Polynomial diagrams for microstructure modelling

David P. Bourne!

Mazwell Institute for Mathematical Sciences and Department of Mathematics,
Heriot-Watt University, Edinburgh, EH14 4AS, UK

Maciej Buze?

MARS: Mathematics for AI in Real-world Systems, School of Mathematical Sciences,
Lancaster University, Lancaster, LA1 JYF, UK

Thomas Gallouét?

Université Paris-Saclay, CNRS, Inria, ParMA Team,
Laboratoire de Mathématiques d’Orsay, 91405 Orsay, France

Quentin Mérigot*
Université Paris-Saclay, CNRS, Inria,
Laboratoire de Mathématiques d’Orsay, 91405 Orsay, France
DMA, Ecole normale supérieure, Université PSL, CNRS, 75005 Paris, France

May 20, 2026

Abstract

We formulate a framework of polynomial diagrams, which are a generalisation of power
diagrams (PDs) and anisotropic power diagrams (APDs) allowing for boundaries between
cells to be algebraic curves of a prescribed degree. We show that they arise naturally from
rephrasing PDs (APDs) as first-degree (second-degree) instances of linear parametrised
minimisation diagrams. We also develop an efficient GPU-accelerated framework for fit-
ting polynomial diagrams to image data using Legendre polynomials and by maximising a
regularised concave objective function adapted from classical logistic regression literature.
A largely self-contained analysis of the optimisation algorithm is also provided, including
identification of scale and gauge invariances and the limiting objective function as the
regularisation parameter vanishes. We apply the algorithm to fit polynomial diagrams to
electron backscatter diffraction images of steel.

1 Introduction

The modelling of polycrystalline materials is a central challenge in materials science and is
of high relevance to industrial applications. The macroscopic response of a metal is strongly
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mediated by its grain structure: grain boundaries obstruct slip and promote strain hetero-
geneity, while grain size, morphology, and crystallographic texture enter directly into classical
strength and hardening laws and into modern microstructure-sensitive constitutive modelling
[24), 134 [45].

Experimental microstructure data is commonly obtained from electron backscatter diffrac-
tion (EBSD) measurements, and complementary datasets arise as discretised outputs of grain-
growth, crystal-plasticity and FEM simulations [8 36, 45]. In all cases the data is inherently
discrete, given as pixels/voxels on a set {2 approximating an ambient domain . It can then
be post-processed, e.g., using the open-source software MTEX [I1], resulting in a grain map
G: Q — [N] (where [N] := {1,...,N}), which is a partition of € into N grains, where
G(z) = k if the point = belongs to grain k.

For analysis, storage, and fast geometric queries it is advantageous to replace a pixel/voxel
level segmentation by a compact parametric representation whose induced cells approximate
the observed grains. Classical choices include Voronoi diagrams [10], power diagrams [22] 33,
43, 21, (14l 28, 15], and, more recently, anisotropic power diagrams [22 29, [33] [43], which
remain a topic of active research [7, [3], 47, [48] 50} B9, [5, [4, 26] — see also [27] for recent work
on extending these approaches to account for crystallographic orientation of grains and [41]
on fast computation of Apollonius diagrams on a GPU. These diagrams have geometrically
interpretable parameters, but their expressive power is limited when experimental boundaries
depart from the assumed algebraic class.

In this work we formulate a common framework for such representations termed parametrised
minimisation diagrams (PMDs): given a set of functions {f,..., fn} defined on the ambient
space €, each point x € € is arg-min assigned, that is, assigned to the index attaining the
minimum of {f;(7)};c(n). We focus on the parametrised case

fi(z) = h(0i,z), h:REXxQ-R

and on fitting @ = (01,...,0y) € RE*N 5o that the resulting arg-min assignment matches a
given grain map G as much as possible.

Directly maximising pixel/voxel accuracy is, in general, a non-smooth nonlinear program-
ming problem in 6. This was solved using stochastic optimisation in [49]. For the case of
APDs, it was recently shown that this is a high-dimensional linear programming problem [5].
To obtain a smooth, concave maximisation problem we use the well-known e-scale soft as-
signment based on a log-sum-exp normalisation, leading to the standard multinomial logistic
regression problem [I7, 25 B7]. See [39] for a recent use of similar ideas in the context of
microstructure modelling, where the problem is formulated as a non-convex logistic regression
problem (see Remark . For a recent survey of algorithms for fitting (anisotropic) power
diagrams to image data, see [6]. The problem of fitting diagrams to incomplete data, where
the full grain map G is not available and only the volumes and centroids of the grains are
known, is studied for example in [40, 43 [16], [13].

A foundational observation for the present work is that for the linear class

he,(z) = 6; - n(x), where n: Q — R¥ is some design function,

the resulting objective function is strictly concave after removing a natural gauge invariance
(common shifts of all §;). This yields a numerically robust optimisation problem even at large
scale, and it allows us to analyse the behaviour of optimisers and near-optimisers, including
the e-scaling, the sharp ¢ — 0 limit, and the classical non-attainment phenomenon under



perfect reconstruction (typically referred to as linear separation in the logistic regression
literature [2, [46]).

To increase expressivity while preserving concavity, we extend the design function 7 be-
yond the standard low-degree cases. Power diagrams and anisotropic power diagrams are
recovered as degree one and two polynomial diagrams, and we propose a general polynomial
diagram framework with the design function 7 containing all polynomial terms up to a degree
d. In particular, we advocate rescaling to [—1,1]? and using a Legendre product basis, which
spans the same polynomial space but typically improves the conditioning of the design matriz
n(Q) € REXI®. We solve the resulting optimisation problem on a GPU using our Python
library PYAPD [I8| [I]. We report numerical experiments on (i) synthetic data generated by
power /anisotropic power diagrams and (ii) EBSD-derived grain maps of steel, illustrating the
practical accuracy—complexity trade-off as the polynomial degree increases.

Outline of the paper. In Section [2] we introduce the general framework of parametrised
minimisation diagrams, formulate the fitting problem, and explain why the linear parametri-
sation class yields a concave multinomial logistic objective; standard power diagrams and
anisotropic power diagrams are recovered in Section as first- and second-degree in-
stances of this framework. In Section [3| we define polynomial diagrams of arbitrary degree,
first in a monomial basis and then in a Legendre basis, and discuss their relation to the clas-
sical cases; see in particular Section Section 4] contains a largely self-contained analysis
of the optimisation problem for linear PMDs, including the gradient and Hessian formulas,
strict concavity after gauge fixing, the role of the e-parameter, the ¢ — 0 limit, and the
existence/non-existence of maximisers depending on whether perfect reconstruction is pos-
sible. In Section [5| we present GPU-based numerical experiments, first on synthetic power
and anisotropic power diagram data (Section and then on EBSD grain maps of steel
(Section , followed by a discussion of degree selection, initialisation, recovery of physi-
cally meaningful parameters, and the practical role of ¢ in Section Finally, Section [f]
summarises the main findings and outlines several directions for future work.
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2 Parametrised minimisation diagrams

2.1 Setting and notation

We consider an ambient space Q C R?. To simplify the presentation, we take d = 2 and

Q:=[-1,1)%



although our results are not limited to two dimensions. We take a discretisation of Q given

by a set of pixels
1 1 1
Q=¢ (-1, -)+—= [k —=, ko— =
{( ’ )+7H'<1 9’ 2 2>

where M € Ny is the pixel resolution parameter and [2M] := {1,...,2M}. To be precise,
the points in ) are the centres of pixels, but we refer to them as pixels for brevity. Overall
we have |Q] = (2M)? = 4M? pixels. More generally, one may replace 2 by any finite set of
sample points in €, for instance an unstructured pixel list.

A grain map is an assignment map G: 2 — [N], where N > 1, which induces a tessellation
of Q into N clusters, each given by G; := G~1({i}). We assume that G is given.

A minimisation diagram generated by a function f = (f1,..., fn): Q@ — R is a tessella-
tion of Q into N cells:

ki € [QM]},

Li= {x eﬁ‘ fi@) < fi(@) Vi <i, fiz) < fi(@) V) > z} (1)

That is, ties are broken by assigning z to the smallest index attaining the minimum. In
particular,

QZUL“ LZHLJ:(D for i # j.
i
We restrict our attention to parametrised minimisation diagrams (PMDs), namely
fi() = h(6;,), h:RExQ R, (short-hand notation h(6;,-) = hg,(-)).  (2)

Thus 0; € R is a set of parameters defining f; and 8 = (61,...,0y) € REXN is the overall
set of parameters determining the diagram.

Remark 2.1 (Bold font and subscript convention). We reserve bold font for highest level
collections of objects such as the collection f = (f1,...,fn) of functions generating a min-
imisation diagram or a collection of parameters @ = (1,...,0x). Depending on context a
generic constituent function will be referred to as either f or f; and a generic constituent
parameter vector as 0 or ;. Lower level ordering for vectors 6, 6; € RX will be separated by
a comma, leading to notation ¢;; € R and 6 ; € R. The same convention applies to pixels
Q= {mr1,..., 20}, with z; ; € [~1,1] and the notation for a generic point x = (v 1,2 2) € Q,
or standard parameters defining (anisotropic) power diagrams (see Section .

The PMD-induced grain map is

Fg: Q — [N], Fp(x):= argminhy, ().
1€[N]

If the minimiser is not unique, we select the smallest index (c.f., ) and such diagrams are
referred to as ambiguous. An important special case is a fully ambiguous diagram, which
arises when hg, () = hg, (x) for all 4, j € [N] and all z € Q.

The characteristic function of the ith cell L; is given by

(pe)i: @ —{0,1},  (pe)i(x) := d(i, Fa(x)), (3)



where 0 is the Kronecker delta, so d(k,j) = 1 if k = j and zero otherwise. For £ > 0, its
smeared-out counterpart is

ex -1 AT
09 8- 00, okt = LD i S e (<L) @

JE[N]

We can think of (pg)i(x) as being the probability that pixel x belongs to grain 7. If @ is such
that the resulting diagram is fully ambiguous, then (p§);(z) = % for alli € [N] and all z € Q.

In what follows, we will investigate several possible choices of parameterisation in and
discuss optimisation approaches so that the PMD-induced grain map Fy is as close to the
given grain map G as possible.

2.2 Optimisation approaches

For now assume that the parameterisation function h in is fixed. The most natural
measure of the discrepancy between G and Fy is to simply count the number of pixels being
assigned to correct grains, which gives the overall accuracy as

Acc®(0) = =) (po)c(x)(®) (5)

where (pg); is the characteristic function defined in (3). By construction, Acc®(8) € [0,1],
where 0 corresponds to a complete mismatch (no pixels assigned correctly) and 1 to perfect
reconstruction (all pixels assigned correctly). This leads to the optimisation problem

max Acc®(8). (6)

OERKXN

The mapping 6 ACCG(O) is typically discontinuous, which renders solving @ directly
tricky. One way to address this is to replace pg with its smeared-out counterpart pg defined
in , leading to

9£%§N Acct(0), Accf(0): ‘Q] xezg Po)G) (T (7)

The exponential function in the definition of pg can lead to numerical overflow in finite-
precision arithmetic when ¢ is small. A numerically stable counterpart of is the optimi-

sation problem
Z log ((Pg)c(x) (@) - (8)
€N

G
BeRNxN 2 (6), e
We recognise that this is the well-known multinomial logistic regression approach to clustering,
which is standard in the statistics and machine-learning literature [17), 25] 37].

The problem in is particularly nice when the objective function <I>€G is concave, as then
every local maximiser is also a global maximiser. This will be analysed in detail in Section
But first, in the next section, we will establish a broad class of PMDs for which the concavity
of the objective function ®¢ in can be guaranteed.



2.3 Linear parameterisation ensures concavity

Recall , fix some K € N, and suppose that h: R x O — R is an arbitrary parameteri-
sation giving rise to functions {hg, };c(n]. We first rewrite the objective function ®Y from

) w6 mrz( P (&) ~ Tog S5(0)) )

and we recall from that
1
S5(0) = 3 exp (~ 2, ().

It is a standard assertion relying on Jensen’s inequality [17, [12] that, for fixed ¢ > 0 and
x € Q, the function @ — —log Sg(x) is concave if § — —h(f, z) is convex. But in this case

(=t )~ g 550 (10

is a sum of a convex function and a concave function. A sufficient condition to ensure concavity
is thus that the mapping 6 — h(6, x) is linear, so of the form

h(0,x) =0 -n(x) (11)
where n: Q — RE is a design function, giving rise to the well-known notion of a design
matrizc:

n(Q) e RFL - (n(Q)yy = mi(wy), i€ [K], j € [0

This is exactly the well-known “feature map” approach in statistical learning: n(x) is the
feature (or basis) vector associated with input x, and n(Q2) is the corresponding design matriz
used in linear and generalised linear models; see, e.g., [25 B7]. Equivalently, n can be viewed
as an explicit embedding of the input space into a (possibly higher-dimensional) feature space,
in which the model is linear.

The fact that a linear parametrisation does indeed ensure concavity is well-known and
will be discussed in Proposition

2.3.1 Relation to standard diagrams

We will now show that two standard minimisation diagrams can be recovered as special cases
of the linear parametrisation class (11)) for specific choices of 7.

Power diagrams. The ith cell of the power diagram generated by the N seed points
y=1{y1,...,yn}, ¥ € R?, and weights w = {w1,...,wy}, w; € R, is given by

Li={z € Q| |z —yl® - wi < ||z -yl —wj, ¥j € [N]}.
After simplifying, this can be equivalently rewritten as a PMD with K = 3 and
ho,z) =0-n(x),  nlz)=(z1,221).
We also have a relation
0= (—2y1,—2y2 ¥ +y5—w)
and conversely

1 1
y’l = —5971’ y72 = —5972, w = 7(671)2 + 7(9,2)2 - 9,3~ (12)



Anisotropic power diagrams. The ith cell of the anisotropic power diagram generated
by the N seed points y = {y1,...,yn}, ¥ € R?, weights w = {w,...,wn}, w; € R, and
anisotropy matrices A = (Aq,...,An), A; a 2x2 symmetric positive definite matrix, is given
by
Li={z Q| |z —ul}, —w < llz—ylX, —w;, Vi€ [N}, |zlh:=2-A42.  (13)
Expanding ||z —y||3 —w =z - Az — 2(Ay) -z + (y - Ay — w) shows this is a PMD with K =6
and
h(0,z) =0 -n(x), n(x) = (x?l,x71x72,a:722,a?,1,x72, 1). (14)

We also have a relation
0 = (An, 2A12, Az, —2(A11y1 + A2y2), —2(A1ay1 + Axyo), v- Ay — w),

and conversely

9]_ l@g 1 _ 64 04 _ 64
A= 20 =AY =y -Ay—0 ATH M) —06. (15
(%92 9,3>’ T2 (%)’ TR <95 05) " (15)

For an arbitrary 8 € RS*N the corresponding anisotropy matrices A; may not be positive
definite. It turns out, however, that the constraint of positive definiteness can be enforced
while solving the unconstrained optimisation problem maxgcgsxy ®&(8); see Section

Remark 2.2 (Prior related work). A similar discussion on transforming the standard APD
description in terms of (w,y, A) from into a linear one based on and the substitution
was also considered in [5] in the context of formulating a linear programming problem to
solve the unregularised problem (6)). In [39] on the other hand, the authors do work with the
smeared-out characteristic function pg defined in , but using the standard APD description
in terms of (w,y, A). Furthermore, instead of ®¢, a binary cross-entropy objective function
is considered, which in our linear € description amounts to solving

max Q)?CE(G), @BCE . Z Z 10g pG Z 10g 1 — pg ( ))

i=1 \z€eG; z¢G;
(16)
This is a well-known “one-vs-all” approach to multi-class classification problems [44], which is
routinely used as an alternative to the multinomial logistic regression approach. While solving
has its advantages, with gradient information arguably richer, the big disadvantage is
that the loss of concavity is unavoidable. This follows from

(1~ ()0 = 1ot | 3 exp (=L (0)) | 1o | 3 exp (~h,0) |

JE[N]

which, similarly to the discussion following , is a difference of two convex functions.
Since the underlying problem is one of exclusive multi-class classification (each pixel belongs
to exactly one grain), a “one-vs-all” binary approach should probably be avoided, as (i) it



introduces no additional information (membership in one class automatically determines non-
membership in all others), (ii) the computational cost is much increased (the complement of
the set G; contains most pixels), and (iii) the concavity is lost. The computational cost issue
can be partially mitigated by employing batched stochastic optimisation techniques, as is
done in [39], but this of course makes the gradient information less rich.

Remark 2.3 (Voronoi, multiplicative Voronoi, and Apollonius diagrams are not linear).
Voronoi diagrams are the special case of power diagrams where w; = 0 for all 4. In this case,
we observe that while we can still write a Voronoi diagram as a PMD with

BO,) = 0-n(@), n@) = (@neal), 0= (~2y1,—2ys [yl
Voronoi diagrams are not linear because the parameter space is constrained by
03— 5(0% +6%) =0.
The same is true for multiplicatively weighted Voronoi diagrams, with cell formula
Li={z € Q | wille —yill* < wjllz —y;|I*, ¥j € [N]},

leading to an incomplete degree two monomial basis (a complete treatment of such polynomial
diagrams will be given Section ,

77<2)(ZL‘) = (113721, x,?Qa T, T2, 1)a 0= (w7 w, _2w2y,1a _2w2y,27 w2”y||2))

and with a nonlinear constraint
0% + 0% =40105.

Note that one typically also has the constraint 6;1 = 0;2 = w; > 0 for all 4. Similarly, an
Apollonius diagram, with cell formula
Li={z € Q| [z -yl —wi < [lz — y;ll —wy, Vj € [N]},

cannot be expressed as a linear parametrisation since the seed y; enters inside the norm and
squaring both sides of the inequality does not lead to a linear parametrisation either.

3 Polynomial diagrams

The linearisation of standard diagrams presented in Section shows that a power dia-
gram is a first degree diagram, since its design function includes all zeroth- and first-order
polynomial terms in (z1,x2). Likewise, an anisotropic power diagram is a second degree
diagram. In this section we propose a natural generalisation to a class of polynomial diagrams
of an arbitrary degree d > 0. Note that we avoid the term higher-order diagram, as this is a
well-known term for a different type of generalisation, such as higher-order Voronoi diagrams
[30, 10] and, e.g., their more recent extension to line segments [38].



3.1 Multi-index notation
For a = (a1, a0) € N2 and = = (71,7 2) € Q, write

la| := a1 + ag, @ = :vfyllrvf;?.
Fix d € Ny and define the set of multi-indices up to total degree d by

d+1)(d+2
Ag = {a GN(Q): la| < d}, Kq:=|Aq4 = ()2()

We fix once and for all an ordering of A4, (e.g. graded lexicographic), and implicitly identify
vectors in R¥¢ with multi-indices a € Ag.

3.2 Monomial basis

Define the degree d monomial design function
n@ . Q — R¥a, n'D(z) = (xa)aeAd'

A monomial degree d minimisation diagram is a polynomial diagram of the linear form
with n = 0@ ie.,

h(O,2) =09 V()= Y 0.2%  0ecRN (17)
acAy

For 6 = (61, ...,0y) € REaXN the induced grain map is

Fo(x) = arg min hg,(x),
1€[N]

with the same tie-breaking convention as in Section [2.1] and the corresponding cells are
Li— {x e ‘ ho, () < ho, (x) Vi <i, he,(x) < hg, () Vj > z} (18)
The associated design matrix is
nD(Q) e REIL (D))o =127, acAq je[O

A monomial basis approach is presented primarily as the most intuitive extension of first-
degree (power) and second-degree (anisotropic power) diagrams. For practical computations,
we instead work with Legendre polynomials, which we will discuss now.

3.3 Legendre basis

Since = [~1,1]? (and any other rectangular domain can be scaled to [—1, 1]?), it is natural
to replace monomials by (products of univariate) Legendre polynomials [51, Chapter 17].
Let {Pp, }m>0 denote the standard Legendre polynomials on [—1,1], normalised by Py = 1,
Py (t) =t and satisfying the three-term recurrence

(m~+1)Ppti(t) = 2m+ 1)t Py (t) — m Pp_1(1).



Legendre polynomials are orthogonal on [—1,1] with respect to uniform weight,

2

1
/_ Pult) Palt) it = 5=

This typically leads to the associated columns of the design matrix being less correlated,
improving conditioning of the design matrix and stability of gradient-based optimisation,
especially for larger d.

Define the Legendre product indexed by o = (a1, ag) € Ay as

Va(r) 1= Pa, (1) Pay (2 2).

Then the degree d Legendre design function is

d) = d
B BRI (@) = (o)) ey, = (Pon (0 Pa(2)) e

A Legendre degree d minimisation diagram is a polynomial diagram of the linear form

with n = nid), ie.,

WO,2) =0 0" (@)= Y 0o Pay(€1)Pay(zp), 0 €REW (19)
acAy

The induced grain map Fy and cells L; are defined as before. The associated design matrix is
n Q) e REIOL - P (@)ay = Py (250 oo aj2), o € Ad, € (10
Remark 3.1 (Consistency with standard cases). For d = 1, the monomial design gives
nW(@) = (21,22,1),
recovering the power-diagram linearisation. For d = 2, the monomial design gives
n(z)(x) = (x?l,x71x72,a;722,m71,x72, 1),

recovering (14). For the Legendre variant, note that Py = 1 and Py(t) = ¢, hence nil)(x)
spans the same linear feature space as the monomial case (up to re-ordering), while higher
d provide an alternative (often better conditioned) polynomial basis. Since both monomial
and Legendre bases span the same polynomial space Py(R?) (total degree < d), there exists
a unique and easily computable invertible matrix 74 ¢ RKe*Kd allowing us to conveniently
convert between them.

Remark 3.2 (Geometric interpretation of cell boundaries). For any ¢ # j, the interface
between cells L; and L; is contained in

{z€Q: hy(z)=hy,(2)} ={zeQ: (0; —0;) 1V () =0},
which is an algebraic curve of degree at most d (independent of the chosen basis).

Extensive numerical tests showcasing the fitting of Legendre polynomial diagrams to grain
maps will be presented in Section [pl Let us first, in the next section, provide a mathematical
analysis of optimising abstract linear PMDs. In particular, the motivation for using Legendre
polynomials is discussed in Remark

10



4 Analysis of optimising linear PMDs

Throughout this section we assume the linear parametrisation

he,(z) = 0; - n(z), x € Q, 1 €[N], (20)
with design function 7 : Q@ — R¥. For £ > 0 define the soft assignment

_ exp(—%hgi(q;))
Eévzl exp(—éhej (3’5))

and recall that the objective function is

26(0) = Klz‘ S log ((9h) oy (2)) < 0. (21)

e

We also recall the induced hard assignment map

Fp(x) := arg min hg, (),
1€[N]

with the same tie-breaking rule as in Section Finally, define the fraction of misassigned
pixels .
G —
Err™(0) : I
Note that by construction Err®(0) = 1 — Acc®() (defined in (F)).

We now present a short, self-contained analysis of the optimisation problem max <I>§, which
is equivalent to softmax (multinomial logistic) regression with log-sum-exp normalisation.
We do not claim novelty, as these results are standard in the statistics and machine-learning
literature [17), 25, 37], including the classical discussion of (non-)existence of maximisers under
separation, which to the best of our knowledge can be traced back to [2] [46].

We begin by showing that since the parametrisation is linear, the parameter ¢ > 0 can
always be absorbed into 6.

(reQ: Folx)# G(x)}).

Lemma 4.1 (¢ parameter scaling). For any ¢ > 0 and 8 € REXN | define 9 := 0/¢ (i.e.,
V; = 0;/c for alli). Then, for all x € Q,

Fy(z) = Fo(x),  (ppli(z) = (pp)i(z) i€ [N]
and in particular ®%(0) = & (9).
Proof. This follows by a direct computation. O
Next we turn to the so-called gauge invariance and fixing.

Lemma 4.2 (Gauge invariance). For any c € RE, define @ = (0},...,0%) by 0. :=0;+c for
all i. Then for all x €

Fo(x) = Fo(x),  (pgr)i(x) = (pp)i(x), @[N],

and hence ®(0") = ®E(0).

£

11



Proof. This follows by a direct computation. O

Remark 4.3 (Gauge fixing). We can factor out the gauge invariance by K independent linear
constraints removing the common-shift direction. The simplest one is to treat one of the cells
as the reference one and, e.g., fix Oy = 0.

Proposition 4.4 (Concavity of ®¢ and gradient and Hessian formulas). Fiz ¢ > 0. Under
, the objective function ®F in is concave. Moreover, for each i € [N],

G
Vo, 25(6) = erm > (dice) — @o)i()) (). (22)
Similarly, for i,k € [N], the (i, k)-block of the Hessian is

Vo, Vo, 28 (0) = EQIQ\ Z P9)i(@) (6 — (D) (2)) (n(x) @ n(x)), (23)

and the Hessian is negative semidefinite (with a null direction corresponding to the gauge shift

in Lemma .

Proof. Formulas and follow from a direct computation. The negative semidefinite-
ness of the Hessian follows from the proof of Proposition below. O

Proposition 4.5 (Strict concavity of ®%). Assume that the set {n(z) : x € Q} spans RX.
Then the nullspace of the Hessian consists only of vectors of the form v = (c,...,c) for
some ¢ € RE, and the function <I>€G 1s strictly concave on the orthogonal complement of this
nullspace.

£

Proof. To improve readability, set p;(x) := (pg)i(x), and for every € 2 denote by

P, = (p1($)7 s ,pN(LU))

the associated probability distribution. Let v = (v1,...,vx) be a block vector, where v; € RX.
The quadratic form associated with the Hessian matrix of ®%(8) is

2
TVQ(I)G(B = EQ‘Q’ Z sz (% <ZP1 Vi )))

zeQ | i=1

- 52\Q] Z\/arpm i v - n(x)),

where Varp, (-) denotes the variance with respect to the probability distribution P,. Since
the variance is non-negative, the quadratic form is non-positive, proving concavity of <I>5G.
The formula above shows that v belongs to the nullspace of the Hessian of <I)§ if and only
if for all =, the variance of i — v; - n(z) vanishes. Since the probabilities p;(z) > 0 are all
strictly positive, this implies that i — v; - n(z) is constant for all z. In particular, for each i
the vector v; — v; is orthogonal to n(x) for all x € Q. Since by assumption the vectors n(x),
x € ), span the entire space R¥, we get v; = vy for all i, which corresponds exactly to the
gauge shift invariance. O
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Remark 4.6 (Conditioning and choice of basis). The Hessian in is built from weighted
second-moment matrices of the form

> (9)i(x) n(x) @ (=),

z€Q

and the quadratic-form representation in the proof of Proposition [4.5] shows that their con-
ditioning directly influences the conditioning of the optimisation problem. This motivates
choosing a basis n for which these matrices are better conditioned and, in favourable cases,
close to diagonal. In particular, after rescaling the domain to [—1, 1]?, tensor-product Legen-
dre polynomials are a natural choice: in the continuum they are orthogonal with respect to the
uniform measure [51, Chapter 17], and on sufficiently regular discrete grids the corresponding
discrete Gram matrices are typically much better conditioned, and often closer to diagonal,
than those arising from the monomial basis [23]. Although the weights (pg):(x) mean that
the matrices above are not, in general, exactly diagonal in the Legendre basis, one still ex-
pects a substantial conditioning advantage over monomials whenever the induced discrete
measures are not too far from uniform. This is one of the motivations for the Legendre-based
parametrisation discussed in Section

Next we investigate what happens as ¢ — 0.

Proposition 4.7 (Uniform ¢ — 0 limit of the rescaled objective). Define £.(0) := —e % ().
Then for every 6 € REXN and every e > 0,

0 < E(0) — & (0) <elogN, (24)

where the limit functional is

=01 Z (hgg oy (@) — min o, (z )) > 0. (25)

JE[N]

In particular, & — & uniformly on REXN as ¢ — 0. Moreover, if perfect reconstruction of
the given grain map G is possible (i.e., if there exists O such that Fg(x) = G(x) for all x € Q),

then min & = 0.

Proof. For each x € Q, write a;(z) := —hg,(z). Then

elog Z et (@)/e
J
is the standard log-sum-exp smooth approximation of max; a;(z), with the sharp bounds (see,
e.g., [12])
maxaj(r) < elog Z e%(@)/e < max aj(z) +elog N.
J

J A
J

Substituting a;(z) = —hgj (x), rearranging, and averaging over z yields
)
elog eXp( + min hy () < elogN.
= 19 ;e;) Z oy s ()

Then follows immediately from the definitions of & and &. For perfect reconstruction,
one has hg,, (z) = minje(n) hy, (x) for all z € 2, and hence min& = 0, as claimed. O
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The final set of results concerns the question of (non-)existence of maximisers of ®¢, which
is known to depend on whether the diagram representation can perfectly recover the given
grain map G [2] [46].

Proposition 4.8 (Perfect reconstruction implies the supremum is not attained). Assume
that N > 1 and there exists 8° such that Exr®(0°) = 0 (so Fgo(x) = G(z) for all x € Q) and
G(z) is the strict minimiser of i — hgo(x) for all x € Q. Then, for any fized € > 0,

sup <I>€G(0) =0,
0

and the supremum is not attained (i.e., there is no mazimiser in RE*N  even after gauge
fizing).

Proof. Let 6 := t0°. For each z, since G(r) is a strict minimiser of hyo(z) among i € [N],

one has )
(pZt)G(x) (z) = ; — 1 ast — oo,

exp( hgo(a;)/e)
) ( p(—hep, <>/e>>

hence ®&(0") — 0. On the other hand, for any finite 8 and any z, one has (p§)g() () < 1
because N > 1, so ®¢(0) < 0 and thus the supremum cannot be attained. O

Lemma 4.9 (Pixel misassignment has a cost). Assume that N > 1. For any 0 and any
x €Q, if Fo(x) # G(x) then

and hence log ()G (x) (@) < —log2.

N =

(Pe)c(z) () <

Consequently,
d%(0) < —(log2) Err“(6). (26)

£

Proof. If Fg(x) # G(x), then

exp(—hog, (2)/2) 1
exp(—hgg, (x)/€) + exp(—hgy, , (x)/€) ~ 2

(Po)G(x)(T) <

as required. ]
The following is a direct consequence.

Corollary 4.10 (Near-optimality implies (near-)perfect reconstruction). For any § > 0,

0

20)> -0 — EnY@0) < g2

In particular, if 6 < 1?5‘2, then
¢ (0) > -0
implies Err®(8) = 0, i.e., Fg(x) = G(x) for all z € Q.

Note that this in particular implies that if a perfect reconstruction is possible, then any
approximately optimal @ achieves it.

14



Proposition 4.11 (Imperfect reconstruction case: existence of a maximiser). If there is no
0 such that Exr®(0) = 0 (which is equivalent to Fg(z) = G(z) for all z € Q), then ®¢
admits a maximiser (which is not unique due to the gauge invariance). Assume in addition
that the set {n(x) : = € Q} spans RX. Then ® has a unique maximiser on the subspace

{(c,...,c) : ¢ € RE}L. Consequently (I>§ also has a unique mazximiser on the gauge-fized
subspace {6 € REXN . g = 0}.
Proof. See [2,[46] and Proposition O

5 Numerical experiments

5.1 Implementation and computational setting

In all the experiments we optimise the multinomial logistic objective function ®¢ defined in
(21) under the linear parametrisation , using Legendre polynomial diagrams (Section
of degrees d € {1,...,7}. We use the gauge fixing from Remark by setting Oy = 0
throughout.

The implementation is part of the GPU-oriented library PYAPD [18, [I]. The evaluation
of ®¢ and its gradient uses a PYKEOPS backend [19], avoiding explicit formation of the full
cost matrix

(h(%(x))ie[N],er e RV,

whose (i,x)-entry is the cost of assigning pixel x to grain i. All runs were performed on
a single NVIDIA A100 GPU using double precision arithmetic. As discussed in [I§], for a
combination of N (number of grains), |2| (number of pixels) and d (degree of the diagram)
large enough, our implementation ensures near 100% utilisation of the GPU.

All data used and generated in the numerical experiments is available in a reproducible
manner on GitHub through our library, PyAPD [1].

5.2 Optimisation protocol

To showcase the robustness of the method, we first initialise at the fully ambiguous state
6(0) = 0, which implies that (Pg )i = 1/N. A second initialisation choice comes from the
heuristic guess from [50] — see Section for details.

We maximise ®¢ using the L-BFGS method [32]. In all cases we rely on the automatic
differentiation available in PYTORCH to compute derivatives. This is known to be faster than
using the explicit formulas from Proposition [18]. Reflecting the fact that ®¢ becomes
very flat near the optimum, we always run the optimisation for a fixed moderate number
of iterations, either 1000 or 2000, and fix the regularisation parameter to be ¢ = 1072. A
robust annealing schedule [52] of systematically decreasing € and a bespoke stopping criterion
will be considered in future work (see also the last paragraph of Section for a related
discussion).

5.3 Datasets and common discretisation

We always take Q = [—1,1]? with discretisation ), either as in Section or provided by
the EBSD dataset. A grain map G : Q — [N] is provided either synthetically (from a known
power diagram or anisotropic power diagram), with discretisation parameter M chosen as
suggested in [I8, Table 1], or from experimental EBSD data (pre-processing in MTEX [I1]).
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5.4 Reconstruction of (anisotropic) power diagrams

To show that the method works as expected, we first consider synthetic grain maps G gen-
erated by (A) a power diagram (PD) and (B)—(E) anisotropic power diagrams (APD) with
increasing anisotropy (elongation of the grains). These experiments are in the perfect recon-
struction regime: there exists 8* such that Fp«(x) = G(x) for all 2 € 2, hence sup ®% = 0 is
not attained (Proposition and we look for a near optimum achieving perfect reconstruc-
tion (Corollary [4.10). In practice, to counter the increasing cost of L-BFGS iterates as [|6)|
grows, we impose a fixed budget of 2000 iterations and accept a (negligibly) small value Err€.
The results are presented in Figure

5.5 Fitting to EBSD grain maps

To showcase the true strength of the proposed framework, we next fit Legendre polynomial
diagrams to EBSD-derived grain maps. In contrast to the synthetic setting of Section
the EBSD grain boundaries are not expected to lie exactly in the algebraic class induced by
a fixed degree d, so the problem only allows for imperfect reconstruction and a maximiser
exists (Proposition . We work with two EBSD datasets provided to us by our industrial
partner, Tata Steel Netherlands. The first, referred to as the small EBSD dataset, yields a
grain map G : Q — [N] with N = 245 grains and [Q| = 63,252 pixels. The second, referred
to as the big EBSD dataset, results in a grain map with N = 4686 and || = 1,033, 376 pixels.
The results are presented in Figure 2] and Figure

5.6 Discussion

We now report on several important aspects illuminated in our numerical experiments.

5.6.1 Degree d.

Increasing d increases the number of parameters per grain to Ky = W and permits

more complex algebraic interfaces (Remark . Empirically, the optimal value of the objec-
tive function <I>§ improves monotonically with d, while the reconstruction accuracy on EBSD
data improves up to a problem-dependent saturation degree. The improvement is mathemat-
ically obvious, since any lower-degree fit is an admissible higher-degree fit (with additional
parameters set to zero).

A simple quantity that helps assess the trade-off between model complexity and data size
is the compression ratio
K4N
310

Interpreting a labelled pixel set naively as storing, per pixel, two coordinates and one label,
a grain map requires 3|Q2| scalar values, whereas a fitted degree-d diagram is specified by
K 4N coefficients. This convention is also reasonable in practice for EBSD data, where grain
maps are often handled as unstructured pixel lists (for instance after removing small grains or
leaving unindexed regions as gaps), so that the pixel locations are stored explicitly together
with the grain labels. We report on the compression ratio for our EBSD experiments in
Table [l

Compr(d, N, |9|) =

(27)
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Compr degree d

1 2 3 4 5 6 7 8
data set
Small EBSD 0.39% | 0.77% | 1.29% | 1.94% | 2.71% | 3.62% | 4.65% | 5.81%
Big EBSD 0.45% | 0.91% | 1.51% | 2.27% | 3.17% | 4.23% | 5.44% | 6.80%

Table 1: The compression ratio for the small and big EBSD datasets when reconstructed
with a polynomial diagram of degree d for d € [§].

5.6.2 Moment-based heuristic initialisation for PDs and APDs.

For the cases d = 1 and d = 2, an alternative to the fully ambiguous initialisation 00 =0is
to use the well-known moment-based heuristic from [50], which was derived for the standard
description of power diagrams in terms of (w,y) and anisotropic power diagrams in terms of
(w,y,A) (c.f. Section [2.3.1)), rather than in terms of 6. For a given grain map G :  — [N],

it can be computed as follows. First we compute first moments (centroids)

, 1
Y = E x (28)
(€ et

and the (central) second-moment matrices

1
(Biu :

=Gl Yo @—ye(@ -y,  kile[2. (29)

zeG;

If B] is invertible, the anisotropy heuristic suggested in [50] is

and the weight heuristic is

v/detA’|G;
/ € 7,| ‘ (31)

Wi = |

(in the case of a PD, we take A] =1Id in (31)). Note that w/ is the ratio of the ‘area’ of the
grain G; divided by the area of the ellipse corresponding to B.. These heuristics give rise to
an initial guess (w',y’) for a PD and (w’,y’, A’) for an APD, which can then be converted
to the linear parameter representation @’ via the transformations in Section and also to
the Legendre basis as discussed in Remark

We advocate using this heuristic guess as an initialisation (even for d > 3 by setting higher
degree coefficients to zero), provided that ¢ is chosen small enough (see Section [5.6.4). The
benefit is clearly seen in Figure [3] where for d > 2 starting from the heuristic guess leads to
a much reduced error in pixel assignment.

5.6.3 Recovering a physically-relevant standard description.

When d € {1,2} we may optimise in the linear coefficient representation 8 = (61,...,0n)
(with a gauge fix O = 0), and then convert a posteriori to the standard geometric parameters
(w,y) (power diagrams) or (w,y,A) (anisotropic power diagrams) via equations and
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. One should keep in mind that this conversion is not canonical: by Lemma the
diagram depends only on the equivalence class @ ~ 0 + (c,...,c), since adding the same
c € RX shifts all scores by the same function x + ¢ - n(z) and hence does not change
the argmin. Consequently, the recovered physical parameters are defined only up to such a
common shift. Note that the diagram is also invariant under multiplicative rescaling, @ ~ \@,
for any A > 0, but this transformation does not leave the objective function @f invariant
(unless ¢ is also rescaled, see Lemma . This is discussed further in Section m

Recall that for d = 2 (APDs) the anisotropy matrices A; are positive definite. However,
after imposing the optimisation gauge 6y = 0, the matrix Ay = 0 is not positive definite,
even though the induced diagram {L;} (defined in (18))) is perfectly meaningful. Similarly,
maximising ®¢ over all of ROV without gauge-fixing may lead to some A; that are not
positive definite. However, the gauge freedom can be used to enforce a physically-admissible
anisotropy (i.e., A; positive definite for all i) in post-processing. Indeed, in the monomial
basis the matrix A; is read off from the quadratic coefficients as follows:

A — <9z‘,1 59@2>
! 30i2 6,3
Adding to every 6; a vector ¢ € RS of the form ¢ = (c1,c2,¢3,0,0,0) amounts to replacing

every A; by A; + C, where C is the same symmetric matrix for all grains, while leaving the
diagram {L;} (defined in (18))) unchanged. Choosing C' = \I with

A > — min A\pin(Ay),
1€[N]

where Apin(A;) denotes the smallest eigenvalue of A;, ensures that A; + C' is positive definite
for all 4. One then recomputes (y;, w;) from using the shifted coefficients. In summary,
this procedure leaves the diagram {L;} unchanged while enforcing the constraint that the
anisotropy matrices are positive definite, even though we solve the unconstrained optimisation
problem max ®¢. This observation was made in [5]. If optimisation is carried out in a different
polynomial basis, e.g. Legendre, the same procedure applies after converting 6 to the monomial
basis.

For d =1 (PDs), the same phenomenon appears in a simpler form: a common shift of the
linear coefficients corresponds to a common translation of all recovered seeds y; (and a cor-
responding adjustment of the weights), again without changing the diagram. This invariance
is well-known in the optimal transport literature; see, e.g., [35, Prop. 6].

5.6.4 Practical role of the regularisation parameter ¢.

Lemma shows that € can be absorbed into a rescaling of parameters:
o8 (60) = 0¢(6/2),
and hence (assuming a maximiser exists) maximisers satisfy
0c argmaxq)lG = e0c argmax‘bf.
Separately, the induced hard assignment satisfies:

F.o(x) = Fg(x) (e >0), and hence Err®(c0) = Err% ().
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Thus, for the exact problem in exact arithmetic, & carries no modelling content.

In computation, however, € has a pronounced effect on the optimisation trajectory. Em-
pirically, the heuristic initialisation 8(©) = @’ from Section may yield a good hard recon-
struction (small Err®(0’)) while the corresponding values hy () exhibit only weak separation
between the winning index and its competitors on substantial subsets of pixels. With e ~ 1
this typically leads to early L-BFGS iterates that substantially rearrange interfaces, and Err®
can increase markedly before decreasing again; in all the numerical experiments considered,
this transient deterioration effectively removes the advantage of the heuristic relative to the
fully ambiguous start 89 = 0.

By contrast, taking € < 1 makes the initial iterate behave more deterministically and we
observe a much more stable evolution of Err®, frequently with near-monotone decrease, albeit
sometimes with slower progress in ®¢ once the reconstruction is already good. Importantly,
this behaviour can be reproduced while keeping ¢ = 1 by rescaling the initial parameters:
since ®%(9) = ®§(0/¢), running at small ¢ from 6’ is equivalent (for the objective and
its derivatives) to running at e = 1 from the enlarged initialisation 8’/¢. Designing robust
annealing strategies based on this scaling (and stopping criteria aligned with ErrG) is an
algorithmic issue and will be pursued in future work.

6 Conclusions and outlook

We formulated a framework of parametrised minimisation diagrams (PMDs) and focused on
the linear class hg,(z) = 6; - n(x), for which the logistic regression objective function ®¢ is
concave, and strictly concave after gauge fixing. Standard power diagrams and anisotropic
power diagrams arise as low-degree instances of this framework, and polynomial diagrams
provide a systematic extension in which cell interfaces are algebraic curves of controlled degree,
which is the main novelty of this work in the context of microstructure modelling.

On the computational side, the concave objective function admits reliable large-scale opti-
misation. In the perfect reconstruction regime (synthetic PD/APD ground truth) the supre-
mum of <I>€G is not attained, but nevertheless near-optimal approximate maximisers yield a
perfect reconstruction (no misassigned pixels). In the imperfect reconstruction regime, typi-
cally arising when dealing with EBSD data, a maximiser exists, and increasing the polynomial
degree improves accuracy but with diminishing returns.

Several directions for further work appear natural. First, while degrees d > 3 empirically
fit complex experimental boundaries well, their geometric and physical interpretation is less
clear than for d = 1 (PD) and d = 2 (APD); understanding what classes of boundary regular-
ity and anisotropy are efficiently represented by higher-degree diagrams is an open question.
Second, the linear framework is not restricted to polynomial features: one may enrich the
design function 1 with additional basis functions (e.g., trigonometric or radial functions) to
capture oscillatory or multiscale boundaries, while preserving the concavity of ®¢. Finally,
incorporating a physically-motivated regularisation term in the objective function (e.g., pe-
nalising curvature or encouraging mild shape constraints on the cells, such as approximate
convexity or star-shapedness) could improve robustness on noisy EBSD segmentations and
facilitate the interpretation of fitted parameters.

Another possible perspective is to view the present fitting problem as a semi-discrete
inverse optimal transport problem. Indeed, in semi-discrete optimal transport, Laguerre cells
arise from transporting an absolutely continuous source measure to a discrete target measure

19



under a parametrised cost. In our setting, one may heuristically interpret the labelled pixels
as samples from such an optimal partition and the optimisation over PMD parameters as
learning, within a restricted parametrised class, both the effective cost and the induced target
masses from these samples. This is closely related in spirit to inverse optimal transport,
where one seeks to infer the ground cost from samples of an observed coupling or matching
[31, 20L @, [42]. Making this connection precise, and clarifying what may be gained from the
inverse-transport viewpoint both theoretically and computationally, would be an interesting
direction for future work.
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Figure 1: The reconstruction of (anisotropic) power diagrams as described in Section
Column 1: Ground truth. The given grain map G is generated by a power diagram (PD)
or anisotropic power diagram (APD), where G(x) = i if pixel z is in cell i. The colours
correspond to the assignment of pixels. Note that (B1)=(C1) is an APD with low anisotropy
and (D1)=(E1) is an APD with high anisotropy. Column 2: A power diagram (1st degree fit)
or anisotropic power diagram (2nd degree fit) is fitted to the grain map G by approximately
maximising @f with initial guess 0(®) = 0. Column 3: The misassignment error. The light
pink pixels are correctly assigned, the dark pixels are incorrectly assigned. Columns 4-6: The
same as columns 1-3 but with the initial guess 8(9) = @’ from Section In each case
e = 0.01, there are N = 50 cells and || = 19, 600 pixels, and the algorithm was run for 2000
iterations and took around 10-41 seconds.
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Figure 2: The fitting of polynomial diagrams to the small EBSD dataset as described in
Section Column 1: Ground truth. The given grain map G comes from an EBSD image
of steel, where G(z) = i if pixel x is in grain 7. The colours correspond to the assignment
of pixels. Column 2, row d: A polynomial diagram of degree d, for d € [7], is fitted to
the grain map G by approximately maximising @g with initial guess 8(©) = 0. Column
3: The misassignment error. The light pink pixels are correctly assigned, the dark pixels
are incorrectly assigned. Columns 4-6: The same as columns 1-3 but with the initial guess
0 = ¢’ from Section In each case e = 0.01, there are N = 245 grains and |Q| = 63,252
pixels, and the algorithm was run for 1000 iterations and took around 25-64 seconds (with
run time increasing with d). 2
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steel, where G(z) = i if pixel x is in grain 7. The colours correspond to the assignment of
pixels. Column 2, row d: A polynomial diagram of degree d, for d € [7], is fitted to the grain
map G by approximately maximising (I>§ with initial guess 8(°) = 0. Column 3: The misas-
signment error. The light pink pixels are correctly assigned, the dark pixels are incorrectly
assigned. Columns 4-6: The same as columns 1-3 but with the initial guess 8(®) = 8’ from

Section In each case € = 0.01, there are N = 4686 grains and |2 = 1,033,376 pixels,
and the algorithm was run for 1000 iterations and took around 4.5-16 minutes (with run time
increasing with d). 27
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