, ∂y = sin θ ∂r +

cos θ

r
∂θ, J(∂r) =

1

r
∂θ, J(∂θ) = −r ∂r.

Therefore, setting

v =
uθ
r
, P = ur, Q = r + v,

a direct computation yields

(5.42) F = P ∂r +
Q

r
∂θ, JF = −Q∂r +

P

r
∂θ, W =

√
P 2 +Q2.

Since DF = D2u+ J , direct differentiation shows that

div

(
JF

W 2

)
= −2⟨D2uF, JF ⟩

W 4
, div

(
F

W

)
=

⟨D2uJF, JF ⟩
W 3

.

Thus (5.31) is equivalent to

(5.43) div

(
JF

W 2
− 2L

F

W

)
= 0.

Recalling that, for a vector field A,

div
(
Ar ∂r +Aθ ∂θ

)
=

1

r
∂r(rA

r) + ∂θA
θ,

we can rewrite (5.43) as

(5.44) ∂r

[
r

(
− Q

W 2
− 2L

P

W

)]
+ ∂θ

(
P

W 2
− 2L

Q

W

)
= 0.

Set

κ =
2c

(1 + c2)2
, a =

r2

κ

(
2PQ

W 4
− 2LQ2

W 3

)
, b =

r2

κ

(
Q2 − P 2

W 4
+

2LPQ

W 3

)
,

d =
r2

κ

(
−2PQ

W 4
− 2LP 2

W 3

)
, m = rar + bθ − a.

As ∂θP = rvr + v and ∂θQ = vθ, differentiating (5.44) with respect to θ and multiplying it by κ−1r2 yields

r2∂r

[
1

r
(arvr + bvθ)

]
+ ∂θ (brvr + dvθ) + r2∂r

(av
r

)
+ ∂θ (bv) = 0.

In particular,

(5.45) r∂r(arvr + bvθ) + ∂θ(brvr + dvθ) +mv = 0.

Equation (5.45) is valid at r > 0 sufficiently small,, where its coefficients and v are smooth. Notice that, by
(5.34) and uniformly in θ,

(5.46) ur = cr + o(r), uθ = o(r2) as r → 0,

so that

P = cr + o(r), Q = r + o(r), W =
√

1 + c2r + o(r) as r → 0.

Therefore, uniformly in θ,

(5.47) a→ 1, d→ −1 as r → 0.

Similarly, noticing that

(5.48) vr = o(1), vθ = o(r), Pr = c+ o(1), Pθ = o(r), Qr = 1 + o(1), Qθ = o(r) as r → 0,

one sees that, uniformly in θ,

(5.49) rar, rbr, rdr, bθ → 0, m→ −1 as r → 0.
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By (5.47) and (5.49), there exists r̃ > 0 such that

(5.50) |a− 1|, |d+ 1|, |rar|, |rbr|, |rdr|, |m+ 1| ⩽ 1

10
for any 0 < r < r̃, 0 ⩽ θ ⩽ 2π.

Set

E(r) = 1

2

∫ 2π

0

(
a(rvr)

2 − dv2θ
)
dθ.

Then (5.48) and (5.50) yield

(5.51)
9

20

∫ 2π

0

(
(rvr)

2 + v2θ
)
dθ ⩽ E(r), E(r) = o(r2) as r → 0.

Notice that ∫ 2π

0
r2vr∂r(arvr) dθ =

r

2

d

dr

∫ 2π

0
a(rvr)

2 dθ +
1

2

∫ 2π

0
(rar)(rvr)

2 dθ,∫ 2π

0
r2vr∂r(bvθ) dθ =

∫ 2π

0
r2vrbrvθ dθ +

∫ 2π

0
r2vrbvrθ dθ,∫ 2π

0
rvr∂θ(brvr + dvθ) dθ = −

∫ 2π

0
r2vrbvrθ dθ −

r

2

d

dr

∫ 2π

0
dv2θ dθ +

1

2

∫ 2π

0
(rdr)v

2
θ dθ.

Therefore, multiplying (5.45) by rvr and integrating over (0, 2π) yields

rE ′(r) = −1

2

∫ (
(rar)(rvr)

2 + (rdr)v
2
θ + 2(rbr)(rvr)vθ + 2mv(rvr)

)
dθ.

Moreover, the very definition of v implies that it has zero average on (0, 2π). Therefore, by (5.50) and
Wirtinger inequality [11, Theorem 4.24],

rE ′(r) ⩽
13

20

∫ (
(rvr)

2 + v2θ
)
dθ

(5.51)

⩽
3

2
E(r),

so that
d

dr

(
r−

3
2E(r)

)
= r−

5
2

(
rE ′(r)− 3

2
E(r)

)
⩽ 0.

In particular, r 7→ r−
3
2E(r) is non-increasing on (0, r̃). Accordingly, for 0 < r < r1 < r̃, it follows that

0 ⩽ E(r1) ⩽
(r1
r

)3/2
E(r) (5.51)→ 0 as r → 0.

Thus E ≡ 0 on (0, r̃). Accordingly, uθ ≡ 0 in a neighborhood of 0: S is locally rotationally invariant near 0.

Step 4. Assume instead c = 0. This choice will identify the horizontal plane and the Pansu sphere. Define

(5.52) V = S + LJ(ν) on S \ S0.
Then, recalling (2.7) and (2.9) and by (5.29),

J(ν)ϑ = HH, Vϑ = α2, [J(ν),V] = α(2L−HH)J(ν)− 2αV.

In particular,

VHH = VJ(ν)ϑ

= J(ν)Vϑ+ [V, J(ν)]ϑ

= 2αJ(ν)α+ α(HH − 2L)HH + 2α3

(5.29)
= αHH(HH − 4L).

(5.53)

For R > 0, set BR = {|z| < R} and B∗
R = {0 < |z| < R}. Fix R small to ensure that u ∈ C2(BR)∩C∞(B∗

R),
|W | ⩽ 1 and 0 is the unique zero of F on BR. Since c = 0, (5.34) and (5.46) yield, uniformly in θ,

(5.54) P = o(r), Q = r + o(r), W = r + o(r), HH = o(r−1) as r → 0.

Recalling the identification of vector fields with their planar projection as in Step 3, set

(5.55) A := − 1

α
V

(5.30)
=

F

W
+ LJF

(5.42)
=

(
P

W
− LQ

)
∂r +

1

r

(
Q

W
+ LP

)
∂θ.
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Since div(JF ) = −2, (5.31) and (5.53) give

(5.56) AHH = −HH(HH − 4L), divA = HH − 2L.

Set β =
√

|HH(HH − 4L)| and βδ = (β4 + δ4)
1
4 for δ > 0. Then βδ is smooth, and βδ → β uniformly as

δ → 0. Moreover,

Aβ4 = 2AHH (HH(HH − 4L)2 + (HH)2(HH − 4L)
) (5.56)

= 4(2L−HH)β4,

whence

(5.57) div(βδA) = (HH − 2L)
δ4

β3δ
, |div(βδA)| ⩽ δ|HH − 2L|.

Let D ⋐ B∗
R be a piecewise smooth domain. Denote by n the outward unit Euclidean normal to ∂D. The

divergence theorem yields ∫
∂D

βδ⟨A,n⟩ dH1 =

∫
D
div(βδA) dz.

Since HH is bounded on D, (5.57) allows to let δ → 0 in the previous equation, so that

(5.58)

∫
∂D

β⟨A,n⟩ dH1 = 0.

Moreover, since L > 0, HH ⩾ 0 and |W | ⩽ 1, then |A| ⩽ 1 + LW ⩽ 1 + L and β ⩽ HH + 2L. In particular,
by (5.54), rβ = o(1) as r → 0. Therefore we conclude that

(5.59)

∣∣∣∣∣
∫
∂Bϱ

β⟨A,n⟩ dH1

∣∣∣∣∣ ⩽ 2π(1 + L)ϱ sup
∂Bϱ

β → 0 as ϱ→ 0.

Fix ε > 0. By (5.54), up to choosing a smaller R we may assume that

(5.60)
Q

W
+ LP ⩾

1

2
,

∣∣∣∣∣ P
W − LQ
Q
W + LP

∣∣∣∣∣ ⩽ ε.

For 0 < r0 < Re−2πε and θ0 ∈ R, consider the unique local solution to

(5.61) r′(θ) =
P
W − LQ

1
r(θ)

(
Q
W + LP

) , r(θ0) = r0,

where P,Q,W are evaluated at (r(θ), θ). As long as the solution exists and θ0 ⩽ θ ⩽ θ0 + 2π, (5.60) and
(5.61) grant ∣∣∣∣log r(θ)r0

∣∣∣∣ ⩽ ε(θ − θ0) ⩽ 2πε, 0 < e−2πεr0 ⩽ r(θ) ⩽ e2πεr0 < R.

Therefore, the solution (r(θ), θ) is confined in a region where the right-hand side of (5.61) is smooth. In par-
ticular, r(θ) extends to a smooth solution to (5.61) defined on [θ0, θ0+2π]. Define γ(θ) = (r(θ) cos θ, r(θ) sin θ)
and k(θ) = HH(γ(θ)) on [θ0, θ0 + 2π]. Then

γ′(θ)
(5.41)
= r′(θ)∂r + ∂θ

(5.61)
=

(
1

r(θ)

(
Q

W
+ LP

))−1

Aγ(θ)

and

(5.62) k′
(5.56)
= −

(
1

r(θ)

(
Q

W
+ LP

))−1

k(k − 4L).

We claim that β ≡ 0 on B∗
Re−2πε . Suppose not by contradiction. Let (r0, θ0) be as above, and such that

β(r0, θ0) > 0. Let γ and k as above. Since r is defined for every θ ∈ [θ0, θ0 + 2π], γ makes a complete turn.
We claim that this turn cannot close, i.e. r0 ̸= r1 := r(θ0 + 2π). Since β(r0, θ0) > 0, uniqueness for (5.62)
and k ⩾ 0 yields either k(θ) ∈ (0, 4L) for every θ ∈ [θ0, θ0 + 2π] or k(θ) > 4L for every θ ∈ [θ0, θ0 + 2π].
In turn, this and (5.62) imply that k is strictly monotone on [θ0, θ0 + 2π]. Therefore, k(θ0) ̸= k(θ0 + 2π).
But then r0 ̸= r1, since otherwise γ(θ0) = γ(θ0 + 2π), and in this case k(θ0) = k(θ0 + 2π). Hence r0 ̸= r1.
Assume that r0 < r1, the other case being analogous. Denote by I the straight radial segment joining γ(θ0)
and γ(θ0 + 2π). Set Γ = γ([θ0, θ0 + 2π]). Then Γ ∪ I is a simple, closed, piecewise smooth curve. Denote by
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Ω the bounded domain it encloses. For any ϱ < r0e
−2πε, set Dϱ = Ω \ Bϱ. We apply (5.58) with D = Dϱ.

Noticing that ⟨A,n⟩ = 0 on Γ, letting ϱ→ 0 and exploiting (5.59) yields∫
I
β⟨A,n⟩ dH1 = 0.

Since I is radial, then n = r−1∂θ on I. Therefore, by (5.55) and since ⟨∂θ, ∂θ⟩ = r2,

(5.63)

∫ r1

r0

β(r, θ0)

(
Q

W
+ LP

)
(r, θ0) dr = 0.

By (5.60), the integrand in (5.63) is non-negative. Moreover, as we assumed β(r0, θ0 > 0, it is strictly positive
on a neighborhood of r0. Therefore the integral in (5.63) is positive, a contradiction. Therefore, β ≡ 0 on
B∗

Re−2πε . Since HH is continuous on B∗
Re−2πε and the latter is connected, the definition of β yields either

HH ≡ 0 or HH ≡ 4L on B∗
Re−2πε . In the first case, [35, Theorem 4.15] implies that S is locally a horizontal

disk near 0. In the second case, the same result grants that S is locally a Pansu sphere cap near 0. In both
cases, we conclude that S is rotationally invariant near 0.

Step 5. By the previous steps, S is rotationally invariant near 0. We prove that this property is global,
whence the thesis follows by Proposition 5.5. Let u be as above. Assume first that S is not locally planar.
Locally near 0, u = u(r). Set w = u̇, and

z =
w√

w2 + r2

as in Lemma 5.3. Arguing as in its proof, there exists a ∈ R such that

z(r)2 − 2Lrz(r) + a = 0 locally near 0.

Therefore, by (5.46) and noticing that w, z ⩾ 0 by Step 3 and Step 4,

(5.64) z(r)2 − 2Lr z(r)− c2

1 + c2
= 0, z(r) = Lr +

√
L2r2 +

c2

1 + c2
locally near 0.

Up to replacing S with δ 1
ρ
(S), where

ρ =
1

2L(1 + c2)
,

and up to a vertical translation, a simple computation grants that L ∈
(
0, 12
]
and that S is, locally, a lower

cap of the Pansu-Minkowski sphere SL. We prove that S = SL. Let P (s, θ) be a parametrization of SL as in
Section 3.1. Its profile is chosen as in (1.10). Set s− = − arccos

√
1− 2L, s+ = arccos

√
1− 2L. Assume by

contradiction that S ̸= SL. By the previous considerations, there exists s̄ ∈ (s−, s+) such that

P ([S−, s̄]× [0, 2π]) = S ∩ P ([s−, s̄]× [0, 2π]).

Let s̄ be maximal with this property. Denote by ν, N and α the geometric quantities associated with SL. Set

B =
ν + αT

1 + α2
.

Let δ > 0 be such that (s̄− δ, s̄+ δ) ⊆ (s−, s+). Set U = (s̄− δ, s̄+ δ)× [0, 2π]. Extend B, locally near P (U),
to a smooth vector field in H1. By construction, B is proportional to N. let Φ(τ, p) be its (local) flow. For
any f : U → R, 2π-periodic and sufficiently small, then Pf (s, θ) = Ψ(f(s, θ), P (s, θ)) is a well-defined graph
over SL along B, say Sf . Moreover, as P ({s̄} × [0, 2π]) ⊆ SL \ (SL)0, for any such f we can choose δ small

so that Sf is non-characteristic. For any such (smooth) function, denote by νf , αf and HH
f the relevant

geometric quantities of Sf , and set

E (f) := −4
(
J(νf )αf + α2

f + LHH
f

)
◦ Pf .

Since αf and νf depends only on (s, θ, f, fs, fθ), it is easy to verify that the above equation is second-order
and quasi-linear in (s, θ), namely

(5.65) E (f) = A(s, θ, f, fs, fθ)fss + 2B(s, θ, f, fs, fθ)fsθ + C(s, θ, f, fs, fθ)fθθ +R(s, θ, f, fs, fθ).

Let φ be a smooth function, compactly supported in U . With abuse of notation, we may consider it as a
function defined over P (U). For ε > 0 small, denote by νε, αε and HH

ε the geometric quantities of Sεφ. let
m,mε be such that

dσH = mds dθ, dσHSεφ
= mε ds dθ.
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Define

F (ε) =

∫
U

(
HH

ε ◦ Pε − 4L
)
mε ds dθ

By (4.6) and (4.8),

(5.66) F ′(ε) =

∫
U
φkε E (εφ)mε ds dθ, where kε := ⟨B, νε + αεT ⟩ ◦ Pε.

Define

DE (0)[φ] :=
d

dε

∣∣∣∣
ε=0

E (εφ).

Differentiating (5.66) at ε = 0, and recalling that E (0) = 0 and that k0 = 1,

F ′′(0) =

∫
U
φ
[
k̇0E (0)m+ k0DE (0)[φ]m+ k0E (0)ṁ0

]
ds dθ =

∫
U
φDE (0)[φ]mds dθ.

On the other hand, let Φφ be the flow of φB. Recalling (4.7) and (4.9), and by definition of B, let LH be the
second-order operator such that

δ2H H(SL)[Φφ]− Λδ2σH(SL)[Φφ] =

∫
S
φ
(
LHφ ◦ P

)
mds dθ.

Combining the above two equations, we deduce that

(5.67)

∫
U
φDE (0)[φ]mds dθ =

∫
S
φ
(
LHφ ◦ P

)
mds dθ.

By (5.67), DE (0)[φ] and LHφ ◦ P share the same second-order part. Let A0, B0, C0 denote the coefficients
A,B,C in (5.65) evaluated at (s, θ, 0, 0, 0). Thus the second order part of DE (0)[φ] is

A0φss + 2B0φsθ + C0φθθ.

We claim that

(5.68) A0 < 0, C0 > 0.

By the above consideration, it suffices to consider LHφ ◦ P . By (4.7), (4.9) and [39, Proposition 3.10], the
second order part of LHφ is 4V (J(ν)φ), where V is as in (5.52). Recalling (5.20),

J(ν) = −
(cos s

h

) ∂

∂s
+

cos s

x

∂

∂θ
, V =

(
cos2 s

xh
− L cos s

h

)
∂

∂s
+

(
sin2 s

x2
+
L cos s

x

)
∂

∂θ
.

where x = xL(s) and h = h(s) are as in (5.15) and (5.16). Therefore,

A0 =
4 cos2 s

h2

(
L− cos s

x

)
=

4L cos2 s

h2

(
1− 2 cos2 s

cos2 s− (1− 2L)

)
< 0,

C0 = 4

(
sin2 s cos s

x3
+
L cos2 s

x2

)
> 0.

Let f : U → R be the function representing S over SL via Pf . Notice that, by definition of s̄,

(5.69) f(s̄, θ) = fs(s̄, θ) = fθ(s̄, θ) = 0.

Moreover, since both S and SL are critical points, (5.65) yields

A(s, θ, f, fs, fθ)fss + 2B(s, θ, f, fs, fθ)fsθ + C(s, θ, f, fs, fθ)fθθ +R(s, θ, f, fs, fθ) = 0,

R(s, θ, 0, 0, 0) = 0.
(5.70)

Denote by a1, a2, a3 the derivatives of R with respect to its third, fourth and fifth entry. Then, by (5.70),

R(s,θ, f, fs, fθ) = R(s, θ, f, fs, fθ)−R(s, θ, 0, 0, 0)

=

∫ 1

0

d

dτ
R(s, θ, τf, τfs, τfθ) dτ

= f

∫ 1

0
a1(s, θ, τf, τfs, τfθ) dτ + fs

∫ 1

0
a2(s, θ, τf, τfs, τfθ) dτ + fθ

∫ 1

0
a3(s, θ, τf, τfs, τfθ) dτ.

Therefore, setting

A1(s, θ) = A(s, θ, f, fs, fθ), B1(s, θ) = B(s, θ, f, fs, fθ), C1(s, θ) = C(s, θ, f, fs, fθ)



UNEXPECTED PHENOMENA FOR MEAN CURVATURE FUNCTIONALS IN THE HEISENBERG GROUP 33

and

(5.71) Dj(s, θ) =

∫ 1

0
aj(s, θ, τf, τfs, τfθ) dτ, j = 1, 2, 3,

then f solves the linear, second-order problem

A1fss + 2B1fsθ + C1fθθ +D1f +D2fs +D3fθ = 0 on [s̄, s̄+ ε)× [0, 2π],

f(s̄, ·) = 0 on [0, 2π],

fs(s̄, ·) = 0 on [0, 2π].

(5.72)

By definition, and recalling (5.69), A1(s̄, θ) = A0(s̄, θ), B1(s̄, θ) = B0(s̄, θ) and C1(s̄, θ) = C0(s̄, θ). Therefore,
by (5.68) and continuity, we may choose δ small so that

B2
1 −A1C1 > 0, A1 ̸= 0.

In particular, the first equation in (5.72) is hyperbolic, and the level sets {s = s0} are spacelike in the sense
of [38]. Therefore, [38, Chapter 2, Proposition 8.1] grants that f ≡ 0 on U . This extends the coincidence of
SL and S beyond s̄, violating the maximality of s̄. A contradiction follows. To conclude the proof it suffices
to deal with the case in which S coincides locally with the horizontal plane. The proof follows verbatim the
previous approach. To this aim, just notice that, by Lemma 3.1,

J(ν) = − ∂

∂s
, V = −L ∂

∂s
+

1

s2
∂

∂θ
,

whence

A0 = 4L > 0, B0 = − 2

s2
, C0 = 0, B2

0 −A0C0 =
4

s4
> 0.

Therefore, S would be the horizontal plane, contradicting its compactness. The thesis follows. □

Proof of Theorem 1.2. It follows by Proposition 5.5, Proposition 5.8 and Proposition 5.9. □

6. Total mean curvature: stability of Pansu-Minkowski spheres

Next, we discuss the stability of Pansu-Minkowski spheres. By Proposition 4.10, we focus on the penalized
functional PH

L as introduced in (1.8). Fix a non-characteristic variation Φ. Let φ and ψ be as in (4.3). First,
we evaluate the second variation of PH

L at the Pansu-Minkowski sphere SL. By (4.7) and (4.9),

δ2PH
L (SL)[Φ] = δH H(SL) [ψ]− 4LδσH(SL) [ψ]

+ 4

∫
SL

(
− SφJ(ν)φ+ φ2

(
2Sα−HHα2

) )
dσH − 4L

∫
SL

(
(J(ν)φ)2 − 4φ2

(
J(ν)α+ α2

) )
dσH

(4.10),(4.11)
= 4

∫
SL

((
− SφJ(ν)φ− L (J(ν)φ)2

)
+
(
2Sα−HH (α2 + 4L2

) )
φ2
)
dσH.

We make the zero-order term explicit, and we provide a sharp lower bound.

Lemma 6.1. It holds that

2Sα−HH (α2 + 4L2
)
=

2(1− 2L)

x(s)3h(s)
,

where h is as in (5.16). In particular,

2Sα−HH (α2 + 4L2
)
⩾
[
2Sα−HH (α2 + 4L2

) ]∣∣∣
s=0

=
2L(1− 2L)

1− L
.

Proof. Notice that

α
(3.3)
= − ẋ√

ṫ2 + x2ẋ2
=

sin s

x
, Sα (3.8)

=
ṫα̇

ṫ2 + x2ẋ2
=

cos s

x2h

(
cos2 s+

h

x
sin2 s

)
.
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Therefore, recalling (5.22),

2Sα−HH (α2 + 4L2
)
=

2 cos s

x2h

(
cos2 s+

h

x
sin2 s

)
− 2 cos2 s

2Lxh

(
sin2 s

x2
+ 4L2

)
=

2 cos s

x3h

(
x cos2 s+ h sin2 s− sin2 s cos s

2L
− 2Lx2 cos s

)
=

2 cos s

x3h

(
(x− h) cos2 s+ h− sin2 s cos s

2L
− cos3

2L
+

2(1− 2L) cos s

2L
− (1− 2L)2

2L cos s

)
=

cos s

Lx3h

(
cos s+

1− 2L

cos s
− sin2 s cos s− cos3−(1− 2L)2

cos s

)
=

2(1− 2L)

x3h
.

To conclude, recall that x and h achieve their maximum at s = 0, and moreover x(0) = 1 and h(0) = 1−L
L . □

Next, we deal with the first-order term.

Lemma 6.2. It holds that

−SφJ(ν)φ− L (J(ν)φ)2 =

(
cos3 s

xh2
− L cos2 s

h2

)(
∂φ

∂s

)2

+

(
2L cos2 s

xh
− cos s cos 2s

x2h

)
∂φ

∂s

∂φ

∂θ
−
(
sin2 s cos s

x3
+
L cos2 s

x2

)(
∂φ

∂θ

)2

.

(6.1)

If in addition φ is independent of θ, then the following sharp lower bound holds:

−SφJ(ν)φ− L (J(ν)φ)2 ⩾ (1− L) (J(ν)φ)2 .

Proof. Exploiting (5.20),

(J(ν)φ)2 =

(
cos2 s

h2

)(
∂φ

∂s

)2

−
(
2 cos2 s

xh

)
∂φ

∂s

∂φ

∂θ
+

(
cos2 s

x2

)(
∂φ

∂θ

)2

and

−SφJ(ν)φ =

(
cos3 s

xh2

)(
∂φ

∂s

)2

−
(
cos s cos 2s

x2h

)
∂φ

∂s

∂φ

∂θ
−
(
sin2 s cos s

x3

)(
∂φ

∂θ

)2

,

whence (6.1) follows. Next, assume that φ is independent of θ. Let µ ⩾ 0. Then

−SφJ(ν)φ− (L+ µ) (J(ν)φ)2
(6.1)
=

(
cos3 s

xh2
− (L+ µ) cos2 s

h2

)(
∂φ

∂s

)2

=
( cos s

2Lxh2

) (
(L− µ) cos2 s+ (L+ µ)(1− 2L)

)
.

Assume first that L− µ ⩾ 0. Since cos2 s > (1− 2L) on (− arccos
√
1− 2L, arccos

√
1− 2L), then

(L− µ) cos2 s+ (L+ µ)(1− 2L) ⩾ 2L(1− 2L) ⩾ 0.

Assume instead L− µ < 0. Since cos2 s ⩽ cos2(0) = 1 on (− arccos
√
1− 2L, arccos

√
1− 2L), then

(L− µ) cos2 s+ (L+ µ)(1− 2L) ⩾ (L− µ) + (L+ µ)(1− 2L) = 2L(1− L)− 2Lµ,

whence −SφJ(ν)φ− (L+ µ) (J(ν)φ)2 ⩾ 0 provided that µ ⩽ 1− L. □

Motivated by Lemma 6.2, we introduce a relevant class of variations. Precisely, we say that a non-
characteristic variation of SL is rotationally invariant if φ is independent of θ.

Remark 6.3. We stress that requiring a variation to be rotationally invariant is much weaker than restricting
to the class of rotationally invariant competitors, as no restriction on ψ is imposed.

Combining Lemma 6.1, Lemma 6.2 and Proposition 4.10, we deduce that Pansu-Minkowski spheres are
(much more than) stable for H H along area-preserving, rotationally invariant, non-characteristic variations.
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Proposition 6.4. Let L ∈
(
0, 12
]
. Let Φ be a non-characteristic rotationally invariant variation. Then

(6.2) δ2PH
L (SL)[Φ] ⩾ 4(1− L)

∫
SL

(J(ν)φ)2 dσH +
8L(1− 2L)

1− L

∫
SL

φ2 dσH.

In particular, SL is stable for H H along area-preserving non-characteristic rotationally invariant variations.

Remark 6.5. When L = 1
2 , i.e. when SL is the standard Pansu sphere, the coefficient multiplying the

zero-order term in the right hand side of (6.2) vanishes. Nevertheless, by the Poincaré inequality, it is still
possible to provide a lower bound of the form

(6.3) δ2PH
L (SL)[Φ] ⩾ cI(δ, L)

(
∥φ∥2L2(I(δ)) + ∥φ̇∥2L2(I(δ))

)
,

where suppφ ⊆ I(δ) :=
(
− arccos

√
1− 2L+ δ, arccos

√
1− 2L− δ

)
and cI(δ, L) > 0, and cI(δ, L) tends to 0

as δ → 0+.

We conclude this section with the proof of Theorem 1.4: the rotational invariance constraint cannot be
removed, as Pansu-Minkowski spheres are unstable under more general variations.

Proof of Theorem 1.4. Fix L ∈
(
0, 12
]
. Let 0 < δ < arccos

√
1− 2L. Let M ∈ N+. Let ψ ∈ C∞

c (−δ, δ) be not
identically vanishing. Define

φ(s, θ) = ψ(s) sinMθ, s ∈
(
− arccos

√
1− 2L, arccos

√
1− 2L

)
, θ ∈ (0, 2π).

Let X be such that X|S = φν. Set Z = 0. Let Φ be a variation as in (4.1). Then Φ is a non-characteristic
horizontally normal variation with velocity X and with no acceleration. Moreover,

δσH(SL)[Φ]
(4.6)
=

∫
SL

φHH dσH
(5.23)
=

(∫ 2π

0
sinMθ dθ

)(∫ δ

−δ
ψx(x+ h) ds

)
= 0,

whence Φ is first-order area-preserving. Notice that

∂φ

∂s
= ψ̇ sinMθ,

∂φ

∂θ
=Mψ cosMθ.

Since ∫ 2π

0
sinMθ cosMθ dθ = 0,

∫ 2π

0
sin2 θ dθ =

∫ 2π

0
cos2 θ dθ = π,

then (5.21) , Lemma 6.1 and Lemma 6.2 imply that δ2PH
L (SL)[Φ] equals

4π

∫ δ

−δ

[(
x cos2 s

h
− Lx2 cos s

h

)
ψ̇2 +

(
2(1− 2L)

x cos s

)
ψ2

]
ds− 4πM2

∫ δ

−δ

(
h sin2 s

x
+ Lh cos s

)
ψ2 ds.

Since ∫ δ

−δ

(
h sin2 s

x
+ Lh cos s

)
ψ2 ds > 0,

then δ2PH
L (SL)[Φ] < 0 provided that M is sufficiently large. The thesis follows by Proposition 4.10. □

7. Total mean curvature: local minimality of Pansu-Minkowski spheres

In this section we prove that Pansu-Minkowski spheres are local minimizers, in the sense of (1.2), in the
class of rotationally invariant surfaces. To this aim, fix L ∈

(
0, 12
]
, and denote the profile of SL simply by

(x, t). Fix δ > 0, recall that I(δ) = (− arccos
√
1− 2L + δ, arccos

√
1− 2L − δ). Fix φ ∈ C∞

c (I(δ)), and set
Sφ
L := S · φν. By (2.1) and (3.4), Sφ

L can be parametrized by (ξφ(s, θ), ηφ(s, θ), tφ(s, θ)), where

ξφ :=

(
x+

φṫ√
ṫ2 + x2ẋ2

)
cos θ −

(
φxẋ√
ṫ2 + x2ẋ2

)
sin θ,

ηφ :=

(
x+

φṫ√
ṫ2 + x2ẋ2

)
sin θ +

(
φxẋ√
ṫ2 + x2ẋ2

)
cos θ,

tφ := t− φx2ẋ√
ṫ2 + x2ẋ2

.
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Since √
(ξφ(s, θ))2 + (ηφ(s, θ))2 =

√√√√(x+
φṫ√

ṫ2 + x2ẋ2

)2

+

(
φxẋ√
ṫ2 + x2ẋ2

)2

=: xφ(s),

then Sφ
L is a rotationally invariant surface, with profile (xφ, tφ).

Proposition 7.1. Fix L ∈
(
0, 12
]
and δ > 0. There exists ε = ε(δ, L) > 0 such that, if φ ∈ C∞

c (I(δ)) satisfies

σH
(
Sφ
L

)
= σH (SL) , ∥φ∥C2(I(δ)) ⩽ ε,

then
H H (SL) ⩽ H H (Sφ

L

)
.

Proof. For p ∈ SL and τ ∈ [−1, 1], set

Φ(τ, p(s, θ)) = (ξτφ(s, θ), ητφ(s, θ), tτφ(s, θ)) ,

and extend it smoothly into a variation of H1. For any τ ∈ [0, 1], Φ(τ, S) is the rotationally invariant surface
with profile (xτφ, tτφ). Moreover, denoting by X the normal velocity of Φ, then X|S = φν. Define f : R5 → R
by

f(p1, q1, q2, r1, r2) :=
p31 (q1r2 − q2r1) + q32

q22 + p21q
2
1

− 4Lp1

√
q22 + p21q

2
1.

Moreover, define Q : [0, 1] → R5 by

Q(τ) :=
(
xτφ, ẋτφ, ṫτφ, ẍτφ, ẗτφ

)
.

With these definitions,

PH
L (Φ(τ, S)) = 2π

∫
I(δ)

f (Q(τ)) ds.

By Taylor’s formula with Lagrange remainder, and since SL is an area-preserving critical point along non-
characteristic variations, there exists τ̃ ∈ (0, 1) such that

PH
L

(
Sφ
L

)
= PH

L (SL) +
d

dτ

∣∣∣∣
τ=0

PH
L (Φ(τ, S)) +

1

2

d2

dτ

∣∣∣∣
τ=τ̃

PH
L (Φ(τ, S))

= PH
L (SL) + δPH

L (S)[Φ] +
1

2
δ2PH

L (S)[Φ] + π

∫
I(δ)

(
∂2

∂τ

∣∣∣∣
τ=τ̃

f(Q(τ))− d2

dτ

∣∣∣∣
τ=0

f(Q(τ))

)
ds

(4.10)
= PH

L (SL) +
1

2
δ2PH

L (S)[Φ]︸ ︷︷ ︸
I

+π

∫
I(δ)

(
∂2

∂τ

∣∣∣∣
τ=τ̃

f(Q(τ))− d2

dτ

∣∣∣∣
τ=0

f(Q(τ))

)
ds︸ ︷︷ ︸

II

.

Since f is affine in the variables r1 and r2, a simple computation yields that

∂2

∂τ2
f(Q(τ)) = Aτφφ2 +Bτφφφ̇+ Cτφφφ̈+Dτφφ̇2 + Eτφφ̇φ̈,

where Aτφ, Bτφ, Dτφ depend smoothly on τφ, τ φ̇, τ φ̈ and Cτφ, Eτφ depend smoothly on τφ, τ φ̇. Therefore,
integrating by parts, ∫

I(δ)

∂2

∂τ2
f(Q(τ)) ds =

∫
I(δ)

(
Aτφφ2 + B̃τφφφ̇+ D̃τφφ̇2

)
ds,

where

B̃τφ = Bτφ − ∂

∂s
Cτφ, D̃τφ = Dτφ − Cτφ − 1

2

∂

∂s
Eτφ.

In particular, Aτφ, B̃τφ, D̃τφ depend smoothly on τφ, τ φ̇, τ φ̈. Therefore, since suppφ ⊆ I(δ), there exists
cII(δ, L) such that

(7.1) |II| ⩽ cII(δ, L)∥φ∥C2(I(δ))

(
∥φ∥2L2(I(δ)) + ∥φ̇∥2L2(I(δ))

)
.

Combining (7.1) and (6.3), we conclude that

PH
L

(
Sφ
L

)
⩾ PH

L (SL) +

(
1

2
cI(δ, L)− cII(δ, L)∥φ∥C2(I(δ))

)(
∥φ∥2L2(I(δ)) + ∥φ̇∥2L2(I(δ))

)
.
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Since σH(Sφ
L) = σH(SL), then PH

L

(
Sφ
L

)
− PH

L (SL) = H H (Sφ
L

)
− H H (SL), whence the thesis follows. □

Proof of Theorem 1.3. It follows combining Proposition 6.4 and Proposition 7.1. □

8. Global minimality properties

In view of Theorem 1.2, the optimal Pansu-Minkowski sphere is the unique candidate global (strictly mean
convex) minimizer for the Minkowski quotient. However, this possibility is ruled out by the unrestricted
instability statement in Theorem 1.4. Nevertheless, as suggested by local minimality under rotational invari-
ance as in Theorem 1.3, we show that the optimal Pansu-Minkowski sphere is indeed (the unique) global
minimizer in the class of rotationally invariant surfaces. We begin with the following technical result.

Lemma 8.1. For 0 ⩽ r ⩽ 1 and 0 ⩽ u < π
2 , set

(8.1) Φ(r, u) =
r

cosu
− tanu+ 2u− π, f(r) = sup

{
Φ(r, u) : 0 ⩽ u <

π

2

}
.

Then

(8.2) −1− π

2
⩽ f(r) ⩽ 0

and

(8.3) 2

∫ 1

0
rf(r) dr = −4

3
.

Proof. Fix r ∈ [0, 1). Then

Φu(r, u) =
1 + r sinu− 2 sin2 u

cos2 u
.

The numerator, as a polynomial in sinu, has exactly one positive root at r+
√
r2+8
4 ∈

[√
2
2 , 1

)
. Then, setting

u(r) = arcsin

(
r +

√
r2 + 8

4

)
∈
[π
4

π

2

)
,

u(r) is (the unique) maximum point of Φ(r, u) on
[
0, π2

)
, and satisfies

(8.4) r = 2 sinu(r)− 1

sinu(r)
.

In particular, since by construction Φu(r, u(r)) = 0,

(8.5) f(r) = Φ(r, u(r))
(8.4)
= 2u(r)− π − cosu(r)

sinu(r)
, f ′(r) = Φr(r, u(r)) =

1

cosu(r)
> 0 0 ⩽ r < 1.

In addition, notice that u(r) → π
2 as r → 1, so that (8.5) implies that f(r) → 0 as r → 1. Arguing as above,

f(1) = 0, whence f is continuous on [0, 1]. Since f(0) = −1 − π
2 , (8.2) follows by monotonicity. We prove

(8.3). Indeed, recalling (8.4) and (8.5),

2

∫ 1

0
rf(r) dr = −

∫ 1

0
r2f ′(r) dr

= −
∫ π/2

π/4

(
2 sinu− 1

sinu

)2(
2 +

1

sin2 u

)
du

= −
∫ π/2

π/4

(
8 sin2 u− 4− 2

sin2 u
+

1

sin4 u

)
du

= −4

3
.

□

Proof of Theorem 1.5. Let γ = (x, t) : I → R2 be the profile of S. Set I = [s0, s1]. We may assume as in
Section 5 that max{x(s) : s ∈ I} = 1. Up to re-parameterizing γ, we assume that x2ẋ2 + ṫ2 = 1, whence
there is β ∈ C1(s0, s1) such that

(8.6) xẋ = cosβ, ṫ = sinβ.
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Differentiating (8.6) yields

(8.7) β̇ = x(ẋẗ− ẍṫ)− ẋ2ṫ,

so that, recalling (3.13) and (3.15),

(8.8) xHH = x2β̇ + sinβ, σH(S) = 2π

∫
I
x ds, H H(S = 2π

∫
I
xHH ds.

We claim that

(8.9)
σH(S)− H H(S)

2π
⩽ −4

3
.

First, notice that, by (8.8),

σH(S)− H H(S)

2π
=

∫
I
(x− xHH) ds =

∫
I
(x− sinβ − x2β̇) ds.

We show how to handle the term involving β̇. Let q : R → R be any bounded, 2π-periodic, Lipschitz
continuous function. Notice that

(8.10)

∫
I

d

ds

(
x2

2
q(β)

)
ds = 0.

Indeed, we know from Section 5 that γ either is a closed curve or its endpoints lie on the t-axis. In both
cases, (8.10) follows by the fundamental theorem of calculus, for which 2π-periodicity of q is needed only in
the case of a closed curve. Therefore, (8.10) yields

σH(S)− H H(S)

2π
=

∫
I

(
x− sinβ − x2β̇ −

(
x2

2
q(β)

)′)
ds

=

∫
I

(
x− sinβ − x2β̇

(
1 +

q′(β)

2

)
− q(β) cosβ

)
ds.

Exact cancellation of the term containing β̇ would suggest q′ ≡ −2, which is nevertheless incompatible with
periodicity. Instead, we choose

(8.11) q(ϑ) =

{
π − 2ϑ, 0 ⩽ ϑ ⩽ π,

2ϑ− 3π, π ⩽ ϑ ⩽ 2π.

This choice gives exact cancellation when ṫ > 0. Instead, when ṫ < 0, the remaining term will turn into a
contribution with negative sign. Notice that q is smooth when ṫ ̸= 0. When ṫ > 0, then q′(β) = −2, so that

(8.12) x− sinβ − x2β̇

(
1 +

q′(β)

2

)
− q(β) cosβ = x− | sinβ| − q(β) cosβ a.e. on I.

When ṫ = 0, (8.12) holds as well, because β̇ = 0 a.e. on {ṫ = 0}. Instead, when ṫ < 0, then q′(β) = 2, whence

x− sinβ − x2β̇

(
1 +

q′(β)

2

)
− q(β) cosβ = x− | sinβ| − q(β) cosβ − 2xHH.

In conclusion,

σH(S)− H H(S)

2π
=

∫
I

(
x− | sinβ| − q(β) cosβ

)
ds− 2

∫
{ṫ<0}

xHH ds.(8.13)

We apply Lemma 8.1 to the first integrand in (8.13). For every s ∈ I, choose u = u(s) ∈ [0, π/2] such that

sinu = | sinβ|, cosu = | cosβ|.

A simple computation shows that

q(β) cosβ = (π − 2u) cosu.

Therefore, when cosβ ̸= 0, (8.1) yields

x− | sinβ| − q(β) cosβ = x− sinu− (π − 2u) cosu = Φ(x, u) cosu ⩽ f(x)| cosβ|.(8.14)
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If cosβ = 0, (8.14) reduces to x− 1 ⩽ 0, which is true by the radius normalization. Hence, combining (8.13)
and (8.14) and recalling that | cosβ| = x|ẋ|, we obtain

(8.15)
σH(S)− H H(S)

2π
⩽
∫
I
xf(x)|ẋ| ds− 2

∫
{ṫ<0}

xHH ds.

Recall that S is either homeomorphic to a sphere or to a torus. Assume the first case, i.e. x(s0) = x(s1) = 0.
Choose ŝ with x(ŝ) = 1. By (8.2), xf(x) ⩽ 0. Multiplying by xf(x) the identities |ẋ| ⩾ ẋ on [s0, ŝ] and
|ẋ| ⩾ −ẋ on [ŝ, s1], we obtain∫

I
xf(x)|ẋ| ds ⩽

∫ ŝ

s0

xf(x)ẋ ds−
∫ s1

ŝ
xf(x)ẋ ds = 2

∫ 1

0
rf(r) dr

(8.3)
= −4

3
.

Therefore, recalling (8.15) and since HH ⩾ 0, (8.9) follows. Instead, assume that S is homeomorphic to a
torus, whence γ is a closed curve. Let š ∈ I be such that 0 < x(š) = min{x(s) : s ∈ I}. Arguing ad above,

(8.16)

∫
I
xf(x)|ẋ| ds ⩽ 2

∫ 1

x(š)
rf(r) dr = −4

3
− 2

∫ x(š)

0
rf(r) dr

(8.2)

⩽ −4

3
+
(
1 +

π

2

)
x(š)2.

By definition of š, and recalling the orientation of γ, ẋ(š) = 0 and ṫ(š) = −1. Hence, ŝ ∈ {ṫ < 0}. Let
I− = [s2, s3] be the connected component of {ṫ < 0} containing š. Notice that ṫ(s2) = ṫ(s3) = 0. Therefore,
setting g(s) = −x(s)ṫ(s), then g(s2) = g(s3) = 0 and g(š) = x(š). Therefore

(8.17)

∫
I−

|ġ| ds ⩾
∫ š

s2

ġ(s) ds−
∫ s3

š
ġ(s) ds = 2x(š).

Moreover,

ġ = −ẋ sinβ − x cosββ̇
(8.6)
= −

(
sinβ

x
+ xβ̇

)
cosβ

(8.8)
= −HH cosβ.

Hence, recalling again that HH ⩾ 0,

(8.18) 2

∫
{ṫ<0}

xHH ds ⩾ 2x(š)

∫
I−

HH ds ⩾ 2x(š)

∫
I−

|ġ| ds
(8.17)

⩾ 4x(š)2.

Combining (8.15), (8.16), and (8.18), we conclude that (8.9) holds. By (8.9), H H(S) ⩾ 8π
3 . Set

k :

(
8π

3
,+∞

)
→ R, k(r) = r

(
r − 8π

3

)− 2
3

.

By (8.9), QH
mink(S) ⩾ k

(
H H(S)

)
. Moreover,

k′(r) =
1

3
(h− 8π)

(
h− 8π

3

)− 5
3

,

whence k has a global minimum at r = 8π. Since k(8π) = (18π)
1
3 , (1.13) follows. Moreover, Proposition 5.8

implies that S 1
4
realizes equality in (1.13). It remains to prove that it the unique. Assume that S is a

minimizer in the class of rotationally invariant competitors. To conclude the proof, it suffices to show that S
is strictly mean convex, because in this case S is a critical point of QH

mink under non-characteristic variations,
and uniqueness follows by Proposition 5.8. To see this, set

(8.19) L =
H H(S)

6σH(S)
> 0,

let Φ be any non-characteristic variation, and et φ be as in (4.3). Then (4.6) and (4.8) yield

(8.20)
δQH

mink(S)[Φ]
(8.19)
= σH(S)−2/3

(
δH H(S)[Φ]− 4LδσH(S)[Φ]

)
= −4σH(S)−2/3

∫
S

(
J(ν)α+ α2 + LHH)φdσH.
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Set U = {p ∈ S \ S0 : HH(p) > 0}. Whenever φ(s, θ) = φ(s) is supported in U , then variations Φ
modeled as described in Section 7 produce admissible, mean convex, rotationally invariant competitors.
Since J(ν)α+ α2 + LHH is independent of θ by (3.15) and (5.1), minimality of S yields

(8.21) J(ν)α+ α2 + LHH ≡ 0 on U.

Therefore, we just need to show that U = S \ S0. Notice that U is open in S \ S0. Moreover, U ̸= ∅ by
Lemma 4.5. In addition, S \S0 is open and connected in S. To conclude, it suffices to prove that U is closed.
Assume that the profile of S is parametrized as in (8.6). Then (5.1), (8.7) and (8.21) yield

J(ν)α+ α2 = − sinβ β̇, LHH = sinβ β̇ on U .

In particular, setting z = sinβ
x , (8.8) implies that

zHH = sinβ β̇ + z2 = LHH + z2 on U,

whence

HH(z − L) = z2 on U.

In particular, since HH > 0 on U , then z ̸= 0, so that z > L. In conclusion,

(8.22) HH =
z2

z − L
= 4L+

(z − 2L)2

z − L
⩾ 4L on U.

Since HH is continuous on S \S0 and L > 0, U is closed by (8.22), whence U = S \S0. The thesis follows. □

Finally, we address the global behavior of the Minkowski quotient beyond the rotationally invariant class,
showing the failure of any positive lower bound for the Minkowski quotient.

Proof of Theorem 1.6. Fix λ ⩾ 1. Clearly, Sλ is a smooth, closed, embedded surface. Recalling the notation
z = (x, y), set

Mλ =

(
λ−2 0
0 λ2

)
, q(z) = ⟨Mλz, z⟩, s(z) =

√
1− q(z), Dλ = {z ∈ R2 : q(z) < 1}.

Observe that Sλ \ {t = 0} is the union of the graph

t = uλ(z) := −s(z), z = (x, y) ∈ Dλ,

and of its reflection with respect to {t = 0}. Both functionals in (1.14) are invariant under such reflection.
Indeed, Sλ is invariant by the isometry (x, y, t) 7→ (x,−y,−t). Moreover, Sλ ∩ {t = 0} is non-characteristic,
and σH (Sλ ∩ {t = 0}) = 0. Therefore, both functionals in (1.14) can be computed by evaluating them on
the lower cap of Sλ and by doubling the corresponding values. We adopt the same notation as in the proof
of Proposition 5.9. Accordingly, recall that Jz = (−y, x), F = Duλ + Jz and W = |F |, and moreover

(8.23) dσH =W dz, HH =
⟨D2uλ JF, JF ⟩

W 3
on {F ̸= 0}.

Since Dq(z) = 2Mλz and Ds(z) = −s(z)−1Mλz, then

(8.24) Duλ(z) =
Mλz

s
, F (z) =

Mλz

s
+ Jz, JF (z) =

JMλz

s
− z, D2uλ(z) =

Mλ

s
+

(Mλz)⊗ (Mλz)

s3
.

Notice that F (0) = 0, while ⟨F (z), z⟩ > 0 for any z ̸= 0. Therefore, (Sλ)0 = {(0, 0,−1), (0, 0, 1)}. A direct
computation shows that

(8.25) JTMλJ =M−1
λ , JTM−1

λ J =Mλ.

Therefore, recalling that ⟨(v ⊗ v)w,w⟩ = ⟨v, w⟩2 for any v, w ∈ R2,

⟨Mλz, JF ⟩ = −q, ⟨MλJF, JF ⟩ = ⟨M−1
λ F, F ⟩ = q

s2
+

2

s
⟨z, Jz⟩+ q =

q

s2
+ q.
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Consequently, (8.24) and s2 + q = 1 yield

⟨D2uλ JF, JF ⟩
(8.24)
=

1

s
⟨MλJF, JF ⟩+

1

s3
⟨Mλz, JF ⟩2

(8.24),(8.25)
=

1

s
⟨M−1

λ F, F ⟩+ q2

s3

(8.24)
=

1

s2
⟨z, F ⟩+ 1

s
⟨M−1

λ Jz, F ⟩+ q2

s3

(8.25)
=

2q

s3
.

Therefore, (8.23) yields

(8.26) HH =
2q

s3W 3
=

2q

|Mλz + sJz|3
> 0 on Dλ \ {0}.

In particular, when z tends to a point z0 ∈ ∂Dλ, then H
H tends to 2|Mλz0|−3 > 0. Therefore, Sλ is strictly

mean convex. In order to compute the two quantities in (1.14), we introduce a change of variable which splits
the relevant integrals into the product of two one-dimensional ones. Accordingly, define

Ωλ = {(ς, ϑ) ∈ R2 : ς ∈ (0, 1), ϑ ∈ (arctan ς, arctan ς + 2π)},

and set

Φλ(ς, ϑ) =
(
λ
√
1− ς2 cos

(
ϑ− arctan ς

)
, λ−1

√
1− ς2 sin

(
ϑ− arctan ς

))
on Ωλ.

Heuristically, Φλ is an angular modification of the standard elliptic parametrization. It is easy to check that

(8.27) | detDΦλ| = ς,

and that Φλ is (up to a negligible set) a smooth parametrization of Dλ. By construction, s(Φλ(ς, ϑ)) = ς, so
that F (Φλ(ς, ϑ)) writes as

√
1− ς2

ς

(
λ−1

(
cos
(
ϑ− arctan ς

)
− ς sin

(
ϑ− arctan ς

))
, λ
(
sin
(
ϑ− arctan ς

)
+ ς cos

(
ϑ− arctan ς

)))
.

On the other hand, the standard addition formulas for trigonometric functions yield

cos
(
ϑ− arctan ς

)
− ς sin

(
ϑ− arctan ς

)
= (1 + ς2) cos

(
arctan ς

)
cosϑ,

sin
(
ϑ− arctan ς

)
+ ς cos

(
ϑ− arctan ς

)
= (1 + ς2) cos

(
arctan ς

)
sinϑ.

Therefore, recalling that cos
(
arctan ς

)
= (1 + ς2)−

1
2 ,

(8.28) F (Φλ(ς, ϑ)) =

√
1− ς4

ς

(
λ−1 cosϑ, λ sinϑ

)
, W (Φλ(ς, ϑ)) =

√
1− ς4

ς

√
λ−2 cos2 ϑ+ λ2 sin2 ϑ.

By (8.23), (8.27) and (8.28), and by 2π-periodicity of the angular integrand,

σH(Sλ) = 2

(∫ 1

0

√
1− ς4 dς

)(∫ 2π

0

√
λ−2 cos2 ϑ+ λ2 sin2 ϑ dϑ

)
⩾ 2λ

(∫ 1

0

√
1− ς4 dς

)(∫ 2π

0
| sinϑ| dϑ

)
,

so that σH(Sλ) → +∞ as λ→ +∞. On the other hand, recalling also (8.26),

H H(Sλ) = 4

(∫ 1

0

1

1 + ς2
dς

)(∫ 2π

0

1

λ−2 cos2 ϑ+ λ2 sin2 ϑ
dϑ

)
= π

∫ 2π

0

1

λ−2 cos2 ϑ+ λ2 sin2 ϑ
dϑ.

Finally, the substitution v = λ2 tanϑ yields∫ 2π

0

1

λ−2 cos2 ϑ+ λ2 sin2 ϑ
dϑ = 4

∫ π/2

0

1

λ−2 cos2 ϑ+ λ2 sin2 ϑ
dϑ = 4

∫ ∞

0

1

1 + v2
dv = 2π,

whence H H(Sλ) = 2π2. The thesis follows. □
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Via Sommarive, 14, 38123 Povo TN
Email address: andrea DOT pinamonti AT unitn DOT it

(S. Verzellesi) Department of Decision Sciences and BIDSA, Bocconi University
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