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Abstract

The sliced Wasserstein distance SWa(u, v) compares high-dimensional probability mea-
sures by averaging one-dimensional optimal transport distances over linear projections.
Although sliced Wasserstein distances are now standard computational tools in statistics,
imaging, and machine learning, the rigidity behind the elementary comparison

1
SW3 (1 v) < W3 (. v)

has not been systematically studied.
Let pu,v € Po(RY), d > 2, with u < £¢, and define the sliced Wasserstein deficit by

1
D(p,v) = EWS(M’ v) — SW22(/’L’ v) > 0.
We prove that D(u,v) = 0 if and only if the Brenier map T = V¢ from u to v is homothetic

affine,
T(x)=Ax+b p-a.e.,

for some A > 0 and b € R%.

For quantitative stability, we introduce the sliced Poincaré—Korn constant kgpx (i),
defined as the spectral gap of an averaged ridge-projection quadratic form on gradient fields
modulo the family { Az +b}. Whenever this constant is positive, we prove a stability estimate
for the sliced Wasserstein deficit, up to a one-dimensional Lipschitz scale for the projected
monotone transports. We establish positive SPK bounds for the standard Gaussian, isotropic
Gaussian measures, bounded perturbations of the Gaussian, and compact classes of gradient
fields for fixed source measures.

Finally, we show that anisotropic Gaussians give a sharp obstruction: neither a Bakry—
Emery lower curvature bound nor a usual Poincaré inequality alone can imply a global sliced
Poincaré—Korn inequality.
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1 Introduction

1.1 Background
For u,v € Po(R?), the quadratic Wasserstein distance (see, e.g., [30, 31]) is defined by

W(uv) = inf / o — yP? dy(z,y),
YEIl(p,v) JRA xR

where TI(j, ) denotes the set of transport plans. For § € SY~!, write

mo(x) =0 -2,  pg = (To)4h.

The sliced Wasserstein distance (see [1]) is defined by

SW;(,U,, V) = W22(:U’6” V@) d0(9)7

Sd—1

where o is the normalized surface measure on S%1.
Note that

1 1
00 do(0) = ~1,, / 10 2 do(9) = 2|22
Sdfl d Sdfl d

For every coupling v € TI(u, v),

Wi 0) < [ 16+ (2 = ) dr(a.p),
Averaging in 6 and optimizing over =y gives the elementary inequality
1
D(M7 V) = an(Mv V) - SW22(:U’7 V) >0,

and we call D(u,v) the sliced Wasserstein deficit.
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If 4 < L% and T = V is the Brenier map from x to v, then

D) = [ | [ 10-(T@) = 0P auta) = W3 ,)| ao6). (1.2

Thus D is an average of non-negative one-dimensional optimality gaps.

Sliced Wasserstein distances were introduced and developed as computationally tractable
variants of optimal transport by reducing the comparison of high-dimensional measures to
one-dimensional projections. Early mathematical and computational developments include the
work of Rabin—Peyré-Delon-Bernot on barycenters and texture mixing [29], Bonnotte’s thesis
on unidimensional and evolution methods [2], and the Radon/sliced barycenter framework of
Bonneel-Rabin—Peyré-Pfister [1]. The distance and its variants have since become standard tools
in imaging, statistics, and machine learning; for example, in large-scale generative modelling
and domain adaptation [20, 25, 26]. Generalized, max, distributional, and tree-sliced variants
were introduced to improve expressivity while retaining one-dimensional computability; see
[21, 27, 22] and references therein.

The present paper is concerned not with computation but with the rigidity and stability
theory behind the elementary inequality (SWD)—asking whether approximate equality in every
slice forces the high-dimensional Brenier map to be globally affine—was previously unknown
except in the trivial one-dimensional case. This places the paper in the broader tradition of
deficit and quantitative-stability problems in optimal transport and geometric analysis. Related
examples include quantitative stability for transport maps, stability in functional inequalities
such as Talagrand or logarithmic Sobolev inequalities, mass-transport approaches to quantitative
isoperimetry, and rigidity under curvature lower bounds; see [13, 11, 7, 24, 9, 4].

1.2 Main results
The first theorem identifies equality cases in (SWD).

Theorem 1.1 (Rigidity). Let d > 2, let u,v € P2(R?), assume p < L2, and let T = Vi be the
Brenier map from u to v. Then

D(p,v) =0 <= T(z)=XIx+b p-ae.
for some A >0 and b € R,

The proof is given in Section 2. The argument does not assume smoothness of T" and avoids
differentiating the Brenier potential. Zero deficit says that the projected plan

0-X,0-T(X))

is one-dimensionally optimal for almost every direction. One-dimensional cyclical monotonicity
then implies directional monotonicity for almost every 6. A simple geometric lemma forces every
chord T'(z) — T'(y) to be a non-negative multiple of z — y, and a three-point argument makes
this multiple constant.

For stability we introduce the ridge defect

Ry(u) ::/ E,[Var(f - u(X) |6 X)] do() (1.3)
Sd-1
for vector fields u € L?(u; RY). Equivalently,

Rou(u) :/S inf /Rd\e-u@:) Ch(0-2)? du(z) do(0). (1.4)

d—1 he L?(pg)



Let
Ag:={z = z+b:\eR, be R

Here and below, following Otto’s calculus, define the the tangent space at p € P2(R?) by

2¢,, . Rd
Tan, :={Vp:p € CgO(Rd)}L (W5,

The sliced Poincaré—Korn constant is

in RH(U)
u€Tany, diSt%z(#) (U, Ad) 7

KspK (1) =

where terms with zero denominator are omitted. The normalized constant is

Fspk (1) := d rspk (1)-
Our main quantitative theorem under the SPK hypothesis is the following.

Theorem 1.2 (Stability under SPK). Let u < L%, let T = Vi be the Brenier map from p to v,
assume T € Tan,,, and for o-a.e. 0 let 79 be the monotone transport map from g to vg. Suppose

A :=esssup Lip(mp) < 0.

fesd—1
If kspk () > 0, then
A
‘g2
Equivalently,
distZ, (T, A) < — 2
1StL2(“)( JAg) < m (s v).

The proof uses a one-dimensional Fenchel-gap inequality in Section 3. The factor A is a scale
parameter and cannot be removed in this form: replacing a non-affine Brenier map by a large
multiple multiplies the distance to Ay quadratically, while the one-dimensional Fenchel gaps
scale only linearly.

Remark 1.3 (On the assumption T € Tan,, in Theorem 1.2). For a general Brenier map 7' = V¢
with u < £%, it is not automatic that T' € Tan,,; this requires that the convex potential ¢ can
be approximated by smooth functions in the weighted Sobolev norm ||V (¢ — 9)||z2(,) — 0.

The assumption is satisfied in most natural settings: if u = p£?% with p locally bounded away
from zero on a connected open set, or if u is log-concave with full-dimensional support, then
C2°-gradients are dense in the space of L?(u) gradient fields, and consequently every Brenier
map belongs to Tan,. On the other hand, if ;1 is supported on a disconnected set or if its density
degenerates on large sets, Tan, may be strictly smaller than the space of all L?(u) gradient
fields, and the theorem should then be applied only to those Brenier maps that happen to lie in
the closure. Thus the hypothesis 7' € Tan, is a mild regularity condition on the source measure
rather than on the map itself.

The Gaussian as the model case. In probability theory the standard Gaussian measure
serves as the canonical setting in which to test conjectures and develop tools: it is the stage for
the central limit theorem, for the Poincaré and logarithmic Sobolev inequalities, and for the
Wiener—It6 chaos decomposition. In optimal transport, Caffarelli’s contraction theorem and the
Gaussian isoperimetric inequality provide archetypal rigidity and stability results. It is therefore
natural that the first complete quantitative stability theorem for the sliced Wasserstein deficit
should be established for the Gaussian source 7.



Theorem 1.4 (Gaussian sliced Poincaré-Korn inequality). For the standard Gaussian measure
Ya=N(0,1a), d > 2,
d—1 .
R’}/d (U) 2 m dlSt%z(,\/d)(u, Ad) (17)

for every gradient field u € Tan,,. Hence

d—1

_ Sd-1
RsPK (Ya) > 752

Combining Theorem 1.4 with Theorem 1.2 yields Gaussian stability:

d(d+ 2)

diSt%Z(Vd)(T’ Aa) < d—_

AD(vyq,v). (1.8)
The proof of Theorem 1.4 is based on the Hermite decomposition and a Funk—Hecke tensor
estimate. For affine gradient maps we compute the exact constant; see Section 4.

Finally, we show that isotropic normalization is essential.

Proposition 1.5 (Anisotropic Gaussian obstruction). There exists a family of centered Gaussian
measures j1 on R? satisfying a uniform Bakrny/mery condition BE(1, 00) and a uniform Poincaré
inequality, but

kspK (tte) — 0 as €1 0.

Consequently no lower bound for kspk can depend only on a Bakrny/’mery lower curvature bound
or on the usual Poincaré constant.

Summary This paper consists of the following four main contributions.

(1) We prove a zero-deficit rigidity theorem for general absolutely continuous source measures.
The proof uses only one-dimensional cyclical monotonicity and a geometric three-point
argument, hence it does not require smoothness of the Brenier map. We also prove a
higher-dimensional version of this rigidity by a different method.

(2) We introduce the sliced Poincaré—Korn inequality (constant) and show that any positive
lower bound for this constant immediately implies quantitative stability for the sliced
Wasserstein deficit, up to a one-dimensional regularity factor.

(3) We prove the SPK inequality for Gaussian measures. This yields a complete stability
theorem for Gaussian measures (and their bounded perturbations).

(4) We show by an explicit anisotropic Gaussian measure that neither a Bakry—Emery lower
curvature bound nor the usual Poincaré constant can imply a universal sliced Poincaré—Korn
bound without an isotropic or comparable non-degeneracy normalization.

Further research The anisotropic Gaussian counterexample in Section 5.3 shows that isotrop-
icity, or at least a comparable non-degeneracy normalization, is essential. It is natural to ask
whether isotropic log-concave measures satisfy a dimension-free sliced Poincaré—Korn inequality.
This question is philosophically close to the KLS and slicing problems; see the localization
lemma of Kannan-Lovasz—Simonovits [18], Eldan’s stochastic localization [10], Lee—Vempala’s
work on KLS via stochastic localization [23], and the recent resolution of Bourgain’s slicing
problem by Klartag—Lehec [19]. At present, plausible first targets include unconditional measures,
product measures, uniformly log-concave measures with covariance normalization, and heat-flow
regularizations. Ciosmak’s leaf decomposition [6] may also be relevant.



Organization Section 2 proves the zero-deficit rigidity theorems, including a higher-
dimensional generalization. Section 3 introduces the sliced Poincaré—Korn constant and proves
stability under the SPK hypothesis, including a discussion of the Lipschitz parameter A.
Section 4 proves the Gaussian SPK inequality and Gaussian stability. Section 5 gives further
examples: bounded Gaussian perturbations, compact classes for fixed measures, and the
anisotropic Gaussian counterexample. Appendix contains the linear algebra computations.

2 Rigidity of the Sliced Wasserstein Deficit

In this section we prove Theorem 1.1. The proof is deliberately written without differentiability
assumptions on the Brenier map. In Theorem 2.5 we will use a different strategy to deal with
the higher-dimensional problem.

2.1 Deficit decomposition

Let i < £% and let T' = V¢ be the Brenier map from j to v. For every direction 6 € S%~! define

%@w—/w«ﬂw—xwdmm—wawwm

Then go(7T") > 0 and
mwhémmnw@ (2.1)

Indeed, the projected coupling (6 - X,0 - T'(X)) is an admissible coupling between 1y and vy, so
go > 0. Averaging in 6 gives

/Sd1 16 @@ - )P duta) dot6) = 3 [ [7@) = of? dutw) = W30,

which proves (2.1).

Lemma 2.1 (One-dimensional monotonicity). Let a, 5 € P2(R) and let n € (o, B) be optimal
for the cost |s —t|%. Then
(s—s)(t—t)>0

for n@mn-a.e. ((s,t),(s,t)).
Proof. By cyclical monotonicity,

s =t + 1" = 2 < |s = #[2 + |3 — t]?
for n ® n-a.e. pairs. Expanding gives

2(s —s)(t—t')>0.

Lemma 2.2 (Directional signs force parallelism). Let a,b € R? with a # 0. If
(0-a)@-b)>0
for o-a.e. € S¥1, then b= \a for some A > 0.

Proof. If a and b are not collinear, the two hemispheres {6 : 6 -a > 0} and {6 : 0 -b < 0} have
an intersection of positive surface measure. On this intersection the product is negative. Thus
b = Aa for some A € R. The sign condition forces A > 0. O



Lemma 2.3 (Constancy from three points). Let E C R? with d > 2, let m be a Borel measure
on E with m < L%, and let T : E — R? be measurable. Suppose that for m @ m-a.e. pair (x,y),

T(z) = T(y) = Mz, y)(z - y)
for some N(x,y) > 0. Then A(z,y) = Ao for a constant A\g > 0 and almost every pair (x,y).

Proof. For m®3-a.e. triple (z,, z), the vectors x — y and y — z are linearly independent. For
such a triple we have

T(x) =T(y) = Aay(z —y), T(y) —T(2) = Ayz(y — 2),

and
T(x) —T(2) = Apz(x — 2) = Aaz(x — y) + Apz2(y — 2).
Since also T'(z) — T'(z) = (T'(x) — T(y)) + (T'(y) — T(2)), linear independence gives
)\:L‘y = >\yz = )\xz

for almost every triple. Fubini then implies that A(x,y) is a.e. constant: for a.e. y, the equality
Az, y) = Ay, z) holds for almost every (z,z), so both sides must equal a number depending
only on y; symmetry removes the dependence on y. ]

Proof of Theorem 1.1. Assume first D(u,v) = 0. Since gg > 0 and [ go do = 0, we have gy =0
for o-a.e. 6. Hence, for almost every 6, the projected plan

(0-X,0-T(X))
is an optimal coupling between g and 9. Lemma 2.1 yields

@ (z =)@ (T(x) -T(y))) =0 (2.2)

for p ® p-a.e. (z,y) and o-a.e. . By Fubini, for u ® p-a.e. pair (x,y) the sign condition (2.2)
holds for o-a.e. §. Since u < L%, x # y for almost every pair. Lemma 2.2 gives

T(z) = T(y) = Mz, y)(z—y),  Az,y) >0.

Lemma 2.3 yields A(x,y) = Ao for almost every pair. Fixing one point by Fubini gives T'(z) =
Aoz + b for p-a.e. x.
Conversely, suppose T'(x) = Az + b with A > 0. Then for every 6,

0-T(x)=\O z)+0-b

is the one-dimensional monotone transport from pg to vy. Therefore gy = 0 for every 6 and
D(u,v) =0. O

Remark 2.4 (Relation with the ridge formulation). Zero deficit also implies a ridge factorization
0-T(x)=m9(0-x)

for almost every direction if the one-dimensional optimal map is unique. If T' = V¢ were smooth,
differentiating along directions v L 6 would give

v D2p(x)8 = 0.

For almost every 6 this forces D%p(z) to be scalar, hence T'(z) = Az + b. The proof above is a
non-smooth version of the same compatibility principle, expressed through monotone couplings
rather than derivatives.



2.2 Higher-dimensional rigidity

The one-dimensional rigidity theorem has a higher-dimensional analogue. We record it separately
because its proof reveals another useful mechanism: the ridge factorization of projected Brenier
maps forces the Hessian measure of the convex potential to be scalar. This argument is closer
to the differential-geometric intuition behind the equality case and will also be useful when
considering higher-dimensional sliced distances.

Let G4 be the Grassmannian of k-dimensional linear subspaces of R?, let mq,, be its Haar
probability measure, and let Pgp denote the orthogonal projection onto E. Define

SW3 1 (p,v) = ; W3 ((Pg)gp, (Pg)gv) drg(E).
d,k
Since L
/ |Puef? drap(B) = =P,
Gak
we have

k
SWQ%k(H’ v) < EW22(H, v),
and we define the Grassmannian deficit
k
Dyl v) 1= WE(1,v) — SWEi(p,v). (2.3)

For k =1 this is the original deficit D.

Theorem 2.5 (Grassmannian rigidity). Let 1 < k < d— 1. Let = pL? be concentrated on a
connected open set Q@ C R, with p > 0 a.e. on Q, and let T = V¢ be the Brenier map from u to
v. If

Dy, (N? V) =0,

then
T(z)=Xx+b [-a.e.

for some A >0 and b € R?. Conwversely, every map of this form has zero k-dimensional deficit.

Lemma 2.6 (Linear algebra on the Grassmannian). Let M be a symmetric d x d matriz and
letl<k<d—-1.1If
PpM(I —Pg)=0

for mgp-a.e. E € Ggy, then M = ol for some o € R. Moreover,

2
1

k(d — k) Tr M
T

/ |PeM(I — Pp)|3s dmau(E) = .
Gak HS

Proof. This is proved in Appendix B. ]
Proof of Theorem 2.5. Let X ~ p. For ' € G4 put
95(T) = E|Pp(T(X) = X)[? = Wi((Pp)gn, (Pe)yv).
Then gg(7) > 0 and
Dulpar) = [ gu(T) dras(B)
Ga,k
Hence Dy (p,v) = 0 implies gg(T) = 0 for a.e. E. For such E, the coupling

(PeX, PET(X))



is an optimal quadratic coupling between (Pg)xp and (Pg)yv. Since (Pg)gp is absolutely
continuous on E, Brenier’s theorem gives a convex function fr : E — R such that

PrT(x) = Vg fe(Prx) p-a.e. . (2.4)

Because p > 0 a.e. on €, this identity also holds for Lebesgue-a.e. x € Q.

Now use the convex potential. Since ¢ is convex, by Alexandrov’s theorem, its distributional
Hessian D?¢ is a symmetric positive semidefinite matrix-valued Radon measure on 2. Fix such
a space E and take v € E, w € E*+. From (2.4), the scalar function v-T(z) = v- Vi (z) depends
only on Prpz. Hence its derivative in the direction w vanishes in distributions:

Ow(v - Vo) = 0.

Equivalently,
vID*pw =0 as a signed Radon measure. (2.5)

Thus
PpD*p(I — Pg) =0

as a matrix-valued measure for a.e. E.
Let m := Tr(D?p) be a Radon measure and write the polar decomposition

D%*p = Mm,

where M (x) is symmetric positive semidefinite and Tr M (x) = 1 for m-a.e. z. By Fubini, (2.5)

implies that for m-a.e. x,
PpM(z)(I — Pg)=0

for 74 -a.e. E. Lemma 2.6 gives M (x) = I/d for m-a.e. z. Consequently
D?p =wl

for the scalar Radon measure w := m/d.
It remains to show that w is a constant multiple of Lebesgue measure. In distributions,

dijp=0 (i#7j), Onup=-=0up=uw.
Fix j and choose i # j. Then in distributions,
Ojw = 00 = 0;0j;¢ = 0.
Thus Vw = 0 in D'(). Since (2 is connected, w = ALY for some constant A > 0. Hence
Do =)\
in distributions on €2, and therefore
o(z) = %]w|2+b-x+c

on 2. Thus T'= Ve = Az + b p-a.e.
Conversely, if T'(z) = Az + b with A > 0, then for every E

PET(CC) = )\ng + PEb

is the Brenier map from (Pg)xu to (Pg)4v. Hence gp(T) = 0 for every E and Dy(p,v) =0. O



Remark 2.7. The proof for k = 1 recovers the ridge-differentiation heuristic in Section 2: the
identity -V = hg(0 - x) says that the Hessian measure has no mixed block between Rf and 6.
The Grassmannian formulation shows that this is not a peculiarity of one-dimensional slicing;
any family of projected optimalities on G4, 1 < k < d — 1, forces the same scalar Hessian
measure.

Remark 2.8 (Assumptions in the Grassmannian rigidity theorem). Theorem 2.5 requires u to
be concentrated on a connected open set €2 with p > 0 a.e., which is stronger than the sole
absolute continuity pu < £ used in Theorem 1.1. The extra regularity is needed because the
proof of Theorem 2.5 operates on the Hessian measure D?¢ of the Brenier potential. This relies
on Alexandrov’s theorem and on the ability to differentiate the convex potential in the sense
of distributions on €2, which necessitates both connectedness and the non-degeneracy of p. By
contrast, Theorem 1.1 uses only one-dimensional cyclical monotonicity and a purely geometric
three-point argument, and therefore does not require any differential structure.

3 Sliced Poincaré—Korn constant

3.1 Definition and spectral interpretation

Let p € Po(R?) and let

L2 ;]Rd

Tan, := {Vp : p € C*(RY)} (i

For w € Tan,, define the ridge defect by (1.3). The sliced Poincaré—Korn constant (or sliced
Poincaré—Korn spectral gap) is defined as

Ryu(u)
K = mf £ ’
spic (1) ueTan, dist?, () (u, Ag)
diSth(‘u)(u,Ad)>0 14

Because the average over directions carries a natural factor 1/d, the normalized quantity

Fspk (1) = d kspk (1)

is the quantity expected to be dimension-free in isotropic log-concave classes. For example, the
Gaussian stability Theorem 1.4 gives

d—1

_ Sd-1
RsPK (Ya) > 752

Equivalently, we say that p satisfies sliced Poincaré—Korn inequality SPK (k) if

1
distiz(#) (u, Ag) < ;Ru(u) Vu € Tan,,. (SPK)

The terminology “sliced Poincaré—Korn” is motivated by the analogy with Korn-type inequal-
ities in elasticity and classical Poincaré inequality. Classical Korn inequalities control vector
fields modulo rigid motions by the symmetric part of the gradient, and play a fundamental role in
linearized elasticity; see, for instance, Ciarlet’s text [5] and Dacorogna’s direct-methods treatment
[8]. Nonlinear geometric rigidity estimates, such as the theorem of Friesecke-James—Miiller [14],
provide a modern quantitative version modulo rotations. In our setting the null space is not the
Euclidean rigid-motion space but the homothetic affine family

Ag = {\z + b},

and the “strain” is replaced by an averaged conditional-variance defect over one-dimensional
projections. Thus the sliced Poincaré—Korn constant should be viewed as a new spectral gap,
rather than as a direct consequence of a combination of Korn inequality and Poincaré inequality.

10



The following kernel lemma identifies the null space of the ridge defect on weak gradient
fields. It is placed here because it explains why the quotient by A4 is the natural one in the
SPK inequality; it will also be used in the compactness criterion in Section 5.

Lemma 3.1 (Kernel of the ridge defect on weak gradient fields). Let Q C R be connected and
open, and let u = pL? be a probability measure with u(Q) = 1. Assume that p is locally bounded
below on Q. Let v € L?(u; RY) be a distributional gradient on Q. If the ridge defect Ru(v) =0,
then v(z) = Ax + b for p-a.e. x € Q.

Proof. Since p is locally bounded below, v € L{ (). The identity R,(v) = 0 means that for
o-a.e.  there exists a function hy such that

0-v(x) =he(0-x) for p-a.e. x.

Thus, for every w L 0,
Ow(f-v)=0 in D'(Q).

Because v is a distributional gradient, its distributional derivative Dv is symmetric. Hence
(I-0®0)Dvh=0 in D'(2)

for almost every 6. Testing against smooth compactly supported functions and using the
elementary linear-algebra fact that a symmetric matrix M satisfying (I — 6 ® )M6 = 0 for a.e.
f must be a scalar multiple of the identity, we obtain

Dv=wl

for some scalar distribution w. The off-diagonal equations give J;v; = 0 for ¢ # j, while the

diagonal equations give 01v1 = --- = Oqvg = w. Taking mixed derivatives yields d;w = 0 for
every i. Since ) is connected, w = A is constant. Therefore D(v — Az) =0, and v = Ax + b on 2
in the sense of distributions, hence p-a.e. O

3.2 Fenchel-gap stability in one dimension

The following lemma is fundamental in the proof of our stability theorem.

Lemma 3.2 (One-dimensional Fenchel gap). Let A, B be real-valued random variables in L2,
and let T be the monotone transport map from the law of A to the law of B. If Lip(1) < A, then

E|B — 7(A)]* < A (E|A — B|* — W§(Law(A), Law(B))) . (3.2)

Proof. Let f be a convex potential such that f/ = 7 a.e. The one-dimensional Kantorovich
duality for the quadratic cost gives

E|A — B]* — W3 (Law(A),Law(B)) = 2E[f(A) + f*(B) — AB|.

The expression in brackets is the Fenchel gap. Since f’ is A-Lipschitz and monotone, f* is
1/A-strongly convex on the relevant interval (with the usual generalized interpretation if f” is not
strictly increasing). The Fenchel gap therefore controls the squared distance to the subgradient
relation:

* 1 / _ 1
F(A)+ [7(B) = AB 2 o|B — f'(A)F = S|B - 7(4).

Taking expectations proves (3.2). O

11



3.3 Stability under SPK

We now prove Theorem 1.2.

Proof of Theorem 1.2. For each direction 8, applying the lemma with

gives
/ 0-T(x) — 75(0 - 2)? du(x) < A go(T) (3.3)

whenever Lip(7p) < A. Since h = 7y is an admissible ridge function,

iﬁf/ﬁe-inw-hw-mn2du@gf;AmxTy

Integrating in 6 yields
R,(T) < AD(u,v).

Applying (SPK) to u =T gives

1 A
dist?,, (T, Ag) < ———R,(T) < ———D(p,v).
stz (T Ad) < s Ru(T) < s D)

O

Remark 3.3 (Why SPK is the right key). The first step, from the Wasserstein deficit to the ridge
defect, is one-dimensional and robust. All high-dimensional geometry is contained in the lower
bound for R, modulo A;. Thus the stability problem splits cleanly into an optimal-transport
input and a geometric spectral input.

3.4 On the one-dimensional Lipschitz parameter

The parameter
A = esssup Lip(7y)
fesd-1

should be regarded as a one-dimensional regularity scale for the target marginals. It is not part
of the high-dimensional SPK geometry. Lemma 3.2 uses it only to turn the Fenchel gap into an
L? distance from the monotone graph.

In concrete situations A can often be bounded independently of the dimension. For instance,
suppose the source is the standard Gaussian and the target has density e with

VQW Z Oé[d

for some a > 0. By the Prékopa theorem, each one-dimensional marginal vy is again a-strongly
log-concave on R. Caffarelli’s contraction theorem [3, 12] in dimension one then implies that the
monotone map from N (0, 1) to vy satisfies

Lip(7g) < a~/? for every 6. (3.4)

Thus in the Gaussian-source case, uniformly log-concave targets have a universal projected
Lipschitz scale. In particular, if o > 1, all projected rearrangements are contractions.

There is also a direct one-dimensional density criterion. If py and gy are the densities of g
and vy, and the monotone map 7y is differentiable, then

/

_ po(s)
08 = ()

12



Hence a uniform lower bound on the target projected densities along the monotone image,
relative to the source projected densities, gives a bound for A. The uniform Lipschitz assumption
in Theorem 1.2 may therefore be replaced by any condition that gives the strong convexity of
the one-dimensional dual potentials required in Lemma 3.2. We keep the Lipschitz form because
it is simple and transparent.

4 Stability for Gaussian measures

Let 74 = N(0, I;) be the standard Gaussian and X ~ 4. Let A = AT and b € R, and set
T(x) = Ax +b.

For affine gradient maps the ridge defect can be computed exactly.

Proposition 4.1 (Exact Gaussian linear calculation). Let A = AT. Then

_ dTr(A%) — (Tr A)?

R, (Az +b) AT 2) (4.1)
Moreover,
;?bg / |Az + b — (Az + bo)|? dya(z) = Tr(A?) — (TI";)Q. (4.2)
Consequently,
Ry, (Az +b) = 712 %E |Ax +b— (\x + bo)HQLQ(W). (4.3)

Proof. Fix 6 € S%~! and decompose
X=20+Y, Z=0-X~N(0,1), Y ~N0,I;—0®0),
with Z and Y independent. Then
0-T(X)=26TA0+6TAY 46 -b.

Thus
Var(d - T(X) | 6- X) = E[(0T AY)?] = |A0> — (§T A6)%.
Using

/ A0 do(f) = DA)
§d—1 d

and the fourth-moment formula

~ (TrA)? 4+ 2Tr(A?)
/S d_l(e)TAe)2 do(8) = Oy ,

which is the degree-two instance of the standard spherical moment/Funk—Hecke computation
recalled in Appendix A. We obtain (4.1). The optimal translation in (4.2) is by = b, and the
optimal scalar is A = Tr(A)/d. This gives (4.2) and (4.3). O

Remark 4.2. The spherical averages in Proposition 4.1 are the n = 2 case of the tensor calculation
in Appendix A. Equivalently, this is the decomposition of a symmetric matrix into its scalar
trace and trace-free irreducible parts under the action of O(d).
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4.1 SPK for standard Gaussian

Let Tan., be the tangent space at 74. We give the proof in some detail because this is the main
positive model case of the paper.

We use probabilists’ Hermite polynomials, Wick tensors, and the Wiener—It6 chaos decompo-
sition; these standard conventions may be found, for example, in Janson’s account of Gaussian
Hilbert spaces [17] or Nualart’s text on Malliavin calculus [28]. If A, € Sym"(RY), write

Un () = (A, :2®™:)
for the corresponding element of the n-th homogeneous Wiener chaos. Then
IVl = nont 1 An]?. (4.4)
For each 6 € S9! let Py denote conditional expectation with respect to 6 - X.
Lemma 4.3 (Projection of one Gaussian chaos). Let ¥, = (A, : X®"™:) withn > 1. Then
Py(0 - Vb)) =n (A : 0°™) H,—1(0 - X), (4.5)

where H,_1 is the one-dimensional probabilists’ Hermite polynomial. Consequently,

120 Fn) () =t (A 2 02 (16)
Proof. The directional component of the gradient is

0V, =n{Au0,-,...,), :XZ07D)
where A, (6,-,...,-) denotes contraction of one tensor index against 6. The conditional expecta-

tion of a Wick monomial onto the one-dimensional Gaussian variable Z = 6 - X is its orthogonal
projection onto the chaos generated by Z:

E[:X®"V:| 7] = H,—1(2) 9%V,
Contracting with A, (0,-,...,-) gives (4.5). Since
1Hn-1(Z)I[7> = (n = 1)L,

we obtain
| Py(0 - Voo )|13 = n?(An : 09™)2(n — 1) = nn! (4, : 6°™)%

Lemma 4.4 (Chaos contribution to the ridge defect). For 1, = (A, : X®":),

1 n
L W= PO F0lRag da(®) =t [G1AE = [ (Aus ooy dote)] . )
Sd—1 d—1
Proof. First,
9 1 9 _nn! 9
L 10 liacy o) = 31960, = "4l

by (4.4) and the normalization of . Second, conditional expectation is an orthogonal projection,
SO

17 = Po)(O - V)15 = 110 Vb5 = [ Po(6 - Vi) 5.
Integrating in # and using Lemma 4.3 gives (4.7). O

The next theorem is Theorem 1.4.
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Theorem 4.5 (Gaussian sliced Poincaré-Korn inequality). For every u € Tan,,,

d(d+2)
=1 Rl (4.8)

Proof. We first assume v = V¢ with 1 a polynomial. Write its homogeneous Wiener-chaos
expansion

diSt%z(,yd) (U7 Ad) <

P = Z Un, 1 € the n-th chaos.

n>0
Then

u=7 Vi,

n>1

and these vector fields are mutually orthogonal in L?(vy4;R?). For fixed 6, the conditional
expectation Py preserves homogeneous chaoses, because it is the orthogonal projection onto the
closed subspace generated by the one-dimensional Gaussian variable 6 - X. Hence the quantities

(I = Fy)(0 - Vipn)

are orthogonal in L?(vy,) for different n. Therefore

Rosla) =3 [ 1= Pa)(®- V)3 do), (19)
n>1 sa-t
Let ¢, = (Ap,: X®":). Lemma 4.4 gives the contribution of the n-th chaos. The rigid modes
are exactly the following: n = 1 gives constant vector fields b, and the scalar trace part of n = 2
gives fields Az. These modes span Ay and contribute zero to the ridge defect. All other chaos
components are orthogonal to Ay.
For the non-rigid components, Lemma 4.6 yields

3
Ap 1092 do(0) < ——— || Anl?
[, (4052 40(0) < s A,
with the sharper value 2/[d(d + 2)] on the trace-free part of n = 2. Inserting this into (4.7) gives,
for every non-rigid component,

1 3

L W= 2@ 90 d00) = (5 - gy ) notlAul

By (4.4), this is
S d—1 V|2
= m” Unllz2(yy)-

Summing over the orthogonal complement of the rigid modes and using (4.9), we obtain

d—1 . 5
R'Yd (U) > m dlStLQ(,Yd) (U, Ad)

For a general u € Tan,,, choose polynomial gradients u; converging to u in L?*(v4). The
distance to the finite-dimensional closed space Ay is continuous in L?. The ridge defect is lower
semicontinuous, since for each 6 it is the squared distance of @ - u to a closed subspace of L?(7q),
and then one integrates in #. Passing to the limit gives (4.8). O

Lemma 4.6 (Spherical tensor estimate). Let A be a symmetric n-tensor on R?. If either n > 3,
orn =2 and A is trace-free, then

3
A:09™)?2 do(0) < ————— || A%
a0y o) < Al
Forn =2 and Tr A = 0 one has the sharper identity
2
TA 2 — A 2 .
[ 0740 do(0) = 2 Al

15



Proof. The trace-free n = 2 identity is the usual fourth-moment formula on the sphere. The
general estimate is a standard finite-dimensional Funk—Hecke, or equivalently representation-
theoretic, calculation for symmetric tensors; see Appendix A and the references therein for the
normalization. The appendix shows that the eigenvalues of the operator

A (A: 696%™ do ()
Sd—1
on the irreducible trace components of Sym"™(R%) are bounded by 3/[d(d 4 2)] except for the
scalar trace component in degree n = 2, which corresponds exactly to the rigid field x — Azx.
This proves the lemma. O

Remark 4.7 (Sharpness of the Gaussian SPK constant). Proposition 4.1 shows that on trace-free
linear gradient fields the exact ratio is 1/(d + 2). The lower bound in Theorem 4.5 is weaker for
d > 2 because higher Hermite modes may have a smaller spectral gap. We have not optimized
the full Gaussian spectral gap in this paper.

The relative gap between the two coefficients is the factor (d — 1)/d, which tends to 1 as
d — oo but is strictly less than 1 for every finite d > 2. This discrepancy originates from the
higher Wiener chaos modes (n > 3): in Lemma 4.6 we used the uniform estimate 3/[d(d + 2)] for
all n > 3, which is not sharp for every individual degree. Some higher-order trace components
may have a smaller spherical projection energy, and the infimum in the SPK constant is dictated
by the worst spectral gap across all non-rigid modes. Consequently, the optimal global constant
kspk (7aq) lies strictly between (d — 1)/[d(d 4 2)] and 1/(d + 2), and its exact value remains an
open problem.

4.2 Stability for standard Gaussian

Corollary 4.8 (Gaussian stability). Let T'= Ve € Tan,, be the optimal transport map from
Y4 to v. Let 1y be the monotone transport map from (vq)e to vy, and suppose

A = esssup Lip(1p) < 0.
0

Then
d(d+2)

fat2
dlSth(’yd)(T’ Ad) < d—1

AD(vq,v).

Proof. For each 0, (3.3) gives

/ |0-T(x)— T9(0 - a:)|2 dya(z) < Age(T).

Since h = 7y is admissible in the definition of R, (T),

Rou(T) <A [ u(T) do(6) = AD ().
Theorem 4.5 completes the proof. O

4.3 Isotropic Gaussian measures
Proposition 4.9 (Isotropic Gaussian measures). Let
Va0 1= N(a,c%Iy), aeRY o5>0.

Then
d—1

> —
KSPK (Ya,o) > e
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Equivalently, the normalized sliced Poincaré—Korn constant satisfies
d—1

> —

—d+2

Consequently, the same quantitative stability estimate holds as in the standard Gaussian case.

FsPK (Ya,0) = d ksPK (Va,0)

Proof. The case a = 0 and o = 1 is exactly the Gaussian sliced Poincaré—Korn inequality proved
in Theorem 4.5. We reduce the general spherical case to the standard one.
Let X ~ v40,. Write
X=a+o0Z, Z ~ 7q.

For a gradient field u = V.1 € L*(Ya0; R%), define
v(z) = ula+ o2).

Then v is also a gradient field with respect to the z-variable, since

1
v(z) =V, <U¢(a + az)) .
For every § € S 1,
0-X=0-a+00-Z.

Thus conditioning on 6 - X is equivalent to conditioning on 6 - Z. Hence

R'Ya,o‘ (u> = R’Yd (U) .
Moreover,
diSt%g (Ya.o) (’LL, Ad) = diSt%Q(,yd) (’U, Ad)

Indeed,
Ma+o0z)+b=(Ao)z+ (Aa+b),
and as A € R and b € R? vary, the pair
o = Mo, 8=Xa+b
runs over all & € R and § € R%.
Applying Theorem 4.5 to v under 4, we obtain
d—1
R’Yd (U) Z m dlSt%Z(’Yd) (’U, Ad)
Using the two identities above gives
d—1 . 5
Raer ) 2 gy Btinen 1 Ad)

Therefore translations and scalar dilations do not change the sliced Poincaré—Korn constant, and

(Yos) > d—1
K _—.
SPK(Ya,0) = d(d+2)
For the Wasserstein stability estimate, if
S(z) = T(a+ 02) —a7
o
then
diSt%Z(’Ya,g) (T, Ad) = 0'2 diSt%2(’yd) (S, Ad),
and
D(’Ya,aa T#’Yap) = 0-2,D(’de S#’Yd) .

Thus the stability constant is unchanged. O
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5 More examples

5.1 Perturbations of the Gaussian

Proposition 5.1 (Bounded Gaussian perturbations). Assume
dy = pdyg, 0<m<p< M <oo.

Then
m d—1

> — .
— Md(d+2)
Consequently, for Brenier maps T : pp — v with T' € Tan,, and satisfying ess supg Lip(1g) < A,

KspK (1)

M d(d+2)

fot2
dlStLQ(#)(T, Ad) < m d—1 AD(/,L, l/).

Proof. For every direction and every ridge function h(6 - x),

/|9-u—h(0-x)|2 duZm/w-u—h(G-x)]Q dyg.
Taking the infimum over h and integrating in 6 gives
Ry(u) = mRo, ().
On the other hand,
distig(u) (u, Ag) < Mdist%Q(W)(u, Ag).

The Gaussian sliced Poincaré—Korn inequality gives the claim. O

5.2 Fixed measures and compact classes

The next criterion is useful when one wants a rigorous stability theorem for a fixed source
measure, without claiming a dimension-free constant.

Proposition 5.2 (Compactness criterion). Let u = pL? on a connected open set Q with u()) =1,
and assume that p is locally bounded below on €. Let C C Tany, be a class of gradient fields such
that

{u—ay:uecC}

is relatively compact in L?(u;R%), where a, € Aq is a nearest point to u in Aq. Then there
exists k(p,C) > 0 such that

1
K (1, C)

Proof. Suppose not. Then there is a sequence u,, € C with

distig(u) (u, Ag) < Ru(u) Yu € C.

diStLQ(u)(Un,Ad) =1, Ru(un) — 0.

Subtract nearest affine fields and write v,, = u,, — a,,. By compactness, a subsequence converges
in L2(11) to some v. Since the class of distributional gradients is closed under L?(1) convergence
under the local lower bound on p, the limit v is again a distributional gradient on 2. The ridge
defect is continuous on L?(u; R%): for each 6 it is the squared distance of #-u to a closed subspace
of L?(u), and these distances are dominated by |u|>. Hence R, (v) = 0 and dist(v,Aq) = 1.
Lemma 3.1 gives v € Ay, a contradiction. O
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Remark 5.3 (Natural compact classes). This is not a uniform geometric estimate. It is a
compactness device for fixed measures and a priori compact families of fields. Several natural
classes fit this framework.

First, if Q is bounded and the density of p is bounded above and below on €2, then any
class bounded in W1P(Q; ]Rd) with p > d, after subtracting nearest elements of Ay, is relatively
compact in L?(y) by Morrey-Rellich compactness. A similar statement holds for W*?2 classes
with s > 0 on bounded domains, with the usual compact embedding.

Second, on unbounded domains with confining tails, one may combine local compactness
with a uniform tail estimate. For example, a class of gradient fields with uniform local Lipschitz
bounds and a uniform quadratic growth bound is precompact in L?() whenever the measure
has sufficiently strong tails, after fixing the affine normalization. This is the form relevant for
regularized Brenier maps on strongly log-concave backgrounds.

Third, heat or Ornstein—Uhlenbeck regularization gives compact classes at positive time in
many confining settings. If P; is a Markov semigroup whose generator has compact resolvent
on L?(u), then P; maps bounded subsets of L?(y) into relatively compact subsets for every
t > 0. For the Gaussian measure this is immediate from the Hermite expansion of the Ornstein—
Uhlenbeck semigroup: the multiplier e~ tends to zero on the n-th chaos. Thus families such as
{VP.f:|fllzz= <1, t >ty > 0} satisfy the compactness assumption.

Finally, finite-dimensional ansatz classes, for instance fields supported on finitely many
Hermite modes or finitely many basis functions, also satisfy the hypothesis. In all these examples
the constant x(u,C) is non-explicit and depends on the chosen class.

5.3 An anisotropic Gaussian counterexample

We now prove Proposition 1.5. Let

x2 e 2 0
‘/2(531,362):?—1—?2, VQVE:<0 1>>I.

Thus the Bakrnymery curvature lower bound is uniform. The Poincaré constant is also
uniformly bounded by 1.
Consider the gradient field

u(z, x2) = (2, 21) = V(2122).

Since Eu = 0 and
E[X - u(X)] = 2E[X; X5] =0,

this field is orthogonal to Ay in L?(u.). Therefore
diSt%z(ME)(U,A2> = / Jul? dpe = 1+ €2, (5.1)
Let 6 = (cost,sint). Then
0-X =cost Xy +sint Xo, 0-u(X)=-cost Xo+sint X;.

For jointly Gaussian variables,

Cov(Y, Z)?

Var(Y | Z) = Var(Y) — Var(Z)
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A direct calculation gives

2 cos?(2t)

Var(0-u(X) | 0-X) = . 5.2
ax (6 u(X) | ) 2 cos?t + sin? ¢ (52)
Hence
1 7™ g%cos?(2t)
R = — dt 5.3
pe (1) 2w Jo e2cos?t +sin’t (5:3)
1 2m 2
c dt = e. (5.4)

=27 Jo e2cos?t+sin?t
Together with (5.1), this gives

Ry (u) <_ ¢
dist%z(us)(u,/lg) -1+ 52

— 0.

Thus kspk (pe) — 0.

The preceding SPK degeneration produces an actual stability counterexample. The com-
putation is completely explicit because all projected marginals are one-dimensional Gaussians.
Let

SZG’ é) Ts(x) = (I + 65).

For |0] < 1, the matrix I + 0.5 is positive definite, so

Ts =V <;|:c|2 + 5:51302)
is a Brenier map. Let v, 5 = (T5)4pe. Then

Ts(x) — x = du(z), dist%z(ﬂs)(T(s,Ag) = 52(1 + £2).
Fix 6 = (cost,sint) and put
Z=0-X, Y =0 u(X), X ~ .
Set
a=VarZ =e*cos’t +sin’t, c¢=Cov(Z,Y) = (1+4¢%)sintcost, q= Var(Y | Z).

Then the variance of § - T5(X) = Z + Y is

bs = a+ 20c + 6> VarY.

Since the Wasserstein distance between centered one-dimensional Gaussians of variances a and
bs is (v/bs — v/a)?, the directional deficit is

99(6) = 62 VarY — (v/bs — Va)?. (5.5)
Because a > 2 > 0, Taylor expansion in § is uniform in ¢ for each fixed . From (5.5),
2

. go(d) R
%ILI(IJ 52 = VarY - = Var(Y | Z).

The last quantity is exactly the integrand in (5.2). Dominated convergence therefore gives the

exact second variation D )
. He;sVes)
lim ———== =Ry (u). (5.6)
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Consequently, for every fixed € and all sufficiently small 4,
D(pte, ve 5) < 26°R,. (u) < 26%.

It follows that L
dlSth(uE)(Tg,.Ag) . 1+ e2
D(pe, Ve s ) T 2%
Moreover, if 6 = o(g), the projected one-dimensional Gaussian maps have Lipschitz constants
uniformly bounded. Indeed, their Lipschitz factors are \/bs/a, and the lower bound a > &2
gives bs/a = 1+ O(5/¢) + O(62/&?) uniformly in t. Thus the obstruction persists even when the
one-dimensional scale parameter A is kept bounded.
Therefore no stability theorem of the form

dist*(T, Ag) < CD(p,v)

can hold with C' depending only on a Bakrny/)mery lower curvature bound or on a usual Poincaré
constant.

Remark 5.4 (Further directions). The counterexample above leaves two natural problems.
First, one may seek positive SPK estimates under isotropic log-concavity assumptions, possibly
using stochastic localization or leaf-decomposition methods. Second, the sharp Gaussian sliced
Poincaré—Korn constant remains open beyond the exact affine calculation in Proposition 4.1.

A The spherical tensor estimate

We give the finite-dimensional computation used in Lemma 4.6. This is a standard representation-
theoretic calculation: symmetric tensors are decomposed into irreducible trace components, and
every O(d)-invariant quadratic form is diagonal on these components by Schur’s lemma. In
the language of tensor spherical harmonics, Higuchi’s treatment of symmetric trace-free tensor
spherical harmonics on spheres [15] gives a closely related systematic account; the classical
diagonalization framework for spherical functions on Grassmann manifolds is represented by
James-Constantine [16]. Let Sym”(R?) be the space of symmetric n-tensors with the Hilbert—
Schmidt inner product. For A € Sym™(RY) define

Qn(A) := / (A:6°™)? do(h).
Sd—1
The quadratic form @, is invariant under the orthogonal group O(d). The standard irreducible
decomposition of symmetric tensors is

[n/2]
Symn(Rd) = @ 1% © Hn—2j, (A1)
=0

where H,, denotes the trace-free symmetric m-tensors, equivalently harmonic homogeneous
polynomials of degree m, and ® is normalized so that

(IO H): 0" =H:6°™  (m=mn—2j, |6 =1).
By Schur’s lemma, @, is diagonal on (A.1). If
A=I%60H, HecMn  n=m+2j,
then a direct contraction calculation gives the eigenvalue

Qn(4) @ _ _ (m+2))'T(d/2)

(A.2)

|42 = ma = o T + o+ d/2)
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We recall the two ingredients in this calculation. First, for H € H,,,

om _ mIN(d/2)
/Sdl(Hﬁ@ )2 da(@)_mHHHz. (A.3)

Second, with the above normalization of I®7 ® H,

m! 2% 51T (m + j + d/2)

I@j@H 2 _ .
| | (m+2j)!T(m +d/2)

1. (A.4)

Dividing (A.3) by (A.4) gives (A.2).
The rigid scalar mode in degree two is (m, j) = (0, 1); its eigenvalue is 1/d. The trace-free
quadratic mode is (m, j) = (2,0), and
Y P
20 d(d +2)

For n > 3, the maximum of (A.2) over all trace components is

3
d(d+2)

Indeed, the value 3/[d(d + 2)] is attained for (m,j) = (1,1) in degree 3 and for (m,j) = (0,2) in
degree 4, and the elementary ratio comparison

d
M) (m+2)+2)(m+2) + 1)
I AG+D)(m+]+d/2)

combined with the explicit j = 0 values shows that all remaining components are no larger.

Consequently,
3

Q) < g 1P

for every n > 3, and for n = 2 on the trace-free subspace. This proves Lemma 4.6.

B Grassmannian projection moments

In this appendix we give the detailed computation used in Lemma 2.6. The argument is a
standard invariant-theoretic computation on the real Grassmannian: the quadratic form is
diagonalized by the irreducible decomposition of symmetric two-tensors under the orthogonal
group, and the remaining scalar is fixed by evaluating one trace-free test matrix; see, for instance,
James—Constantine [16] for the classical spherical-function framework on Grassmannians.

Let Gg be the Grassmannian of k-dimensional linear subspaces of R?, equipped with its
O(d)-invariant probability measure 7q . For E € Gg, let P denote the orthogonal projection
onto E. For a symmetric d X d matrix M, set

QM) = /G |PeM(I — Pp)|3s dmai(E).

Step 1: invariant reduction. For every R € O(d), one has Prg = RPgR". Since myy is
O(d)-invariant, it follows that
Q(RMR') = Q(M).
Thus @ is an O(d)-invariant quadratic form on the space Sy of real symmetric d x d matrices.
Moreover,

Q(al)=0
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for every o € R, because Pg(I — Pg) = 0. Writing
SY:={MeS;: TrM =0},
we have the O(d)-orthogonal decomposition
Sq= Sy ®RI.

Since () vanishes on the scalar summand, it remains to understand its restriction to Sg.

The O(d)-representation SS is irreducible. By Schur’s lemma, or equivalently by the unique-
ness of the O(d)-invariant inner product on this irreducible representation, the polarization of
Q| 50 must be a scalar multiple of the Hilbert—Schmidt inner product. Therefore there exists a
constant C(d, k) > 0 such that

™M _|?

1

mMﬁ%MwWM— for all M € Sy (B.1)

HS

Since 1 < k < d — 1, the constant computed below is positive. Consequently, if Q(M) = 0, then
M is a scalar matrix.

Step 2: evaluation of the constant. We evaluate (B.1) at the normalized trace-free matrix

1
M:—f@@%ﬂmﬂ)

NG
Then Tr My = 0 and || Mo||?g = 1, hence

C(d, k) = Q(My).
Write P = (pab)g,b:r Since Pr = Pg = Pﬁ%, we have
|PEMo(I — Pg)|fig = Tr(PpMg Pg) — Tr(PpMoPpMoPg).

Using the fact that My has only the diagonal entries 1/v/2 and —1/1/2, this gives

1
HPEMO(I - PE)H%IS = 5(]711 _p%I + P22 — p§2) +p%2' (B-Q)

We now compute the required moments. First, by invariance,

k
/ Py dmp(B) = =1,
Ga,k

and therefore "

/ Pii dT('d,k(E) = g (BS)
Ga,k

For the second moments, O(d)-invariance implies that there are constants A4y and Bg such
that

/ PabPed ATk (E) = AgrbapOed + Bak (8acObd + daddbe) - (B.4)
G,k
The two constants are determined by the identities

TrPp =k,  Tr(P:)=TrPg=k

Indeed, summing (B.4) over a,c with b = a, d = ¢, we get

k2 = /(TI‘ PE)2 d7Td7k(E) = dZAd,k + 2dBd,k.
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Similarly, summing (B.4) over a,b with ¢ = a, d = b, we get
k:/ﬁﬂP@de@D:¢@$+ﬂd+DBM.

Solving these two equations yields

(A A K+ Dk —2)
T dd—1D(d+2) T dd—-1)(d+2)

Consequently,

+

2

pi; dmak(E) = Agr +2Bar = ———==,
Z%k d(d+ 2)

and, for ¢ # j,
k(d—k)
2 d EY=Bjy=——"—"—. B.6
/Gd,kpm Tak(E) = Bak dd—1Dd+ ) (B.6)

Inserting (B.3), (B.5), and (B.6) into (B.2), we obtain

1 [k kk+2) k(d— )
C(d’k)‘2'2<d_ d(d+2)) T dd—1)d+2)

k(d — k) k(d — k)

dd+2) " d(d—1)(d+2)
_ k(d—k)
C(d—-1)(d+2)

Therefore

k(d — k) 2

(d—1)(d+2)

Tr M

I
d

| 1M = Pl dmaa () = HM -
Ga,k

HS

This proves Lemma 2.6.
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