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Abstract

We prove quantitative stability estimates for Wasserstein barycenters on Alexan-
drov spaces with curvature bounded from below. The proof combines the variational
strategy of Carlier—Delalande-Mérigot with heat-kernel regularization, which supplies
the regularity needed for dual convexity arguments in this non-smooth curved set-
ting. The main result is an explicit strong-convexity modulus for the barycentric vari-
ance functional. As a consequence, barycenters depend Holder-continuously on the
underlying distributions with respect to the 1-Wasserstein distance on the space of
probability measures. We derive empirical-barycenter consistency and entropy-based
sample-complexity bounds. Our proof does not rely on linear structure; in particu-
lar, the resulting estimates appear to be new even on smooth compact Riemannian
manifolds.
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1 Introduction

Wasserstein barycenters provide a geometrically intrinsic notion of averaging probability
measures. Since the work of Agueh and Carlier [AC11], they have become a basic tool in
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optimal transport and its applications; see, for instance [San15, PC19]. If P is a probability
measure on P(Q), a barycenter of P is a minimizer of the variance functional

Varg (1) = W5 (1, p) dP(p).
P(2)

Throughout the paper,

W3 (1, p) := sup {/ ¢dp+/¢du}7 (1.1)
#(z)+(y)<c(z,y) L/Q Q

with ¢(z,y) = 3d*(z,y). This convention differs from the usual squared L2-Wasserstein
distance only by the harmless factor 1/2. All Wasserstein distances below use this nor-
malization. Optimal pairs (¢, ) in (1.1), with ¢ = ¢¢, are called Kantorovich potentials.

Barycenters in Wasserstein space arise naturally in statistics, machine learning, image
processing, shape analysis and partial differential equations; representative computational
and applied developments include [RPDB12, CD14, AB21, PZ19, PC19]. In many of these
problems the ambient space is not a smooth Euclidean domain. Quotient spaces, shape
spaces, stratified spaces, phylogenetic tree spaces and measured Gromov—Hausdorff limits
all lead naturally to singular metric geometries. This motivates the study of Wasserstein
barycenters over Alexandrov spaces with curvature bounded from below, a class that con-
tains genuine singularities while retaining a rich first-order calculus and a well-developed
optimal-transport theory [BBIO1, OS94, Pet07, Ber08, JialT].

Existence, uniqueness and absolute continuity of Wasserstein barycenters are well un-
derstood in Euclidean spaces [AC11], on Riemannian manifolds [KP17], over Alexandrov
spaces [Oht12, Jial7], and in more general metric-measure settings [LL17, HLZ25]. Quan-
titative stability is subtler. Omne asks whether a perturbation of the second-order law
P € P(P(Q2)) forces a controlled perturbation of its barycenter. In Euclidean domains,
Carlier, Delalande and Mérigot [CDM24] proved a Holder stability estimate by combin-
ing dual strong convexity, a global zero-order balance condition and interpolation esti-
mates. Their argument relies essentially on linear and Euclidean structures, including
the representation of optimal maps by gradients of convex functions and global McCann
interpolation.

The main difficulty addressed in this paper is to replace these tools in a curved, non-
smooth setting. On a smooth Riemannian manifold, optimal maps are written through the
exponential map applied to gradients of c-concave potentials, and curvature and cut-locus
effects enter the analysis. On Alexandrov spaces, smooth differential tools are unavailable,
and even first-order objects must be handled through the metric calculus of semiconcave
functions. Our strategy is to combine the variational framework of [CDM24] with the
heat kernel regularization method developed by the authors in [HZ26]. The heat flow,
whose analytic behavior on Alexandrov spaces is compatible with the curvature lower
bound [GKO13], acts as a geometry-adapted mollifier for Kantorovich potentials. This
allows us to recover the regularity needed for the dual convexity argument without relying
on linear structure.

Contributions. The paper establishes a deterministic quantitative stability theory for
Wasserstein barycenters over compact domains in Alexandrov spaces with arbitrary lower
curvature bound. More precisely:

(i) we prove a quantitative strong-convexity estimate for the single-target optimal-
transport functional when the target is a good measure in the sense of Assump-
tion 1.1;



(ii) we derive a Holder-type stability theorem for the barycenter map P +— up with
respect to the W) distance on P(P(Q));

(iii) we show how heat-kernel regularization and the Alexandrov first-order calculus yield
a replacement for the Euclidean interpolation estimates used in [CDM24];

(iv) we develop statistical consequences, including empirical-barycenter consistency and
sample-complexity estimates under metric entropy.

To our knowledge, the resulting quantitative barycenter-stability estimates are new even
for smooth Riemannian manifolds.

1.1 Main quantitative stability results

Let (X,d) be an n-dimensional Alexandrov space with curvature bounded from below by
k, and let H™ be the n-dimensional Hausdorff measure. We fix a compact domain 2 C X.
For a probability measure v and an integrable function f, we write E,(f) := [ fdv. If
P,Q € P(P(Q2)), then W;i(P,Q) denotes the 1-Wasserstein distance on P(P(€2)) induced
by the ground distance Ws on P(Q2).

We shall use the following uniform good-measure condition.
Assumption 1.1. There exist constants ap € (0, 1], mp, Mp, np, Perp > 0 and a Borel set

Sp C P(Q) with P(Sp) > ap such that every p € Sp is a good measure in the following
uniform sense:

e p is concentrated on a bounded open John domain S, C Q with parameter np,
namely p(€2\ S,) = 0 and there is a point o € S, such that, for every x € S,, there
exists a rectifiable curve v : [0,€(y)] — S,, parametrized by arclength from x to zo,
satisfying

d(r(t), 85) > met,  t € [0,6(7))

e S, has finite perimeter in X and Per(S,) < Perp;

e as measures on {2,
mpJ-C”LSp § 1% S MPCH”LSP.

Remark 1.1 (Role of the good-measure assumption). Assumption 1.1 is imposed only on
a positive-mass subfamily of target measures. Thus the reference law P may contain
singular, discrete, or otherwise irregular targets outside Sp. The uniformity on Sp is used
to obtain a quantitative dual convexity modulus, while the positive mass ap transfers this
single-target convexity to the barycentric variance functional.

The first theorem is a strong-convexity estimate for a single good target measure.

Theorem 1.2. Let p € P(Q) be a good measure with parameters m, M,n,Per. Then for
any po, 1 € P(Q) and any Kantorovich potential 1y on the po-side, i.e. any optimal pair
(46, to) for (p, po), one has

W3 (11, p) — W3 (10, p) — /Qwo d(p — po) = D(Walpo, 1)), (1.2)
where, with Dy := diam(P(Q), Wa),
A t12
D(t) := !
Az + Az [log(t/Dw)|
The constants A1, Ay, A3 > 0 depend only on k,n,m, M,n,Per and diam(f).

(0<t<Dwy), D(0):=0.



The second theorem gives quantitative stability of Wasserstein barycenters. By [Jial7,
Theorem 4.1], every P satisfying Assumption 1.1 has a unique Wasserstein barycenter pp.
A general Q € P(P(2)) need not have a unique barycenter.

Theorem 1.3. Let o > 0, and let P € P(P(Q)) satisfy Assumption 1.1. Then there exists
a constant C' > 0, depending only on o, k,n,ap, mp, Mp, np, Perp and diam(2), such that
for every Q € P(P(Q)) and every barycenter ug of Q,

C Wyt (up, pg) < Wi(P,Q). (1.3)

The power 12 comes from two effects: the heat-regularized lower bound is quadratic in a
centered L' oscillation, while the Alexandrov stability estimate for optimal maps converts
the L' distance of dual potentials into the sixth power of Wa(ug, i1). The logarithmic
loss in Theorem 1.2 is harmless for Theorem 1.3, since the modulus D dominates 1 on
bounded intervals for every fixed o > 0.

1.2 Statistical consequences and comparison with related work

Section 3 derives several consequences of Theorem 1.3. If Py = N1 Zfi 1 0p; is the empir-
ical law of i.i.d. samples from PP, then every empirical barycenter pp,, is a natural estimator
of pp. Under a polynomial metric-entropy assumption on K = sptP C (P(Q2), Wa), we
obtain the high-probability sample-complexity bound

1
N > g~ (1240)(denc+2) | —2(12+0) 1Og5 =  P(Wa(upy,pp) <e) >1-0.

The polynomial covering-number assumption is a low-complexity condition on K; sepa-
rately, for the full Wasserstein space we prove an exponential metric-entropy estimate over
a compact Alexandrov domain. This yields the logarithmic expected rate

W < [ =7

The empirical theory of barycenters in general metric spaces has been developed from
several complementary viewpoints. Le Gouic and Loubes [LL17]| proved existence and
consistency in broad metric settings. Ahidar-Coutrix, Le Gouic and Paris [ACLP20] ob-
tained rates under a variance inequality, verifying it in non-positively curved Alexandrov
spaces and in certain non-negatively curved spaces with extendable geodesics. Le Gouic,
Paris, Rigollet and Stromme [LPRS23] proved fast, including parametric, rates under
bi-extendibility or hugging assumptions. The present paper addresses a different deter-
ministic stability problem: it estimates the variation of the barycenter map under pertur-
bations of the second-order law. Our ambient space is an arbitrary compact domain in
an Alexandrov space with curvature bounded from below; we do not impose non-positive
curvature or geodesic extendibility. The price is the uniform good-measure assumption,
which is precisely what makes the heat-kernel dual-convexity argument quantitative.

Open problems. The results suggest several directions for further work. A first prob-
lem is to extend the quantitative stability theory from Alexandrov spaces to more gen-
eral metric measure spaces satisfying the RCD(K, N) condition. A second problem is to
optimize the dependence of the stability exponent and the constants on the geometric
dimension. Dimension-free estimates, if available in suitable infinite-dimensional settings
such as Wiener space or configuration spaces (cf. [HLZ25]), would be particularly relevant



for high-dimensional probability and statistics. Finally, in the Euclidean setting Carlier—
Delalande-Mérigot [CDM24, Section 1.5] obtain a stronger linear stability mechanism
leading to

Walupy, pp) S W2 (B, P).

Even in the entropy-favorable case dens = 0, our exponent gives the slower rate N~1/(
up to logarithmic factors. Understanding whether the exponent 12 is intrinsic or an artifact
of the heat-regularization argument remains an important question.

24-+20)

Organization. Section 2 proves Theorems 1.2 and 1.3. The proof consists of heat-
kernel regularization, a lower bound through regularized Kantorovich functionals, a limit
analysis, and an Alexandrov stability estimate for optimal maps. Section 3 contains the
statistical applications. The proof of the global zero-order balance condition is deferred
to Appendix A.

2 Quantitative Stability Theorems

2.1 Heat kernel regularization

We briefly recall the heat-kernel regularization framework developed in [HZ26, Section 2].

Throughout this subsection, a Kantorovich potential originally defined on € is extended
to X by a fixed McShane extension, and, when necessary, by the harmless truncation used
in [HZ26, Section 2] to meet the decay hypotheses. The extension preserves the Lipschitz
constant. All estimates below depend only on that Lipschitz constant and on the structural
parameters, and the limiting quantities in the arguments are independent of the chosen
extension; see [HZ26, Lemmas 2.12-2.13].

Let pi(z,y), t > 0, be the heat kernel, and let ¢ € Lip(X,d) have the decay required
in [HZ26, Section 2]. We define the heat-kernel-regularized c-transform by

D4[](x) = —tlog /X “ . (2, y) dm(y).

Given a good measure p, we define the heat-kernel-regularized Kantorovich functional
Kilu)i= [ ®ifv]dp.
Sp

For x € X, we define

YW/t o (2, y)d . .
W) = [ S s = [ kil dole)

Lemma 2.1 ([HZ26, Lemma 2.3, Proposition 2.10]). Let p be a good measure with pa-
rameters m, M, n, Per. Let 1o,v¢1 € Lip(X,d) be functions with the required fast decay at
infinity. Denote v =11 — g and s = o + sv, s € [0,1]. For t small enough, it holds

o GiKilts] =~y (0);

o K] = —1 [, Var, ) (v) dp(a);



e there is k = k(k,n,n, m, M, Per,diam(f2)) such that

%
E, : v)—E ¢ ) dp( /Vart v)dp(z .
/Sp\ it ] (V) — Bty (0)] dp( \/< it f] (0) dp ))

Theorem 2.2 (Stability of Kantorovich potentials; [HZ26, Theorem 3.1]). Let (X,d) be
an n-dimensional Alexandrov space with curvature bounded from below by k, let Q C X
be compact, and let p be concentrated on a good John domain S, C Q with parameters
m, M,n,Per. Let (¢;,1;), i = 0,1, be Kantorovich pairs for (p,p;), with ¢; = 5, and
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assume the normalization E,(¢;) = 0. Then the gradients V¢; are defined p-a.e. on S,
and there exists a constant Cpoy > 0, depending only on k,n,m, M,n,Per and diam(£),

such that
1/3
/ V1 = Vol dp < Cpor (/ [ ¢0|2dﬂ> ~
Sp Sp

The estimate is invariant under adding constants to the potentials once the above normal-
ization is imposed.
2.2 Lower bound via regularized functionals

Denote
Dp(p; o) = W3 (1, p) — W5 (o, p /wod 1 — Ho)-

Lemma 2.3. Assume that 1) is a Kantorovich potential from g to p. Then D,(p1, po) >
0.

Proof. By Kantorovich duality, it holds

5 (1o, p /wodqur/ Yo dp. (2.1)

Then
Dy(p1, o) = W3 (pa, p (/ ¢odul+/ 8d0> > 0. (2.2)
]

Lemma 2.4. Assume that, for i = 0,1, ¥; is a Kantorovich potential from u; to p. It
holds that

1 2
, d
Dylspo) = limy [ sl ds

Proof. Note that

1 2
d
Kilin] = Kalo] + B (0) = [ =5 5Kl ds (2.3
By [HZ26, Lemma 2.12, Lemma 2.13], letting ¢ — 0, we have
: bog? .
%gr(l) ) _S@Kt[ws] ds = %%(Kt[ipl] — Kt[¢0] + Eut[wl](v)) (2 4)
Yidp — / Yodp + / (¥1 — o) dpa.
Sp Sp Q
Then the lemma follows from the Kantorovich duality. O



Proposition 2.5. It holds that

I
Dp(p, o) > Hz/o S%HE%[%](U) = Byt (0171, ds.

Proof. 1t follows from Lemma 2.1, Lemma 2.4 and Fatou’s lemma. O

2.3 Limit analysis
Denote

6u(a) = inf {el@.y) = 0.} = vila), €S,

Lemma 2.6. For p-a.e. v € S,, the function y — c(x,y) —¥s(y) has a unique minimizer
Ts(z).

Proof. Since 2 is compact and ¢(z,y), ¢s(y) are continuous in y € Q, for any x € S,, there
exists a minimizer y, so that ¥$(z) +¥s(y.) = c(x, y,). Note that ¢5(y) < c(x,y) —¢S(x).
We have 1s(y) < 1¢°(y) and

gc(ya:) < C(may:c) - wg(l’) - ws(ya:)

Thus ¥$°(y.) = ¥s(y,) and it holds

Gs(x) + 95 (y2) = V5(2) + U (Ya) = ¥5(@) + s (y2) = (2, 4a), (2.5)

which implies y, € 0°ps(x).

Note that ¢s is c-concave and Lipschitz. By Rademacher’s theorem (cf. [Ber08, Corol-
lary 2.14]), ¢, is differentiable at p-a.e. x € S,, and by [Pet07, Lemma 3.5],

Ti(x) == exp,(=Vos(x),  0°s(x) = {Ts(x)}-
This proves the claim. ]

Lemma 2.7. For s € [0,1], it holds that

%E%Eug[ws}(v) =v(Ts(x)), for p-a.e. x €5,.

Moreover, we have
%LH(I) E iy, (v) = Ep(v o T).
Proof. This follows directly by combining Lemma 2.6 and [HZ26, Lemma 2.13]. O

Proposition 2.8. It holds that

1 1
D,(p, o) > /<;2/0 sllve Ty = Ep(v o To) |21y ds.

Proof. 1t follows from Proposition 2.5, Lemma 2.7 and the dominated convergence theo-
rem. O



2.4 Stability of optimal transport
Lemma 2.9. [t holds that
%gbs(aj) = —u(Ts(x)), for L' ® p-a.e. (s,2) €[0,1] x S,,
where at the endpoints s = 0,1 the derivative is understood in the one-sided sense.

Proof. By Lemma 2.6 and Fubini’s theorem, for £! ® p-a.e. (s,z) the minimizer Ts(x)
is unique. Fix such a pair (s,z). For si,s2 € [0,1] such that Ty, (z) is well-defined, the
definition of ¢g, gives

G5, (7) < c(x, Ts,y (7)) — s, (T, (%)) = sy () + (52 — 1) (T, (2)) (2.6)
Taking s;1 = s + h and s = s in (2.6) yields, for h > 0,
T ¢s+h(33) - Qbs(x)

li < —o(T. ) .
i - < —v(Ts(z)) (2.7)
Conversely, taking s; = s and so = s + h gives
sih(x) — ds(x
Pasnl2) = 0(8) (7, ().

h
If hj | 0 and Ty p, () converges along a subsequence to y, compactness of 2 and continuity
of ¢ and ¢ imply that y is a minimizer of ¢(z, ) — ¥s. By uniqueness, y = Ts(z). Hence
V(Ts1n; (7)) — v(Ts(x)) along every convergent subsequence, and therefore

Jim o) Z85@) o oy (2.8)
hl0
Combining (2.7) and (2.8) gives the right derivative. The left derivative is obtained in the

same way, and the endpoint statements follow by the corresponding one-sided argument.
O

Lemma 2.10 (Lipschitz control of the Alexandrov exponential map). Let X be an Alexan-
drov space with curvature bounded below by k, and let D > 0. There exists Cexp =
Cexp(k, D) > 0 such that, for every x € X and every pair of tangent vectors u,v € Tp X
with |u|, |[v] < D for which the endpoints exp,(u) and exp,(v) are defined along minimizing
geodesics,
d(exp, (u), exp, (v)) < Cexplu — v|z, x-

Consequently, if ¢o, p1 are c-concave potentials whose associated optimal maps are T;(x) =
exp, (—Voi(z)) and whose images lie in §Q, then for a.e. such x,

d(T1(x), To(x)) < Cexp| V() = Vo ()T, x,
where Cexp depends only on k and diam(£2).

Proof. This is a standard consequence of the hinge, triangle, and angle comparison es-
timates in Alexandrov geometry. Toponogov comparison bounds the side opposite the
angle between two geodesics from x by the corresponding side in the two-dimensional
model space of curvature k. On the compact range |ul,|v|] < D, the model-space law
of cosines is Lipschitz with respect to the tangent-cone distance |u — v|p, x, which gives
the asserted constant; see, for example, [BBIO1, Chapter 10] and [Pet07, Petll]. The
final statement follows by applying this estimate to u = —V¢y(z) and v = —V¢1(x) at
points where the potentials are differentiable and the optimal maps are represented by the
Alexandrov exponential map. O



Proposition 2.11. Assume that (¢;,1;), i = 0,1, are Kantorovich pairs for (p, ji;), with
¢i = ¥f, and that E,(¢;) = 0 for i = 0,1. Denote

9(s) = l[voTs = Ep(voTy)llL(p):

Then .
| 9t)ds = oW o, ).
0

where Cy > 0 depends only on k,n,n, m, M, Per and diam(Q2).

Proof. By Lemma 2.9 and dominated convergence,

S (6s(0) ~ By(6)) = ~(o(Ts(0) ~ Bylv o T,)) (2.9

for £L! ® p-a.e. (s,z). Integrating (2.9) in s and using E,(¢;) = 0 gives

1
/0 (o(Ty(2)) — E(voTy)) ds = do(z) — é1(x). (2.10)

Therefore, by Fubini’s theorem and the triangle inequality,
1
[ atsrds > [ jorta) = @)l dpta). (211)
P

Set f = ¢1 — ¢9. The functions ¢; are uniformly Lipschitz and normalized by
E,(¢i) = 0, hence | f|/ze is bounded by a constant depending only on diam(2). The
quoted potential stability theorem, Theorem 2.2, gives

1/3
/ V1 — Veo|*dp < C (/ |f2d/?> .
S, S,

Using the L bound on f, we obtain

3
/ !f!dp26</ !V¢1—V¢o\2dp> : (2.12)
S, s,

For p-a.e. x, the gradients —V¢;(x) are well-defined [Pet07]. Since the endpoints T;(x) lie
in 2, Lemma 2.10 gives

d(Ta(z), To(z)) < C|Ver(z) = Vo(z)], (2.13)

with C' depending only on the curvature lower bound and diam(£2). Since (Tp,T1)4p is a
coupling of pg and p7, our normalization ¢ = %dQ gives

230, ) < [ (Ty(0), Ta(2) doo)
Sp
Combining this inequality with (2.12) and (2.13) yields
/ |1 — ol dp > CoWE (o, p11)- (2.14)
Sp

The conclusion follows from (2.11) and (2.14). O



Proof of Theorem 1.2. Choose a Kantorovich potential 1; from p; and set ¢; = 5.
Adding constants to 1p and 1; does not change the left-hand side of (1.2); it only adds
constants to v = ¥ — ¥y, which disappear in the centered quantity defining g. We may
therefore normalize E,(¢;) = 0 for i =0, 1.

By Proposition 2.8,

1 1
Do) > 5 [ s*(@)ds, gl = o T —Eywo Tl (21)

The function g is bounded by a constant G depending only on diam(2). Let R :=
Wo (o, p1)- If R = 0, there is nothing to prove. Otherwise set

6
0= min{1 CoR }

2’ 2G

Then [ g(s)ds < CoR®/2. Proposition 2.11 gives

1
/ g(s)ds > %RG.
s 2

By Cauchy’s inequality with weight s and (2.15),

SR < (/ ) (/ 59°(s) d8> < #llog 8|'/2 D, (ju1, o) /2.
F) é

s
Hence

R12
C| logd|
Let Dy := diam(P(Q), Ws). Since 0 < R < Dy and § is comparable to (R/Dy )% for
small R/Dyy while bounded below by a positive constant for large R/Dyy, there exist
constants A1, A2, A3 > 0, depending only on the stated structural parameters, such that

Dy(p1, po) >

A1R12

D, (u1, po) > .
P 10) 2 o Tlog (B/ D]

This is (1.2). O

Proof of Theorem 1.3. Let (¢,,1,) be the measurable family of Kantorovich potentials
given by Proposition A.1, so that (¢,,1,) is optimal for (p, up) and

/ Gp(y)dP(p) =0,  yeQ
P(Q)

For every p € Sp, Theorem 1.2, applied with pug = pup and 1 = pug, gives the uniform
lower bound

W5 (ng, p) — W3 (e, p) — /pr d(ug — pp) > D(Walup, 1g)). (2.16)

For p ¢ Sp, the same left-hand side is nonnegative by Lemma 2.3. Integrating in p and
using the balance condition, we obtain

Varp(ug) — Varp(up) > apD (Wa(up, pg))- (2.17)

10



Indeed, the term involving v, vanishes by Fubini’s theorem:

/ / Ypd(pug — pup) dP(p) = 0.
P(Q) JO

On the other hand, since puq is a barycenter of Q, Varg(ug) < Varg(up),

Varp(ug) — Varp(up) = [Varp(ug) — Varg(ug)
+ [Varg(ug) — Varg(up)]
+ [Varg(up) — Varp(up)]

< / W2 (g, p) A(P — Q) (p)
P(Q)

+

| Wi p)ae-@)p)
P(Q)

The maps p — W3 (ug, p) and p — W3 (up, p) are Lo-Lipschitz on (P(Q), W), with Lq
depending only on diam(f2). Hence Kantorovich duality for W; gives

BiD(Wa(pp, ng)) < Wi(P,Q) (2.18)

for some B; > 0 depending only on ap and diam(£2).

Finally, Wa(up, pg) is bounded above by diam(P(£2), Wa). Therefore, for every o > 0
there exists ¢, > 0 such that

D(t) > ¢, t'*17, 0 <t < diam(P(Q), Wa).
Combining this with (2.18) proves (1.3). O

3 Statistical Applications

The results in this section are consequences of the deterministic stability estimate in
Theorem 1.3. We first treat empirical barycenters under a polynomial covering-number
condition, then record a separate geometric entropy bound for the full Wasserstein space
over a compact Alexandrov space, and finally prove almost-sure consistency.

Throughout this section, random variables are defined on a probability space (©,F, P).
The symbol P denotes this underlying probability measure, whereas IP denotes a probability
law on the Wasserstein space P(Q2). Let p1,...,pn be i.i.d. random variables with law P,
and set

1 N
Py =+ > 6y, € P(P(Q)).
=1

The empirical barycenter of Py is a natural estimator of up.
For a metric space (Y, dy), write N(Y, dy,r) for the minimal number of open dy-balls

of radius r needed to cover Y. If the metric is clear, we write simply N(Y,r).
3.1 Sample complexity under polynomial covering numbers

Since P(Q2) is typically infinite-dimensional, non-asymptotic rates for W (Py,P) require
additional complexity assumptions. We first impose a polynomial covering-number condi-
tion on the support of P. Let

Z:= (P(Q),Ws), A :=diam(Z).

11



Proposition 3.1 (Sample complexity under polynomial covering numbers). Assume that
P € P(P(2)) satisfies Assumption 1.1. Let K := sptP C Z, and suppose that for some
constants Cept > 1 and dept > 0,

N(K, Wa,r) < Centr_de"ta 0<r<1 (3.1)

Then for every o > 0, € € (0,1/2) and § € (0,1), there exists C > 0, depending only on
o, the structural parameters in Assumption 1.1, A, Cont and deng, such that if

N>C (5—(12+a)(dent+2) 4+ e—2(1240) 1Og(15) 7 (3.2)

then any empirical Wasserstein barycenter up, satisfies
P(Wa(upy,pp) <€) > 1-4.

Proof. Set ¢, := 12 + 0. By Theorem 1.3, applied with the population law P as the
reference distribution and Py as the perturbation, there exists ¢, > 0 depending only on
the stated structural constants such that

Wy (e, pp) < Wi(Py, P) (3.3)

for every choice of empirical barycenter up, . Thus it remains to control W (Py, P).

For any r € (0, 1], choose an r-net {z1,...,zy} of K with M = N(K, Wa,r), and
let m: K — {z1,...,2m} be a Borel nearest-point projection. Since both P and Py are
supported on K,

Wl(]PN,IP)) <2r + Wl(W#P]\[,W#P> <2r+ A Hﬂ'#PN — W#PHTV-

For the multinomial empirical measure on M points, the standard I! risk bound (see, e.g.,
Devroye-Gyorfi [DG85, Chapter 3]) gives

1 /M
EH?T#PN — W#PHTV S S W

Together with (3.1), this gives

A [ Copgr—dent
E Py,P) <2 P Ve
Wl( N, ) < 2r+ 5 N

EW,(Py,P) < CpN 1/ (dent+2), (3.4)

Optimizing in r yields

with Cg depending only on A, Cepnt and dept.

The map (p1,...,pn) — Wi(Pxn,P) has bounded differences: changing one sample
changes the empirical measure by at most A/N in W;. McDiarmid’s inequality [McD89]
and (3.4) imply

p (Wl(]P)N,P) < CEN—I/(dent+2) + A bg;;ﬁ) > 1—90. (35)

If (3.2) holds with C sufficiently large, the right-hand side in (3.5) is at most c.e%.
Combining this with (3.3) gives the claim. O

12



3.2 A geometric entropy bound in the Alexandrov setting

The polynomial covering-number condition in Proposition 3.1 is strong when K is a subset
of the full Wasserstein space. For K = P(2) one should instead use the following exponen-
tial metric-entropy estimate, which comes directly from the geometry of the underlying
Alexandrov space.

Lemma 3.2 (Metric entropy of Wasserstein spaces over Alexandrov spaces). Let (£2,d) be
a compact n-dimensional Alexandrov space with curvature bounded below by k and diameter
bounded above by D. Then there exists a constant C = C(n,k, D) > 0 such that, for every
0<e<1/2,

C
log N(P(2), Wa,e) < Ce "log —

Consequently, for every n > 0, after increasing the constant we have
log N(TP(Q), Wg,&?) <G, g (ntn),

This is an exponential entropy statement for the full Wasserstein space and is distinct
from the polynomial covering-number assumption (3.1).

Proof. By the uniform covering theorem for compact Alexandrov spaces with fixed dimen-
sion, lower curvature bound and diameter bound (see, for instance, [BBI0O1, Chapter 10]),
there exists C' = C(n, k, D) > 0 such that

N(Q,d,r) <Cr ", 0<r<l.
Let {z1,...,2Zm} be an r-net of Q with m < Cr~", and choose a measurable nearest-point

projection
T Q= {z, . om )

For every p € P(Q), set " := (m,)pp. Then Wo(p, p) < r.
It remains to cover the set of probability measures supported on {xi,...,2,,}. We
identify such measures with the probability simplex

Ay, = {p— (p1,-.-,pm) €10,1]™: Zpl- = 1}.
If p,q € A,,, then, since diam(2) < D,

D2
W5 (p.q) < D*|lp = qllrv = =-llp = alh-
Therefore an ¢*-net of A, with mesh § := ¢2/(2D?) gives a Wa-net with radius at most

g/2.
The simplex A,, admits an !-net of mesh ¢ and cardinality at most (C/§)™. Hence

log N(A, Wa,e/2) < mlog% < Cr"log g
Taking = /2 and using the triangle inequality gives
e C
log N(P(Q), Wa,e) < Ce ™ log e

Finally, since log(C/e) < Cpe™" for every n > 0 and 0 < € < 1/2, the second bound
follows. H
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Corollary 3.3 (Empirical barycenters over Alexandrov spaces). Assume that (,d) is a
compact n-dimensional Alexandrov space with curvature bounded below by k and diameter

bounded above by D. Let P € P(P(Q)), and let
N
1
S 1S

where p1,...,pN are independent samples with law P. Then there exists a constant C' =

C(n,k,D) > 0 such that, for all N > 3,

log logN> L/n

E Py, P) <
Wi (P, )_C< log N

Consequently, if P satisfies Assumption 1.1 and if up, and pp denote the corresponding
Wasserstein barycenters, then for every o > 0 there exists Cy > 0 such that

loglog N) R(1279)

E <Cs,

Proof. Let Z := (P(£2), Ws). By Lemma 3.2,
. C
logN(Z,e) < Ce"log p

Let Z. be an e-net of Z, and let I, : Z — Z. be a measurable nearest-point projection.
Then
Wi(Py,P) < 2¢ + Wi ((Il:) 4Py, (I1:) 4 P).

The two measures in the second term are probability measures on the finite set Z.. Since
Z has diameter bounded in terms of D, the standard finite-state estimate gives

N(Z,¢)
N

EW, ((Ha)#PNv (HE)#]P)) <Cbp

Choose

4 log log N\ /"
N = log N ’

where A = A(n, k, D) > 0 is sufficiently large. Then, for all N > 3,
logN(Z,en) < logN
Therefore

log log N) 1/n

< —1/4 <
EWl(PN,P)_2€N+CDN _C< log N

The barycenter estimate follows from Theorem 1.3, which gives, for every o > 0,
Wa(py, ) < CoWi (Py, )/ (12+9),

Taking expectations and using Jensen’s inequality, since ¢ +— t1/(1249) ig concave, yields
the claim. O
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Corollary 3.4 (Consistency of empirical barycenters). Assume that P € P(P(Q)) satisfies
Assumption 1.1. Let (p;)i>1 be i.i.d. random variables with law P on (©,F,P). For every
N and every w € O, let up (., be any Wasserstein barycenter of Py(w). Then

Wy (,uPN(w),mp) — 0 for P-a.e. w.

Proof. Since Z = (P(£2), W3) is compact and metric, Varadarajan’s theorem [Var58] gives
weak convergence Py (w) — P almost surely. On a compact metric space, weak convergence
is equivalent to convergence in W7; hence

Wi (Py(w),P) — 0 for P-a.e. w.

The conclusion follows by applying Theorem 1.3 with P as the reference distribution and
Py (w) as the perturbation. O

Appendix A Zero-order balance condition

The following global zero-order balance condition was first established in [AC11] and then
generalized in [CDM24].
Proposition A.1 (Global zero-order balance). There exists a P-measurable map
PQ)>p—=y, e C(Q)
such that, setting ¢, = 17, the following hold:
(i) for P-a.e. p € P(Q), (¢p,p) is a pair of Kantorovich potentials for (p, up);

(ii) the map satisfies the global zero-order balance condition
/ Vp(y) dP(p) = 0, Yy € Q.
P()

Proof. We divide the proof into six steps.
Step 1: Definition and convexity of H. For ¢ € C(Q) define

= infq — ¢ : L(p; : =o()}.
H(p) i= inf{ /? o BV AB(0): (), € LI (B C(@)), /? IRCLLORTC)

Since 9 — —1)° is convex (as a supremum of affine functions), H is convex. Fix yy € Q.
For any admissible (¢,),, denote D := diam(£2),

—1/12(90) = Slelg{wp(y) —c(x,y)} = Yp(yo) — %D27

whence H(p) > ¢(yo) — 3D* > —oco. If ||| 1= < 1, taking ¢, = ¢ yields H(¢) < 1. Thus
H is proper and bounded above on a neighbourhood of 0; by standard convex analysis
(cf. [ET76, Proposition 2.5]) it is therefore lower semicontinuous, and the Fenchel-Moreau
theorem gives H**(0) = H(0).

Step 2: The barycenter as the convex conjugate. For u € P(£), Fubini-Tonelli and
Kantorovich duality yield

H"(p) = sup {Eu(cp)—H(cp)}
pect (A1)

= s / o Balt) + E,(0)) aB(p) < / o W0 ) 4B(p)
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Conversely, by the Kuratowski-Ryll-Nardzewski measurable selection theorem there exists
a P-measurable map p — 14 such that ((¢/5)°,44) is optimal for (p, u). Centering ¥ :=
Wh — 1% (yo) preserves optimality and places (1%‘ )p € L'(P; C(2)). Substituting this family
in (A.1) shows equality:

)= [ W p) a2 (o).
P(Q)
Moreover, by [AC11, Lemma 2.1],

H*(0)= sup {~H*(v)}= sup {~H*(u)}=— inf H*(n).
veC(Q)* peP(Q) HeP(S)

Since up is the barycenter, we obtain

H(O) = H(0) = inf /? o B ) = [ W p) AR (A2)

Step 3: Normalization of a maximizing sequence. Let {(¢}"),}men C LY (P;C(Q))
satisfy f?(ﬂ) Yy (+) dP(p) = 0 and

| Bl @) — ~H (),
P(Q)
Set Y1 := (Y1), Then ()¢ = ()¢ and ¢ > ™. Define
o) = [ o DA 20 = o,

Then f 1[_);” dP = 0. Since the c-transform is order-reversing and @Z_J;" < @Z}T, we have
(1;;”)6 > (1@;”)‘3 = (") hence the dual value does not decrease upon replacing ™ by
P

Next center at yo: @E;” = Y — Y7 (yo). Then 1;;”(1;0) =0, f@Z;;”dIF’ = 0, and
(1/;;”)0 = (Y)° + 7 (yo). Integrating and using [ 7 (yo) dP = 0 shows the dual value is

unchanged. Thus {(¢}"),} is still maximizing. Since 1%” and a,, are D-Lipschitz, every
1/;;,” is 2D-Lipschitz and satisfies ||1/~J;,”|| L= < 2D2.

Step 4: Compactness and extraction of a limit. Let

K:={feC(Q): f(y) =0, Lip(f) < 2D}.

By the Arzela—Ascoli theorem, K is compact in (C(€2), ||-||). Fix a dense set {y;}en C Q
containing yo and set uj’(p) := &gl(y]) Each sequence {u]'},, is bounded in L'(P). By
the Komlds theorem and a standard diagonal argument, there exists a subsequence (still
indexed by m) and functions u; € L!(P) such that the Cesaro means

J

M
1
~ M E m y

Define 1%\/[ = ﬁ E%:l 1;;” € K. For P-a.e. p, the functions 1/3% are equi-Lipschitz and
converge pointwise on the dense set {y;}; hence they converge uniformly to a unique
2D-Lipschitz limit ¢, € K with ¢,(yo) = 0.
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Step 5: The limit is admissible and optimal. The uniform convergence gives

. M 7 _
A}l_r)noo [, = pllLee() =0 for P-a.e. p.

Since each p — QL;])” is P-measurable and C(£2) is separable, the limit map p 1;,) is also IP-
measurable; boundedness by 2D? yields (¢,), € L'(P; C(R)). By dominated convergence,

bp(y) dP(p) = hm/ P (y)dP(p) =0,  Vyeq.

P(Q) M —oc0

Moreover, ||(1L/],V[)c — (W)= < Hzﬂé\/f —,|lz= — 0, and by concavity of the c-transform
together with Jensen’s inequality,

(z%)zliwc 15:1

Integrating in p and letting M — oo yields
| EG,)) a(p) = -1 (0)
P(2)

Since —H(0) is the supremum, equality holds; thus (1/;,)) p 1S a maximizer.

Step 6: Identification of Kantorovich potentials. By (A.2) and optimality of ),
W3z, 0) dPp) = [ B, ((5,)%) dB(e).
?(@) P()

Kantorovich duality gives, for P-a.e. p,

W22<M1P’7 P) > Ep((@p)c) + Epup (i’p)-

Integrating in p and using the balance condition [ ¢,(y) dP(p) = 0 (so that [ E,,(¢,)dP =
0), we obtain

Wiz, p) dPp) = [ B, ((5,)%) dB(e).

P() ()

As the two sides are equal, the pointwise inequality must be an equality for P-a.e. p.
Consequently (¢,,,) with ¢, := (¢,)¢ is a pair of Kantorovich potentials for (p, up),

completing the proof. O
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