SCALAR CURVATURE BOUNDS FOR 3D CONTINUOUS METRICS
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ABSTRACT. We propose a notion of scalar curvature lower bounds in a three-dimensional Rie-
mannian manifold endowed with a ¥° metric based on the monotonicity of the Hawking mass
along the inverse mean curvature flow. We present a stability theorem for continuous Riemann-
ian metrics with nonnegative scalar curvature in such IMCF sense.
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1. INTRODUCTION AND MAIN RESULT

Under the inverse mean curvature flow, a family of hypersurfaces evolves with a speed inversely
proportional to their mean curvature. Its weak formulation involves the level sets of a locally
Lipschitz solution u to a boundary value problem. For a bounded domain E within a complete
noncompact Riemannian manifold (M, g), v must satisfy:

div (%) = |Vu| on M \E
u=20 on OF (IMCF)
u — 400 as d(z, E) — +oo.

Solutions to (IMCF') are understood in the nonstandard variational sense introduced and com-
prehensively developed by Huisken and Ilmanen [HIO1]. With the aim of proving the Riemannian
Penrose inequality, they show that, in topologically simple 3-manifolds with nonnegative scalar
curvature, the Hawking mass

my (%) = \/E <1 — % ZH2 da> (1.1)

is monotone nondecreasing. This note stems from observing that the converse holds:
in dimension 3, the monotonicity of the Hawking mass implies nonnegative scalar curvature.

Consequently, nonnegative scalar curvature can be characterized purely via the IMCF - a for-
mulation that makes sense even for merely continuous Riemannian metrics. In fact, one can
consistently say (see Theorem 3.1 and Definition 3.3) that a noncompact manifold endowed with
a continuous Riemannian metric admitting a weak solution to (IMCF') has nonnegative scalar
curvature (in the sense of IMCF) if, for all ¢ > 0, the following holds

321 <et/2 - 1) —/ 5 |Vl du > t <167r —/ T2 da> . (1.2)
{u<t} OF

Since a € metric is not enough to define the mean curvature classically, the mean curvature H
of the initial hypersurface JF is understood in the variational sense of Definition 2.6.

In this note, we present a definition of nonnegative scalar curvature in the IMCF sense and
give the main arguments for its ¢ stability.
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Theorem 1.1. Let M be a smooth, oriented, noncompact 3-manifold without boundary and with
Hy(M) ={0}. Let {g;}jen be a sequence of complete €°-Riemannian metrics on M and assume
that each (M, g;) satisfies a global Euclidean isoperimetric inequality (2.1) with a constant Ciso
independent of j and has nonnegative scalar curvature in the sense of IMCF. Let g; — g as
j — 00 in €2 (M). Then, (M,g) has nonnegative scalar curvature in the sense of IMCF as
well.

For sequences of smooth metrics, a %-stability result was first established using entirely
different techniques by Gromov [Grol4] (see also [Li20]), and refined through a completely
different Ricci flow argument by Bamler [Bam16]. Burkhardt-Guim [Burl9; Bur20] devised a
Ricci-flow related notion of scalar curvature bounds for ¥ metrics that she showed to be stable.

Defining and understanding scalar curvature bounds in a non-smooth setting may also be
of interest outside of Riemannian metric geometry. In fact, since nonnegative scalar curvature
arises when constraining the Dominant Energy Condition of a Lorentzian spacetime to an initial
Riemannian dataset, the ideas put forth here are naturally tied to the very active field of non-
smooth spacetime geometry, where ¢ regularity plays a crucial role (see the very recent works
[MRS26; BHS26] and references therein).

We point out that this note has a partly expository nature. We focus here on the core
geometric ideas and on the main steps of the proofs, deferring the many technical details to
[FGP] which will contain a comprehensive study of the IMCF for ¢° metrics. We emphasize
that Theorem 1.1 can be improved with a localized statement, thereby completely removing
the global topological and the isoperimetric assumptions on g;. The latter are, in fact, added
only to deal with the more familiar global IMCFs [Xu24]. The localization can be obtained by
replacing the global IMCF with a suitable local version, inspired by [Ant+26, Theorem 3.1] (see
also [Xu2ba] for a different approach in the smooth setting). Moreover, we decided to focus only
on nonnegative scalar curvature to have simpler statements and computations, but the extension
to more general lower bounds is easily achieved. All of these improvements will be part of a
future installment of this work.

Finally, we must mention the very recent developments by Mazurowski-Yao [MY26a; MY26b],
which recover and improve upon Gromov’s theorem [Grol4] in dimension 3 through harmonic
functions (see in this direction the very inspirational [AMO24]) and u-bubbles respectively. We
also highlight the work of Lee [Lee26], which strengthens the approach of Bamler [Bam16] to
recover the results of [MY26a] in all dimensions. We hope that working on and possibly unifying
the various perspectives currently arising in this context will lead to a deeper understanding of
scalar curvature bounds in low regularity.

The paper is organized as follows. Section 2 introduces the weak IMCF and the variational
mean curvature. Next, Theorem 2.4 establishes the existence of a weak IMCF from a finite
perimeter set with 2-dimensional boundary (see Definition 2.1) in a noncompact manifold M
endowed with a €°-Riemannian metric and satisfying a global Euclidean isoperimetric inequality.
In Section 3 we first show the equivalence between nonnegative scalar curvature and (1.2) in
Theorem 3.1, in order to introduce the definition of nonnegative scalar curvature in the sense of
IMCEF. Finally, we sketch the proof of Theorem 1.1.
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2. SETTING AND TOOLS

We consider M to be a smooth, oriented and noncompact 3-manifold without boundary.
When we say that a global Euclidean isoperimetric inequality holds in M, for some continuous
Riemannian metric g, we mean that there exists Cig, > 0 such that

0F|>? > Cigo| F| (2.1)

for any bounded F' C M.
When we write do and dy in the integrals, it is shorthand for dH? and dH?, respectively.
Given a finite perimeter set £, we denote by 0*FE its reduced boundary and by E! and E°
the measure theoretic interior and exterior respectively, i.e. the sets of points of density one and
zero, respectively.

2.1. Weak variational IMCF. We will work in M with a ¢°-Riemannian metric ¢; in this
section we isolate a weak notion of IMCF suitable for such a setting, which generalizes the
Lipschitz formulation given by [HIO1], and is strongly inspired by [MS13]. The following is the
class of initial data we are working with.

Definition 2.1 (2-dimensional boundaries). Let E be a finite perimeter set, we say that E has
2-dimensional boundary if

H2(OE \ 0*FE) = 0. (2.2)

Definition 2.2. Given a bounded open set £ C M with finite perimeter and 2-dimensional
boundary, we say that a nonnegative function u € BVio (M) N LS (M) is a proper weak

variational solution to the IMCF of E if, for every bounded set of finite perimeter K with
H? ((K'U9*K) \ E°) =0, v minimizes the functional

JE(v) = |Dv|(K' UO*K) +/ vd|Dul
K'Uuo*K
among all competitors v € BVio.(M) N LS (M) such that v = u a.e. outside K, subject to:
u =0 a.e. in F|
troggu = 0, (2.3)
{u < t} has a bounded representative for all ¢t > 0.
By trgpu = 0 we mean
lim |u|dp =0 for H*-a.e. p € OF.

P=0)B,(pNM\E
We set
E; =int{u <t} fort>0.

Under this definition, one can show, as in [HIO1], that for every ¢ > 0, the set E; is strictly
outward minimizing. In particular, Fg = E*, where E* is the strictly outward minimizing hull
of the initial set E' [FM22].

Remark 2.3. When u happens to be Lipschitz, it can be checked that the above notion coincides
with that of Huisken-Ilmanen [HIO1]. In particular, when the ambient metric is smooth and the
initial set F is C2, a proper weak variational solution to IMCF in the sense of Definition 2.2
is a Huisken-Ilmanen’s weak Lipschitz solution. Details on this will be included in [FGP]. The
first two conditions in (2.3) naturally replace the requirement that u vanishes on the boundary
of E in (IMCF), in such a way that E is prescribed to be the initial datum. Similarly, the last
condition ensures that the solution is proper, analogous to requiring that © — +oo at infinity.
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For the whole duration of the note, we will refer to a proper weak variational solution to IMCF
simply as weak IMCF, or weak solution to (IMCF).

The existence of a proper weak variational solution to the IMCF is ensured whenever the
ambient metric g satisfies a global isoperimetric inequality. The result holds regardless of the
dimension, but we state here in dimension 3 only. Although conceptually simple, the proof rests
on a number of rather technical steps. The full proof will be contained in [FGP].

Theorem 2.4. Let M be a smooth noncompact Riemannian 3-manifold with a global Fuclidean
isoperimetric inequality (2.1) and let g be a complete €°-Riemannian metric on M. Then, for
any given bounded open set E C M with finite perimeter and 2-dimensional boundary, there
exists a unique proper weak variational solution to the IMCF of E.

Sketch of the proof. To guide the reader, we divide the proof in steps.

Step 1: approximation. We first consider a sequence of smooth regularizing metrics g; such
that g; — g globally uniformly in ¢° [Burl5, Proposition 4.9]. The global uniformity in partic-
ular implies that there exists an isoperimetric constant Cis, common to all g;’s and g.

Then, F having 2-dimensional boundary allows us to apply [Sch15, Theorem 1.1] to find a
sequence E; of equibounded open sets with smooth boundary which converge to E as sets of
finite perimeter and satisfy 2 C E; for all j € N. . For each g;, we can apply [Xu24, Theorem
1.2] or [Ben+26] and obtain a proper, Lipschitz IMCF u; starting from Ej;.

Step 2: Lys -estimates. We first crucially observe that the u;’s naturally come with a uniform
bounded oscillation estimate. Indeed, by [BPP25, Theorem 2.8], we can realize u; as the local
uniform limit as p — 1% of v} = —(p — 1)log(w?), where w? is p-harmonic with respect to the
metric g;. Then, the Harnack inequality of [RSV97] applies to wﬁ-’ , translating into

W) < WB(y) + C

for any K € M \ E;, with Cx independent of j and p. The constant Cx can be checked to
depend on € quantities only. We thus get

uj(z) < uj(y) + Cr (2.4)

for any K € M \ E;, with Ck independent of j.

The validity of (2.4) implies that if the sequence u; were not locally uniformly bounded, the
level sets {u; < t}, for ¢ > 0 would collapse to E* as j — oo.

We first show that this cannot happen for an auxiliary IMCF built as follows. Let o € £, R > 0
small enough such that Bog(o) is a closed disk satisfying Bagr(o) C EL. Let § be a continuous
metric that coincides with g in M\ Bag(0) and with the flat metric § in Br(o). Let g; be uniform
smooth approximations of § that coincide with g; in M \ Bagr(0) and with § in Bg/y(0). If R is
small enough [Xu25b, Lemma 2.6.3] ensures that for p < R/4 Euclidean balls B, (o) are strictly
outward minimizing with positive mean curvature for all g;’s. In particular, the weak IMCFs
@i issuing from B g(0) are all smooth and given by u;(x) = f(|z|), for R/8 < |z < R/4, which
implies that {ii; <t} — Br/s(0) cannot happen. By construction of g;, the functions i; are ac-
tually g;-IMCEF outside E and they can be used as a barrier to obtain uniform Lj5 bounds on u;.

Step 3: BV -estimates and existence. Once uniform L{ -estimates on u; are available, the
weak formulation itself, together with the (locally) uniform convergence of the metrics, implies
BV-compactness for u;. Up to subsequence, we can take the limit u; — u and verify that u is
a proper weak variational solution to IMCF. To show the global properness of u, we crucially
use the fact that (M, g) has a global isoperimetric inequality. In fact, it follows from the global
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uniform convergence g; — g that a global Euclidean isoperimetric inequality holds on all (M, g;)
with isoperimetric constant independent of j, so one can use [Xu24, Theorem 4.1] to see that
the u; are uniformly proper and obtain that v must be proper as well.

Step 4: uniqueness. The uniqueness follows from a nontrivial generalization of [HIO1, Unique-
ness Theorem 2.2]. In the original proof, the continuity of two compared solutions u, v is required
to show that if u, v are constant on {u > v} CC M\ E, then {u > v} must be empty. To make up
for the lack of continuity, one can instead combine the coarea formula for BV functions together
with a local isoperimetric inequality to show that if |Du|({u > v}) = |Dv|({u > v}) = 0 then
[{u > v}| = 0. The rest of the proof can be carried out as in the original, taking into account
the technicalities introduced by the use of BV functions. U

Remark 2.5. The principle that the weak formulation of Definition 2.2 together with uniform
L7 -estimates implies BV-compactness is not new, although it has never been used in a ¢°
setting before. It was, in fact, used in the classical Euclidean setting [MS13; MS15] and the in
the anisotropic setting [CMS24], which serve as important inspirations for this part of the proof.
The attainment of v = 0 on JF in the trace sense is also inspired by these papers; we have
slightly improved in this direction by relaxing their assumption of Lipschitz initial boundary to
requiring (2.2) only.

On the other hand, the argument presented in Step 2 seems to be novel, and genuinely
motivated by the lack of both barriers at infinity and local curvature estimates in general %°-
regular metrics. In fact, in the aforementioned works, these estimates are derived using explicit
barrier functions that we cannot provide in our context. Where such barriers are not available,
as in nonflat Riemannian settings, local bounds on the Ricci curvature are employed [HIOL;
Xu24; Ben+26]. Again, this is of course harmless in any smooth ambient, but not available in
general € contexts.

2.2. Variational mean curvature.

Definition 2.6. We say that an open bounded set £ C M has continuous variational mean
curvature ¢ if there exist two bounded sets U; € E, Uy  E and ¢ € €°(M) such that E is a
minimizer of

o~ [ (2.5
among all competitors F' with finite perimeter satisfying Uy C F' C Us.

In a smooth ambient space, the class of €2 bounded sets coincides with that of sets with
continuous variational mean curvature.

Lemma 2.7. Let (M,g) be a smooth Riemannian manifold. Let E C M be an open bounded
set with €2 boundary. Then, there exist Uy € E, Uy  E and ¢ € €°(M) such that E is the
unique minimizer of

oF| ~ [ (2.6)

among all competitors F with finite perimeter satisfying Uy C F C Us. In particular, E has
continuous variational mean curvature .

Proof. Let U = {z € E|d(z,0E) > s} and U§ = {x € M \ E|d(z,0F) < s} and % = 9U} for
i = 1,2. Take 3 small enough so that for any 0 < s < 5 the sets ¥§ and 33 are ¢ hypersurfaces.

For z, € ¢, let H(z,) be the mean curvature of X7 at z,. Observe that the function H(x) is
continuous. Define ¢ € €°(M)NC>®(M \ JE) so that, for all 0 < s < 5 we have p(x,) > H(z)
if x5 € 37 and p(zs) < H(xy) if 25 € 5.
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By the direct method in the Calculus of Variations there exists a minimizer U} C E C Us
for (2.6) among competitors F satisfying Uf ¢ E C U5. We conclude by observing that the
maximum principle forces E=E. Namely, one can first invoke [Whil0, Theorem 5] to see that
OEN ¥f = ) for both i = 1,2. By classical regularity theorems (see e.g. [Z2Z20, Theorem 2.2| for
an account) we then deduce that OE < OF is smooth, since it is disjoint from the constraining
boundaries Xf. Finally, by the classical maximum principle OF N ¥ =0 for i = 1,2 and
0 < s <5, implying OE = OF , and concluding the proof. O

3. HAWKING MASS AND SCALAR CURVATURE BOUNDS

Let (M, g) be a smooth, complete, noncompact Riemannian 3-manifold without boundary and
consider a solution u of (IMCF) for (M, g) with E of class 2. Then, thanks to the existence
and regularity theory developed by Huisken and Ilmanen [HIO1], u is in fact Lipschitz and its
level sets are of class €1 N W?22. Such regularity suffices for the definition of the quantity

mp(t) = e2 (167r - /m H2 da) , (3.1)

where H is the weak mean curvature of OE;, that by the weak formulation of (IMCF) coincides
with |Vu| almost everywhere on OE; for almost every ¢t > 0. The quantity (3.1) coincides with
mz(0F;) defined in (1.1) up to a multiplicative constant. Indeed, the evolution equation for the
area yields |0F;| = e' |0E*|, where E* is the strictly outward minimizing hull of E.

Theorem 3.1. Let (M, g) be a smooth, complete, oriented, noncompact Riemannian 3-manifold
with Hy(M) = {0}. Assume that a global Euclidean isoperimetric inequality (2.1) holds. Then,
the following are equivalent:

(i) (M,g) has nonnegative scalar curvature;

(ii) for any bounded E C M with connected boundary and continuous variational mean cur-

vature, we have
T
/ mg(t)dt > T (167r —/ H? da> , (3.2)
0 oFE

where H is the weak (distributional) mean curvature of OF.

Remark 3.2. In the setting of condition (i), the regularity theory for prescribed mean curvature
sets implies that, if ¢ is a variational mean curvature for OF, then H = pjop.

Proof. (i) = (i71). Let E C M be a bounded set with connected boundary and continuous
variational mean curvature. By classical regularity theory, OF is of class € N W?P for any
0 <a<land 1l < p < +oo, with continuous distributional mean curvature H (see e.g.
(2720, Theorem 2.2] for an account). Geroch monotonicity for the weak IMCF [HIO1, Geroch
Monotonicity Formula 5.8] then yields mg(t) > mg(0) for any ¢ > 0. Notice that for this
we need the connectedness of the level sets, which is granted by the topological assumption
Hy(M) = {0}, see [BMOS8, Proposition 1] or [BFEM25, Proposition 2.5]. Since Ey = E* is the
strictly outward minimizing hull of F, we also have fan H? do < faE H? do (from, e.g. [HIOL,
(1.15)]), and so

mp(t) = mu(0) = (167r . /8

for any t > 0. Integrating over [0, T provides (3.2).

(15) = (i). Let p € M. We aim to show that Scal(p) > 0. For small enough radii R,
OBRr(p) ~ S? is smooth, strictly mean-convex and strictly outward minimizing (see [Xu25b,

H?2 da)
E
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Lemma 2.6.3]). Furthermore, by Lemma 2.7, Br(p) has continuous variational mean curvature.
Let then E = Ey = Bg(p) and take u weak a solution of (IMCF) with initial datum E. Observe
that the right hand side of (3.2) coincides in this case with mg(0). By [HIO1, Smooth Start
Lemma 2.4], u is smooth and nondegenerate up to dBpr, and in particular so is mg(t) for
t € [0,T], with T small enough. By (3.2), we have

JEmu(t)dt — Tmg(0)

. o2 2
0<21 = 0) = Scal + |h 2|Vopy logH|*d 3.3
<2 lim, T2 miy(0) = [ Seal+ b +2/Von, logH[*do (3.3

where h denotes the traceless second fundamental form of 0BpRr. The last equality is readily
obtained combining the evolution equation of the Willmore functional together with Gauss
equation and Gauss-Bonnet theorem - again, connectedness is crucial here (see [HI01], or [BF24,
Section 2.1] for a direct derivation). Then from the classical Taylor expansion of a Riemannian
metric in normal coordinates (see e.g. [SY94, (3.4)]), one can deduce that

sup |h|2 + |Vap, log H |> < CR2. (3.4)
OBRr

To see it, it suffices to recall that in geodesic polar coordinates around p we have that the
second fundamental form h satisfies 2h;; = 0,g;j, and exploit the aforementioned expansion
read in these coordinates. Then, combining (3.3) and (3.4) we conclude that

0< lim Scal + |h|? 4+ 2|V log H|? do = Scal(p),
R—0+ 9Br

as claimed. 0

Keeping in mind that H = |Vu| by the definition of (IMCF), through the coarea formula the
inequality (3.2) directly translates into

327 <et/2 — 1) — / ez |Vul dp > t (167r — / H? da> .
{u<t} OFE

Moreover, if OF has continuous, variational mean curvature ¢, the first variation formula yields
H = ¢. Thus, with the availability of the weak variational IMCF for ¢ metrics, and with the
characterization discussed in Theorem 3.1, we can propose the following notion of nonnegative
scalar curvature in the sense of IMCF.

Definition 3.3. Let M be a smooth, noncompact, oriented 3-manifold with Hy(M) = {0}, and
let g be a complete ¥°-Riemannian metric on M. Assume that a global Euclidean isoperimetric
inequality (2.1) holds in M. We say that (M, g) has nonnegative scalar curvature in the sense of
IMCF if, for any bounded £ C M with connected boundary and continuous variational mean
curvature ¢, we have that the solution u to the proper weak variational IMCF from F is of class

W3(M) and
32w (et/Q - 1) - / ez |[Vul du >t <167T - / ©? da) (3.5)
{u<t} B

loc
holds for all ¢ > 0.

3.1. Stability. Alongside Theorem 3.1, a fundamental test for the proposed notion of nonneg-
ative scalar curvature is its ¢ stability.

Sketch of the proof of Theorem 1.1. Consider E C M a bounded set with connected boundary
and continuous variational mean curvature . By slightly modifying ¢ outside OF, we can
assume that E is the unique minimizer of (2.5). Taking inspiration from [Grol4], one can con-
struct a sequence of bounded sets E; C M with connected boundary and continuous variational
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mean curvature ¢ with respect to g; such that {E;};en converges to E as finite perimeter sets.
The precise construction can be carried out through a perusal of [HI01, Lemma 6.2] adapted to
the varying ¢ metrics. Each E; is obtained by minimizing (2.5) with respect to g;; thanks to
the convergence of g;, the sets E; converge as finite perimeter sets to E, the unique minimizer
of (2.5) with respect to g. The variational nature of E; and E also allows us to promote the
convergence to Hausdorff convergence, so for j € N sufficiently large, U; € E; € Uz and thus
they have variational mean curvature ¢ with respect to g;. Moreover, the weak*-convergence
sz L OE; — H?*L OF [AFP00, Proposition 1.80] implies that

j—+oo

lim Q% dH; = / ©* dH>. (3.6)
an oF

Observe that the continuity of the prescribed mean curvature ¢ is crucially exploited here.
Furthermore, one can invoke the regularity theory presented in [AP99]: the Reifenberg-type
¢O“-regularity estimates on JF; are stable under ¢°-ambient metric limits. Therefore, OE;
and OF are homeomorphic for j large enough, and in particular 9F; is connected.

For every j € N, let u; be the unique proper weak variational solution to the IMCF of Ej,
which exists thanks to Theorem 2.4. Observe that the proof of this result gives uniform in j
BV N L*° estimates for u;, hence u; — w in BV N LP, for any 1 < p < +o00, where u can
be verified to be the unique proper weak variational solution to the IMCF of E in the sense
of Definition 2.2. Since (M, g;) has nonnegative scalar curvature in the sense of IMCF, (3.5)

holds for u;. We stress the fact that (3.5) itself yields a uniform bound on f{uj<t} |Vuj\3 dp;

because of (3.6). All these pieces of information combined result in u € I/Vlif (M) and in the
lower semicontinuity

Jj—+oo

/ e%‘vmg dp < lim inf/ €%|Vuj|3 dp;j. (3.7)
{u<t} {u; <t}

The proof is then completed by passing the condition (3.5) for g; to the limit as j — oo exploiting
(3.6) and (3.7). O

A direct corollary of Theorem 3.1 and Theorem 1.1 is an IMCF-proof of Gromov’s scalar
curvature ¢ -stability theorem in dimension 3, under additional global assumptions.

Corollary 3.4. Suppose that the g;’s are smooth metrics satisfying all the assumptions in The-
orem 1.1. Furthermore, suppose that the sequence of g;’s converges as j — oo in Cﬁgc(M) to
a smooth metric g. Then each (M, g;) and (M, g) have a nonnegative scalar curvature in the
classical sense.
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