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Abstract. We propose a notion of scalar curvature lower bounds in a three-dimensional Rie-
mannian manifold endowed with a C 0 metric based on the monotonicity of the Hawking mass
along the inverse mean curvature flow. We present a stability theorem for continuous Riemann-
ian metrics with nonnegative scalar curvature in such IMCF sense.
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1. Introduction and main result

Under the inverse mean curvature flow, a family of hypersurfaces evolves with a speed inversely
proportional to their mean curvature. Its weak formulation involves the level sets of a locally
Lipschitz solution u to a boundary value problem. For a bounded domain E within a complete
noncompact Riemannian manifold (M, g), u must satisfy:

div
(

∇u
|∇u|

)
= |∇u| on M ∖ E

u = 0 on ∂E
u → +∞ as d(x,E) → +∞.

(IMCF)

Solutions to (IMCF) are understood in the nonstandard variational sense introduced and com-
prehensively developed by Huisken and Ilmanen [HI01]. With the aim of proving the Riemannian
Penrose inequality, they show that, in topologically simple 3-manifolds with nonnegative scalar
curvature, the Hawking mass

mH(Σ) =

√
|Σ|
16π

(
1− 1

16π

ˆ
Σ
H2 dσ

)
(1.1)

is monotone nondecreasing. This note stems from observing that the converse holds:

in dimension 3, the monotonicity of the Hawking mass implies nonnegative scalar curvature.

Consequently, nonnegative scalar curvature can be characterized purely via the IMCF - a for-
mulation that makes sense even for merely continuous Riemannian metrics. In fact, one can
consistently say (see Theorem 3.1 and Definition 3.2) that a noncompact manifold endowed with
a continuous Riemannian metric admitting a weak solution to (IMCF) has nonnegative scalar
curvature (in the sense of IMCF) if, for all t ≥ 0, the following holds

32π
(
et/2 − 1

)
−
ˆ
{u≤t}

e
u
2 |∇u|3 dµ ≥ t

(
16π −

ˆ
∂E

H2 dσ

)
. (1.2)

Since a C 0 metric is not enough to define the mean curvature classically, the mean curvature H
of the initial hypersurface ∂E is understood in the variational sense of Definition 2.6.

In this note, we present a definition of nonnegative scalar curvature in the IMCF sense and
give the main arguments for its C 0 stability.
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Theorem 1.1. Let M be a smooth, oriented, noncompact 3-manifold without boundary and with
H2(M) = {0}. Let {gj}j∈N be a sequence of complete C 0-Riemannian metrics on M and assume
that each (M, gj) satisfies a global Euclidean isoperimetric inequality (2.1) with a constant Ciso

independent of j and has nonnegative scalar curvature in the sense of IMCF. Let gj → g as
j → ∞ in C 0

loc(M). Then, (M, g) has nonnegative scalar curvature in the sense of IMCF as
well.

To our knowledge, the theorem above is the first explicit scalar curvature stability result within
the class of C 0 metrics itself. For sequences of smooth metrics, however, a C 0-stability result
was first established using entirely different techniques by Gromov [Gro14] (see also [Li20]), and
refined through a Ricci flow argument by Bamler [Bam16] (see also [Bur19; Bur20]).

Defining and understanding scalar curvature bounds in a non-smooth setting may also be
of interest outside of Riemannian metric geometry. In fact, since nonnegative scalar curvature
arises when constraining the Dominant Energy Condition of a Lorentzian spacetime to an initial
Riemannian dataset, the ideas put forth here are naturally tied to the very active field of non-
smooth spacetime geometry, where C 0 regularity plays a crucial role (see the very recent works
[MRS26; BHS26] and references therein).

We point out that this note has a partly expository nature. We focus here on the core
geometric ideas and on the main steps of the proofs, deferring the many technical details to
[FGP] which will contain a comprehensive study of the IMCF for C 0 metrics. We emphasize
that Theorem 1.1 can be improved with a localized statement, thereby completely removing
the global topological and the isoperimetric assumptions on gj . The latter are, in fact, added
only to deal with the more familiar global IMCFs [Xu24]. Such an improvement is obtained by
replacing the global IMCF with a suitable local version, inspired by [Ant+24, Theorem 3.1] (see
also [Xu25a] for a different approach in the smooth setting). Moreover, we decided to focus only
on nonnegative scalar curvature to have simpler statements and computations, but the extension
to more general lower bounds is easily achieved. All of these improvements will be part of a
future installment of this work.

Finally, we must mention the very recent developments by Mazurowski-Yao [MY26a; MY26b],
which recover and improve upon Gromov’s theorem [Gro14] in dimension 3 through harmonic
functions and µ-bubbles respectively. We also highlight the work of Lee [Lee26], which strength-
ens the approach of Bamler [Bam16] to recover the results of [MY26a] in all dimensions. We
hope that working on and possibly unifying the various perspectives currently arising in this
context will lead to a deeper understanding of scalar curvature bounds in low regularity.

The paper is organized as follows. Section 2 introduces the weak IMCF and the variational
mean curvature. Next, Theorem 2.4 establishes the existence of a weak IMCF from a finite
perimeter set with 2-dimensional boundary (see Definition 2.1) in a noncompact manifold M
endowed with a C 0-Riemannian metric and satisfying a global Euclidean isoperimetric inequal-
ity. In Section 3 we first show the equivalence between nonnegative scalar curvature and (1.2)
in Theorem 3.1, in order to introduce the definition of nonnegative scalar curvature in the sense
of IMCF. Finally, we sketch the proof of Theorem 1.1.

Acknowledgments. The authors are grateful to Virginia Agostiniani, Luca Benatti, Camillo
Brena, Esther Cabezas-Rivas, Emanuele Caputo, Luca Gennaioli, Robert Haslhofer, Gerhard
Huisken, Lorenzo Mazzieri, Marco Pozzetta, Fabian Rupp, Felix Schulze, Peter Topping and Ivan
Y. Violo for their interest and very fruitful interactions. M.F. and G.G. are partially supported
by the Project “GIANTS” funded by INdAM. All authors are members of GNAMPA - INdAM
and partially supported by the project “ANGELS” funded by GNAMPA - INdAM.
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2. Setting and tools

We consider M to be a smooth, oriented and noncompact 3-manifold without boundary.
When we say that a global Euclidean isoperimetric inequality holds in M , for some continuous
Riemannian metric g, we mean that there exists Ciso > 0 such that

|∂F |3/2 ≥ Ciso|F | (2.1)

for any bounded F ⊂ M .
When we write dσ and dµ in the integrals, it is shorthand for dH2 and dH3, respectively.
Given a finite perimeter set E, we denote by ∂∗E its reduced boundary and by E1 and E0

the measure theoretic interior and exterior respectively, i.e. the sets of points of density one and
zero, respectively.

2.1. Weak variational IMCF. We will work in M with a C 0-Riemannian metric g; in this
section we isolate a weak notion of IMCF suitable for such a setting, which generalizes the
Lipschitz formulation given by [HI01], and is strongly inspired by [MS13]. The following is the
class of initial data we are working with.

Definition 2.1 (2-dimensional boundaries). Let E be a finite perimeter set, we say that E has
2-dimensional boundary if

H2(∂E \ ∂∗E) = 0. (2.2)

Definition 2.2. Given a bounded open set E ⊂ M with finite perimeter and 2-dimensional
boundary, we say that a nonnegative function u ∈ BVloc(M) ∩ L∞

loc(M) is a proper weak
variational solution to the IMCF of E if, for every bounded set of finite perimeter K with
H2

(
(K1 ∪ ∂∗K) \ E0

)
= 0, u minimizes the functional

JK
u (v) = |Dv|(K1 ∪ ∂∗K) +

ˆ
K1∪∂∗K

v d|Du|

among all competitors v ∈ BVloc(M) ∩ L∞
loc(M) such that v = u a.e. outside K, subject to: u = 0 a.e. in E,

tr∂Eu = 0,
{u < t} has a bounded representative for all t ≥ 0.

(2.3)

By tr∂Eu = 0 we mean

lim
ρ→0

−
ˆ
Bρ(p)∩M\E

|u| dµ = 0 for H2-a.e. p ∈ ∂E.

We set
Et = int{u ≤ t} for t ≥ 0.

Under this definition, one can show, as in [HI01], that for every t ≥ 0, the set Et is strictly
outward minimizing. In particular, E0 = E∗, where E∗ is the strictly outward minimizing hull
of the initial set E [FM22].

Remark 2.3. When u happens to be Lipschitz, it can be checked that the above notion coincides
with that of Huisken-Ilmanen [HI01]. In particular, when the ambient metric is smooth and the
initial set E is C2, a proper weak variational solution to IMCF in the sense of Definition 2.2
is a Huisken-Ilmanen’s weak Lipschitz solution. Details on this will be included in [FGP]. The
first two conditions in (2.3) naturally replace the requirement that u vanishes on the boundary
of E in (IMCF), in such a way that E is prescribed to be the initial datum. Similarly, the last
condition ensures that the solution is proper, analogous to requiring that u → +∞ at infinity.
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For the whole duration of the note, we will refer to a proper weak variational solution to IMCF
simply as weak IMCF, or weak solution to (IMCF).

The existence of a proper weak variational solution to the IMCF is ensured whenever the
ambient metric g satisfies a global isoperimetric inequality. The result holds regardless of the
dimension, but we state here in dimension 3 only. Although conceptually simple, the proof rests
on a number of rather technical steps. The full proof will be contained in [FGP].

Theorem 2.4. Let M be a smooth noncompact Riemannian 3-manifold with a global Euclidean
isoperimetric inequality (2.1) and let g be a complete C 0-Riemannian metric on M . Then, for
any given bounded open set E ⊂ M with finite perimeter and 2-dimensional boundary, there
exists a unique proper weak variational solution to the IMCF of E.

Sketch of the proof. To guide the reader, we divide the proof in steps.
Step 1: approximation. We first consider a sequence of smooth regularizing metrics gj such

that gj → g globally uniformly in C 0 [Bur15, Proposition 4.9]. The global uniformity in partic-
ular implies that there exists an isoperimetric constant Ciso common to all gj ’s and g.

Then, E having 2-dimensional boundary allows us to apply [Sch15, Theorem 1.1] to find a
sequence Ej of equibounded open sets with smooth boundary which converge to E as sets of
finite perimeter and satisfy E ⊂ Ej for all j ∈ N. . For each gj , we can apply [Xu24, Theorem
1.2] or [Ben+26] and obtain a proper, Lipschitz IMCF uj starting from Ej .

Step 2: L∞
loc-estimates. We first crucially observe that the uj ’s naturally come with a uniform

bounded oscillation estimate. Indeed, by [BPP25, Theorem 2.8], we can realize uj as the local
uniform limit as p → 1+ of upj = −(p − 1) log(wp

j ), where wp
j is p-harmonic with respect to the

metric gj . Then, the Harnack inequality of [RSV97] applies to wp
j , translating into

upj (x) ≤ upj (y) + CK

for any K ⋐ M \ Ej , with CK independent of j and p. The constant CK can be checked to
depend on C 0 quantities only. We thus get

uj(x) ≤ uj(y) + CK (2.4)

for any K ⋐ M \ Ej , with CK independent of j.
The validity of (2.4) implies that if the sequence uj were not locally uniformly bounded, the

level sets {uj < t}, for t > 0 would collapse to E∗ as j → ∞.
We first show that this cannot happen for an auxiliary IMCF built as follows. Let o ∈ E, R > 0

small enough such that B2R(o) is a closed disk satisfying B2R(o) ⊂ E1. Let g̃ be a continuous
metric that coincides with g in M \B2R(o) and with the flat metric δ in BR(o). Let g̃j be uniform
smooth approximations of g̃ that coincide with gj in M \B2R(o) and with δ in BR/2(o). If R is
small enough [Xu25b, Lemma 2.6.3] ensures that for ρ ≤ R/4 Euclidean balls Bρ(o) are strictly
outward minimizing with positive mean curvature for all g̃j ’s. In particular, the weak IMCFs
ũj issuing from BR/8(o) are all smooth and given by uj(x) = f(|x|), for R/8 ≤ |x| ≤ R/4, which
implies that {ũj < t} → BR/8(o) cannot happen. By construction of g̃j , the functions ũj are ac-
tually gj-IMCF outside E and they can be used as a barrier to obtain uniform L∞

loc bounds on uj .

Step 3: BV -estimates and existence. Once uniform L∞
loc-estimates on uj are available, the

weak formulation itself, together with the (locally) uniform convergence of the metrics, implies
BV -compactness for uj . Up to subsequence, we can take the limit uj → u and verify that u is
a proper weak variational solution to IMCF. To show the global properness of u, we crucially
use the fact that (M, g) has a global isoperimetric inequality. In fact, it follows from the global
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uniform convergence gj → g that a global Euclidean isoperimetric inequality holds on all (M, gj)
with isoperimetric constant independent of j, so one can use [Xu24, Theorem 4.1] to see that
the uj are uniformly proper and obtain that u must be proper as well.

Step 4: uniqueness. The uniqueness follows from a nontrivial generalization of [HI01, Unique-
ness Theorem 2.2]. In the original proof, the continuity of two compared solutions u, v is required
to show that if u, v are constant on {u > v} ⊂⊂ M \E, then {u > v} must be empty. To make up
for the lack of continuity, one can instead combine the coarea formula for BV functions together
with a local isoperimetric inequality to show that if |Du|({u > v}) = |Dv|({u > v}) = 0 then
|{u > v}| = 0. The rest of the proof can be carried out as in the original, taking into account
the technicalities introduced by the use of BV functions. □

Remark 2.5. The principle that the weak formulation of Definition 2.2 together with uniform
L∞
loc-estimates implies BV -compactness is not new, although it has never been used in a C 0

setting before. It was, in fact, used in the classical Euclidean setting [MS13; MS15] and the in
the anisotropic setting [CMS24], which serve as important inspirations for this part of the proof.
The attainment of u = 0 on ∂E in the trace sense is also inspired by these papers; we have
slightly improved in this direction by relaxing their assumption of Lipschitz initial boundary to
requiring (2.2) only.

On the other hand, the argument presented in Step 2 seems to be novel, and genuinely
motivated by the lack of both barriers at infinity and local curvature estimates in general C 0-
regular metrics. In fact, in the aforementioned works, these estimates are derived using explicit
barrier functions that we cannot provide in our context. Where such barriers are not available,
as in nonflat Riemannian settings, local bounds on the Ricci curvature are employed [HI01;
Xu24; Ben+26]. Again, this is of course harmless in any smooth ambient, but not available in
general C 0 contexts.

2.2. Variational mean curvature.

Definition 2.6. We say that an open bounded set E ⊂ M has continuous variational mean
curvature φ if there exist two bounded sets U1 ⋐ E, U2 ⋑ E and φ ∈ C 0(M) such that E is a
minimizer of

|∂F | −
ˆ
F
φ dµ (2.5)

among all competitors F with finite perimeter satisfying U1 ⊂ F ⊂ U2.

In a smooth ambient space, the class of C 2 bounded sets coincides with that of sets with
continuous variational mean curvature.

Lemma 2.7. Let (M, g) be a smooth Riemannian manifold. Let E ⊂ M be an open bounded
set with C 2 boundary. Then, there exist U1 ⋐ E, U2 ⋑ E and φ ∈ C 0(M) such that E is the
unique minimizer of

|∂F | −
ˆ
F
φ dµ (2.6)

among all competitors F with finite perimeter satisfying U1 ⊂ F ⊂ U2. In particular, E has
continuous variational mean curvature φ.

Proof. Let U s
1 = {x ∈ E | d(x, ∂E) > s} and U s

2 = {x ∈ M \E | d(x, ∂E) < s} and Σs
i = ∂U s

i for
i = 1, 2. Take s small enough so that for any 0 ≤ s ≤ s the sets Σs

1 and Σs
2 are C 2 hypersurfaces.

For xs ∈ Σs
i , let H(xs) be the mean curvature of Σs

i at xs. Define φ ∈ C 0(M) so that, for all
0 < s ≤ s we have φ(xs) > H(xs) if xs ∈ Σs

1 and φ(xs) < H(xs) if xs ∈ Σs
2.
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By the direct method in the Calculus of Variations there exists a minimizer U s
1 ⊂ Ẽ ⊂ U s

2

for (2.6) among competitors F satisfying U s
1 ⊂ Ẽ ⊂ U s

2 . We conclude by observing that the

maximum principle forces Ẽ = E. Namely, one first can invoke [Whi10, Theorem 5] to see that

∂Ẽ ∩Σs
i = ∅ for both i = 1, 2. By classical regularity theorems [Zhu21, Proposition 2.1] we also

get that ∂Ẽ is C 2. Finally, by the classical maximum principle ∂Ẽ ∩ Σs
i = ∅ for i = 1, 2 and

0 < s < s, implying ∂Ẽ = ∂E, and concluding the proof. □

3. Hawking mass and scalar curvature bounds

Let (M, g) be a smooth, complete, noncompact Riemannian 3-manifold without boundary and
consider a solution u of (IMCF) for (M, g) with E of class C 2. Then, thanks to the existence
and regularity theory developed by Huisken and Ilmanen [HI01], u is in fact Lipschitz and its
level sets are of class C 1,α ∩W 2,2. Such regularity suffices for the definition of the quantity

mH(t) = e
t
2

(
16π −

ˆ
∂Et

H2 dσ

)
, (3.1)

where H is the (weak) mean curvature of ∂Et, that by the weak formulation of (IMCF) coincides
with |∇u| almost everywhere on ∂Et for almost every t > 0. The quantity (3.1) coincides with
mH(∂Et) defined in (1.1) up to a multiplicative constant. Indeed, the evolution equation for the
area yields |∂Et| = et |∂E∗|, where E∗ is the strictly outward minimizing hull of E.

Theorem 3.1. Let (M, g) be a smooth, complete, oriented, noncompact Riemannian 3-manifold
with H2(M) = {0}. Assume that a global Euclidean isoperimetric inequality (2.1) holds. Then,
the following are equivalent:

(i) (M, g) has nonnegative scalar curvature;
(ii) for any bounded E ⊂ M with connected boundary and continuous variational mean cur-

vature, we have ˆ T

0
mH(t) dt ≥ T

(
16π −

ˆ
∂E

H2 dσ

)
. (3.2)

Proof. (i) ⇒ (ii). Let E ⊂ M be a bounded set with connected boundary and continuous
variational mean curvature. By classical regularity theory, ∂E is of class C 2 (see e.g. [Zhu21,
Proposition 2.1]). Geroch monotonicity for the IMCF [HI01, Geroch Monotonicity Formula 5.8]
yields mH(t) ≥ mH(0) for any t ≥ 0. Notice that for this we need the connectedness of the level
sets, which is granted by the topological assumption H2(M) = {0}, see [BM08, Proposition 1]
or [BFM25, Proposition 2.5]. Since E0 = E∗ is the strictly outward minimizing hull of E, we
also have

´
∂E0

H2 dσ ≤
´
∂E H2 dσ (from, e.g. [HI01, (1.15)]), and so

mH(t) ≥ mH(0) ≥
(
16π −

ˆ
∂E

H2 dσ

)
for any t ≥ 0. Integrating over [0, T ] provides (3.2).

(ii) ⇒ (i). Let p ∈ M . We aim to show that Scal(p) ≥ 0. For small enough radii R,
∂BR(p) ≈ S2 is smooth, strictly mean-convex and strictly outward minimizing (see [Xu25b,
Lemma 2.6.3]). Furthermore, by Lemma 2.7, BR(p) has continuous variational mean curvature.
Let then E = E0 = BR(p) and take u weak a solution of (IMCF) with initial datum E. Observe
that the right hand side of (3.2) coincides in this case with mH(0). By [HI01, Smooth Start
Lemma 2.4], u is smooth and nondegenerate up to ∂BR, and in particular so is mH(t) for
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t ∈ [0, T ], with T small enough. By (3.2), we have

0 ≤ 2 lim
T→0+

´ T
0 mH(t) dt− TmH(0)

T 2
= m′

H(0) =

ˆ
∂BR

Scal +
∣∣̊h∣∣2 + 2|∇∂BR

log H|2 dσ (3.3)

where h̊ denotes the traceless second fundamental form of ∂BR. The last equality is readily
obtained combining the evolution equation of the Willmore functional together with Gauss
equation and Gauss-Bonnet theorem - again, connectedness is crucial here (see [HI01], or [BF24,
Section 2.1] for a direct derivation). Then from the classical Taylor expansion of a Riemannian
metric in normal coordinates (see e.g. [SY94, (3.4)]), one can deduce that

sup
∂BR

|̊h|2 + |∇∂BR
log H |2 ≤ CR2. (3.4)

To see it, it suffices to recall that in geodesic polar coordinates around p we have that the
second fundamental form h satisfies 2 hij = ∂rgij , and exploit the aforementioned expansion
read in these coordinates. Then, combining (3.3) and (3.4) we conclude that

0 ≤ lim
R→0+

−
ˆ
∂BR

Scal + |̊h|2 + 2|∇ log H |2 dσ = Scal(p),

as claimed. □

Keeping in mind that H = |∇u| by the definition of (IMCF), through the coarea formula the
inequality (3.2) directly translates into

32π
(
et/2 − 1

)
−
ˆ
{u≤t}

e
u
2 |∇u|3 dµ ≥ t

(
16π −

ˆ
∂E

H2 dσ

)
.

Moreover, if ∂E has continuous, variational mean curvature φ, the first variation formula yields
H = φ. Thus, with the availability of the weak variational IMCF for C 0 metrics, and with the
characterization discussed in Theorem 3.1, we can propose the following notion of nonnegative
scalar curvature in the sense of IMCF.

Definition 3.2. Let M be a smooth, noncompact, oriented 3-manifold with H2(M) = {0}, and
let g be a complete C 0-Riemannian metric on M . Assume that a global Euclidean isoperimetric
inequality (2.1) holds in M . We say that (M, g) has nonnegative scalar curvature in the sense of
IMCF if, for any bounded E ⊂ M with connected boundary and continuous variational mean
curvature φ, we have that the solution u to the proper weak variational IMCF from E is of class
W 1,3

loc (M) and

32π
(
et/2 − 1

)
−
ˆ
{u≤t}

e
u
2 |∇u|3 dµ ≥ t

(
16π −

ˆ
∂E

φ2 dσ

)
(3.5)

holds for all t ≥ 0.

3.1. Stability. Alongside Theorem 3.1, a fundamental test for the proposed notion of nonneg-
ative scalar curvature is its C 0 stability.

Sketch of the proof of Theorem 1.1. Consider E ⊂ M a bounded set with connected boundary
and continuous variational mean curvature φ. By slightly modifying φ outside ∂E, we can
assume that E is the unique minimizer of (2.5). Taking inspiration from [Gro14], one can con-
struct a sequence of bounded sets Ej ⊂ M with connected boundary and continuous variational
mean curvature φ with respect to gj such that {Ej}j∈N converges to E as finite perimeter sets.
The precise construction can be carried out through a perusal of [HI01, Lemma 6.2] adapted to
the varying C 0 metrics. Each Ej is obtained by minimizing (2.5) with respect to gj ; thanks to
the convergence of gj , the sets Ej converge as finite perimeter sets to E, the unique minimizer
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of (2.5) with respect to g. The variational nature of Ej and E also allows us to promote the
convergence to Hausdorff convergence, so for j ∈ N sufficiently large, U1 ⋐ Ej ⋐ U2 and thus
they have variational mean curvature φ with respect to gj . Moreover, the weak∗-convergence
H2

j ∂Ej → H2 ∂E [AFP00, Proposition 1.80] implies that

lim
j→+∞

ˆ
∂Ej

φ2 dH2
j =

ˆ
∂E

φ2 dH2. (3.6)

Observe that the continuity of the prescribed mean curvature φ is crucially exploited here.
Furthermore, one can invoke the regularity theory presented in [AP99]: the Reifenberg-type
C 0,α-regularity estimates on ∂Ej are stable under C 0-ambient metric limits. Therefore, ∂Ej

and ∂E are homeomorphic for j large enough, and in particular ∂Ej is connected.
For every j ∈ N, let uj be the unique proper weak variational solution to the IMCF of Ej ,

which exists thanks to Theorem 2.4. Observe that the proof of this result gives uniform in j
BV ∩ L∞ estimates for uj , hence uj → u in BV ∩ Lp, for any 1 ≤ p < +∞, where u can
be verified to be the unique proper weak variational solution to the IMCF of E in the sense
of Definition 2.2. Since (M, gj) has nonnegative scalar curvature in the sense of IMCF, (3.5)

holds for uj . We stress the fact that (3.5) itself yields a uniform bound on
´
{uj≤t} |∇uj |3 dµj

because of (3.6). All these pieces of information combined result in u ∈ W 1,3
loc (M) and in the

lower semicontinuity ˆ
{u≤t}

e
u
2 |∇u|3 dµ ≤ lim inf

j→+∞

ˆ
{uj≤t}

e
uj
2 |∇uj |3 dµj . (3.7)

The proof is then completed by passing the condition (3.5) for gj to the limit as j → ∞ exploiting
(3.6) and (3.7). □

A direct corollary of Theorem 3.1 and Theorem 1.1 is an IMCF-proof of Gromov’s scalar
curvature C 0-stability theorem in dimension 3, under additional global assumptions.

Corollary 3.3. Suppose that the gj’s are smooth metrics satisfying all the assumptions in The-
orem 1.1. Furthermore, suppose that the sequence of gj’s converges as j → ∞ in C 0

loc(M) to
a smooth metric g. Then each (M, gj) and (M, g) have a nonnegative scalar curvature in the
classical sense.
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[MRS26] A. Mondino, V. Ryborz, and C. Sämann. Stability of synthetic timelike ricci bounds
under C0-limits and applications to impulsive gravitational waves. 2026. arXiv: 2605.
03172 [gr-qc].

https://doi.org/10.1007/978-981-97-6984-1\_8
https://doi.org/10.1002/cpa.22239
https://arxiv.org/abs/2603.20802
https://doi.org/10.1007/s00222-007-0102-x
https://arxiv.org/abs/2411.06462
http://nyjm.albany.edu:8000/j/2015/21_273.html
http://nyjm.albany.edu:8000/j/2015/21_273.html
https://doi.org/10.1007/s00039-019-00514-3
https://doi.org/10.3842/SIGMA.2020.128
https://doi.org/10.3842/SIGMA.2020.128
https://doi.org/10.1016/j.jfa.2024.110642
https://doi.org/10.1016/j.jfa.2022.109638
https://doi.org/10.2478/s11533-013-0399-1
https://doi.org/10.2478/s11533-013-0399-1
https://arxiv.org/abs/2604.17759
https://doi.org/10.1007/s00222-019-00895-0
https://arxiv.org/abs/2605.03172
https://arxiv.org/abs/2605.03172


10 REFERENCES

[MS13] J. M. Mazón and S. Segura de León. “The Dirichlet problem for a singular elliptic
equation arising in the level set formulation of the inverse mean curvature flow”. In:
Adv. Calc. Var. 6.2 (2013), pp. 123–164. issn: 1864-8258,1864-8266. doi: 10.1515/
acv-2011-0001.

[MS15] J. M. Mazón and S. Segura de León. “A non-homogeneous elliptic problem dealing
with the level set formulation of the inverse mean curvature flow”. In: J. Differential
Equations 259.7 (2015), pp. 2762–2806. issn: 0022-0396,1090-2732. doi: 10.1016/
j.jde.2015.04.004.

[MY26a] L. Mazurowski and X. Yao. Quantification of C0 convergence in dimension three.
2026. arXiv: 2604.14087 [math.DG].

[MY26b] L. Mazurowski and X. Yao. Scalar curvature under weak limits of manifolds. 2026.
arXiv: 2605.03136 [math.DG].

[RSV97] M. Rigoli, M. Salvatori, and M. Vignati. “A note on p-subharmonic functions on
complete manifolds”. In: Manuscripta Math. 92.3 (1997), pp. 339–359. issn: 0025-
2611,1432-1785. doi: 10.1007/BF02678198.

[Sch15] T. Schmidt. “Strict interior approximation of sets of finite perimeter and functions of
bounded variation”. In: Proc. Amer. Math. Soc. 143.5 (2015), pp. 2069–2084. issn:
0002-9939,1088-6826. doi: 10.1090/S0002-9939-2014-12381-1.

[SY94] R. Schoen and S.-T. Yau. Lectures on differential geometry. Vol. I. Conference Pro-
ceedings and Lecture Notes in Geometry and Topology. Lecture notes prepared by
Wei Yue Ding, Kung Ching Chang [Gong Qing Zhang], Jia Qing Zhong and Yi Chao
Xu, Translated from the Chinese by Ding and S. Y. Cheng, With a preface trans-
lated from the Chinese by Kaising Tso. International Press, Cambridge, MA, 1994,
pp. v+235. isbn: 1-57146-012-8.

[Whi10] B. White. “The maximum principle for minimal varieties of arbitrary codimension”.
In: Comm. Anal. Geom. 18.3 (2010), pp. 421–432. issn: 1019-8385,1944-9992. doi:
10.4310/CAG.2010.v18.n3.a1.

[Xu24] K. Xu. “Isoperimetry and the properness of weak inverse mean curvature flow”.
In: Calc. Var. Partial Differential Equations 63.8 (2024), Paper No. 216, 19. issn:
0944-2669,1432-0835. doi: 10.1007/s00526-024-02832-3.

[Xu25a] K. Xu. Inverse mean curvature flow with outer obstacle. 2025. arXiv: 2405.15181
[math.DG].

[Xu25b] K. Xu. “The weak inverse mean curvature flow: existence theories and applications”.
PhD thesis. Duke University, 2025.

[Zhu21] J. Zhu. “Width estimate and doubly warped product”. In: Trans. Amer. Math. Soc.
374.2 (2021), pp. 1497–1511. issn: 0002-9947,1088-6850. doi: 10.1090/tran/8263.

M. Fogagnolo, Dipartimento di Matematica, Università di Padova, via Trieste 63, Padova, Italy
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