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ABSTRACT. The Euclidean paradigm that spheres optimize mean curvature variational problems breaks down
in the sub-Riemannian Heisenberg group: neither the Pansu sphere nor the Kordnyi sphere is optimal for
the variational problems associated with the Minkowski and Heintze-Karcher inequalities. Motivated by this
phenomenon, we develop a variational theory for geometric problems driven by the horizontal mean curvature,
focusing on the total mean curvature functional and the related Minkowski inequality, introducing suitable no-
tions of non-characteristic stationarity and stability. We identify a new one-parameter family of rotationally
invariant critical surfaces, which we call Pansu-Minkowski spheres. Among them, we show that a distinguished
member, the optimal Pansu-Minkowski sphere, emerges as the unique critical point of the Minkowski quo-
tient, and uniquely minimizes it among Pansu-Minkowski spheres. We prove non-characteristic stability and
local minimality of Pansu-Minkowski spheres under rotationally invariant perturbations, while showing their
instability under unrestricted perturbations.

1. INTRODUCTION

In the Euclidean space, the most relevant geometric variational problems driven by mean curvature exhibit
a remarkable rigidity in the shape of their optimal configurations. In their appropriate class of competitors,
the isoperimetric inequality [21], the Minkowski inequality [12, 16, 23], and the Heintze-Karcher inequality
[17, 26, 35, 38] all single out the Euclidean sphere as the unique optimal shape. As we shall see, this Euclidean
paradigm breaks down in a rather unexpected way in sub-Riemannian geometry.

In the sub-Riemannian Heisenberg group H!, the prototypical model of sub-Riemannian [2] and pseu-
dohermitian [7] geometry, the picture is far less understood. Considerable progress has been achieved for
what concerns the isoperimetric problem [27, 24, 25, 19, 30, 34], although it is still unknown whether the
closed, constant horizontal mean curvature surface known as Pansu sphere (Example 3.5) - the unique closed
volume-preserving area-stationary surface - is indeed the isoperimetric set. On the other hand, essentially
nothing is known for more general geometric variational problems driven by the horizontal mean curvature.

In this setting, a general mean curvature driven functional takes the form
(1.1) %?%S)::éf(H“)daH.

Here S C H! is a smooth, embedded, closed surface, H™ is its (horizontal) mean curvature, do™ is its
(sub-Riemannian) area element and f : R — R is a smooth function. We refer to Section 2 for the related
definitions. Particularly relevant examples are the (horizontal) area functional, the total (horizontal) mean
curvature and the total inverse (horizontal) mean curvature, defined respectively by

Higy - [ gott Moy — H gt gy [ L o m
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As for the Euclidean case, the homogeneous structure of H! induced by its intrinsic dilations relates the
minimization of such functionals, under suitable geometric constraints, to the validity of the corresponding
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sharp geometric inequalities. Precisely, minimizing the total mean curvature under area constraints, i.e.

(1.2) inf {%H(S) : S is mean convex, 0't(S) = k}, k>0,
is equivalent to minimizing the (scaling invariant) Minkowski quotient
_2
(1.3) Qnink(S) = (07(5)) # A7(5).
Similarly, minimizing the total inverse mean curvature under volume constraints, i.e.
(1.4) inf{(,%”H)il(S) : S is strictly mean convex, |Q(S)| = k} : k> 0.

corresponds to minimizing the (scaling invariant) Heintze-Karcher quotient
_ -1
(1.5) QfL(8) = 1(8)| 71 (o) (5),
where |2(5)] is the Lebesgue measure of the volume enclosed by S. In turn, sharp lower bounds for (1.3)
and (1.5) would imply (sub-Riemannian analogs of) sharp Minkowski and Heintze-Karcher inequalities.

Beyond the analogy with the Euclidean framework, several reasons suggest that the Pansu sphere, hence-
forth denoted by S1 for further convenience, should play a distinguished role in both optimization problems.

2
Regarding the former problem, (1.3) is the correct first higher-order analogue of the isoperimetric quotient
_3
(1.6) Qliop(S) = 1US)["1™(5).

The underlying conceptual picture is that area describes the first-order behavior of volume, while mean curva-
ture governs the first-order behavior of area. Regarding (1.5), a structural connection with the isoperimetric
problem is suggested by the behavior of (1.6) under evolution by horizontal inverse mean curvature flow.
Loosely speaking, a family of closed embeddings (S!);~¢ evolves by horizontal inverse mean curvature flow if

st 1
1- _—
(1.7) ot~ HE'"
where v; denotes the horizontal unit normal to Si. Recalling [18] that
d|Q(S! - do? (St
’ Cgt )’ — (%H) 1(St), Udi ) :JH(St),

a formal computation combined with the forthcoming Theorem 3.7 yields

% (Q?;OP) (St) - ZQ?SLOP (St) (Q?k (SQ - Qﬁk (St)> .

Were the Pansu sphere the optimal configuration for (1.5), the isoperimetric quotient would be non-decreasing
along (1.7). This perspective is supported by another remarkable fact. The Kordnyi sphere (Example 3.6) -
the boundary of the unit ball associated with the Kordnyi gauge - shares the same Heintze-Karcher quotient of
the Pansu sphere (Theorem 3.8), and is in fact self-similar under inverse mean curvature flow. Finally, since
many approaches to the Euclidean Heintze-Karcher inequality provide effective proofs of the Aleksandrov
theorem [3] both in the smooth [26, 35] and in the measure-theoretic [14] framework, it would therefore
appear natural to expect an analogous phenomenon in the Heisenberg setting.

The first surprising outcome of the present paper is that these intuitions are in fact incorrect.
Theorem 1.1. Neither the Pansu sphere nor the Kordnyi sphere minimizes (1.3) or (1.5).

This fact has several unexpected consequences. First, it exhibits a substantial lack of symmetry in the shape
of optimal configurations for the main geometric variational problems in H'. Moreover, since the Pansu sphere
is non-optimal for (1.5), Theorem 1.1 implies that a possible Heintze-Karcher inequality cannot be used as a
direct tool toward the Aleksandrov theorem in the sub-Riemannian setting. The proof of Theorem 1.1 reveals
an even more striking phenomenon. The Pansu and Koranyi spheres are not merely non-minimizing: they
are not even critical points, neither of the normalized functionals (1.3) and (1.5) (Theorem 3.7, Theorem 3.8),
nor of the associated constrained problems (1.2) and (1.4) (Remark 3.9). The key observation is that (1.3)
and (1.5), while being preserved by intrinsic dilations, are not invariant under Euclidean dilations. This fact
allows one to produce suitable deformations along which both functionals strictly decrease.

It therefore becomes natural to investigate the structure of the actual equilibrium configurations of these
problems. In the present work, we mainly focus on (1.2). Besides its intrinsic interest, this choice is also
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motivated by analytical considerations. Indeed, as will become apparent from Theorem 4.2, the total mean
curvature is, together with the area functional, the only mean curvature functional whose linearization is of
zero-order in H™ and whose stability operator remains second-order.

The study of geometric variations must account for the singular phenomena arising from the interaction
between the differential and sub-Riemannian structures. Specialized to hypersurfaces, the latter gives rise
to the appearance of the so-called characteristic points. Precisely, denoting by H the underlying horizontal
distribution (Section 2), a point p € S is characteristic when H is tangent to S at p. In the characteristic set
So, the horizontal geometry collapses, and this typically creates substantial analytical difficulties.

Accordingly, to characterize critical points of (1.2), we introduce the notion of non-characteristic variation
(Section 4.1), a smooth variation of the ambient space supported away from a neighborhood of the character-
istic set. Therefore, appropriate sub-Riemannian variation formulas, as established in [37] in great generality,
constitute a fundamental ingredient in the whole variational analysis (Theorem 4.2).

The natural first-order investigation of (1.2) consists in seeking critical points of the total mean curvature
functionals under non-characteristic variations which preserve the area. In turn, exploiting the first variation
formulas provided by Proposition 4.3 and Proposition 4.4, we show (Proposition 4.8) that this notion of
stationarity is equivalent to the stationarity of the penalized functional

(1.8) PI(S) = #M(S) — Aa™(S)
under arbitrary non-characteristic variations, as well as to the validity of the Euler-Lagrange equation
(1.9) —4(J(v)a+a?) — AH" = 0.

In the above formulas, J is the complex structure of H', so that, denoting by v the horizontal unit normal
to S, J(v) generates the horizontal tangent space to S (Section 2). Moreover, « is the fundamental function
associated with S (Section 2), and A is the appropriate Lagrange multiplier arising from the area constraint.

Motivated by the symmetries of the Pansu sphere, we look for solutions to (1.9) in the class of rotationally
invariant surfaces (Section 3), which are symmetric with respect to rotations around a distinguished vertical
direction. In this setting, the presence of such a symmetry is quite natural, as vertical rotations act as
isometries on the underlying sub-Riemannian structure [11]. Combining topological arguments with a detailed
analysis of (1.9), in Section 5 we completely characterize the rotationally invariant solutions to (1.9). Precisely,
setting 4L = A, we show that every rotationally invariant solution to (1.9) is obtained by vertical rotation of
the profile curve vy, = (zp,tr) : [~ arccos v/1 — 2L, arccos /1 — 2L] — R?, where L € (0, %] and

(1.10)

thus obtaining a one-parameter family of rotationally invariant surfaces, say Sy for 0 < L < %, which are
critical points of the total mean curvature along area-preserving non-characteristic variations.

This characterization carries with it a further series of consequences. First, unlike in the Euclidean setting,
where the sphere is the unique equilibrium configuration of the total mean curvature under area-preserving
variations [12, Theorem 5.3], in the Heisenberg group one finds infinitely many critical points. Most notably,
one easily realizes (Example 3.5 and Remark 5.6) that the limiting configuration corresponding to L = %

is precisely the Pansu sphere Si1, whence the choice of notation. Surprisingly, although the Pansu sphere
2

fails to be stationary for " under arbitrary area-preserving variations (Remark 3.9), it is nevertheless
stationary for #7 along non-characteristic area-preserving variations. Remarkably, the stationarity of the
Pansu sphere fails even for amost non-characteristic variations. Indeed, the variations we perform to prove
Theorem 1.1, although not non-characteristic, do not move characteristic points. Besides confirming that
the Pansu sphere still plays a role in this variational framework, this phenomenon also reveals a substantial
difference with the sub-Riemannian isoperimetric problem: the Pansu sphere is indeed the unique closed,
constant horizontal mean curvature surface, e.g. among rotationally invariant surfaces [33] or even among
competitors with at least one isolated characteristic point [34]. Both because of their connection with the
Minkowski problem and because the Pansu sphere itself arises as a limiting configuration within the family,
we refer to the above surfaces as Pansu-Minkowski spheres.
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Among Pansu-Minkowski spheres, one particular element nevertheless plays a privileged role. This phe-
nomenon becomes apparent when comparing the constrained stationarity problem associated with (1.2) with
the unconstrained stationarity problem associated with (1.3). Although being equivalent from the viewpoint
of minimization, this equivalence breaks down at the non-characteristic first-order level. Indeed, while every
critical point of Q?ﬁink along non-characteristic variations is also stationary for #* along area-preserving
non-characteristic variations (Proposition 4.9), the converse fails in general. More precisely, within the fam-
ily of Pansu-Minkowski spheres, the only surface which is critical for (1.3) is the Pansu-Minkowski sphere
corresponding to L = %. It is therefore not surprising that this configuration plays a distinguished role in

the minimization of the Minkowski quotient: S1 is the unique minimizer of (1.3) within the class of Pansu-

4
Minkowski spheres. Accordingly, we refer to it as the optimal Pansu-Minkowski sphere, since the above facts
naturally single it out as the primary candidate minimizer for the Minkowski quotient.

FIGURE 1. From left to right, the Pansu-Minkowski sphere for L = %, the optimal Pansu-

Minkowski sphere (L = %) and the Pansu sphere (L = %) The three spheres are rescaled via

intrinsic dilations to have unit sub-Riemannian area.

The next statement summarizes the above considerations.

Theorem 1.2. For any L € (O, %], define yr, as in (1.10). Denote by Sy, its associated rotationally invariant
surface. Let S C H! be a rotationally invariant, closed, mean convex surface. The following are equivalent:

(i) S is a critical point for JM along area-preserving non-characteristic variations;
(ii) S is, up to dilations and vertical translations, a Pansu-Minkowski sphere St for some L € (0, %}

Moreover, the following are equivalent:

(iil) S is a critical point for Q. | along non-characteristic variations;
(iv) S is, up to dilations and vertical translations, the optimal Pansu-Minkowski sphere S1 .
4

H

Finally, the optimal Pansu-Minkowski sphere S1 minimizes Q% \ within Pansu-Minkowski spheres:
4

Qliui(S1) > (183, QML (S1) = (18m)3 if and only if L = i

A further natural question concerns the stability of Pansu-Minkowski spheres under non-characteristic
perturbations. As for the isoperimetric problem [4, 5], the equivalence between the constrained problem (1.2)
and the unconstrained problem associated with (1.8) breaks down at second-order. Exploiting the second
variation formulas established in [37] and recalled in Theorem 4.2, we show that stability of critical points
of ™ under area-preserving non-characteristic variations is equivalent to stability of critical points of Pz{
under non-characteristic variations which are area-preserving at first-order (Proposition 4.10). Consequently,
our analysis is carried out at the level of the penalized functional Pz{. Evaluated at the corresponding critical
point Sy, its second variation along an arbitrary non-characteristic variation ® is given (Section 6) by

(1L11)  &PH(S) (@] = 4/

g (( —SpJ(v)p—L (J(I/)(p)z) + (28 — H" (a? + 4L2) )902> do™.

In this formula, S is (up to normalization) the unique vector field which completes J(v) to an orthogonal
frame of T'S (cf. Section 2), while ¢ is an appropriate projection of the wvelocity of ® (Section 4).

Within the class of rotationally invariant non-characteristic perturbations, all Pansu-Minkowski spheres
exhibit a much stronger property than mere stability. Indeed, we prove that the quadratic form associated
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with (1.11) is uniformly coercive with respect to arbitrary non-characteristic variations. More precisely,

(1.12) S*PH(SL)[®] = 4(1 — L)/ (J(w)p)? do™ + 8L(1_2L)/ ©? do™.
Sp 1-L Jg,

We stress that the above lower bound does not require any first-order area constraint, and is therefore sub-
stantially stronger than standard stability. This is in sharp contrast with more familiar settings. For instance,
Euclidean spheres do not satisfy such a strong stability property for the penalized functional associated with
the Euclidean isoperimetric problem [4]. As a direct consequence of (1.12), all Pansu—Minkowski spheres
locally minimize the total mean curvature under sufficiently small rotationally invariant non-characteristic
perturbations. The above facts can be summarized as follows.

Theorem 1.3. Let L € (O, %] . Let ® be a non-characteristic rotationally invariant variation (Section 6).

Fiz § > 0, and set 1(5) = (—arccos /1 — 2L + 6, arccos v/1 — 2L — §). Then:
(i) the lower bound (1.12) holds. In particular, Sy, is a stable critical point of M along area-preserving,

non-characteristic, rotationally invariant variations;
(i) there exists € = €(0, L) > 0 such that, if o € C°(1()) satisfies

o™ (57) = o™ (51), lellezr@) < &
where SY is a (rotationally invariant) horizontally normal graph over Sy, (Section 7), then
A" (SL) < A (ST).
The perhaps most surprising phenomenon emerges once rotational symmetry is removed. We show that
Pansu-Minkowski spheres become unstable under general perturbations. Precisely, we construct highly oscil-

latory, first-order area-preserving angular variations along which the second variation of 732{ becomes negative.
By Proposition 4.10, this yields instability of Pansu-Minkowski spheres for the constrained problem (1.2).

Theorem 1.4. Let L € (O, %] . There is a non-characteristic first-order area-preserving variation ® such that
§*PI(SL)[®] < 0.
Pansu-Minkowski spheres are then unstable for 7™ along area-preserving non-characteristic variations.

Theorem 1.4 implies that any global minimizer of (1.3), should it exist, cannot be rotationally invariant.
Although sharing analogies with the sub-Riemannian isodiametric problem [20], this unexpected lack of
symmetry casts serious doubts on the very existence - or at least on the uniqueness - of minimizers of (1.3)
(cf. e.g. [8, 10] for similar issues in related settings).

Our analysis leaves several open questions. First, it is tempting to conjecture that the optimal Pansu-
Minkowski sphere is the global minimizer of (1.3) within the class of rotationally invariant surfaces. On
the other hand, although it is plausible that no global minimizer exists outside this symmetric class, these
outcomes suggest that the search for sharp mean curvature driven inequalities requires abandoning symmetry
as a guiding principle. We expect similarly exotic phenomena to arise in connection with the Heintze-Karcher
problem (1.4). Indeed, although the Pansu sphere is not stationary for (1.4) under arbitrary volume-preserving
variations, it nevertheless becomes stationary when one restricts to mon-characteristic volume-preserving
variations (Remark 5.7). It therefore remains somewhat mysterious that the Pansu sphere systematically
emerges in these variational problems, despite not realizing the corresponding optimal configuration.

Plan of the paper. The paper is organized as follows. In Section 2 we collect some preliminaries on Heisen-
berg groups (Section 2.1) and on the geometry of hypersurfaces (Section 2.2). In Section 3 we introduce
rotationally invariant surfaces, discuss their properties (Section 3.1), give some examples (Section 3.2), intro-
duce the relevant functionals (Section 3.3) and prove Theorem 1.1 (Theorem 3.7, Theorem 3.8). In Section 4
we focus on the variation formulas for (1.1). After introducing variations (Section 4.1), we state Theorem 4.2
(Section 4.2) and we specialize it (Section 4.3) to (1.2) (Proposition 4.3, Proposition 4.4), discussing the rel-
evant notions of stationarity (Proposition 4.8) and stability (Proposition 4.10). In Section 5 we characterize
rotationally invariant critical points of (1.2), proving Theorem 1.2. In Section 6 and Section 7 we discuss
their stability, instability and local minimality, proving Theorem 1.3 and Theorem 1.4.

Acknowledgments. The authors thank R. Monti, J. Pozuelo, M. Ritoré and D. Vittone for fruitful discus-
sion about the addressed topics. Part of this research was carried out while S. Verzellesi was visiting the
Department of Mathematics at the University of Trento.
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2. PRELIMINARIES

2.1. Heisenberg groups. Fix n > 1. The n-th Heisenberg group (H",-) is R?"*! with the group law

n
(2.1) pp=(yt) @y t)= o+ y+y t 8+ (dhy —250)) |
j=1

where p = (z,y,t) = (z1,...,Zn,Y1,...,Yn,t). This group law realizes H" as stratified Lie group. Its
horizontal distribution H is generated by the left-invariant vector fields

0 0 0 0 .
Zi:XiZai:Ei‘Fyi&» Znﬂ:Yi:@T/i—xia’ i=1,...,n
A vector field which is tangent to H at every point is called horizontal. Setting Zopy1 = T = %, then
Z1, ..., Zont1 is a global frame of left-invariant vector fields. We may identify a point p € H" with
2n+1

> piZi(p) € T,H™.
=1

The only nontrivial commutation relations among 71, ..., Zopy1 are
(X, Y] = —2T, i1=1,...,n.
The complex structure J : I'(TH") — T'(TH") is the unique C°*°(H")-linear map which satisfies
J(Xi) =Y, JY;)=-X;, and J(T)=0, i=1,...,n.

The triple (H",H, J) is a prototypical pseudohermitian manifold (cf. [9, Appendix]). Moreover, H" inherits
a sub-Riemannian structure (H", H, (-, -)|3) by restricting to H the unique Riemannian metric (-,-) making
X1,...,Xn, Y1,...,Y,, T orthonormal. In the following, orthogonality is meant with respect to (-,-). The
pseudohermitian connection V (cf. [31]) is the unique metric connection with torsion

(2.2) VaB - VBA — [A,B] =2(J(A),B)T, A B eI (TH").

We recall that V vanishes along left-invariant vector fields (cf. [30]), i.e.

(2.3) VZ; =0, i=1,...,2n+1.

In addition, H™ carries a homogeneous structure provided by intrinsic dilations (cf. [6]). Namely, we set
Sx(z,y,t) = Az, Ay, \%t) for every A > 0, (z,y,t) € H".

In this way, Jy is a Lie group isomorphism of H" for any A > 0. The Riemannian volume induced by (-,-) is
the Haar measure of the group, i.e. the standard Lebesgue measure. It satisfies the homogeneity condition

16,(E)| = \9|E| for every E C H" measurable, A > 0,

where @ := 2n + 2 is known as homogeneous dimension of (H",-) (cf. [36]). Therefore, the Riemannian
divergence induced by (-, -) is the Euclidean divergence, and can be computed by

2n+1 ‘ 2n+1 4
(2.4) div A = div (Z AZZZ»> =Y ZA, AcT(TH").

i=1 i=1

2.2. Hypersurfaces. Let S C H" be a connected, embedded, two-sided hypersurface. If S is closed, we
denote by Q(S) the boundary region it encloses. Recall that p € S'is called a characteristic point if H,, = T},S.
The set of characteristic points of S is denoted by Sy. Throughout the paper, we assume that S is of class
C? and that S\ Sp is smooth. At non-characteristic points, the horizontal tangent space HT'S is the smooth,
(2n — 1)-dimensional distribution defined by

NT,S =H,NT,S, peS\So

Denote by N the Riemannian unit normal to S, and by N* its orthogonal projection onto . Then, the

horizontal unit normal
N?—l

V = ~—7

N7
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is well-defined on S'\ Sp, and is the unique, up to sign, horizontal unit vector field orthogonal to HT'S. Notice
that p is a characteristic point if and only if [N7¢| = 0. Close to every non-characteristic point, it is always
possible to extend v to a full neighborhood in H" by setting

(2.5) v =V,

where d is the signed Carnot-Carathéodory distance from S (cf. [15, 31]). Henceforth, v is always extended
as in (2.5). The fundamental function « is defined on S\ Sy as the unique smooth function such that

S=T—-avel(T9).
It is known (cf. [15, 28]) that a = T'd. Denote by H'T'S the distribution defined by
H'T,S = HT,SNJ(HT,S), p €S\ So.

Then, H'TS is a (2n — 2)-dimensional sub-bundle of HT'S, and the latter can be orthogonally decomposed as
HTS = H'TS @& span J(v). Notice that, in the first Heisenberg group, H'T'S = {0}. It is easy to check that

1 « (N, T)

= vV —|— 5 o = .
Vi+a?2  V14a2 INH|
The horizontal second fundamental form h* and the symmetric horizontal second fundamental form (cf.
[15, 31]) h™ are defined on S\ Sy respectively by

W(A,B) + (B, A)

2 )

where AM(A) := Vov is the horizontal shape operator. The forms h* and h* are related (cf. [15]) by
W(A,B) =h"(A,B)+a(J(A),B), A,Bel(HTS).

h*(A,B) = (A"(A),B), B(A,B):= A, B cT(HTS),

The horizontal mean curvature is then defined on S\ Sy by
H™ = trace h" = trace h™.
It is well-known that

1
HY 6)(6x(p) = XH?(I?% pe S\ Sy,A>0.

We say that S is minimal if H" =0 on S\ So, mean conver if H">0on S \ So, and strictly mean convex
if H™ > 0on S\ Sp. Finally, the relevant sub-Riemannian surface measure o’ is defined (cf. [13, 22]) by

1
(2.6) e L,
V1+a2

where o is the Riemannian surface measure induced by (-,-). Again, o7 satisfies the homogeneity property
oM (65(9)) = N9 167 (9).
The tangent pseudohermitian connection V*° is the affine connection defined on S by
VaAB =VaB - (VaB,v)y, A,BeTl(HTS).

Let Eq, ..., Eg9,_1 be any local orthonormal frame of HT'S. If p € C*°(S\ Sy) and A € T'(HT'S) is supported
in S\ Sp, the horizontal tangential gradient of ¢ and the horizontal tangential divergence of A are defined by

2n—1 2n—1
Vi =" (Bip) B,  div5 A= )" (VE,AE;).
i=1 i=1

The horizontal tangential Laplacian and the modified horizontal tangential Laplacian are then defined by
AMS = divtS vHS ) A5 = A5 1 200 (1) .
Finally, we denote by J7 the horizontal Jacobi operator
Tho=—A"S, o (|iﬂ*|2 +4J(v)a + (2n + 2)a2> . 9 e 0®(S\ So).

Unlike A5 (cf. [13]), both A™S and 7 are self-adjoint on C2°(S'\ Sp).
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3. ROTATIONALLY INVARIANT SURFACES

3.1. Definition and properties. We specialize Section 2.2 to rotationally invariant surfaces in H'. A rota-
tionally invariant surface S is, by definition (cf. [33]), a surface which is invariant under rotation around the
t-axis. In particular, S\ {(0,0,¢)} can be smoothly parametrized, up to removing a meridian, by the map

P(s,0) = (z(s) cos @, x(s)sin b, t(s)), sel, 0e(0,2m),

where I C R" is an open, possibly unbounded, interval, and (s) = (z(s), t(s)) is a smooth, regular, embedded
curve in R?, parametrized counterclockwise and such that 2 > 0. The latter is known as the profile of S. The
parametrization P induces local coordinates (s,#) on S. The tangent space of S at P(s,0) is generated by

0 0P . o . 0 0 : . :
- 5= 9 o) = &(s) cos 9% + &(s) sin 08— +1(s )Ot z(s) cosOX + &(s)sin0Y + t(s)T,
' 0 0P ., 0 0 .
%= 90 » = —x(s) sin 0% + z(s) cos Ga—y —x(s)sin0X + x(s) cos OY + x(s)>T.
In particular,
1
N = . t(s)cosl — x(s sind) X + sinf + x s)cosB)Y —x(s)T),
T () (s)i(s) sin8) X + (i(s) (3)i(s) cos ) Y — i(s)T)
so that
(32) }NH| — \/t(5)2 + $(S)2i'($)2

V(1 +a(s)2)i(s)2 + £(s)2
By (3.2), we conclude that S\ {(0,0,%)} is non-characteristic. On the other hand, every possible intersection

between S and the vertical axis is a characteristic point of S. In conclusion, Sy = SN {(0,0,¢)}. Therefore,
by our previous computations, we deduce that, on S\ S,

(3.3) a=— j"(s)

Vi(s)? + z(s)2i(s)?

i(s )cos&—:c( )&(s) sin (s )s1n0+:1:( )& (s) cos
3.4 V= X Y,
. ( ()7 + Ux@2> +<'ﬁ %®2>

(3.5) ( s1n9 + x( x(sz cos ) < cos@ — x(s)z(s) sm9> Y
(s)t

w(s)%i(s)? t(s)? +w(s)%d

s cos@—x (5)@(s)?sin i(s)t(s) sin 0 + x(s)2(s)? cos 6
oo s () T R )Y

For further convenience, it is useful to express J(v) and S in local coordinates.

Lemma 3.1. It holds that, on S\ Sp,

2(s) ) i(s) o
3.7 JW)=—\|—% ds ' 20°
(3.7) ) &mw+mwuw>%+(mnMW+uwuw>%

) i(s) 2 2(5)° 9
(3.8) S = <i(8)2 +$(S)2jj(3)2> 0s + <i(8)2 +:U(5)2j5(3)2> 06

Proof. Let a1, as be such that J(v) = a1% + ag%. Then

1% + az% 2 (a1@cos B — asxsin )X + (a1dsin @ + agw cos 0)Y + (arf + azxg)T.

Therefore, comparing (3.5) with (3.9),

(3.9) J(v)=a

tsin@ + xd cos f

V12 4+ 2242

(3.10) tcos — zisind

a1z sinf + asxcosh = -
V2 + 2202

a1Zcost —asxrsing = —

ait + agx? = 0.
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By the third equation of (3.10), and since x # 0 on S\ Sy,
i cos@ + tsinf
a1 cost —asxrsinf = a; <xm cosf + tsin )
x
isinf — fcosf
a1Zsinf + asx cosf = aq <m: i cos ) )
x
Therefore .
ai (aca'ccos@ —I—isinﬁ) = - (acdvcos@ —i—isin@) )
/12 43} 2232
ai (aca'csin& — icosﬁ) = - (xdvsin@ — icos@) .
V2 + 2252
Since either Oor (J(v),Y 0, (3.7) follows. Let b1, by be such that S = b1 2 + by2. Then
s o0
0 a0 (3. :
(3.11) S = b +b289( Y (byd cos 0 — by sin8)X + (b sind + boz cos 0)Y + (bii + boa?)T.
Therefore, comparing (3.6) with (3.11),
.t' 9 o . 2 . 0
b1z cosf — boxrsind = reeos xm s ,
24 a?q?
(3.12) bidsin + bow cosf  — it sin @ + xi? cos 0
! _ 2 {2 + 2242
bit + boa? = 1.
By the third equation of (3.12),
b cosf — bz sind — b xdcos B + tsind _ sinf
1 2 =01 . .
isinf — fcos 6 0
b1z sinf + box cosf = by (gm e cos > + o8 .
x x
Therefore,
. t :
b1 (m’ccos@ —i—tsinH) = R (mi:cosﬁ—i—tsin@) ,
2@
. t .
b1 (xdvsin@ — tcos@) = W (:m'csin@ — tcos@) .
x2x
Arguing as above, (3.8) follows. O

Next, noticing that

<88 86> <669 §9> - <§‘ 6'0‘9> S () + i(5)2) (2(5)° + a(s)") — (s) ()

and recalling that « > 0, we deduce

do = a(s)\/ (1 +2(s)2) i (s)? + i(s)? ds db,

hence

(3.13) do™ O o(5), i(s)? ()2 ds df.

If S is closed, the divergence theorem yields

=T

es)) & % / div (2X + yY) dL® =

/S(:c (N, X) +y (N, V) do

/m(s)Qi(s) ds| .

1

In particular, when ¢ > 0 on I,

(3.14) Q(S) = 7 /1 w(s)%(s) ds.

Finally, the horizontal mean curvature of rotationally invariant surfaces can be expressed as follows (cf. [33]).
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Lemma 3.2. It holds that, on S\ Sp,
2(s)? (#(s)t(s) — i(s)t(s)) + (s)?
(3.15) H" =
2(s) (w(s)2i(s)2 + (s5)2) >

Proof. Notice that

It suffices to show that

z(s)3(&(s)t(s S
(3.16) J(,,)<,/,X>:<<)(( t(s) — ()()

(3.17) Jw)(v,Y) = (

Indeed,

5 (- 22 ((fcosf — i 2sin @ — zi sin 0) (£ + 2242) — (f cos § — zd: sin 0) (£t + i + :szx)))

J0) 4),(3 —x22 tcosf — xisinb +t'g tcos@ — xisinf
zy/ N T + 2232 s V2 + 2202 90 V12 + 2232
x(£2 —|—x2x2 >

(i + o 2)2) (~tsin® — xi cos 0)(* + 2%i?))
x( 22

235t% sin O — %@t cos 0 + xtiitcos§ — 33t sin § — £* sin 6 — zif> cos 9)

(=tsin® — zd cos0) (23 (&t — &) + %)

(
()
( )¢

x(£2 + 3:2132 2
o3(it — &t) + 3
= (), x) | — |
(t2 + $2i'2) 2
which is (3.16). Finally, (3.17) follows by a similar computation. O

I O

3.2. Examples. We collect some relevant instances of rotationally invariant surfaces.

Example 3.3. (Horizontal plane) The horizontal plane is the rotationally invariant surface S = {(z,y,t) €
R? | t = 0}. Its profile is the curve 7 : (0,00) — R? given by

(s) = (s,0).
The horizontal plane is a simple instance of minimal surface with characteristic points, because Sy = {0}.
Example 3.4 (Vertical cylinder). The vertical cylinder S = {(z,y,t) € R? | 22 + y*> = 1,t € R} has profile
v : R — R? given by

V(s) = (1,5).

It is a non-characteristic surface with constant horizontal mean curvature H* = 1.

Example 3.5 (Pansu sphere). The Pansu sphere is the closed surface with profile 7 : (0,27) — R? given by

2(s) = (sin (5). i (s — sin(s) — 7r)) .

The Pansu sphere has two characteristic points, Sy = {(O, 0,— 4) (O 0, )} and it has constant horizontal
mean curvature H* = 2. Up to intrinsic dilations, it is the unique rotationally invariant closed surface of
constant horizontal mean curvature of class C2 in H' (cf. [33]). For further convenience, we point out that
the profile of the Pansu sphere can be equivalently parametrized by = : ( ) — R?, where

(s) = <cos(s), ; + S“f) .
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Example 3.6 (Koranyi sphere). The Kordnyi sphere is the 1-level set of the Kordnyi norm

1

2
Iy 0l = (@2 +97)" +462) "
It is a closed, rotationally invariant surface such that Sy = {(0,0, —%) , (0,0, %)}, and its profile can be
parametrized by v : ( 5 2) — R2, where

+(s) = (ﬁ ;) .

3.3. Functionals driven by horizontal mean curvature. By means of (3.13) and (3.15), functionals
driven by the horizontal mean curvature of rotationally invariant surfaces are essentially one-dimensional.
Precisely, the (sub-Riemannian) area functional reads as

H(S) :27r/a:\/i2+a:2i'2 ds,
I

while the (horizontal) total mean curvature and total inverse mean curvature have the form

2,2

3.5 e i3 2
zo(xt —at) +1¢ -1 + x°x
HM(S) = 27r/ (4 ) ds, (M) (S) = 27r/ (7 ). ds
1 2+ 232 1 3(it — 3t) + 13
As already mentioned in the introduction, the above two quantities gain a geometric meaning provided that
S is, respectively, mean convex and strictly mean convex. Exploiting the particular shape of the functionals,
we begin by showing that Pansu spheres are critical points neither for (1.3) nor for (1.5).

Theorem 3.7. For any R > 0, let ST be the rotationally invariant surface whose profile v% : (0,2m) — R? is

VR (s) = <R sin (5), 7 (s — sins - Tr)) .

Then ST is a closed, strictly mean convex surface. Moreover,

2 d — 3
(318) Qmmk(s ) = 271—‘5’ ﬁ et (Qmmk(s )) -
and
4 d 2
(3.19) A =5 o . (Qh(5™) = -3

In particular, the Pansu sphere is not a minimum of (1.3) and (1.5).

Proof. By definition,

. R s .1 5/s . R . /s . 1 . s s
x:—cos<f), t = —sin (7), x:——sm(7>, t:fsm<7) cos<f).
2 2 2 2 4 2 2 2 2

Notice that
. .. R : R*
Tt — It = 3 sin (g) (1 + cos? (g)) , 2 4 223% = e sin? (%) cos? (

4.(1 2 (s s 2(s
=t (3) e (et ). - e ) o)
2

Then

By the above computation, S is strictly mean convex, and moreover
sty =g [R5 4t ()
0 R*cos? (£) + sin? (2)

(s = 7T/027rRsin2 (;) \/R4 cos? (g) + sin? (;) ds
Set

o) T ot A =t (5) ot () 5,

and
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Since

2 o (3) e 5)

for any R sufficiently close to 1, then

d w,qr _ T Oh(R, s) _ a8 L. o _ 3 o
Fioid (S)R1_7T/0 8RRIdS—W/O sin (§)+§sms ds—§7r
and ) )
d T 9g(R, s) T s
L oe(sh :/’ d:4/ () ds = 32
iR ( )R:1 T ; oR |, s =4r ; sin (2> s =3
Moreover,

27 27

Mol . 2(8 2 Hal . 2(8 2

o™ (S :77/ sin“ (= ) ds = 7°, H(S :27r/ sin“ ( = ) ds = 27*.
(5%) 0 (2) (57) 0 (2)

By the above computations, (3.18) follows. We prove (3.19). Indeed,

R (314)7TR2/27T-45 _ 3m R 1y _ 3 2 4 \5aR _ 3
Qs T=" T [ sin (2) ds==g— lshi=grt  plash| =g
and
21 2 (S 5 .2 (s : 2 (s))2
(jf%)_l(SR):W/ s (i) (R Ccos (2)—|—R'512n (2)) ds, (%H)—l(sl)zlﬂg
0 R (1+C082 (%))—i—sm (%) 2
S
o 2 2 (s 5 2 (s 2 (s\)\2
sin® (5) (B cos® (3) + Rsin® (3))
g(R,S): 4 2 (s 2 (s
R (1+cos (5))+sm (5)

By (3.20), we infer that
d N ﬂ/z” 9g(R,s)
dR re1 Jo OR

Combining the above computations, (3.19) follows.

(™) (57

The same conclusions of Theorem 3.7 hold as well for the Koranyi sphere.

Theorem 3.8. Fiz R > 0. Let S® be the rotationally invariant surface whose profile yg (—%, g) — R? s

1
vR(s) = (R\/cos 55 sin s> .
Then ST is a closed, strictly mean convex surface. Moreover,
_2 _2
ar(3)y ° d 52 (4T (2)) °
3.21 T (81 =6 3 , =% M (8T == 3 :
( ) lenk( ) < T (%) ) dR Bt Qmmk( ) 15

where T' is the well-known gamma function (cf. [1]), and

4 d 8
3.22 H(sh = -, — H(shy ==,
(3.22) OGS =5 | =G
In particular, the Kordnyi sphere is not a minimum of (1.3) and (1.5).
Proof. By definition,
. R?sins y 1 . —R2xcoss + R%isin s i .
T=— = — oS $ = = ——sins.
2z 2 ’ 212 ’ 2
Then
. R? .9 2 2.2 L ng o 2
xt—mt:8—(2+sm s), t* + 2% :Z(R sin® s + cos” 5) .
x
Therefore

\/COS S (R4 (2 + sin? s) + cos? s)
R (R4 sin? s + cos? s)% .

R
do™ = E\/COSS\/R4Sin28+COS2 s, H" =
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In particular, ST is strictly mean convex. Moreover,

%H(SR) _ ﬂ/g coS s (R4 (2 + sin? s) + cos? s) ds
—z R4sin? 5 + cos? s
and .
oSt =nx /i Ry/cossv/ R*sin? s + cos? s ds.
Set 2
g(R,s) = o8’ (]:4(2, t Si:lj ) ;_ cos”5) , h(R,s) = Ry/cos sV R*sin? s + cos? s.

Gince sin® s + cos? s

(3.23) R'sin? 5 4 cos? s > %

for any R sufficiently close to 1, then

HM(SY) :37r/2 cossds = 67

us
2

and

i%”H(SR) :W/Z 99(H, s) d3:87r/2 cos® sds-gﬂ
dR R_1 = OR |p, = 3

In order to deal with the area functional, we recall (cf. [1]) that the beta function is defined by

™

B(p,q) = 2/2 (sins)® " (coss)™tds,  p,g€R, p,g>0,
0

and is related to the gamma function by the identity

I'(p)I'(q)

(3.24) B(p,q) = Thtaq)

Therefore, recalling (cf. [1]) that

(3.25) L(p+1)=pl(p), T <1> = /T,

then

Moreover, since

d(j% H(sthy T /_i (%é];,s) . ds = TF/_i V/cos s (1+281n2 s) ds,
2 2
then
4 gmy 5 % 3 3\ (21)329) 36 s (T (§)
_ — 27 B = — .
ar” ) 2( * 24 57 \r
Combining the above computatlons 3 follows We prove (3.22). Indeed,
R w2 R? 72 d 2
Q(S7 ”/ ds =" ash =2, sk =T
st =T [ eofaas =T =T, et =7
2
Moreover,
- 2 (R°sin® s + Rcos? 8)2 -1 1
%'H lsR: /2 ( ds, %’H 51:72'
( ) (5T =m _z (R* (2 +sin®s) + cos? s) ° ( ) (5 3"
Set

(R5 sin® s + R cos? 5)2

9(R;s) = (R4 (2 + sin? s) + cos? s) '

13
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By (3.23), we conclude that

d -1 2 9g(R,s) 2 20sin%s — 2 8
— (M) (ST :71'/ — d3:71'/ s = -7
dR R—1 . OR g, —z 9
Combining the above computations, (3.22) follows. O

Remark 3.9. By Theorem 3.7 and Theorem 3.8, neither the Pansu sphere nor the Koranyi sphere are critical
points of Q%ink and Qth. It is simple to exploit the previous constructions to show that, in addition, they
are not critical points neither for (1.2) nor for (1.4). We prove this for the Pansu sphere, the Koranyi case
being analogous. To this end, we construct two families of competitors preserving respectively the area and
the enclosed volume of the Pansu sphere. Let (SR) R>0 be as in the proof of Theorem 3.7. Set

aHM(S1)\ 3 Q(sh] 1
0= (Fgm) - = (jamy) - ®>0
Notice that (1) = (1) = 1. Moreover,
o™ (Bper) (7)) = BR)*o™ (57) = ™ (5)

and
) 5 Ly
oR RZI%H (o) (87)) = o (BRZA™M (57) = o7 (5)8 - O™ (S7) £0.
Similarly,
0 - P
2@ (ST =2 52| () Gam (57) = (SN 55| QB (5T) #0.
R=1 R=1

4. VARIATION FORMULAS

Motivated by Theorem 3.7 and Theorem 3.8, we seek a general strategy to identify the correct critical
configurations for problems such as (1.2) and (1.4). The key tool is provided by the sub-Riemannian first and
second variation formulas established in [37]. First, we recall them in full generality, namely for arbitrary
hypersurfaces and arbitrary functionals driven by the horizontal mean curvature. Subsequently, we specialize
this framework to the total mean curvature functional in the first Heisenberg group.

4.1. Variations. A variation is a smooth map & : I x H" — H", where I C R is any open neighborhood of
0, such that:

e p— ®(7,p) is a diffecomorphism for any 7 € I;
e $(0,p) = p for any p € H".
We adopt the notation ®.(p) := ®(7,p). A variation is compactly supported if ®,(p) = p outside a compact

set K(®). In the following, we tacitly assume that a variation is compactly supported. This is clearly not
restrictive when computing variations of a closed hypersurface. Define the time-dependent vector field X by

X(r,q) = 9 (<I>0+T o <I>T_1) (q) for any 7 € I, ¢ € H".
80’ o=0
Define
a n
X(@)=X0,9), Z(g)= 5| X(rg+(VxX)(q) foranyqeH",
=0

where in the above definition V is the pseudohermitian connection (2.2). We call the vector fields X and Z
respectively variational velocity field and variational acceleration field of ®. Given any couple of vector fields
X, Z it is always possible to construct a variation having X and Z respectively as velocity and acceleration.

Proposition 4.1. Let X,Z € T'(TH"). Assume that X,Z are compactly supported in H". Set

-2
(4.1) O (p)=p- <7'X(p) + 2Z(p)) , Tel, peH".

If 1 is sufficiently small, then ® is a variation. Moreover, ® has velocity X and acceleration Z.



UNEXPECTED PHENOMENA FOR MEAN CURVATURE FUNCTIONALS IN THE HEISENBERG GROUP 15

Proof. First, ® is a smooth map such that ®y(p) = p. This and the fact that X,Z are compactly sup-
ported imply that, for I sufficiently small, p — ®,(p) is a diffeomorphism. Hence @ is a variation. Set
®.(q) = (- (@)1, - Pr(q)2ns1), D71 (q) = (<I>;1(q)1, el <I>;1(q)2n+1), and denote respectively by (X’)?Zfl
and (Xz)fg’fl the components of X and Z with respect to Z1, ..., Za,+1. Notice that

(0 +7)2
2

(2.1)

Borr(q)i = ¢+ (0 +7)X(q) + Z'(q), i=1,...,2n,

q)

(
2.1 o+T 2
q>a+‘r(Q)2n+1 (:) qon+1 + (O’ + T)X2”+1(q) + (Jz%z—i—l(

- o+T - : o+ 7)? ;
# Y i (04 X + 02 7 @) - a0+ nxmite + TE ),

i=1 i=1
whence
9 2 9 9
v _ i i o 2n+1 on+1 o
5| . Dyir(q) ; (X'(@)+72'(@) -+ (X" @) + 72 0) 3
’L n-r1 n-r1 a
—i—(an_H q)+7172'(q Zqz XJr +TZ+())> e
Therefore,
< ) — 0 2n+1 2n+1 -1 0
=> (X )+ 72 (071 (p))) 5+ (XPH (@7 () + 722 (271 (0) 5

=1

<Z<I> Pl (X7 () + (071 () = 3 97 (o) (X" (07 () + 727 (@7 W) o

=1

In particular, recalling that <I>al(p) = p, we deduce that X'(0,p) = X(p). Next, as ® (7’, <I>T_1(p)) =p,

2n+1 )
a2 0=Gon+ Y G0 (5] ee)) gt -Xw+ 5| e
ij=1 " T= !
Therefore,
9 2n . - o
5| Hen =z (5] X o)) g
+ (Z 6% (@7 (P)nss) X' () = D 8% ) (@7 (») )X””(p)) %
i=1 T= i=1 T=
= 0 irFH—1 - 0 n—+i 1 0
+{ D pnri 5 ‘ O(X (@7 ) = >_»i 5 . (X (@) | 5
=1 - =1 =
(4.2)

O

If a hypersurface S is fixed, we say that a variation is non-characteristic whenever it is compactly supported
outside Sp. Roughly speaking, non-characteristic variations do not move S close to its characteristic points.
Throughout this section we restrict ourselves to consider non-characteristic variations.
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4.2. First and second variation formulas. The following crucial result, proved in [37, Theorem 3.14],
establishes the variation formulas for (1.1). We state it for closed hypersurfaces. If instead one computes
variations on non-compact hypersurfaces, it suffices to restrict the relevant functionals to K (®).

Theorem 4.2. Let S CH" be an embedded, closed hypersurface. Fix a function f: R — R which is smooth
in a neighborhood of {H™(p) : p € S\ So}. Let ® be a non-characteristic variation. Denote by X and Z its
velocity and acceleration respectively. Define v, € C°(S\ Sp) by

= (X,v+al),

(4.3) Y= (Z,v+aT)—2(X—pv)p— <VX_W, (X —opv), v+ aT> —2ap (X, J(v)).
Set
2

AP = ] AP @A), RS = | AP ().
Then B B
(4.4) 6HT(S) ) = 674(S) (0] = /S o (TS (HM) + fHM M) do™,
(45) A7 S8 =AM ) + [ pLModo™,

S

where LM is the self-adjoint operator defined on S\ S by
LMo = M (f/(H™)T")
+2div?S (f{(HM AT (VS 0)) + 4f (HMST(v) — (f(HMH™ + f(HM)) A5
+daf (HY) (R (V50, 7(0)) = BRIW)e) — 4" () (7 (VWS HY, VS0) + Spd () H)
+ (f//(H'H)H'H _ 2f/(HH)) <VH’SHH, VH’S<,0>
+of! (HY) (2 trace ((h”>3> + 1207 (V7Sa, J(v)) + 88a + 6h7 (J(v), J(v))a® + 2H”a2)

2 ~
o (FOHM) (HM)? = (27 (HM)HY + f(H?) (R +4J (v)a + (2n+2)a?) ).
Here J™ and A™ are the horizontal Jacobi operator and the horizontal shape operator (cf. Section 2.2).

4.3. Total mean curvature: stationarity and stability. In this section we focus on the total mean
curvature functional

HM(S) = / HM do™
S

in the first Heisenberg group, describing the correct notions of stationarity and stability when area constraints
are prescribed. First, we specialize Theorem 4.2 to area and total mean curvature. In both cases, (4.4) and
(4.5) simplify drastically.

Proposition 4.3 (Variation formulas - Area). Let S C H! be an embedded, closed surface. Let ® be a

non-characteristic variation. Then

(4.6) 5o (8)[] = / oHM do™,
S

(4.7) 525M(S)[@] = 657 (5) [v] + / ((T@)0)? =462 (J)a +a?) ) do™.

S

Similar versions of Proposition 4.3 can be found e.g. in [13, 34].

Proposition 4.4 (Variation formulas - Total mean curvature). Let S C H! be an embedded, closed surface.
Let ® be a non-characteristic variation. Then

(4.8) 5HAM(S)[@] = —4 / ¢ (J(v)a+a?) do™,
S
(4.9) S2AM(8)[®] = 6.4M(S) [Y] + 4 /S ( —Sp J(v)p + ¢ (25a — HMa?) ) do™.
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Proof. Since f(HM") = H™, f'(H") =1 and f”’(H™) = 0. Moreover, as n = 1, HT'S = span J(v), whence
Vg = (J()g) Jv).  WMAB) = B (Jw).A)(J().B), WP = (5)’
for g € C°(S\ Sp) and A, B € I'(HTS). Then (4.8) directly follows. Finally, £* simplifies as
Lhp = 2di™S (HMI()pI (v)) + 48T (v)p — 2HMAMS o — 2 (VIS HM, TH50) 4 4o (250 — H'o?)
= 2divt* (HHJ(V)QDJ(V)) +48J(v)p — 2div?td (HHVH’S()D) —daHM" J(v)p + 4 (2Sa — HHaQ)
=48J (V) — 4aH™ T (1) + 4 <28a — HHa2>.
The thesis follows integrating by parts the first term of the above formula (cf. [37, Proposition 3.10]). O

We are interested in variations which preserve the area. Accordingly, we say that a variation ® is:

(i) area-preserving if o™ (®,(S)) = o74(S) for every 7 € I.

(ii) first-order area-preserving if §a7¢(S)[®] = 0.
Area-preserving variations are first-order area-preserving, while the latter condition is the first-order approx-
imation of the area-preserving property. Nevertheless, owing to a classical argument (cf. [4, Lemma 2.1]),
every first-order area-preserving variation can be modified to produce an area-preserving variation enjoying
its same first-order behavior. Before doing this, we need to exclude the existence of closed minimal surfaces.

Lemma 4.5. Let S C H' be an embedded, closed surface. There exists p € S\ So such that H(p) # 0.

Proof. Assume not by contradiction. Then H* = 0 on S\ Sg. Let p € S\ So. By [34, Theorem 4.8],
and since S is closed, there exists s; € (0,00) maximal with the property that the straight line segment
{p-0s(J(v3)) : 0 < s < s1}is contained in S. Set ¢ = p- ds, (J(vp5)). Again by [34, Theorem 4.8], ¢ € Sp.
Therefore, by [34, Theorem 4.15], ¢ is either an isolated characteristic point or it is part of a C'-curve of
characteristic points. In both cases, [34, Theorem 4.15] ensures the non-maximality of s1, a contradiction. [

Proposition 4.6. Let S C H' be an embedded, closed surface. Let ® be a non-characteristic variation
of S. Denote by X its velocity. If ® is first-order area-preserving, then there exists a mon-characteristic,
area-preserving variation with velocity X.

Proof. Let A be a smooth vector field with compact support outside Sy. Define the smooth map ® by

®(1,0.p) =p- (1X(p) +0A(p)), o€l peH.
Notice that o™ (‘i)(O, 0, S)) = o™ (S). Moreover, arguing as in the proof of Proposition 4.1 and by (4.6),

9
or

. ot ((i)(T,O, S)) =007(S)[X] =0

and

9 Y oM <<i>(0,0', S)) = 5JH(S)[A] = /S (A, v) + a(A,T)) HM do™.

By Lemma 4.5, H™ cannot vanish identically on S\ Sy. Therefore, we can choose A such that
0 ~
| o™ (q)(o, ’, S)) £0.
Therefore, the implicit function theorem yields the existence of a function o = o(7), smooth in a neighborhood
of 0, such that ¢(0) = 0, ¢/(0) = 0 and o’* (Ci)(T,O'(T), S)) = oM(S). Then ®(r,p) == ®(7,0(7), p) satisfies
the desired requirements. O

o=0

According to the above definitions, we say that S is an area-preserving critical point along non-characteristic
variations (for the total mean curvature) if 6.7 (S)[®] = 0 for any area-preserving, non-characteristic
variation. As customary, stationarity is equivalent to the validity of an appropriate Euler-Lagrange equation,
as well as to the stationarity of a suitable penalized functional. We just recall the following, elementary,
linear algebra result.

Lemma 4.7. Let V be a vector space. Let Li,Ls : V — R be linear functionals. Then, ker Lo C ker Ly if
and only if there exists A € R such that L1 = \Lo.
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Proposition 4.8 (Characterization of stationarity). Let S C H! be an embedded, closed surface. The
following are equivalent:

(i) S is an area-preserving critical point along non-characteristic variations, i.e.
SH(9)[®] =0

for any area-preserving, non-characteristic variation ®;
(ii) there exist A € R such that

(4.10) 5HM(9)[®] — Ado™(S)[®] =0
for any non-characteristic variation ®.

In these cases, A is unique, and
(4.11) —4 (JW)a+ o?) = AHM on S\ So.

Proof. The proof of (ii) = (i) follows because area-preserving variations are first-order area-preserving.
We prove (i) = (ii). Let ® be any non-characteristic variation. Denote by X its velocity. Assume that
6™ (S)[®]=0. By Proposition 4.6, there exists an area-preserving, non-characteristic variation ® with velocity
X. By (i), 6.2M(9)[®] = 6.™(S)[®] = 0. Therefore, (ii) follows by Lemma 4.7. In addition, (4.11) easily
follows by (ii), (4.6) and (4.8). Finally, uniqueness of A follows by (4.11) and the already known fact that
H™ cannot vanish identically on S\ Sp. O

One may wonder whether the above-mentioned notions of stationarity are equivalent to stationarity for
the Minkowski quotient innk. One implication is trivial.

Proposition 4.9. If S is a critical point for Qgink along non-characteristic variations, then S is an area-

preserving critical point for M along non-characteristic variations.

Proof. Let @ be an area-preserving non-characteristic variation. Then

d
0= 2 Qi (®:(5) = o™(5) 75 (5 (5)[2]).
=0
whence §%(9)[®] = 0, and the thesis follows. O

Nevertheless, as we will discuss in Section 5, the converse implication is surprisingly false. Finally, we
discuss some equivalent notions of stability of critical points. As in many classical settings (cf. e.g. [4, 29]),
while the first order behavior of /7 agrees with that of " — Ac™, these two formulations are no longer
equivalent at second-order.

Proposition 4.10 (Characterization of stability). Let S C H' be an embedded closed surface. Assume that
S is an area-preserving critical point along non-characteristic variations. The following are equivalent:
(i) S is area-preserving stable along non-characteristic variations, i.e., by definition,
S2AM(S)[®] >0
for any area-preserving non-characteristic variation ®;
(ii) of A is as in (4.11), then
2 AM(8)[®] — MG T(S)[®] = 0
for any first-order area-preserving non-characteristic variation ®.
Proof. The implication (ii) = (i) is trivial. We prove (i) = (ii). Let ® be a first-order area-preserving,
non-characteristic variation. Denote by X and Z its velocity and acceleration respectively, and let ¢, be as

in (4.3). By Proposition 4.6, there exists an area-preserving non-characteristic variation ® with velocity X
and a suitable acceleration Z. Accordingly, if @, are as in (4.3), then ¢ = ¢. Since ® is area-preserving,

5™ (S)[)] + / ((W)e 42 (Jw)a +a?) ) do™.

S

(4.12) 0 = 6257(9)3] ‘&

Moreover, by Proposition 4.8,

(4.13) 0 (S)[Y] — Ado™(S)[¢] = 0 = §27(S)[¢)] — Ado™(S)[4)].



UNEXPECTED PHENOMENA FOR MEAN CURVATURE FUNCTIONALS IN THE HEISENBERG GROUP 19

Therefore
52 (5) (@] — A2 (S)[@] E (s / (- Selw)e+¢* (280 — HYa?) ) do”
— Aso™(S) / < —4¢* (J(v)a + a?) ) do™
UL 5% ()] + 4 / (~Se e+ ¢ (280~ HMa?) ) do*
— Ao A/ — 4¢? (J(v)a+ a?) ) do™
(112) 5 g ) o o y
(S)[] + 4 S(—swwmw (250 — H"0?) ) do
(4.9)
0> A (9)[@],
and the thesis follows by (i). O

5. TOTAL MEAN CURVATURE: ROTATIONALLY INVARIANT CRITICAL POINTS

In this section we characterize rotationally invariant surfaces in H' which are mean convex area-preserving
critical points of ™ along non-characteristic variations. Precisely, we explicitly solve the Euler-Lagrange
equation (4.11). To this aim, we specialize it to a rotationally invariant surface. Indeed, by (3.3) and (3.7),

i(s)%t(s) — z(s) (a:(s)t(s) — x(s)t(s))) ‘
((5)2 + x(s)%i(s)?)

Therefore, combining (3.15) with (5.1), then (4.11) reads as

4 it — o (2t — 2t) | A 23 (@t — i) + i3
(i2 + 2242) w (2232 +2)°7 )
Equivalently, letting L. € R be such that A = 4L, we need to solve
(5.2) a:i(a'c%—x(if—iét)) + LV 2232 + 2 (27 it) +£°) = 0.

First, we show that there are no rotationally invariant closed surfaces satisfying (5.2) with L = 0.

(5.1) J()a + ao? = i(s) (

Proposition 5.1. Let S be complete and without boundary. Assume that (5.2) holds with L = 0. Then:

(i) either S is, up to vertical translations, the horizontal plane of Example 3.5;
(ii) or S is, up to dilations, the vertical cylinder of Example 3.4;
(iii) or the profile of S is y(s) = (Vas + b, £s) for some a # 0, b € R, and any s € R with as + b > 0.

Proof. Let v = (z,t) : I — R? be the profile of S. Since > 0 on I, then t( Qt—x('f—it’)) =0on 1.

If £(3) = 0 for some & € I, then, by uniqueness, f = 0. In this case, S is, up to vertical translation, the
horizontal plane of Example 3.3. Assume instead ¢ # 0 on I. In this case we can choose either v(s) = (x(s), s)
or v(s) = (x(s),—s). In both cases,

(5.2) d .. 1d°

022 ;2 . @ =Y 2y

# +ad = (z) 5 752 (z%)
Therefore, x(s)? = as + b, for some a,b € R. If a = 0, then S is, up to dilations, the vertical cylinder of
Example 3.4. If a # 0, then z(s) = vas + b, where I is defined by as + b > 0. The thesis follows. O

Next, we provide an a priori bound for L in order for (5.2) to be satisfied by a closed surface. Moreover,
we show that closed solutions to (5.2) are the union of two vertical graphs.

Proposition 5.2. Let S be a rotationally invariant closed surface. Since S is closed, there exists § such that
2(3) = max{xz(s),s € I}.

Up to dilations, we assume that x(8) = 1. If S solves (5.2), then L € (0,1). If in addition S is mean convez,
S is the union of two vertical graphs.
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Proof. Step 1. Let § be as in the statement. In particular, #(8) = 0 and %(8) < 0. Since the parametrization
is counterclockwise, then ¢(8) > 0. By evaluating (5.2) at §, we infer that

#(8)E(8)? + Li(3) (—=#(8)E(8) + 1(8)*) = 0.
Since £(8) # 0, then #(8) + L (—&(3) + i(8)?) = 0, that is
(5.3) (1 - L)i(8) = —Li(3)2

By Proposition 5.1, the right hand side of (5.3) is not zero. Therefore L # 1, and moreover

#(3) = — <1_LL> i(5)2.

Since #(8) < 0, then 12+ > 0. Recalling that L # 0 and L # 1, we conclude that L € (0,1). Assume that
S is mean convex. We prove that it is the union of two vertical graphs. Without loss of generality, assume
that ~ is parametrized by arc-length, so that x = @f — &t is the curvature of 7. Notice that a rotationally
invariant, closed surface is homeomorphic either to a sphere or to a torus.
Step 2. Assume first that S is homeomorphic to a sphere. We claim that § is the unique point in I such
that £(8) = 0. Assume not by contradiction. Let s; # § be such that @(s;) = 0. Then there exists § € I such
that £(5) = 0 and x(5) < 0. Indeed, if k(s1) < 0, just choose § = s1. Otherwise, there exists sy € I satisfying
the desired properties, and in this case we set 5 = so Since i(5) = 0, then #(3) # 0. We claim that £(3) > 0.
If not, then
23(3)k(8) + £3(5)
~ L/~ < < )

z(8)[E(5)[?
a contradiction with the fact that S is mean convex. In particular, 0 > k(5) = —i(5)#(5), whence #(5) > 0.
Evaluating (5.2) at 3, and since #(3) = 0 and #(3) > 0, we get

2(8)22(3)(3)? + Li(3) (—(3)%2(3)i(5) + 1(3)*) = 0,

H"(5) =

whence

(5.4) x(8)%#(8) (1 — Lx(8)) = —Lt(3)%

By definition of §, then x(5) < 1. Since L € (0, 1), then 1 — Lz(8) > 0. Therefore, (5.4) implies that #(5) < 0,
a contradiction. Therefore, the profile of S is the union of two vertical graphs over the interval (0, §).

Step 3. Finally, assume that S is homeomorphic to a torus. Let § € I be such that x(8) = min{z(s) : s € I}.
We claim that § and § are the unique points where & = 0. If not, one can argue as above to infer the existence
of § € I such that #(5) = 0 and k(§) < 0. Then, since S is mean convex, we deduce as above that t(§) > 0.

In particular, #($) > 0. Arguing verbatim as above, we conclude that #(§) < 0, reaching a contradiction.
Again, the profile of S is the union of two vertical graphs over the interval (3, §). The thesis follows. O

By Proposition 5.2, mean convex solutions to (5.2) are the union of an upper vertical graph and a lower
vertical graph. Denote respectively by v = (s,t%(s)) and v~ = (s,t™(s)) their profile. Notice that v is
parametrized clockwise, while v~ is parametrized counterclockwise. When S is homeomorphic to a sphere,
vt~ :(0,1) — R2. Moreover, since S is at least of class C'!, then

lim £~ (s) = +o0, lim #*(s) = —oc.
s—1— s—1—

Instead, when S is homeomorphic to a torus, then 4+, v~ : (3,1) — R? for some 5 € (0, 1), and moreover

lim £~ (s) = +o0, lim £ (s) = —o0, lim #7(s) = —oo, lim £1(s) = +oc.
s—1~ s—3§t s—1~ s—3§t

Notice that, when a profile v admits a graphical parametrization vy(s) = (s,¢(s)), (5.2) simplifies as

(5.5) st(s)? — s*t(s)E(s) + L\/£(s)2 + s2 (s*(s) + {(s)®) = 0.

In particular, setting w(s) = £(s), (5.5) reads as

(5.6) sw(s)? — s*w(s)w(s) + Ly/w(s)? + s2 (s*w(s) + w(s)*) = 0.
Our final step consists in characterizing all possible solutions to (5.6) under the above-mentioned boundary

verticality conditions. We focus on «_, being the characterization of «, completely analogous. First, we
consider the case in which S is homeomorphic to a sphere.
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Lemma 5.3. Let L € (0,1). Then the system

sw(s)? — sw( ) 4+ Ly/w(s)? + 52 (s%i( w(s)?) =0,

lim w(s) = +o0
s—1—

(5.7)

is solvable in C1(0,1) if and only if L E , % The solution is unique, and it is given explicitly by

_ \/L52—2L—|—1—|—5\/L2s2—2L—|—
s) —

wi,( 1—s2

Proof. When L € (0, %], simple computation shows that w; is well-defined and solves (5.7). Conversely, fix
L €(0,1) and let w be a solution to (5.7). Set
s = —2 ).
w(s)? + s2

Then z € C1(0,1), and
—— | w(s)Vw(s s —w(s w =g M
M“V+82< Ve ()< w@P+w2>> ((() +s%3>

(5.8) w(s) = z(s)\/w(s)? + s2, w(s)s —w(s) = i

In particular,

Therefore,

0 =’ sw(s)? — s2w( ) + Ly/w(s)? + 52 (s*i(s) + (5)3)
= sw(s) (w(s) — st (s)) + Lv/w(s)? + s2 (s* (su(s) (s)) + w(s) (w(s)® + s?))

<¥X%@y@mw< +s)+L )2+ 52 (s2(s) %)+ 2(s) (w(s)? + %))
=@wf+§)(—d)()+L@d) <$)
— —% (w(s)2 + 32)2 ci( (5)? — 2Lsz(s)>.

Since (w(s)? + 82)2 # 0 on (0,1), then there exists a € R such that
(5.9) 2(s)? — 2Lsz(s) + a =0, s € (0,1).

By the verticality condition of (5.7), we deduce that lim, ,;- z(s) = 1. Combining this information with
(5.9), we deduce that a = 2L — 1, whence

(5.10) 2(8)? —2Lsz(s) +2L—1=0,  s€(0,1).

Notice that (5.10) is a quadratic equation in z(s), whose discriminant is given by 4L%s?> — 4(2L — 1). By
(5.10), then, 4L?s* —4(2L—1) > 0 for any s € (0, 1), whence we deduce that L < 3. We conclude that in this
case w = wy,. Indeed, since L < %, the discriminant 4L2s? — 4(2L — 1) is positive for any s € (0,1), whence

s)=Ls+VI2s2—2L+1 or z(s)=Ls—L?s2—2L+1, se(0,1).
The second possibility can be discarded, because in that case lim,_,;- z(s) = 2L — 1 # 1. We conclude that
=Ls+ VL3252 —-2L +1, s € (0,1).
Since 0 < z(s) < 1 for any s € (0,1), then w(s) > 0 for any s € (0, 1), and, by simple computations,
sz(s)

w(s) = ———=——= = wy ().

1—2(s)?

Finally, we show that S cannot be homeomorphic to a torus.
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Lemma 5.4. Let L € (0,1) and 5 € (0,1). The system
sw(s)? — s2w(s) i(s) + Ly/w(e2 + 5 (s%0(s) + w(s)) =0,

(5_11) lim w(s) = —00

s—&t

lim w(s) = +o0
s—1—

is not solvable in C1(3,1).

Proof. Assume by contradiction that w solves (5.11) for some L, € (0,1). Let z be as in the proof of
Lemma 5.3. Arguing verbatim as above, the equation and the verticality condition at 1 imply

(5.12) 2(s)? — 2Lsz(s) + 2L —1 =0, s € (51).

Moreover, the verticality condition at § and the definition of z imply

(5.13) lim z(s) = —1.

s—5t

By (5.12) and (5.13) it follows that 2L(5+ 1) = 0, whence either L = 0 or § = —1, a contradiction. O

In the same way, the unique possible profiles of vertical upper graphs are of the form ’yz(s) = (s, —t,(s))
for L € (0, %] Therefore, S is the union of two vertical graphs with profiles ’yzr and v, for some L € (O, %]
We then proved the following rigidity statement.

Proposition 5.5. Let S be rotationally invariant, closed, mean conver. The following are equivalent:
(i) S is an area-preserving critical point for %" along non-characteristic variations;

(ii) S is the union of two vertical graphs with profiles ’yzr and vy for some L € (0, %]

For L € (O, %], denote the corresponding critical point by Sr. We first show that it is possible to describe

them by means of a global parameterization. Let vy = (zp,t1) : [~ arccos v/1 — 2L, arccos v/1 — 2L] — R? be
the regular parametrization given by

(5 - L 1-2L
TS = 9p \*®° 7 Teoss )7
1 s sin2s
tr(s) = 1 (2 YR (1—2L)2 tans) .

We show that ~, is indeed a parametrization of S;. We write x;, = x and t;, = t, and we set k =1 —2L. Set

1 k
14 = — .
(5.14) h(s) 5T (cos s+ s s)

Notice that both x and h are positive on (— arccos v/ k, arccos \/E) Moreover,

h(s) = i <— sin s + IZ(Z;;) = —tansxz(s).
Therefore
1 ksin s
z(s) = Y <— sins — 5) = —tansh(s), #(s) = _CZ(S';)S + tan? s z(s),
2

t(s) = 4% <0082 — cok;? s> = x(s) h(s), t(s) = —tansh(s)? — tansz(s)?.
In particular
(5.15) z(5)?%(s)% + i(s)? = tan® s x(s)? h(s)? 4+ z(s)? h(s)? = W
and

z(s)h(s)?

(5.16) i(s)i(s) — #(s)t(s) = tan(s)>h(s)® + (cc)>:2(5)'

A simple check reveals that v, solves (5.2). By Proposition 5.5, we conclude that vz, is the profile of Sy..
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()_ f+sin23 E(EE)
7%5 = COSS,2 1 , S 5’3

is precisely the Pansu sphere as in Example 3.5. In particular, Proposition 5.5 shows that the Pansu sphere is
an area-preserving critical point for ##* under non-characteristic variations. However, Theorem 3.7 demon-
strates that the non-characteristic condition is essential: it constructs a variation of the Pansu sphere that
fixes the characteristic points but is not non-characteristic, and for which the first variation does not vanish.

Remark 5.6. Notice that

Remark 5.7. It is interesting to observe that the Pansu sphere is also a critical point for the volume-
constrained Heintze-Karcher problem (1.4). Indeed, by Theorem 4.2 and [32, Proposition 1.19], the Euler-

Lagrange equation associated with the minimization of (%ﬂ H)fl under volume constraint reads as
< 1 4 (J(v)a + o?
(5.17) AMS S|+ (/) 5 )+2:A,
(H*) (H*)
where A € R is the Lagrange multiplier arising from the volume constraint. Since the Pansu sphere has
constant mean curvature and satisfies (4.11), then J(v)a + o? is constant: the Pansu sphere satisfies (5.17).

Motivated by Remark 5.6, we refer to our critical points as Pansu-Minkowski spheres. 1t is then natural to
understand, among all Pansu-Minkowski spheres, which is a critical configuration for (1.3), as well as which
is the optimal shape for the same problem. To this end, notice that

5.15 2K 1 k2 k3
(5.18) o™t L) Mdsd&z ——(cos®’s — k — + ——— | dsdb,
cos s 83 cos?2s costs

and moreover

(5.16) cos(s)? 9 5 w(s)h(s)? 3 z(s) + h(s) 4L cos* s
5.19 artr=" 2 (tan’sh S A SR AL s =" "
(5.19) 2(s)h(s)? < an” s h(s)"+ = e T ) 2o)h(s) ) = osts — 2
and
1
(5.20) H™ do™ = x(s) (x(s) + h(s)) = 32 (cos®s — k) dsdb.
Therefore
arccos Vk 2 3
™ k k
S 2s—k— —5 4+ — | d
0 =05 (0 G )
arccosVk /1 4 cos 2s 5 d 3 d 9
4L3/arceosf< 5 —k—k £(tans)+k g(tans) (1 + tan s)> ds
m |s sinscoss 9 3 k. arcoos vE
(5.21) -+ ——— —ks—k“tans+ k°tans + — tan’s
T 213 |2 3 ]
(1 —2k) arccosf VEk 9 1—k K (1-k\2
— k(1 =k———+ 5 | —
k 3 k
<4L—1 )arccos V1 — 2L + ( 8L(13_2L)> 2L(1—2L)>.
Moreover,
T arCCOSf
(5.22) AM(SL) = Iz /_amsﬁ (cos® s — k) ds = 7z <(4L — 1)arccos V1 — 2L + /2L(1 — 2L)>

Therefore, recalling that Qmmk = (O’H)72/ 3 M we conclude that

QH(SL) :2(277)% (4L—1)arccosx/1—2L+\/QL(l_QL) }

((4L — 1) arccos /T — 2L + 1(3 — 8L + 16L2)/2L(1 — 2L))§

The next result highlights the distinguished role played by the optimal Pansu-Minkowski sphere S1.
4
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Proposition 5.8. The following holds.
1
Ql(S1) > (18735, QM (Sr) = (187)5 if and only if L= .

Moreover,

275y

1
2 A= L) L=
(5.23) 307(S1) if and only if T

and S1 is the unique rotationally invariant critical point of Q%ink under non-characteristic variations.
4

Proof. We show that S1 is the unique minimum point of Qﬁink within Pansu-Minkowski spheres. Consider
4
the re-parametrization

¢ =2arccosV1—2L e (0,].

A simple computation shows that

1 1 1 1
(4L — 1) arccos V1 — 2L = —§€cos€, 2L(1—-2L) = §Sin€, 5(3—8L+16L2) =1- gsinzﬁ.
Therefore
1 sinf — fcos? 1 sinf — fcos?
Ot (Srn) = (2m)3 7 = 4(2m)3 5
(% (1 — %sim2 E) sinf — %ﬁcosﬁ) 3 (SSinﬁ + %sin% — 4€cos€) 3

where in the last equality we exploited the identity —4sin®¢ = sin3¢ — 3sin /. Notice that L (g) = i. To

conclude, it suffices to check that

szink (SL(Z))
dl

Aoy, do™.
<Uon (0’g>’ M =0, M>Oon (gﬂr).

(5.24) 0l i

To this aim,

sinf (3sinl + §sin3¢ — 4 cos ) — % (sinf — lcos?) (cos 3¢ — cos + 4¢sin ¥)

dggink (SL(Z)) — 4(271_)%
5
de (3sin€—|— %SinBE—MCOSE)§
B 4(277)% sin 24 (—%Esin 20 — 202 — cos 20 + 2sin® ¢ + 1) 4/ (2 sin? ¢ (HCTOS%) — 4cos?/ (I_CTOS%))
- 5
3 (381H£+%Sin3€—4£€08£)§
4(277)% , £sin 20 + 2% 4+ cos 20 — 2sin? ¢ — 1
= — 3 sin 2/

(3sinf + % sin 3¢ — Mcosf)g
Then, (5.24) follows if f(¢) = £sin 2¢ + 2¢? 4 cos 2¢ — 2sin® £ — 1 is positive on (0, 7). Observe that
f(£) =2 cos 20 + 4¢ — 3sin 2.
In particular, f(0) = f(0) = 0. Then f > 0 on (0,7) provided that f > 0 on (0, 7). To this aim,
f(0) =4(1 —cos20 — (sin2¢) = 8sin/ (sin £ — Lcos?) .
Therefore f is positive. Then (5.24) follows. We prove (5.23). Combining (5.21) and (5.22),
2M(Sp) _ AL(D - 1) ( arccos /1 — 2L + (4L — 1)\/2L(1 — 2L) > |
30M(SL) 3(4L — 1) arccosv/1 — 2L + (3 — 8L + 16L2)/2L(1 — 2L)

Then (5.23) follows provided that arccosv/1—2L + (4L — 1)y/2L(1 —2L) # 0 for any L # 1. Changing
variables as above,

A —

1

arccos V1 —2L + (4L —1)\/2L(1 —2L) = — (2 —sin 2¢), ¢ e (0,7,

W~ |
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whence (5.23) easily follows. Finally, fix an arbitrary non-characteristic variation. Then, recalling Proposi-
tion 4.9,

5 H
Gl (@s) = (50 (50O (sl + (1)) )
(5.25) =0 " 2M(S))
(4.10) _2 L
— O'H(SL) 3 (6UH(SL)[¢']) <_3O'H(SL) A> .

By (5.23), S 1 is a critical point. We claim that it is the unique rotationally invariant critical point. If not,
let S be another rotationally invariant critical point. By Proposition 4.9 and Proposition 5.5, S = St for
some L € (0,1] and L # 1. Let ® be a non-characteristic variation for which o™ (S.,)[®] # 0. Then (5.25)
and (5.23) grant that

d d
T Ol (®4(9)) = a Qlfic (24(S1)) # 0,
t=0 t=0
from which uniqueness follows. O
Proof of Theorem 1.2. Tt follows by Proposition 5.5 (and subsequent remarks) and Proposition 5.8. O

6. TOTAL MEAN CURVATURE: STABILITY OF PANSU-MINKOWSKI SPHERES

Next, we discuss the stability of Pansu-Minkowski spheres. By Proposition 4.10, we focus on the penalized
functional P} as introduced in (1.8). Fix a non-characteristic variation ®. Let ¢ and ¢ be as in (4.3). First,
we evaluate the second variation of P} at the Pansu-Minkowski sphere Sy. By (4.7) and (4.9),

0*PH(S1)[@] = 647 (S1) [W] — 4L50™ (L) [¢]
— 14 2 o — HOéz O'H — 14 2 — 2 V) 062 UH
+4/SL( Sp J(w)p + ¢* (28a — H ))d 4L/S ((J( )o)? — 42 (J(w)o + ))d

L

(O /S ((=SpIW)p = LUIW)p)?) + (280 — BY (o? + 412) )¢?) do™.

We make the zero-order term explicit, and we provide a sharp lower bound.

Lemma 6.1. It holds that

2(1 — 2L)
2Sa — H™ (o? +40%) = ———=
@A) = Gy
where h is as in (5.14). In particular,
2L(1 - 2L
2Sa — HM (o +4L%) > [25(1 — 0™ (® 4+ 4L7) ] = (1_L)

Proof. Notice that

3.3 & sin s 3.8 L cos s h
a(:)— = Sa(:) = <00825—|—sin2 )
x

Viz r 22 oz 2 + 2232 22h

Therefore, recalling (5.19),

2 h 2cos? s (sin®
28a — H™ (a2 + 4L2) = 203 <COS2 s+ — sin? s) _ e S <sm i + 4L2>
x

z2h 2Lxh x2
2 in?
= $ <xcos2 s+ hsin?s — w — 2La? coss)
x
2cos s sin®scoss cos® 2(1—2L)coss (1 —2L)?
= —h 2 h— — _
x3h ((x Joos™s + 2L oL 2L 2L cos s >
oS s 1-2L ., 5 (1—2L)?
= m CcOoS S + COS 5 — S1I1” SCOS S — COS —W
2(1-2L)
 z3h

To conclude, recall that z and h achieve their maximum at s = 0, and moreover z(0) = 1 and h(0) = 17£. O
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Next, we deal with the first-order term.

Lemma 6.2. It holds that

~SpJ(w)p — L(J(v)p)* = (COSBS - LC}?§28> <gf>2

(6.1) zh?
. n 2L cos? s B COS S CoS 28 67@8790 B sin? s cos s . Lcos? s % 2
zh z2h Os 00 x3 2 00

If in addition ¢ s independent of 8, then the following sharp lower bound holds:
~Sp JW)p — L(J)9)* > (1= L) (J()9)*.
Proof. Notice that

J) B0 T 6£+ t 8£__<COSS)8£+COSS<9£
YT T\ VRra22) 0s \oizra2a2) 00 \h Jos Tz 06
S (3.8) t % n 2 6£ B cos? s 8£ n sin® s Ggo
L 2 4+ 2242 ) 0Os 2 42242 ) 00 zh Os 2 09’
(J(v) )2 B cos? s &p B 2COS s &p 8g0 cos? s &p
T\ T2 ds os 00 T\ 2 a0

S (W) = cos® s 890 B 008800828 Opdp sin? s cos s [ 2
e = 0s as00  \ 28 J\ao)

whence (6.1) follows. Next, assume that ¢ is mdependent of 6. Let p > 0. Then

—SoJ(W)p — (L+ p) (J(v)p)? (6.1) <COS33 (L +p)cos s) (&0>2

Therefore

and

zh? h? Js
= (;f;;) ((L — 1) cos® s + (L+p)(1— 2L)) .
Assume first that L — p > 0. Since cos? s > (1 — 2L) on (—arccos /1 — 2L, arccos /1 — 2L), then
(L — p)cos® s 4+ (L4 p)(1 —2L) = 2L(1 — 2L) > 0.
Assume instead L — p < 0. Since cos? s < cos?(0) = 1 on (— arccos /1 — 2L, arccos /1 — 2L), then
(L —p)cos®s+ (L+p)(1—2L) = (L — p) + (L + p)(1 — 2L) = 2L(1 — L) — 2Ly,
whence =S¢ J(v)p — (L + ) (J(v)@)? = 0 provided that < 1 — L. O

Motivated by Lemma 6.2, we introduce a relevant class of variations. Precisely, we say that a non-
characteristic variation of Sy, is rotationally invariant if ¢ is independent of 6.

Remark 6.3. We stress that requiring a variation to be rotationally invariant is much weaker than restricting
to the class of rotationally invariant competitors, as no restriction on v is imposed.

Combining Lemma 6.1, Lemma 6.2 and Proposition 4.10, we deduce that Pansu-Minkowski spheres are
(much more than) stable for 77 along area-preserving, rotationally invariant, non-characteristic variations.

Proposition 6.4. Let L € (07 %] . Let ® be a non-characteristic rotationally invariant variation. Then

(6.2) 5>PI(SL)[@) > 4(1 - L) /S (Jw)e)? do 4 SHL=2D) /S 2 o™,

In particular, Sy, is stable for HM along area-preserving non-characteristic rotationally invariant variations.

Remark 6.5. When L = , i.e. when Sy is the standard Pansu sphere, the coefficient multiplying the
zero-order term in the right hand side of (6.2) vanishes. Nevertheless, by the Poincaré inequality, it is still
possible to provide a lower bound of the form

(6.3) 6*PR(S)I®] > e1(0, L) (1913 rsy) + 12 W3arsy )
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where supp ¢ C I(6) := (—arccos /1 — 2L + 6, arccos v/1 — 2L — &) and ¢;(6, L) > 0, and ¢7(6, L) tends to 0
as § — 0.

We conclude this section with the proof of Theorem 1.4: the rotational invariance constraint cannot be
removed, as Pansu-Minkowski spheres are unstable under more general variations.

Proof of Theorem 1.4. Fix L € (0, %] . Let 0 < 6 < arccosv/1—2L. Let M € N,. Let ¢ € C°(—0,0) be not
identically vanishing. Define

o(s,0) =1(s)sin M0, s € (— arccos V1 — 2L, arccos V1 — 2L) , 0€(0,2m).

Let X be such that X|s = ¢v. Set Z = 0. Let ® be a variation as in (4.1). Then ® is a non-characteristic
horizontally normal variation with velocity X and with no acceleration. Moreover,

16 £ e 2T 6
sot(sp)@] ‘2 [ o dot 2 ( / sin M0 d9> ( / Ya(z + h) ds> —0,
SL 0 —0

whence @ is first-order area-preserving. Notice that

Op _ oo
g—wsmMﬁ, 20 = M) cos M.

Since

27 27 27
/ sin M6 cos M6 df = 0, / sin® 60 df = / cos? 0df =,
0 0 0

then (5.18) , Lemma 6.1 and Lemma 6.2 imply that 62P(SL)[®] equals

s 2 2 B ;2
L . 2(1—2L hs
477/ [(xcos 5 n COSS) P2+ <()> 1/12] dS—47TM2/ < SIS —f—Lhcoss) 2 ds.
_5 h h T COoS s _5 x

Since s ,
b
/ ( R + Lhcoss) Y2 ds > 0,
- x
then §2PH(SL)[®] < 0 provided that M is sufficiently large. The thesis follows by Proposition 4.10. O

7. TOTAL MEAN CURVATURE: LOCAL MINIMALITY OF PANSU-MINKOWSKI SPHERES

In this section we prove that Pansu-Minkowski spheres are local minimizers, in the sense of (1.2), in the
class of rotationally invariant surfaces. To this aim, fix L € (0, %], and denote the profile of Sy, simply by
(x,t). Fix § > 0, recall that I(§) = (—arccosv/1 — 2L + §,arccosv/1 — 2L — ). Fix ¢ € C°(1(0)), and set
SY =S -¢v. By (2.1) and (3.4), S¥ can be parametrized by (£¥(s,),n%(s,0),t%(s,0)), where

ol prT .
P =+ ————|cosf — | ——— | sin¥b,
V2 + 2232 V2 + 2232
ot . QT
n=|lr+ ————|sinf + | ——— | cos ¥,
( V2 + x2j;2> (\/152 + 332:152)

o’

V2 2202

. 2 . 2
\/(5“’(8,9))2+(n“"(8,0))2= (wh) +<¢%) = 1%(s),

then S¥ is a rotationally invariant surface, with profile (z%,t¥).

tP =1t —

Since

Proposition 7.1. Fiz L € (0,3] and § > 0. There exists ¢ = £(6, L) > 0 such that, if ¢ € C°(1(0)) satisfies

o™ (S7) =™ (St),  lelle2aey <e
then
AN (SL) < AN (SF).
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Proof. For p € S, and 7 € [—1,1], set

and extend it smoothly into a variation of H'. For any 7 € [0, 1], ®(7, S) is the rotationally invariant surface
with profile (z7?, 7). Moreover, denoting by X the normal velocity of ®, then X|g = v. Define f : RS — R

by
3 3
P (qir2 — q2r1) + ¢
Fprqu a2, m2) == —— 2)2 2 —4Lpiy/ a3 + piai-
(q2 +p1q1)

Moreover, define @ : [0,1] — R by
Qr) = (a7, 47%, 70,57, 7).
With these definitions,
Pl @) =2x | £1Q() ds

By Taylor’s formula with Lagrange remainder, and since Sy, is an area-preserving critical point along non-
characteristic variations, there exists 7 € (0, 1) such that

2
PR(SP =PE S0+ 3| PR@ES)+5 G| PE@ES)
1 0? d?
=PI (Sp) + SPL(S)[@] + S 0*PL(S)[®] + /I o (aT R h =] Of(Q(T))> ds
(410) 5H 1oru T 872 7)) — d—2 T S
Sets s gerpeimen [ (5| seen-E| rem) is

I 11

Since f is affine in the variables 1 and 79, a simple computation yields that

82 T G - T A TY T o e
53/ (Q(1) = AT76% + BP0 + CT9p + D47 + ET94,

where A% B™?, D% depend smoothly on 7, 7, 7¢p and C™%, E™¥ depend smoothly on 7y, 7. Therefore,
integrating by parts,

0? / . .
— 7)) ds = AT % + B™%0p + DTPQ?) ds,
/1(5) 5724 Q7)) 1(6)( v P @ )

where
- o - 10
B =B _ "¢ DY =D _QTe_ -2
0s ’ 2 0s

In particular, A™, B™, D™ depend smoothly on 7y, 7¢, 7¢. Therefore, since supp ¢ C I(J), there exists
crr(9, L) such that

E™.

(7.1) 11 < en (6, L) llell ez sy (H%DH%z(I(&)) + ||¢||%2(1(5))) :
Combining (7.1) and (6.3), we conclude that
1 )
PIE(SY) = PH(SL) + (201(5, L) —cu(d, L)||90HC2(1(5))) (”90H%2(I(6)) + H<P||%2(1(5))> :
Since 6" (SY) = 0™ (SL), then P}t (S¥) — P}t (Sp) = M (S7) — 7 (SL), whence the thesis follows. [

Proof of Theorem 1.3. It follows combining Proposition 6.4 and Proposition 7.1.
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